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Abstract

A Dedekind-finite set is said to be divisible by a natural number n
if it can be partitioned into pieces of size n. We study several aspects
of this notion, as well as the stronger notion of being partitionable
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into n pieces of equal size. Among our results are that the divisors of
a Dedekind-finite set can consistently be any set of natural numbers
(containing 1 but not 0), that a Dedekind-finite power of 2 cannot be
divisible by 3, and that a Dedekind-finite set can be congruent modulo
3, to all of 0, 1, and 2 simultaneously. (In these results, 2 and 3 serve
as typical examples; the full results are more general.)

1 Introduction
We begin with definitions of the terms in the title.

Definition 1.1 A set X (or its cardinality) is Dedekind-finite if X has no
countably infinite subset.

In the presence of the axiom of choice (AC), Dedekind finiteness is equiva-
lent to (ordinary) finiteness, i.e., to being in one-to-one correspondence with
{1,2,...,n} for some natural number n. But we shall work in set theory
without AC, so it is possible to have infinite Dedekind-finite sets. We shall
primarily consider divisibility in the following sense.

Definition 1.2 A set X (or its cardinality) is divisible by a natural number
n if X can be partitioned into pieces each having cardinality n.

We shall also consider the following natural alternative notion, along with
some other variants in Section 6.

Definition 1.3 A set X (or its cardinality) is strongly divisible by a natural
number n if X can be partitioned into n pieces, all of the same cardinality.

Typical examples of the sorts of results that we shall prove are the fol-
lowing. A Dedekind-finite cardinal of the form 2™ cannot be divisible by 3,
but it is possible for 3 to divide 2™ with m Dedekind-finite. Every set of
natural numbers that contains 1 but not 0 occurs as the set of divisors of an
infinite, Dedekind-finite set in some model of set theory. It is possible for a
Dedekind-finite cardinal to be divisible by 3 and remain divisible by 3 when
any finite number is added or subtracted.

To help orient the reader, we list in the next proposition some well-known
equivalents of Dedekind-finiteness, but we omit the proof since these equiv-
alents will be used only in incidental remarks, not in any of our proofs.



Proposition 1.4 For any set X, the following are equivalent.
e X is Dedekind-finite.
o All well-orderable subsets of X are finite.
o X 22X +1.

o ForallY,Z, if X+Y 2 X +Z thenY £ Z.

Notation

As is customary in set theory, we identify each natural number n with the
set {0,1,...,n — 1} of its predecessors. We assume that cardinal numbers
|X| of sets X have been defined so that |X| = |Y| if and only if X = V|
which means that there is a bijection between X and Y. We also assume that
the cardinal numbers of finite sets are the natural numbers, [n| = n. The
details of the definition of cardinal numbers of infinite sets won’t matter. (A
common convention is “Scott’s trick”: |X| is the collection of all sets that
are = X and of smallest possible rank. Since we don’t assume the axiom
of choice, we cannot use the more common convention that |X| is the first
ordinal 2 X, for there might be no such ordinal.)

We write, as usual, |X| < |Y] if there is a one-to-one map from X into
Y. Thus, X is Dedekind-finite if and only if Ry € | X|.

We shall use the same symbols for the arithmetic operations on cardinal
numbers and for the corresponding operations on sets. Thus, X + Y is
the disjoint union of X and Y. (If X and Y are not disjoint, replace Y
by a bijective copy. It won’t matter which copy is used, since we shall be
interested only in properties invariant under bijections.) X x Y is the set of
all pairs (z,y) with z € X and y € Y. And XV is the set of all functions
from Y to X.

We shall use the notation X — n, when X is an infinite set and n is a
natural number, to mean the result of removing n elements from X. The
result has the same cardinality regardless of which particular n points are
removed. This follows from Proposition 1.4 since n is Dedekind-finite, but it
can also be proved very easily by induction on n. Of course, the complemen-
tary notation, X + n, is covered by the preceding paragraph; it is the result
of adding n new elements to X.



2 Permutation Models

We shall work in set theory without the axiom of choice, and our standard
reference is Jech’s book [3].

There are two versions of set theory without choice, called ZF and ZFA in
[3]. They differ in that the latter allows atoms, objects that are not sets but
can be members of sets, while the former requires all objects to be sets. All
our results will work for either version. Our proofs of “outright” theorems
(in contrast to consistency results) will be formalizable in the weaker theory
ZFA; it will never matter in these proofs whether atoms are present or not.
Our consistency results will be given by the method of permutation models
[3, Chapter 4], so they directly give models of only the weaker theory ZFA.
Nevertheless, they indirectly give, via the Jech-Sochor theorem [4, 3], mod-
els of ZF. The Jech-Sochor theorem provides embeddings of arbitrarily long
initial segments of ZFA models into ZF models. All the statements whose
consistency we prove depend only on a (very small) initial segment of the
ZFA model, so they are preserved by the embedding and we thus obtain their
consistency with ZF.

As mentioned above, we use the method of permutation models when
giving consistency proofs. Actually, we shall need only a rather special case of
this method. In all our constructions, we shall begin with a countably infinite
set A of atoms, equipped with some structure (for example some relations
on A). We write 2 to mean the set A together with the specified structure.
The permutation model will then be determined (as in [3, Chapter 4]) by
the group of all automorphisms of 2 and the normal filter corresponding to
finite supports. More explicitly, this means the following.

First, build a set-theoretic universe V' (A) by starting at level 0 with the
set, A of atoms, forming at level 1 all sets of atoms, and in general forming at
any level « all sets whose members are at earlier levels. Here a ranges over
all the ordinal numbers (but in fact only the first few levels will be relevant
to our results). Because all sets are added at each stage, V(A) satisfies the
axiom of choice, as well as the axioms of ZFA.

Every automorphism 7 of 2 (indeed, every permutation of A) extends to
an automorphism of V(A) by

m(x) == {n(y) 1y € z}.

A set or atom x is symmetric if there is a finite set £ C A such that, whenever
7 is an automorphism of 2 fixing E pointwise, then 7(z) = z. Then F is
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called a support of z. (In particular, every atom is symmetric, supported by
any finite set of atoms containing it.) Very roughly, “E supports z” means
that the set = depends only on the atoms in F, because other atoms can be
moved by 7 without affecting x. The permutation model M, determined by
the set A and its given structure, consists of the atoms in A and all those
sets x that are hereditarily symmetric, i.e., x is symmetric, and so are all its
elements, all their elements, etc.

It is well known (see [3]) that M is a model of ZFA. In addition, each
automorphism of 2, when extended to V(A) as above, maps M into itself
and in fact is an automorphism of M. This means that it preserves the
membership relation and therefore anything set-theoretically definable.

When we apply this method of model construction, we shall usually just
describe A and its structure and then say something like “let M be the
resulting permutation model.”

In our consistency proofs, we shall have to verify that certain sets are
Dedekind-finite in permutation models. The following proposition, a spe-
cial case of a well-known characterization of well-orderability in permutation
models, will be a useful tool in these verifications.

Proposition 2.1 Let M be a permutation model as above and X a set in
M. Then X is Dedekind-finite in M if and only if, for every finite E C A,
only finitely many members of X are supported by E.

Proof  Suppose first that X is not Dedekind-finite. Let f : N — X be a
one-to-one map in M and let F be a support of f. Any automorphism 7 of
2A that fixes F pointwise therefore fixes f. It also fixes every natural number
n, because natural numbers are pure sets, involving no atoms. So 7 fixes
every value f(n) of f. (To see this, remember that 7 is an automorphism of
M, so it preserves all set-theoretically definable relations, in particular the
ternary relation between function, argument, and value.) But then all the
infinitely many values of f are supported by E. This proves the “if” half of
the proposition.

For the “only if” half (which we shall not need but include for complete-
ness), suppose some finite £ C A supports infinitely many members of X. In
V(A), where the axiom of choice holds, these infinitely many members must
include a countable subfamily, which can be enumerated by some one-to-one
f N — X. Since E supports all the arguments and values of this f, it is



easy to check that it also supports f and that thus f € M. So X is not
Dedekind-finite in M. [l

We close this section with a brief review of relevant properties of some
well-known permutation models.

Example 2.2 [Basic Fraenkel Model] Let 2 be just the countably infinite
set A, with no structure. So the automorphisms are all of the permutations
of A. The resulting permutation model M is called the basic Fraenkel model
[2, 3]. It follows immediately from Proposition 2.1 that A is Dedekind-finite
in M, for the only atoms supported by a finite set £ C A are the members
of E.

If a partition P of A is supported by a finite set £ C A then its restriction
to A— FE is trivial, i.e., either all or no pairs of distinct elements of A — E lie
in blocks of P. This follows immediately from the fact that permutations of
A fixing E pointwise can send any pair of distinct elements of A — E to any
other such pair.

Therefore, the only natural number that divides A in the basic Fraenkel
model is 1.

Example 2.3 [Second Fraenkel Model] Let 2 be a countably infinite set A
together with a partition into pairs P, and with an enumeration of those
pairs, n — P,. So the automorphisms must map each pair P, to itself;
an automorphism is completely specified by telling in which P,’s it leaves
the two members fixed and in which it interchanges them. The resulting
permutation model is called the second Fraenkel model [2, 3.

A finite set F C A supports only finitely many atoms, namely its members
and the atoms paired with them in P,’s. So A is Dedekind-finite in M.
(Notice that its quotient obtained by collapsing each pair P, to a single
point is not Dedekind-finite.)

Clearly, 2 divides A in this model, since the partition consisting of the
P,’s is supported by the empty set. In fact, every even natural number 2d # 0
divides A, for there are symmetric partitions in which each block consists of
d of the P,’s.

No odd natural number ¢ > 1 divides A. To see this, suppose we had a
partition @ of A into blocks of size ¢, and suppose it had a finite support
E C A. Enlarging F (to at most twice its original size), we assume that F
is a union of some of the P,’s. As it is finite, £ meets only finitely many
blocks of Q, so consider a block @@ € Q disjoint from E. As c is odd, find



some P, such that () contains exactly one of the two members of P,, and call
that member a. Notice that, since ¢ > 1, () has another member b in some
other P,. Let m be the automorphism that interchanges the two members
of P, while fixing all the other atoms. It fixes E pointwise, so it fixes the
partition Q. It also fixes b, so it fixes the block of Q that contains b, namely
@ (because @ is set-theoretically definable from Q and b). But it moves the
element a of () to an atom outside (), contrary to the fact that it preserves
membership.

Example 2.4 Again let A be partitioned into countably many pairs P,, but
let the structure 2 include only the partition, not the enumeration of the
P,’s as in the previous example. Thus, an automorphism of 2 can send one
P, to a different P,,. In this permutation model M, the set of atoms is again
Dedekind-finite, and it is obviously divisible by 2 since the partition into the
blocks P, is symmetric. But it is not divisible by any natural number d > 2.

To see this, suppose we had a partition Q@ of A into pieces of size d, and
suppose it had a finite support £ C A. As before, we can find some Q € Q
disjoint from E and from the P,’s meeting E. Since d > 2, this ) meets
at least two of the P,’s, say P, and P,. Also, as @ is finite, we can choose
some t such that () and E don’t meet P,. Now consider an automorphism 7
of U that interchanges the pairs Ps and P, while fixing all the other atoms.
It fixes F pointwise and therefore fixes Q. It fixes the atoms in P,, one of
which is in Q). So it must fix (). But it moves an atom in ) in P; to one
outside () in P, a contradiction.

Example 2.5 Let d be any natural number > 2. The preceding example can
be modified by beginning with a partition of A into sets P, of cardinality d.
The same proof as above shows that, in the resulting permutation model M,
the set A of atoms is divisible by d but not by any larger natural number. In
fact, it isn’t divisible by any smaller natural number either, except of course
by 1.

