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by induction on i, elements x. E C. such that 
1 1 

f(x.) fJ. {f(x.) Ij < i} 
1 J 

this is possible because 

Card{f(x.)lj < i}':::; Card(i)·< fC = Cardf(C.)
J 1 

Then, if x = {x. Ii < fC}, f ~ X is obviously one-to-one. Furthermore, 
1 

by choosing the enumeration {c. Ii < K} so that each C. is also C. 
1 1 J 

for fC different values of j, we can ensure that Card(X n C.) = fC 
1 

for all i < fC. Hence, there is a uniform ultrafilter D;2 F U {X} . 

So D E U, and D E X~ Vf . 

Therefore is dense and· 1\ V is comeager. But this
f l:fC-+K: f 

set is precisely the set asserted to be comeager in the theorem. 0 

To show why the ultrafilter s considered in this theorem are of 

interest, we prove the following. (See also Section 10. ) 

PROPOSITION 4. Let D be a uniform ultrafilter on K:. The following 

are equivalent. 

\.. 
(1) For every f: K: -+ f(, there is an A E D such that 

Card(f(A)) < K: or. f ~ A is one-to-one. 
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(2) D is a minimal element of RK(I(). 

Proof: Statement (2) says that, for any map f of I( into any set, 

either f(D) fl. RK(K) or f(D) = D , i. e., either size f(D) < K: or 

f(D) :: D. The former pos sibility means that, for some A E D 

Card f(A) < I( (see Lemma 2.2(1)); the latter pQssibility means that, 

for some A ED, f ~ A is one-to-one (see Corollary 2.6 and 

Proposition 2 .. 7). Since it is clearly no loss of generality to assume 

X = K: (if necessary, compose f with an injection f(I() ..... K: ), (2) is 

equivalent to (1). 0 

Remark 5. We shall sometimes refer to D, rather than D, 

as minimal in RK(I(). We shall. also speak of minimal elements of 

RK; we mean minimal elements of RK - {O}. (Recall that 0 is the 

least element of RK.) A non-principal ultrafilter D is minimal if 

and only if every function on Un(D) is constant or one-to-one on a set 

in D. (The proof is like that of the last proposition.) Notice that, by 

Proposition 4.4, if D IS minimal, it is size(D)-complete, so 

size(D) is either w or a measurable cardinal. Any ultrafilter 

minimal in RK(w) is minimal (clearly), but for measurable K: 

there may exist ultrafilters minimal in RK(I() but not ~l- c~mplete 

(see Corollary 8 below), hence surely not minimal. 



COROLLARY 6. The set of ultrafilters on K minimal in RK(K) is
 

comeager. 0
 

COROLLARY 7. The set of K+-good ultrafilters on I<: which are
 

minimal in RK(I<:) is comeager. 0
 

COROLLARY 8. Assume FRH(I<:). There are 221<: I<:+-good (hence
 

I<: - regular and countably incomplete) ultrafilters on I<: which are
 

minimal in· RK(I<:). RK(I<:) has 221<: distinct (as eguivalence classes)
 

minimal elements consisting of I<: + - good ultrafilters.
 

Proof: For the last as sertion, recall that each equivalence clas s has at
 

most 21<: elements. 0
 

COROLLARY 9. Assume FRH(w). RKlw)has exactly 22
W 

minimal
 

elements. There are 22W P-points on W. 0
 

Proof:· For the last assertion, observe that any ultrafilter minimal in
 

RK(w) is clearly a P-point. 0
 

Note the contrast between the present results, which say that "most 'l 

uniform ultrafilters on I<: are minimal in RK(I<:) , and 5.8(3), 5.10, 

5.11, which say that there are a great many non-minimal (in fact very far 

from minimal) uniform ultrafilters on K. 
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§9. P-points. In the preceding section, the existence of P-points 

was obtained as an inunediate corollary of the existence of minimal 

ultrafilters in RK(w). For all we have shown so far, it might be that 

all P-points are minimal, or perhaps that all uniform ultrafilters on 

countable sets are P-points. The .latter possibility is easily disposed 

. of by means of the following counter- example. On w. X w, the sets 

A(f, n) = {(x, y) Ix > nand y > f(x)} 

for n < wand f: W -t w, form a filterbase ~. If 'IT: W X W -t W 

is projection to the first factor, then any set B on which 'IT is 

constant, say B f;; {a} X w, is disjoint from A(f, a + 1) for arbitrary 

f, and any set B on which 'IT is finite-to-one is disjoint from 

A(f,O) where f(x) = max{y I(x, y) E B}. Hence, no ultrafilter 

containing ~ can be a P-point. (Another proof, using topological 

methods, is in Rudin [14].) The possibility that all P-points are 

minimal has also been disproved, assuming CH, by Booth 

[2, Theorem 1.11]. The ~xistence of non-minimal P-points will also 

follow from the main results of this section. 

We begin wit}:l a proposition whose main purpose is to justify the
 

name P-point; see Gillman-Jerison [6, Exercise 4L].
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PROPOSITION 1. Let D E f3w - w. D is a P-point if and only if, in 

f3w - w, every Go-set containing D is a neighborhood of D. 

Proof: We remind the reader that the use of the notation f3w - w , rather 

than unif(w), means that we are using the standard (Stone- Cech)" 
topology. 

Suppose D is a P-point and A 1S a Go-set, say 

A =0- A., containing D. For each i < w, choose a basic open
I il<w 1 

'" set G. 
1 

G. e w. Let 
1­

f:W-;:'w+1 n ----? lJi{n rt G.) if nrt0 G. 
1 1<W 1 

W if nEn G. 
1<W 1 

As D is a P-point, f is finite-to-one or constant on some BED 

If B ~ f-\i) for some i < w, then B and G. are disjoint sets 
1 

in D, a contradiction. If 

-1 (\
Bef (w) =(} G. 

- 1< W 1 

then 

(1) D E :Be ner. eA 
. 1 
1< W 

and A is a neighborhood of D. If f is finite-to-one on B, then, 



56
 

for each i 

B - G = {n E B In rt. G } S B n f-
l

{O, 1,' .. ,i}
i i 

is finite, so any uniform ultrafilter which contains B also contains 

G. Therefore (1) holds again, and A is a neighborhood of D in 
1 

f3w - w . 

. Conversely, suppose any G -set containing D is a neighborhoodo 
of D, and suppose f: w ... w is not constant on any set of D. Then, 

for each nEw, 

A = {k If( k) > n} E D 
n 

So A and, by assumption, there is a set B ~ w such thatDEn
nEw n 

DEBCnA - n 
nEw 

Thus, BED, and, for each n, every uniform ultrafilter containing 

B also contains A Hence B - A is finite, and f is finite­
n n 

to-one on B. Therefore, D is a P-point. 0 

We now turn to the cpnstruction of P-points with further special 

properties (including non-minimality). These constructions are by 

transfinite induction, but they are a bit more subtle than the construction 
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sUITlInarized by the Baire category theoretn. It is, rf. course, clear 

that we cannot obtain non-tninitnal ultrafilters by a direct application 

of the Baire category theoretn, for the set of non-tninitnal ultrafilters 

on W is tneager. We shall need the following letntna for the 

construction of sp.ecial P-points. 

LEMMA 2. Assutne CH. Suppose C is a nonetnpty closed subset 

of f3w - w \Yith the property that, whenever a G - set tneets C, its 
o 

interior also tneets C. Then C contains a P-point. (It suffices to 

consider Go-sets of the fortn nEIBB with a countable.) 

Proof: The nutnber of Go-sets of the fortn ()EaB with a countable 

is 2
w=w+; let {Xili<W+} be the set of all such Go-sets. We 

define inductively nonetnpty closed sets C. = C n:6. for certain 
1 1 

B. S· w, such that i < j => C :::> C We begin by taking Co = C = C n w 
1 i - j 

1£ O! is a litnit ordinal <w+ and is defined for all 

f3 < O!, then 

because it is a nested intersection 'of nonetnpty cotnpact sets. By hypothesis, 

" there is a basic open set B (B c W) such that a. a. ­

and B" nc=!=(/>
O! 
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" This is closed (because B is), nonempty,We define 
ex 

and S C~ fo r all {3 < ex If ex is a successor, {3 + 1 

.. 
C{3 =C n B is already defined, and X~ n C{3 = (/J let 

13 

But if 

then, by hypothesis, we can find B ew such that cnB f;(/J and ex ex 

C = C n B This completes the definition of the 
ex ex 

decreasing sequence C By compactness, there is a DEn +C ;ex I et<w ex 

obviously DECo = C, and I claim that D is a P-point. If X is 

any Ga-set containing D, then, for some i < w+, D E X. ex. 
1 

(Replace the open sets whose intersection is X by basic open subsets 

containing D.) Thus DEC. n X., and C. 1 was defined as 
1 1 1+ 

" C n ,B. l' where B "- ex Therefore, 
1+ i+l- i 

I 

and X is a neighborhood of D, as claimed. 0 

Restating the lemma in non-topological language, we obtain 

COROLLARY 3. Assume CH Let F be a filter on W containing 

all cofinite sets. Assume that, for every decreasing seguence 

y ::J Y ::J Y ::J... of sets Y. each of which meets every set in F,0- 1- 2- 1 ­



1 
there is a set S, meeting every set in F, and such that S - Y. is 

finite for all i < w Then there is a P-point containing F. o 

Obviously the lemma and its corollary apply to all countable sets, 

not just to w. 

THEOREM 4. Assume CH. For every P-point D, there is a 

P-point E> D 

Proof: Without loss of generality, assume Un(D) =w. Let 

11' : W X W -+ W be the first" projection. For any set AS w X w, define 

fA : W -+ W + 1 by 

-1 
= Card{A n 'IT (n)) = Card{y !(n, y) E A} 

Let F be the family of all sets A~wxw such that f iswxw-A 

bounded by some n < W on some set in D. It is trivial that F is 

a filter on W X W containing all cofinite sets. 

We shall verify that F satisfies the assumptions of Corollary 3. 

