NEARLY COUNTABLE CARDINALS

ANDREAS BLASS

To Professor C. Ryll-Nardzewski on the occasion of his seventieth birthday

One of set theory’s first contributions to the rest of mathematics, and still one
of the most important, is the distinction between different infinite cardinalities,
especially between countable infinity and the cardinality ¢ = 2%¢ of the continuum.
This distinction made possible the theory of Lebesgue measure (where countable
additivity is an essential ingredient but continuum additivity is impossible) and the
Baire category theorem (where again “countable” clearly cannot be replaced with c).
Another familiar example is connected with the Bolzano-Weierstral theorem that
every bounded sequence (z,)nen of real numbers has a convergent subsequence
(Zn)nea. An easy, classical result asserts that for any countably many bounded
sequences there is a single A on which they all converge; again this is clearly false
in general for ¢ sequences.

In these and similar situations, it is reasonable to ask where the transition from
countable-like to continuum-like behavior occurs. Of course, if one believes the
continuum hypothesis, under which countable infinity ¥y and the continuum ¢ are
consecutive cardinals, then there is nothing more to be said. But if, as is known to
be consistent with the usual axioms of set theory (ZFC), there are cardinals strictly
between ¥y and ¢, then it makes sense to ask whether these cardinals behave like
Ny or like ¢ with respect to additivity of Lebesgue measure, the Baire category
theorem, the Bolzano-Weierstrafl theorem, etc. Questions of this sort are studied
in the theory of cardinal characteristics of the continuum. (I shall comment later
on what this theory can tell us when the continuum hypothesis holds.)

Although the title, “Nearly countable cardinals,” refers to cardinals that act like
Ny in one way or another, the usual way of indicating the boundary between Ny-like
and c-like behavior is by the first cardinal of the latter sort. Here are some typical
definitions.

The additivity of measure, add(L), is the smallest cardinality of a family of sets
of Lebesgue measure 0 whose union does not have Lebesgue measure 0. (Note that
“does not have Lebesgue measure 0” is not the same as “has positive Lebesgue
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measure” because the union may fail to be measurable. Note also that, though the
definition refers only to measure 0 sets, a more general notion of additivity would
give nothing different, for in any family of pairwise disjoint, Lebesgue measurable
sets, only countably many have non-zero measure.) The “L” stands for “Lebesgue”;
“B” for “Baire” is used when “measure zero” is replaced with “meager” (i.e., “first
category”).

The covering number for category, cov(B), is the minimum number of meager
sets needed to cover R (and cov(L) is of course the measure analog).

The uniformity number for category, non(B), is the minimum cardinality of any
non-meager set of reals.

The cardinal similarly connected with the Bolzano-Weierstra3 theorem is the
splitting number s, defined as the minimum number of subsets S of N needed to
split every infinite A C N; here “S splits A” means that both ANS and A — S are
infinite. To see the connection with the Bolzano-Weierstrafl theorem, think of the
characteristic function of S as a bounded sequence of zeros and ones to find that s
is the minimum number of such two-valued sequences (z,)n,en such that no single
A has all the sequences (z,)neca convergent. It is not difficult to extend this to
arbitrary bounded sequences, by considering the binary expansions of the numbers
in the sequences.

It may, however, be worth remarking that the transition from two-valued se-
quences to general bounded sequences is not always so easy as this. Consider the
minimum number of infinite sets A C N such that every bounded sequence becomes
convergent when restricted to one of these A’s; it is an open problem whether this
cardinal is provably unchanged if one replaces “bounded” by “two-valued.”

The dominating number 0 is defined as the minimum number of functions f :
N — N such that every g : N — N is eventually majorized by one of these f’s (i.e.,
g(n) < f(n) for all but finitely many n € N, usually abbreviated g <* f).

The bounding number b is defined as the minimum number of functions f : N —
N such that no single g eventually majorizes them all. That is, for each g : N — N,
one of the chosen f’s satisfies g(n) < f(n) for infinitely many n € N.

