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(2) D is a minimal element of RK(k) .

Proof: Statement (2) says that, for any map f of K into any set,
either -f(_D) ¢ RK(K) or T-) =D , i.e., either size f(D)< K or
(D) = D' . The former possibility means that, for some A €D,
Card f(A) < K (see Lemma 2. 2(1)) ;‘ the. latter possibility means that,
for some A €D, fPA is one‘-to-one (see Corollary 2.6 and
Proposition 2.7). Since it is clearly no loss of generality to assume

X =K (if necessary, compose { with an injection f{(K) -k), (2) is

equivalent to (1) . [

Remark 5. We shall sometimes refer to D, rather than D,
as minimal in RK(K) . We shall also speak of minimal elements of
RK ; we mean minimal elements of RK - {6} . (Recall that 0 is the
least element of RK .) A non-principal ultrafilter D is minimal if
and only if every function on Un(D) is constant or one-to-one on a set
in D . (The proof is like that of the last proposition. ) Notice that, by
Proposition 4.4, if D is minimal, itis size(D)-complete, so
size(D) 1is either w or a measurable cardinal. Any ultrafilter
fninimal in RK(w) 1is minimal (clearly), but for measurable K

there may exist ultrafilters minimal in RK(K) but not Nl—cqmplete

(see Corollary 8 below), hence surely not minimal.
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COROLLARY 6. The set of ultrafilters on K minimal in RK(K) 1is

comeager. []

COROLLARY 7. The set of kK*-good ultrafilters on Kk which are

minimal in RK(K) is comeager. O

COROLLARY 8. Assume FRH(K). There are ZZK K+-good (hence

K-regular and countably incomplete) ultrafilters on K which are

K

minimal in - RK(k) . RK(k) has 22 distinct (as equivalence classes)

minimal elements consisting of K+-good ultrafilters.

Proof: For the last assertion, recall that‘ each equivalence class has at

most 2K elements. O

COROLLARY 9. Assume FRH(w) . RK(whas exactly Zzw minimal

elements. There are Zzw

P-points on w . O

Proof: For the last assertion, observe that any ultrafilter minimal in

RK(w) 1is clearly a P-point. O

Note the contrast between the present results, which say that '"most"
uniform ultrafilters on Kk are minimal in RK(K), and 5.8(3), 5.10,
5.11, which say that there are a great many non-minimal (in fact very far

from minimal) uniform ultrafilters on ¥ .
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§9. P-points. In the preceding section, the existence of P-points
was obtained as an immediate corollary of the existence of minimal
ultrafilters in RKl(w) . For all we have shown so far, it might be that
all P-points are minimal, or perhapé that all uniform ultrafilters on
countable sets are P-points. The latter possibility is easily disposed

_of by means of the following coﬁnter-example. On w Xw , the sets
Af,n) = {oy)[x2n and y>fx)}

for n<w and f:w-w, :foxlmafilterbase B. If m:wxw-"w

* is projection to the first factor, then any set B on which 7 is
constant, say B c {a} xw , is disjoint from A(f,a +1) for arbitrary
f, and any set B on which = is finite-to-one is disjoint from
A(f,0) where f£(x)= max{y|(x,y) € B}. Hence, no ultrafilter
containing ® «can be a P-point. (Another proof, using topological
methods, is in Rudin [14].) The possibility that all P-points are
minimal has also been disproved, assuming. CH, by Booth

[2, Theorem 1.11]. The existence of non-minimal P-points will also

follow from the main results of this section.

We begin with a proposition whose main purpose is to justify the

name P-point; see Gillman-Jerison [6, Exercise 4L].
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PROPOSITION 1. Let DE€PBw -w . D is a P-point if and only if, in

pw - W, every Ga-set containing D 1is a neighborhood of D .

Proof: We remind the reader that the use of the notation fw - w , rather
, : v
than unif(w), means that we are using the standard (Stone-Cech)

topology.

Suppose D is a P-pointand A 1is a Ga-set, say
A :Q<wAi , containing D ., For each i< w , choose a basic open

set G. such that DeéigAi; Gigw. Let
i

f: —_ : —> Ui 1
w w+l:n pi(n ¢ Gi) }f nQQ@Gi
w ' if nem G,
1<@W 1

As D is a P-point, f 1is finité—to-one or constant on some B &€ D,

If Bgf—l(i) for some i< w, them B and Gi are disjoint sets

in D, a contradiction. If
-1
then
(1) ' DeBC m f}i cA

i< w

and A is a neighborhoodof D . If { is finite-to-one on B, then,
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for each 1,
B-Gi = {nEBlneGi}anf'l{o,l,- .. ,i)

1is finite, so any uniform ultrafilter which contains B also contains
Gi. Therefore (1) holds again, and A 1is a neighborhoodof D in

Bw - w.