Let be a sequence of sets such that each Y. meets 
1 

every set in F. If we let f. = fy ., this assumption means that each 
1 1 

of the f. is not bounded by any n < w on any set of D. Let 
1 

h(k) = {J.ln < k)f (k) < n 
n 
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(For the ",,-notation, see Shoenfield [15, p. 112]; h(k) = k if 

('lfn < k)f (k) > n .) Thus,
n ­

(1) k > 1 => h(k) > 1 and ~(k)-l(k) ~ h(k) - 1 

-1 
Suppose h were constant on a set of D, say h (a) ED. Since 

D is non-principal, 

A ::: {x Ix > a and h(x) = a} E D 

The definition of h shows that, for x E a, f (x) < a, contradicting the fact 
a 

that f is not bounded 'by any finite number on any set of D. So h 
a 

is not constant on any set of D, and, because D is a P-point, 

h is finite-to -one on some set A E D Without loss of generality, 

say 0 r£ A. For each x E A, (1) and the definition of f show 
n 

that there is a set S of cardinality h(x) - 1 such that 
x 

For x r£ A, let S = (/J. Let 
x 

= lJkx} X S ) 
xEA~1 x 

I claim that S has the properties required by the hypothesis of 

Corollary 3. 
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First, for each n, 

Card S 
n

= h(n) - 1 if nEA 

= D if nrtA 

Hence, the set 

-1 IfS {D,1"",k-1}nA = {xEAh(n).:::;k} 

is finite (because h is finite-to-one) and thus not in D. But A ED, 

so 

-1
f {D, ... , k - I} rt D
S 

We have shown that f is not bounded by any k < w on any set ofS 

D. Therefore, S meets every set of F. 

Second, if h(x) > n, then 

{x} X S_ ~ Yh , ) 1 ~ Y 
X 'x - n 

so 

'S - Y c (lAJ {x} X S ) - (hU() {x} X S )n - xtA x x >n x 

= . ~ ({x} X Sx ) 

and h(x),:::;n 
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Since h is finite-to-one on A and each S is finite, S - Y is 
x n 

contained in a finite union of finite sets, hence is finite. 

Thu~, Corollary 3 applies, and there is a P-point E:::> F If 

BED, then f xw _rr- 1(B) is identically zero on B, so w 
-1 

rr (B) E F ~ E Thus rr(E) = D and E ~ D Furthertnore, if 

A ~ w X w is such that rr ~ A is one-to-one, then fA takes only the 

values 0 and 1, so 

wxw-AEF~E 

and A (/. E. Since rr is not one-to-one on any set of E,
 

[rr] E : E .... D is not an isotnorphistn, by Proposition 2. 7. By Corollary 2.6,
 

D fE, so E > D. 0
 

COROLLARY 5 (Booth[2]). Assutne CH. There are non-tninitna1
 

P-points. 0
 

COROLLARY 6. Assutne CH. There are increasing W - sequences of
 

P-points. In fact, every P-point is the first tertn of such a seguence. 0
 

We shall see, in Chapter IV, that the set of P-points is not directed; 

in fact there are two tninitna1 ultrafilters no cotntnon upper bound of 

which is a P-point (as suming FRH(w)). 



63
 

PROPOSITION 7. If D is non-principal, E is a P-point, and 

D.5 E, then D is a P-point. 

Proof: Size(D) =w by Proposition 4.1. Suppose f(D) is non-principal, 

and let D = g(E). Then fg(E) = f(D) is non-principal, so, as E is 

a P-point, fg is finite-to-one on some set A E E. But then f is 

finite-to-one on g(A) ED. 0 

THEOREM 8. Assume CH. There is a set" of P-points which, with 

the Rudin-Keisler ordering, is isomorphic to the real line with its 

. usual ordering. 

Proof: We use the usual notations ill. and (Q for the sets of real and 

rational numbers respectively. We must find, for each ~ E ill. , a 

P-point D ~ such that 

Let X be the set of functions x: 02 -> W such that x( r) = 0 for 

all but finitely many r E (Q Note that Card(X) =w. For each 

~ E ill. , define f ~ : X -> X by 

f~(x)(r) = x(r) if rs:~ 

o if r > ~ 
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Clearly, 

f f = f 0 f = f .0 

~ TJ TJ ~ min(~,TJ) 

Eventually, the required ultrafilters D ~ will be defined to be 

for some particular ultrafilter D on X Observe that, if 

·then 

so 

D --;:> D 
TJ ~ 

Hence D We must choose D so that in fact and. 
TJ 

so that each is a P-point. By Corollary 2.6, the first objectiveD~ 

willbe accomplished if [f~ lDTJ is not an isomorphism, and, by 

Proposition 7, the second objective will be acco:nplished if D itself is 

a P-point. 

We consider first the problem of making sure that f~: DTJ D ~ 

is not an isomorphism. What we want is that, for each g: X X , 

g f~ =1= id mod DT'I. (See Corollary 2.6.) In other words. when S < TJ0 , 

f (D)
TJ 
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or 

ED 

Let 

for any g: X --+ X and any ~ < 1] E JR. We have just seen that, in 

order that whenever ~ < 1], we must have 

B(g, ~, 1]) E D forall g,~,1] 

Hence we will surely want to know 

LEMMA 9. The fami! y 

~<1]E1R-} 

has the finite intersection property. 

Proof: We first observe that, if then 
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For 

x rt B(g,~, 77) 

=> f ,(x) =
 
77
 

Now consider a finite intersection n ~=lB(gi' ~i' 77 ). By the observation
i 

just tnade, this set contains another of the satne fortn but with the 

intervals [~., 77.] disjoint. By renutnbering, we tnay suppose
1 1 

For each i, let r. be a rational nutnber such that ~. < r. < 77.. 
1 1 1 1 

We define a function x: m..... w as follows. First, x(r) = 0 for all 

values of r except x(r. ) is defined by induction on i , 
1 

so suppose x( r.) is already defined for j < i Then isf~i (x)
J 

already detertnined. Choose x( r.) to be any nutnber different frotn 
1 

g.£t.(x)(r.) and. gft.(x) have different values at r., 
I <;1 1 I <;1 1 

so 

n 

x E (',B(g., ~.,77.) 
i=l 1 1 1 

This cotnpletes the proof of the lemma. 0 



67 

Before continuing with the proof of the theorem, we remark that 

what we have already done suffices to prove (without CH) 

COROLLARY 10. There is a subset of RK(w) order-isomorphic to the. 

real line. D 

. COROLLARY 11. There is a subset of RK(w) , order-isomorphic to 

the real line, above any prescribed element of RK(w). 

Proof: Let E be any prescribed, ultrafilter on w. Adjoin -00 to 

02 with -00 < r for all rational r; call the result 02':~, and let 

ffi.'~ be similarly defined. Define X':~ and B':~(g,~, 77) as before 

(~ may now be -(0). For each A E E, let A' S X':~ be 

{x E Xlx(-oo) E A}. A trivial modification of Lemma 9 shows that 

~ *".X --;:. X and 

has the finite intersection property. If D is an ultrafilter containing 

this family, D ~ = f~(D) gives the required chain above E, for 

. D 

COROLLARY 12. There is a subset of RK(w) , order-isomorphic to
 

the long line, above any prescribed element of RK(w)
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Proof: Use Corollary 11 and Proposition 5.10. 0 

Returning to the theorem, let F be the filter generated by the 

sets B(g,~,tI) It has a basis consisting of finite intersections 

n~ IB(g., ~., tI.) where, as in the proof of the lemma, we may as sume 
1= 1 1 1 

and; if we wish, that the ~. and tI. are rational. To complete the 
1 1 

proof, we must find a P-point D ~ F For this we use Corollary 3, 

whose hypotheses we now intend to verify. F contains all cofinite 

sets, for otherwise we could find a principal D ~ F, but then all the 

D€ are principal, contradicting the fact that no two of them are 

isomorphic. (A more direct proof is clearly also possible. ) 

Now let be subsets of X each of which 

meets every set in F. We must find a set Sf:; X such that S meets 

every set in F and, for all i , S-Y is finite. Let
i 

be an enumeration of all the (countably many) sequences of rationals 

of the form 

P <q <p <q < .. '<p <q
1 1 22m m 

for arbitrary m < w. Let X(i) be half the number of terms of cr. 
1 
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(i. e., m. if cr. is the sequence just exhibited).
1 

Let n be a (tem.porarily) fixed natural num.ber. Let cr be 
n 

p < q < ... < p < q where A = A(n). For each i such that 
1 1 A A 

1 < i < A + 1, we will call certain elem.ents of X i-acceptable. 

The definition of i-acceptability is by downward induction on i. An 

elem.ent xEX is A+ I-acceptable if and only if xEY For 
n 

1.:5 i < A, x E X is i-acceptable if and only if there are two 

i + I-acceptable elements, and such that~, 

1 .:5 i < A + 1, the set Acc(i) of i-acceptable elem.ents of X m.eets 

every set in F. This claim. is true for i =A + 1 because we are 

assum.ing that Y m.eets every set in F. We proceed by downward 
n 

induction on i Suppose Acc(i + 1) m.eets every set in F but 

Acc(i) does not. Say Acc(i) is disjoint from. C E F. By definition 

of i-acceptability, 

x E C =>	 All those i + I-acceptable y's which have the sam.e 

image as x under f have the sam.e im.age under .
pi	 

fqi 

For each	 x E C, let g(x) be the im.age under f of one (hence of
qi 

every) i + I-acceptable y E C such that fpi(y) = fpi(x). Clearly, 

g(x) depends only on fpi(x), so let g(x) =h(fPi(x». Then, for all 
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x,y EX, 

x E C and y E Acc(i + 1) = 

= h(fp.(y)) => 
1 

y f. B(h, p., q.) 
1 1 

In particular, letting y =x, we find that 

Acc(i + 1) n C n B(h, p., q.) = (/J 
1 1 

contrary to the induction hypothesis that Acc(i + 1) ITleets every set 

in F. This proves the claiITl. 

Thus, there is a l-acceptable x EX. By definition of acceptability, 

there are Z-acceptable and 3-acceptable x ' x ' x ' andoo Ol lO 

x ' ... , A + l-acceptable where J is a A-tuple of zeroes and
ll 

ones, such that fpk(x... ) depends only on the first k - 1 cOITlponents 

of ... , but fqk(x... ) depends also on the kth cOITlponent. Let 

5 be the set of ZA(n) eleITlents of Y thus obtained (froITl a 
n n 

specific x E Acc(l)) . 

Now let n no longer be fixed, and define 5 = U 5 . Asn<w n 

5 c Y and the Y forITl a decreasing sequence, 5 - Y. s;V .5 ,
n- n n 1 n<l n 

which is finite. All we still have to prove is that 5 ITleets every set 
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in F. By previous observations, it suffices to show that S meets 

every set of the form n~ lB(g" p., q.) where Pol q. E Q2 and 
1= 1 1 1 1 1 

p. < q. < P'tl Choose n so that (]n is PI < qi < ... < P>.. < q>.. ' 
1 1 1 

so >..(n) = >... With this particular value of n, we may use the 

notation of the preceding two paragraphs where a fixed n was 

·considered. In particular, x is defined, where is any 

sequence of >.. or fewer zeroes and ones. Choose j = 0 or 1 so
1 

that fql(xh) f. glfpl(x); this can be done because fql(x ) f. fql(x )O l 

After jl"'" \-1 have been chosen (for 2 < i < >..), choose j. = 0 . 
1 

or 1 so that fq.(xJ· •••J'') =1= g.fp.(x '·. J'. 1); this can be done 
1 iII 1 J1'·' 1­

because Then 

satisfies, for all i(l < i < >..) , 

= fq.(x... 'J' ) =1= gfp.(x , •• 'J' ) = g.fp.(y)
11 Jl iIIJ i-I 1 

that is, 

>.. 
y E ()B(g., p" q.) 

