Some QQuestions Arising from Hindman’s
Theorem

Andreas Blass*

Mathematics Department
University of Michigan
Ann Arbor, MI 48109-1109, U.S.A.
ablass@Qumich.edu

April 7, 2004

Abstract

We present, with some background material, four open questions
connected with Neil Hindman’s Finite Unions Theorem. Two ques-
tions are in set theory and the other two are in computability theory.

1 Introduction

Let me first congratulate Neil Hindman on winning the JAMS International
Prize for 2003. T'd also like to thank the JAMS for giving me this opportunity
to contribute a brief paper to the celebration of the award to Prof. Hindman.

Although it is customary, in situations like this, to reminisce, I would
rather look to the future, by presenting some open problems on which it
seems reasonable to hope for progress — perhaps even full solutions — in
the near future. The problems that I'll present are closely connected with
Prof. Hindman’s famous Finite Unions Theorem from [6]:
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Theorem 1 Suppose the set F of finite sets of natural numbers is partitioned
into finitely many pieces. Then there is an infinite, pairwise unmeshed family
H C F that is FU-homogeneous in the sense that

FUH):={JF: @ #F CH and F finite }
1s included in one piece of the given partition.

Here two nonempty finite sets a,b of natural numbers are said to be
unmeshed if max(a) < min(b) or max(b) < min(a).

Many authors present Hindman’s theorem in the finite sums form, where
the set N of natural numbers is partitioned (instead of F) and the theorem
asserts the existence of an infinite FS-homogeneous set, where F'S refers to
finite sums (instead of the finite unions of FU). The sum and union forms of
the theorem are, as was shown in [6], equivalent, and the union form will be
slightly more convenient for our present purposes.

2 The Partition Number

It is clear that, for any finitely many partitions of F into finitely many
pieces, there is an infinite, pairwise unmeshed H that is simultaneously FU-
homogeneous for all of the given partitions; just apply the finite unions theo-
rem to a common refinement of the given partitions. It is also clear that the
analogous statement for countably many partitions is false, as each element
of IF could be separated from all the others by one of the partitions. Neverthe-
less, one can almost handle countably many partitions, in the following sense.

Definition 2 An infinite set H C F is almost FU-homogeneous for a parti-
tion of IF if there is a finite subset £ C H such that H — E is FU-homogeneous
for this partition.

Proposition 3 Given countably many partitions of F into finitely many
pieces each, there is an infinite, pairunse unmeshed H C F that is almost
homogeneous for all of the given partitions.

We omit the easy deduction of this result from Theorem 1; it is included
in the argument on page 93 of [2].

Of course, even with FU-homogeneity weakened to almost FU-homogene-
ity, we cannot hope to obtain an analogous result for 2% partitions. Indeed,



then the given family could consist of all partitions and it is clear that, given
any infinite H C T, one can construct a partition for which it is not almost
FU-homogeneous. These observations suggest the following problem.

Question 4 What is the smallest possible cardinality pacy for a family of
partitions of F, into finitely many pieces each, such that no infinite, pairwise
unmeshed H C T is almost FU-homogeneous for all of the given partitions
simultaneously?

The preceding observations show that N; < pary < 2% so the contin-
uum hypothesis makes the problem trivial. In the absence of the continuum
hypothesis, however, there is a rich theory of cardinal characteristics of the
continuum (see, for example, [5], [8], or [3]), many of which are cardinals with
definitions qualitatively similar to the paty in the question. It is reasonable
to ask for connections between pat, and the more familiar characteristics in
[3, 5, 8]. The known (to me) connections are only the following.

Proposition 5 p < par, < min{b, s}.

The cardinals p, b, and s are defined as follows. p is the smallest possible
cardinality for a family F of subsets of N such that each finite subfamily of
F has infinite intersection but there is no infinite set X almost included in
every A € F (where “almost included” means that X — A is finite). b is the
smallest possible cardinality for a family B of functions from N to N such
that no single function eventually majorizes each of them. s is the smallest
possible cardinality for a family & of subsets of N such that each infinite
subset X of N is split by at least one member S of S, meaning that both
X NS and X — S are infinite.