- Conversely, suppose any Ga—set containing D 1is a neighborhood
of D, and suppose f:w = w is not constant on any setof D . Then,

for each n€w ,

A = {k]f(k) > n} €D

So pDef EwAn , and, by assumption, there is a set B Cw such that
n
DEBC ﬂ.&
n
n€w
Thus, B € D, and, for each n, every uniform ultrafilter containing
B also contains An . Hence B - An is finite, and f 1is finite-

to-one on B . Therefore, D 1isa P-point. 0O

We now turn to the construction of P-points with further special
properties (including non-minimality). These constructions are by

transfinite induction, but they are a bit more subtle than the construction
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summarized by the Baire category theorem. Itis, € course, clear
that we cannot obtain non-minimal ultrafilters by a direct application
of the Baire category theorem, for the set of non-minimal ultrafilters
on w is I‘neager. We shall need the following lemma for the

construction of special P-points.

LEMMA 2. Assume CH . Suppose C 1is a nonempty closed subset

of Bw - w with the property that, whenever a Ga—set meets C, its

interior also meets C . Then C contains a P-point. (It suffices to

consider Gé-sets of the form Qéﬁﬁ with B countable.)

Proof: The number of Ga-sets of the form QEﬁﬁ with B8 countable

is 2%z wt; let {Xi' i < wt} be the set of all such Gg-sets. We

define inductively nonempty closed sets Ci =Ch ﬁi for certain

B. S w, such that i<j=>Ci;3Cj. We begin by taking c0=c=cna3.

if o 1is a limit ordinal <wt and C_,=Cn 1% is defined for all

B

B <o, then
cn ﬂﬁB - ﬂ Cy + @
B<a B<«a
because it is a nested intersection of nonempty compact sets. By hypothesis,

A

there is a basic open set Ba (Bag w) such that

BagﬂBB and B.NC+a
B<a
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We define Ca =Cn ﬁa . This is closed (because ﬁa' is), nonempty,

and € C forall B<a. If o 1is a successor, B +1,

B

CB =Cn ]%B is already deﬁnéd, and X

But if

BnCB=@, let Ca=CB.

c,=Ccn@B,n: ,
X N n(BBnXB)qECD

then, by hypothesis, we can find BaC:w such that Cn f%a #@ and

f’:ag B,NX,; lee C =CAn ﬁa . This completes the definition of the

B B o

decreasing sequence C . By compactness, thereis a D CcC
g seq o y P € <wT «

obviously D & C0 =C, énd I claim that' D is a P-point. If X is
any Gﬁ—set containing D, then, for some i< wt, D€ Xig X .
(Replace the open sets whose intersectionn is X by basic open subsets
containing D .) Thus D& Ci N Xi , and Ci-l—l was defined as

B B, . c X. . £
cn Bi+1 , Wwhere Bi+1" Xi Therefore,

and X 1is a neighborhood of D, as claimed. O

Restating the lemma in non-topological language, we obtain

COROLLARY 3. Assume CH . Let F be a filter on @ containing

all cofinite sets. Assume that, for every decreasing sequence

Y DY, DY

0 1 2 2 - of sets Yi each of which meets every setin F ,
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there is a set S, meeting every setin F , and suchthat S -Y, is
g =

finite for all i <w . Then there is a P-point containing F . [

Obviously the lemma and its corollary apply to all countable sets,

not just to w .

THEOREM 4. Assume CH . For every P-point D, thereisa

P-p_oint E>D.

Proof: Without loss of generality, assume Un(D)=w . Let
T:W XW=-w bethe first projection. For any set ACw X w, define

f tw~w+1 by

A
-1
fA(n) = Card(ANw (n)) = Card{y|(n,y) € A}
Let F be the family of all sets A Cw Xw such that f is
. WXW-A
bounded by some n < @ on some setin D . Itis trivial that F is

a filter on w X w containing all cofinite sets.

We shall verify that F satisfies the assumptions of Corollary 3.
Let Y, 2Y 2--- bea sequence of sets such that each Yi meets
every setin F . If we let fi = in , this assumption means that each

of the fi is not bounded by any n < w on any setof D . Let

h(k) = ‘(;m < K (k) <n
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(For the p-notation, see Shoenfield [15, p. 112]; h(k) = k if

(¥n < k)fn(k) >n .) Thus,
(1) . k21=>h(21 and £ (k) 2h(k) - ]

-1 .
Suppose h were constanton a setof D, say h (a)€ D. Since

D is non-principal,
A = {x,x>a and h(x) = a}GD

The definition of h shows that, for x€a, fa(x) < a, contradictingthe fact
that fa is not bounded by any finite number on any setof D. So h

is not constant on any set of D, and, because D 1is a P-point,

h 1is finite-to-one on some set A € D . Without loss of generality,

say 0¢ A. For each x€ A, (1) and the definition of fn show

that-thel;e is a set Sx of cardinality h(x) -1 such that

{x} x Sx c Yh(x)-—l

For x€¢ A, let S =@ . Let

S = {(x,y)lyESx} =le€{&({x}xS)