. 1 1 1 1 
1= 

Also, yES £; S. This completes the proof that the hypotheses of 
n 

Corollary 3 hold and hence also the proof of Theorem 8. 0 
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§IO. Minimal ultrafilters. We have remarked (in 8.5) that ultrafilters 

minimal in RK are characterized by the fact that every function on 

Un(D) is constant or one-to-one on some set of D, and that, for 

minimal D size(D) is either w or a measurable cardinal. In 

this section, we collect various (mostly known) facts giving equivalent 

characterizations of minimality. 

DEFINITION 1. If A IS. a set and n E w, [A]n is the set of all 

subsets of A of cardinality n. If A is linearly ordered, we 

identify [At with the subset of An consisting of those n-tuples 

whose components are in strictly increasing order. If {PI' P 2} is a 

n 
partition of [At (i. e. , P = [A] - P ) a subset X S A is

2 I 

homogeneous for {PI' P 
2 

} if and only if [xt S PI or [xt f;; P
2 

A filter F is a Ramsey filter if and only if it is uniform and every 

partition of [Un Ft (for any n < w) admits a homogeneous set in F. 

DEFINITION 2. A uniform ultrafilter D on fC is normal if and only 

if, for any f: fC -t fC such that (YxD)f(x) < x there is a A < fC such 

that (YxD)f(x) = A. A uniform ultrafilter D on fC is quasi-normal 

if and only if, for every map r: fC -t D, there is an A E D such that 

x, yEA and x < y y E r(x) 



In the definition of Ramsey filter, the case n = 0 is vacuous, and 

the case n =1 yields 

LEMMA 3. Every Ramsey filter is an ultrafilter. 0 

PROPOSITION ·4. Every Ramsey ultrafilter is minimal in RK. 

Proof: Let F be a Ramsey ultrafilter, and let f be any function on 

Un(F). Partition [Un(F)]2 by 

{x,y} E PI <' >f(x) = f(y) 

{x,y} E P < >f(x)· f:. f(y)
2 

Let X E F be homogeneous for {PI' P 2} . Then f is either constant 

on X (if [X] 2 
C PI) or one-to-one on X (if [X] 

2
C P 2)' 0 

PROPOSITION 5. Every quasi-normal ultrafilter D on K is Ramsey. 

Proof: We must show that D contains a homogeneous set for any 

n
partition of [K] • This is clear if n = 0 or 1; we proceed by 

induction on n. Suppose t~e assertion is true for n (> 1), and let 

{PI' P } be a partition of [Kf+l. As discussed above, we view
2 

[r. '" ]n+l as th e set of properly ordered n +1-tuples from K. For each 

xEK define a partition of by setting, for each y< •.• <y EK,
1 n 
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By induction hypothesis, there is a f(x) E D such that 

where i K ----:> 2 

As D is uniform, we may suppose that y E f(x) => y > x. Then . 

Now let A be as in the definition of quasi-normality, and let BED 

be a set on which i is constant. Then A n BED, and 

x < y < ... < yEA n B => Y < ... < Y E r(x) and x E B 
In' 1 n
 

=> (x, Yl' •.• ,y ) E p.

n 1 

where i is the constant value of i(x) for x E B. Therefore, 

A n B is the required homogeneous set. 0 

PROPOSITION 6 (Kunen, see [2]). Every minimal uniform ultrafilter D 

on K i.s quasi-normal. 

Proof: Let r K ..... D; we must find an A E D such that 

x < Y and x, yEA => y E r(x) 
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each r(x), we may assume without loss of generality that n r(x) = (/J
xEK 

Then we can define f: K -+ K by 

f(y) = p,x (y.(/. r(x)) 

As each· r(x) ED, f cannot be constant on any set of D; by 

minimality, f is one-to-one on a set BED. For x < 1(, let 

g(x) = sup ( {y E B If(y) < x} U {x + 1}) 

as f is one-to-one on B, the set whose supremum we are taking 

has cardinality ..s x + 2, and, as I( is regular (being w or 

measurable), g(x) < K. Thus g is a well-defined map K -+ K 

Clearly 

(1 ) g(x)	 > x 

(2)	 y E Band y > g(x) => f(y) > x 

=> Y E r(x) 

Define a sequence (k < I() by a = 0 , = g(~) , and 
~ O a k +l 

for limit k. Then a < K by regularity of K , andak =\{<kaj k 

~<Kak = For any y E K , let h(y) be the least k for whichK 
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y .::; O!k' Any set on which h is constant is bounded (by a suitable O!k)' 

hence is not in D. Therefore, h is one-to-one on some C ED. 

Since D is an ultrafilter, it contains a set A c B n C such that no 

two consecutive ordinals are in h(A) Now suppose x, yEA and 

x < y. As h is one-to-one on A and is obviously monotone, 

h(x) < h(y) As no two consecutive ordinals are in h(A) , h(x) + 1 < h(y) . 

By definition of h(x) , 

x <~(x) 

and, as g is monotone, 

By definition of h(y) , h(x) + 1 < h(y) implies 

~(x)+l < Y 

so 

g(x) < y 

By (2), Y E r(x). Thus A has the properties required in the definition 

of quasi-normality. 0 

Summarizing, we have 
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(1) D IS minimal in RK. 

(2) D is Ramsey. 

(3) D is quasi-normal. 

As a corollary, we observe that quasi-normality is invariant under 

isomorphism, which is not clear from the definition, as the ordering of 

K was used there. 

To relate normal ultrafilters to minimal ones, we cite 

PROPOSITION 8. (1) (Scott; see [11]). If D is a uniform I{ -complete 

ultrafilter on I{ > w, then there is a normal ultrafilter < D on I{. 

(2) (see [16]) Normal ultrafilters are Ramsey. 

COROLLARY 9. If K > w, then the list of equivalent conditions In 

Theorem 7 can be extended to include 

(4) D is isomorphic to a normal ultrafilter. 

We remark that, unlike quasi-normality, normality is not invariant 

under isomorphism. In fact at most one ultrafilter in any isomorphism ' 



78 

class is normal. We remark also that, in contrast to the case K = W , 

when K is a measurable cardinal the existence of minimal ultrafilters 

on K has been proved (Proposition 8) without any special assumptions 

like CH or FRH(w). 

It is easy to see that, if D is a uniform ultrafilter on K, then 

D X D is not an ultrafilter. In fact, each of the three disjoint sets 

A = {(a,,8) [a < ,8} 

B = {(a,,8)la>,8} 

b. = {(a,a)laE K} 

in K X K meets every set of D· X D. Therefore, D X D is 

contained in at least three distinct ultrafilters, namely any ultrafilters 

containing D X D U {A}, D X D U {B} , D X D U {b.}; furthermore, 

every ultrafilter containing D X D must contain one of thes e sets. 

Now D X D U {b.} generates an ultrafilter, namely O(D) , where 

o : K -> K X K is the diagonal map a -> (a, a). If D X D U {A} (and, 

symmetrically, D X D U {B}) generates an ultrafilter too, then there 

will be exactly three ultrafilters containing D X D; that is, D X D 

will be contained in as few ultrafilters as possible. The next proposition 

tells us when thi s happens. 
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PROPOSITION 10. Let D be a uniform ultrafilter on K. D XD is 

contained in at least three ultrafilters on K X K. The number is exactly 

three if and only if D is minimal. 

Proof: In view of the preceding remarks and Theorem 7, it suffi.ces to 

show that D X D U {A} generates an ultrafilter if and only if D is 

minimal. For D X D U {A} to generate an ultrafilter means that, 

2 
given any partition {PI' P 2} of A = [K] , there is a set XED 

2 2 
such that [X] = X n A c PI or P This is just the case n = 2 

2 

of the definition of Ramsey. Hence (Theorem 7), it follows from D 

being minimal. Conversely, it implies minimality, for only this case 

(n = 2) was used in the proof of Proposition 4. 0 

Remark 11. It is known that an uncountable cardinal K is 

inacces sible and weakly compact if and only if every partition of [K] 2 

into two pieces admits a homogeneous set of cardinality K. Although 

this condition on K requires K to be quite large, it is much weaker 

than measurability. For example, if K is measurable and D is a 

normal ultrafilter on K, then 

{>.. < K I>.. inaccessible and weakly compact} 

is in D, hence has cardinality K. The next proposition shows that 
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an apparently mild additional condition on K is, in reality, very 

strong. 

PROPOSITION 12. Let K be an uncountable cardinal, and suppose it 

is possible to assign to each partition of [K]2 a.homogeneous set of 

cardinality K in such a way that the collection of these assigned 

homogeneous sets has the finite intersection property. Then K is 

measurable. In fact, the filter F generated by the assigned homo­

geneous sets is a K-complete ultrafilter isomorphic to a normal 

ultrafilte r on K. 

Proof: First note that, if A ~ K, then A or K - A is in F. For 

we have a partition of [K]2 given by 

{a,~} E ~l <; > min{a,~} E A 

and clearly any homogeneous set for this partition is a subset of A or 

of K - A (except for its last element, but the assigned homogeneous 

sets have no last element). Thus, F is an ultrafilter. Further, if 

Card(A) < K, then the homogeneous set assigned to this partition, 

having cardinality K, cannot be a subs et of A, so K - A E F . 

Thus, F is uniform. Clearly, F satisfies the case n = 2 of the 

definition of Ramsey filters, and, as in the proof of Proposition la, this 

suffices to show that F IS minimal. Therefore, F IS K- complete, 
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and, since K: > W, K: is ITleasurab1e. By Corollary 9, F is 

isoITlorphic to a norITlal ultrafilter on K:. 0 



CHAPTER III.
 

ULTRAPOWERS
 

§ 11. Ultrapowers and rrlOrphisms. 

DEFINITION 1: Let u be any structur~ for any language L. and let 

-'. 
[f]E : E -> D be a morphism in U. We define the induced map. [f]~ 

or f*. from D-prod lui -.!£. E-prod lui -EY {:«[g]D) = [g 0 f] E • for 

any. g: Un(D) -> lui. 

LEMMA 2: (1) [gof]E depends only on [g]D and [f]E' so is 

well-defined. 

(2) l:< is one-to-one. 

(3) idUn(D) =idD_prod luI. 

