QUESTIONS AND ANSWERS —
A CATEGORY ARISING IN LINEAR LOGIC,
COMPLEXITY THEORY, AND SET THEORY

ANDREAS BLASS

ABSTRACT. A category used by de Paiva to model linear logic also occurs in
Vojtas’s analysis of cardinal characteristics of the continuum. Its morphisms
have been used in describing reductions between search problems in com-
plexity theory. We describe this category and how it arises in these various
contexts. We also show how these contexts suggest certain new multiplica-
tive connectives for linear logic. Perhaps the most interesting of these is a
sequential composition suggested by the set-theoretic application.

INTRODUCTION

The purpose of this paper is to discuss a category that has appeared
explicitly in work of de Paiva [18] on linear logic and in work of Vojtas |
] on cardinal characteristics of the continuu e call this category
in honor of de Paiva and Vojtas or ore infor ally in honor of Peter and
Valeria The sa e category is i plicit in a concept of any one reduction

of search pro le sin co plexity theory [1 ]

The o jects of are inary relations etween sets ore precisely they
are triples A where and are sets and
is a inary relation etween the e syste atically use the notation of

oldface capital letters for o jects the corresponding lightface letters for the
relation co ponents and su scripts and for the two set co ponents

orphis fro A to is a pair of functions
and such that for all and all
ote that the function with the inus su script goes ackward 0 po

sition of these orphis sis de ned co ponentwise with the order reversed
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on the inus co ponents and This
clearly de nes a category
The category is the special case of de Paiva s construction GC fro
[18] where C is the category of sets t is also the dual of Vojtas s category
of generali ed alois Tukey connections [ |
ntuitively we think of an o ject A of as representing a pro le  or
a type of pro le The ele ents of are instances of the pro le ie
speci ¢ uestions of this type the ele ents of are possi le answers and
the relation  represents correctness ie eans that is a correct
answer to the uestion
There are strong ut super cial si ilarities etween and a special
case of a construction due to hu and presented in the appendix of [ | and
ection of [ ] eaders unfa iliar with the hu construction can skip
this paragraph as it will not e entioned later peci cally hus con
struction applied to the cartesian closed category of sets and the o ject
yields a autono ous category in which the o jects are the sa e as those
of and the orphis s di er fro those of only in that they are
re uired to satisfy rather than just an i pli
cation fro left to right This apparently inor di erence in the de nition
leads to ajor di erences in other aspects of the category speci cally in the
internal ho functor and the tensor product ut see [1 | for a fra ework
that enco passes oth and the hu construction
n the next few sections we shall descri e how arose in various
contexts Thereafter we indicate how ideas that arise naturally in these
contexts suggest new constructions in linear logic
thank Valeria de Paiva for her helpful co  ents on an earlier version
of this paper

EDUCTIONS O EARC RO LE S

uch of the theory of co putational co plexity eg [1 ] deals with
decision pro le s uch a pro le is speci ed y giving a set of instances
together with a su set called the set of positive instances the pro le is to
deter ine given an ar itrary instance whether it is positive n a typical
exa ple the instances ight e graphs and the positive instances ight
e the colora le graphs n another exa ple instances ight e oolean
for ulas and positive instances ight e the satis a le ones
fro one decision pro le to another is a ap sending instances
of the for er to instances of the latter in such a way that an instance of the
for er is positive if and only if its i age is positive  learly an algorith
co puting such a reduction and an algorith solving the latter decision
pro le can e co ined to yield an algorith solving the for er
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There are situations in co plexity theory where it is useful to consider
not only decision pro le s ut also search pro le s search pro le is
speci ed y giving a set of instances a set of witnesses and a inary relation

etween the thepro le isto nd given an instance so e witness related

to it or exa ple the colora ility decision pro le entioned a ove
given a graph isit colora le can e converted into the coloring search
pro le  given a graph nd a coloring ere the instances are graphs

the witnesses are  valued functions on the vertices of graphs and the inary
relation relates each graph to its proper  colorings i ilarly there is
a search version of the oolean satis a ility pro le = where instances are
oolean for ulas witnesses are truth assign ents and the inary relation
is the satisfaction relation  otice that a search pro le is just an o ject A
of the set of instances eing and the set of witnesses
There is a reasona le analog of any one reduci ility in the context of
search pro le s reduction of to A should rst convert every instance
of  to an instance of A just as for decision pro le s
and then if a witness related to is given it should allow us using
and re e ering the original instance to co pute a witness related to
gain an algorith co puting such a reduction and an algorith solving
A can clearly e co ined to yield an algorith solving ost known
any one reductions etween P decision pro le s [1 ] i plicitly involve
any one reductions of the corresponding search pro le s
or ally a therefore consists of two functions
and such that for all and