X

I claim that S has the properties required by the hypothesis of

Corollary 3.
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First, for each n

fi(n) = Card S = h(n) 1 if nea
= 0 if ngA
Hence, the set
£{0,1, k- 13N A = (x€ Alh(n) <k}

is finite (because h is finite-to-one) and thus notin D . But A €D,

SO

-1
fS{O,---,Ak-l}QD

We have shown that fS is not bounded by any k < w on any set of

D . Therefore, S meets every set of F .
Second, if h{x)>n, then

{x}XngY cY ,

hix)-1— "n

50
S-Y ¢ (M{X} XS ) - (h(Lx)/m{x} XS )

- % (=} xs_)

and h{(x)<n
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Since h is finite-to-oneon A and each S is finite, S - Y is
X n

contained in a finite union of finite sets, hence is finite.

Thus, Corollary 3 applies, and there is a P-point EDF . If

BeD th f
€D, en wxw-1-YB)

v_l(B) €EFCE. Thus mwE)=D and E > D . Furthermore, if

is identically zeroon B, so

ACw Xxw is such that = PA is one-to-one, then fA takes only the

values 0 and 1, so
wXxXxw-A€eFCE s

and A¢ E. Since m is not one-to-one on any setof E,
['n']E : E~D 1is not an isomorphism, by Proposition 2. 7. By Corollary 2.6,

D#¥E, so E>D. O

COROLLARY 5 (Booth[2]). Assume CH . There are non-minimal

P-points. O

COROLLARY 6. Assume CH . There are increasing w-sequences of

P-points. In fact, every P-point is the first term of such a sequence. [

We shall see, in Chapter IV, that the set of P-points is not directed;
in fact there are two minimal ultrafilters no common upper bound of

which is a P-point (assuming FRH(w)).
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PROPOSITION 7. If D is non-principal, E is a P-point, and

D<<E, then D is a P-point.

Proof: Size(D) = w by Proposition 4.1. Suppose {(D) is non-principal,
and let D = g(E) . Then fg(E) = f(D) 1is non-principal, so, as E is
a P-point, fg is finite-to-one on some set A € E. Butthen f is

finite-to-one on g(A)€ D . O

THEOREM 8. Assume CH . There is a set of P-points which, with

the Rudin-Keisler ordering, is isomorphic to the real line with its

‘usual ordering.

Proof: We use the usual notations R and @ for the sets of real and
rational numbers respectively. We must find, for each £ €R, a

P-point Dg such that

<n=D, <D
E<mn n

£

Let X Dbe the set of functions x: M —w such that x(r)=0 for
all but finitely many r € @ . Note that Card(X)=w . For each

£ € IR, define fgzx—'X by

f’g(x)(r) = x(r) if r<t¢

v
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Clearly,

f of = f of = f |, :
£E M n & min(§, )

Eventually, the required ultraﬁlters D will be defined to be fE(D)

£

for some particular ultrafilter D on X . Observe that, if & <7,

‘then
f(D) = f{f(D) = £ (D) = D )
£ £€n £ ¢k
so
f :D —>D
felp #Pp 7 Py
n
Hence DES D”) . We must choose D so that in fact DE < Dn and
so that each DE is a P-point. By Corollary 2.6, the first objective

- willbe accomplished if is not an isomorphism, and, by

%1,

Proposition 7, the second objective will be accomplished if D itselfis

a P-point.

We consider first the problem of making sure that fE : Dn - DE

is not an isomorphism. What we want is that, for each g: X - X,

g ° fE =#+ id mod D77 . (See Corollary 2.6.) In other words, when £ <1,

{x¢ X |gfyx) + x} € D = £D)
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or
{x € X‘lgfg(x) + _fn(x)} - {x € Xlgfg(fn(x)) £ fn(x)}
-1
= fTI {x € Xlgfg(x) + x}
€D

Let

Blg £ = {x€X[af,tx) # 1 (0}

for any g: X —-+X and aﬁy £ <n€IR. Wehave just seen that, in

order that D, < DTI whenever £ < 17, we must have

3
B(g,g,ﬁ)é D for all g,£&,1m
Hence we will surely want to know
LEMMA 9. The family
{B(g,g,n)lg : X—->X s E<nE IR}

has the finite intersection property.