Proof: (3) and (4) are obvious. (1) and (2) follow from parts (5) and (6) 

of Lemma 2.2. 0 

PROPOSITION 3: f>:< is an elementary embedding of D-prod u into 

E-prod u 

82
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Proof: Let cp (xl' ... ,x ) be a forrrmia of L, all of whose free 
n 

variables are among Xl'.·. , x ' and let [gIJ
D 

,··., [gnJD be n 

arbitrary; elements of D-prod lal = ID-prod al . 

g (i))} ED = f(E) 
n 

, g f(j ))} = r I {i Ia FcP (gl (i), ... , g (i))} E E ¢:;> 
n n 

j ••• 

It is not in general true that every elementary embedding of D-prod~ a 

into E-prod a is of the form (:<. Trivial counterexamples are obtained 

by taking a finite and D f. E. For a less trivial example, assume 

GCH , and let D and E be non-isomorphic K+-good ultrafilters 

minimal inRK(K) (see Corollary 8.8), where K exceeds the cardinalities 

of fa I and L. Then there are no morphisms at all from E to D 

yet D-prod a and E-prod a are isomorphic (see Section 1. ) Roughly, 

elementary embeddings of the form {:< are natural with respect to a, 

while the isomorphisms between saturated structures tend to be unnatural, 

as one sees from the inductive "picking and choosing" argument by which 
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they are obtained. (This heuristic idea can be made precise by defining 

an appropriate category of models, on which flD-prod ll and IIE-prod ll 

are functors. Then the natural transformations from D-prod into 

E-prod are exactly the tl<l s where f: E -- D. ) 

If, however, the structure· G is"sufficiently richll(in comparison 

with D and E) then all elementary embeddings D-prod G -- E-prod a 

are of the form {:'. We proceed now to define certain Il r ich l1 structures. 

DEFINITION 4: Let A be any set. Let L be the language which 

has a predicate or function symbol, R or 1., for every predicate R 

or function f on A. The complete structure on A is the structure 

a for L which has universe A and in which R denotes Rand 

f denotes f for all predicates and functions on A When we speak 

of a set as though it were a structure, we mean the complete structure 

on that set. 

Note that every element a EA has a name a (a 0 -place function 

symbol) in the language of the complete structure on A. Therefore, 

every structure elementarily equivalent to A has an elementary 

submodel isomorphic to A. 
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PROPOSITION 5: Let D and E be ultrafilters, and let A = Un(D) . 

Any elementary embedding 

e : D-prod A -f E-prod A 

is l:< for some f: E -f D. [f] E is unique. 

Proof: The identity map, id: A -.A, of Un(D) determines an 

element [id]D of D-prod A and thus an element 

e([id]D) E E-prod A 

Let that element be [f]E' where f: Un(E) -f A = Un(D) 

For any B c A , 

BED ~ {irA FB (i)} ED 

¢::> {j IA 1= B(f(j))} E E 

so D = f(E) , and [f]E is a morphism from E to D. We now 

show that l:< coincides with e. If [g]D ED-prod A ,then g:A -fA , 

and 
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{i IA ~ g(i) = .& (id(i»} = A En 

so 

As e is an elementary embedding, 

E-prod A F'e( [g]n) = K( [f] E) 

If we let e([g.]n) = [h]E' we obtain 

{i IA ~h(i) = K (f(i»)} E E 

so h = go f mod E , and 

Finally, suppose f I : E -t D were another morphism such that 

Then 

Therefore, [f]E is unique. 0 

It is easy to modify the proof of this proposition to obtain the same 

result when A is any set of cardinality > size (D). Observe that, by 

functoriality of >:<, an isomorphism of ultrafilters induces isom.orphism.s 

of ultraproducts of arbitrary structures. As a partial converse, we 

observe 
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COROLLARY 6: With D, E, A as in the proposition, let g: D -+ E 

-,'.'­
be	 such that g is an isom.orphism. from. E-prod A to D-prod A . 

Then [g]D is an isom.orphism. . 

Proof: By the proposition, (g':')-l is t:, for som.e f: E -tD. Now 

o apply Corollary 2.6. 0 

o Collecting the preceding results, we obtain the following characteri ­

zation of the Rudin-Keisler ordering. 

. PROPOSITION 7: Let D and E be ultrafilters, and let K > size (D) 

(resE., K > size (D) and K> size (E)). The following are equivalent. 

(1)	 D":::; E (resp., D = E). 

(2)	 For all structures G, D-prod G can be e1em.entarily em.bedded 

in (resp., is isom.orphic to) E-prod G. 

(3)	 D-prod K: can be e1em.entari1y em.bedded in (resp., is isom.orphic 

to) E-prod K:. 0 
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§ 12. Ultrapowers of w. In this section, we shall be concerned 

with ultrapowers of (the complete model on) W with respect to ultrafilters 

on w. In defining the complete model on a set, we used Rand f 

as the symbols of the language L which denote Rand f. This 

notation is often inconvenient and sometimes (as when R is the binary 

relation <) confusing, so we will often just use Rand f as symbols 

of L. It is 'also convenient to identify an element a of A - with 

the corresponding element of D-prod A , namely the denotation of ~, 

. which is represented by the function Un(D) -A which is constantly a 

PROPOSITION 1: Let D be a non-principal ultrafilter on w. D is 

minimal if and only if the only proper elementary submodel of D-prod W 

is w. 

Proof: If D is not minimal, say E < D , E non-principal, then, by 

the results of the preceding section, E-prod W is isomorphic to a proper 

elementary submodel of D-prod w. Since E has size w, it cannot 

be ~l- complete, so E-prod W is not isomorphic to w. 

Conversely, suppose D-prod W had a proper elementary submodel 

M different from (hence properly containing) w. Let [f]D EM - w, 

[g]D E (D-prod w) - M ,where f and g are maps w-w. f cannot 

be constant on any set of D, for if it were, [f]D would be in w. 
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Suppose f were one-to-one on some set A ED. Then there would 

-1
be an h (=gof on f(A)) such that on A. But then, in 

D-prod W, 

But [f]D EM, and M is closed under the function denoted by h 

(since M is an elementary submodel), so [g]D EM,> a contradiction. 

Therefore, f is neither constant nor one-to-one on any set of D, 

so D is not minimal. 0 

COROLLARY Z: Assume CH (or only FRH(w). Then the complete 

model on Lt., has a proper elementary extension w' such that no 

proper elementary extension of Cd is a proper elementary submodel 

of W'. (w' is a minimal proper elementary extension of w.) In 

ZW
fact, there are Z pairwise non-isomorphic such extensions u/. 

Proof Us e the preceding proposition, Corollary 8. 9, and Proposition 

11.7. 0 

It is true that every minimal prope r elementary extens ion of W 

is isomorphic to D-prod W for some minimal ultrafilter on Lt.,. This 

fact follows inunediately from the following 
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PROPOSITION 3 : Every proper eleInentary extension of (the cOInplete 

Inodel on) a set A contains an eleInentary subInodel isoInorphic to 

D-prod A for SOIne non-principal D on A. In fact, the extension 

is the union of all such subInodels . 

Proof: Let A I be a proper eleInentary extension of A , and let 

a E. A '; we Inust show that a is in an eleInentary subInodel of A I 

isoInorphic to D-prod A for SOIne D. (If a i A ,then D will clearly 

have to be non-principal.) We let D be defined by 

BED <;::::> A' F~ (a) 

for any B cA. First, we Inust check that D is an ultrafilter. For 

so A' satisfies the saIne sentence, and 

~ BED and B ED
1 2 
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Similarly, 

Next, we must define an elementary embedding 

e : D-prod A ..... A I 

If [f]D' ED-prod A , e{[f]D) is defined to be the unique b E A I 

forwhich A'l=b=i(a). (Intuitively, e (f) is f(a)..) This is well-defined, 

for if f = fl mod D, then 

c = {x If (x) = f '(x)} ED, 

so A I 1= f(a). But 

A I 1= (\fx) (~ (x) ¢:::>i(x) = i '(x)) 

because this sentence is true in A. Therefore, A' 1= i(a) = i'(a) , 

To verify that e is an elementary embedding, let qJ (xl' , x )
n

be a formula, and let [f ]D' ... , [fn]D ED-prod A (f Un(D) A).
l i 

Since 
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we compute (with an obvious "vector notation 11) 

D-prod A f CO ([f]D) ~ {i fA f cp (f(i))} E D 

~ AI f~(a) 

where the third equivalence is because the sentence 

(Vx)(hJA f CO(f(i))} (x) <¢=;> cp(.i(x))) 

is true in A , hence in A I • 

Finally, a is in the image of e ,for a = e([id]D). 0 

PROPOSITION 4: Let D and E be ultrafilters on w, f : E --D 

,'­
a morphism. f "(D-prod w) is cofinal in E-prod W (with respect to 

the natural order) if and only if f is finite-to-one on some set of E. 

Proof: {:«D-prod w) is cofinal in E-prod W if and only if, for every 

g : W -- W ,there is an h: w--w such that 
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in E-prod w. 1£ this is the case for g = id ,we have an h such that 
W 

A = {x Ihf(x) ~ x} E E 

Then, for x E A and yEw, 

f(x) = y => x .s h(y) 

so f takes the value y at most h(y) +1 times on A. Therefore, 

f is finite-to-one on A. Conversely, suppose f is finite-to-one 

on some A E E , and let any g: W -t W be given Define 

h(x) =max {g(y) Iy E A and f(y) =x} 

this is the maximum of a finite set, so h is well-defined. Clearly, 

for yEA, g(y) ~ hf(y) ,so [gJE.s [hofJ as required. 0
E 

From the preceding two propositions, we obtain 

COROLLARY 5: A non-principal ultrafilter D on W is a P-point 

if and only if every elementary submodel of D-prod w, except w 

itself, is cofinal in D-prod W. 0 
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§13. The initial segment ordering. Starting with the characterization 

of the Rudin-Keisler ordering in Proposition 11. 7, we define a 

stronger ordering by requiring one ultraproduct to be not only an 

elementary submodel but also an initial segment of the other. 

DEFINITION 1 : A morphism. [f]D : D ... E III It is an IS (I{) -morphism 

-,­
if and only if C(E-prod K) is an initial segment of D-prod K (~ 

respect to the natural order). If there is such an f, then we write 

Clearly, identity morphisms and composites of IS(K) -morphisms 

are IS(K) -morphisms. Hence ultrafilters and IS(K) -morphisms form 

a subcategory of It, and is (or rather, induces) a partial 

ordering of RK, stronger than the Rudin-Keisler ordering <. 

PROPOSITION 2 : Suppose \ < K and f: D ... E is an .IS(K:) -morphism. 

Then 
-,­

(': E-prod A.... D-prod) is an isomorphism. 

Proof: Since {:': E -prod A'" D-prod A is an elementary embedding, 

we need only check that it is surjective. Let [g]D be any element 

of D-prod A, so g: Un(D) ... A. Let 1. : Un(E) ... K be the constant 

function with value A. Then, for all i E Un(D) , g(i) < A :: 1. f(i) , 
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initial segment, there must be an h: Un(E) -01\ such that 

. £-1 (i Ih(i) < A} :: fi Ih£(i) < A} :::> fi Ih£(i) :: g(i)} ED 

so (i Ih(i) < A} E £(D) :: E. Redefining h on the complement o£ this 

set in E (which does not affect [h]E)' we may suppose h(i) < A for 

all i. Then [h]E E E-prod A ,and /([h]E):: [g]D . 0 

COROLLAR Y 3: If size (D) < 1\, then any IS (1\) -morphism with domain 

D is an isomorphism. 

Proo£: Apply the proposition, with A:: size (D) , and then use 

Corollary 11. 6. 0 

COROLLAR Y 4 : If \ ~ 1\, any IS(K) -morphism is an IS(\) -morphism. 