This is nearly ut not uite the de nition of a orphis fro A to
The di erence is that in a orphis would have only not  as its
argu ent Thus orphis s a ount to reductions where the mnal witness
for is co puted fro a witness for without re e ering

This notion of reduction has een used in the literature [1 | ut
would not argue that it is as natural as the version where one is allowed to
re e er

These o servations lead to a suggestion that we record for future refer
ence

S

dual odi cation of the notion of orphis allowing  to have an
extra argu entin occurred in de Paiva s work [1 ] on a categorial version
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of odels ialectica interpretation work that preceded the introduction of
in [18]

INEAR O IC

The search pro le s o jects of and reductions  orphis s of
or generali ed orphis s as in uggestion 1 descri ed in the preceding
section are vaguely related to so e of the intuitions that underlie irard s
linear logic [11]  irard has written a out linear logic as a logic of uestions
and answers or actions and reactions [11 1 ] so it see s reasona le to
try to odel this idea in ter s of Iso the fact that in a any one
reduction of to A a witness for is produced fro exactly one witness
for A is re iniscent of the central idea of linear logic that a conclusion is
o tained y using each hypothesis exactly once n this section we atte pt
to ake these vague intuitions precise  ur goal here is to develop de Paiva s
interpretation of linear logic at least the ultiplicative and additive parts
the exponentials will e discussed rie y later in a step 7y step fashion that
e phasi es the naturality or necessity of the de nitions used

e intend to use o jects of as the interpretations of the for ulas of

linear logic This corresponds to irard s intuition that for any for ula
there are uestions and answers of type f course in addition to uestions
and answers o jects of also have a correctness relation etween the
t is reasona le to expect that one for wula linearly i plies another in a
particular interpretation if and only if there is a orphis in fro  the
0 ject interpreting the for er to the o ject interpreting the latter we
shall see this ore precisely later

To produce an interpretation of linear logic we ust tell how to interpret
the connectives and we wust de ne what it eans for a se uent to e true
in an interpretation

Perhaps the easiest part of this task is to interpret the additive connec
tives  and t see s to e universally accepted [ 1] that a reasona le
categorial odel of linear logic will interpret these as the product and co
product of the category ortunately has products and coproducts so
we adopt these as the interpretations of the additive connectives The result
is that with is interpreted as

where
if
if

plus is interpreted as



where
if
if
and the additive units are
1 and 1

where 1 represents any one ele ent set
These de nitions correspond reasona ly well to the intuitive eanings
of the additive connectives in ter s of uestions and answers or in ter s of
irard s action description of linear logic [1 | To answer a disjunction
is to provide an answer to one of and correctness eans that
confronted with uestions of oth types we answer one of the correctly
in the sense of or To answer a conjunction we ust give
answers for oth ut we are confronted with a uestion of only one type and
only our answer to that one needs to e correct The intuitive discussion of
conjunction in particular the fact that we ust give answers of oth types
even though only one will e relevant to the uestion ight ake etter
sense if we think of the answer as eing given efore the uestion is known
This is a rather strange way of running a dialogue ut it will arise again
later in other contexts and ve seen exa ples of it in real life
There is also a natural interpretation of linear negation since cf [11
1]  wuestions of type are answers of type the negation of and vice
versa e de ne

where

o linear negation interchanges uestions with answers and replaces the cor
rectness relation y the co ple ent of its converse Perhaps a few words
should e said a out the use of the co ple ent of the converse rather than
just the converse There are several reasons for this perhaps the ost intu
itive eing that we are after all de ning a sort of negation  nother way to
look at it is to think of a contest etween a uestioner and an answerer where
success for the uestioner is de ned to ean failure for the answerer cf the
discussion of challengers and solvers in [1 |  That s a good uestion often

eans that have no good answer or another indication that the given
de nition of is appropriate see the section on set theoretic applications

elow
athe atically the strongest reason for de ning as we did is that it
gives a contravariant involution of the category That is the operation
on o jects and the operation on orphis sde ned vy
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constitute a contravariant functor fro to itself whose s uare is the
identity This corresponds to the e uivalences in linear logic etween
and and etween and ere it is i portant that our
underlying universe of sets is classical n ore general situations of the sort
considered in [18] and need not e e uivalent

