SEVEN TREES IN ONE

ANDREAS BLASS

ABsTrRACT. Following a remark of Lawvere, we explicitly exhibit a particularly ele-
mentary bijection between the set T of finite binary trees and the set T7 of seven-
tuples of such trees. “Particularly elementary” means that the application of the
bijection to a seven-tuple of trees involves case distinctions only down to a fixed
depth (namely four) in the given seven-tuple. We clarify how this and similar bi-
jections are related to the free commutative semiring on one generator X subject to
X = 14 X?2. Finally, our main theorem is that the existence of particularly ele-
mentary bijections can be deduced from the provable existence, in intuitionistic type
theory, of any bijections at all.

INTRODUCTION

This paper was motivated by a remark of Lawvere [8], which implies that there
is a particularly elementary coding of seven-tuples of binary trees as single binary
trees. In Section 1, we e plicitly e hibit such a coding and discuss the sense in
which it is particularly elementary. In Section , we discuss the algebra behind
this situation, which e plains why seven appears here. Section connects, in a
somewhat more general conte t, the algebraic manipulations of Section with the
elementary codings of Section 1. inally, in Section , we prove a meta-theorem
saying that such particularly elementary constructions can be e tracted from e -
istence proofs carried out in the much more liberal conte t of constructive type
theory.

Throughout this paper, we use to mean speci cally a nite binary tree in
which the immediate successors  children of any node are labeled left and right.

ven if a node has only one child, the child must have a label. e admit the empty
tree, denoted by , but every non-empty tree has a uni ue root, from which every
node can be reached by repeatedly passing to children. The of a node is
de ned as the number of nodes on the path oining it to the root so the root has
depth 1 , and the largest depth of any node is the of the tree. If we need to
assign a depth to the empty tree, we assign . s this terminology suggests, we
visuali e trees as growing downward, the root being at the top. e use the notation
[ | for the tree consisting of a root, a left subtree consisting of the left child,
if any, and all its descendants isomorphic to , and a right subtree isomorphic to
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or e ample, [ | consists of ust the root. y the of a tree, we
mean the set of those nodes such that neither the node nor any ancestor of it is a
right child, i.e., the set consisting of the root if any , its left child if any , its left
child if any , etc.

A ER LICIT BI ECTION

ur rst theorem is due to Lawvere, who mentions it though without proof and
not uite in the same form in [8].

T

efore we prove the theorem, we must e plain the meaning of very e plicit, for
without this phrase the theorem is trivial. The set of all trees as de ned in the
introduction is clearly countably in nite and is therefore in one-to-one correspon-

dence with the set  of seven-tuples of trees and also with  for any nite 1.
Since a bi ection from  to the set of natural numbers can be given e plicitly, so
can the bi ection . This is the content of the theorem.  ery e plicit

means, roughly, that the value of the bi ection at a seven-tuple

of trees can be determined by 1 inspecting these seven trees down to a depth
that depends only on |, not on the particular trees, depending on these seven
partial trees, constructing a part of , and taking the subtrees that were
below depth in the s and were thus ignored at step 1 and attaching them
to certain leaves of . In other words, any structure occurring below depth in the

s is simply copied into the real work done by involves the s only to
depth

or a more precise de nition of very e plicit which the impatient reader can

skip for now, as it will not be needed until Section , rst de ne a to

be a tree in which some of the leaves are labeled with distinct symbols. This
labeling has nothing to do with the left-right labeling that is part of the structure
of every tree. n of a pattern is obtained by replacing each labeled leaf
by some tree the function assigning to each label the corresponding tree is called
the leading to the instance.  ote that the substitution can have the
empty tree as a value the corresponding labeled node is then removed from
the pattern when the instance is formed. Similarly, we de ne - to be
seven-tuples of patterns with all labels distinct, and we de ne their instances under
substitutions, which are seven-tuples of trees, by replacing every labeled node by
the image of its label under the substitution. is
given by 1 a nite inde ed family of -patterns such that every seven-tuple
of trees is an instance of e actly one under e actly one substitution and

a family of patterns, inde ed by the same , such that each  contains the
same labels as . To apply to a seven-tuple of trees, nd the uni ue and the
uni ue substitution yielding as an instance, and then apply the same substitution
to .

non-trivial e ample will occur in the proof of Theorem 1. or a trivial but
instructive e ample, note that there is a very e plicit function sending



every pair of trees to the tree [ | consisting of a root with left subtree
and right subtree . In the notation of the preceding de nition, it is given by a
singleton , so we can omit the subscripts by consisting of two one-point trees
with the points labeled, say, 1 and and by a tree consisting of the root, a left
child labeled 1, and a right child labeled . This very e plicit map is one-to-one
but not uite sur ective, as the empty tree is not in its range. There is also a very
e plicit in ection in the opposite direction, , sending each tree to the
pair . ne could apply the antor-Schroder- ernstein argument to this pair
of in ections to obtain a bi ection , but the result is not very e plicit. In
fact, the bi ection one obtains is ust like the in ection described above
e cept that, if the output is ust a leftward path i.e., a tree where no node has
a right child then the path is shortened by one node. nlike the in ections, this
bi ection may need to look down to arbitrary depth in its input trees to determine
whether the output is a leftward path. e shall see in Section that there is no
very e plicit bi ection

e shall de ne the desired bi ection by cases
depending on the structure of its input down to depth . To
improve readability, we shall write integers in place of the trees

t least one of the rst four trees is non-empty. utput the tree
a1 17 11
Trees 1 through are empty, but tree is not, say [ |.  utput
the tree [[[[ ] ] ] ]
Trees 1 through are empty, but tree is not. utput the tree
1 A A
Trees 1 through are empty, but the leftward path in tree has at least
nodes. So ([ ] |1 | ]- wutput the tree [[[[[ 1 1 1 1 1]
therwise, output tree

