RANDOMIZING REDUCTIONS
OF SEARCH PROBLEMS*

ANDREAS BLASS'T aND YURI GUREVICH!?

Abstract. This paper closes a gap in the foundations of the theory of average case complexity.
First, we clarify the notion of a feasible solution for a search problem and prove its robustness. Second,
we give a general and usable notion of many-one randomizing reductions of search problems and prove
that it has desirable properties. All reductions of search problems to search problems in the literature
on average case complexity can be viewed as such many-one randomizing reductions; this includes those
reductions in the literature that use iterations and therefore do not look many-one. As an illustration,
we present a careful proof in our framework of a theorem of Impagliazzo and Levin.
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1. Introduction and results. Reduction theory for average case computational
complexity was pioneered by Leonid Levin [?]. Recently, one of us wrote a survey on
the subject [?], and we refer the reader there for a general background. However, the
present paper is largely self-contained; we recall all necessary definitions.

We develop the foundations of the theory of many-one reductions of search problems
in the context of randomizing algorithms. Many-one reductions are easier to use than
Turing reductions, but one may wonder how restrictive they are. Indeed, there are
cases in the literature on average-case complexity [?, ?] when reductions of search
problems to search problems are not many-one; those reductions are iterations of many-
one reductions. It turns out, however, that iteration is needed, not for reductions, but
only for the resulting search algorithms. Thus, the theory of reductions can be simplified
by treating reductions separately from iteration. Our notion of many-one reduction was
influenced by the specific reductions used in [?, 7, ?].

As a general framework for the study of average case complexity, we use domains.
Definitions of domains and polynomiality on average are recalled in Section 2. Essen-
tially, a domain is a set of strings with a size function and a probability distribution. If
X 1is a subset of positive probability of a domain A then the restriction of A to X is the
domain obtained by assigning zero probability to elements of A — X and renormalizing
the probabilities on X. The phrase “polynomial on average” is abbreviated to “AP”.

We consider search problems of the following sort. A domain A (of instances) is
given, along with a binary relation W between elements of A and arbitrary strings in
some fixed alphabet Y. If W(z,w) holds, the string w is a witness for the instance
x (with respect to W) and x is a positive instance; an instance x is negative if it has
no witnesses. We assume that there exists an algorithm that, given an instance x of
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non-zero probability and a witness w for x, computes W (x,w) in time polynomial in
|z| 4 |w| where |x| = |x|4 is the size of x with respect to A and |w| is the ordinary length
of w. The search problem SP(A, W) is: Given a positive instance © € A of non-zero
probability, find a “witness” w such that W(z,w).

Lel AT be the restriclion of domain A to posilive instances. An algorithm for
SP(A, W) is supposed to find wilnesses for instances x € At of non-zero probabilily; it
is immaterial what the algorithm does for other instances.

In the context of PTime (i.e. polynomial time) search algorithms, it is reasonable to
assume that the length of a witness is bounded by a polynomial of the size of the instance
and that W(z,w) is computable in time polynomial in |z|, since such an algorithm,
given x, could produce only w’s that are polynomially bounded with respect to x. Search
problem of this kind are called NP search problems; every NP decision problem gives
rise to an NP search problem. We shall, however, work, not with polynomial-time
algorithms, but with (randomizing) algorithms whose running time is polynomial on
average (AP time algorithms). For such algorithms, there may be an occasional input
z (and a random string r) for which the running time and the length of the output are
very long. Therefore, we do not require that the length of a wiltness is bounded by a
polynomial of the size of the instance or that W (xz,w) is computable in time polynomial
in |z|. However, if we require that the length of a witness is bounded by a polynomial
of the size of the instance or that W (xz,w) is computable in time polynomial in |z|, all
our theorems remain true. On the other hand, the condition that W(x,w) is PTime
compulable relative to |x| 4 |w| can be relazed to a hybrid — PTime with respect to w
and AP time with respect to x — withoul affecting the resulls of this paper [?].

It is often useful to consider search problems where one seeks witnesses w for certain
instances but doesn’t care what the algorithm does for other instances even if those other
instances have wilnesses. For example, in the unique search problems, considered in [?],
the algorithm applied to an instance x (and a random string) should produce a wilness w
when w is the unique witness for x, but it does not matter what the algorithm does when
applied to an instance for which there is either no witness or more than one wiltness.
Such problems can be incorporated into our framework by replacing A with its restriction
to tmportant instances.

One inleresting case is when every instance of non-zero probability has a witness.
This can be achieved by restricting the domain to positive instances, but there are other
ways as well. Consider, for example, the usual Hamiltonian Circuit search problem with
some probability distribution on graphs. Not every graph has a Hamiltonian circuil.
However, we can require that, in the case of a graph without a Hamiltonian circuit, a
witness establishes the nonexistence of a Hamiltonian circuit. For example, a witness
may be a computation establishing the nonexistence of any Hamiltonian circuit. Such
a witness may be long, but W (z,w) is required to be computable in time polynomial in
|z| 4 |w]|, not in |z|, so long wilnesses may be all right. Indeed, there exists an algorithm
for a randomized version of Hamiltonian Circuit (with an arbitrary but constant edge
probability) that finds a Hamiltonian circuit or establishes the nonexistence of one in
linear, in the number of vertices, expected lime [?].
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Before we explain our notion of feasible solutions, let us recall a useful notion of
random function [?]. Delerministic algorithms compute delerministic functions. Sim-
ilarly, randomizing (coin flipping) algorithms compute random functions. Formally, a
random function f on a domain A is a deterministic function on an extension Dy of A
whose elements are pairs (z,s) where ¥ € A and s is a binary string to be regarded as
the sequence of coin flips used by the algorithm. In this introduction we allow ourselves
to be sloppy about the distinction between a randomizing algorithm and the random
function it computes. The definition of random functions is recalled in Section 2.

There are different approaches to defining what constitutes a good randomizing al-
gorithm for a search problem. One approach, closer to the actual use of such algorithms,
requires that a correct answer be obtained, with probability equal to 1 or at least very
nearly 1, in reasonable time (i.e. in AP ltime). Another approach requires only that the
algorithms have, for every input of positive probability, a reasonably high probability of
success, say al least 1%. For many purposes, the two approaches are equivalent, since
an algorithm of the second, weaker sort can be iterated with independent random strings
to obtain a very high probabilily of success at the cost of a moderate increase in the run-
ning time. A polynomial number of iterations suffices to improve success probabilities
from as low as a reciprocal of a polynomial of |z| to as high as exponentially (relative
to |x|) close to 1. For average-case complexily, the siluation is even better. We can
start with a success probability whose reciprocal is not polynomially bounded but only
polynomial on average, and we can iterate the algorithm to obtain a success probability
1, without increasing the time beyond AP.

To make these ideas precise, we introduce, in Section 3, the notions of AP time
randomizing algorithms and almost total randomizing algorithms. An almost total, AP
time randomizing algorithm succeeds with probability 1, but an arbitrary AP time al-
gorithm needs only to succeed often enough on each instance. The notion of AP time
randomizing algorithms is the central notion of this paper. Roughly speaking, a ran-
domizing algorithm M with inputs in a domain A is AP time, if it has a set of “good
inputs” (z,s), where x € A and s is a finite sequence of coin flips, such that M termi-
nates on every good inpul, the proportion of good inputs (among all inputs) is at least
the reciprocal of an AP function, and the computation time of M on good inputs is not
too big. It is not required that the sel of good inputs is easily recognizable in any way.

DEFINITION 1.1. A randomizing algorithm M is an AP time solution (resp. almost
total, AP time solution) for a search problem SP(A, W) if M is AP time (resp. almost
total, AP lime) on AT and every terminaling computation of M with input x € A*
of non-zero probability (and arbitrary coin flips) produces as output a wilness w with
(z,w) € W.

It might seem more natural to require that an AP time algorithm produces appro-
priate outputs only for “enough”, not all, of the terminatling computations, bul our
definition is somewhat simpler and essentially equivalent: Every AP time algorithm M

for a search problem 11 that produces correct outputs on its good inputs can be converted
to an AP time solution M’ for 11.

Choose any iteration technique, subject to some natural fairness and carefulness
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conditions specified in Section 4. Theorem ??, the main resull of Section 4, implies

THEOREM 1.2. A randomizing algorithm M is an AP time solution for a search
problem 11 if and only if the iteration M* of M is an AP time solution for Il that is
almost total.

Thus, an AP time solution s iterable to an almost total, AP time solution, and
this is optimal. In addition, several natural iteration techniques are shown to satisfy the
fairness and carefulness conditions in question.

Now let us turn our attention to reductions. What is a (randomizing) many-one re-
duction of a search problem Il = SP(A, W) to another search problem I’ = SP(A", W')?
Such a reduction consists of two parts, the first producing, for each instance x € A%
of non-zero probability and some random strings s, an instance x' = f(x,s) € A’, and
the second producing, for each witness w' with (', w') € W', a witness w = g(z, s, w’)
with (x,w) € W. A reduction and any algorithm M’ solving 11" yield, by composition,
an algorithm M (equal to go M'o f if g depends only on w') that solves 11. We wish to
determine conditions on randomizing algorithms [ and g to ensure that, when M’ has a
good average-case solution, namely either almost total and AP time or simply AP time,
then so does M. The condilions are to be independent of M', so that a reduction makes
sense even when there is no algorithm M’ available. Indeed, one of the most common
uses of reductions is to prove that 1’ is complele in one sense or another and therefore
no good algorithm solving 11" is expected to exist. (Also, one may want to require that if
M’ is an efficient algorithm using some oracle, then M should be a similarly efficient
algorithm using the same oracle.)