To see this, suppose A had a partition Q@ into pieces of size ¢ with 2 <
¢ < d, and suppose Q were supported by a finite set £ C A. As before, we
find @ € Q disjoint from E and from every P, meeting E. If () meets two or
more of the P,’s, then we reach a contradiction as in the preceding example.
It remains to consider the possibility that @) is entirely included in a single
P,.. Since ¢ > 2, let z and y be distinct elements of ). Since ¢ < d, let z
be an element of P,, — (). Let m be the permutation that interchanges y and



z while fixing all other atoms. It is an automorphism of 2 (because y and
z are in the same P,,) and it fixes E pointwise. So it fixes the partition Q
and, since it also fixes z, it must fix the block of Q containing x, namely Q).
But it moves an element y of ) to a non-element z of (), so we again have a
contradiction.

3 Congruence Classes Can Overlap

Stephen Hechler asked whether it is possible for a Dedekind-finite set X and
X + 1 to both be divisible by 3. The main results of this section provide an
affirmative answer (with or without X + 2 also being divisible by 3). We shall
also present some related results, to put this answer and Hechler’s question
into perspective. Notice that Dedekind-finiteness is an essential ingredient
of the question because, if X were not Dedekind-finite, then there would be
a bijection between X and X + 1 (Proposition 1.4), so if X were divisible by
3 then X + 1 would be also.

Theorem 3.1 It is consistent that there exists a Dedekind-finite set X such
that X £ n s divisible by 3 for all natural numbers n.

Proof It suffices to consider X, X — 1, and X — 2, because every integer
is congruent modulo 3 to one of 0, —1,—2, and a partition of a set Y into
pieces of size 3 can be trivially modified to give such partitions for ¥ + 3.

We use the permutation model M determined by the structure of a com-
plete binary tree on the set A of atoms. In more detail, this means the
following. Let the set A of atoms be in one-to-one correspondence (in V' (A))
with the standard binary tree consisting of all finite sequences of 0’s and 1’s;
write a(s) for the atom corresponding to the sequence s. The structure we
use on A is the “immediate successor” relation R; this is the binary relation
that holds between a(s) and a(t) if and only if ¢ is s7(0) or s™(1), i.e., if
and only if s is obtained from ¢ by deleting its last term.

We need some easily verified observations about the automorphisms of the
structure (A, R). First, if an automorphism 7 sends a(s) to a(t), then the
sequences s and ¢ have the same length, and 7 sends a(s™(0)) and a(s™(1))
to a(t™(0)) and a(t™(1)), not necessarily respectively. Second, if the length
of s is greater than n, then there is an automorphism that fixes a(t) for
all ¢ of length n or smaller but moves a(s). (For example, 7 could simply



interchange 0 and 1 in the n + 1% position of all the sequences that label the
atoms.)

Since the number of binary sequences of length at most n is finite, the
second of these observations implies, via Proposition 2.1, that A is Dedekind-
finite in M.

We show next that A is divisible by 3 in M, by explicitly exhibiting a
symmetric partition into 3-element sets. Each of the sets in the partition is
trivially symmetric, being supported by itself. So the partition is hereditarily
symmetric and therefore available in M.

We use the partition consisting of the sets {a(s), a(s(0)),a(s™(1))} for
all sequences s of even length (including the empty sequence). In the ter-
minology traditionally used with trees, we can describe the blocks of this
partition as each consisting of a node at an even level together with its two
(odd level) children. Because of our observation that automorphisms pre-
serve levels, it is easy to check that this partition is symmetric, supported
by the empty set. Thus, A is divisible by 3 in M.

If we interchange the roles of even and odd in the preceding paragraph,
we obtain a partition of all of A except the root a(@). This partition is also
in M, so we have that A — 1 is divisible by 3.

Finally, consider the partition of A into the sets {a(s), a(s7(0)), a(s™(1))}
where s is either a sequence of even length starting with 0 or a sequence of
odd length starting with 1. This partitions all of A except the root and
a({0)). Tt is symmetric, being supported by {a({0))}. Therefore A — 2 is also
divisible by 3 in M. O

Convention 3.2 The reader will have noticed that the bijection a in the
preceding proof, sending sequences s to the corresponding atoms a(s), tends
to interfere with easy reading. It would be convenient to identify atoms
with the corresponding sequences and thus omit all mention of a. Techni-
cally, this would be inaccurate, since sequences are sets and atoms are not.
Nevertheless, we shall, from now on, make this identification and analogous
identifications for other sets of atoms. If a situation arises where the iden-
tification could lead to real confusion, we shall revert to a notation with an
explicit bijection, like the a in the preceding proof. In all other situations,
we avoid this notational baggage.

Corollary 3.3 For any d > 3, it is consistent to have a Dedekind-finite set
X such that X £+ n is divisible by d for all natural numbers n.



Proof  Just like the proof of the theorem, with a (d — 1)-branching tree
instead of a binary one. O

Notice that d > 3 is important in the corollary; the proof doesn’t work
when d = 2 because a 1-branching tree (a single chain) has no nontrivial
automorphisms. Not only the proof but the corollary itself fail for d = 2.

Theorem 3.4 If X and X — 1 are both divisible by 2, then X is Dedekind-
infinite.

Proof  Suppose P is a partition of X into 2-element sets and Q is a partition
of X — {a} into 2-element sets, where a is some element of X. We define the
P-partner of an element of X to be the other element in the same piece of the
partition P; the Q-partner of an element of X — {a} is defined analogously.
Define a function f : N — X by

the P-partner of f(n) if n is even

f0)=a and fln+1)= {the Q-partner of f(n) if n is odd.

A picture should make it clear that this f is well-defined (i.e., the “n odd”
clause never encounters f(n) = a so that the Q-partner would be undefined)
and one-to-one. But for the sake of completeness we give a proof.

We show by induction on n that f(0),..., f(n) are well-defined and dis-
tinct. This is obvious for n = 0. Assume, toward a contradiction, that it
holds for a certain n but fails for n+1. What fails cannot be well-definedness,
i.e., we cannot have n odd and f(n) = a, for the latter can happen only if
n = 0 (by the assumed distinctness up to n) and 0 isn’t odd. So what fails
is the distinctness; f(n + 1) = f(k) for some k < n. In fact k& < n, because
f(n) and f(n+ 1) are partners (under P or under Q) and therefore distinct.

Suppose temporarily that £ = 0. Thus, f(n + 1) = f(0) = a, which is
not a Q-partner of anything. If n were odd, then f(n + 1) would be the
Q-partner of f(n). So we know that n must be even and so a = f(n+ 1) is
the P-partner of f(n). Therefore f(n) is the P-partner of a, namely f(1).
Since f(0),..., f(n) are all distinct yet f(n) = f(1), we must have n < 1.
But n is even and k£ < n, so this is impossible.

Our temporary supposition that £ = 0 has led to a contradiction. So
we know that £ = [ + 1 for some [. Let us write R to mean P if n is even
and Q if n is odd; so f(n+ 1) and f(n) are R-partners. If [ had the same
parity as n, then f(l +1) = f(k) and f(I) would also be R-partners. Since
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f(n+1) = f(k), this would mean that f(n) = f(I). But [ < n, so this
contradicts the induction hypothesis that f(0),..., f(n) are distinct. So [
must have the opposite parity from n. Then k£ = [+ 1 has the same parity as
n, and so f(k) and f(k+ 1) are (like f(n) and f(n + 1)) R-partners. From
f(k) = f(n+ 1) it now follows that f(n) = f(k + 1). Applying again the
fact that f(0),..., f(n) are distinct, we conclude that £+ 1 > n. But this is
impossible, since £ < n and they have the same parity. This contradiction
completes the proof that f is well-defined and one-to-one, and therefore X
is Dedekind-infinite. O

This result explains, of course, why Hechler chose 3 as the divisor in his
question. The following result explains why he asked about divisibility rather
than strong divisibility.

Theorem 3.5 If X and X — 1 are both strongly divisible by 3, then X 1is
Dedekind-infinite.

We defer the proof to Section 6 (see Example 6.16), where we shall obtain
this result as a corollary of a more general one. The following result, whose
proof we also defer (to Example 6.14) for the same reason, fills in a gap
between Theorems 3.1 and 3.5

Theorem 3.6 It is consistent to have a Dedekind-finite set X such that X
18 strongly divisible by 3 and X — 1 and X — 2 are divisible by 3.

Having seen in Corollary 3.3 that a Dedekind-finite set can belong simul-
taneously to all congruence classes modulo a prescribed d > 3, it is natural
to ask about Dedekind-finite sets belonging to just some (or none) of the
congruence classes. Although we do not have a complete answer, the follow-
ing two examples take care of some easy cases, and the subsequent theorem
and its corollaries handle some more difficult situations.

Example 3.7 The set A of atoms in the basic Fraenkel model, described
in Example 2.2, is not congruent to any integer modulo any integer d > 2.
Indeed, if any finitely many elements are added to or removed from A, any
partition of the resulting set must contain either an infinite piece or infinitely
many one-element pieces, by the argument given in Example 2.2.

11



Example 3.8 We saw in Example 2.5 that the set A of atoms in the model
defined there is a Dedekind-finite set divisible by d but no other divisor
> 2. The proof given there can be adapted easily to show that A is not
congruent modulo d to any of 1,2,...,d — 1 and is not congruent to any
finite number modulo any d’ > 2 other than d. Indeed, with the notation of
Example 2.5, we see that if @ € M is a partition of A plus or minus a finite
set, into finite pieces that are not singletons, then all but finitely many of
the pieces in Q must coincide with pieces P, of the partition used in defining
the model. This immediately implies that there are no congruences modulo
divisors other than d. And by considering the finitely many pieces of Q and
the finitely many P,’s that don’t coincide, we easily find that the number of
points added to or removed from A must be a multiple of d.

It is trivial to modify this example to get an infinite, Dedekind-finite set
that belongs to any one prescribed congruence class modulo d. Just add an
appropriate finite set to the set A considered above. (If we omitted “infinite”
from the last sentence, then of course there would also be finite examples.)

Theorem 3.9 For any integer d > 3, it is consistent to have a Dedekind-
finite set X such that X and X +1 are divisible by d but X +k is not divisible
by d for any i in the range 2 < i < d.

Proof Let d > 3 be given, and consider the permutation model M built
from the following structure 2 of atoms. Begin with a countably infinite set
A of atoms, partitioned into pieces P, (n € N) of size d — 1. The desired
structure on A is this partition together with the enumeration n — P, of
its pieces. Thus, this model is related to the second Fraenkel model (Exam-
ple 2.3) and d — 1 as Example 2.5 is to Example 2.4 and d. We construct a
set X in the model such that X and X + 1 are divisible by d and X + ¢ is
not divisible by d for 2 <17 < d.

Forn e N let X, ={{z} :2 € P,}U{{z,y} : 2 € P,and y € P,1}
and let X = |J, .y Xn- It is easy to see, using Proposition 2.1, that X is
Dedekind-finite. Indeed, if £ is a finite subset of A, then E C {J,_, P, for
some k € N, and every element of X supported by FE is a subset of this union.
So F supports only finitely many elements of X.

X is divisible by d since the sets {{z}} U{{z,y} :y € P,y1} forn € N
and = € P, form a partition of X into d-element sets. X — (d —1) is divisible
by d (and therefore so is X + 1) because the sets {{z}} U{{z,y}:y € P,_1}
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for n € N— {0} and = € P, form a partition of X — {{z} : x € B} into
d-element sets.