This clearly ts the rough description above of very e plicit functions. To see
that it ts the precise description, we should list the appropriate patterns  and
. There are eleven s and eleven corresponding s  four for ase 1 according
to which of trees 1 through is the rst nonempty one , one each for ases , |,
and , and four for ase according to whether the leftward path of tree has |
1, ,or mnodes. e refrain from e plicitly e hibiting the results of this splitting
of cases.
e must still verify that we have de ned a bi ection, i.e., that every tree arises
e actly once as the output of this construction. or this purpose, note that the
leftward path of the output has length
in ase 1,
in ase |,
in ase remember that tree is non-empty here ,
in ase ,and
in ase
This shows that no two cases, with the possible e ception of ases1and , could
produce the same tree as output. The possible e ception is not a real e ception,
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because in ase 1 at least one of the rst four nodes on the leftward path has a
right successor because those successor subtrees are 1 through , of which at least
one is non-empty by case hypothesis whereas in ase this is not the case. Thus,
given an arbitrary tree , we can determine the uni ue case that might produce it
as output. nce this is done, it is straightforward to check that each case actually
does produce all the trees thereby assigned to it, and that it produces them e actly
once each.

Theorem 1 would remain true if we e tended the concept of tree to allow in nite
trees, and the proof would be unchanged. The reason is that a very e plicit bi ection
can be applied to in nite trees ust as to nite trees, since below a certain depth
it merely copies the input into appropriate places in the output. ore unusual
notions of tree can be handled similarly. or e ample, we could allow trees to
have nitely many in nite paths we could allow in nite paths only if, beyond some
node on a path, all further nodes are left children we could aset of colors
and allow in nite trees in which every in nite path is assigned a color from

and we could impose continuity re uirements on the coloring etc. In each case,
Theorem 1 remains true as long both occurrences of trees are interpreted the
same way.

AL E RA

The proof of Theorem 1 raises at least two uestions. here did it come from
nd why seven The reader is invited to try some easier numbers in place of
seven, say ve or two no analogous proof will be forthcoming, so there is indeed
something special about seven.  f course there an analogue for thirteen. iven
thirteen trees, apply Theorem 1 to code the rst seven as a single tree, and then
code this tree with the other si of the original inputs. The same trivial observation
handles any number congruent to 1 modulo
To see why seven is special, we rst give an argument to establish Theorem 1
in the style of eighteenth-century analysis, where meaningless computations e.g.,
manipulating divergent series as though they converged absolutely and uniformly
somehow gave correct results. This argument begins with the observation that a
tree either is  or splits naturally into two subtrees by removing the root . Thus
the set  of trees satis es 1 . f course e uality here actually means
an obvious isomorphism. ote that the same e uation holds also for the variant
notions of tree mentioned at the end of Section 1. Solving this uadratic e uation

for , we nd - —. The reader who ob ects that this is nonsense has
not truly entered into the eighteenth-century spirit. These comple numbers are
primitive si th roots of unity, so we have 1 and . nd this is why
seven-tuples of trees can be coded as single trees.

lthough this computation is nonsense, it has at least the psychological e ect of
suggesting that something like Theorem 1 has a better chance of being true for seven
than for ve or two. To improve the e ect from psychological to mathematical, we
attempt to remove the nonsense while keeping the essence of the computation.
Incidentally, Lawvere s remark that led to this paper was phrased in terms of such



a meaningless computation giving a correct result I was surprised to note that
an isomorphism 1 leading to comple numbers as uler characteristics if
they don t collapse always induces an isomorphism [8] p. 11. This remark
was an application of the method of Schanuel [1 | for developing ob ective meaning
for such computations.
ne might hope for a meta-theorem to the e ect that, when such a meaning-

less computation leads from a meaningful e uation like 1 to another
meaningful e uation like then the latter honestly follows from the former.
This would be somewhat analogous to ilbert s program for making constructive
sense of in nitary mathematics by showing that, when a detour through the in -
nite leads from one nitistically meaningful statement to another, then the latter
honestly nitistically follows from the former. nfortunately, our situation like

ilbert s is more subtle. fter all, 1 is a meaningful e uation, saying that
there is only one si -tuple of trees, which is false. So any rehabilitation of the com-
putation above must, in particular, e plain why the ultimate conclusion is
right while the penultimate 1 is not.

s a rst step toward rehabilitation, we observe that we can avoid comple

numbers by working entirely within the ring of polynomials with integer coe cients.
The possibility of such a step is guaranteed by general facts about polynomial rings
and ideals, but here is the step e plicitly. e simplify by repeatedly reducing
its degree, using the e uation 1 in the form 1. The result is

The comple numbers are gone, but the computation is still meaningless when we
remember that is a set because of negative coe cients, and we could still get
1 ust by reducing all e ponents by one.
The ne t step is to eliminate the negative terms by adding new terms ,
and to cancel them. The resulting calculation, which takes place in the semiring
[ ] 1 , reads

verything here is meaningful and correct when  is interpreted as the set of
trees rather than a formal indeterminate sub ect to 1 and e uality is
interpreted as obvious isomorphism or, better, as very e plicit bi ection . nfortu-
nately, instead of getting a very e plicit bi ection from  to , we have the e tra

terms on both sides. an we get rid of them
There is a general way to convert a bi ection into a bi ection
when  is nite, namely the arsia- ilne involution principle [ |. The
idea is to de ne by rst applying to  if the result is in , accept it as
the output for if not, then it is in , so we can apply again if the result

isin , accept it as the output for if not, then it is in , so we can apply
again and so forth until we nally get an output in . The niteness of is used
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to ensure that the process terminates. In our situation, is not

nite. ne can try to apply the arsia- ilne construction anyway, hoping that the

process terminates even though no niteness forces it to. nfortunately, it does not
terminate.

e can do better by considering the last computation displayed above. It is in

two parts. In the rst part, is simpli ed to that is,

is eliminated. In this elimination, the presence of was essential as a

sort of catalyst, since the is removed at the rst step and restored at the second.