e turn now to a ore delicate atter the interpretation of the ulti
plicative connectives e egin with ti es irard s intuitive explanation

of the di erence etween the ultiplicative conjunction and the additive
conjunction in [1 ]is that the for er represents an a ility to perfor  oth
actions while the latter represents an a ility to do either one of the two ac
tions chosen externally  ooking ack at the interpretation of = we would
expect to odify it y allowing uestions of oth sorts rather than just one
and re uiring oth co ponents of the answer to e correct This operation
on o jects of is uite natural and occursin oth [18 and [ | e Paiva
uses the notation  for it although it is not the interpretation of irard s
connective  in her interpretation of linear logic in the categories GC of
[18]  t is the interpretation of in her earlier interpretation of intuitionis
tic linear logic in categories DC and the notation co esfro there Vojtas
used the notation  even though it is not the product in the category e
shall use the notation and regard it as a sort of provisional tensor product
or ally we de ne

where the relation is de ned vy
and

f course since we have already interpreted negation our provisional gives
rise to a dual connective the provisional par

where
or

To see why these interpretations of the ultiplicative connectives are only
provisional and ust e odi ed we turn to the uestion of soundness of
the interpretation This re uires of course that we de ne what is eant

y a se uent eing valid which presu a ly depends on a notion of se uents

eing true in particular interpretations ie with particular o jects as values
of the ato ic for ulas or si plicity we work with one sided se uents as
in [11] oase uentisa nitelist or wultiset offor ulas each interpreted
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as an o ject of ince a se uent is deductively e uivalent in linear logic
with the par of its e ers we interpret the se uent as the provisional
par ofits e ers ie asa certain o ject of o we ust specify what
we ean Yy truth of an o ject of and then we ust try to verify the
soundness of the axio s and rules of linear logic

There are two plausi le eanings for truth of A oth
saying intuitively that one can answer all the uestions of type A The di er
ence etween the two is in whether the answer can depend on the uestion

The rst provisional interpretation of truth allows the answer to depend
on the wuestion as one would pro a ly expect intuitively

The second stronger provisional interpretation is that one answer ust
unifor ly answer all uestions correctly

efore rejecting the second interpretation as unreasona ly strong one should
note that the two interpretations are dual to each other in the sense that A
is true in either sense if and only if its negation A is not true in the other
sense urther ore the second de nition ts etter with the idea that truth

of a se uent should ean the existence of a orphis fro to
f we speciali e to the case where is the ultiplicative unit 1 so that the
se uent eco es deductively e uivalent in linear logic with

and if we note that the unit for our provisional is 1 1 true then we
see that truth of  should e e uivalent to existence of a orphis fro
1 1 true to t is easily checked that existence of such a orphis is
precisely the second de nition of truth a ove t ight also e entioned
here that the second de nition atches the ideas ehind de Paiva s de nition
of the 1ialectica categories in [1 | for the ialectica interpretation produces
for wulas of the for not
inally as we shall see in a o0 ent each de nition has its own advan
tages and disadvantages when one tries to prove the soundness of linear logic
and eventually we shall need to adopt a co pro ise etween the The re
ark a ove a out the relationship etween and negation suggests
that either version of  used alone ight have di culties with the axio s
which say that linear negation is no stronger than it should e or
the cut rule which says that linear negation is no weaker than it should e
et us consider what happens if one tries to esta lish the soundness of the
axio s and cut for either version of
or the axio s we wish to show that A A is true for each o ject
A of n A A the wuestions are pairs where and
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and the answers are pairs where and
The answer is correct for the uestion if and
only if either or the latter eing the de nition of
viously any uestion is correctly answered y o A A
n the other hand we do not in general have A A since an easy

calculation shows that this would ean that in A either so e answer is
correct for all uestions or so e wuestion has no correct answer There
are of course easy exa ples of A where this fails the si plest is to take
and if one insists on non e pty sets then the si plest is
1  with  eingtherelation of e uality o for the soundness

of the axio s works properly ut does not

ow consider the cut rule e wish to show that if A and C A
are true then so is C f we interpret truth as then this is easy
uppose correctly answers all uestions in A and correctly
answers all uestions in C A  we clai that correctly answers all
uestions in C ndeed if were a counterexa ple then is
not correct for and is not correct for yet is correct for and
is correct for where the four occurrences of correct refer to
C A and C A respectively ut then we ust have y de nition
of  that correctly answers in A and that correctly answers in
A That isi possi le y de nition of so the cut rule preserves
nfortunately it fails to preserve The easiest counterexa ples occur
when oth and C have wuestions with no correct answers ut and
are non e pty Then "~ C is not true so the soundness of the cut
rule would re uire that at least one of A and C A also fail to e
true That eans that either A or its negation ust have a uestion with
no correct answer ie in A either so e answer is correct for all uestions or
so e uestion has no correct answer ince that is not the case in general
we conclude that the cut rule is unsound for