PROPOSITION 5 : Let £: D -0 E and 
, , 

£: D -> E be IS(K)-morphisms. 

If there is a morphism 
, 

g : E -oE such that 
,

£ :: g 0 £ , the n g is 

also an IS (1\) -morphism. If both E and E' have s ize ~ \( , then 

either there is a unique such g or there is a unique g': E'-0 E such 

that £:: g' 0 I'. (If both g and g 
, 

exist, they are inverse isomorphisms 

by Corollary 2. 6. ) 

0 



96
 

Proof: Assum.e g is given and f' = gf. Then the order-preserving 

~ ~ 

em.bedding (', of E-prod I<: into D-prod I<: ,sends g""(E'-prod 1<:) to 

,
f 
,~~ 

(E-prod 1<:) which is an initial segm.ent of D-prod I<: and a subs et of 

f>:'(E-prod 1<:). Therefore (~g':'(E~prod 1<:) is an initial segm.ent of 

f * (E-prod 1<:), so g * (E ,-prod 1<:) is an initial segm.ent of E-prod I<: • 

This proves the first assertion. 

Now assum.e both E and E' have size < K:. Since {~(E-prod 1<:) 

y:~ ,
and f (E -prod 1<:) are initial segm.ents of D-prod 1<:, one is contained
 

~.. ,. ':~
 
in the other; say f '(E -prod 1<:) ~ f (E -prod 1<:). Then
 

~:;: -1 ...1,
 

f - f"': E '-prod 1<: ..... E-prod I<: is an elem.entary em.bedding (because
t'.\ 

and are elem.entary em.beddings). By Proposition 11. 5, there 

... 1 ..t. .,J'"
 
is a unique g : E -+ E' such that r' - 0 f":' = g'" , i. e. (gf)'~ = f"",
 

i. e. (by Propos ition 11. 5 again) gf = f'. 0 

COROLLAR Y 6 : In the subcategory of u(l<:) whose m.orphism.s are
 

the IS (I<:) -m.orphism.s, there is at m.ost one m.orphism. from. any object
 

to any other .
 

. Proof: Suppose f and f' were m.orphism.s D ..... E in this subcategory. 

By the proposition, we have f' =gf or f =gf' for some g: E -+ E 

But the only such g is the identity, by Theorem. 2. 5, so f = f'. 0 
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The corollary shows that the category of ultrafilters of size I( 

and IS (I() -morphisms, which we denote by IS (I() , is essentially nothing 

more than a partially ordered set (after identification of isomorphic 

ultrafilters), namely RK(I\) with the IS(I\) ordering < Thus, no-I( 

confusion will arIse if we also let IS(I\) denot~ this partially ordered 

set. From the last proposition, we obtain immediately 

COROLLARY 7 : IS(I() is a (not necessarily well-founded) tree; that 

is, the predecessors of any element are linearly ordered. 0 

PROPOSITION 8: Let 1\ be a measurable cardinal, and let P be 

the subset of IS (I() consisting of equivalence classes of I\-complete 

ultrafilters. Then P (with ordering ~ I() is well-founded. 

Proof: If D is a I(-complete ultrafilter, D-prod I( is well-ordered 

. (by its natural ordering; see [15,p. 311].). Let 1. (D) be its order type. 

Clearly, if D < E then 1. (D) < 1. (E) with equality if and only if 
-1\' -

D ~ E (by Corollary 11. 6). Thus 1. maps P to ordinals in a 

strictly monotone manner. Hence, given a nonempty subset of P 

we obtain a minimal element simply by taking one with miriimum possible 

1. • 0 

REMARKS 9 : IS(W) is not well-founded; see Corollary 15. 18 and 

[2, Theorem 2. 12]. 
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It is not obvious that 15(K:) is non-trivial, 1. e. that there exist 

D and. E (of size K:, say) such that D < E. Indeed, we shall later 
K: 

give a heuristic argument showing that D< E is a rather strange
K 

situation unles s K: = W or I( is ITleasurable. Nevertheles s, if I( 

is regular and 21( = 1(+ such D and· E do exist. 

PROPOSITION 10: Let D and E be ultra filters on X and 

X X Y respe·ctively, with D = 7T(E) where ",: X X Y -+ X is the 

projection. ["']E is an IS (K:) -ITlorphisITl if and only if, given any 

function f on X X Y for which- Card (£1' 7f 1 (x)) < K for all x EX 

(or even for all x E B where BED), there is a set A E E on 

which f (x, y) depends only on x, i. e. Card f11 (A n ",-1 (x)) ::. 1 for 

all x. 

Proof: First suppose ", is an IS (I() -ITlorphisITl, and let f be given. 

Cl early, we ITlay replace f by any f' such that 

(VXEX) (Vy, z EY) f(x, y) =: f(x, z) <;::::;>((x, y) = f'(x, z) 

since such a replacement affects neither the hypothesis on f nor 

the property required of A. Thus, we ITlay suppose f II 17'-1 (x) is 

an initial segITlent of I( for each x EX, and let g (x) ~ I( be an 

upper bound for f 11 .".-1 (x). For all x EX, y E Y, f(x, y) ::. g(x) = gn(x, y) , 

so, in E-prod 1(, [f]E::' [g"']E = rr':'[g]D' As 1T is an IS(I()-ITlorphisITl, 
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[f]E Dmst be Tr:'[h]D = [h'IT]E for SOD1e h: X --0 K:. Then the required 

set A is ((x, y) If(x, y) = h(x) = h~x, y)} ED. 

Conversely, suppose every f with Card f"1T-1x < K: for all x 

depends only on the first coordinate on SOD1e set of E. We D1ust show 

f : X X Y --01\ and g: X --01\. Let f': X X Y --0 I( agree with f on 

[(x, y) If(x, y)',:: g(x) = g1T(X, y)} E E , and let f' be 0 elsewhere. 

Then f'= f D10d E , and, for each x, has cardinality 

because it is bounded by g(x). By hypothes is, there is an A E E 

such that f' aSSUD1es at D10st one value on 1T-
1 (x) nA ; let h(x) 

be that value. (h(x) is arbitrary if 'IT -1 (x) nA = ¢.) Then 

f(x,y)lf'(x,y) = h(x) = h,,(x,y)}~ A EE 
. ­

so 

Observe that the restrictions that D and E be on X and 

X X Y and that the D1orphisD1 D --0 E be " are ines sential by 

LeD1D1a 2. 8. 

THEOREM 11 : Let K: be a regular cardinal such that 21\ = 1\+, and 

let. D be a K:+ - good ultrafilter on K:. There is an ultrafilter E 



100
 

on K X I{ such that 7T(E) = D ,[rr]E is an IS(~)-morphism, and [rr]E 

is not an isomorphism. Thus D < E, so the partially ordered setI{ 

IS (I{) is not trivial. 

Proof: Since 21{ = K+, the family J., of functions f: 1\ X I{ -- I{ such 

-1that for all xEI{ Card f"rr x < K, can be well-ordered so that each 

f has at most I{ predecessors; let ~ be such a well-ordering, and 

let f+ be the immediate successor of f in ~ We define, by 

transfinite induction with respect to -< ,filters F f on I{ X I{ such 

that 

(1)	 F f has a basis of cardinality < I{ 

(2)	 Each set A E F f has the property that (V x D) tY I (x, y) E A} 

has cardinality I{ . 

(3)	 If f ~ g then F C F
f - g 

(4)	 F f+ contains a set A such that, for all x, f is constant 

on A nrr -1 (x) . 

If f is the first element of ':f ,let Bf consist of all the sets 

((x, y) Ix >Ci.! for all Ci. < II, and let F f be the filter generated by Bf . 

This satisfies (2) because D, being I{+ - good, must be uniform, and 

(l), (3), (4) are trivial. If f is a limit element of Jr ' let F = U"f Ff g.... g 
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and B
f

=~'<f B g This satisfies (1) since f has at most K 

predecessors, and the other three conditions are trivial. Now suppose 

and are defined; we must define will be 

generated by B + = B U {A} where A is as in (4); thus (1), (3), (4)
f f 

will hold. For (2), we must make sure that, for all X E B ' 
f 

Card {y I (x, y) E A nX} = K for most x with respect to D. Let 

B = (X IO!< K}, by (1). For each x < 1<:, let 
f a 

cP(x) = {G EP (1<:)\Card{yl(x,y) E(\X 1= K}.
~l bEd ~ 

Given any G EP (1<:), nX EF , so, by (2), {xiG E T(X)} ED. 
(Ll 0( € G fY. f 

Since D is 1<:+ -good, there is a function g: K: .... P (I<:) such that 
I.J..I 

{xlg(x)E=e(x)}ED and,forall aEI<:, {xlaEg(x)} ED. If we let 

g' agree with g on {x Ig(x) E <P (x)} and be <p elsewhere, then 

g '(x) E .p(x) for all x E I<: , and,for all a E K, 

{x Ia E g '(x)} = {x Ia E g (x)} n {x Ig (x) E <P (x)} E D 

For each x E K, let Y = (y\ (x, y) E Qx) X } . Thus Card Y = I<: , 
x xa 

but f takes fewer then I<: values on {x} X Y ' Since K is 
x 

regular, {x} X Y has a subset Z of cardinal 1<:, on which f 
x x 

is constant. Let A = U Z . Clearly A is as required in (4). We 
x EI<: x 

must still check that 

(\f x D)Card {yl (x, y) E A n X } = I<: for every a< K 
a 
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Let ex: be given. Card[y r (x, y) E A nX } = Card Z nX for all x. 
(X x O! 

But, for most x (with respect to D) , a E g '(x) , so z c (x} X Y eX 
x- x- a 

so, for most x, Card [y [ (x, y) E A nX 1= Card Z = I( , as required. 
(X" x 

Let F =l{ "1.. F If we adjoin to F all the sets ",,-l(C) for
Ej' f 

C ED and all the sets A c I( X I( such that 17 is one-to-one on 

I( X I( -A(or even fewer-than-I( -to-one) , the resulting set F I has the 

finite intersection property, by (2), so let E be an ultrafilter 

containing F ' . 17(E) = D because, for all C ED, 17- l (C) EF':=E. 

[17]E is not an isomorphism, because if 7T is one-to-one on A, 

then I( X I( -A E F ' ~ E ,and A i E. Finally, ['IT]E is an IS (I() -morphism 

because of (4) and Proposition 10. 0 

REMARK 12 : Since, in this proof, we could include in F' the 

complements of all sets on which 17 is fewer-than-I(-to-one, we could 

require in the theorem that 'IT not be fewer-than-I(-to-one on any set 

of E. 
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1) 14. Non-standard ultrafilters In this section we shall develop 

another way of viewing morphisms and IS (K) -morphisms. Apart from 

being interesting in its own right, this viewpoint will provide the 

promised "implausibility argument" for Theorem 13. 11. It will also 

help to motivate the definition of sums of ultrafilters and the Rudin­

Frolik ordering, and it will be useful in the proof that the ordering IS (u.') 

differs from the Rudin-Frolik ordering. 