, on the other hand is irrelevant to this half of the calculation. learly, the same

argument shows that, in any polynomial in | ] 1 , we can delete or
introduce provided is also present as a catalyst. The second half
of the displayed computation introduces , using as a catalyst the same
argument would allow us to introduce or delete provided is also

present as a catalyst. Thus, we can delete or introduce two powers of  whose
e ponents di er by e actly three, provided one of the two intervening powers is
also present as a catalyst.
This result can be signi cantly improved by noticing that positive power of
can serve as a catalyst it need not be between the two that are being deleted or
introduced. To see this, suppose we want to delete or introduce , and we
have another positive power  present in the polynomial. If is 1or , then
we already know can serve as the desired catalyst. If not, then use 1
to replace with . So now we have two powers of , in one of which
the e ponent is closer to the desired 1or . pply the same procedure to
that power, leaving the other one alone, and repeat the process until nally you get
the desired catalyst. se it to delete or introduce , and then reverse the
previous steps to recover the original by reassembling the terms into which the
rst part of the procedure decomposed it. ote that we needed to be strictly
positive in order to replace with .
ow we can, in [ | 1 , convert  into introducing
with as catalyst and then into  deleting with  as catalyst .
e refrain from writing out e plicitly the computation in [ ] 1
obtained by the method of the preceding paragraph. It consists of twenty steps
four to convert into a usable catalyst plus e tra terms , two to introduce
using this catalyst, four to collect the catalyst and e tra terms back into
a , four to convert into a usable catalyst plus e tra terms , two to delete
using this catalyst, and four to collect the catalyst and e tra terms back
intoa . otice that the proof of does not become a proof of 1 if we
reduce the e ponents unlike , 1 cannot serve as a catalyst.

e can now answer the rst of the uestions at the beginning of this section
where did the bi ection in the proof of Theorem 1 come from It came from this
twenty-step computation.  herever the computation used 1 , apply the
obvious bi ection between the sets and , and the whole computation will
give a composite bi ection which is the one used to prove Theorem 1 e cept that
I interchanged left and right once, to make the description of the proof easier .

s for the second wuestion why seven we have a partial answer. The



techni ue that led to the proof of Theorem 1 works only for numbers that are
congruent to 1 modulo , because it is only for these numbers that is true
in the semiring [ | 1 , or even in the rings [ ] 1 or
[ ] 1 , i.e., because it is only for these values of that is
satis ed by the roots - — of 1 . more complete answer to the second
uestion would involve showing that very e plicit bi ections between and can
e ist only when the corresponding polynomials are e ual in [ ] 1
This will be done, in greater generality, in the ne t section.
ecause of the importance of the semiring [ | 1 in computations
like the preceding ones, we present a normal form for its elements.

T [ ] 1

very element of the semiring [ ] 1 is a polynomial in  with

non-negative integer coe cients. e show how to simplify such a polynomial to

the form claimed in the theorem. Since , all terms of degree or more can

be reduced to lower degree, so we may assume the polynomial has degree at most
. The degree can be reduced to at most by means of the e uations

and 1 1

where 1 was introduced in the second e uation with catalyst . urthermore,
we can eliminate all terms of odd degree, since 1 and .
So our polynomial has the form . e check ne t that the coe cient
restrictions in the theorem can be enforced.

or this purpose, consider the polynomial 1 . In the presence of a
catalyst any positive power of , vanishes, for it e uals which a catalyst
can delete. ow consider our general polynomial . If at least one of
the coe cientsis , then it has the desired form, so suppose all three coe cients are
at least 1. Then the polynomial is 1 1 1 . If either 1
or 1 is positive, we have a catalyst and can remove . epeating the process of
splitting o a  and deleting it as long as a catalyst is available, we ultimately get
either a polynomial of the form with a ero coe cient if, at some
stage, we cannot split o a or one of the form with if, at some

stage, we have split o a  but have no catalyst to remove it . This completes the
proof that every polynomial can be put in the re uired form it remains to show
uni ueness.
If two e pressions of the form described in the theorem, say and
,aree ualin [ ] 1 , then they are also e ual as comple

numbers when is interpreted as the primitive si th root of unity - —
since is a commutative semiring, and 1 yand [ ] 1 with
is the initial commutative semiring with a solution of 1 . is a primitive
cube root of unity its minimal polynomial is 1 . So this minimal polynomial
would have to divide , which means that , ,
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and are all e ual. If they are all ero, then and
are identical as e pressions, which is what we needed to prove. So suppose that
the di erences , , and are all positive. If they are all negative,
interchange primed and unprimed in what follows. fortiori, , , and are all
positive, so , being of the form in the theorem, has 1 and
1, i.e., it is 1 . S , and are e ual and positive, we
must have and 1.
ur task is thus reduced to showing that and arenot e ualin [ |
1 . or this purpose, notice that the set consisting of the natural numbers and
the cardinal is a commutative semiring with the usual addition and multipli-
cation of cardinal numbers in which 1 . So an e uation in
[ ] 1 would imply the same e uation in this cardinal semiring with
interpreted as . ut in this interpretation such an e uation is false, since
is interpreted as the integer  while is interpreted as . So the e uation
cannot hold in [ | 1