u  ari ing the preceding discussion we have

1 fwede ne truth allowing answers to depend on uestions then
the axio s of linear logic are sound ut the cut rule is not
f we de ne truth re uiring the answer to e independent of the ues
tion then the cut rule is sound ut the axio s are not

ortunately there is a way out of this dile a  onsider the dependence of
answers on uestions that was needed to o tain the soundness of the axio s
t rst sight it is an extre ely strong dependence indeed the answer
is except for the order of co ponents identical to the uestion ut
the dependence is special in that each co ponent of the answer depends only
on the co ponent of the uestion



A I A A W

ather surprisingly this sort of cross dependence also akes the cut rule
sound To see this suppose that oth A and C A are true in this new

sense That is there are functions and such
that for all and
1 or
and si ilarly there are and
such that for all and all
or
Then we clai that and satisfy for all
and
or
which eans that  C is true in the cross dependence sense To verify
the clai  let such and e given f then i plies
f then 1 i plies o the

clai is true in either case and we have veri ed the soundness of the cut
rule
y allowing the answer in one co ponent of a se uent to depend on
the wuestions in the other co ponents ut not in the sa e co ponent this
cross dependence notion of truth akes crucial use of the co  asin a se
uent to distinguish the co ponents ut linear logic re uires y the intro
duction rules for ti es and especially for par that the co  asin a se uent
ehave exactly like the connective 0 it see s necessary to uild cross
dependence into the interpretation of this connective This will lead to the
correct de nition of the ultiplicative connectives introduced y de Paiva
[18] replacing the provisional interpretations given earlier
The par operation on o jects of is de ned asin [18] y

where
or

This operation is the o ject part of a functor the action on orphis s
eing and t is easy to check that
is associative up to natural iso orphis n the par of several o jects
uestions are tuples consisting of one uestion fro each of the o jects and
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answers are tuples of functions each producing an answer in one co ponent
when given as inputs uestions in all the other co ponents

e also interpret co  as in se uents as the new rather than
This change in the interpretation of the co  as akes ehave like the
cross dependence notion of truth descri ed earlier To see this note that
re uires the existence of a single answer correct for all uestions at once ut
the new allows that answer to consist of functions where y each co ponent
of the answer can depend on the other co ponents of the uestion e
therefore adopt as the mnon provisional de nition of truth and fro
now on we write it si ply as The previous discussion shows that the
axio s and the cut rule are sound e so eti esrefer to an answer that is
correct for all uestions in an o ject A as a ofthe pro le A o
truth eans having a solution

f course the new interpretation of par gives y duality a new inter
pretation of ti es

where
and

This connective was called  in [18]  The units for the ultiplicative
connectives are 1 11 true and 1 1 false where true and false
represent the o vious relations on a singleton The lineari plication

de ned as is

where

[ ]

otice that a solution of A is precisely a orphis A in
This indicates that the de nitions of the ultiplicative connectives and
of truth though not i  ediately intuitive are proper in the context of the
category
The elief that these de nitions are reasona le is reinforced y de Paiva s
theore [18] that the ultiplicative and additive frag ent of linear logic is
sound for this interpretation er theore actually covers full linear logic
including the exponentials ut we have not yet discussed the interpretation
of the exponentials
inear logic is not co plete for this interpretation or one thing the
interpretation validates the ix rule f A and are oth true then so is
A Iso the interpretation satis es all for ulas of the for
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a special case of weakening eneral weakening is not satis ed
for a counterexa ple take to ee pty while all of are non
e pty

The interpretations of and re ain in spite of their success at odel
ing linear logic rather unintuitive This is attested y the fact that de Paiva
[18] while using to interpret the ultiplicative conjunction calls it and
reserves the sy ol for the ore intuitive construction that called

Vojtas [ ] also discusses  calling it ut never has any use for ince
~ see s uch ore natural than the correct it should have its own
place in the logic