The interesting parts of our conditions on [ and g concern f; we shall simply
require g to be polynomial time. Notice that it would make no sense to weaken this to,
say AP time on the set (¥')* of potential witnesses, because we are not given a probability
distribution on (X')*. Of course, M' together with the probability distribution P4 of A’
induces a distribution on (¥')*, but our conditions are to be independent of M'. And if
we required g to be AP lime with respect to some “natural” distribution on (X')*, then
some algorithm M' might, with high probability, produce witnesses w' from a small set
to which our natural distribution assigned low probability and on which g takes very
long to compute. Because of this siluation, we assume that g is polynomial time, and
then we can ignore g in the following sense: M is AP time or almost total and AP
time if and only if M'o f is. (There is a natural way to weaken the condition of PTime
computability of g(x,s,w’) to a hybrid — Ptime with respect to w' and AP time with
respect to (x,s) — preserving the resulls of this paper [?], but again we stick here to the
simpler assumption of PTime computabilily.)

What conditions should f satisfy? Consider first deterministic reductions. Obuvi-
ously, f should be AP time computable in this case. What else? Nontrivial examples of
deterministic reductions may be found in [?, ?]. Actually, the two papers are devoled
to NP decision problems, bul one can consider the search versions of those problems
instead; the deterministic reductions of decision problems naturally transform to deter-
ministic reductions of the corresponding search problems. We tried to give a natural
motivation and analysis for the additional requirement (beyond AP time computability)
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in the notion of deterministic reductions.
THEOREM 1.3 ([?]). For every (deterministic) function f from A to A’, the fol-
lowing two conditions are equivalent:
o For every AP function T on A’, the composition T o f is AP.
o The function x — |fz|a is AP and A" dominates A with respect to f,
—PA[f /)] is AP on A.
Pa{fx}
Thus, if [ is AP time computable and A" dominales A with respect lo [, then, for
every AP time algorithm M' on A’, the composite algorithm M'o [ is AP on A.

i.e., the ratio

This gives rise to the following reduction notions.

DEFINITION 1.4. A deterministic AP time reduction of a domain A to a domain A’
is a deterministic AP time compulable function [ from A to A’ such that A" dominales
A with respect to f.

Since the domination relation is transitive [?], deterministic reducibility of domains
s transilive.

DEFINITION 1.5. A deterministic AP time reduction of a search problem SP(A, W)
to a search problem SP(A',W') consists of
o A deterministic AP time reduction [ of AT to (A")F.
e A polynomial time compulable function g such that if 2’ = f(x) and w' is a
W'-witness for x' then g(x,w') is W-witness for x.

COROLLARY 1.6. Deterministic AP time reducibility of search problems is transi-
tive. Further, a search problem Il is solvable by a deterministic AP time algorithm if it
is deterministically AP time reducible to some 11" which is solvable in deterministic AP
lime.

Unfortunately, deterministic reductions are too weak for many purposes [?] and
stronger randomizing reductions were employed in [?, 7, 7, ?]. The task of “cleaning
up” the notion of randomizing reductions was the main motivation of this paper.

So suppose that f is a random function from a domain A to a domain A" and let T
be an AP time random function on A’'. There are four siluations, according to whether
T is assumed to be almost total or not and whether T o f is required to be almost total
and AP time or only AP time. It will be easy to see that one of the four situations is
absurd; no f can convert arbitrary AP time functions T into almost total T o f, for if
T succeeds with probability 1/2 for every x', then T o f will do no betler.

Of the three reasonable situations, the easiest to analyze is when T' is assumed to
be almost total and T o f is required to be almost total and AP time. It is clear that
such an f must itself be AP time and almost total, for a computation of f is an initial
segment of any successful computation of T'o f, no matter how trivial T is. It turns out
that Theorem 7?7 generalizes nicely in this case.

THEOREM 1.7. Let f be an almost total, AP time computable random function from
a domain A to a domain A" such that A" dominates Dy with respect to f. Then, for
every almost total, AP time randomizing algorithm M' on A’, the composite algorithm
M'o [ is AP time and almost total.



Theorem ?? follows from the more informative Theorem 5.1. It gives rise to the
following reduction notions.

DEFINITION 1.8. An almost total, AP time randomizing reduction of a domain A
to a domain A’ is an almost total, AP lime compulable random function [ from A lo
A" such that A" dominates Dy with respect to f.

DEFINITION 1.9. An almost total, AP time randomizing reduction of a search
problem SP(A, W) to a search problem SP(A',W') consists of
e An almost total, AP time randomizing reduction of AT to (A")*.
e A polynomial time computable function g such that if 2’ = f(x,s) and w' is a
W'-witness for ' then g(x,s,w') is a W-witness for x.

COROLLARY 1.10. Almost total, AP time randomizing reducibility on search prob-
lems is transitive. Further, a search problem 11 is solvable by an almost total, AP time
randomizing algorithm if it is reducible, by an almost total, AP time randomizing algo-
rithm, to some I1I' which is solvable by an almost total, AP time randomizing algorithm.

Finally, we turn to the most complicated situations, where T o f is only required be
AP time. This sort of reduction has the advantage that f(x,s) needs to be a reasonable
instance of 11" only for so many random strings s. The random function [ must be AP
time computable. A set I' of good inputs for f forms a domain in a natural way; see
the notion of dilation in Section 2 in this connection.

THEOREM 1.11. Let f be an AP time computable random function from a domain

A to a domain A" with a domain T of good inputs dominated, with respect to f, by A’.
Then, for every AP time algorithm M' on A’, the composition M' o f is AP time.

Theorem ?? follows from the much more informative Theorem 5.2. It gives rise to
the following reduction notions.

DEFINITION 1.12. An AP time reduction of a domain A to a domain A’ is an AP
time computable random function [ from A to A" with a set I of good inpuls such that
A" dominates I with respect to f.

DEFINITION 1.13. An AP time reduction of a search problem SP(A, W) to a search
problem SP(A', W') consists of
o An AP time reduction (f,T') of AT to (A")*.
e A polynomial time computable function g such that if (z,s) € I', 2’ = f(x,s)
and w' is a W'-witness for x' then g(x,s,w') is a W-witness for x.
THEOREM 1.14. AP time reducibility of search problems is transitive. Further, a
search problem Il is solvable by an almost total, AP time algorithm if it is reducible, by
an AP time algorithm, to some 11" which is solvable by an AP lime algorithm.

Proof. To prove the second part of the theorem, suppose that 11" is solvable by an
AP time algorithm. By Theorem ??, 11 has an AP time solution M. By Theorem 77,
M is an almost total, AP time solution for II. QED.

As an illustration of the theory of randomizing many-one reductions, we rewrile
in Section 6 Impagliazzo-Levin’s proof of a theorem of theirs [1]; we believe thal this
verston of the proof is easier to comprehend.
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An extended abstract of this paper has been published earlier [?].

2. Preliminaries. For the reader’s convenience, we recall here some definitions
and facts.

DEFINITION 2.1 ([?, ?]). A domain A consists of
o an underlying set, often called A as well, whose members are strings over some
finite alphabet,
o a size funclion, assigning lo each x € A a positive inleger |x| = |z|4 called the
size of x, and
e a probability distribution P4 on A.

REMARK 1. In [?], we required that the number of nonzero-probability elements of
any given size is finite. The requirement seemed non-restricting and useful. However,
it turned out to be too restrictive in the further analysis of randomizing computations,
and in this paper we remove il.

Because the elements of a domain A are strings, we can use the usual computation
model based on the Turing machine. Traditional concepts of (worst-case) complexity for
such functions are defined by means of the size function |x| which is usually polynomially
related to length of strings. For example, polynomial time would mean that there is a
polynomial p such that p(|x|) bounds the time needed on input x. Concepts of average-
case complexity are defined by averaging with respect to the probability distribution P 4.

As was pointed out by Levin [?] and discussed in some detail in [?, 7], the most
obvious definition of the concept “polynomial time on average” has inappropriate con-
sequences, and some care is needed to oblain a suitable definition. We use the following
definition due to Levin [?], as modified in [?] to allow oo as a value.

DEFINITION 2.2. Let T be a function from a domain A to the set RT of nonnegative
reals augmented with oo. T is linear on average if T'(x)/|x| has finite expectation,

EL

7 |zl

1
1(2) = X Pale) 1 T(0) < 0,
p x
and T' is polynomial on average, abbreviated AP, if it is bounded by a polynomial of a
function that is linear on average. In other words, T is AP if, for some ¢ > 0,
1 1

(Tz)® < oo .
7 |zl
We use the convention that 0-oc = 0; thus, an AP function can take the value oo

but only at points of probability 0.

LEMMA 2.3 ([?]). The collection of AP functions over a given domain is closed
under addition and multiplication.

A (deterministic) algorithm, taking elements of a domain A as inputs, is polynomial
time on average or AP time, if ils running time on input x is an AP function of x. We
consider the running time to be oo if the algorithm fails to terminate, so an AP time
algorithm must terminate on all inputs of positive probability.
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DEFINITION 2.4. Consider a set X with a size function. A probability distribution
v on X dominates a probability distribution p on X if there exists a function g from X
to R* such that g is AP with respect to X and p and p{z} < g(z)-v{z} for all x in
X.

The original notion of domination is due to Levin [?]. It was analyzed and gener-
alized in [?] and [?].

DEFINITION 2.5 ([?]). Let f be a function from a domain A to a domain B. Then
Pa[f7H{/fx}]

s AP
Pol/z] is on

B dominates A with respect to [, written A <y B f the ratio
A.
We will use the following easy characterization of domination:

LEMMA 2.6 ([?]). Suppose that f is function from a domain A to a domain B.
Then A <; B if and only tf P4 s dominated by a probabilily distribution v such that
the image of v under f is Pp, i.e. Pg{y} = > v{z} forally € B.

z€f~{y}

It will be convenient for us to restrict attention to domains satisfying the following

Proviso.