AL E RAIC Ul ALENCE AND ER LICIT BI ECTIONS

Let us call two polynomials, and , with non-negative integer coe -
cients if the e uation holds in the semiring
[ ] 1 . ecall the indeterminate rather than to avoid confusion,
since we shall need to discuss it and the set  of trees in the same conte t.
polynomial [ ] has a natural interpretation as an operation
on sets well-de ned up to canonical bi ections sums and products of poly-
nomials correspond to dis oint unions and artesian products of sets. e can
interpret the numerical coe cients in as canonically chosen sets of the cor-
responding cardinalities, or we can eliminate these coe cients in favor of sums of
repeated terms. Thanks to the canonical bi ection from to 1 , algebraically
e uivalent polynomials, when applied to the set of trees, give canonically isomor-
phic sets. In fact, we shall show, as half of the ne t theorem, that the canonical
isomorphism is very e plicit in the sense of Section 1.

Let us call two polynomials and if there
is a very e plicit bi ection from to . f course, we must e tend the
de nition of very e plicit, given in Section 1 for the special case of  and | to
the general case of and , but this is straightforward. If ,
then we regard as the set of tagged -tuples of trees, where

ranges over the same nite set as in the sum de ning and where the tag
is an integer in the range 1 . or brevity, we call such a tagged -tuple a
-tuple. - is a similarly tagged -tuple of patterns in the sense de ned
in Section 1 in which all the labels are distinct, and the notion of an of a
pattern with respect to a substitution is de ned ust as in Section 1.
from to is given by an inde ed family of -patterns
and a similarly inde ed family of -patterns such that, for each , the
same labels occur in  asin and such that every element of is an instance

of a uni ue under a uni ue substitution . Then is de ned as the result of



applying the same substitution to for the same

If the very e plicit function is a bi ection from to , then
every element of occurs e actly once as an instance of a  in the notation of
the preceding de nition . It follows that the inverse bi ection is also very e plicit,
as we can interchange the roles of the and the . Thus, it makes no di erence
whether very e plicit bi ection is interpreted in the obvious way as very e plicit
function that happens to be a biection or as very e plicit function with very
e plicit two-sided inverse.

ur interest will be focused on very e plicit bi ections, and for the study of
these our de nition of very e plicit seems ade uate. If we were to study very
e plicit functions in general, it would be advisable to liberali e the de nition of
very e plicit by allowing labels to be repeated in a  and allowing a label to
occur in without occurring in . In either of these cases, the very e plicit
function cannot be a bi ection.

T [ ]

Suppose rst that and are algebraically e uivalent. Since [ |
is the free commutative semiring on one generator, its uotient | | 1
is the initial algebra in the variety of commutative semirings with a distinguished
element sub ect to 1 . lgebraic e uivalence therefore means that
the e uation is satis ed by the whole variety . ote that here
is a constant for the distinguished element of a -algebra. y irkho s the-
orem [ , Theorem 1 .1 ], there is an e uational deduction of from
1 and the a ioms for commutative semirings, using as rules of inference
only substitution of e uals for e uals and substitution of terms for variables. 1l
the substitutions for variables can be done at the beginning, as substitutions into
a ioms. So we get a deduction of from 1 and variable-free
instances of the commutative semiring a ioms, using only substitution of e uals for
e uals.
onsider the following property of e uations hen the two sides are applied
as operations to , the two resulting sets have a bi ection between them such that
both the bi ection and its inverse are very e plicit. It is trivial to check that the
e uation 1 and all variable-free instances of the a ioms of commutative
semirings en oy this property and that the property is preserved by substitution of
e uals for e uals. It therefore follows that has this property, which
implies combinatorial e uivalence.
or the converse, suppose that and are combinatorially e uivalent.
Speci cally, let be a very e plicit bi ection from to , and let
and be as in the de nition of very e plicit preceding the theorem.

It will be convenient, both for this proof and for Section , to introduce certain
standard collections of patterns. e temporarily deal with patterns in the sense
of Section 1, single trees we will return to tuples and -patterns later. or each
positive integer , let be the set of patterns of depth 1 such that all
nodes at level have e actly two children, all nodes at level 1 are labeled
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with distinct labels, as re uired by the de nition of pattern , and no nodes at
levels are labeled. If then its instances are e actly those trees that
are identical with down to depth , with no constraints on what if anything
happens at greater depth. In keeping with this, we can de ne  to consist of ust
one pattern, which consists of a single, labeled node. learly, for every ., every
tree is an instance of a uni ue member of

If is any pattern of depth , then we can associate to it a set having
collectively the same instances as . ne can produce from by the following step-
by-step procedure, which we call to depth . hoose any labeled

leaf in and replace with two new patterns, in which this leaf has been deleted,
and  in which this leaf has been given two labeled children and has lost its own

label, as it is no longer a leaf . pply the same construction to and , using
labeled leaves at depths . Iterate the process until all the patterns have their
labels at level 1. t this stage, they are easily seen to be in . urthermore,
the instances of are precisely the instances of  and those of according to
whether the substitution gives the label of the chosen leaf the value or not . nd
no tree is an instance of both and . It follows inductively that, at each stage of

the development, the patterns have dis oint sets of instances and the union of these
sets contains precisely the instances of . Thus, the nal set of patterns obtained
by this development is

e need to e tend the preceding concepts from patterns to -patterns and -

patterns . y we mean the set of all -patterns whose component patterns
liein . ecall that a -pattern is a tagged -tuple of patterns, so this makes
sense. very -tuple of trees is an instance of a uni ue pattern in for each
ed . -patterns can be developed componentwise that is, the development
of to depth the depths of all the s consists of the patterns
with each  in . gain, the members of the de-

velopment of have dis oint sets of instances and the union of these sets contains
precisely the instances of