For each of these cardinals, it is easy to see that it is at least N; and at most
¢. Each is the first cardinal behaving like ¢ rather than like Ny in one or another
sense. (One uses the first of the larger cardinals rather than the last of the smaller
ones, because the former always exists, thanks to the cardinals’ being well-ordered,
while the latter may fail to exist.) A great many such cardinals have been defined;
see [14] for a recent survey and references to the earlier literature.

Very little can be said about any one of these cardinals x. In each case, it is
consistent with ZFC that any combination of equality and strict inequality holds
in Xy < g < ¢. The situation changes, however, when we consider two (or more)
of these cardinals together, for there are often provable (non-strict) inequalities
(or subtler connections) between them. (Note that there cannot be provable strict
inequalities, for the continuum hypothesis, which is consistent with ZFC, makes
all these cardinal charactersitics equal.) Some of these inequalities are trivial; for
example, add < cov, add < non (for both measure and category), and b <
0. Others are not difficult but require a clever idea. Examples of this sort are
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Rothberger’s theorems [11] that cov(B) < non(L) and cov(L) < non(B) and the
theorem of Miller [9] and Truss [13] that add(B) = min{cov(B), b}. This category
also includes the (folklore) result that s < 9, whose proof I'll give below. Finally, as
an example of a more difficult result, let me cite the theorem, found independently
by Bartoszynski [1] and Raisonnier and Stern [10] that add(L) < add(B). (The
reverse inequality is not provable, so this is an asymmetry between measure and
category.)

For future reference, let me outline the proof that s < 0. It involves constructing,
from any f : N — N, a subset Sy of N such that, if we begin with a dominating
family D of f’s, then the resulting S;’s form a splitting family. This construction
is as follows. Given f, partition N into finite intervals [a,b] such that f(a) < b;
then let S; be the union of every second of these intervals. To show that, when
D is a dominating family, then {S; | f € D} is a splitting family, we use a second
construction, sending any infinite A C N to the function v4 : N — N that sends
any k € N to the next element of A after k. Then it is easy to check that if vy <* f
then Sy splits A (because A meets all but finitely many of the intervals used in
defining S¢). This implication immediately shows that the first construction sends
dominating families to splitting families, so s < .

Many (though not all) cardinal characteristics of the continuum, like those de-
fined above, are of the form: the smallest number of ... such that every ... is
related to one of them by the relation .... Many (though not all) proofs of in-
equalities between these cardinals can be presented as “two constructions and an
implication,” like the constructions f — Sy and A — v4 and the implication “if
va <* f then Sy splits A” in the proof above. Vojtds [15] introduced the name
“generalized Galois-Tukey connection” for such a pair of functions subject to an
implication and studied both the general concept and numerous realizations of it
in analysis.

The existence of a generalized Galois-Tukey connection implies an inequality
between cardinal characteristics (as in the proof of s < 0 above), but it seems to
contain more information. At one time, I hoped that the generalized Galois-Tukey
connections capture the essential content of the proofs of inequalities, in a form that
remains non-trivial even when, for example, the continuum hypothesis holds and
the inequalities themselves are therefore trivial. Yiparaki [16] showed, however, that
the continuum hypothesis also provides generalized Galois-Tukey connections for
any two cardinal characteristics of the sort considered here. These connections are,
however, highly non-constructive, in contrast to the ones produced in proofs like
that above. It turns out that the generalized Galois-Tukey connections produced
in any of the usual proofs are pairs of Borel functions, and that, even if the contin-
uum hypothesis holds, there cannot be Borel generalized Galois-Tukey connections
for those inequalities that hold “only because of the continuum hypothesis,” i.e.,
that are false in other models of set theory (forcing extensions). It therefore seems
reasonable to regard the existence of Borel generalized Galois-Tukey connections
as the essential content of proofs of cardinal characteristic inequalities. This es-
sential content remains meaningful even in situations, like universes satisfying the
continuum hypothesis, where the inequalities themselves become trivial.
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There are inequalities that involve three cardinal characteristics. An example,
add(B) = min{cov(B), b}, was mentioned earlier. Of course the < direction here
amounts to two ordinary inequalities, the trivial add(B) < cov(B) and Miller’s
nontrivial add(B) < b. But the > direction really involves all three cardinals. The
structure of its proof involves several functions, arranged in what Vojtas calls the
max-min diagram; they can be viewed as forming a generalized Galois-Tukey con-
nection between the sets involved in the characteristic add(B) and a combination,
called sequential composition, of the sets involved in the other two characteristics;
see [4] for details. The concept of sequential composition used here is not com-
mutative and captures (1) the order in which hypotheses are used in the proofs,
(2) the interdependencies of the maps in the max-min diagram, and (3) the order
of iterated forcing extensions needed to change these cardinal characteristics. The
theory shows that, in some sense, (1), (2), and (3) are different perspectives of the
same phenomenon.