S

I RESSION ON A E E ANTICS

t the suggestion of the editors give in this section a short survey of
y previous work [ | on interpreting linear logic y ga es and suggest
so e connections etween that interpretation and de Paiva s interpretation
in the category This section can e skipped without loss of continuity
The pro le  which caused such di culty in the preceding section whe
ther truth should re uire one unifor answer for all uestions or possi ly
di erent answers for di erent uestions versus can e regarded as
the pro le whether the answer should e given efore or after the uestion
is known ne could regard an o ject of as an inco plete speci cation of
a dialogue etween the uestioner and the answerer the speci cation would
e co pleted y saying who is expected to speak rst nce this idea is
introduced it is natural to consider ore co plicated dependences etween
what the two speakers say or exa ple one can envision a uestion con
sisting of two co ponents the rst of which is asked efore the answer the
second after f the intuitive description of se uential co position in the
next section  uch dialogues of length greater than two arise naturally when
one interprets the additive connectives The dialogue for A should egin
with the uestioner deciding which of A and to discuss and the dialogue
for A should egin with a si ilar decision y the answerer ialogues for
deeply nested iterations of the additive connectives should therefore involve
long alternations etween the two speakers
a ese antics in the sense of | | interprets the for ulas of linear logic
as ga es ie as rules for conducting dialogues and for deter ining which
of the speakers called players in this context wins n the si ple dia
logues where each player speaks only once the answerer wins if his answer
is correct for his opponent s uestion and the uestioner wins otherwise
dditive connectives are handled as descri ed a ove and linear negation
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si ply interchanges the roles of the two players  ultiplicative connectives
are ore co plicated The dialogue for A consists of two interleaved
dialogues omne for each of the constituents A and with the uestioner
allowed to decide when to switch fro one constituent to the other and with
the answerer re uired to win oth constituents in order to win the co
pound A is si ilar with the roles of the two players interchanged The
dialogue for A consists of a potential in nity of interleaved dialogues for A
with the uestioner deciding when to switch fro one to another with the
answerer re uired to win all constituents in order to win A and with an
additional coherence constraint on the answerer
t is proved in [ | that a ne logic ie linear logic plus the rule of weak

ening is sound for this se antics There is a co pleteness theore for the
additive frag ent when dialogues are allowed to e in nitely long  ut not
for the ultiplicative frag ent u se uently ra sky and agadeesan [1]

ade su stantial odi cations in the ga e se antics to o tain co plete
ness and ore for wultiplicative linear logic plus the ix rule and further

odi cations y yland and ng [l ]eli inated the need for the ix rule

nfortunately these odi cations no longer work as well with the additive
connectives

There is another way to connect ga ese antics and the uestion answer

approach for ali ed in nstead of regarding the uestions and answers
of the latter approach as individual oves of the players in a very short
two oves ga e one can regard the uestions and answers as strategies
for the two players in a longer ga e This point of view ay ake the cross
dependence in de Paiva s interpretations of the ultiplicative connectives

ore intuitive f we think of as a set of strategies for the answerer
in ga e A and as a set of strategies for the uestioner in then the
ele ents of are strategies for the answerer in A that take into account
what the uestioner is doing in They take it into account unrealistically
well  aking use of the entire strategy of the uestioner rather than just the

oves already ade y the uestioner on the asis of this strategy ut at
least this line of thought indicates that cross dependence of the sort used
to interpret and in is not entirely un otivated fro the ga e
se antical point of view

ARDINAL ARACTERISTICS O T E ONTINUU

e egin this section y introducing a few just enough to serve as ex

a pleslater of the any cardinal characteristics of the continuu that have
een studied y set theorists topologists and others or ore infor ation
a out these and other characteristics see [ | and the references cited there
Il the cardinal characteristics considered here and al ost all the others
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are uncounta le cardinals s aller than or e ual to the cardinality
of the continuu o they are of little interest if the continuu hypothesis
holds ut in the a sence of the continuu hypothsis there are any
interesting connections usually in the for of ine ualities etween various
characteristics  There are also independence results showing that certain
ine ualities are not prova le fro the usual axio s of set theory Part
of the work of Vojtas | | on which this section is ased can e viewed as
a way to extract fro the ine uality proofs infor ation which is of interest
even if the continuu  hypothesis holds

D f and are su sets of  we say that if oth
and are in nite The is the s allest cardi

nality of any fa ily of su sets of such that every in nite su set of is

split yso eele ent of The also called the

or is the s allest cardinality of any fa ily  of in nite

su sets of such that no single set splits all the sets in is the s all

est cardinality of any fa ily  of in nite su sets of such that for any
counta ly any su sets of so esetin is not split y any