We now prove by contradiction that (in the model) the sets X — r for
1 <r < d-1 (and hence also X + i for 2 < i < d) are not divisible
by d. Assume that for such an r, X — r is divisible by d and that Q is a
partition of X — R into d-element sets where R is an r-element subset of
{{z} : # € Ry}. Let |, Pn be a support of Q. For the remainder of the
proof we shall denote by G the group of automorphisms of 2 which fix this
support pointwise. Choose a natural number m so large that for ;7 > m if
z € X then the Q-block containing z does not meet [ J,_, X, and hence
for every 2’ in the Q block containing z, 2’ N (U P,) =o. (1)

n<k

We will say that two elements z and z' of X are adjacent if for some
natural number n, z and 2z’ both meet P,. Note that if z and 2’ are adjacent
with z € X,, and 2’ € X,y then [0’ —n| < 1. We also note that if z and 2’ are
two non-adjacent elements of X neither of which meets (J,,_, Py, then there
are permutations ¢; and 1;, 1 <1 < d—2, in G such that ¢;(2) = z, ¥;(2') =
2" and the elements z, 2/, $1(2), P2(2), . .., pa2(2'), V1(2),¥2(2), ... ;Y4 2(2)
are distinct. (Assuming that 2’NP, = {ao} where P, = {ag,a1,... ,aq4 2} we
can take take ¢; to be the permutation that interchanges a¢ and a;. A similar
construction can be used to obtain the v;’s.) It follows that two such non-
adjacent elements cannot be in the same Q-block. For if it were the case that
z and 2z’ were in the same Q-block @), the condition ¢;(z) = z would imply
that ¢;(Q) = Q. Similarly, ¥;(Q) = Q. Therefore ) would have to contain

the 2d—2 elements z, 2/, ¢1(2'), d2(2'), - . . , Pa—2(2'), ¥1(2), ¥a2(2), . - . , Ya—2(2).
This is a contradiction since the 9-blocks have cardinality d and d > 2. We
summarize the result of the discussion above with:

Lemma 3.10 For all z and 2’ in X, if z and 2 are disjoint from \J, .\, Pn
and z and z' are in the same Q block, then z and z' are adjacent.

Next we argue that

Lemma 3.11 Either

1. For all x € P, the Q-block containing {x} is {{z}} U{{t,y} : v €
Ppi1} for somet € Py, or
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2. For all © € P, the Q-block containing {z} is {{z}} U {{t,y} : vy €
P_1} for somet € Py,.

Proof  Assume z € P,; by (1) every z in the Q-block containing {z} is
disjoint from |J,., P,. Therefore by 3.10 {z} and z are adjacent. This
implies that z contains some element of P,,, that is z is in {{t} : t € P,} U
{{t,y} :t € Phbandy € P} U{{t,y} :t € P,and y € P,_1}. Since
{{t} : t € P,} has only d — 1 elements and each Q-block has d elements,
the Q-block containing {z} must contain either an element of {{t,y} : t €
P, and y € P, 11} or an element of {{¢t,y}:t € P, and y € P,,_;}. We will
argue that in the first case alternative 1 of the lemma holds. The argument
that alternative 2 holds in the second case is similar.

Assume that {t,y} is in the Q-block @ containing {z} where ¢t € P,
and y € P,,1. For each y' € P, 1, the permutation ¢ interchanging y
and ¢y’ is in G and fixes {x}. It therefore fixes @ and it follows (since ¢
fixes t) that ¢({t,y}) = {t,¥'} € Q. The Q block @ therefore contains
{Hz}} U{{t,y'} : ¥ € Pui1}. Since @ has d elements it follows that @ =
{{z}}U{{t,v'} : ¢ € P11} Although it is not needed for the proof of the
theorem, we note that for d > 3, it must be the case that ¢t = .

Now for any z’ € P, the permutation ¢ interchanging x and z’ inter-
changes the Q-block containing z and the Q-block containing z’. There-
fore the Q-block containing z' is {{¢(z)}} U {{6(?),y'} : ¥ € Pnyi} =
{2} YU {{o(t),y'} : ¥' € Ppi1}. Alternative 1 follows since ¢(t) € P,,. O

To complete the proof of the theorem we shall show that either of the
two possibilities given in lemma 3.11 leads to a contradiction. Suppose first
that alternative 1 of 3.11 holds. From this assumption it follows that X,,
is partitioned into d-element sets by Q-blocks and therefore the Q block
containing z for any z € U, X is disjoint from X,,. It is also the case
that the @-block containing such a z is disjoint from X; for i < m for if 2’ is
in this Q-block then by (1) 2’ is disjoint from J,,_, P,. By lemma 3.10 z and
Z' are adjacent. Since 2’ is not in X, it must be in some X; where i > m.

We have thus shown no Q-block can meet both | J,, ., X,—R and |J,,.,,, Xn,
and so we conclude that (J,.,, X, — R is partitioned into d-element sets by
Q-blocks and is therefore divisible by d. On the other hand Un<m Xn is a
finite set divisible by d since the sets {{z}} U{{z,y}:y € Py} forn <m
and x € P, form a partition of it into sets of cardinality d. But this means
that |, ... X, — R is not divisible by d since 1 < |R| < d — 1.

n<m
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We arrive at a similar contradiction in the case that alternative 2 of
lemma 3.11 holds by considering the set Z = (U,,, X U{{z} :2 € P,) —
R. An argument similar to the one in the previous paragraph shows that
Z 1is partitioned into d-element sets by Q-blocks. On the other hand W =
(Uperm Xn U{{z} : 2z € Pn}) — {{z} : = € PRy} is partitioned into sets of
cardinality d by the sets {{z}} U {{z,y} : y € P,_1} for 0 < n < m and
x € P,. This is a contradiction since the finite sets Z and W differ by
{{z}:z € Py} — R, a set whose cardinality is strictly between 1 and d. [

Corollary 3.12 Letd > 3 and 1 < r < d—1 be given. It is consistent to
have a Dedekind-finite set X such that X, X +1, ..., X +7r are divisible by
dbut X+r+1,..., X+d—1 are not.

Proof  We modify the proof of the preceding theorem by using r “layers”
of atoms, each of which looks like the A of the theorem. That is, we begin
with a countable set A of atoms, partitioned first into r countably infinite
layers A (£ < r), with each layer A, partitioned into (d — 1)-element pieces
Py . Let 2 be the structure consisting of the set A with these partitions and
the labeling (§,n) — P¢,. Let M be the associated permutation model. In
this model, let

Xen = {{o}ize Pl U{{z,y} 2 € Pypand y € Py}

Xe = UXs,n
neN

X = [JXe
E<r

As in the proof of the theorem, the model contains, for each &, a partition
of X¢ into pieces of size d (namely {{z}} U {{z,y} :y € Pepy1} forn € N
and z € FP,) and a partition of Xy — {{z} : € P} into pieces of size d
(namely {{z}} U {{z,y} : v € Pep_1} for n € N— {0} and 2 € P;,). By
using one of these partitions for some levels £ and the other for the rest, we
can assemble a partition, into pieces of size d, for any set obtained from X
by removing all or some or none of the (d — 1)-element sets {{z} : x € Peo}.
These partitions show that X — g(d — 1) and therefore X + ¢ are divisible
by d for 0 < ¢ < r. It remains to verify the non-divisibility assertion of the
corollary.
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Suppose this non-divisibility assertion failed. So we would have a parti-
tion Q, into blocks of size d, for a set of the form X — R, where R is a finite
set of cardinality not congruent modulo d to any ¢(d — 1) (equivalently to
—q) for 0 < ¢ < r. Reducing R if necessary by a multiple of d elements, we
can arrange that R C {{z} : z € Pyo}. As in the proof of the theorem, let E
support Q, let k£ be large enough so that £ C U§ U, <k Penr and let m be so
large that no block of Q has an element meeting a set of the form P, with
n < k and an element meeting a set of the form P, with n > m.

If all the members (in A) of members (in X) of a block of Q are in pieces
Py, with n < p, then we say that this block of Q lives below p. To live above
p is defined analogously. Thus, for example, our choice of m ensures that
every block of Q lives either below m or above k.

A block @ € Q that has elements meeting different levels A, cannot live
above k. Otherwise, by considering permutations that fix £ pointwise, fix
one of the relevant levels pointwise, but move elements of () from another
level, we would find at least 2(d — 1) members in @), contrary to |Q| =d > 3.
In particular, the blocks in @ that don’t live below m must lie entirely in
one level.

Consider, for each level £, the analogs of the |J
the proof of the theorem, namely

X, — R and Z from

n<m

Ye={{z}: 2 € Pp,n<m}—RU{{z,y}:2 € Pep,y € Prpi1 and n < m}
and

Ze = YeU{{z}:z € Py}
= {{z}:2€Pp,n<m}—RU
{{z,y}:2 € Pep,y € Pepy1 and n < m}

Notice that each Y, would be divisible by d if we hadn’t removed R; therefore
the actual cardinality of Y is congruent modulo d to —|R N X|. Similarly,
each Z¢ would be congruent to d — 1 modulo d if we hadn’t removed R, so
its actual cardinality is congruent modulo d to —1 — |RN X¢|. (It is true but
unimportant that our normalization of R makes RN X, = & for all £ # 0;
the important aspect of the normalization is that it ensures R C {{z} : z €
P n,n < m}, since m > 0.)

Define a level £ to be Y-nice if every block of Q that meets Y is included
in Y¢; define Z-nice analogously. The proof of the theorem shows that every
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level must be Y-nice or Z-nice. Let g be the number of Z-nice levels; of course
we have 0 < ¢ < r. Consider the union of the Z’s from the Z-nice levels
and the Y¢’s from the remaining levels, which are Y-nice. The cardinality
of this union is, by the calculations in the preceding paragraph, congruent
modulo d to —g — |R|. On the other hand, by definition of “nice,” this union
is a union of blocks of Q, so its cardinality is divisible by d. Therefore, |R|
is congruent modulo d to —g and thus to ¢(d — 1), contrary to our choice of
R. O

Corollary 3.13 Let C be any set of consecutive congruence classes modulo
d > 3. It is consistent to have a Dedekind-finite set X such that X + k s
divisible by d if and only if k € C.

Proof  Being a set of consecutive congruence classes, C' can be obtained
from a set of the form {0,1,...,7} (or @) by adding an appropriate element
¢ modulo d. We have an example of a Dedekind-finite X such that X + £ is
divisible by d if and only if £ € {0,1,...,r}; this comes from the preceding
corollary if » > 1, from Example 3.8 if » = 0, and from Example 3.7 if C' = &.
Removing c elements from X, we get the set required for the given C. [

We do not know whether the last corollary remains true without the
hypothesis “consecutive.”

4 Powers

The preceding section showed that a Dedekind-finite cardinal can behave
quite differently from a finite one, for example by being congruent modulo
3 to all of 0, 1, and 2. The main result of the present section shows that
some other aspects of Dedekind-finite divisibility work exactly as for finite
cardinals.

Theorem 4.1 If 2% is Dedekind-finite, then it is not divisible by 3.
This theorem is a special case of the following.

Theorem 4.2 If ¢ and d are finite numbers, if ¢* is Dedekind finite, and if
¢ is divisible by d, then some finite power of ¢ is divisible by d.
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The conclusion of the theorem can be equivalently formulated as: Every
prime divisor of d also divides c. In particular, if d is prime (or a product of
distinct primes) then it must divide c.

Proof  The theorem is trivial if ¢ is 0 or 1, so we assume that ¢ > 2.

Assume that d divides ¢X, and fix a partition P of ¢* into pieces of size
d. Assume further that d divides no finite power of c. We shall produce a
countable sequence of distinct subsets of X, thereby showing that 2% is not
Dedekind finite. Since 2% is a subset of ¢*, it will follow immediately that
¢® is not Dedekind-finite.