Let us return to the families and determining our very e plicit

bi ection . i greater than the depths of all the patterns in all these - and

-patterns. Since every -tuple is an instance of e actly one | it follows from the

preceding discussion that the sets obtained by developing to depth
are dis oint and their union is

y the of a pattern , we mean the monomial [ ] 1 ,

where is the number of labels in . y the of a tagged tuple of patterns

e.g., a - or -pattern , we mean the product of the weights of its component
patterns, i.e., with e ponent the total number of labels in the tuple. y the
of a set of patterns or of tagged tuples of patterns, we mean the sum of
the weights of its members.
ne step in the development of a pattern replaces it by a set of two patterns

and  where, if has weight , then has weight as one labeled leaf was
deleted and  has weight as one labeled leaf lost its label but was given two
labeled children . So the weight of the set obtained is , since the

weights are in a semiring where 1 . So one step of development leaves the
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weight unchanged. It follows by induction that development of a pattern to depth
leaves the weight unchanged and have the same weight. It further follows
easily that the same applies to tagged tuples of patterns.
These observations imply that the set has weight |, because  trivially has
weight and is obtainable by developing . It follows that has weight
, because the contribution to the weight from the -tuples with a particular
tag is

weight weight
weight weight
Since, as we saw above, is obtainable by developing the set of s, this set
also has weight . Similarly, the set of s has weight . ut each

contains e actly the same labels as the corresponding , so these two sets have the

same weight. Therefore, in [ ] 1
It follows immediately from Theorem that, if ~  and are combinato-
rially e uivalent, then where - —. Thus, the comple number
serves as an invariant of the combinatorial e uivalence class of . This is

what Lawvere referred to as comple uler characteristics in the passage, uoted
in Section , that motivated this paper. In fact, Theorem and the proof of The-
orem show that the semiring of combinatorial e uivalence classes of polynomials
is embedded in the product of the comple eld and the semiring of cardinals

by sending the indeterminate  to . Lawvere has pointed out that for this
purpose one could replace the cardinal semiring with a three-element semiring, for
all the nite, non- ero cardinals can be identi ed without damaging the embed-
ding. The resulting three elements form the system of dimensions associated to
our problem by Schanuel s general construction [1 |, so that the present solution of
the word problem shows in particular that again in our case  uler characteristic
and dimension are ointly in ective.

ONSTRUCTI E ET EOR

e show in this section that the algebraic e uivalence of and can
be deduced from the mere provability of there is a bi ection from to
provided this provability is from su ciently restricted assumptions. The restrictions
we need are two The underlying logic is constructive and the only assumption
about is the e istence of a bi ection 1 . ctually, the second restriction
can be rela ed a bit by allowing a stronger assumption about . n the other
hand, we allow the use of higher-order logic, so many set-theoretic methods are
available.

ore precisely, let  be a higher-order theory in the sense of [ | or a local set
theory in the sense of [1], generated by a natural number ob ect and an additional
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ground type sub ect to the a iom there is a bi ection 1 . lternatively,
we could let  be intuitionistic ermelo- raenkel set theory augmented with a
constant and the same a iom.

T

efore proving the theorem, we make several remarks. irst, the converse of
the theorem is easy to prove. y Theorem , algebraic e uivalence implies the

e istence of a very e plicit bi ection when  is the set of trees.

ut the very-e plicitness makes it possible to apply the bi ection to arbitrary sets
for which a bi ection 1 is given, and this application can be carried
out in constructive set or type theory. lternatively, we can proceed as in the
proof of Theorem , considering for all e uations the property it is
provable in  that there is a bi ection , noticing that this property
is en oyed by the e uation 1 and by all variable-free instances of the

a ioms for commutative semirings, noticing further that the property is preserved
by substitution of e uals for e uals, and concluding that the property holds of all
e uations true in [ | 1
The remaining remarks are intended to ustify the restrictions we place on the
logic and the assumptions on  in the theory
If we allowed full classical set theory, with the a iom of choice, then the assump-
tion 1 implies that is in nite and therefore ,1 , , and all
have the same cardinality. It follows that every non-constant polynomial is e uiv-
alent, in the sense of provable bi ection, to . In other words, with this stronger
set theory, the corresponding notion of algebraic e uivalence would be e uality not
in [ ] 1 but in [ ] 1 , & semiring
isomorphic to the e ample used at the end of the proof of Theorem
If we work in classical set theory without the a iom of choice, so that addition
and multiplication of in nite cardinals are no longer trivial, we still get the same
conclusion with a bit more work. rom 1 and its immediate conse uence
, we infer that each of and can be embedded in the other. 'y
the antor-Schroder- ernstein Theorem, whose proof does not re uire the a iom
of choice, we have . Then from 1 where  means embeddability,
the usual ine uality relation on cardinals we get , So another
application of the antor-Schroder- ernstein Theorem gives .
If we use intuitionistic rather than classical logic, then the antor-Schroder-
ernstein Theorem is no longer available and, as Theorem shows, the argument
in the preceding paragraph breaks down. ven in intuitionistic logic, however, if
we assume that is the set of trees rather than some arbitrary set with a bi ection
1 then the argument in the preceding paragraph works, since the bi-
ections produced by the antor-Schroder- ernstein Theorem can, in this case, be
constructively de ned. or e ample, we described, ust before the proof of Theo-
rem 1, a bi ection , and that description is intuitionistically legitimate. The
main point here is that the case distinction, whether a tree is ust a leftward path,



is decidable because the tree is nite. There is a similarly constructive bi ection
when  is the set of nite trees. It sends any tree from the rst

copy of to | |, and it sends any from the second copy of to [ | unless
is of the form or[ Jor|[ | Jor[[[ ] ] Jor with and both ,
in which case it sends to . gain, it is the niteness of the trees that makes the

case distinction decidable and the de nition constructively correct.