Th roughout this section, D will be an ultrafilter on a set I, 

and V will be a very large set. Intuitively, we think of V as "the 

universe ", but to avoid technical problems we want V to be a set, 

say Stg (A) (see [15, p. 303]) for some A so large that V contains 

all the sets in which we shall be interested below. We remind the 

reader of our convention that, when a set is treated as a structure, we 

mean the complete structure on the set, so the language has symbols for 

all predicates and functions on that set. We shall use the notation 

Hom(X, Y) for the set of functions from X into Y . 

We consider the "non-standard universe" D-prod V. It has 

as an elementary submodel via the embedding x .... >:'x , where 

is the denotation in D-prod V of the name x of x, namely the 

germ on D of the constant function with value x. An element of 

V 
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,'­
D-prod V is standard if and only if it is 

',' 
x for some x E V. A 

subset S of D-prod V is internal if and only if for some sED-prod V 

eva ED-prod V) a ES ~D-prod V ~ a Es 

then we say that s represents S. (Clearly s is unique.) Subsets 

of D-prod V that are not internal are external. By abuse of language, 

we often use the same symbol to denote corresponding relations or 

functions on V and D-prod V; thus, for a, bED-prod V , we may 

write a E b instead of D-prod V ~ a £ b. Similarly, we may use the 

same symbol for an internal set and its representative. We shall also 

write [f] for [f]D ,since D is fixed. 

If X is a set (tacitly understood to be E V) and A c I X X , we 

obtain A: I - P(X) by A (i) = fx I (i, x) E A 1. Then, in D-prod V , 

[A] E ':'P(X) , and any element of ':'P(X) (i. e. any"internal subset of ,:'X) 

is [A] for some A. Similarly, if f: I X X .... Y, we define 

f: I-Horn (X,Y) by £(i)(x) = f(i,x). Then [I] E':'Hom(X,Y), and 

::l:: :.:' 
all inte rnal functions X - Yare of this form. 

Now suppose E is an ultrafilter on I X X ,and 'IT(E) = D , 

where fT: I X X .... I is the projection. We define E/D s= ':'P(X) by 

DEFINITION 1 [A]EE/D~AEE 
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Observe that, if A = A I mod D , then the complement of the symmetric 

difference of A and A' i5in E,50 AEE<==:>A'EE;therefore 

the definition is legitimate. From trivial identities like [A] n[B] = [.A?i1'3] 

*
 

. fact, any ultrafilter P(X} is E/D for unique ultrafilter E 

and X 
. ­

- [A] = 
~ 

[(I X X) - A] it follows that E/D is an ultrafilter in 

the Boolean algebra *P(X} Note that E/D need not be internal. In 

-',-.'
m a on 

I X X such that 'I7(E} = D ; the required E is defined by Definition l, 

read from right to left. 

.,­
is inte rnal and A c -,. Y is internal, then 

-,­c l (A) ~ >:'X is internal. Thus, if F is an ultrafilter m "'P(X} 

we can define an ultrafilter 

f(F} = (A E ':'P(Y) Ie 1 (A) E F 1 

>:< 
In P(Y} One thus obtains an analog 'lL of the category by

D 

taking as objects all ultrafilters in ':'P(X) for arbitrary X and as 

morphisms germs of internal maps. Note that ttlD is not just ':<'21, 

since the objects of UD may be external~ ':' U is equivalent to the 

full subcategory of CUD whose objects are internal ultrafilters. We 

have seen that the objects of U D correspond to ultrafilters E on 

I X X (for arbitrary X) with ",,(E} = D. If E is such an ultrafilter 

and· g: I X X ..... I X Y is a function commuting with "'" then one 
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~ 
easily computes ['?T'g] (E/D) = g(E)/D ,where TT': I x Y --+ Y is the 

projection. Using Lemma 2.8, one then finds that U is equivalent
D 

to the category of 'Ii -objects over D, whose objects are morphisms in 

U with ~od01Ylain D and whose morphisms are commutative triangles 

E .... E/. 
\, ,f 

D 

Translating Proposition 13. 10 into the present terminology, we 

obtain 

COROLLAR Y 2: Let E be an ultrafilter on I X X with .".(E) = D . 

The following condition is neces sary and sufficient for [ _1
"JE 

to be an 

IS(K:)-morphis::;.- Given any internal function f on X such that 

Card f"':'X < '\ in D-prod V, there is a (neces sarily internal) A E E/D 

such that ftA is constant in D-prod V. 0 

Observe that, when E/D is internal, the condition in the 

corollary says that E/D is ';'K-complete One eas ily checks that 

E/D is principal if and only if "., : E --+ D is an isomorphism. Hence~ 

D < E via 'TT and E/D is internal, if and only if E/D is a non­
K 

principal K:-complete ultrafilter on V is an elementary 

submodel of D-prod V , this condition can hold for some E/D if and 

only if K= W or there is a measurable cardinal X such that 
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K: ~ A~ Card (X). Hence, 

COROLLARY 3: If K: = W or K: is IT1easurable, then the conclusion of 

Theorem. 13. 11 holds without the as sUIT1ptions that 21<: = K: + and D is 

K: +-good. 0 

On the other hand, E/D is uniforIT1 if and only if '" is not 

fewer-than-K:-to-one on any set of E , so we find 

COROLLARY 4: If K: -I w and I{ is not IT1easurable, and if D and 

E satisfy the conclusion of TheoreIT1 13. 11 and the reIT1ark following 

it, then E/D is external. r:J 

Heuristic reIT1ark : Suppose K: is regular but neither IT1easurable nor 

countable, and suppose 21{ = I{+ and D is K: +- good. According to 

a person living in D-prod V , there are no uniforIT1 ':' K::'"' c oIT1plete 

...1... ~:~ 

ultrafilters on "'1<: (i. e. III P(I<:))) because ';'1( is neither IT1easurable 

nor countable. But" looking at his univers e frOIT1 the outside, we can see 

that there is such an ultrafilter; it just doe s not happen to be in his 

world (i. e. to be internal). If the resident of D-prod V is willing to 

believe us when we tell hiIT1 about this ultrafilter, he will say that 

although not IT1easurable, is pseudo-IT1easurable, in the sense that a 

':'1<: -coIT1plete uniforIT1 ultrafilter qexists in another world. If 



CHAPTER IV 

LIMIT CONSTR UCTIONS 

§ 15. Limits, sums, and products of ultrafilters Recall from 

elementary topology that an ultrafilter D on a topological space X 

is said to converge to a point x EX, and x is called a limit of D 

if and only if ,every neighborhood of x is III D. If D has a unique 

limit, we call it lim D; on a compact Hausdorff space, every ultrafilter 

has a unique limit. If D is an ultrafilter on a set I and f is a 

function from I to a topological space X, then we write D-lim f 

or D-lim.f(i) for lim f(D). We shall be concerned mainly with the 
1 

caSe that X is the Stone-~ech compactification of some (discretely 

topologized)set J. (See 7.7) 

LEMMA 1 : Let I and J be sets I D an ultrafilter on I and 

E a function assigning to each i E I an ultrafilter E. on J i. e. 
1 

E 1-> f3J. For any A c J , 

A E D-lim.E. <=::;>(Vi D) A E E. 
111 

Proof A is both open and closed in ~J. Hence 

(1) A EE(D) <=::;>lim E(D) E-A 

108 
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The right side of (1) is equivalent to 

A E lim E(D) = D-lim.E. 
1 1 

The left side is equivalent to 

~ -l~)
. (i IE. 

1 
E A 1 =E (A E D 

which means (Vi D) A E E.. [] 
1 

PROPOSITION 2: Let I, J, D, and E be as in the lemma, and let 

E':I ... [3J be another function. 1£ E =E' mod D, then D-lim E = 
i i 

D-lim.E'o . 
1 1 

Proof Obvious from the lemma or from the fact that E(D) = E '(D). [] 

PROPOSITION 3: Let I, J, D, and E be as in the lemma and let f J --+ J '. 

Then f(D-lim E.) = D-lim.f(Eo) 
ill 1 

Proof Applying the lemma, we compute for any A ~ J', 

A E f (D -lim. E . ) <;:::;> C 1 (A) ED-lim. E 0 

1 1 1 1 

<;:::;> (Vi D) C l (A) E E. 
1 

<;:::;>(Vi D) A E f (Eo)
1 

<;:::;> A ED-lim f (E 00 0 ) 

1 1 
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PROPOSITION 4: Let f: I .... I I ,let D be an ultrafilter on I , let 

D I =f(D) , and let E : I I .... X for any space X. 

D I - l'nn' l 
E 

. I in the sense that, if either limit exists and is unique, so 
1 1 

does the other, and they agree 

Proof Both are lim (E 0 f) (D) o 

DEFINITION 5 ,t;et I be a set and D an ultrafilter on I. For 

each i E I '~ J. be a set and E. an ultrafilter on J.. The 
1 ' 1 1 

disjoint union of the J. is 
1 

II J = {(i,j)li E I , j EJ.1iEI i 1 

there are canonical injections 

J .... J1 J. j I.... (i,j)
i 1i EI 

and a canonical projection 

rr- : 11 J ..... I : (i, j) ~ i 
i EI 1 

The sum of the E. with respect to D is defined to be the ultrafilter 
1 

D - L: .E. = D-lim.<:p. (E.)
1 1 1 1 1 

on J1.J.. If all the J. are the same set J and all the E. are the 
- 1 1 1 1 

same ultrafilter E ,then Jl.J. = I X J ,and D-L;.E will be called 
- 11 - 1 

the product of D and E (in that order) and denoted by D' E. 
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111 

~ 

REMARKS 6: (1) A(i) and f(i) , as defined in Section 14, are, in 

-1 
the present notation, CD. (A) and f 0 ~rI. respectively.

. 1 'l" 1 

(2) Do not confuse the product DoE defined here with the 

cartesian product D X E defined in Section 3. Note that D' E, 

unlike D X E , is always an ultrafilter. 

(3) In much of the literature, D' E. is called E X D . 

LEMMA 7 (1) For all A c II J 
.J..L;. EI i 

A E D - ~.E. <2=:> (ViD)(Vj Eo) (i,j) EA 
1 1 1 

Thus the guantifier (V(i, j) D - ~. E.) is equivalent to (Vi D) (Vj E.)
1 1 1 

( 2 ) Fo r all A s; I X J 

A ED E <:;::::;> (ViD)(Vj E) (i,j) EA0 

(V (i, j) DoE) is equivalent to (Vi D)(Vj E) 

(3) For each (i,j)E~Ji F .. be an ultrafilter on a set
lJ 

K. 0 The natural bijection between
lJ 

Jl (J1 K.o) and

i EI j E J. 1J
 

1 

K .. 
1J 

(namely (i,(j,k» <-;:. ((i,j),k» maps 

D - ~.(E. 
1 1 

- ~. F o '> 
J lJ 

to (D - ~.E.) 
1 1 

~o .F.. 
1, J lJ 
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I 

we usually identify these two via this bijection. In particular, nlUltiplication 

of ultrafilters is associative. 