We shall be working with certain partitions II of X (not to be confused
with the fixed partition P of ¢*). We write C(II) for the set of those functions
from X to ¢ (i.e., members of ¢*) that are constant on all the pieces of the
partition II. Each II that we consider will have only finitely many pieces, so
C(IT) will be finite. More precisely, if IT has n pieces then the cardinality of
C(IT) is exactly ¢, which is, by hypothesis, not divisible by d. Therefore,
there will be members f of ¢X that are not in C(II) but are in the same
block of P as some member of C(II). Since there are only finitely many such
f’s (at most (d — 1)c" of them), we can refine IT to a partition IT', still with
finitely many pieces, such that each of these f’s is in C'(Il'). For definiteness,
we take the coarsest possible IT'; two elements x and y of X are in the same
piece of IT" if and only if f(z) = f(y) for every function f that is in the same
P-block with a member of C(II) (including functions that are themselves in
C(IT)). The crucial fact about this construction is that II' properly refines
I1.

For the rest of the proof, we use only the operation Il — II' defined
in the preceding paragraph and the fact that it sends every partition of II
with finitely many pieces to another such partition properly refining the first.
Starting with the partition Il consisting of the single piece X, we iterate this
operation to produce a sequence of partitions I, ; = IT,,".

Temporarily fix some element z € X, and let B,(z) be the piece of
partition II, that contains x. Thus

If infinitely many of the inclusions in this sequence are proper, then the
distinct B, (z)’s form a countable sequence of subsets of X. So in this case
the proof is complete.

Now un-fix z. If there is even a single + € X for which the B,(x)
sequence has infinitely many proper inclusions, then the proof is complete.
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So we assume henceforth that, for every x, there is an n such that the By(x)
sequence has no proper inclusions beyond the n' term. Define s(z) to be
the smallest such n.

If the function s : X — N takes infinitely many distinct values, then the
nonempty sets of the form s~'({n}) are countably many (enumerate them in
order of increasing n) distinct subsets of X. So again the proof is complete
in this case.

There remains only the case that the function s takes only finitely many
values. In this case, let m be an upper bound for all these values, and notice
that By, (z) = Bpyi1(x) for all z. But this means that I1,,,; = II,,, which
contradicts the fact that II' always properly refines II. This contradiction
shows that the present case cannot arise, so the proof is complete. [l

In the theorem just proved, the assumption that ¢* is Dedekind-finite
cannot be replaced by the weaker assumption that X is Dedekind-finite.

Theorem 4.3 It is consistent to have a Dedekind-finite X such that 2% is
divisible by all positive integers.

Proof  The model we use is the second Fraenkel model from Example 2.3
above; we use the same notation here as in that example. We saw there
that the set A of atoms is Dedekind-finite in this model M. So it remains to
exhibit a partition of the power set of A into sets of cardinality d.

First, we need a convenient description of subsets S of A in M. In the
first place, any such S determines three subsets Sy, S1, 52 C N by

Sii={neN:|SNP,| =i}

Then S is the union of all the P,’s for n € Sy plus one element from each P,
for n € S;. We write S* for the set of these single elements for n € Sy, i.e.,

S=snlJP=5-J P

neSy neSs

Notice that (Sp, Si,S2) and S* completely determine S.

If E supports S, then it must meet P, for every n € Si, for otherwise the
permutation that interchanges the members of P, (and fixes all other atoms)
would fix F pointwise, would therefore fix S, but would move the atom in
S N P, to one outside S, a contradiction. Since every S € M has a finite
support, we conclude that S; is always finite.
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Now let an arbitrary positive integer d be given; we seek a partition (in
M) of P(A) into pieces of size d. Consider first the collection of all triples
(So, S1,52) as above, i.e., the collection of all ordered, 3-piece partitions of
N in which the middle piece is finite. Let II be a partition of this collection
of triples into sets of size d with the additional property that the d triples in
any block of IT all have the same middle component. It is trivial to find such
a partition in V(A), where the axiom of choice holds; just partition the set
of triples first into blocks according to their middle components, note that
each of these blocks is infinite (of the cardinality of the continuum), and so
partition each of these blocks into subblocks of size d. But, although it was
found in V(A), our partition II is in fact in M. Indeed, it is hereditarily
supported by @ because it is a set of sets of ordered triples of sets of natural
numbers, so no atoms are involved in it.

Notice also that the functions sending any S C A to (S, S1,S2) and to
S* are in M because they are invariant under all automorphisms of 2 and
thus supported by @. Therefore, the following equivalence relation on P(A)
is also in M.

S~T <= (S, 51,952) and (Tp,T1,T3) lie in the same II-block
and S* =T".

Since each equivalence class with respect to ~ has size d, the proof is com-
plete. O

5 Prescribed Divisors

What implications are there between statements of the form “n divides X”
for different n and the same X7 When X is finite, there are many obvious
implications of this sort. If n divides X then so do all divisors of n. If
two relatively prime numbers divide X then so does their product. We have
already seen that implications of the first sort need not be correct when X is
merely Dedekind-finite. Example 2.5 gives Dedekind-finite sets divisible by
any n and none of its non-trivial divisors. In this section, we shall show that
for Dedekind-finite X there are no necessary connections between different
divisors; anything can happen.

Theorem 5.1 Let D C N—{0,1}. It is consistent that there is a Dedekind-
finite set divisible by all members of D and by no other natural numbers
> 2.
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Proof If D is empty or consists of a single number, then Example 2.2 or 2.5
is as required. So we assume from now on that D has at least two elements.
Given D, let A, be the free product of cyclic groups of all orders in D,

A* :Z/dl*Z/dQ*

where D = {dy, ds, ... }. Recall that this group can be constructed as follows.
First, form all words, i.e., finite sequences whose terms, also called letters in
this context, are non-identity elements of the groups Z/d. (We assume these
groups are disjoint; for the traditional definition of Z/d as a quotient of Z
this will automatically be true.) Call a word reduced if no two adjacent
letters in it come from the same Z/d. Then A, is the set of reduced words,
with multiplication defined by concatenation and simplification. That is, to
multiply two reduced words, we write one after the other and reduce the
result by performing the following operation as often as needed to produce a
reduced word. (“As often as needed” might be not at all, if the concatenation
is already reduced.) If two adjacent letters come from the same group Z/d
then replace them with their product in that group provided this product is
not the identity, and simply delete them if the product is the identity. This
multiplication operation on A, is associative, the empty word serves as an
identity element, and the inverse of a reduced word is obtained by replacing
each letter by its inverse (in the group Z/d that it came from) and reversing
the order of the letters. So A, is a group.

For each d € D, the words consisting of one letter from Z/d form, together
with the identity, an isomorphic copy of Z/d in A,. We shall simplify notation
by identifying Z/d with this copy. Let Py be the partition of A, into the
(left) cosets x(Z/d) of this subgroup Z/d. Thus, two reduced words x and y
are in the same block of P, and we call them d-adjacent or d-neighbors, if
and only if x7'y € Z/d, if and only if either

e one is obtained from the other by appending a single letter from Z/d
or

e they both end with letters from Z/d and are identical except for this
last letter.

We say that x and y are neighbors if they are d-neighbors for some d € D.
Thus, the neighbors of a reduced word x are formed by either deleting the last
letter, appending one additional letter, or changing the last letter to another
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one from the same subgroup Z/d. In each case, if the deleted, added, or
altered letter is from Z/d, then we have a d-neighbor. We shall refer to this
description of the partitions and the adjacency relations as the “right end”
description, since it refers only to the right ends of the reduced words.

Notice that A, is infinite (because |D| > 2) and that each block of P,
has cardinality d.

Notice also that A,, considered as a graph with the adjacency relation,
is connected; we can go from any word to any other by first deleting all the
letters of the first word one at a time and then appending the letters of the
second word. Of course, if the two words have a (nonempty) common initial
segment, then we can be more efficient, stopping the deletions and starting
the additions when we reach that common segment. If it happens that the
next letter after the longest common initial segment (empty or not) comes
from the same Z/d in both words, then we can be slightly more efficient
yet, for instead of deleting this letter from the first word and then adding
the corresponding letter from the second word, we can change the one letter
to the other in a single adjacency step. It is easy to check that no further
efficiency is possible. This discussion can be succinctly described as follows.

Lemma 5.2 Consider two reduced words v = wx' and y = wy' whose longest
common initial segment is w. If x' and y' begin with letters from the same
Z/d, then the distance in the adjacency graph between x and y is length(z') +
length(y') — 1. Otherwise, the distance is length(z') + length(y'). In either
case, this distance is the length of the reduced form of x'y.

Proof  The preceding discussion proves all but the last sentence. So con-
sider what happens when we form z~ 'y = 2/ 'w~lwy'. First, the w parts
cancel. Then the first letter ¢ of 3/’ is next to the inverse p~! of the first letter
p of 2'. If p and g come from different Z/d’s, then we already have a reduced
word and its length is length(z’) + length(y’). If p and ¢ come from the same
Z/d, then p~'q is replaced by a single letter from that Z/d — not deleted,
because p # ¢. (If p and ¢ were equal, they would have been part of w rather
than of 2’ and y'.) This decreases the length by 1 and leaves us a reduced
word whose length is length(z') + length(y') — 1. O

Corollary 5.3 Suppose xg,x1,...,x; are reduced words, with each consecu-
tive pair x;_1, x; d;-adjacent. Suppose further that d; # d;i1 for all i. Then
the distance from xy to x; in the adjacency graph is .
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Proof  For each i we have z; = x;_1p; for some letter p; € Z/d;. Therefore
T, = Topips - - - P, and a:gla:l = p1ps2...p;. This product of p;’s is a reduced
word because consecutive d;’s are distinct. By the lemma, the distance be-
tween zy and z; is the length of this word, namely . U

Define A = N x A,, the disjoint union of countably many copies of A,,
and for each d € D define P, to be the partition of A obtained by copying Pj.
in each component. That is, a block of P, has the form {i} x B where i € N
and B is a block of Py,. Let 2 be the structure given by A with all these
partitions. Let M be the resulting permutation model. (See Convention 3.2
for how the elements of A became atoms.) The partitions P, are symmetric
and witness that every d € D divides A in M. We shall show that, in M, A
is Dedekind-finite and not divisible by any natural number > 2 that is not
in D; this will complete the proof of the theorem. We use the terminology
“d-adjacent” and “adjacent” in A to refer to these concepts within each copy
of A, separately. These copies are thus the components of the graph given
by the adjacency relation.

We shall need some information about automorphisms of 2, particularly
that there are enough automorphisms. To establish this information, we first
consider automorphisms of 2, the structure given by A, and the partitions
Pa.. Notice that the group structure of A,, though used in defining these
partitions, is not part of the structure 2,; it need not be preserved by the
automorphisms.

Lemma 5.4 Any member of A, can be mapped to any other member of A,
by some automorphism of ,.

Proof 1If a is any element of A, then the operation of left multiplication
(in the group A,), z — ax maps left cosets of any subgroup to left cosets of
the same subgroup. So it is an automorphism of 2,. To send any specified
x to any specified y by such an automorphism, just use a = yz 1. U

Lemma 5.5 Let d € D and let o be any permutation of the nonidentity
elements of Z/d. There is an automorphism of U, that fizes the identity
element and agrees with o on the remaining elements of the subgroup Z/d.