Finally, to counteract the impression that cardinal characteristics are related
only to analysis and topology, let me describe a rather recently discovered connec-
tion between cardinal characteristics and algebra. The algebra involved concerns
the group II = Z® of infinite sequences of integers, the group operation being
componentwise addition. The “unit vectors” e,, consisting of a 1 in position n and
0’s elsewhere, generate a countable subgroup ¥ of II. Despite the fact that ¥ is
much smaller than II, Specker [12] proved that every homomorphism A : IT — Z is
completely determined by where it sends the e,’s; furthermore, any such A must
send all but finitely many e,’s to 0. Specker also proved the same results with
IT replaced by certain subgroups G. Noticing that all those G’s had, like II, the
cardinality of the continuum, Eda [7] asked whether II has subgroups G of smaller
cardinality than ¢ such that every homomorphism G — Z annihilates all but finitely
many ey’s. (The corresponding question for homomorphisms being determined by
where they send the ey,’s has a trivial affirmative answer, as one can take G = X.)
Eda proved that the answer to his question is independent of the ZFC axioms. To
state his result more precisely, let se be the smallest cardinality of any subgroup
G of 1I such that every homomorphism G' — Z annihilates all but finitely many
en’s. Eda’s proof of the consistency and independence of se = ¢ actually showed
that p < se < 0 (where p is a characteristic that I haven’t defined because it plays
only a minor role here). In [3], I showed that add(L) < se < b. The b part of this
result improves the 0 part of Eda’s since b < 0; the add(L) part is incomparable
with Eda’s p part since either of these two characteristics can consistently be larger
than the other.

The occurrence of add(L) in this result raises a question: What could Lebesgue
measure have to do with these group homomorphisms? The honest answer is “noth-
ing.” But Bartoszynski [2] has given the following combinatorial description of
add(L) that is relevant to the homomorphisms. Define a slalom to be a function
S assigning to each n € N a subset S(n) of N of cardinality n. We say that S
predicts a function f : N — N if f(n) € S(n) for all but finitely many n € N. Then
add(L) is minimum size of a family of functions f : N — N such that no single
slalom predicts them all.
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A different notion of prediction connects more directly to homomorphisms from
subgroups of II to Z. In this notion, the predictor P predicts for each n a single
value (rather than n values as predicted by a slalom), but it is required to make
predictions only for infinitely many n (rather than all n) and when predicting
a value at n it is allowed to use earlier values of the function being predicted.
More formally, such a predictor consists of an infinite subset D of N and, for each
n € D, a function P, : N* — N; it predicts f if, for all but finitely many n € D,
fn) = P(f | {0,1,...,n — 1}). The evasion number ¢ is defined to be the
minimum number of f’s such that no single predictor predicts them all; the linear
evasion number ¢; is the same except that one considers predictors where each
P, is a linear function N* — Q. Connections between these characteristics and
add(L) were used to prove that the latter is a lower bound for se. Subsequently,
Shelah [6] clarified the connections and produced an exact match (rather than just
inequalities) between the algebraic and combinatorial characteristics. He showed
that se = ¢; = min{e,b}. Meanwhile, Brendle [5], Eisworth (unpublished), and
Laflamme [8] have found other algebraic and combinatorial applications of e and
related cardinals. Here, as in many earlier situations, problems from quite different
parts of mathematics show essential similarities when one reduces them to their
combinatorial essence. Remarkably often, when problems are independent of ZFC,
that essence can be captured by a cardinal characteristic and connections between
problems can be captured by equations or inequalities between the corresponding
characteristics.
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