Proof: We first observe that, if ¢ < £ <n’ <7, then

B(f ,gf.,t’,n") < Blg, ¢,
(ng€€ n)c (gEn).
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For

xQB(g,E,T).) => fn(k) =; gfg(X)

—> f P X - f 'f X _— f 'gf X -_— f 'gf f P X

Now consider a finite intersection m n B(g.,£.,m.) . By the observation
. ) i=1 i7”17
just made, this set contains another of the same form but with the ,.

intervals [gi,ni] disjoint. By renumbering, we may suppose
< < < <. - .< <
fem<ém & < My

For each 1, let ri be a rational number such that .‘;’i < ri < ni .
We define a function x: @ —w as follows. First, x(r)= 0 for all

values of r except r .-, rn . x(ri) is defined by induction on i,

I
so suppose x(rj) is already defined for j <i. Then fgi(x) is
already determined. Choose x( ri) to be any number different from

gifgi(x)(ri). Then fni(x) and gifgi(x) have different values at ri,

SO

n
x € QB(gi'gi’"i’
1=

This completes the proof of the lemma. U
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Before continuing with the proof of the theorem, we remark that

what we have already done suffices to prove (without CH)

COROLLARY 10. There is a subset of RK(w) order-isomorphic to the

real line. O

.COROLLARY 11. There is a subset of RK(w), order-isomorphic to

the real line, above any prescribed element of RK(w) .

Proof: Let E be any prescribed‘ultrafilter on w . Adjoin -0 to
@ with - < r for all _rationé.l r ; call the result @*, and let

IR* be similarly defined. Define X* and B¥(g,£,m) as before

(¢ maynowbe -m). Foreach A€ E, let A°c X* be

{x €X lx(—oo) € A} . A trivial modification of Lemma 9 shows that
sk . * * 1 sk ’
B*(g, &, g : X*—>X" and g <neR*}U{a"|ac E}

has the finite intersection property. If D is an ultrafilter containing

this family, D, ={_(D) gives the required chain above E, for

£ ¢

COROLLARY 12. There is a subset of RK(w), order-isomorphic to

the long line, above any prescribed element of RK(w) .
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Proof: Use Corollary 11 and Proposition 5.10. [

Returning to the theorem, let ¥ Dbe the filter generated by the
sets B(g,£,m) . It has a basis consisting of finite intersections

/‘\n 1B(g,, gi’ ni) where, as in the proof of the lemma, we may assume
i= i )
... < <
£, <M < £E,.<M,

and; if we wish, that the Ei and n, are rational. To complete the
proof, we must find a P-point DD ¥ . For this we use Corollary 3,
whose hypotheses we now intend to verify. F contains all cofinite
sets, for otherwise we could find a principal D> ¥, but then all the
D are principal, contradicting the fact that no two of them are

£

isomorphic. (A more direct prodf is clearly also possible.)

Now let YO =) YIQ Y2 D -:-- be subsets of X each of which

meets every setin F . We must find a set SE X such that S meets
every setin ¥ and, forall i, S - Yi is finite. Let 0'0,0'1,0'2, T

be an enumeration of all the (countably many) sequences of rationals

of the form

< < < < e <
Py <9 SP; 59, < P9

for arbitrary m < w . Let A(i) be half the number of terms of o,
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(i.e., m if o is the sequence just exhibited).

Let n bea (fernporarily) fixed natural number. Let o be
P, < q < <p>\ < EN where X =A(n). For each i such that
1<i<X+1, we will call certain elements of X 1i-acceptable.
The definition of i-acceptability is by downward induction on i . An
.elernent x€X 'is A+ 1~accep1;ab1eV if and only if x € Yn . For
1<i<Xx, x€X 1is i-acceptable if and only if there are two
i + 1-acceptable elements, X, and X such that fqi(xo) # fqi(xl)
'but fPi(XO) = fPi(xl) = fpi(x) . I claim that, for each i such that
1<i<X+1, the set Acc(i) of i-acceptable elements of X meets
every setin F . This claim is true for i =X +1 because we are
assuming that Yn meets every setin F . We proceed by downward
induction on i . Suppose Acc(i +1) meets every setin F but
Acc(i) does not. Say Acc(i) 1is disjoint from C € F . By definition

of i-acceptability,

x € C => All those i + l-acceptable y's which have the same

image as x under fp' have the same image under fqi .
i
For each x€ C, let g(x) be the image under fq- of one (hence of
i

every) i + l-acceptable y € C such that fPi(Y) = fPi(x) . Clearly,

g(x) depends only on fpi(x) , solet g(x)= h(fpi(x)) . Then, for all
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xy€X,

x€C and y € Acc(i +1) and fp.(y) = fp(x) =
fq.(y) = g(x) = h(fp.(x) = hifp(y) =

B(h
y € B(h,p,.q,)
In particular, letting y =x, we find that
Acc(i+1)n Cn B(h,pi,qi) = @ ,

contrary to the induction hypothesis that Acc(i +1) meets every set

in ¥ . This proves the claim.

Thus, there is a l-acceptable x € X . By definition of acceptability,

there are 2-acceptable x, and x 3-acceptable x

0 1 and

00’ “o1’ *10°

X..,***, X +1l-acceptable

1’ where J 1is a )X-tuple of zeroes and

X1
ones, such that fpk(x. ..) depends only on the first k - 1 components

of -+-, but qu(x.“) depends also on the kth component. Let

Sn be the set of 2)\(n) elements Xg of Yn thus obtained (from a

specific x € Acc(l)) .

