Logie Colloquiwm '77
A, Macintyre, L. Pacholski, J. Paris (eds.)
© Jorth-Holland Publisning Company, 1978

A MODEL-THEORETIC VIEW OF SOME SPECIAL ULTRAFILTERS
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Combinatorial definitions of special sorts of ultrafilters can often be form-
ulated rather neatly in terms of the associated ultrapowers, and some of the com-
binatorial lemmas used in the study of such ultrafilters have simpler and more
natural formulations as assertions about ultrapowers. The purpose of this paper
1s to survey a number of such formulations and to indicate how they can be used to
prove combinatorial results.

In Section 1, we review the results of Puritz [15] which characterize the most
popular special ultrafilters ({-stable, selective, etc.) in terms of ultrapowers.
We also review the results of [5] and give a fairly typical example of a model-
theoretic presentation of a combinatorial argument. In Section 2, we use the con-
cept of conservative extensions to generalize a theorem of Puritz [16);: this gen-
eralization is used to give simplified proofs of a result in [5] and a related un-
published result of Galvin. In Section 3, we treat Daguenet's rangé and affable
ultrafilters [9] and Baumgartner and Taylor's arrow ultrafilters [1] in terms of
amalgamation of ultrapowers. Finally, in Section 4, we consider situations where
an amalgamation of two models is nearly unique; these are related to sguare-

bracket partition relations.

1, Skies, Constellations, and Amalgamations

All ultrafilters in this paper are assumed to be on the set « of natural
numbers. Using a pairing function, we identify w X w with w , and we write the
projections from w X w to W és pl,pz: w > W . All models in this paper are
assumed to be elementary extensions of the structure N that consists of w with

all relations and functions. Thus, all submodels arce elomentary submadels. We

often use the same notation for a model and 1ts universe. Also, we use the same

notation for a function on ® , the symbol denoting it in the language of N , and
the interpretation of this symbol in any model A : such interpretations are

called the standard functions of A . A similar convention applies to predicates.

Recall (from [15], for example) that a model A 1is generated by a single el-

ement a if and only if it is isomorphic to an ultrapower U-prod ¥ of N . Here
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| U,'¢én'ba taken to be the type of a ,
Type (a) = {xgwi AE X(a)} ,

'énﬁ thﬁ isamﬂrphism sends f{a) to the equivalence class [f] of £ in the ul-

' trapower. .Tha_type of a pair of elements is defined analogously; note that pl

and p2 map Type {(a,b) to Type {a) and Type (b) respectively. Similar remarks
apply to types of more than two elements.

. .hecall also from [15] that two nonstandard elements of a model A are said
to be in the same constellation (resp. sky) if each is equal to (resp. less than
-~ or equai'to) a'standard function of the other. We write Con{a) and &k(a)} for

_thé constellation and sky of a . Skies are convex in the natural ordering of A,
so the set Sk(A) of skies inherits a linear ordering from A . Constellations
'are.partially ordered by-the convention that Can(f(a)) < Conf(a) for all standard
unary functions £ . 1In an ultrapower of N , the generators constitute the high-
est constellatioh, and the sky containing them is the highest sky.

“ In the following theorem, we list the-model-theoretic characterizations, as
 well as the usual combinatorial definitions, of the best-known special sorts cf
ultrafilters. We omit the proof, since the first three parts were proved and the

fourth announced in ([15]}; the fifth part is quite similar to the fourth.

Theorem 1 (Puritz). Let U be an ultrafilter on w .

(a) U 1is selective (also called minimal, Ramsey, absolute) &P (def)

Everz function on ww 1is one-to-one or constant on some set in U <=

U-prod N has only one constellation.

(b} U is 6- stable (also called P-point) <= (def)

Every function on w is finite-to~one or constant on some set in U <%
U-prod N has only one sky.
(¢} U is rare (also called Q-point) &= (def)

Every finite-to~one function on w is one~to-one on some set in U &«
The highest sky of U-prod N is a single constellation.

(dy U i3 rapid ée{def)
for each f 1 w +w thera is a get in U ghggghgffhe]emangﬁig > (n)
for all n 4=b
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The top constellation of U<prod N is coinitial in its sky.
{e) U 1is semi-selective [12] <=} def)
For any sequence of setas X & U there are elements X e'xﬁ- with
'{x'ﬁl'n- €uwl 6 U =
The top conastmllation is coinitial in the nonstandard

rt of 'Uﬁpmﬂ N, O