Proof  That pary < s is trivial, since there are s partitions of any count-
able set (such as F) into two pieces, such that no infinite set is even almost
homogeneous (let alone almost FU-homogeneous) for all of them.

That p < pary is essentially proved by the Martin’s axiom argument in
[2, page 93], together with the observation that the forcing to which one
applies Martin’s axiom is o-centered, so that Bell’s theorem [1] applies.

To prove that pary < b, let B be an unbounded family of b functions
N — N, and assume, without loss of generality, that each ¢ € B is an
increasing function. Associate to each g the partition I, of I into two parts,
defined as follows. Put a € F into the first piece if g(min(a)) < max(a) and



into the second piece otherwise. Consider, for the time being, one g and
an infinite, pairwise unmeshed H that is FU-homogeneous for II,. For any
a € H, there is b € H with g(min(a)) < maxb. Thanks to the unmeshed
property of H, we have min(e¢ U b) = min(a) and max(a U b) = max(b), and
therefore a U b is in the first piece of our partition. By homogeneity, so is a.
Thus, g is majorized by the function

fu : n+— max(a) for the first ¢ € H with min(a) > n.

If H is merely almost FU-homogeneous for II,, then g is only eventually
majorized by fg. Thus, if there were an H that is almost FU-homogeneous
for all b of the partitions II, for g € B, then we would have a function fy

eventually majorizing all elements g of B. That contradicts the choice of B.
O

For some other partition theorems, one has considerably more precise in-
formation about the corresponding cardinals. For example, the analogous
cardinal associated to Ramsey’s theorem, i.e., the smallest cardinal of a fam-
ily of partitions of the set of pairs from N such that no infinite set is almost
homogeneous for all these partitions, is known to be min{b,s}. For some
other partition theorems, the analogous cardinal is not known exactly, but
one has tighter lower bounds than p. (For a brief discussion of these matters,
see [3, Section 3].) In fact, of all the partition theorems for which I have
looked into the matter, Hindman’s theorem is the one for which the least is
known about this cardinal.

3 Complexity of FU-Homogeneous Sets

Question 6 Suppose we have an effectively computable partition of F, how
complicated might an FU-homogeneous set have to be?

For example, for which Turing degrees d can one prove that every com-
putable partition of F into finitely many pieces has an infinite, pairwise un-
meshed, FU-homogeneous set of Turing degree < d? For which d can one
disprove that assertion?

One can also ask this question with other measures of simplicity in place
of < d, for example # d, or levels of some hierarchy.

The following results in this direction were proved nearly twenty years
ago [4, Theorems 2.1, 2.2, and 4.9]; as far as I know they have not yet been
improved.



Proposition 7 There is a computable partition of F into finitely many pieces
such that every infinite, pairwise unmeshed, FU-homogeneous set has Turing
degree > 0.

Proposition 8 Fvery computable partition of F into finitely many pieces
has an infinite, pairwise unmeshed, FU-homogeneous set of Turing degree
< O(w—|—1).

The gap between the single Turing jump in Proposition 7 and the w + 1-
fold Turing jump in Proposition 8 is embarrassingly large. Can it be tight-
ened?

Remark 9 Prof. Hindman’s original proof of Theorem 1 is used in an es-
sential way in the proof of Proposition 8. The various simplified proofs of
Theorem 1 that were found afterward give far weaker upper bounds for the
complexity of the homogeneous set.