Proof  The desired automorphism is defined on reduced words w as follows.
If the first letter in w is not from Z/d, or if w = 1 so there is no first letter,

then map w to itself. If the first letter is in Z/d, then apply o to this
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(occurrence of this) letter and leave the remaining letters unchanged. If we
recall the right end descriptions of the partitions Pe,, then it becomes easy
to check that the map we defined preserves the partitions and is therefore an
automorphism of ,. O

Lemma 5.6 Let d € D, let a € A,, and let 0 be any permutation of the
elements other than a in the Pg.-block that contains a. Then there is an
automorphism of U, that fires a and agrees with o on the rest of its Pg-
block.

Proof  Use Lemma 5.4 to reduce the problem to the case a = 1, which
is covered by Lemma 5.5. In more detail, let 7 be an automorphism of
2, sending a to 1. It sends the rest of the Pg-block containing a to the
rest of the block containing 1, namely the set N of non-identity elements of
Z/d. Therefore, mon~! is a permutation of N. By Lemma 5.5, let 7 be an
automorphism of 2, that fixes 1 and agrees with momr~! on N. Then 7~ l77
fixes a and agrees with o on the rest of its Py,-block. O

Lemma 5.7 Let n be a natural number and w a reduced word of length at
least n + 2. Then there is an automorphism of U, that moves w but fizes all
reduced words of length < n.

Proof  Let the length of w be [ + 2, where [ > n, and let w = w'pg where
w' is a word of length [ and p and q are letters. Suppose first that p comes
from Z/d with d # 2. Let p’ be a different non-identity element of the same
Z/d. Then the desired automorphism can be defined as follows. Given an
arbitrary word, if it has p or p’ as its [ + 1% letter, then change it to p’ or p,
respectively. Otherwise, leave w unchanged. The right end description of the
partitions makes it clear that this is an automorphism, and it clearly moves
w (to w'p'q) while fixing all reduced words of length at most .

If p € Z/2, then q € Z/d for some d # 2, because consecutive letters in a
reduced word cannot come from the same Z/d. So we can find a different non-
identity element ¢’ € Z/d and define the desired automorphism as follows.
Given an arbitrary word, if it has g or ¢’ as its [ + 2" letter, then change it
to ¢’ or g, respectively. Otherwise, leave w unchanged. ]

Lemma 5.8 Let d € D with d # 2, and let w be a word in which a letter
from Z/d occurs. Then there is an automorphism of . that moves w but
fizes all words containing no letter from Z/d.

24



Proof  Suppose a letter p € Z/d occurs in w at position [. Since d > 2,
let p’ be a different non-identity element of Z/d. The desired automorphism
can be defined as follows. Given an arbitrary word, if it has p or p' as its
I*® letter, then change it to p’ or p, respectively. Otherwise, leave the word
unchanged. U

The preceding lemmas provide certain automorphisms of 2,. They yield
automorphisms of 2, because they can be used in any component {i} x A,,
each component being isomorphic to %,. In addition, automorphisms of 2
can be obtained by permuting the components; that is, for any permutation
7 of N, there is an automorphism of 2 defined by (i, w) — (7(i), w).

We can now prove easily that A is Dedekind-finite in M, by applying
the criterion in Proposition 2.1. If ' is a finite subset of A, then we shall
show that every atom (i, w) supported by F must satisfy all the following
conditions.

e There is an element of E in the same component {i} x A,.
e length(w) < length(w’) + 1 for some (i, w') € E.

e Every letter in w comes from Z/2 or from the same Z/d as at least one
letter in w' for at least one (i, w') € E.

Indeed, if the first condition were violated, then we could move (i, w) while
fixing E pointwise, by permuting components. If the second condition were
violated, then Lemma 5.7 provides an automorphism of the i*" component
moving (i, w) while fixing the elements of E in this component; extend it by
the identity on the remaining components, so as to get an automorphism fix-
ing all of E. Finally, if the third condition were violated, proceed analogously,
using Lemma 5.8.

There are only finitely many elements (i, w) satisfying these three condi-
tions. Indeed, by the first condition, they all come from just finitely many
components. By the third condition, they use letters from only finitely many
of the groups Z/d; as these groups are finite, they use only finitely many
letters. And by the second condition, their lengths are bounded.

Thus, E supports only finitely many atoms, and by Proposition 2.1 we
know that A is Dedekind-finite in M. It remains to prove that no g > 2
outside D divides A in M.

Suppose, therefore, that ¢ > 2 and that Q is a partition of A into g¢-
element sets, supported by a finite set £ C A. We must show that ¢ € D.
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Call a component {7} x A, of A free if it contains no element of E. Notice
that all but finitely many components are free.

If a block of the partition Q meets a free component, then it is entirely
included in that component. Indeed, suppose () € Q meets a free component
C and also another component C’. Since @ is finite, there is a component
C" that meets neither ) nor E. Then a permutation that interchanges C
and C" while fixing all other atoms will fix £ pointwise, will therefore fix Q,
will fix an element of @ in C’, will therefore fix @, but will move an element
of @ in C to an element outside @ in C”, a contradiction.

From now on, we concentrate on a single free component. For simplicity
of notation, we identify this component {i} x A, with A,, suppressing all
mention of ¢ and writing w instead of (i, w). By the preceding paragraph, Q
restricts to a partition, still called @, of this component A, into pieces of size
g. Furthermore, this partition of A, is invariant under all automorphisms of
2., because any automorphism of this component could be extended to all
of A by fixing all other atoms; it then fixes E pointwise and therefore fixes
Q. Our task is thus reduced to analyzing a partition Q of A, into ¢-element
sets that is invariant under all automorphisms of 2,. We shall frequently use
the fact that, since Q is invariant, any automorphism 7 applied to a block
@ € Q produces again a block of Q. In particular, if z € @ and 7 (x) € Q
then 7(@Q), being a block and having an element 7(x) in common with @,
must coincide with Q).

Let [ be the maximum distance, in the adjacency graph, between any two
elements of A, that lie in the same block of Q. If this maximum is 0, then
the blocks of Q are singletons, contrary to our assumption that ¢ > 2.

Suppose next that [ = 1 and consider an arbitrary block @ € Q and (as
g > 2) two arbitrary, distinct elements z,y € Q. As | = 1, x is d-adjacent
to y for some d € D. Any other element z € @ is, for the same reason, d'-
adjacent to x for some d' € D. If d # d' then y and z would not be adjacent
(apply Corollary 5.3 to the sequence y,x,z). So d = d' and all of @ is
therefore included in the Pg,-block B of z. Suppose, toward a contradiction,
that () were properly included in B. Then Lemma 5.6 would provide an
automorphism fixing x and sending y to an element of B — (). Fixing z, this
automorphism would have to fix @), yet it moves an element y € ) out of
@, a contradiction. Therefore () = B and in particular ¢ = d. (Notice that,
when [ = 1, we have shown that Q@ must coincide on free components with
P4« for some d € D. Not only is the divisor ¢ one of the divisors we wanted,
but the partition Q is, on free components, one of the partitions we explicitly
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put into our model.)

Suppose next that [ = 2. Let x and y be two elements at distance 2
in some Q-block (). So there is some z adjacent to both x and y; say it is
d-adjacent to x and d’-adjacent to y. We know d # d', for otherwise the
distance between x and y would be only 1. In particular, at least one of
d,d is not 2; without loss of generality assume d # 2. So the Pz-block
containing = and z also contains another element z’. Lemma 5.6 provides an
automorphism 7 fixing = and sending z to z’. Notice that

e y is d'-adjacent to z,
e 2 is d-adjacent to 2/, and
e 7' is d'-adjacent to 7(y) (as 7 preserves d’-adjacency).

Since d # d', we can apply Corollary 5.3 to conclude that the distance from
y to m(y) is 3. On the other hand, since 7 fixes z, it fixes the Q-block @
containing it. Since y € @, it follows that 7(y) € Q. So we have y and 7(y)
both in () yet at distance 3. This contradicts the assumption that [ = 2,
which is therefore impossible.

Suppose next that | = 3. Let z and y be two elements at distance 3 in
some Q-block ). Say z is d-adjacent to z, which is d’-adjacent to w, which
is d"-adjacent to y. To abbreviate this situation, we write

z—(d)—z—(d)—w—(d")—v.

Of course d' is distinct from both d and d”, as otherwise we’d have a shorter
path from x to y, skipping z or w.

If d # 2 then we can argue much as in the case [ = 2. Let 2z’ be another
element in the d-block of x and 2z and let 7 be an automorphism fixing x and
therefore ) but sending z to 2. Then

y—(d) —w—(d)—2z—(d) =2 = (d) —7(w) — (d") — 7(y).

By Corollary 5.3, the distance from y to 7(y) is 5, contradicting, since 7(y) €
m(Q) = @, the fact that [ = 3. This contradiction shows that we must have
d = 2. (In particular, the case [ = 3 cannot arise if 2 ¢ D.)

A symmetrical argument shows that d” = 2. Of course then d' # 2. Let B
be the block of Py, that contains z and w, and let B be the set of 2-neighbors
of the elements of B. Notice that every element has a unique 2-neighbor, so
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B has the same cardinality ' as B. As z,w are in B, their 2-neighbors z,y
are in B as well as being in Q.

Consider any other element of B, say v, the 2-neighbor of some u € B
distinct from z,w. By Lemma 5.6, there is an automorphism 7 that fixes z
and sends w to w. Since it preserves P,,, this 7 must also fix x and send
y to v. Fixing z it must fix its Q-block (). Since y € @ it follows that
v=m(y) € Q. ) )

This proves that B C (). Our next goal is to establish that B = ). To
prepare for this, we first observe that any element of B can be mapped to
any other by an automorphism of 2 that maps B onto itself; this follows
immediately from Lemma 5.6 since the cardinality d' of B is greater than 2.
Furthermore, any such automorphism maps B into itself, since it preserves
Pa.. It therefore maps some members of () (namely those in B) into ) and
therefore must map () into itself. Summarizing, we have that automorphisms
of 2 that fix all of B, B, and Q act transitively on B. In the following we
shall refer to this observation as “transitivity on B.”

Suppose now, toward a contradiction, that we had some element t €
Q — B. Consider the shortest path from z to ¢. Its length is at least one
(since z is in B and ¢ isn’t), so we can exhibit it as

r—(e)—a2' —--—1t,

where — - - - — denotes a path of some length 0, 1, or 2 (since the distance
from z to ¢ is at most [ = 3). If e were different from 2, then the path

Y- @) (@) -z )z (e~ et

would show, by Corollary 5.3, that the distance from y to ¢ is at least 4,
contradicting I = 3. So e = 2 and therefore 2’ = z. Thus, ¢ is at a distance
at most 2 from z and, a fortiori, at a distance at most 2 from B. We consider
the possibilities for this last distance.

Case 0: t € B. By transitivity on B, we may suppose without loss of
generality that ¢ = 2. There is, by Lemma 5.4, an automorphism 7 that
sends x to z. Since it preserves 2-adjacency, it must also send z to z. And
since it preserves Q and sends one element x of () to another, z, it must fix
Q. Therefore, from y € @ we infer 7(y) € ). But the path

y-@Q-w—-(d)-2-02)—z=n(z) - (d) —7(w) - (2) - 7(y)
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shows, by Corollary 5.3, that the distance from y to 7(y) is 5, contradicting
[ = 3. So Case 0 is impossible.

Case 1: t is at distance 1 from B. By transitivity on B, we may suppose
without loss of generality, that ¢ is adjacent to z. So we have

t—(e)—z=(d)—w—-(2)—y

for some e. If e = d' then t € B and we are back in Case 0. So e # d’, and
the distance between ¢ and y is 3 (by Corollary 5.3 again). But then we can
argue for t,y exactly as we did for z,y above, to conclude that e = 2 and
therefore ¢ is the 2-neighbor of z, namely z. But z € B and ¢ ¢ B, so Case 1
is also impossible.