PROVISO. |z| is bounded by a polynomial of the length of x.
The proviso is needed only to derive the following consequence.

COROLLARY 2.7. If f is an AP time function from a domain A to a domain B,
then the function x — |f(z)|p is AP.

Proof. The length of the string f(x) cannot exceed the time needed to compute f(x).
Therefore the length of f(x) is an AP function of x. Now use Lemma ??. QFED

Instead of adopting the proviso, we could change the formulations of some of our
theorems by explicitly requiring that the reducing functions do not increase the size
beyond AP. It seemed easier to adopt the proviso and get the problem of size blowup out
of the way. We did not come across any need to consider a size function that is not
bounded by a polynomial of the length. However, as the following definition shows, we
did come across a need to consider a size function that may be much smaller than the
length.

The notion of dilation was introduced in [?] and used in [?]. The idea is to combine
the probability distribution on instances and the probability distribution on coin flips into
one probability distribution. For this purpose, we introduce a new domain consisting of
pairs (x,s), where x ranges over instances of the search problem under consideration,
i.e., over elements of a given domain A, while s ranges over the possible finite sequences
of coin flips used by some algorithm (in its terminating computations on input x). The
size of (x,s) is taken to be |x|4, not (as one might at first guess) |x|a+|s|; this is so that
the complexity of computations is measured relative to the size of the instance, not the
number of coin flips. (If we used |x|4+ |s|, then a very inefficient computation could be
made to look efficient — e.g., linear time — by appending a lot of unnecessary coin flips
to make |x|s+|s| greater than half the running time.) The probability of (x,s) is, except
for a normalization factor, the probability P4(zx)-271° for independent choices of x and
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s. The normalization factor, i.e., the lack of actual independence, can be intuitively
understood this way: Given x, the algorithm starts to flip coins (independent of x) until
the computation terminates, having used random string s. But it may happen — and the
probability of this does depend on x — that the algorithm doesn’t terminate, in which
case we re-start the algorithm with a new, independent sequence of coin flips. This
re-starting leads to the denominator in the probability clause of the following definition.
DEFINITION 2.8. A dilation of a domain A is a domain A C A x {0,1}* salisfying

the following conditions, where A(z) = {s: (x,s) € A}:

e For every x, no member of A(x) is a proper prefiz of another member of A(x).

o For every x with Pa(z) > 0, A(z) # (.

o [(z,5)]a = |z]a.

— sl
o Pa(z,5) = Py(x) 2

Ytea() 27l

This definition is more general than the definition of dilation used in [?] because we
do not require 3~ e a(x) 21l = 1. This sum occurs in the denominator of our definition
of Pa in order to ensure that Pa is indeed a probability measure, i.e., that the total
probability of A s 1. We say that a dilation Ay of A is a subdilation of a dilation A,
OfA 'Lf Al g AQ.

DEFINITION 2.9. Let A be a dilation of A. The function

1

ESEA(I) 2-lsl

is the rarity function of D. The dilation A is almost total if Ua(z) =1 for every x € A
of positive probability. This means that, if we repeatedly flip a fair coin to produce a

Ua(z) =

string of 0’s and 1’s, then, with probability 1, we shall eventually obtain a string in
Alx).

The notion of randomizing (coin-flipping) algorithm motivates a useful notion of
random function [?].

DEFINITION 2.10. A random function on a domain A is a function f on a dilation
Dy of A. Such a random function [ is almost lotal if the dilation Dy is almost tolal
and the probability, with respect to Dy, that the value of f is finite equals 1.

Composition of randomizing algorithms motivates composition of random functions.

DEFINITION 2.11 ([?]). Suppose that f is a random function from a domain A
to a domain B such that Pg(f(xz,s) > 0 whenever Pa(z) > 0, and let g be a random
function on B. The composition go [ of [ and g is the random function h on A such
that, for every x € A,

o Dy(z)={st: s€ D¢(x) and t € D,(f(x,s))},
o Ifse€ D¢(zx) and t € D,y(f(x,s)) then h(z,st) = g(f(x,s),t).

It is easy to see that the composition of almost total random functions is almost
total.



3. Randomazing algorithms. A randomizing algorithm on a domain A can be
formalized as a Turing machine M which takes as input an instance v € A and has
access to an auxiliary read-only tape, called the random tape, containing an infinite
sequence 1 of “random” bits (0’s and 1’s). The random tape is bounded on the left
and unbounded on the right; its head can move only to the right. The set {0,1}> of
all possible r’s is endowed with the probability measure X that is the product measure
derived from the uniform measure on {0,1}. Both the measure and M ’s mode of access
to the random tape can be described informally by saying that M is allowed to flip a fair
coin at various stages of its computation and that these coin flips are independent.

Consider the computation of a fired randomizing algorithm M with a fized input =
but with varying sequence r € {0,1}*. For each r, let Read(r) (or Readps (1) if neces-
sary for clarity) be the initial segment of r that is actually read during the computation.
If the computation terminates, then Read(r) is finite; if not, then Read(r) may be finite
or equal to r. As the computation, with M and x fized, depends only on Read(r), it is
clear that, if ' € {0,1}*° has Read(r) as an initial segment, then the computation using
r’ is the same as that using r and, in particular, Read(r') = Read(r). Thus, the set

R(z) = Rv(z) = {Readps () : r € {0,1}*},

has the property that no member of R(x) is a proper initial segment of another. We
define the probability measure p = ppr on R(x) to be the image, under the function
Readys ., of the standard measure A on {0,1}*. For any F C R(x),

p(E) = Mr: Read(r) € E}.

Fach R(zx) is the disjoint union of the sets RF(x) and RI(x) consisting of the finite
and infinite strings in R(x), respectively. The measure p gives the probability 271% to
each s € RF(x) and agrees on subsets of RI(x) with X\. Fvery r € {0,1}* either is
in RI(x) or has an initial segment in RF(z), namely Read(r). In [?], randomizing
algorithms were assumed to terminate for all x with Pa(x) > 0 and all r; this ensured
that, if P4(x) > 0, then RI(z) is empty and every r € {0,1}*° has an initial segment in
RE(z) and therefore RF(x) is finite. In the present paper, we consider algorithms that
may fail to terminale even on inputs of positive probability, so we must consider both
RF(z) and RI(x); furthermore, RF(x) may well be infinite.

If s € {0,1}* is a finite sequence with no proper initial segment in RF(x), then s
occurs (with probability 2_|5|) as the random string read by some stage in a computation
of M on x. If, furthermore, s ¢ RF(z), then this computation will read at least one
additional random bit, which s equally likely to be 0 or 1. If, on the other hand,
s € RF(z), then the compulation will read no additional random bits. Writing “s is
a prefir” for the event that the random string actually read by M has s as an initial
segment, we have (for future reference) the following

LEMMA 3.1. The distribution p satisfies the equation

. 2715l if s has no proper initial segment in RF(z),
p(s is a prefix) =

0 otherwise;
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furthermore, this equation completely determines p.

Proof. Obvious. QED

We restrict attention to randomizing algorithms M such that RFy(x) # () whenever
P4(x) > 0. It follows that the sel

REy =A{(x,s8):2 € A and s € RFy(2)}

forms a dilation of the domain A.

DEFINITION 3.2. The random function Far on A computed by M s the determin-
istic function on Dy = RFy with F(x,s) equal to the output of M on (z,s).

We write Time(x,r) or Timer(x,r) for the time taken by the computation of M
on x and r; if this computation does not terminate, then Time(x,r) = co. Time(z,r)
depends only on = and Read(r), since the unread part of r cannot influence the compu-
tation time.

DEFINITION 3.3. The restrained time function of a randomizing algorithm M on
A is the random function T(x,s) = Ty(x,s) on A such that Dy = RFy and

Time(z,r) = T(z, Read(r))

for every r with a finite Read(r) part.

Timeps is not the only function on A x {0,1}* thal we have to consider. In this
paper, a functional is a measurable function F from A x {0,1}*° to R* such that every
finite value of F is a positive integer. We say that a functional F s continuous if
it is conlinuous with respect to the product topology on A x {0,1}*° and the natural
topology on RY. The continuity implies that, for every x and every r € {0,1}> with
F(x,r) < oo, there exists a finite initial segment s of r such that F(x,r) = F(x,r'") for
every v’ with prefix s. The shortest initial segment s with this property will be denoted
Readr (r). Define the restrained version of a functional F to be the random function
F on A such that Dp = {(z, Readr (1)) : F(x,r) < oo} and F(z, Read(r)) = F(x,r)
Thus, Timeps is a continuous functional and Th; is the restrained version of Timey;.

DEFINITION 3.4. A functional F on A is almost total if, for every x € A of positive
probability,

Mre{0,1}*: Flz,r) < oo} =1.

LEMMA 3.5. A functional is almost total if and only if its restrained version is so.
Proof. Clear. QED

DEFINITION 3.6. An almost total functional F on a domain A is AP if there is a
positive ¢ such that



where F, and B, mean expectation with respect to x and r, the relevant probability
distributions being P4 and X.

The proof of Lemma ?? works for almost total functionals.

COROLLARY 3.7. The collection of AP almost total functionals over a given domain
is closed under addition and multiplication.

By definition of p, the expectation of a continuous almost-total functional with
respect to A and the expectation of ils restrained version with respect to p agree for
every T.

LEMMA 3.8. An almost total, continuous functional F is AP if and only if its
restrained version F' is AP as a deterministic function on Dp.

Proof.

E E(é—|.7:(:z:,r)5> - E E(éﬁ”f‘"s)g) _ B Lrer

(z,s)EDp |.’IJ|

where the expectation F, ts with respect to p. QED

Not all almost total functionals of interest to us are continuous. This is why we
have defined directly when an almost total functional is AP.