Now let n no longer be fixed, and define S = quSn . As

S cY and the Y form a decreasing sequence, S - Y, _(;U S,
n n n 1 n<i n

which is finite. All we still have to prove is that S meets every set
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in F . By previous observations, it suffices to show that S meets
every set of the formmx B(g.,p.,q.) where p.,q. €@ and
, 0 s Sl R | i T

< < . . i < <o <L <
P, <q P. 1 Choose n so that o, is p <aq p>t q>L ,
so A(n) =X . With this particular value of n, we may use the
notation of the preceding two paragraphs where a fixed n was
-considered. In particular, x °  is defined, where --- is any

sequence of ) or fewer zeroes and ones. Choose =0 or 1 so

Ul

that fql(le) # glfpl(x) ; this can be done because fql(xo) # fql(xl) .

After jl, ... have been chosen (for 2 < i <)), choose ji =0

i

) ; this can be done

or 1 so that fqi(xji' . 'ji) + gifpi(xji- --Ji

because fqi(le' .. 31-10) # fqi(le' .. ji-ll) . Then vy = Xj1e - - j)t

satisfies, for all i(l <i <)),

éhat is,

A
y € ﬂB(gi,pi,qi)

i=1

Also, vy E€ Sn € S. This completes the proof that the hypotheses of

Corollary 3 hold and hence also the proof of Theorem 8. [
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§10. Minimal ultrafilters. We have remarked (in 8.5) that ultrafilters

minimal in RK are characterized by the fact that every function on
Un(D) 1is constant or one-to-one on some setof D, e;nd that, for
minimal D, size(D) -is either w or a measurable cardinal. In
this section, we colléct.various (mostly known) facts giving equivalent

characterizations of minimality.

DEFINITION 1. If A isasetand n€w, [A]" is the setof all

subsets of A of cardinality n. If A is linearly ordered, we

identify [A]n with the subset of A" consisting of those n-tuples

whose components are in strictly increasing order. If {Pl, PZ} is a

partition of [A]" (i.e., P, = [A]" - P), asubset XCA is

homogeneous for {Pl’ PZ} if and only if [X]"cP or [X]n cP

1 2

A filter F is a Ramsey filter if and only if it is uniform and every

partition of [Un F]n (for any n < ) admits a homogeneous setin F .

DEFINITION 2. A uniform ultrafilter D on K 1is normal if and only

if, for any f: K - K such that (¥xD)f(x) < x, thereisa )X <K such

that (¥xD)f(x) =\ . ‘A uniform ultrafilter D on K 1is quasi-normal

if and only if, for every map T' : K # D, thereisan A € D such that

X,y €A and x<y = y € T'(x)
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In the definition of Ramsey filter, the case n =0 1is vacuous, and

the case n =1 vyields

LEMMA 3. " Every Rafnsey filter is an ultrafilter. O

PROPOSITION 4. Every Ramsey ultrafilter is minimal in RK.

Proof: Let F be a Ramsey ultrafilter, and let f be any function on

Un(F) . Partition [Un(F)]° by

{xy} € P = f(x) = fly)
bry) € P, <= fx) 4 (y)

Let X € F behomogeneous for {Pl, PZ} . Then f 1is either constant

on X (if [X]ZSPI) or one-to-one on X (if [X]ZEPZ). O

PROPOSITION 5. Every quasi-normal ultrafilter D on K is Ramsey.

Proof: We must show that D contains a homogeneous set for any

partition of [K]n . This is clearif n=0 or 1; we proceed by

induction on n . Suppose the assertion is true for n (> 1), and let

. 1
{Pl, PZ} be a partition of [K]n+ . As discussed above, we view

[K]ndl_1 as the set of properly ordered n + 1-tuples from K . For each

x € K define a partition of [K]r1 by setting, for each Yy <<y €K,
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(yl,---,yn) € Pl(x) = x < ) and (x,yl,---,yn) € P1

“os == > ces
By induction hypothesis, thereis a TI'(x) € D such that

| [I‘(x)]n c Pi (x) , where i:K—>2

(x)

As D 1is uniform, we may suppose that y € '(x) =>y >x . Then

Y1.<"'< ynep(x) = (x,Yly..-,yn)E Pi(x)

Now let A be as in the definition of quasi-normality, and let B € D

be a set on which 1 1is constant. Then AN B € D, and
< < e =" < ewo
x <y <yn€A|']B v, ‘ <yn€1"(x) and x€B
—__.> e o 8
(X, Y1, :Yn) E Pl

where 1 is the constant value of i(x) for x€ B . Therefore,

AN B is the required homogeneous set. U

PROPOSITION 6 (Kunen, see [2]). Every minimal uniform ultrafilter D

on K is quasi-normal.

Proof: Let T : K =D ; we must findan A € D such that

x<y and x,y€A #>y€1"(x)
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If QEKI‘(X) €D, the_n this intersection can serve as A . So assume
from now on that QEKF(X) ¢ D. By subtracting the intersection from
each T(x), we may assume without loss of generality that QEKF(X) =Q.