Case 2: t is at distance 2 from B. By transitivity on B, we may suppose
without loss of generality, that

t—(e)—s—(e)— 2

for some e, e’ and some s. Of course e # €' for otherwise the distance from ¢
to B would be only 1, via e-adjacency to z. Consider the path

t—(e)—s—(e)—2z—(d)—w—-(2) —v.

If Corollary 5.3 applies to it, then the distance between ¢ and y is 4, con-
tradicting [ = 3. So this corollary must not apply; the only way for this to
happen is that ¢’ = d’. But then s € B, t is at distance 1 from B, and we
are back in the previous case.

Having exhausted all the possibilities, we conclude that no such ¢ can
exist. Therefore Q = B. Therefore

¢=1|Q|=|B|=|B|=d €D.

This completes the proof in the case that [ = 3.
Finally, suppose [ > 4. Let z and y be two elements at distance [ in a
Q-block (. Consider the path of length [ joining them, say

(@)= 2= (@) —w =,
where d and d' are distinct; in particular they are not both 2. If d # 2 then,

by Lemma 5.6, we can find an automorphism 7 fixing x and therefore @)
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while sending z to a different element in the same Pgy,-block with = and z.
Then Corollary 5.3 applied to the path

m(y) = —7w) = (d) —7(z) = (d) -z = (d) —w—---—y

(where the second —---— is as before and the first is obtained from it by
applying m and reversing the order) shows that the distance between y and
m(y) is 20 — 1. Yet y and 7 (y) are both in (), where the maximum distance
is I. So 2l — 1 < [, which contradicts [ > 4.

There remains the case that d = 2. Then d’' # 2, so Lemma 5.6 provides
an automorphism 7 that fixes z while sending w to a different element of the
same Py ,-block. Fixing z, this 7 must also fix its unique 2-neighbor z, and
so it must fix the Q-block @ of z. Thus, from y € @ we infer 7(y) € Q.
Applying Corollary 5.3 to

wly) =)~ (@)~ w— ey,

we find that the distance from y to 7(y) is 2/—3. Since the maximum distance
in any Q-block is [, we must have 2l — 3 < [. But this contradicts [ > 4. So
this case cannot arise.

Summarizing, we have that the only possible values for [ are 1 and 3, and
in these cases ¢ has to be a member of D. [l

The preceding proof showed that, in the model M constructed there, not
only is every divisor (> 2) of A in the specified set D, but any partition
into g-element pieces must agree in all free components either with one of
the “built in” partitions Py of A or with one of the closely related partitions
{B: B € P;} that we found in the analysis of the case | = 3.

The use of cyclic groups in this proof was inessential; any groups of the
same cardinalities would serve as well.

6 Intermediate Divisibilities

Recall that strong divisibility of a Dedekind-finite set X by a natural number
n was defined to mean that X is the union of n sets all of the same cardinality.
The following proposition gives some easy equivalent formulations of this
notion, one of which will motivate some additional notions of divisibility.

Proposition 6.1 For any Dedekind-finite set X and any natural number n,
the following are equivalent.
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1. X s strongly divisible by n.
2. X=nxY for someY.

3. There exist a partition P of X into pieces of size n and a function
assigning to each piece P € P a linear ordering of P.

Proof If n =0 then all three assertions are trivially equivalent to X = &.
So we assume from now on that n # 0.

To prove that (1) implies (2), assume that X is partitioned into n pieces
Yo, ..., Y,_1 all of the same size. For each 7 in the range 0 < i < n, let f;
be a bijection between Y and Y;. (Since i takes only finitely many values,
choosing the f;’s doesn’t require AC.) Then the map

nxYy—=X:(,y)— fily)

is a bijection as required in (2).

To prove that (2) implies (3), notice that n x Y has the structure required
in (3), namely a partition into the pieces n x {y} and a linear ordering of each
piece by putting (i,y) < (j,y) if # < j in N. Then transport this structure
to X via the bijection given by (2).

Finally, to prove that (3) implies (1), assume that P and f are given as
in (3). Define Y; for = 0,1,...,n — 1 to be the set of points x € X that
have, in the piece P € P containing them, exactly ¢ strict predecessors with
respect to the ordering f(P). Then X is partitioned into these sets Y;, and
they all have the same cardinality because there is a bijection from Y; to Y
sending each element of Y; to the (unique) element of Y in the same block
of P. O

Corollary 6.2 Strong divisibility implies divisibility.

Proof  Immediate from part (3) of the proposition. O

Part (3) of the proposition shows exactly how strong divisibility goes
beyond divisibility. In addition to the partition P required for divisibility,
strong divisibility requires a certain structure, namely a linear ordering, to
be specified in each piece of P. It suggests other forms of divisibility defined
by requiring other sorts of structure on the pieces. For example, we could ask
that X be partitionable into pieces of size 3 with a choice of a cyclic ordering
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of each piece. It is easy to see that this notion, which we call divisibility by
cyclic 3, is implied by strong divisibility by 3 (for from a linear ordering of
a piece we can produce a cyclic ordering in a canonical way) and in turn
implies divisibility by 3.

In order to discuss this notion of “divisibility by n with some additional
structure” in any generality, we need a general concept of “structure.” For-
tunately, such a notion, well suited to our purposes, is provided by Joyal’s
theory [5] of species of structures. It is quite abstract, requiring only that
one is given, for each n-element set, a set of things called structures on that
set, together with a reasonable way of transporting structures from one set
to another via bijections between the sets. We shall impose an additional
requirement, called atomicity, on the species we consider, to avoid such un-
natural (for our purposes) notions of structure as “either a cyclic ordering or
a partition into two parts.”

Definition 6.3 An atomic species S of n-element structures, or for brevity
an n-species, consists of an assignment of

e to each m-element set F' a nonempty set S(F') called the set of S-
structures on F' and

e to each bijection f: F' — E between n-element sets a map, S(f), but
sometimes simply called f, from S(F') to S(E)

subject to the following requirements.
e If f is an identity map then so is S(f).
e S(fog)=S8(f) oS(g) whenever f o g is defined.

e If 59,81 € S(F) then there is a permutation 7 of F such that S(7)(s¢) =
S1-

The requirements other than the last one say simply that § is a functor
from the category of n-element sets and bijections into the category of sets.
They imply that S(f) is always a bijection and that S(f)~! = S(f~'). Given
two sets, each equipped with an S-structure, we call a bijection between them
an isomorphism (of the structured sets) if it sends the given structure on one
set to the given structure on the other. The last clause in the definition
is the atomicity requirement, saying that all structures on a single set are
isomorphic; there is only one sort of structure in S.
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Example 6.4 The simplest example of an atomic species of structures is no
structure at all. It assigns to each n-element set some 1-element set; then
there’s no choice about what to assign to bijections.

A second example is the species of linear orders of n-element sets, assign-
ing to each such set the set of all its linear orderings. If f : FF — E is a
bijection and < is a linear ordering of F', then S(f)(<) is the linear ordering
of E defined by f~(z) < f~(y).

A closely related example is the set of cyclic orderings, with the obvious
notion of transport along bijections.

A simpler but useful example is the species of pointed (or rooted) sets,
sending each n-element set F' and each bijection to itself, i.e. the identity
functor. A structure of this species on a set F' is simply a distinguished
element in /', and an isomorphism is a bijection /' — E sending the distin-
guished element of F' to that of E.

There is an atomic species of structures of 3-element sets, where a struc-
ture is a partition of the set into two pieces. Since such a partition must
have pieces of sizes 1 and 2 and since it’s completely determined by the 1-
element piece, this species is isomorphic, in a sense to be formally defined in
a moment, to the species of pointed 3-element sets.

The species of 2-piece partitions of a 4-element set is not atomic, for
partitions into two pieces of size 2 are not isomorphic to partitions into pieces
of sizes 1 and 3. If one specifies the size of the pieces, then one gets atomic
species. The species of partitions into 1+3 is isomorphic to the species of
distinguished points. The species of partitions into 2+2 is not isomorphic to
any of the preceding examples.

Definition 6.5 A morphism from one atomic species of n-element structures
S to another 7 consists of an assignment 7 of a function ir : S(F) — T (F)
for every n-element set F' such that, for any bijection f : FF — E between
n-element sets,

T(f)oip =1igoS(f).

If all the functions i are bijections, then 7 is an isomorphism of species.

The definition of isomorphism simply requires the S-structures on any
set to be matched with the 7-structures (on the same set) in a way that
is preserved by transport of structures along bijections. In the language of
category theory, it says that ¢ is a natural isomorphism from the functor &
to 7. Similarly, morphisms of species are natural transformations.
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Atomic species of structures on n-element sets can be classified up to
isomorphism; they correspond to conjugacy classes of subgroups of the sym-
metric group. The following definition shows how to obtain species from
subgroups. We use the symbol Sym(n) for the symmetric group of all per-
mutations of the set n ={0,1,...,n— 1}.

Definition 6.6 Let G be a subgroup of Sym(n). The species Bg of bijections
modulo G is defined as follows. For any n-element set F', let Bij(n, F) be
the set of bijections from n to F', and let ~; be the equivalence relation on
Bij(n, F) given by

brgl <= (Fge @)V =bog.

Then Bg(F) is the set of equivalence classes [b]g. For a bijection f: F — E,
we define Bg(f)([blg) = [fob]e. When only a single G is under consideration,
we shall often omit the subscript G.

It is easy to check that Bg is an m-species. The next proposition says
that, up to isomorphism, there are no other n-species. It and the subsequent
proposition are due to Joyal [5].

Proposition 6.7 Let S be an atomic species of n-element structures, let
a € §(n), and let G = {m € Sym(n) : S(7)(a) = a}. Then G is a subgroup
of Sym(n) and the species S and Bg are isomorphic.

Proof That G is a subgroup follows immediately from the requirement, in
the definition of species, that composition and identities be respected. An
isomorphism 7 from Bg to S is defined by

ir([bla) = S(b)(a).

This is well-defined because, if [b] = [I'] then ' = bg for some g € G and
therefore S(b')(a) = S(b)(S(g)(a)) = S(b)(a), where the last equation comes
from the definition of G. To see that i respects transport along bijections

f: F — E we compute that, for any [b] € Bg(F),

S(f)r([0])) = S(f)(S(b)(a)) = S(fb)(a) = ir([fb]) = in(Ba(f)([b]))-

To show that ir is one-to-one, suppose ir([b]) = ip([0]), i.e., S(b)(a) =
S(b')(a). Then a is fixed by S(b) 'S(V) = S(b ). So b v € G and
therefore b ~g b(b~1b') = ' and [b] = [V'].
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Finally, to show that i is surjective, consider any s € S(F) and any
bijection b: n — F'. By the atomicity condition on S, there is a permutation
7 of F sending i ([b]) to s. Then, in view of the computation above showing
that ¢ respects transport along bijections, we have

s = 8(m)(ir([b])) = ir([7b]) € Range(ir).

O

For a complete classification of m-species we need, in addition to the
preceding proposition, a description of which G’s lead to isomorphic species.
The following proposition provides this and a bit more information that will
be useful later.

Proposition 6.8 Let G and G’ be subgroups of Sym(n). There is a mor-
phism from Bg to Bg if and only if G is conjugate in Sym(n) to a subgroup
of G'. The species Bg and Bg are isomorphic if and only if G is conjugate
to G'.

Proof  Suppose first that G is conjugate to a subgroup of G, say 7 'Gw C
G', where 7 is some permutation of n. Then a morphism m from Bg to Bg
is defined by mp([b]g) = [bm]gr. This is well-defined because, if ¥’ = bg with
g € G, then V'm = bgr = (br)(r 'gr) with 77'gm € G'. The verification
that mp respects transport amounts to (fb)m = f(br).