e begin by giving a more useful description of sets  with
bi ections 1 . The bi ection is determined by specifying a distinguished
element of and a binary operation on  the distinguished element is the value
of at the uni ue element of 1, and the operation is the restriction of to . To
match the notation used earlier for trees, we write the distinguished element as
and the operation as [ |. Thus,  with the structure is an algebra with one
constant and one binary operation. That 1is a bi ection means that this algebra
must satisfy the following system  of a ioms, which, for later convenience, we
write as geometric se uents as de ned in [1, page | or [ , Section . |, indeed,
whenever possible, as universal orn formulas.

1 [ ]

[ ]

The algebra of nite trees is initial in the variety of algebras of signature | ],
and, since it satis es the a ioms of |, it is also initial in the category of models
of . ny model of  can be regarded as an algebra of generali ed trees, in
that it has an element corresponding to the empty tree, and all its other elements
are uni uely of the form [ ] and can therefore be pictured as consisting of a root
with two subtrees, and , attached to it. mong such algebras are, for e ample,
the collections of trees in any of the generali ed senses mentioned at the end of
Section 1.

e shall prove the theorem by constructing a speci ¢ topos model of . The
hypothesis of the theorem says that in this model there must be a bi ection

, and an analysis of what this means will lead to the desired conclusion. er-
haps the most natural topos model of is the classifying topos | , Section . ]
of , with intrepreted as the generic model in this topos. or technical reasons,
however, it is easier to work with the classifying topos of a slightly stronger theory,

, obtained from by adding the following a iom for every term that contains

the variable but is not ust

This additional a iom schema says that no generali ed tree in a model of can
be a proper subtree of itself. It is satis ed by the initial algebra of nite trees ,
but not by, for e ample, the algebra of all nite and in nite binary trees, where the
full binary tree every node of which has two children satis es [ ]
otice that, apart from making the proof easier, the addition of a iom schema
to  slightly improves the theorem. The theorem remains true with the same
proof if we replace by the stronger theory = where is assumed to satisfy
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This strengthening of weakens the hypothesis of Theorem and thus strengthens
the theorem.

s indicated above, we shall work with the classifying topos of . In it, there
is a generic or universal model of this implies that, for any model of
in any rothendieck topos , there is a geometric morphism whose
inverse image functor = sends to . It implies more than this, but this, along
with the e plicit construction described below, will su ce for our purposes.  eing
a rothendieck topos, gives an interpretation of higher order logic as in [ |
and local set theories [1] , with natural number ob ect, and intuitionistic ermelo-
raenkel set theory [ ], so by interpreting as  we obtain a model of in the
internal logic of . y the hypothesis of Theorem , it must be internally true in
that there is a bi ection from to .
The ne t part of the proof consists of studying and in su cient detail to
draw useful conclusions from this internal information. e begin by describing
e plicitly as the topos of sheaves over a speci c site. s e plained in [ |, it
is convenient to rst build the classifying topos for the universal orn a ioms and
then obtain as a sheaf subtopos. or ,a ioms 1, , ,and are universal
orn sentences. The classifying topos for this subtheory is, according to [ ], the
topos of presheaves on the dual of the category  of nitely presented models of
1, , ,and . So we need to analy e such models , where is a
nite set of generators and is a nite, consistent set of e uations between terms
built from the generators, , and | ]

e show rst that every such model is free, i.e., is isomorphic to
for some nite set . To see this, we systematically simplify the given set  of
e uations as follows. Technically, the simpli cation is an inductive process at each
step, we either decrease the cardinality of or we leave this cardinality unchanged
but decrease the total length of all the e uationsin . If occurs as one side of an
e uation in , then the other side must be or a member of it cannot be of the
form [ | because then the e uation would be inconsistent by 1 . Ifitis , then
the e uation can be deleted from  as it is always true. If it is a member
of , then we can delete from , delete the e uation or from
, and replace all occurrences of in the rest of by . The result is a simpler
presentation of the same algebra. So we may assume from now on that does not
occur as a side of an e uation in . Suppose ne t that an element of occurs
as a side of an e uation in . If the other side is also , then the e uation
can simply be omitted. therwise, the other side must be a term not involving
, for if it involved then the e uation would contradict . So we can delete
from , delete or from , and replace all other occurrences of in
by . gain, we have a simpler presentation of the same algebra. So we may
assume that each e uation in  has the form | 1 1 ] but such an e uation
can, thanks to and , be replaced with the two e uations and ,
of lesser total length. So again we get a simpler presentation of the same algebra.
epeating these steps, we nd that the process must terminate, for the si e of
cannot decrease in nitely often, and, after it stops decreasing, the total length of
cannot decrease in nitely often. ut the only way the process can stop is if