These cardinals arise naturally in analysis for exa ple in connection
with the ol ano eierstrass theore = which asserts that a ounded se
uence of real nu  ers has a convergent su se uence straightforward di
agonal argu ent extends this to show that for any counta ly any ounded

se uences of real nu ers there is a single in nite

such that the su se uences indexed vy all converge f one

tries to extend this to uncounta ly any se uences then the rst cardinal

for which the analogous result fails is Iso  isthes allest cardinality of

any fa ily  of in nite su sets of such that for every ounded se uence
there is a convergent su se uence with There is

an analogous description of  where the se uences are re uired to

have only nitely any distinct ter s or ore infor ation a out these
aspects of the cardinal characteristics see | ]

D function another such function
if for all ut nitely any The
is the s allest cardinality of any fa ily such that every
is do inated y so e The is the s allest
cardinality of any fa ily such that no single do inates all the
e ersof

The known ine ualities etween these cardinals and and
are



and

t is known that any further ine ualities etween these cardinals are inde
pendent of except that it is still an open pro le whether is
prova le
The connection etween the theory of these cardinals and the category
discussed in previous sections eco es visi le when one considers the
proofs of so e of these ine ualities so we shall prove the two non trivial
ut well known ones and n each case only the rst of the
two paragraphs in the proof is relevant to so the reader willing to take the
rst paragraph on faith can skip the justi cation in the second paragraph

There is a ap sending every do inating
fa ily as in the de nition of  to a splitting fa ily as in the de nition
of n fact one can associate to each in nite a function

such that if do inates then splits
iven  to de ne partition into a se uence of intervals |

[ such that for each is at  ost one interval eyond

it s trivial to de ne such s 7y induction and let e the union of
the even nu  ered intervals e ne to send each to the next
ele ent of greater than f if do inates if sareasin
the de nition of and if is large enough then the ele ent 1
of  lies in the interval | o eets all ut nitely any of the
intervals [ and is therefore split y

There is a function sending every un
splitta le fa ily as in the de nition of to an undo inated fa ily as
in the de nition of n fact one can associate to each a set

such that if does not split then does not do inate

The sa e and as in the preceding proof will work as the proper
ties re uired of the here are logically e uivalent to the properties re uired
there

n the notation of the preceding sections the pair in the rst of
these proofs is a orphis in fro is ajoried y to

is split y n the second proof we used the i age of this under
na ely that is a orphis fro does not split to
does not ajori e 1 oth cases the cardinal ine uality follows

fro the following general fact e ne for each o ject A of the
A as the s allest cardinality of any set of answers su cient to
contain at least one correct answer for every uestion in unde ned if

there is no such set ie ifso e uestion has no correct answer ie if A is
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true Then the existence of a orphis A i pliesthat A

ecause sends any set of the sort re uired in the de nition of A to one
as re uired for hat called the nor of A is in Vojtas s notation
[ ] Vojtas s is A

tisan e pirical fact that proofs of ine ualities etween cardinal charac
teristics of the continuu usually proceed y representing the characteristics
as nor s of o jects in and then exhi iting explicit orphis s etween
those o jects This fact is explicit in Vojtas s | | and i plicit in | ]
t applies even to trivial ine ualities like where the re uired or
phis  fro is do inated y to does not do inate con
sists of identity aps on oth co ponents as well as to ine ualities uch
deeper than the exa ples proved a ove see for exa ple the presentation
in [ ] of artos ynskis theore [ |that thes allest nu er of eager sets
whose union is not eager is at least as large as the corresponding nu er
for  easure ero in place of  eager

t is te pting to regard the existence of a orphis A as a strong
for wulation of the ine uality A that is signi cant even in the pres
ence of the continuu hypothesis which akesine ualities etween cardinal
characteristics trivial as these cardinals lie etween  and inclusive The
situation is however not uite so si ple y student lga iparaki has
shown that in the presence of the continuu hypothesis or certain weaker
assu ptions there are orphis sin in oth directions etween any two
o jects that correspond as in | | to cardinal characteristics of the con
tinuu Those orphis s however are highly non constructive whereas
those used in the usual proofs of cardinal ine ualities are uite explicit ¢
therefore see s likely that a strengthening of these cardinal ine ualities that
retains its signi cance in the presence of the continuu hypothesis is to
re uire not erely the existence of orphis s ut the existence of nice

orphis s say ones whose co ponents are orel appings

The linear negation de ned on gives a precise version of an intu
itive duality in the theory of cardinal characteristics n that theory
one often refers to the cardinals A and A  as eing dual to each
other see for exa ple the introduction to [1 | n cardinals this is not
well de ned for two o jects can have the sa e nor while their nega
tions have di erent nor s ut it is the shadow in the world of cardi
nals of the well de ned linear negation in t ay e worth noting
in this connection that does not split whose nor is and