Notice that mp is always surjective, for every bijection n — F'is of the
form br for some b. If G is conjugate to G’ via 7w then, applying the preceding
paragraph with the roles of G and G’ interchanged and with 7 replaced
by 77!, we obtain a morphism from Bz to Bg that is obviously a two-
sided inverse for m. So when the subgroups are conjugate the corresponding
species are isomorphic. (Alternative argument: If G' = 7~ 'Gr then G’ is the
stabilizer of the element [ !]¢ € Bg(n). So, by the proof of Proposition 6.7,
Be = Bgr.)

Conversely, suppose there is a morphism m : Bg — Bg. Let 7 be an
element of Bij(n,n) = Sym(n) such that [7|e = m,([1]g), where 1 means the
identity permutation of n. Then, for every g € G, we have, since morphisms
respect transport by ¢ and since, by definition of ~¢, [1]¢ = [9]e,

[ler = mn([l]e) = mn(lgle) = ma(Ba(9)([1e))
= Ba(9)(ma([le) = Ba (9)([7]a) = [g7]er-
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This means that gn = m¢' for some ¢’ € G'. But then ¢’ = 7 'gn. So we
have shown that 7 'G7 C G', as required.

Finally, if we have an isomorphism between Bg and By, then each of G
and G’ is conjugate to a subgroup of the other. Since they are finite, they
must be conjugate. (It is possible to give a slightly longer argument that
doesn’t depend on finiteness.) d

By the preceding propositions, isomorphism classes of n-species corre-
spond exactly to conjugacy classes of subgroups of Sym(n). In particular,
the subgroup Sym(n) corresponds to the structure giving no information, and
the subgroup {1} corresponds to linear ordering (for the stabilizer of a linear
order on a finite set is trivial). For n = 2 there are no other examples. For
n = 3 there are two. The cyclic subgroup of order 3 in Sym(3) corresponds to
the structure of cyclic ordering, and the three (conjugate) subgroups of order
2 correspond to the structure of a distinguished point. We do not describe
all the 4-species, since there are 11 of them, but we mention that the species
of partitions into 2+2 corresponds to the 2-Sylow subgroup of Sym(4).

It follows immediately from the definition of Bg that the number of its
structures on any n-element set is the index of G in Sym(n).

We now return to considerations of divisibility.

Definition 6.9 Let S be an n-species. A Dedekind-finite set X is divisible
by n with structure S if there exist a partition P of X into pieces of size n
and a function assigning to each piece P € P an S-structure on it, i.e., an
element of S(P). We sometimes use the alternative terminology “divisible
by S-structured n.”

Thus, ordinary divisibility and strong divisibility are the special cases
where S is no structure and linear ordering, respectively.

Proposition 6.10 If there is a morphism i : S — T and if X is divisible by
S-structured n, then it is also divisible by T -structured n.

Proof  Given a partition P and an S-structure s(P) on each piece P, assign
to each P the T-structure ip(s(P)). O

We are now in a position to extend Corollary 3.3 to structured divisibility.
Theorem 6.11 Let G be a subgroup of Sym(d) such that,
(Fa € d)(Ve e d—{a})(Fg € G) (9(a) = a and g(c) # c).

36



Then it is consistent to have a Dedekind-finite X such that X +n is divisible
by d with Bg-structure for all natural numbers n.

Proof Fix a € d as in the hypothesis, and let H be its stabilizer in G,
H:={geG:g(a) =a}.

It will suffice to arrange for Bp-structured divisibility, because there is a
morphism from By to Bg, by Proposition 6.8. From now on, we ignore G
and work only with H. It will also be convenient to assume, without loss of
generality, that a = 0. Thus, H leaves 0 fixed, but does not fix any other
element of d.

As in the proof of Corollary 3.3, let A be a complete d — 1-branching
tree. For each node s let b; : d — A be a one-to-one map sending 0 to s
and sending 1,...,d — 1 onto the children of s in the tree A. Thus b; is a
bijection from d to the family F consisting of s and its children; so [bs]y is a
By-structure on Fy. Let 2 be the set A together with its tree structure and
with all these structures [bs]g on the families F;. Thus, an automorphism 7
of A is an automorphism of the tree which not only maps F, onto Fjy) (as
any automorphism of the tree must) but also sends [bs|y to [br(s)]n. This
means that mob, = br(s)oh for some h € H. Notice that part of this condition
is automatically satisfied, by any automorphism of the tree. Namely,

m(bs(0)) = 7(s) = br(s) 0) = bW(S)(h(O))-

So the additional requirement imposed by structure preservation, beyond
being a tree automorphism, is that the children of any node s be mapped
“correctly” to the children of the image node.

Given any natural number [ and any node t at depth greater than [ in
the tree, we have an automorphism 7 of the tree that moves ¢ while fixing all
nodes of A of depth at most [. To see this, let s be the parent of ¢, and let
t = bs(c), where ¢ € d — {0}. The desired automorphism 7 will fix all nodes
that are not descendants of s. That includes all nodes of depth at most [, as
required. Our 7 will fix s but permute its children as follows. By hypothesis,
we can choose an h € H that moves c. Then move members of F; according
to the rule bs(x) — bs(h(x)). This fixes s as claimed, but it moves ¢t = b,(c)
because h moves ¢ (and bs is one-to-one). It preserves the structure [by|y
on Fy because it sends it to [7 o bs|y = [bs o h]y which equals [bs]n because
h € H. Finally, extend the automorphism to the distant descendants of s by
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induction on depth in the tree; once 7(r) is defined, for r a proper descendant
of s, let (b, (x)) = br((z) for all z € d — {0}. This clearly preseves the
structure.

Now let M be the permutation model determined by 2. The result of
the preceding paragraph implies that any finite set £ C A supports only
finitely many atoms, namely at most those whose depth in the tree is no
bigger than that of the deepest member of E. Therefore, by Proposition 2.1,
A is Dedekind-finite in M. Exactly as in the proof of Corollary 3.3 (i.e., as
in the proof of Theorem 3.1), for each n = 0,1,...,d — 1 we can partition
A — n into pieces of the form F§, which have size d. In addition, these pieces
have By-structures [bs]y. The function assigning to each piece this structure
is in M; it is symmetric simply because our 2 includes these structures and
so all automorphisms preserve them. Therefore, every A £ n is divisible in
M by By-structured d and therefore also by Bg-structured d. O

Example 6.12 For d = 2, no G can satisfy the hypothesis of the theorem,
for a permutation fixing one of the two elements of d must also fix the other.
So our theorem does not apply to d = 2, as it must not in view of Theorem 3.4.

For d = 3, the hypothesis is satisfied by the full symmetric group Sym(3)
and by the two-element subgroups (but not by the 3-element subgroup or
the trivial group). For the full symmetric group, the theorem simply repeats
Theorem 3.1. For the two-element subgroups, the theorem tells us that we
can have Dedekind finite X and all X + n divisible by pointed 3. This is
not new information, since the partitions used in the proof of Theorem 3.1
actually had pointed pieces. Each piece consisted of a node and its two
children; let the parent be the distinguished point. (This assignment of
structure to each piece is in the model because the tree structure is in the
model.)

For d = 4, four conjugacy classes of subgroups satisfy the hypothesis of
the theorem. Two of them, namely the full Sym(4) and the subgroup Sym(3)
fixing one point, are analogous to those in the d = 3 case. In addition, there
is a subgroup of order 3 that fixes one point and permutes the other three
cyclically, and there is the alternating group of order 12. The former gives
us the consistency of a Dedekind-finite X where each X + n is divisible by 4
with, in each piece, a distinguished point and a cyclic ordering of the other
3 points. The latter gives the weaker result, where each piece has simply an
“orientation,” i.e., an enumeration defined up to even permutations.
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The last theorem can be improved somewhat, with only a minor modifi-
cation of the proof.

Theorem 6.13 Let d and G be as in the preceding theorem. It is consistent
to have a Dedekind-finite X strongly divisible by d and all X £ n divisible by
d with Bg-structure.

Proof  We indicate only the modifications needed in the preceding proof.
A is the same tree as before. For nodes s of odd depth, F has a Bg-structure
as before. For nodes s of even depth (including the root of depth 0) F has
a Biy-structure, which amounts to a linear ordering (by Proposition 6.8).
2 is A with the tree structure and all these structures on the Fy’s. M is
the resulting permutation model. The partition of X into d-element sets,
consisting of the F; for s of even length, has a specified linear order on each
piece (the assignment of linear orders to these pieces being symmetric because
all automorphisms of 2 preserve it). For X —n withn=1,2,...,d — 1, we
have a partition into pieces Fs with, in general, some odd and some even
depth s’s. Some of these pieces are equipped with a Bg-structure and others
with a Byjy-structure. But any structure of the latter sort produces one of
the former, via the morphism from Proposition 6.8. So all pieces have been
assigned a Bg-structure. For other X & n we reduce to the cases already
considered by adding or subtracting multiples of d.

The proof of Dedekind-finiteness of A in Theorem 6.11 depended on the
assertion that, given any natural number [ and any node ¢ of depth greater
than [, we have an automorphism 7 moving ¢ while fixing all nodes of depth at
most [. The proof of this assertion depended on permuting F§ in a non-trivial
way, so this argument is available for our present model when the length of
s is odd, but not when it is even. Nevertheless, we get a permutation of the
required sort providing the length of ¢ exceeds [ by at least 2. Then, if ¢ has
even length we can argue as before, while if ¢ has odd length we can apply
the previous argument with the parent node of ¢ in place of ¢ itself. (Note
that an automorphism moving the parent of ¢ necessarily moves ¢ also.) It
follows that a finite £ C A can support only atoms whose depth is at most
one more than that of the deepest node in E. There are only finitely many
such nodes, so A is Dedkind finite by Proposition 2.1. O

Example 6.14 It follows from this theorem that we can have a Dedekind-
finite X strongly divisible by 3 while X — 1 and X — 2 are divisible by cyclic
3. This proves somewhat more than was claimed in Theorem 3.6.
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The preceding two theorems concerned the situation where some point-
stabilizer in G is fairly large. The next result handles the other extreme,
where all point-stabilizers are trivial.

Theorem 6.15 Let d > 2. Suppose G is a subgroup of Sym(d) such that no
element of G except the identity fixes any element of d. If both X and X — 1
are divisible by d with Bg-structure, then X is Dedekind-infinite.

Proof Let G be as in the hypothesis, and consider first an arbitrary d-
element set F' with a Bg-structure. Recall that this structure is an equiva-
lence class [b] = [b]g of bijections from n to F. We claim that, for any ¢ € d
and any x € F, there is at most one element of [b] that maps ¢ to . Indeed, if
by = bgy; and by = bgy were two such elements, where g1, go € G by definition
of ~G, then

97" 92 (i) = g7 b7 bgo(i) = b7 'be(d) = b7 'w =i

By the hypothesis on G, it follows that g;'g, is the identity, so g, = g» and
by = by, as claimed.

Still considering a set F' with a Bg-structure [b], suppose we are given an
element z € F. We claim that, from these data, we can canonically define
(without arbitrary choices) a linear ordering < =<, of F. To do this, let
i be the smallest number in d = {0,1,...,d — 1} such that some member
of [b] maps 7 to z. Of course such an ¢ exists, because the members of [b]
are bijections. Having determined i, let b’ be the member of [b] that maps i
to x; it is unique by the preceding paragraph. Use this &’ to transport the
standard ordering of the natural numbers from d to F’; that is, ¥'(j) < 0'(k)
if and only if 7 < k.