DEFINITION 3.9. A randomizing algorithm M is almost total if the functional
Timeps 1s so.

By Lemma 7?7, M s almost total if and only if the restrained time function Ty is
almost total.

DEFINITION 3.10. An almost total randomizing algorithm M is AP time if the
continuous functional Timeyr is AP.

The intuitive content of this definition of almost total AP time algorithm is that,
for each input x with Pa(x) > 0, the algorithm will almost surely (i.e., with probability
1 with respect to r) terminate and will usually (with respect to x and r) require only a
reasonable amount of time.

Now we turn attention to the main notion of this section, the notion of AP time
algorithms. We consider randomizing algorithms which terminate with not too small
probability (rather than almost surely) and which in fact require reasonable time with
not too small probability. To avoid confusion, we remark that we do not require all
the terminating computations to take reasonable time, only enough of them to have
reasonable probability.

DEFINITION 3.11. Let F be a random function on a domain A. F is AP on A if
there is a subdilation I" of D such that

1. The rarity function Ur is AP, and
2. For some ¢ > 0,
1 _
> ﬂPA(x)Q |“"|1[7(:r;,s)E < 0.

(z,s)eT x

12



The condition (1) formalizes the part of the informal requirement above about
enough terminating computations having reasonable probability. The meaning of (2)
is clarified below (Lemma ??). Notice that the statement “F is AP on A” is in general
weaker than the statement “F is AP as a deterministic function on Dp”. We shall not
need to generalize the definition of AP random function to functionals.

If I satisfies these conditions, we call it a set of good inputs for F'. The dilation of
A formed by I may be called the domain of good inputs. The fact that F' is AP means
intuitively that reasonably often F will be defined by virtue of a good input and that
these values of F are reasonably small on average. (F may also be defined on some
inputs that are not good, and the resulting values of F' need not be small at all.) It is
not required that good inputs are easily recognizable in any way.

LEMMA 3.12. Let F be a random function on a domain A and let I be a subdi-
lation of Dp such that the rarity function Ur is AP. Then the following conditions are
equivalent:

1. Fis AP on A with 1" as a set of good inputs.
2. The restriction of F (viewed as a deterministic function on Dp) to I' is AP,
i.e., there exists ¢ > 0 such that

F Lr@sf = Y L Pue)2 Hn(e) Fe, s)° < .

(z,s)eT |$| (#,8)€T |$|
Proof. Since Ur(z) > 1, (2) implies (1). Given (1), multiply and divide each
summand in part 2 of the definition of AP by U(x) = Ur(x) to produce Pr as a factor;
we obtain
1 F(z,s)®
s x| Ulz)

< 0

where the expectation over (x,s) is with respect to Pr. Also, as U is AP on A, we have,
for some § >0,

géﬁU(l’)é _ Eé—|U(:v)5 < oo,

where the expectation over x is with respect to Py and we used that Py is the projection
of Pr. Adding the last two inequalities and using the fact that any weighted geometric
mean of two positive numbers is less then their sum, we find

E <1W)%-(1U(I)5)$ < co.

2 |\ 2] ||

Algebraically simplifying the expression in brackets, we get

P

z,s

1 ed
—F(z, s)m < 00,

|z

13
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COROLLARY 3.13. An almost total continuous functional F is AP if and only if
its restrained version F' is AP with Dg as a set of good inpuls.

Proof. Use Lemmas ??7 and ??7. QED

DEFINITION 3.14. A randomizing algorithm M on A is AP time if the restrained
time function Ty s AP. A set of good inputs for T is also called a set of good inputs

for M.

In the case of an almost total randomizing algorithm M we have now two definitions

which is the desired inequality with in place of e. QKD

of polynomiality on average. It is easy to see that they are equivalent.

COROLLARY 3.15. For every almost total randomizing algorithm M, the following
are equivalent:
o The functional Timeps is AP.
o The random function Ty is AP on the input domain.

Proof. Use Lemma ??. QFED

DEFINITION 3.16. A randomizing algorithm M is an AP time solulion (resp.
almost total, AP time solution) to search problem SP(A,W) if it is AP time (resp.
almost total and AP time) and every terminating computation of M with input x € A
(and arbitrary random string r) produces as output a wilness w with (x,w) € W.

It might seem more natural to require appropriate output only for “enough”, not all,
of the terminating computations, bul our definition is somewhat simpler and essentially
equivalent.

LEMMA 3.17. FEvery AP time algorithm M for a search problem 11 = SP(A, W)
that produces correct outputs on its good arquments can be converted to an AP time

solution M' for 11.

Proof. Append to M instructions saying that, when M terminates, M' should
check that the oulput w satisfies W(x,w) and M' should terminate if and only if the
check succeeds. As our definition of “search problem” required W to be polynomial time
compulable, the time used by M' is bounded by a polynomial of the sum of |z| and the
time used by M, so replacing M with M’ does not ruin complexity estimates of the sort
we are considering. QFED

LEMMA 3.18. Suppose that a search problem 11 has an AP time solution. Then
the length of the shortest witness is a (deterministic) AP function.

Proof. Let M be an AP time solution to 11 with a set T of good inputs. Recall that
the rarity function U of T is the reciprocal of par.(T'(z)) = Y 2715l Write [(z) for

sel(z)
the length of the shortest witness for x. Clearly, T'(x,s) > l(x) for all (x,s) € T, as il
takes time [(x) just to write a witness on the output tape. For every e > 0, we have

S U@ PaA(x) = Y —I(2)f Pa(a)U(2)p(T(x))

€A |z] €A |z]
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> LT(flfa<9)€PA(:I:)U(ar:)2‘|5|.

(z,s)eT |$|
Now use the fact that T is AP and apply Lemma ??7. QED

4. Iteratiom. It is well-known thal a randomizing algorithm that solves a search
problem with a certain probabilily can be iterated, using independent sequences of coin
flips, to obtain a much higher success probability. A polynomial number of iterations
suffices to improve success probabilities from as low as a reciprocal of a polynomial of
|z| to as high as exponentially (relative to |x|) close to 1. For average-case complexity,
the situation is even better. We can start with a success probabilily whose reciprocal
is not polynomially bounded but only polynomial on average, and we can iterate the
algorithm to obtain a success probability 1, without increasing the time beyond AP. The
main result in this section will establish a precise version of this claim and will show
that it is optimal.

Let M be a randomizing algorithm on a domain A which may or may not terminate
on a given inpul. In our application, M is an algorithm for a search problem SP(A, W)
whose successful computations produce desired witnesses. For simplicity, we assume
in this section that every termination of M is successful. It is easy to remove this
assumption. Also, see Lemma ?77.

For technical reasons, we start with what we call a perpetual iteration M of a
given randomizing algorithm M. Given an input (z,r), where x € A and r is an in-
finite random sequence, M* simulates many computations of M on inputs (x,s) for
the same x but different random bit strings s (disjoint substrings of r); these computa-
tions of M will be called subcomputations of M>. M s called a perpetual iteration
because it never halts. Even after some subcomputations have terminated, M contin-
ues to run other subcomputations and to start new subcomputations, and it continues
to allocate its random bits to subcomputations. The corresponding iteration M* of M
is like M™ except M* halts if and when one of the subcomputations terminates. The
advantage of working with M rather than M* is that, in a computation of M, ev-
ery subcomputation runs either forever or until it terminates according to the rules of
M, whereas in a computation of M*, a subcomputation can stop “unnaturally” because
another subcomputation terminated and thus stopped the whole computation of M*.

Presupposing a fixed perpetual iteration M™ and a fized element © € A, for each
sequence r € {0,1}>, let §; = §;(r) be the subsequence of r that M with input (x,r)
passes to subcomputation number j and let s; = s;(r) be the subsequence of §; that
is actually read by subcomputation number j. Here are some examples of perpetual
iteration.

EXAMPLE 1. Eager Perpetual Iteration. Stage n of the computation of M consists
of one step in the first, second, ..., n-th subcomputations, in that order. So one new
subcomputation is started at each stage, and each previously started subcomputation
is carried one step further. Also, during stage n, M™ reads n new bits from r and
distribules them, in order, to these n subcomputations. Thus, each projection §; is
infinite. Nole that this projection operation on {0,1}* does not depend on M or on ils

15



input .

EXAMPLE 2. Lazy Perpetual Iteration is similar to the eager perpetual iteration
except that it distributes random bits only as the subcomputations ask for them. There
is no longer an a priort defined infinile sequence §; for each subcomputalion; in fact,
s; = sj. To decide which subcomputation will receive a particular bil from r, il is no
longer sufficient to know the position of that bil in r; one needs to know both the input
x and the preceding bits of r.

EXAMPLE 3. Another variation of the eager perpetual iteration is obtained as fol-
lows. Fiz a polynomially bounded injection P(j,t) from pairs of positive integers to
positive integers and reserve random bits P(3,1), P(4,2), P(4,3),... for the j-th sub-
computation. This perpetual iteration is executed more naturally by a random access
machine than by a Turing machine.

DEFINITION 4.1. A perpetual iteration M is polynomially fair if the number
m(j,t) of steps of M™ required to achieve the t-th step or termination (whichever occurs
first) of subcomputation j is bounded by a polynomial of j +1.

It follows that new subcomputations are started fairly often: the number m(j,1) of
steps of M required to start the j-th computation is bounded by a polynomial of 5. No-
tice also that each subcomputation gets enough random bits to proceed until termination
or forever.

REMARK 2. To deal with parallel iterations (in a sense, they are more natural),
add to the definition of polynomial fairness the requirement that the number of sub-
computations started during the first n steps of M™ is bounded by a polynomial of n.