has no co ponent that splits whose nor is have nega

tions oth of nor

n addition to ine ualities of the sort discussed a ove which relate two
cardinal characteristics of the continuu  there are a few theore s that re
late three occasionally even four of the e consider one relatively easy
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exa ple here since it leads to an idea that should connect to linear logic
The exa ple concerns a seys theore [ | which asserts in a si ple
for  that whenever the set [ | of two ele ent su sets of is partitioned
into two pieces then there is an in nite that is ho ogeneous in the
sense that all its two ele ent su sets lie in the sa e piece of the partition
The cardinal was de ned in | | as the s allest cardinality of a fa ily
of in nite su sets of such that for every partition of [ | asin a seys
theore aho ogeneous set can e found in t was shown in | | that this
cardinal is ounded elow y ax and a ove y ax The lower
ound a ounts to two ordinary ine ualities and oth of
which were proved y exhi iting orphis s etween the appropriate o jects
of The upper ound genuinely relates three cardinals and we wish to
ake so eco ents a out its proof so we egin y sketching the proof

ax ix afa ily of su sets of such that no
counta ly any sets split all the sets in ithin each set X
afa ily of sets such that no single set splits the all lso x a
fa ily of functions do inating all functions or each for
each and for each choose a su set of so
thin that if are in  then e clai that the fa ily ofall
these s which clearly has cardinality ax since contains
al ost ho ogeneous sets for all partitions of [ ] into two parts 1 ost

ho ogeneous  eans that the set eco esho ogeneous when nitely any
of its ele ents are re oved ince we can close  under such nite changes
without increasing its cardinality the clai co pletes the proof
To prove the clai  let [ | e partitioned into two parts  or each
natural nu er let consist of those for which is in the rst
part y choice of it contains a set  unsplit y any et e
so large that all with have in the sa e piece of the
partition and let e the set of for which this is the rst piece  hoose
unsplit y  and do inating t is then easy to check
that is al ost ho ogeneous for the given partition

To discuss this proof in ter s of we introduce the natural o jects
of whose nor s are the cardinals under consideration or ne onic
purposes we na e each o ject with the capital letter corresponding to the
lower case letter na ing the cardinal

HOM [ ]

where is the relation of al ost ho ogeneity eans that
is al ost ho ogeneous for the partition

D is do inated y
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R does not split
R has no co ponent that splits

The structure of the preceding proof is then as follows ro a uestion
in HOM we rst produced a uestion in R sing an answer
to this uestion and also using again the original uestion we produced

uestions in Dand inR ro answers and to these wuestions
along with the previous answer we nally produced an answer  to the
original uestion in HOM

This can e descri ed as a orphis into HOM fro a suita leco i

nation of D R and R ut the relevant co ination is a it di erent fro
what we have considered previously The part of the construction involving
D and R is just the provisional tensor product ~ that is we had a uestion

in D R and we o tained an answer for it  trictly speaking
we used a version of Ron rather than on ut we shall ignore this detail
The novelty is in how D R is co ined with R or what we produced
fro was a uestion in R together with a function converting answers to
this uestion into uestions in D R This thing that we produced ought
to e a wuestion in the o ject that is eing apped to HOM  n answer
in that o ject ought to e what we used in order to get the answer  for
HOM na ely

otivated y these considerations we de ne a connective denoted y a
se 1colon to suggest se uential co position as follows

where
and

Thus a uestion of sort A consists of a rst wuestion in A followed y a
second uestion in  that ay depend on the answer to the rst correct
answer consists of correct answers to oth of the constituent uestions Thus
se uential co position can e viewed as descri ing a dialogue in which the
uestioner rst asks a uestion in A is given an answer selects on the asis

of this answer a uestion in and is given an answer to this as well

The proof of ax exhi itsa orphis fro R D R
to HOM The cardinal ine uality follows fro the existence of such a or
phis  since one easily checks that the operations on in nite cardinal nor s
corresponding to the operations and are othsi ply ax