Then we can define f:K - K by

fy) = px(y £ T(x)

As each " T(x) € D, f cannotbe constant on any setof D ; by

minimality, f is one-to-oneonaset B€D. For x< Kk, let

gx) = sup({y € Blfty) < x}u fx+1})

as f 1is one-to-one on B, the set whose supremum we are taking
has cardinality < x+ 2, and, as K is regular (being @ or

measurable), g(x) < k. Thus g 1is a well-defined map K - K .

Clearly
(1) g{x) > x
(2) y€B and vy > g(x) = f(y) > x

= y € I'(x)

Define a sequence o (k < k) by o, = 0, ozk+1 = g(ak) , and

o «. for limit k. Then «a < K Dby regularity of K and

k - <k k ‘

J
k% T K. Forany vy €K, let h(y) be the least k for which
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vy« k),

K Any set on which h is constant is bounded (by a suitable «
hence is notin D . Therefore, h 1is one-to-one on some CE€ D.
Since D is an ultrafil_ter, it contains a set A c BN C such thatno
two consecutive ordinals are in h(A). Now suppose x,y € A and
x<y. As h 1is one-to-oneon A andis obviously monotone,

h(x) < h(y) . As no two consecutive ordinals are in h(A), h(x) +1 < h(y).

By definition of h(x) ,

and, as g 1is monotone,

glx) < g(OLh(x)) = ah(x)-i-l

By definition of h(y), h(x) +1 < h(y) implies

C)/’h(x)+1 <Y ’

SO

glx) <y

By (2), y€T(x). Thus A has the properties required in the definition

of quasi-normality. O

Summarizing, we have
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THEOREM 7. Let D be a uniform ultrafilter on K . The following

are equivalent.

(1) ‘D is minimal in RK .

(2) D is Ramsey.

(3) D 1is quasi-normal.

As a corollary, we observe that quasi-normality is invariant under
isomorphism, which is not clear from the definition, as the ordering of

K was used there.

To relate normal ultrafilters to minimal ones, we cite

PROPOSITION 8. (1) (Scott; see {11]). If D 1is a uniform K -complete

ultrafilter on K > @, then there is a normal ultrafilter < D on K.

(2) (see [16]) Normal ultrafilters are Ramsey.

COROLLARY 9. If K> w, then the list of equivalent conditions in

Theorem 7 can be extended to include

(4) D is isomorphic to a normal ultrafilter.

We remark that, unlike quasi-normality, normality is not invariant

under isomorphism. In fact at most one ultrafilter in any isomorphism
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class is normal. We remark also that, in contrast to the case K = w ,
when K isa measurable cardinal the existence of minimal ultrafilters
on K has been proved (Proposition 8) without any special assumptions

like CH or FRH(w).

It is easy to see that, if D 1is a uniform ultrafilter on K , then

D x D 1is not an ultrafilter. In fact, each of the three disjoint sets

A = {(a,B)|a< B}
B = {(aB)|a> 8}
A = {(a,‘a)!aé K}

in K xK meets every set of D.x D. Therefore, D x D is
contained in at least three distinct ultrafilters, namely any ultrafilters
containing Dx DU {A}, DxDU{B} , DxDU {a}; furthermore,
every ultrafilter containing D X D must contain one of these sets.

Now Dx DU {A} generates an ultrafilter, namely ©6(D), where

6:% +K xK is the diagonalmap oa-(o,a). If DxDU {A} (and,
symmetrically, D x DU {B}) generates an ultrafilter too, then there
will be exactly three ultrafilters containing D x D; thatis, D x D
will be contained in as few ultrafilters as possible. The next proposition

tells us when this happens.
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PROPOSITION 10. Let D be a uniform ultrafilteron K . D XD is

- contained in at least three ultrafilters on K X K . The number is exactly

three if and only if D is minimal.

;Iil‘t:)_of:f In view of the preceding remarks and Theorem 7, it suffices to
show that D x DU {A} generates an ultrafilter if and only if D is
minimal. For Dx DU {A} tc; genérate an ultrafilter means that,
given any partition {Pl’ PZ} of A= [K]2 , thereis aset X€D
such that [X]2 = X2 N A_gP1 or P2 . This is just the case n = 2
of the definition of Ramsey. Hence (Theorem 7), it follows from D

being minimal. Conversely, it implies minimality, for only this case

(n=2) was used in the proof of Proposition 4. O

Remark 11. It is known that an uncountable cardinal K is
inaccessible and weakly compact if and only if every partition of [K]2
into two pieces admits a homogeneous set of cardinality K . Although
this condition on K requires K to be quite large, it is much weaker
than measurability. For example, if K is measurable and D 1is a

normal ultrafilter on K , then
{A < k|x inaccessible and weakly compact}

isin D, hence has cardinality K . The next proposition shows that
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an apparently mild additional condition on K 1is, in reality, very

strong.