We call a perpetual iteration M™ careful if each subcomputation gets a sequence of
fair coin flips, and the sequences for different subcomputations are independent (provided
that M™ gets a sequence of fair coin flips). We formulate this definition more formally.
Recall the probability distribution A of Section 3.

DEFINITION 4.2. A perpetual iteration M is careful if, for each input x of positive
probability, the function

r = (81,82,...) from {0,1}* to ({0,1}* U {0,1}>)>

sends A to the product measure on ({0,1}*U{0,1}>)> induced by the measure ppr, on
{0,1}*U {0, 1}*.

LEMMA 4.3. M® is careful if and only if, for any input x € A and any finite list
t1,...,tr of binary strings, the probability

Mr: tyis a prefiv of sj(r) forallj=1,...,k}

is 0 if some t; has a proper inilial segment in RFy(x), and otherwise is 2= where n
is the sum of the lengths of the t;’s.

Proof. Use Lemma ??. QED
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THEOREM 4.4. Let M be a careful and polynomially fair perpetual iteration of
M. Then M is AP time if and only if the iteration M* is AP time and almost total.

Proof. Suppose that M is AP time, i.e., the restrained time function T = Ty is
AP. Let ' and e be as in the definition of AP random function for T', and let U = Up
be the rarity function of I'. We first check that, for any input x of positive probability
in A, M* terminates with probability 1 (with respect to r). In fact, we show more,
namely that, for almost all r, some s; is good, i.e., belongs to I'(z). (If s; € I'(x) and
P4(x) > 0, then the computation of M on (x,s;) terminates, so we are indeed proving
more than originally claimed.) The event (= set of r’s such) that no s; is in I'(z) is
the intersection of the infinitely many events “s; & U'(z)” (7 = 1,2,3,...), which are
independent and have probability 1 — p(I'(x)) =1 — (1/U(x)). So their intersection has
probability 0, as required.

We are now ready to estimate the computation time T*(x,r) of M* on input (x,r)
and to prove that M* is AP time. For any x € A of positive probability and any
r € 40,1}, let k = k(xz,r) be the smallest positive integer j with s; € I'(x). We saw
in the preceding paragraph that, for all x € A of positive probability, such a k exists
for almost all r. (Define k(x,r) = oo on the measure zero set of pairs (xz,r) where
no such k exists.) Let T" = T'(x,r) be the time laken by the computation of M with
input (2, Sp(z,r)), which is the k-th subcomputation of M* on input (x,r). Since M* is
polynomially fair, the computation time T of M* is bounded by a polynomial of (k+T").
By Corollary 7?7, it suffices to prove that k(x,r) and T'(z,r) are AP.

First, we treat k. ' We begin with a well-known and quite general observation.
Suppose an experiment succeeds with probability p > 0, and suppose we make many
independent repetitions of this experiment until one, say the k-th, succeeds. Then k has
expectalion

ii(l —p) 7 'p=1/p.

In the situation at hand, the experiments are the subcomputations of M (x,r) (with
random r), which are independent by carefulness, “success” means that the string read

by the subcomputation is good, and thus 1/p = U(z), k = k(x,r) and E, k(z,r) = U(x).
Choose positive § < 1 witnessing that U is AP: E(HU(;L’)(S) < oo. We check that
r |T

this § also witnesses that k is AP. The function f(y) = y5 s a concave function on the
open real interval I = (0,00). By Jensen’s inequality (see Corollary 77 ),

BE(ger’) = B Bleer]) <

< E i[E<k<x,r>>]5 - B(Hv)) <o

=\ |zl ]

! Curiously, the useful functional k(z,r) is not continuous.
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Neat, we treat T'(z,r). Clearly, T'(x,r) = T(x,sy), where k = k(x,r). Recall that
a positive €, one of the witnesses that M s AP, was chosen. We begin by computing
the expectation of T'(x,r)® = T(z,s;)° with respect to r.

T

BT () = 3 P(rr) = ) (T, [ Ma,r) = ).

The event k(x,r) = 5 whose probability occurs here is the intersection of the event
s; € I'(x) and all events s; & I'(x) with 1 < j. Since M™ is careful, these are inde-
pendent, so the product (1 — ﬁ)j_l . ﬁ of their probabilities equals P(k(xz,r) = j).
The condilional expectation of Tz, s;)¢ relative to this inlersection of events equals the
conditional expectation of T(x,s;) relative to s; € T'(x), since, by the carefulness of

M*>, T(z,s;)° is independenl of the events s; & T'(x) with i # j. Further,

E (1 s)f [siel(@) = [ T(x,s)°= Y T(x,5)° 27" U(x).

T sel(z) sel(x)

Thus, we have

E(T/($,T)€) _ i_o:(l _ U(lx))j—l . U(lf) . Z(:) (T(:L’,S)E L9 lsl . U(:L’)) =
o0 1
= (1 - ) I T(;c,s)6 Loy =
; U(z) sel(z) ( )
= U(z)- 2(:) (7(x,5)% - 27) .

Recall that ', U and ¢ were chosen to witness that M s AP. Thus, U is AP and
the factor multiplying it is AP as well. (In fact, this factor is average linear.) So the
product is AP. Choose a positive § < 1 to witness this. Using Jensen’s inequality again,

we have

BE(gren) = Bk Blren])

0
< Q.

Thus, we have the desired estimate for T', which compleles the proof of one direction of
the theorem.

To prove the converse, assume M* is an almost total AP time algorithm. We must
produce a I' and a positive ¢ witnessing that M is AP. Fix a positive ¢ < 1 witnessing

1
that T* is AP: EFE (—T*(.’IJ,T)€) < 0o. That is,

]

1

< E( B

=\ x| |7

1

E(—F(x)) < oo, where F(z) = [)(T*(z,r)7).

= \ |z v
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Observe that, quite generally, if X is a nonnegative random variable with expectation

m, then, by Markov’s inequality, P(X < 2m) > 1/2. (Indeed, if P(X < 2m) = p, then

m= FIX) = p XXX <2m) 4 (1—p) BIX| X > 2m)

sol —p<1/2, as claimed.)
Applying this observation to the random variable T*(z, )%, for a fized x and random
r € 40,1}, we find that the set

I(z) ={r € {0,1}*: T*(z,r)® < 2F(x)}

has probability > 1/2. For each r € 1"(z), let s(x,r) be the string of random bils

actually read by the subcomputation of M* on (x,r) that produced a witness for z. We
define

I'={(z,s(z,r)): € Aandr € I"(z)},

so that I'(z) = {s(z,r) : r € I'(x)}, and we claim that this I' and the ¢ fized above
are as required by the definition of M being AP. By the definition of s(x,r), I forms a
dilation of A.

To check that the rarity function U = Ur is AP, recall that forr € T'(z), T*(z,r) <
(2F(z))'/¢. Therefore the number q = q(x) of subcompulations started by M* on inpul
(z,r) is bounded by a polynomial of F'(x). Since F(zx) is AP (in fact, linear on average),
q(z) is AP. We have:

5 = > Xq: P{r eT'(z): s(z,r) = s and

se€l(z) 5=1
subcomputation j is the one thal succeeds} <

g
< > Y P{reTl'(z): subcomputation j reads exactly s} =

sel(z) 5=1
q
1
= > Y2 =g(a)
se€l(z) 5=1 U(CE)

So U(x) is bounded by the AP function 2q(x).
To prove the convergence condition in the definition of T' being AP, recall thatl each
s in T'(x) is s(x,r) for some r € I'(x). Hence T(x,s)° < T*(x,r)* < 2F(z). So

> T(z,s)°271 <2F(z)- > 27kl < 2F(2),

sel(z) s€l(z)
which tmplies the desired convergence, because F' is linear on average. This completes
the proof of Theorem ?7. QFED

It is easy to see that the perpetual iterations of Framples 1-3 are polynomially fair
and that the perpetual iterations of Fxample 1 and Fxample 3 are careful as well. [t
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is not quite obvious that the lazy perpetual iteration is careful. In the case of the lazy
perpetual iteration, some information about a given subcomputation j can be learned
from watching other subcomputations. Imagine, for example, that the first m random
bits received by subcomputation 5 > 1 happened to have the same values as the first
m random bils received by subcomputation 1 and subcomputation 1 requested another
random bit. We know then that subcomputation j will request another random bit as
well.

THEOREM 4.5. Suppose that a perpetual iteration M has the following properties:
o M starts infinitely many subcomputations on every input (x,r).
o No subcomputation of M™ is ever stalled: either it terminates or else it executes
infinitely many steps.
o M serves random bits on the “first come, first served” basis.
Then M s careful.
Proof. Fix an arbitrary x € A of positive probability. Recall that s; = s;(r) is the
string of random bits passed to the j-th subcomputation. By Lemma 77, we must show
that, for any input x € A and any list t1,...,t; of binary strings, the probabilily

Mr: t; is a prefiz of s;(r) forall j =1,...,k}

is 0 if some t; has a proper initial segment in RFy(x), and otherwise is 2= where n
is the sum of the lengths of the 1;’s.

The first half of this is clear, for if t; has a proper initial segment in RFy(x), then
no subcomputation can read all of t;, so s; # t;. To prove the second half, consider a
list ty,..., 1% of cumulative length n and with no proper inilial segments of any t; being
in RFy (). Note that sj(r) cannot, for any r, be a proper initial segment of t; because
any finite s; is in RFy(x) whereas no t; has a proper initial segment in RFy(x).

Call a finite binary string q, which we regard as a possible initial segment of r €
{0,1}°°, pertinent (to the fized list t1,...,1;) if, when M reads q from its random
tape, the strings s;(q) that it passes to subcomputations j = 1,...,k are consistent with
the t;’s. (“Consistent” means one is an initial segment, not necessarily proper, of the
other.) For pertinent q, write s%(q) for s;(q) or t;, whichever is an initial segment of
the other; this is the part of 1; already read by subcompulation 7 when M™ has read q.
Write m(q) for the sum of the lengths of the strings s(q). We have 0 < m(q) < n.