Now consider a set X such that X and X — 1 are both divisible by d with
Bg-structure. Fix a partition P of X and a partition @ of X — {a}, for a
certain a € X, into d-element pieces, such that there are functions assigning
to each piece P € P and to each piece Q) € Q a Bg-structure on that piece.
Fix all these structures for the rest of the argument.

We shall prove that X is Dedekind-infinite by constructing a countably
infinite sequence of distinct members of X. The construction will proceed in
stages. At each stage, we shall have a finite sequence s of distinct members
of X, and we shall extend it by appending finitely many new elements (at
least one, possibly more) to it. The construction begins with s consisting of
just the one term a, the element omitted for the partition Q.
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At any stage, let s be the sequence constructed so far. If the length of s
is not divisible by d, then proceed as follows. Since all blocks of the partition
P have size d, there must be a term in the sequence s whose P-block does
not consist entirely of terms of s. Let = be the first such term in s, and let
P be its P-block. From z and the given Bg-structure on P, we obtain as
above a linear ordering < of P. Append to s all the members of P that are
not already terms of s, listing them in the order given by <.

On the other hand, if the length of s is divisible by d, then consider s
without its first term a; this is a sequence of elements of the set X — {a}
partitioned by Q, and its length is not divisible by d (since d > 2). So there
must be a term in the sequence s whose Q-block does not consist entirely of
terms of s. Now proceed as in the preceding paragraph, using the first such
element, its Q-block, and the linear ordering < of that block induced by this
element and the given Bg-structure.

Since at least one new element is appended to s at every stage, and
no element is ever repeated, the construction defines a countably infinite
sequence of distinct elements of X. [l

Example 6.16 The trivial group {1} satisfies the hypothesis of this theo-
rem, so a Dedekind-finite set X and X — 1 cannot both be strongly divisible
by d. This establishes Theorem 3.5.

The cyclic subgroup of Sym(d) generated by a cycle of length d also
satisfies the hypothesis of the theorem. Therefore, a Dedekind-finite X and
X — 1 cannot both be divisible by d with cyclic ordering.

These theorems cover the cases of groups G C Sym(n) with either very
large or very small point stabilizers. There are many intermediate cases, and
we do not have general results concerning these. The next theorem describes
what happens for one special class of such groups.

Theorem 6.17 Let d = py + --- + pr with all p; > 2, and let S be the d-
species where a structure on F' is a partition of F' into pieces Fy,..., F} of
sizes pi, - .., px together with a cyclic ordering of each piece. If the greatest
common divisor of p1,...,pr s 1, then it is consistent to have a Dedekind-
finite X such that all X +n are divisible by d with structure S. If the greatest
common divisor of pi,...,pr 1S greater than 1, then a Dedekind-finite set X
and X — 1 cannot both be divisible by d with structure S.
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To avoid possible confusion, we emphasize that in an S-structure the
pieces F; are supposed to be numbered. So even if two of the p;’s are the same,
interchanging the corresponding F;’s would produce a different S-structure.

Proof  Suppose first that the greatest common divisor is 1, so we have
an equation of the form 1 = pyry 4+ -+ 4+ pgrr where the r;’s are integers.
Transposing the terms with negative r;’s and renumbering for notational
convenience, we have

L+pi(=r1) + -+ pi(=7) = proamipr + - + PiTs

where now all the coefficients —r; for ¢ < [ and r; for ¢ > [ are positive.
On a countably infinite set A of atoms, put the following structure:

e a partition of A into pieces P, (n € N) of size d,

e for each piece P, a partition into subpieces P, ; of sizes p; (1 < i < k),
e the function (n,%) — P, ; labeling the subpieces, and

e a cyclic ordering of each subpiece.

Let 2 be the set A with all this structure. Thus an automorphism of 2
must map each subpiece onto itself, preserving the given cyclic order. Let
M be the resulting permutation model. Since the partition into pieces P,
and the assignment, to each P,, of its partition into subpieces and the cyclic
orderings of the subpieces are symmetric, A is divisible by d with structure
Sin M.

We show next that A+ 1 has the same divisibility property. Let z be the
element added to A to form A 4+ 1. Let Z be the set consisting of = and, for
each i <[, the elements of P, ; for the first (—r;) values of n. The cardinality
of this set is, by our choice of the r;’s, pj11711+- - -+ pgTk, SO We can partition
it into r; blocks of size p; for j =1 +1,...,k, and we can fix (in M) a cyclic
ordering of each of these blocks (finitely many blocks, so AC is not used).
Compared to the original structure 2 on A, we have, by adding the point z
and rearranging finitely much of the structure, gained r; cyclically ordered
blocks of size p;, for all 7, where a negative gain means a loss. But now it
is easy to rearrange these new blocks along with the surviving old subpieces
into a partition @ of A + 1 into pieces of size d equipped with S-structures.
The n'™® block of Q consists of the blocks P,_, i, where for positive r; the
subpieces with negative first subscript mean the blocks in Z newly created
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by the rearrangement. (For negative 7;, the first —r; numbers do not occur
as first subscript, which is correct, since those subpieces were lost into Z in
the rearrangement. )

To show the same divisibility property for A + n with n > 1, use the
same technique, but rearrange n times as many subpieces. For A — n, add
a multiple of d to return to the case where points are added to A. Thus, all
A £ n are divisible by d with S-structure.

It remains to show that A is Dedekind-finite in M, but this is clear by
Proposition 2.1. If E is a finite subset of A then it supports only atoms in
the same subpieces P, ; as members of E. Any other atom can be moved by
a cyclic permutation of its subpiece, fixing all other atoms. This completes
the proof of the theorem’s first assertion.

To prove the second assertion, suppose the greatest common divisor of
the p;’s is d' > 2, and suppose both X and X — 1 are divisible by d with
S-structure. Thus, both of these sets are partitioned into finite subpieces of
sizes divisible by d' with a cyclic ordering on each subpiece. Thus, as soon
as a point is specified in any such subpiece, a linear ordering of that whole
subpiece is available: start at the given point and proceed in the given cyclic
order.

In this situation, we can produce a countably infinite sequence of distinct
members of X exactly as in the proof of Theorem 6.15, only with d’ in the
role previously played by d. O

Remark 6.18 The proof of the theorem can be used to get the following
slightly more precise information about the structure S considered there. Let
d' be the greatest common divisor of the p;’s. Then it is consistent to have a
Dedekind-finite set X such that X + n is divisible by d with S-structure for
all natural numbers n that are divisible by d’. On the other hand, if n is not
divisible by d' and if both X and X — n are divisible by d with structure S,
then X is Dedekind-infinite.

7 Quotients

It seems reasonable that a discussion of divisibility should include a discussion
of quotients, the result of division. If X is divisible by d, say P is a partition
of X into pieces of size d, then the cardinality of P, i.e., the number of pieces,
seems to be a reasonable notion of quotient when X is divided by d. The
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question arises whether this quotient is well-defined. That is, if Q is another
partition of X into pieces of size d, must we have P = Q7

In the case of strong divisibility, where the pieces of both partitions are
equipped with specified linear orderings, an affirmative answer was given by
Lindenbaum and Tarski [6]; see also [7] and [1].

Theorem 7.1 (Lindenbaum and Tarski) If d is a positive integer and
dx X =Z2dxY then X £2Y.

This theorem holds for arbitrary X and Y, whether or not they are
Dedekind-finite.

The assumption of strong divisibility in the theorem is necessary, even
for Dedekind-finite X and Y. No weaker form of divisibility with structure
will do.

Theorem 7.2 Let d > 2, and let S be any d-species not isomorphic to the
species of linear orderings. Then it is consistent to have a Dedekind-finite set
X with two partitions, P % Q into d-element pieces, together with functions
assigning to each piece P € P an S-structure on P and to each piece QQ € Q
a linear ordering of Q.

Recall that, by Proposition 6.8, a linear ordering of () provides a structure
of any other d-species on (). Thus, the theorem says that quotients are not
unique, no matter how much structure is imposed on the pieces of the two
partitions, unless one imposes linear orders on the pieces of both partitions.
In other words, the Lindenbaum-Tarski result is the best possible one along
these lines.

Proof  We shall need to know that every S-structured set F' has a non-
trivial automorphism. To show this, we may assume, by Proposition 6.7,
that & = B for some subgroup G of Sym(d). Since S is not isomorphic
to the species of linear orderings, G is not the trivial subgroup {1}; let
g € G —{1}. Now consider any Bg-structure [b]g on F’; here b is a bijection
d— F. Let m = bgb—'. This is a permutation of F', and it is not the identity
because g # 1. It is an automorphism of the structure [b]g because it sends
this structure to

[mble = [(bgb™")ble = [bgle = [bla
where the last equality is because g € G.
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Now we turn to the construction of the required model. We use a variant
of the model in Example 2.5. As in that example, let the countably infinite
set A of atoms be partitioned into pieces P, (n € N) of size d. Choose (in
V(A) where AC is available) an S-structure on each piece P,. Let 2 be A
together with this partition and this choice of S-structures on the pieces, and
let M be the resulting permutation model. Let X =d x A.

This X is Dedekind-finite by Proposition 2.1, for a finite set E of atoms
supports only those elements of X that have the form (i,a) with i € d and a
in a P, that meets E (so E supports at most d?|E| members of X).

Let P be the partition of X induced by the original partition Py = {P, :
n € N} of A. That is, the pieces of P are the sets {i} x P, for i € d and
n € N. Since Py and the chosen assignment of S-structures to its pieces
P, are clearly symmetric, it follows that P € M and that its pieces can
be assigned S-structures by transferring the given S-structures of the P,’s.
Thus, we have a partition and assignment witnessing that X is divisible
by d with S-structure. The set of pieces of this partition is in one-to-one
correspondence (in M) with d x Py, piece {i} x P, corresponding to (i, P,).
So we can take the quotient to be d x Py. (To avoid possible confusion we
point out that the bijection n +— P, was not included in the structure 2,
and it is easy to see that Py is not countably infinite in M; in fact it is
Dedekind-finite by an easy application of Proposition 2.1.)

Our second partition Q of X consists of the pieces d x {a} for all a € A.
This witnesses strong divisibility of X by d (see Proposition 6.1), and the
pieces are in obvious one-to-one correspondence with A.

Thus, to complete the proof, it suffices to show that there is no bijection
f:dxPy— Ain M. Suppose, toward a contradiction, that f were such a
bijection, supported by a finite set £ C A.

Consider any P, not meeting F and consider f(i, P,) for any i € d. We
claim it must be an element of P,. To see this, suppose it were in some other
P,,, and choose some Pj that is distinct from both P, and P,, and does not
meet E. Then 2 has an automorphism 7 that interchanges P, and P, while
fixing all other atoms. This 7 fixes £ pointwise and therefore fixes f. It also
fixes f(i, P,) since it is in a block P, not moved by 7. And of course it fixes
the natural number 2. But it sends P, to P,,. Thus,

f(Z’Pn) :W(f(i,Pn)) = f(i,Pm),

which contradicts the fact that f is one-to-one. This establishes our claim.
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So we now know that f maps each d x {P,} into (and therefore onto)
P,, as long as P, is disjoint from E. Consider any such P, and let 7 be an
automorphism of 2 that fixes all atoms outside this P, but moves at least
one atom, say a, in P,. The existence of such an automorphism is guaranteed
by the first paragraph of this proof. Now a = f(i, P,) for some i € d. Since
7 fixes E pointwise, it fixes f. It also fixes i and P,. (Of course it doesn’t
fix P, pointwise, but it fixes it as a set.) Therefore,

a = f(i, Pn) =m(f)(7(0), 7(Fn)) = 7(f(i, Pa)) = 7(a),

which contradicts the fact that m moves a. This contradiction shows that no
such f can exist, so P % Q. O
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