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Reductions Between Cardinal
Characteristics of the Continuum

ANDREAS BLASS

ABSTRACT. We discuss two general aspects of the theory of cardinal char-
acteristics of the continuum, especially of proofs of inequalities between
such characteristics. The first aspect is to express the essential content of
these proofs in a way that makes sense even in models where the inequalities
hold trivially (e.g., because the continuum hypothesis holds). For this pur-
pose, we use a Borel version of Vojtas’s theory of generalized Galois-Tukey
connections. The second aspect is to analyze a sequential structure often
found in proofs of inequalities relating one characteristic to the minimum
(or maximum) of two others. Vojtds’s max-min diagram, abstracted from
such situations, can be described in terms of a new, higher-type object in
the category of generalized Galois-Tukey connections. It turns out to occur
also in other proofs of inequalities where no minimum (or maximum) is

mentioned.
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in r al and r ricin in ral a nd nd
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rdec n in r al and r ricin ia 1 c r
i r n rn in in ral alrad d nd i ali
all ncin indci 1 d n ncin i
arin i ncina and ainin
a an nin ¢ a rc a aric lar al r
Sc an nin i ca i red a al ncin n
A r and a nrac d1 lar and all and
nd ar i raril idn r ricin d ird
n in r al acndiin ar i n ni ar
i n and r r nd and rc a
r ird
A i in ii n ld a i ac in r al
i nl nil an ¢ in incddld anin r al n ic
and ar n ini ial n i acndiin r
cnidrdind nin i rc Sinc i C n nric i
rcd a ni r in i B na inndecrain
a ral 1 n in r al i dia 1 rcdin
a
ia li all cinl lar ca can an in r al
i nl ni l an c in r r ar ird
Id i r ard nl i al rcdin r a r nin
a r i in dir cin i in 1 din i
al i Id an a r in 1 acnrcin in
cni ac dr al r anda ncin and
iac dr al and acnrcin in
cni ac dr al and cni aral and an
1 n r ird r r ra r i i a i
n ain and i n 1 n ac and
d ina
rr 1 a 1 n acl li i N ic aaC n rcin
na aralain r r r iind n a ncin in
r ac ar na 1 i ni n r rcd
al ini ial n cni
ini ial n rc al r all i ic ar ca i rcd
na ar al ra i cial r r r rcil ran nin
c a all ror rdcd r acr ain
r n in cni and c¢ a cial
a ac dral a n 1 cnrcdr in
r and an c a ac i incl d din r rd ain
i riial rdc ac dral n In an ni l r n

¢ nal an 1 nc dr al r nin



TI B TW I T TITI

a air r c nn i and cndc nn i
cnrcdr d rin r nd n in r al ncin
n r r a n di a i ali d r
All i r adn nl r r cial a crr nd
na r i n in a Idd ii ¢ nd ar n
in i idicl i ¢ r cnnc d i di ¢l
nind arlir a i ar n i r an Brl
ral a r ri i d andl
B di ¢cli can a ac d rin n i all ncin
i a il a can cdd ral r i cd ra r
an ncin n ca a and i i in a i a il
a ar i n C nna na ic ar
niall ral can n r a cd B ic ic a a il i
i 1 ailrd i n a 1 can d c r n icin
a an Brl ncin ar n C ar i
ncin i n canall Brl ncin a in
a c rd nin a i al n |l ac dr al
a c in i incl d din
r ricin Brl ncin i n a can nil i d in
n ral a i can di nrald niin nial ¢ iin
n all C nn and ar Brl and rlain
r lacin ncin i Brl ncin r r
i Brlcd r c ncin
cica ¢ din n a Brl ncin ar roc l
ncin rcri in ar al and C r a 1
r S aacd r ¢ a ncin can air
I n ind ana raln r r ircri nci n and r al
ara r
i ra r ¢ r andard a 1 incl din ar ic lar n
a dic d 1d r r al nd da i ca
cd Brl a r aBrl aBrl iin nraln i 1
aBrl i i nl S i ra nal all d ain and
¢ d ain rlain i ircri in and a r al
r al rlain Id r al ill r ird Brlin a
n a and irc 1 n rlai d ainandc d ainar
adaliain r r i 1d ncin i ra
i arialrcri in and r al al n in in
Ra r an c la r r n ai r iid a 1 1
li a Id 1i in an id al ra r rlain
and r i Idc r acla ai radnn nc a
n n a 1 narr n a a 1| n r ri ann
i nc inc rr ¢ r i can r d r r r ra r
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Id ¢ d ndr na rall ccrrin ¢n rcin incl din a ial
rin n ial ¢ iin li a ra r d cri din
r ¢ din ara ra a d all i i an n Il ¢ ¢ d
Id r a nin a ali i Id a ial ¢ din
C nn r i a ccrincla ical r cardinal ¢ arac
ri icin alii can a n n rl Brl ¢ nin i
n clar r a i 1 in r n i ain inc na ral
cd rcnin ncin r nl a
. n ittin
n i c¢in ri di c ai ain r nial ¢ iin
ari na rall incnncin i anin ali in 1in cardinal
carac ri ic andara r riialin ali a a Recal a n li in
n r i all n r in ni c an inl
i all in in ni ic E ialnl i i nr
r an a i al cn an n i i
cn an n r ni
d n a i ilar ¢ arac ri ic in li in in r ic ra r
an ai i nr r a ain
an a i al cn an n
i a a n ac r ar r i and
d nda 1 i incl in a and i
id ni a d n r inrdec r
n ain and r ncin ain d idni in n r
i ccr a a al i r r ci 1 a i
i
ri
and id nd i ilarl C a r ca i i r Al
r ac in ni a icin r a 1 ni
incrain i cin N d n a 1 nd air
cni in and a d nd n
r rd i n iall i i d ain i dr
nd a air in ni a cc i
in lcain a cc i in i a c C a and ar
r i and r r
id a ind r i i a a n li a i in
i n i c ar i a n li a il and n i in
ac i r r an n i a il ran rrin r
ia ni n n ran rrd a ili i n li ca
i n roi n ic a al
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in ni 1 n and r i n ic al ar
rdcd n
N ic a cnd rdr a ili d ndinan nial a n
n r rd d ain in i r a arnl n d a
nial ¢ iin rin idn a ardc r nan Id
rdcin ad
r rcnecr a rinBrl r i r Id rdc
c i n ii 1l i an a in a
n li a il rdca n li a il ¢ nd cann ad
ind ndn r
Al cn cr il la il d n n r
n a rcn cr a rinBrl «r i r
in ii anin ii rl a rdc a n li a il
n li a il ic n nc
di ¢l in r in cncr rcal a r r i
r nn i nc Brl r i in 1 d cn rcin ial
rcin dl a 1 i ddir c1 r cncr 1d
an nd a rcin nin a cnain anin ni n li
all r nd dl ncin i r nd dl ncin
i cl arl cann aci d inc a n li and in
n ain d niin a i al n li
Anal rnai a r ac 1d cncnra n d al r i
N rcin d ildin a rcin ninin ic
r ncin i al ¢n an nanin ni r r nd dl
in B i cann aci di r
n r i anin ni in r nd dl n ic i al ¢cn an
r r r i al cn an n in r nd dl
ad ndra nal a incrain i cin n i i in
r nd dIl and i n ic ial ¢cn an
S rcin d n in r in n a r
cncr S dir ¢ anal i Brl r i n dd
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