Let F denote the event

{r: t; is aprefix of s;(r) forall y=1,...,k}.

Recall that our objective is to prove that A(E) = 27". Call ¢ € {0,1}* strange if it is
pertinent and M[E | q is a prefiz of r] # 2719 Observe that, since the empty string
e is pertinent and prefives every r, e is strange if and only if N(F) # 27", which is the
negation of what we want to prove. We therefore assume e is strange and attempt to
deduce a contradiction.

LEMMA 4.6. If g is strange, then so is at least one of its one-bil extensions g0 or

ql.
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Proof. Consider a computation of M (on our fived input x) that has read q (and
passed its bils to the appropriate subcomputations).

Case 1. The next request for a bit comes from subcomputation v with 1 > k or with
i <k and si(q) =t;.

Then both q0 and ql are pertinent, and s'(q0) = s%(ql) = s%(q) for all y =1,... k,
so m(q0) = m(ql) =m(q). As q is strange,

27tm(0) L \[E | q is a prefir] = = (A[E | q0 is a prefi] + M\E | q1 is a prefia])

DO | =

so the conditional probabilities on the right cannot both equal 27719 . This means that
one of q0 and gl is strange.

Case 2. The next request for a random bit comes from subcomputation v such that
i <k and si(q) is a proper initial segment of t;.

Then the next random bit read by M will go to subcomputation i, and so g0
(resp. ql) will be pertinent if and only if the next bit in t; after s. is 0 (resp. 1).
Suppose, without loss of generality, that this bit is 0, so q0 is pertinent. We have
5:(q0) = si(q)0 and s(q0) = s%(q) for j in {1,...,k} — {i}. We also have, as q is
strange and A\[F | ql is a prefiz] =0 (as ql is impertinent),

1
2—n+m(‘J) 7£ /\[E | q 18 a p?‘eﬁ,z‘] = 5 . )\[E | qO is a p?"eﬁa:],
50
AE | g0 is a prefie] # 270+t = g=ndm{q0)

and ¢0 is strange. QFED

Now we obtain a contradiction from the assumption thatl e is strange, as follows.
Repeatedly apply the lemma, starting with g = e, to obtain a sequence of strange strings,
each a one-bil extension of the previous one. Thus, we have an r € {0,1}* each of
whose finite initial segments is strange. Fix such anr. By fairness, each subcomputation
1, for 3 =1,...,k, either terminates or is infinite on r.

Forj=1,...,k, each s;(r) is consistent with t;, because all finite initial segments
of r, being strange, are pertinent. We saw earlier that s;(r) cannot be a proper initial
segment of t;, so t; must be an initial segment of s;(r), for each j = 1,...,k. Thus,
for a sufficiently long finite initial segment q of r, each 1; is an inilial segment of
the corresponding s;(q), and therefore si(q) = t; and m(q) = n. Bul then the event
“q is a prefir” is a part of E, so

AE | q is a prefir] = 1 = 277Fm(a),

This contradicts the fact that q, a finite initial segment of r, is strange. QED
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5. Randomaizing Many-One Reductions. Lel us clarify the notion of compo-
sition M = My o My of randomizing algorithms. Suppose that My computes a random
function [ from a domain A to a domain B, and My is a randomizing algorithm on B.
Given an instance x € A and a “random” sequence r € {0,1}*°, M begins by simulat-
ing My on x and r. If this computation terminates with oulpul x', and if s is the finile
initial segment of r read during this computation, then M continues by simulating M,
on x' and the part of r after s. Thus,

Ry(z) ={st: s € RFy,(2) and t € R, (f(,8))} U Rl ().

LEMMA 5.1. Suppose that Pg(f(x,s)) > 0 whenever Pa(x) > 0, and let T = Ty,
be the restrained time function of My. Then
o M is almost total if f and T are almost total, and
o M is AP time if [ is AP time and the composition T o f is AP.

Proof. The first claim is clear. To prove the second claim, recall that, by definition,
a randomizing algorithm is AP if and only if its restrained time function is so. Let T
be a set of good inputs for T o f. It is easy to see that I' is also a set of good inputs
for f. Except for a small bookkeeping overhead, Ths is the sum of Thr, and T o f on T'.
Thus, I s a set of good inputs for Ty, so that Ty is AP. QED.

In the rest of this section, f is a random function from a domain A to a domain B
and T ranges over random functions on B. If I is a dilation of A and A is a dilation
of B, define I' x A to be the dilation of A comprising pairs (z,st) such that (x,s) € T
and (f(xz,s),t) € A. The notion of domination is recalled in Section 2.

THEOREM 5.2. Suppose that f is almost total. Then the following are equivalent:

1. For every almost total, AP random T, the composition S = T o f is almost
total and AP.
2. The almost total function (x,s) — |f(x,s)| is AP and Dy <; B.

Proof. First, suppose (1). FEvery deterministic function on B is an almost total,
random function on B with good inpuls (y,e) where Pg(y) > 0 and e is the emply
string. By Theorem ??, Dy < B and the restriction of the function (x,s) — |f(x,s)|s
to D¢ is AP. This implies (2).

Second, suppose (2) and let T' be an almost total, AP random function on B. The
domain I' = Dy of the AP function (x,s) — |f(x,s)|s, is an almost total dilation of A.
Similarly, the domain A of T' ts an almost total dilation of B. These two facts and the
domination condition imply that the dilation Ds = I' * A is almost total. It remains to
check that S, as a deterministic function S(x,st) =T(f(x,s),t) on '« A, is AP. This
function is the composite of T with the function j(x,st) = (f(z,s),t) from T x A to A.
By Theorem 17, it suffices to prove that A dominates I' * A with respect to 5. We have:

Pr.ali iz, st)}] = Praa{(zo,sot) : f(zo,50) = f(x,5)}
= Pr[f ' {f(z,s)}] 27"

and

PA{j(:EaSt)} = PB{f(iE,S)} ’ 2_|t|7
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-1

Prl/ {f(z;,s)}]} which is AP on
PB{f(x7 3)}

I' because I' <y B. It follows immedialely that this ratio is AP as a function on I' x A

(a function not depending on the t part of its arqgument). QFED

COROLLARY 5.3. Let f be a function from a domain A to a domain B, computed by
an almost total, AP lime randomizing algorithm M. Suppose that Dy <; B. Then, for

so the ratio in the definition of domination for j is

every almost total, AP time randomizing algorithm My on B, the composite algorithm
M = M, o My is almost total and AP time.

Now we turn to the case when the composite is not required to be almost total.

THEOREM 5.4. Suppose that 1" is a dilation of A. The following four statements
are equivalent.

(a) For every AP random function T on B with A as a set of good inputs, T o [ is AP
with T'x A as a set of good inpuls.

(b) For every almost total AP random function T on B with A as a set of good inputls,
To fis AP with I' * A as a set of good inputs.

(c) For every deterministic AP function T on B, T o [ is AP with T as a set of good
mputs.

(d) The function x — |f(x)|pg is AP with ' as a set of good inputs and I' <; B.

Proof. Clearly, (a) implies (b).

To derive (c) from (b), suppose (b) and let T be as in (¢). Consider the dilation
A of B comprising pairs (y,e) where y ranges over B and e is the empty string. Now
apply (b).

To derive (d) from (¢), use Lemma ??, to restate (¢) as follows: If T is any AP
(deterministic) function on B, then T o f is an AP deterministic function on I'. By
Theorem ?? (and another application of Lemma ?7?), this implies (d).

It remains to derive (a) from (d). Assume (d), and let T and A be as in (a). Our
first task is to show that the rarity function Ur.a for the composite dilation ' x A of
A is AP. It follows from (d) that Ur is AP. By the hypothesis of (a), Ua is AP. We

compule

Upea(z) = (Z 3 ))2—|s|2—|t|)_1: ( DY )2—|t|)_1:

sel(z) teA(f(= sel(z) tEA(f(x,s)

_ sl . ! h
- (E(f Uall(e, s>>)

and therefore, for any & with 0 < 6 < 1,

-4
§ 2) = L —lsl . ; —
Z PA JUria(z) = Z |PA( >( Z 2 UA(f(l'vS)))

TEA r€A

-0
KN 1 _
Z (E 2o Ur<x>UA<f<a:,s>>)




)
€M) [Ur(flf)UAl(f(%S))D 7

where the expectation over s € I'(x) is with respect to the probability distribution P(s) =
2_|5| : UF({L')

Apply Jensen’s inequality (in the form of Corollary ??) to the last part of the com-
putation above:

ZA ()L a(2) < 2;4|i|PA< 7) EQ)[(UF(SI?)-UA(f(J:,s))(S] _
= X3 pPale) 2 leto) [(Crto) - Ut (an)] =

:El

(z,5)€T |(z,s)[r

Pr(z,s) |(Ur(e) - Ua(f(2.5)°)

Thus, Ura is AP if the product of Up(z) and Ua(f(x,s)) is AP on 1T, i.e., if both
factors are AP on I'. Since Up(x) is AP on A, it is AP on I'. Applying Theorem 77,
we find that the composition Ua(f(x,s)) is AP. Hence Ur.a is AP.

It remains to verify the convergence condition of the definition “I' o f is AP with
I' « A as a set of good points”, which is, by Lemma 77, equivalent to the statement
that T o f, as a deterministic function on I' x A, is AP. By the hypothesis of (a) plus
Lemma ??, T, as a deterministic function on A, is AP. Since T o f is obtained from
T by composition with the function g(x,st) = (f(x,s),t) from T'x A to A and |g| is
AP on on I'x A, the desired conclusion will follow, by Theorem ??, if we show that A
dominates I x A with respect to g.