(4) The projection 'If :Jl. J ..... I maps D - 2::.E. to D. If 
1 1 1 1 

all the J. are the same set J and 'TT' is the projection I X J .... J 
1 

then fT'(D -2::.E.)= D-lini.E... If all the E. are the same E ,then 
1 1 111 

1T'(D . E') = E 

(5) 'rT: D - 2::.E ..... D is an isomorphism if and only if (Vi D) E. 
111 

is principal. ,"': D . E .... E is an isomorphism if and only if D is 

principal. 

(6) (Vi D) E. = E' (i. e. E = E' mod D)~ D - 2::.E. = D - 2::.E.' 
1 ill 1 1 

(7) Suppose, for each i E I £. J ..... J.'. The induced map
111 

f : Jl J ..... Jl J' (i, j) I.... (i, £. (j) )
1 i 1 

i E I i EI 

takes D - 2:: .E. to D - 2::. f (E.) If (Vi D)£. is an isomorphism, 
1 1 1 i 1 1 

then f is an isomorphism. 

(8) Suppose g: I' .... I and suppose D' is an ultrafilter on I' 

with g(D ') = D Then 

g : II J (. ') .... Jl J. (i " j) f.... (g (i ') , j) 
1

i 'E I' g 1 i EI 
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D- L:.E .. If g is an isomorphism, then so 
1 1 

maps 

-is g 

Proof Straightforward verification, omitted. 0 

Acco'rding to (7) of the lemma, we may unambiguously define sums 

of isomorphism classes by 

D - L:. E. = D - L:.E. 
1 1 1 1 

Note however, that (8) does not suffice to permit an analogous definition 

of D - L:.E. since when D is replaced by an isomorphic ultrafilter 
1 1 

the E 's must be re-indexed. Of course, if all the E. are equal,
i 1 

then there is no such difficulty and we define D'E=D'E 

DEFINITION 8: D ::"RF E if and only if, for some ultrafilters 

F. (i E Un(D)), D - 2::. F. = E The relation < is called the Rudin­
1 1 1 -RF 

Frolik ordering. 

Part (8) of the last lemma shows that the relation D '::'RF E 

depends only on the isomorphism classes of D and E , so we get 

an induced relation D '::'RF E on the clas s RK. This relation 

is reflexive by (5) and transitive by (3) of the lemma. By (4) , <
-RF 

implies .::., so it is anti-symmetric. RK with the partial ordering 
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< will be called RF; siITlilarly for RF(K), etc. RF(w) has been
-RF 

studied in detail by Booth [2]. To connect our definition with his, we 

need the following 

PROPOSITION 9: Let D be an ultrafilter on I , E : I ..... 13J. If the 

. points E. E13J have a systeITl 'of pairwise disjoint neighborhoods 
1 

(in 13J), then D-liITl E. ;; D - 2::. E. 
ill 1 

Proof: The pairwise disjoint neighborhoods can be taken to basic open 

A 

sets A. A. EE. ,and
1 1 1 

iii I => A. nA. I = ¢ 
1 1 

Define a function g: J ..... I to have value i on A. (and to have 
1 

arbitrary value On J -lJ. A. ), and let 
1 1 

f J ..... I X J : j I--- (g (j) , j) 

By choice of g , f agrees with CD· on A. , so f(E.) = CD.(E.)
'1 1 1 . 1 1 

Hence, us ing Propos ition 3, 

D - L: .E. = D-liITl. cp. (E.)
1 1 1 1 1 

= D-liITl. f (E.)
1 1 

= f(D-lim E.)
i 1 

Since f is obviously one-to-one, the proof is complete. 0 
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Let us call a family of points in a topological space strongly 

discrete if and only if the points have a system of pairwise disjoint 

neighborhoods (as in the last proposition). This property is, in general,. 

stronger than just discreteness. For example, if X is an uncountable 

set and 2 is the discrete space (0, l} , then, in the product space 

the points precisely one of whose coordinates is 1 (i. e. , the 

standard "uni.t vectors 11) form a dis crete but not strongly discrete 

collection. (Indeed, any family of pairwise disjoint open sets is countable. ) 

Discreteness is often'an easier property to deal with than strong discretenc 

because the former is an intrinsic property while the latter depends on the 

ambient space. Thus, the following simple result is often useful. 

PROPOSITION lO: In a regular (i. e. T land T 3 ) space X, ~ 

discrete countable set is strongly dis crete. 

Proof Let (x. Ii < w}
1 

be a countable discrete set; thus each x. 
1 

has an open neighborhood N. 
1 

containing no other x.. 
J 

Define 

inductively closed neighborhoods C. c 
1 -

N. 
1 

of xi as follows. If C. 
J 

has been defined for j < i and C. eN. 
J ­ J 

, then 

V<,. C. c
J1J­

L/<. N.
J1J 

is a closed set not containing x.. By regularity. the neighborhood
1 
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N. - U.<. C. of x. contains a closed neighborhood C. of x .. 
1 J1 J 1 1 1 

,. 
Then the C. are pairwise disjoint, so [x. Ii < w} is strongly

1 1 

discrete. 0 

Taken together, the last two propositions show that our definition 

of < agrees with Booth's. ' We continue with two propositions which
-RF 

show that (roughly speaking) when dealing with P-points we need never 

worry about discreteness. 

PROPOSITION 11 : Any countable fam.i1yof (distinct) P-points is discrete 

(hence, strongly discrete) in f3W' 

Proof: Let the P-points in question be E. (i < w) Tem.porarily
1 

consider a fixed 1. For each j Ii, let G. be a neighborhood of 
J 

E. m f3 W not containing E .. By Proposition 9. 1 n. l . G. 
1 J J 1 J 

contains a set N which is a neighborhood of E. m f3w-w. 
1 

Clearly N contains no E. (j I i). Thus, [E. Ii < w1 is discrete 
J 1 . 

(in f3l'~-W, hence in f3w, because discreteness is intrinsid. 0 

PROPOSITION 12: A convergent P-point on a regular space contains 

a strongly discrete set. 

Proof: Let D be a P-point on the regular space X , and let p E X 

be the limit of D. Since D has size W (by definition of P-point), 
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there is an A ED with Card(A) = wand p rJ. A ; let A = fa In < w 1 
n 

Since X is regular, let G be an open neighborhood of p not 
n 

containing a ,and let C be a closed neighborhood of p contained 
n n 

in G By choosing G and C inductively rather than all at once, 
n n n 

we can arrange G e C For 'each n, let g(a ) be the least
n+l n n 

k such that an i Gk ; g(a ) exists because a i G . Define gn n n 

arbitrarily o~ X - A. If g is constant on a set Be X , say 

g(B) '=- [k} , then B is disjoint from. A n G
k 

which is in D (as G
k 

is a neighborhood of lim. D), so B rJ. D. As D is a P-point, g 

m.ust be finite one-to-one on som.e BED since D is an ultrafilte r, 

we m.ay choose B so that B e A and g takes only even or only 

odd values on B, say even values. The finitely m.any points of B 

where g takes the value Zk are, by definition of g on A in 

G but not in G ' so they lie m . Zk-l Zk 

Since G + ~ C ' the various sets G _ - C (k < w) are
Zk l Zk Zk l Zk 

pairwise disjoint open sets which cover B , and only finitely m.any 

points of B lie in each of those sets. Using the fact that X is 

Hausdorff, we easily conclude that B is strongly dis crete. 0 

REMARK 13 : The hypothesis of convergence is not needed in the 

proposition. The proof of this proceeds by first observing that it suffices 
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to prove discreteness (by Proposition 10) which is intrinsic, so, without 

loss of generality, the space X m.ay be replaced by a countable subspace, 

and we m.ay as well assum.e that X itself is countable. But any 

v 
countable' regular space is com.pletely regu)ar, so X has a Stone-Cech 

com.pactification f3 X , and in f3 X the, proposition can be applied 

because any ultrafilter converges. We om.it the details of this proof, 

because in practice we shall only need the case where the given ultrafilter 

converges~ in fact, the space X will be com.pact in applications. 

By Propositions 9 and 12, we get 

COROLLARY 14 : If D is a P-point on I , and if E I ..... f3J is 

one-to-one on a set of D, then D-lim..E. = D-2:E.. 0 
1 1 1 1 

If E is not one -to -one' on any set of D, then let f I ..... I' 

be a surjection such that 

f(i) = f(j) ~ E. = E. 
1 J 

(e. g. let I' be obtained from. I by dividing by an appropriate 

equivalence), let D '= f(D) , and let so 

By Propos ition 9. 7, D' is a P-point or principal, and clearly the 

F., are all distinct. Hence, using the corollary and Proposition 4, 

D-lim..E. = D-lim..F (.) = D '-lim.. ,F. ,
1 1 1 f 1 1 1 

=D'-L:.,F.,
1 1 

1 
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Thus, in any case, 

COROLLARY 15 : If D is a P-point, then any ultrafilter of the form 

D-lim,E, is isomorphic to one of the form D '-I:, ,F., ,where D' < D 
1 1 1 1 

and the F., IS are among the E. 's 
1 - 1 

We conclude this section by examining the connection between sums 

of ultrafilters and the non-standard ultrafilters considered in Section 14 . 

PROPOSITION 16 Let D be an ultrafilter on a set I , and let 

E : I .... ~ J. The n (D-I:.E,)/D is the internal ultrafilter (represented
1 1 

Ell [E]
D
 

- -1
 
Proof If A ~ I X J , we compute (using A (i) =(Pi (A)) 

~ (ViD) AEco,(E,)
1 1 

~ A E D-limil:P, (E,) = D-2:.E. 
1 1 1 1 

~[A]E (D-I:,E.)/D 0 
1 1 

Since an ultrafilter F on I X J with fr (F) = D is completely 

determined by F /n ( 
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COROLLAR y 17 : If F is an ultrafilter on I X J such that 'IT(F) = D 

and F/D is internal, then F = D-I:.E. for certain maps E:I ..... I3J, 
1 1 

namely, just those E for which [E] = F/D . 0 
D 

As another corollary, we obtain again the "if11 part of Lemma 7(6). 

By Corollary 14. 2, 

COROLLARY 18 The projection 

'IT: D-I:.E ...... D 
1 1 

is an IS(w)-morphism. Hence < implies o-RF 
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9 16. Successors in RK(W) In this section we make a first 

application of the ideas of sum and product of ultrafilters to the study of 

the Rudin-Keisler ordering. 