has become empty. This proves that is isomorphic to for some
a subset of
y virtue of this simpli cation, we may regard as consisting of only the free
algebras on nite sets of generators. e may also suppose that the only sets
occurring are of the form 1 for natural numbers |, since every is
isomorphic to one of these. e write for 1
The elements of are the variable-free terms of the language having the con-
stant symbol , the binary operation | |, and constant symbols for the generators
1 . They can be identi ed with trees in which leaves may but need not be
labeled with integers in the range from 1 to . So they are like patterns de ned in
Section 1 e cept for the restriction on the possible labels and the fact that several
leaves are allowed to have the same label. e call them - . otein
particular that the members of are simply the trees.
morphism in from to is, since is free, simply a map from
1 into ,i.e., a -tuple of -labeled trees. To compose this with some
, l.e., with an -tuple of -labeled trees, take the -tuple of -labeled
trees and replace, in each of its component trees, each leaf labeled with the th
-labeled tree in the given -tuple. The identity morphism of is the -tuple
whose th member is a single node labeled .
The topos of set-valued functors on is the classifying topos for the universal
orn theory a iomti ed by 1, , , and . The universal model is the
underlying set functor. or details about this, see for e ample | ].
To obtain the classifying topos for the full theory ., we must pass to the subto-
pos of sheaves for the rothendieck topology forcing the remaining a iom,
See [ , 11] for more information about forcing topologies. In the case at hand, the
topology in uestion is that described in art 1 of the following lemma, whose
other parts give useful alternative ways of viewing this topology. In connection

with arts and of the lemma, recall that in the proof of Theorem we
introduced, for any polynomial , a set of tagged tuples of patterns we
shall need this for the polynomials . In this special case of monomials, all tags

are 1, so they can be omitted, and all the tuples are -tuples. So the elements of
can be taken to be simply -tuples of patterns and thus, by suitable choice
of labels, morphisms for certain s.



e rst show that the family of sieves in described in is a rothendieck
topology. It clearly contains the ma imal sieve on any ob ect use the family
consisting of ust the identity map . If it contains a sieve  on , witnessed by
a nite family of as in , and if is any morphism,
then those pushouts of the along that e ist in  witness that
also contains the sieve of morphisms out of whose composites with  are in

, i.e., the pullback of along in the sense of the dual category. e use here
that, for any pair of maps in  with the same domain, if they can be completed
to a commutative s uare then they have a pushout. This is a general property of
categories of models of universal orn theories. inally, the alleged topology is
closed under composition, because if a family of maps and, for each |,
another family of maps satisfy the re uirements in | then so does
the family of all . Thus, is a topology.

This topology contains the sieve generated by the two mapsin 1 . Indeed, these
two maps themselves serve as the nite family re uired in  , for any morphism
1 must send 1 to either the empty tree or a non-empty tree [ |, and
in the former case it factors through the speci ed map 1 while in the latter
case it factors through the speci ed map 1 via the map sending 1 and
to and . Therefore, the topology includes the topology 1 .

e show ne t that 1 includes of course it su ces to show that the generat-
ing covers in are also covers with respect to 1 . or this purpose, note
that can be obtained from the identity map of a -tuple of distinctly
labeled, one-element trees by repeated use of the development process described in
the proof of Theorem . That is, a tree with a particular labeled node is replaced
by two trees, where that node has been removed and  where that node has been
given two distinctly labeled children and has lost its own label.  otice that, in each
of the -tuples arising in this development process, no labels are repeated. e show
that applying one development step to a cover in the topology 1 , with no repeated
labels in its -tuples, yields again a cover. This will clearly imply that ,
obtained by repeated development of a trivial cover, is itself a cover, as desired. So
consider one development step applied to such a cover. Suppose it replaces a node
labeled in some uni ue component of a -tuple, , in the given covering.
Then the pushouts in  of the two maps in 1 along 1 1 cover

since a topology on the dual of is closed under pullbacks in this dual . So in the
given cover of we may replace the map by its composites with these
two pushouts, and we still have a cover of . ut this replacement is precisely the
development step at label . This completes the proof that topology 1 includes

It is trivial that all the sieves described in are in topology . That is a
topology will follow once we show that it includes , for then all four items listed
in the lemma are e ual.

So, to complete the proof, we consider an arbitrary sieve  containing a nite
family of maps asin , and we show that this sieveisin . 1 an
integer greater than the depths of all the labeled trees occurring in the -tuples



e would like to develop all these -tuples to depth and show that the resulting

-tuples are all in  and include all of . Some caution is needed, however,
since the same label may occur several times in an , and development has not
even been de ned for such an . e begin by e tending the notion of development

to the case of repeated labels. If label occurs several times in a -tuple  either
in the same component tree or in di erent components and if all its occurrences
are at depths , then we develop at by replacing it by two -tuples,  where
all nodes labeled have been deleted, and where each node labeled has been
unlabeled and given two children, the left one being labeled and the right one

, Where these are two labels not yet occurring in . In other words, we carry
out development in the previous sense at all -labeled nodes in parallel, treating
them all identically. s in the proof that 1 includes | it is easy to see that this

de nition makes and |, regarded as morphisms out of | the composites of

with two other morphisms in particular, and belong to the sieve  if
does. y repeated development, the given family of maps becomes a new family
of maps  with the property that each tree in it has depth at most 1, and every
label that occurs in any  has at least one occurrence at depth 1lin for if all
occurrences were at depth then we could develop further at that label . fter
development is nished, any  without repeated labels is a member of

e shall show that all members of must be among the s as pointed
out above, this will su ce to complete the proof, since each  isin . Suppose,
toward a contradiction, that is not among the s. orm an instance

of by a substitution that replaces the labels in with distinct trees of all of the
same depth . This is an instance of at least one of the original s, since all
-tuples of trees are such instances. y considering the development process one
step at a time, one easily sees that is an instance of some -tuple at each stage
of the development in particular it is an instance of some at the nal stage.
That  cannot have distinct labels, for then it would be in , Whereas the