PROPOSITION 12. Let ¥ be an uncountable cardinal, and suppose it

« . i o 2
is possible to assign to each partition of [K] a homogeneous set of

cardinality K in such a way that the collection of these assigned

homogeneous sets has the finite intersection property. Then K is

measurable. In fact, the filter F generated by the assigned homo-

geneous sets is a K-complete ultrafilter isomorphic to a normal

ultrafilter on K .

Proof: First note that, if ACK, then A or K -A isin F . For

we have a partition of [K:]2 ~given by
{a,ﬁ}€P1<:>min{a,ﬁ}€A ,

and clearly any hofno'geneous set for this partition is a subset of A or
of K - A (except for its last element, but the assigned homogeneous
sets have no last element). Thus, F is an ultrafilter. Further, if
Card(A) < K, then the homogeneous set assigned to this partition,‘
having cardinality K , cannot be a subset ‘of A, so K-A€EF,.
Thus, F is uniform. Clearly, F satisfies the case n =2 of the
definition of Ramsey filters, and, as in the proof of Proposition 10, this

suffices to show that F 1is minimal. Therefore, F 1is K-complete,



and, since K > w , K 1is measurable.

isomorphic to a normal ultrafilter on

K.

By Corollary 9,

O

F

is
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CHAPTER III.

ULTRAPOWERS

§ 11. Ultrapowers and morphisms.

DEFINITION1: Let (G be any structure for any language L , and let

[f]E :E- D bea morphism in CZ,Z . We define the induced map, [f]E

or f , from D-prod |G| to E-prod |G| by f*([g]D) = [g of]E , for

any g : Un(D) - gl -

LEMMA 2 : (1) [gof]E depends only on [g]D and [f]E, so is

well-defined.,

(2) f* is one-to-one .

ats

(3) idUn(D) :idD-prod IG[ :

ale
bd

(4) Ifalso [f'].:F ~E, then (fof) =1%ot

Proof : (3)'and (4) are obvious. (1) and (2) follow from parts (5) and (6)

of Lemma 2.2. O

PROPOSITION 3 : f* is an elementary embedding of D-prod G into

E-prod G

82
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Proof : Let qo(xl, e xn) be a formula of L , all of whose free

variables are among x;, ..., x_, and let [gl]D y eee [gn]D be

arbitrary elements of D-prod |G| = |D-prod G| .

D-prod G o ([gl]D" .. ,[gn]D) .<=>
{ila Folgli), ..., g (1)} €D = {(E) <=
Glo bole ), oo s g G0 = £ ila kolg (..., g () €E =

E-prod G *=Cp([g1f]'E s eee s [gnf]E) =
E-prod @ ko (f([g]y) . -- » £ilg]) . D

It is not in general true that .every elementary embedding of D-prod: G
into E-prod G 1is of the form £, Trivial counterexamples are obtained
by taking G finite and D # E . For a less trivial example, assume
GCH, andlet D and E be non-isomorphic K+—good ultrafilters
minimal in RK(k) (see Corollary 8.8), where K exceeds the cardinalities
of |[G] and L. Then there are no morphisms at all from E to D,
yet D-prod (G and E-prod ¢ are isomorphic (see Section 1. ) Roughly,
elementary embeddings of the form f*  are natural with respectto G,
while the isomorphisms between saturated structures tend to be unnatural,

as one sees from the inductive ""picking and choosing' argument by which
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they are obtained. (This heuristic idea can be made precise by defining
an appropriate category of models, on which "D-prod' and "E-prod"
are functors. Then the natural transformations from D-prod into

E-prod are exactly the f*'s where f: E -D.)

If, however, the structure G is''sufficiently rich''(in comparison
with D and E) then all elementary embeddings D-prod G- E-prod G

are of the form f°. We proceed now to define certain '"'rich'' structures.

DEFINITION 4 : Let A beany set. Let L e the language which

has a predicate or function symbol , R or f , for every predicate R

or function f on A . The complete structure on A is the structure

G for L which has universe A and in which R denotes R and

f denotes f for all predicates and functions on A . When we speak

of a set as though it were a structure, we mean the complete structure

on that set .

Note that every element a € A has a name a (a 0-place function
symbol) in the languageé of the complete structure on A . Therefore,

every structure elementarily equivalent to A has an elementary

submodel isomorphic to A .
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PROPOSITION 5: Let D and E be ultrafilters, and let A = Un(D).

Any elementary embedding

e : D-prod A - E-prod A

3

is f° for some f:E-D., [f]E is unique .