4 Weaker Forms of Hindman’s Theorem
For any H C FF and any k£ € N, let
KUH) = {| JF: 2 #F C H and |F| < k}.

Since kU(H) C FU(H), Hindman’s theorem trivially implies the analo-
gous theorem with k£U-homogeneity in place of FU-homogeneity. Similarly,
we define par,y just like pary except that kU-homogeneity replaces FU-
homogeneity. Since the property of kU-homogeneity becomes stronger as k
increases, we have the chain of inequalities

pary <. < patyy < pav,_ gy <o < paryy < paryy =5,

where the last equality holds by the definitions of pat,; and s. Inspection
of the proof of pary < b in Proposition 5 reveals that only 2U-homogeneity
was used there. Thus, that theorem remains true with any pav, in place of
paty as long as k£ > 2.

Question 10 Is it provable in ZFC that paty = patyy ¢ If not, then which
of the inequalities in the chain above can consistently be strict?



Note that the last inequality in the chain can certainly be strict, since, as
noted above, par,,; < b, whereas it was proved in [7] that b can consistently
be strictly smaller than s.

Inspection of the proofs of Theorems 2.1 and 2.2 of [4], which we have
combined into Proposition 7, shows that again only 2U-homogeneity was
used. So Proposition 7 remains true with 2U in place of FU. Of course the
same applies trivially to Proposition 8. In view of this observation and of the
available space between the bounds 0’ and 0“1 one might conjecture that,
as k increases, kU-homogeneous sets for recursive partitions require greater
and greater complexity. Let me formulate a specific question, but with the
warning that the proposed bounds are chosen more for notational elegance
than for any mathematical reason.

Question 11 Does every computable partition of F admit an infinite, pair-
wise unmeshed, k U-homogeneous set of Turing degree 0%) 2 And is that degree
optimal, at least among degrees of the form 0™ 2

Remark 12 Just as we weakened FU-homogeneity to kU-homogeneity, one
can, of course, weaken FS-homogeneity (for partitions of N) to kS-homogeneity.
It is, as was shown in [6, Corollary 3.3], not difficult to pass from FS-
homogeneous sets to FU-homogeneous sets and vice versa. In particular,
the results and the question in Section 3 are unchanged if we work with FS
instead of FU. But I do not see how to pass effectively from kS-homogeneous
sets to kU homogeneous sets. (The reverse direction is trivial.) So Ques-
tion 11 may turn into a different question if we replace kU with £S; it may be
possible to get £S-homogeneous sets of lower degrees than £U-homogeneous
sets.

References

[1] Murray Bell, “On the combinatorial principle P(c),” Fund. Math. 114
(1981) 149-157.

[2] Andreas Blass, “Ultrafilters related to Hindman’s finite unions theorem
and its extensions,” in Logic and Combinatorics, ed. Stephen Simpson,
Contemporary Math. 65 (1987) 89-124.



3]

Andreas Blass, “Combinatorial cardinal characteristics of the contin-
uum,” to appear in Handbook of Set Theory, ed. Matthew Fore-
man, Akihiro Kanamori, and Menachem Magidor. Preprint avaliable at
http : //www.math, 1sa, umich.edu/~ablass/set.html

Andreas Blass, Jeffry Hirst, and Stephen Simpson, “Logical analysis of
some theorems of combinatorics and topological dynamics,” in Logic and
Combinatorics, ed. Stephen Simpson, Contemporary Math. 65 (1987)
125-156.

Erik van Douwen, “The integers and topology,” in Handbook of Set-
Theoretic Topology, ed. Kenneth Kunen and Jerry Vaughan, North-
Holland (1984) 111-167.

Neil Hindman, “Finite sums from sequences within cells of a partition of
N, J. Combin. Theory Ser. A, 17 (1974) 1-11.

Saharon Shelah, “On cardinal invariants of the continuum,” in Aziomatic
Set Theory, ed. James Baumgartner, Donald A. Martin, and Saharon
Shelah, contemporary Math. 31 (1984) 183-207.

Jerry Vaughan, “Small uncountable cardinals and topology,” in Open
Problems in Topology, ed. Jan van Mill and George Reed, North Holland
(1990) 195-218.