For this purpose, we use Lemma 7?7 and seek a measure v on I' x A thatl projects
by g to Pa and that dominates Pr.a. The assumption (d) that B dominates I' with
respect to f provides a measure p on ' that projects to Pg by f and dominates Pr. We
use ( to define v by

I/(;L’,St) = /“L(‘THS) ' 2_|t| ’ UA(f(l’,S))
This projects to Pa via g, because, for any (z',1') € A,

> vz, st) = Yo vz, st) =

(z,st)eg=1(z't') (z,s)ef~1(=")
S ules) 2 Us(flays) = 2 0sGE) Y plans) =
(z,5)€f~1(2') (z5)€f~1 (')

27U (2" Pp(2') = Pa(2',1).

Proa(x, st
So it remains to prove that v dominates Pr.a, that ts, that the ratio %
v(z,s
is an AP function on I' x A. But this ratio is
P L9-lsl o=l L . P - Ur, P
A(‘T) r A( ) o F($7S) r A($) < F(J/’,S) . UF*A('I)-

pla,s) - 271 Ua(f(z,s)) — Ur(z)u(e,s)Ua(f(2,5)) = plz,s)
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PF(xa S)
) und Up, }
e and Upia(z)

considered as functions of (x,st) are AP on I'x A. Of course, the former is AP as a
function of (x,s) on I', by our choice of 1, and the latter is AP as a function of z on A,

To show that this is AP on I' x A, it suffices to show that both

as proved above, but neither of these is exactly what is needed. The desired information
about Up.a(x) follows easily because Pr.a projects to Ps under the map (z,st) — x,
which preserves sizes. Indeed, we have

Z 1

———— . Pr.a(z,8l) - (Urea())® =
(z,st)ET*A |([l?, St)|F*A

Z;x (ﬁ - (Ursa(x))® - ( ; PF*A(x,st)) =
2;4 |i—| - (Ursa(z))° Pa(z) < o0

for sufficiently small e > 0, since Ura ts AP on A.

The same approach does not succeed with the function L on I', because the pro-
jection (x,st) — (z,s) from I'« A to 1" need not send Pr.a tg Pr; factors of Ur.a and
Ur get in the way. Fortunately, Lemma ?? allows us to ignore those factors. Since itk

is AP on I', the lemma guarantees an &€ > 0 such that

3 LPA(:c) .9~ lsl (M)g < oo.

(z,5)€T 7] p(x, s)

For any fived (x,s) € T, the numbers 27 where  ranges over A(f(z,s)), add up
to at most 1, since no such t is a proper initial segment of another. So

Y L py(a). 2ol (M)g .

(z,st)€T*A |$| ILL(LL',S)

P
By Lemma 77, “L s AP on '« A, and the proof of Theorem 7?7 is complete. QED
]

QUESTION. Do parts (a), (b) and (¢) of Theorem 5.3 remain equivalent if they
are weakened to assert only that T' o f is AP, without specifying a particular set of good
inputs? Is there an analog of (d) for this situation?

COROLLARY 5.5. Let f be a random function from a domain A to a domain
B computed by an AP lime randomizing algorithm M. If there exists a domain of
good inputs for f dominated, with respect to f, by B then, for every AP randomizing
algorithm My on B, the composite algorithm M = My o My is AP time.

6. Impagliazzo-Levin’s theorem. In order to formulate the theorem in ques-
tion, we need a couple of definitions. We start with the definition of uniform domains.
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In the case of domains with finite many elements, it would be natural to call a domain

uniform if all elements have the same probability. This definition makes no sense in the

case of infinite domains, which is the only case of interest to us. Another natural way to

define uniform domains requires a default probability distribution on positive integers;
1

it s customary to assign the probability ey to a positive integer n.

DEFINITION 6.1. A domain is uniform if it has a finite number of elements of any
given size, all elements of a given size have the same probability, and

Pl{z: |z|=n}= n(n1+1).

DEFINITION 6.2 ([?]). A domain A is samplable if there exists a randomized
algorithm S such that
e S takes no input (but tosses coins) and outputs an element of A if it converges,
e Ps(z) is proportional to the probability that S outputs x, and
o the computation time of S is bounded by a polynomial of the size of the outpul.

The restriction on the computation time of S can be relazed [?].

Impagliazzo and Levin [?] deal with domains (though they do not use the term)
where the size |x| of an element x is its length (recall that domain elements are strings);
this restriction is not necessary [?] but it simplifies the exposition and we stick to it in
this section. Call a sampling algorithm S length preserving if it uses exactly n coin
ltosses to produce a string of length n. The following fact is well known and we omit the
proof.

LEMMA 6.3 ([?, 7, ?]). Every search problem on a samplable domain reduces to a
search problem on a domain sampled by a length-preserving algorithm.

Implagliazzo and Levin prove that every NP search problem on a samplable domain
reduces to an NP search problem on a uniform domain. Recall that a search problem
SP(A, W) is NP if the length of a witness is bounded by a polynomial of the size of the
instance and the witness relation W(x,w) is PTime computable relative to |z|. In fact,
the Impagliazzo-Levin argument does not require the restriction to NP problems.

THEOREM 6.4 ([?]). FEvery search problem 1l; = SP(A;,W;i) on a samplable
domain Ay reduces to a search problem on the uniform domain BS of binary strings. If
the source problem is NP then the target problem may be chosen to be NP as well.

Proof. First, we indicate the motivation behind the proof. There are two simple but
unsuccessful attempts at reducing SP(Ay, Wh) to a search problem on a uniform domain.
One is to simply redefine the probability distribution on Ay to be uniform. This fails
because the obvious instance-transformer, the identity map, violates the domination
condition. It is entirely possible for some instances x to have vastly larger probability
in the given samplable Ay than in the uniform domain; this occurs when S™'(z) is large
(as S preserves length). A second attempl is to use the search problem on the domain
BS defined by W'(u) = W(S(u)). The trouble with this is that an instance-transformer
should produce, for any z, some u € S™'(z), and this may be difficull, even for a
randomizing algorithm. Indeed, one could imagine that each such u encodes a witness
w for x, so that the new search problem is trivial. Notice, however, that this second
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attempt fails only when S™'(z) is rather small; when it is large, an element of it can be
found by guessing random elements and checking them (as S is quickly computable).

The strategqy of the proof is to interpolate between these two atlempts, leaning to-
ward the first (resp. second) when S™'(x) is small (resp. large). More precisely, an
instance of the new problem should be (approximately) n = |z| bils long, consisting of
[ = [log(||S~(x)|])] bits of information about some u € S~ (x) and n — 1 bits about x.
(Here ||S™(x)|| is the cardinalily of the set S™'(z).)

There are some obvious difficulties with this. For one thing, we can’t efficiently
compute | from x. Bul we can guess it; it lies between 0 and n, so the probability
of guessing correctly is the reciprocal of a polynomial, which is good enough to give a
nonrare dilation. Another issue is how to select the right bits of information about u
and x. This, too, is solved by randomization. We randomly choose two matrices L. and
M (with entries in the two-element field {0,1}) of the appropriate size to hash u and
x to vectors Lu and Mz of lengths | and n — [, respectively. A key point in the proof
is that randomly chosen hash matrices have a reasonable probability of working the way
we want.

Thus, finally, an instance of the new problem will consist of the two hash matrices
L and M and the results Lu and Mx of hashing u and v. A witness for such an instance
will consist of a u and a w such that Lu is as specified in the instance, S(u) is an x
whose hashing Mz is as specified in the instance, and W(x,w) holds. (Actually, there
are a couple of minor technical modifications in the actual proof, but this is the essential
idea.)

Now we give the actual proof. We construct search problems Il; = SP(A;, W;) for
1 = 2,3,4,5 with As = BS and reduce each 11; with 1 < 5 to l;11. Accordingly, we
have 4 reduction lemmas. In each lemma, the desired reduction is called (1, f,g). The
probability distribution of A; is denoted P;.

By Lemma 7?7, we may suppose that S is size-preserving.

NOTATION.  In the rest of this section, x is an instance of Ty with Wiy(z) # 0,

n = |z|, m is the cardinality of the set S~ (x), and | = [logm]. If j is a natural number
then b(j) is the (shortest) binary notation for j.

We define 1ly. Ay comprises pairs (x,1) where x is an element of Ay and | is as
above. The size and probability of (x,1) are the size and probability of x in Ay. Further,
Wy(x,l) = Wi(z).

LEMMA 6.5. II; reduces to 11,.

Proof. Define I'(x) to contain one string, namely, b(l). We have: Rarity-(z) =
2l < 91 < 2n, so that I' is not rare.

Define f(x,b(1)) = (z,1). To check the domination property, take into account that
f is injective:

Pr(z,b(l)) Py(z) - 270 1
Py(z,1) N Pi(z) -

Finally, define g((z,b(1)),w) = w. QFED
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NOTATION: wu ranges over binary strings of length n, u' ranges over binary strings
of length [, L ranges over [ x n matrices over the field of two elements. If I is a matrix
over the field of two elements then b(1) is the binary string obtained from I by writing
down the first row of I, then the second row of I, and so on. If s and s’ are sirings
then s x s’ denotes the concalenation of s and s'.

We define 1l5. As comprises triples (z, L,u’) such that L has full rank (i.e. rankl)
and there exists u € S~ (x) with Lu = u’. As is isomorphic to a subdomain of Az x BS;
the isomorphism is t3(x, L,u') = ((x,1),b(L) * ). Further,

Wi(z, Lyu') = {(u,w) : S(u) =z, Lu = v’ and w € Wy(z)}.

LEMMA 6.6. II, reduces to 115.