The se uential co position of o jects of occurs repeatedly in the
proofs of ine ualities relating three cardinal characteristics typical ex
a ple is the proof that the ini u nu er of eager sets of reals with a
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non eager union is the s aller of and the ini u nu er of eager
sets that cover the real line [1 | Vojtas [ ] descri es the strategy for
proving such three way relations etween cardinals in ter s of what he calls
a ax indiagra  This diagra a ounts exactly toa orphis fro the
se uential co position of two o jects to a third o ject n other words se
uential co position is the rei cation of the ax in diagra as an o ject
of
e uential co position also see s a natural concept to add to linear
logic fro the co putational point of view inear logic is generally viewed
as a logic of parallel co putation ut even parallel co putations often have
se uential parts so it see s reasona le to include in the logic a way to de
scri e se uentiality These ideas are not yet su ciently developed to support
any clai s a out se uential co position as de ned in the odel eing
the or a right way to do this n addition to se antical interpretations
one would certainly want good axio s governing any se uential co position
connective that is to e added to linear logic and one would hope that so e
of the pleasant proof theory of linear logic would survive the addition  uch
re ains to e done in this direction

S

ENERALI ED ULTI LICATI E ONNECTI ES

The previous sections have led to three suggestions of natural connectives
to add to linear logic ctually uggestion 1 concerned not a connective ut
a odi ed notion of orphis ut such a odi cation should correspond
to a reinterpretation of  and therefore of and as well The suggested
new connectives are all analogous to the ultiplicatives in that oth the set
of uestions and the set of answers are cartesian products  or the additive
connectives one of the two sets was a disjoint union The factors in these
products are either sets of uestions or answers fro the constituent o jects
or else sets of functions fro  uestions to answers or vice versa  ith these
preli inary co  ents it see s natural to descri e general ultiplicative
conjunctions cousins of  as follows

operates on o0 jects A A of

to produce an o ject C where and where
consists of  tuples of functions where aps so e product of S
into hich s occur in the do ain of which s is given y the
speci cation of the particular connective n answer is correct for a
uestion if each correctly answers in A the wuestion o tained vy

evaluating  at the relevant s
or exa ple is a generali ed ultiplicative conjunction for which
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and each  has do ain for the di erent fro i ilarly we
o tain  if the do ains of the s are taken to e e pty products ie
singletons no is relevant to any e uential co position is o tained y

having  depend on no argu ents while  has an argu ent in
ual via to generali ed ultiplicative conjunctions are generali ed
ultiplicative disjunctions ere the answers are allowed to depend on so e
uestions rather than vice versa exactly which dependences are allowed is
the speci cation of a particular connective and correctness eans correct
ness in at least one co ponent rather than in all
To avoid possi le confusion we stress that the generali ation of the wul
tiplicative connectives proposed here is uite di erent fro that proposed y
anos and egnier [8] The anos egnier ultiplicatives can correspond to
any di erent classical connectives whereas ine correspond only to con
junction and disjunction  ne could of course consider co ining the two
generali ations ut we do not atte pt this here
There are non trivial conjunction and disjunction connectives
The conjunction is given y

where

The dual disjunction is

where

These operations were called and in [18]
The odi ed concept of orphis fro A to in uggestion 1 where

aps rather than just into a ounts to a orphis
in the standard sense fro A to This concept of orphis thus
gives rise to the leisli category of with respect to the onad e

have de ned only on o jects ut it is routine to de ne it on orphis s
and to descri e its onad structure

e Paivas ialectica category [1 | uilt over the category of sets has
as orphis s A the orphis s A t is dual via to
the category in the preceding paragraph and is the co leisli category of the
co onad see [18 Prop |

The connective also provides a way to reinstate the notion of truth

that was discarded when we replaced the provisional and  with the nal
versions ndeed A holds if and only if A
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ONENTIALS

irard has pointed out that the exponential connectives or odalities
and unlike the other connectives are not deter ined y the axio s
of linear logic ore precisely if one added to linear logic a second pair of
odalities say and su ject to the sa e rules of inference as the original
pair then one could not deduce that the new odalities are e uivalent to
the old everal versions of the exponentials could coexist in one odel of
linear logic
provides an exa ple of this pheno enon e Paiva [18] gave an
interpretation of the exponentials in which is a co ination of the unary
conjunction de ned a ove and a construction where ultisets of ues
tions are regarded as uestions and a correct answer to  is a single answer
that is correct for all the uestions in either nor alone can serve
as an interpretation of nother interpretation of the exponentials in
validating the exponential rules of linear logic is given y

1

where 1 is a singleton say and

and its dual

where

ntuitively a uestion of type A na ely a ounts to all wuestions of
type A a correct answer in A  ust correctly answer all uestions in A
si ultaneously

t is easy to check that irard s rules of inference for the exponentials
are sound for this si ple interpretation
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