THEOREM 1 : Assume FRH(W). For each uniform ultrafilter D on 

W , there are an ultrafilter E on W and a morphism f: E ~ D 

such that any morphism with domain E either is an isomorphism or 

factors through f ,but f itself is not an isomorphism. In fact, there 

2 W 
are 2 pairwise non-isomorphic such E' s . 

Proof: Let E. (i < W) be pairwise non-isomorphic minimal ultrafilters 
1 

on w; such E. exist by Corollary 8. 9. Let E = D-l:.E. on W X w. 
1 1 1 

We shall show that the projection ",: E ~ D is not an isomorphism, 

and any morphism with domain E either is an isomorphism or factors 

through .".. (An E as required in the theorem can then be obtained 

by taking any ultrafilter on W isomorphic to the E we have defined. ) 

First, by Lemma 15.7(5), 'IT is not an isonlOrphism , for none of the 

E. are principal. Now let g be any function WX w~ w. Recall that 
1 

-

g : w~ Horn (W, w) is defined by g (i) (n) = g (i, n). Since each E. 

1 

is minimal, g (i) is constant or one-to-one on some set A. E E .. 
1 1 

Case 1 (i Ig(i) is constant on A.} = BED 
1 



122 

Then 

A = ((i, n) liE B , n E A.} E E 
1 

and, if we let h(i) be the value of g (i) on A. when i E B (h(i)
1 

arbitrary when i i B ), then 

(i, n) E A => g(i, n) = g (i)(n) = h(i) = h7T(i, n) 

Therefore, g = h". mod E . 

Case 2: (ilg(i) is one-to-one on A.}= C ED . 
1 

Now, using Proposition 15. 3 

g(E) = g(D-lim.cp.(E.))
1 1 1 

= D -lim. gcp. (E.)
1 1 1 

= D-lim. g(i) (E.)
1 1 

But, as is one-to-one on A. for D-most i we have--­
1 

(lfiD) g(i)(E.) - E. 
1 1 

Furthermore, the ultrafilters g(i)(E.) for i E C are distinct (for the 
1 

various E. were chosen to be non-isomorphic) ; hence' they form a 
1 

strongly discrete set, by Proposition 15.11. Therefore, we have 
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g(E) = D-lim. g(i)(E.)
1 1 

- D-L:.g(i)(E.)
1 1 

-= D-l:.E. 
1 1 

-= E 

By Corollary 2. 6, g is an is omorphism. 

Since D is an ultrafilter, one of the two cases considered must 

occur, so the main assertion of the theorem is proved. 

2u.1
By Corollary 8. 9 , we can choose 2 sequences E. as above, 

1 

in such a way that no ultrafilter appears in two distinct sequences. F-rom 

2W 
each sequence, we obtain an E as above, and these 2 E's are 

distinct by Lemma 15.7(6). Since only 2W ultrafilters on WX W can 

2w 
be in anyone isomorphism clas s, we obtain 2 pairwise non-isomorphic 

E's as required. 0 

DEFINITION 2: An element a of a partially ordered set P is an 

immediate succes sor of b E P if and only if b < a and 

(Vx E P) x < a => x < b 

Note that this definition requires not only that a is above b 

with nothing in between, but also that no element incomparable with b 
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lies below a. The theorem immediately implies 

W
2COROLLARY 3: Every element of RK(w) has 2 immediate 

successors I assuming FRH(w)· 0 

2w 
Of course o I also has 2 immediate succes sors in RK« W), 

namely the minimal ultrafilters. 0, its immediate succes sors, their 

2w 
immediate succes sors I etc. form a tree, of height w, with 2 -fold 

ramification at each node. Using Proposition 5. 10, the tree can be extended 

until it has height ~ 1. Thus, 

COROLLAR Y 4: Assume FRH(w). Let P be the partially ordered 

2w 
set of maps p from arbitrary countable ordinals into 2 , ordered' 

by inclusion (i. e. p ~ q if and only if p is the restriction of qI 

!£. Do(p)). Thus, P is the l1 s tandard1l tree of height ~l with 

22
W

_fold branching from every from every node. Then P can be 

isomorphically imbedded into RK( ~ W) 0 

Observe that the image of P is by no means all of RK( < w), 

because the former is a tree while the latter is directed upward (in a. 

very strong way; see Proposition 5. 10) and is not a chain (by 8. 9 if 

FRH(w) ; by [12] in general). Observe also that the isomorphic embedding 

of P into RK(~W) can be taken to map the least element, ¢, of 

P to any prescribed element of RK(w). 
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§ 17 Goodnes s, sum.s, and m.inim.ality As sum.ing FRH(K), there 

are a great m.any ultrafilters on K which are both K+-good and 

m.inim.al in RK(K). (See Corollary 8. 8) The question naturally arises 

whether there is any neces sary connection between K: +- goodnes sand 

m.inim.ality in RK(K). Doe s one im.ply the other? Or does the negation 

of one im.ply the other? Keisler has proved 

THEOREM I : Assum.ing D is countably incom.plete, D-L.E. is 
1 1 

K+ - good if and only if D is K+ -good. 

Proof See [9]. 0 

In particular, for countably incom.plete D, D· E is K+ - good 

if and only if D is K+- good. Given any ultrafilter E on K> W , 

we can obtain both K+ - good ultrafilters and non-I(+ - good ultrafilters 

> E on K by choosing D to be K+ - good in the first case (using 

Corollary 8. 8) and non-I(+ - good in the second case (e. g. , let size (D) = w). 

If K= W then all ultrafilters of size I( are K+ -good (see [7]). 

The only pos sible im.plication not ruled out by these considerations 

is"m.inim.al => good". Keisler has asked whether this im.plication holds 

(for K> w, assum.ing ZK = 1(+ if neceS sary) , and also whether every 

K-regular ultrafilter is > som.e K+-good one (An affirm.ative 
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answer to the latter question would imply that, for any two elementarily 

equivalent structures G. and a of cardinality < I( for a language 

with ~ K symbols, and for any K: - regular ultrafilter D on 1<:. 

D-prod G. and D-prod a are isomorphic. See [1].) We shall answer 

both questions negatively, assuming 21<: = 1<:+ , or even just FRH(K:), 

by constructing an ultrafilter on K: which is minimal in RK(K:) 

I<: - regular , but not I(+- good, provided I<: is not cofinal with w 

Note that, if I<: is measurable, a normal I<:-complete ultrafilter on 

I<: is a counterexample for the first question, but not for the se~ond. 

LEMMA 2 If all the E. are I<:-regular, then so is D- L: .E. 
1 1 1 

Proof Let Un(D) = I Un(E.) = J. (i EI ). Suppose that, for 
1 1 

each i , f J. --. P (I<:) is as in the definition of 1<:- regular Theni 1 w 
one trivially checks that 

f : lL J. --. P (I<:) (i, j) --. f. (j) 
1 W 1 

i EI 

also satisfie s that definition, so D-L:.E. is I<:-regular. 0 
1 1 

fTHEOREM 3: Let I<: be a cardinal of cofinality > W and as sume 

FRH(I\). Then there is an ultrafilter E on WX I<: which is K-regular 

(hence uniform), minimal in RK(K) , but not I<:+-good. 
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Proof: Begin by letting D be any uniforlll ultrafilter on w We 

shall define certain K-regular ultrafilters E. on K (i < w) , and then 
1 

we shall let E be D-2:.E.. By the lelllllla, E will be K-regular;
1 1 

by Keisler I s theorelll (and the facts in Section 1 ), E will not be 

+K: -good. Most of the following proof is therefore concerned with 

ensuring the lllinilllality of E In RK( K) . 

LEMMA 4 :' In unif(l\) ,let e be any cOllleager set. Assullle FRH(K) 

Then e contains a countable sequence E. (i < w) of ultrafilters 
1 

with the following property. 1£ f i : 1\ ..... K: (i < w) are lllaps such that 

f. is one -to -one on a set of E. ,then the set of ultrafilters 
1 1 

[f.(E.) Ii < w} is strongly discrete in 131\. 
1 1 

Proof of lelllllla: Suppose e ~ 0<2'.\ ea where each ea is open 

Kand dense in unif (1\) (with the fine topology). There are 2 systellls 

{f. : K: ..... 1\1 i < w} of countably lllany sel£-lllaps of K:; well-order thelll 
1 

thwith order type 21\, and let the a systelll be {rl i < w}. We 
1 

define uniforlll filters 'J. ~ (i < w) on K , silllultaneously for all 
1 

i , by induction on a , so that 

(2) J c: has a basis of cardinality < K: 
1 
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(3) Any ultrafilter containing J ~+l is in dl! 
1 

(4) If, for each i , takes I( distinct values on each set 

of '] ~+.l then there are pairwise disjoint sets A. C I( such that 
1 1­

Begin by setting Jr ~ = [I{}. If Y is a limit ordinal < 21( and 

~~ is defined for all a< y , then U J.Ci. has a basis of cardinality 
1 «<y i 

< Car d (I( xy ) < 2
I( 

, so by FRH(I{), it can be extended to a filter with 

a basis of cardinality < I( • Let that filter be:} ~ 
1 

Now suppose y =a+ 1 and c:; ~ is already defined. By (2) , 
1 

the set V. of uniform ultrafilters containing 'J. ~ is open and 
1 1 

nonempty (as 'J ~ is uniform) in unif(K). Since c(X is dense, V. 
1 1 

meets C'Y. , so V. meets some basic open set 
1 

n A C CCi. 
A EG. 

1 

where be the filter generated by e:;tc: U G .. 
1 1 

~ has a basis of cardinality ::: K, say [G. I IJ.< K}. If, for some 
1, IJ.
 

i fa does not take K values on each G. ,then we may set
 
1 1, U 

r-tfiJ.+1
--"<J., as From' now suppose, for..;J1 $Yi (4) will hold vacuously. on, 

each i fa takes K values on every G. Well-order the 
i 1,1J
 

triples (i, /l, v) E w X K X K with order type K. Inductively choose
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a(i"u,lJ) E G. so that 
1, Po 

for all earlier triples (i I, fJ.' , v~. This can be done because lX takes 
1 

K: values on G. 
1, ~ 

and there are fewer than K: earlier (i/,/J." v') . 

Let 

B = (a(i,/J.,v)l,u, v E K:}
i 

Since B. meets G. K: times (at least once for each v ), the 
1 1, /J. 

filter 'J.rx.+ l generated by ~i U (B } is unifo rm. Conditions (1)
i

i 
and (2) are obviously satisfied, and (3) holds because G. c ~ cCj~l . 

, 1 -o'i -.7' 1 

For (4), let A. = ~(B.) By choice of a(i,/J. ,v) , the A. are 
1 1 1 1 

pairwise disjoint, and 

B. vc:+ l 
1 1 

Now if we let E. be any uniform ultr afilter containing 
1

If< 2K:J; , condition (3) implies 

E. E fl< K: C
a c C 

1 ~< ~ ­

If f.: K: --+ K: are maps, say f. = f.rx. , and each f. is one-to-one 
1 1 1 1 

on a set of E., then f. must take at least K: values on each set 
1 1 

of C"1 rx.. +1J ' for otherwise E. contains a set on which f. is one-to-one 
1 1 1 

and takes fewer than K: values, contrary to the fact that E. is 
1 
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