Proof. Define I' to be the t3-image of As. To prove that I' is not rare, fix an instance
(z,1) of 115.

CLAIM 6.7. In the uniform probability space of | X n matrices, the probability that
a malriz has full rank exceeds a positive constant independent of | and n, e.q., 1/4.

Proof. Only one row (namely, the row of zeroes) cannot serve as the first row of a
full rank matriz. Given the first row uy, only two rows (namely, uy and the zero row)
cannot serve as the second row of a full rank matriz. Given the first two rows uy and
ug, only four rows (namely, the four linear combinations of uy and uy) cannot serve as
the third row of a full rank matriz. And so on. Thus the number of full rank matrices
is

-1

(2" —1)(2" —2)(2" —4)...(2" =2y =[] (2" - 29).

1=0

The total number of | x n matrices is 2. Hence the probabilily of full rank is

Hi;é(Qn _ 22) B -1 on _ 9i B -1 1

9ln - 21;[0 on - 21;[0(1 - 2”—2) >
a 1 1 1 1
H(l—g):(1—5)(1—1)(1—?----

=0

To estimate this product, consider the following probabilistic experiment. For each
i, let U; be an urn with 2° balls such that exactly one of the balls is red and the others
are green. Let A; be the event of selecting a green ball from U;, and B; be the event of
selecting the red ball, so that P(A;) =1 — P(B;) =1 — %. We have

21

fio- - fia] -1 #[05]
1-%1)(3):1-(%%...):1—%:1/:2.

Hence the probability of full rank exceeds (1 — )5 = 1/4. QED
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Cramv 6.8. Consider the probability space of pairs (L,u') where L is of full rank.
For each x, the probabilily of the event

{(L,w'): (Fue S (x))(Lu=u')}

is at least 3/8.

Proof. Let u, v range over S™'(z). For each u, let E(u) = {(L,u') : Lu = u'}.
Then the cardinality ||FE(u)|| of E(u) is the number F of full rank matrices L. The
evenl in question is |J E(u), and the probabilily in question is || E(u)||/(F2').

We check that if u # v then the set E(u,v) = E(u)N E(v) conlains at most F'/2'

elements. Notice that
[(L,u") € E(u,v)] <= [Lu=u' = Lv] = [L(u — v) = 0]

and, for each L that annihilates u—v, there exists a unique u' such that (L,u') € E(u,v).
Thus || E(u,v)|| equals the number of full rank matrices L which annihilate u—v. Among
all | x n matrices, the probability of annihilating u — v is exactly (1/2)'; among full-rank
malrices, the probability is < (1/2)". Let us make this precise.

If I = n then the probability that a full-rank matriz annihilates u — v equals 0; so
assume that | < n. The probability p that a random full-rank matriz I annihilates a
specified nonzero vector z € {0,1}" is independent of z. For any z,z' there is a non-
singular n x n matrizx A such that Az = 2z'. Then L annihilates 2" if and only if LA
annihilates z, and LA has full rank if and only if L does.

So, without loss of generality, z = (0,0,...,0,1). It is clear now thal p equals the
number of full-rank | X n matrices with the last column of zeroes divided by the total
number of full-rank | x n matrices. In other words, p equals the number of full-rank
[ x (n—1) matrices divided by the number of full-rank [ x n matrices. Recall our counting
of full-rank matrices above. We have:

TiZo(2" —2) ~ Hi»;é(%— 2) e

By the inclusion-exclusion principle [?],

il U@ > 77 (ZHE e <v>||).

utv
Since the number of u’s is m, FZ’ E [|F(u)|] = ﬁmF = ? Further,
FZZ;HE B )||<F121%F/2l:%
Thus, the probability we want is bounded below by g — M > 11— th where

9214+1
L = 5t is between one-half and one (because of the definition of 1). Bul the minimum of
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the quadratic function t — 14? on the interval [%, 1] is %. So the probability we want is

2
greater than %. QED

The two claims imply that I is non-rare. Define
f=1:3" and g(((x,1),b(L) % u'), (u,w)) = w.

It is easy to see (', f, g) is indeed the desired reduction. QED

NOTATION: k=n+1—1[ and M ranges over k x n maltrices over the 2-element
field.

We define lly. Ay comprises 5-tuples (z, L,u', M) such that (z,L,u') € As, M is
as above (a k X n matriz) and there is no u € {0,1}" — S~ (z) such that Lu = v’ and
M(S(u) —z) = 0. [t is isomorphic to a subdomain of Az x BS via the isomorphism
ta(z, Lou', M) = ((z, L,u'),b(M)). Further, Wy(z, L,u', M) = Ws(z, L, u').

LEMMA 6.9. Il reduces to 1l4.

Proof. Define I' to be the ty-image of Ay. To prove that ' is not rare, fix an element
(x,L,u') of A3 and call a matriz M bad if there exists u € {0,1}" — S™'(z) such that
Lu =v" and M(S(u) —z)=0.

CLAM 6.10. The fraction of bad matrices M is alt most 1/2.

Proof. The number of strings u satisfying the equation Lu = ' is 27" = 21, For
each u € {0,1}" — S71(z), there are exactly 2"~ matrices M satisfying the equation
M(S(u) — z) = 0. Thus the number of bad matrices M is al most 2¥=12kn=F = gkn=1_
which is exactly one half of the total number of matrices M. QFED

The claim implies that I' is not rare. Define f = 17" and
g(((z, Lyu'), b((M))(u,w)) = (u,w). It is easy to see that I', f, g is indeed a reduction.
QED

The domain As of our final problem Il5 is BS. We do some work before defining
Ws. Consider the function

fla, Lyu', M) = b(L) *u' + b(M)*b(Mx) * b(l).

from A4 to As. (It will serve eventually as the instance transformer of the desired
reduction of Ily to 115.)

CrLAIM 6.11. f is injective, and the components L, u' and M as well as the numbers
n, l and k are PTime computable from f(x,L,u', M)

Proof. As |f(z, L/, M) =Iln+1l+kn+k+1=(n+1)2+1andl < n, the
numbers n, | and k are easily computable from |f(x, L,u', M)|. It follows that L, u' and
M are easily computable from f(x, L,u’, M). To prove that f is injective, suppose that
flzo, Liw', M) = f(z,L,u',M). Then M(xy—x) =0 and there exists u € S~ (x3) such
that Lu = v’ and M(S(u) —z) = 0. Since M isn’t bad for (x, L,u') (in the sense of the
proof of Lemma ??), x5 = S(u) = z. QED

CrAaM 6.12. [ deterministically reduces Ay to As.
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Proof. Clearly, f is PTime computable. We need only to check that [ satisfies the
domination condition. Since f is injective,

Py(f~'(f(z, L,u', M)) _ Py(z, L,u', M)
Ps(f(x, Lyuw', M)) Ps(f(x,L,u', M))
Py(z)Pps(b(L) *u' + b(M))
Ppg(b(L) « u' « b(M) « b(Mz) x b(l))

We may ignore factors polynomial in |(x, L,u')|, i.e., polynomial in n. In thal sense,

Pl(l’)Pgs(b(L) *u * b(M)) N 9—(n=)9—(In+l+kn)
Pps(b(L) *u' + b(M) * b(Mz) * b(l)) ™ 9—(In+l+kn+k+log I)

~1. QED

Now we are ready to define Wi.

| Wz, Low', M) ifs= f(z,L,u/, M)
Ws(s) = { 0 otherwise.

Since S s PTime computable and 11y is an NP search problem, the search problem
II5 s NP as well.

LEMMA 6.13. 1l deterministically reduces to 1l5.

Proof. The instance transformer [ of the desired reduction is already defined. The
witness transformer is g((x, Lyu', M), (u,w)) = (u,w). It is easy to see thal (f,g) is
indeed a reduction. QED

Theorem ?? is proved. QFED

7. Appendie. Jensen’s inequality. For the reader’s convenience, we prove
here two forms of Jensen’s inequality that we need. The proof of Jensen’s inequalily
from [?] is used.

THEOREM 7.1. Consider an increasing concave function f on an interval (a,o0)
of the real line and sel f(oo) = 11:112.} f(z). For every random variable X with values in

the interval (a,o0] of the real line extended with oo,

X)) < FORX).

Proof. If E(X) = oo then f(E(X)) =lim f(z) > E(f(X)). Suppose that E(X) <

oo
The fact that [ is concave means that fora < u < v < w,

[0) = f(u) _ f(w) = f()

v— U o w—10v

It is clear that the monotone limits

e J0) = ) o f(w) = f(v)
Av) =] 11}%1 Ty B(v) =1 Ll]lful i
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exist and A(v) > B(v). For all positive real v, x and every ¢ in [B(v), A(v)], we have
fz) < clx—v)+ f(v). In particular, there is ¢ such that f(X) < (X — E(X))+ f(E(x))
and the desired inequality follows on taking expectations. QFED

COROLLARY 7.2. Suppose 0 < § < 1 and let X be any random variable with values
in (0,00]. Then

Ex% < (Fx)°.

THEOREM 7.3. Consider a decreasing convex function g on an interval (0,b) of
the real line and set g(0) = li{glg(:z;). For every random variable X with values in the

interval [0,b) of the real line,

Fla(X)) = g fJX)).

Proof. First suppose F(X) = 0. Since all values of X are > 0, we must have with
probability 1 that X = 0 and therefore g(X) = ¢(0). Then E(g(X)) = g(0) = g(F(X)).

In the case F(X) > 0, the proof is similar to the part of the proof of Theorem 7?7
for the case F(X) < ooy just reverse some arrows and inequalities. QED

COROLLARY 7.4. Suppose 0 < § < 1 and let X be any random variable with values
in [0,b). Then

Ex=%)y > (Fx)™.
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