uni ue element of having as an instance is which is not an . So is
an instance of an in which some label, say , occurs at least twice. Let be

the tree substituted for in instantiating to . Then occurs at least twice as
a subtree in components of , namely wherever occurred as a label in , and at

least one of these subtrees has its root at depth 1in . So when was obtained
by instantiating , some label must have been replaced by  thus, by our choice of
that substitution, has depth . ur choice of substitution also ensures that
cannot have a second occurrence with its root at depth 1in , for at depth
1 we replaced all nodes in with di erent trees. or can a second occurrence
of in have its root at depth greater than 1, for then that occurrence would
e tend to depth greater than , which is the ma imum depth occurring in
So must have a second occurrence in with its root at depth . In , there
is a node at the same position that hasin as the substitution leading from to
a ects only depths , and we call it also. If has any labeled descendants
in , then in those descendants, at level 1, were replaced by trees of depth
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. So the subtree with root in has depth 1 . If, on the other
hand, has no labeled descendants in , then the subtree with root e tends to
depth at most 1 in as , 80 any node at depth  must have

two labeled children , and nothing changes in this subtree when we pass from to

ut the subtree of with root is , of depth , so both cases are contradictory.
This contradiction completes the proof that the sieve  includes and is
therefore a covering in

Let  be the topos of sheaves on the dual of  with respect to the topology
described in this lemma. e write for the canonical geometric morphism from

to the presheaf topos , 80 is the inclusion functor and is the associated
sheaf functor. It follows from | | that is the classifying topos for models of |
the generic model being .

The hypothesis of the theorem implies that the statement there e ists a pair

of inverse bi ections and is internally true
in . This implies, by virtue of the internal meaning of there e ists, that there
is an epimorphism 1 in such that in the slice topos there is a pair of
actual inverse isomorphisms between and , Where means
the inverse image along the canonical geometric morphism .

e show that  has a global element 1 . The fact that 1 is an

epimorphism in the sheaf topos means that, in the presheaf topos, it has dense
range, i.e., that every ob ect of the site is covered by arrows from ob ects  where
is inhabited. ere from refers to the site, the dual of  in terms of maps

in  we would have to instead. ut is covered only by its ma imal sieve, as
is clear by description in the lemma. So is inhabited, say by . ut
is initial in , so  has a global section in and hence also in ~ whose value

at any ob ect is the image of wunder of the uni ue map
y taking inverse images along this section, we nd that already in  without
having to pass to a slice topos we have a pair of inverse isomorphisms
and .
ow consider, in the topos of sets, the set of nite, binary trees. It is a
model of  in an obvious way in fact the initial model of . So it is for
some geometric morphism a point of . Since inverse images along
geometric morphisms preserve nite products and coproducts, and are
inverse bi ections between the sets and . To complete the proof of the
theorem, it su ces to show that they are very e plicit, for then the polynomials
and are combinatorially e uivalent and, by Theorem ., algebraically
e uivalent, as desired.

In fact, it su ces to prove somewhat less. In the de nition of very e plicit
function in Section , we re uired that no label be repeated in any as part
of the notion of pattern and that contain e actly the same labels as . ut
we mentioned, ust before Theorem , that one could rela these re uirements, by
allowing repeated labelsin  and by allowing labels to occur in ~ without occurring
in , without a ecting the very e plicit bi ections. This is because any function
that is very e plicit in the liberali ed sense but not in the original sense cannot be



a bi ection. So in our present situation, it su ces to show that and are
very e plicit in the liberali ed sense, since we already know that they are bi ections.
f course it su ces to treat , as the situation is symmetric between the
two bi ections. In fact, it su ces to treat the restriction of to one of the
summands in , for if each of these restrictions is very e plicit then so is
itself. ote that such a restriction of is of a restriction of to one
of the summands of in .
So, changing notation slightly, we have a morphism in , and
we wish to show that is very e plicit in the liberali ed sense.
ecall that is obtained by applying the associated sheaf functor  to the
underlying set functor in . s preserves sums and products, we can write
, so  corresponds, under the ad unction , to a
map of presheaves . Since is a representable presheaf, rep-
resented by , such a map corresponds via oneda s Lemma to an element of
ere is the associated sheaf of , regarded as
a presheaf. Inspectlng the usual construction of associated sheaves in terms of
patched together sections, we nd that any element of can be
described as follows. There is a cover of | say by maps , and to each
of these maps is assigned an element in a coherent
manner. oherence means that if two of the maps in the cover can be
completed to a commutative s uare by maps , then the resulting images
in of the s are e ual. y the lemma, we may take the covering to
be for some  then the maps in the covering are -tuples of
patterns since no label is re-used in a map in such that every -tuple of
trees is an instance of e actly one of them. If we call these patterns , then they
and the corresponding are e actly as re uired in the liberali ed de nition of a
very e plicit function. It remains to check that, if we start with ,
transform it to and then to an element of , and
nally represent that element on a covering to obtain a very e plicit function, as
ust described, then that function agrees with . This veri cation is routine,
tedious, and therefore omitted.

Lawvere has pointed out that the proof of Theorem emphasi es the distinc-
tion between the -categorical sort of universality that de nes classifying topoi and
the 1-categorical sort that de nes free algebras. or the proof shows that the -
categorically universal generic model  of satis es only when

and are algebraically e uivalent in particular, and are not iso-
morphic in the classifying topos. In contrast, as we remarked before the proof of
Theorem , the 1-categorically universal free model of in any topos, consist-
ing of nite trees, does satisfy
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