Proof : The identity map, id: A -A , of Un(D) determines an
element [id]D of D-prod A and thus an element
e([id]D) € E-prod A

Let that element be [f]E , where f: Un(E) - A = Un(D)
Forany BC A,

B€ED <> {i_.[A EB(i)} €D
<= D-prod A £ B ([id] )
<> E-prod A {=§([£]E)
<> {j|A BN} €E
=tlB)eE ,

so D=f(E), and [f]E is a morphism from E to D. We now
show that f© coincides with e . If [g]D €D-prod A, then g:A -A,

and
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(i|A kg(i) = g (idi))} =A €D ,
80
D-prod A k[g]y = g ([id])
As e is an elementary embedding,
E-prod A F’e([g]D> = g([f])
If we let e([g‘]D) = [h]E , we obtain
{ilA kh(i)=g (i)} € E ,

'so h=gofmod E, and

ellgly) = [l = [gof], = £ ([g]y)

Finally, suppose f’: E~ D were another morphism such that

£ = e. Then
_ . IRy _ /
(€] = e(lialy) = €41l = €]
Therefore, [f]E is unique. [J

It is easy to modify the proof of this proposition to obtain the same
result when A 1is any set of cardinality > size (D). Observe that, by
functoriality of * , an isomorphism of ultrafilters induces isomorphisms
of ultraproducts of arbitrary structures. As a partial converse, we

observe
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COROLLARY 6 : With D,E,A as in the proposition, let g:D - E

be such that g;"< is an isomorphism from E-prod A to D-prod A .

Then [g]D is an isomorphism .

Proof: By the proposition, (g*)"1 is f* for some f:E-D. Now

-apply Corollary 2.6. O

Collecting the preceding results, we obtain the following characteri-

zation of the Rudin-Keisler ordering,

"PROPOSITION 7: Let D and E be ultrafilters, and let K> size (D)

(resp., K> size (D) and K> size (E)). The following are equivalent.

(1) D<E (resp., D= E).

(2) For all structures G, D-prod (G can be elementarily embedded

in (resp., is isomorphic to) E-prod G .

(3) D-prod K can be elementarily embedded in (resp.,is isomorphic

to) E-prod k. O
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§ 12. Ultrapowers of (. In this section, we shall be concerned

with ultrapowers of (the complete model on) @ with respect to ultrafilters
on . In defining the complete model on a set, we used R and f

as the symbols of the language L which denote R and f. This
'notation is often inconvenient and sometimes (as when R 1is the binary
relation <) confusing, so we will often justuse R and f as symbols
of L . Itis-also convenient to identify an element a of A - with
the corresponding element of D-prod A, namely the denotation of a ,

. which is represented by the function Un(D) -A which is constantly a .

PROPOSITION1: Let D be a non-principal ultrafilteron w. D is

minimal if and only if the only proper elementary submodel of D-prod w

is W .

Proof: If D 1is not minimal, say E <D, E non-principal, then, by
the results of the preceding section, E-prod w is isomorphic to a proper
elementary submodel of D-prod . Since E has size w, it cannot

be Rl-complete, so E-prod w is not isomorphic to w.

Conversely, suppose D-prod w had a proper elementary submodel
M different from (hence properly containing) w. Let [f]D EM - w,
[g]D € (D—prod w)-M, where f and g are maps w—-w. f cannot

be constant on any set of D, for if it were, [f]D would be in .
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Suppose { were one-to-one on some set A €D . Then there would
be an h (=gof-1 on f(A)) suchthat g=hnrf on A . Butthen, in

D-prod g,

[el = [hof] = b ([£] )

But [f]D €M, and M is closed under the function denoted by h
(since M is an elementary submodel), so [g]D € M , a contradiction.
Therefore, f is neither constant nor one-to-one on any set of D ,

so D 1is not minimal.

COROLILARY 2 : Assume CH (or only FRH(y) . Then the complete

model on (3 has a proper elementary extension (y’ such that no

proper elementary extension of (3 is a proper elementary submodel

7

of w' . (w

is a minimal proper elementary extension of (y.) In

2(.0

fact, there are 2 pairwise non-isomorphic such extensions (/.

Proof : Usethe preceding proposition, Corollary 8. 9, and Proposition

11.7. O

It is true that every minimal proper elementary extension of
is isomorphic to D-prod gy for some minimal ultrafilter on (. This

fact follows immediately from the following
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PROPOSITION 3 : Every proper elementary extension of (the complete

model on) a set A contains an elementary submodel isomorphic to

D-prod .A for some non-principal D on A . In fact, the extension

is the union of all such submodels .

Proof : ILet A’ be a proper elementary extension of A , and let
a €A’; we must show that a is in an elementary submodel of A’

isomorphic to D-prod A for some D. (If a g A, then D will clearly

have to be non-principal. ) We let D be defined by
BeD <= A’ kB (a)

for any B c A. First, we must check that D is an ultrafilter. For

any Bl,BZEA ,

A Fyx (B)NB,(x) <> B (x) and Bz(x)),

so A’ satisfies the same sentence, and
> /
B, NB, cD<=> A E B, NB,(a)
<> A’ E B, (a) and A’ E B,(a)

@BIED and BZED
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Similarly,
BeD<>A-B¢D
Next, we must define an elementary embedding
e : D-prod A- A’

If [f]D'e D-prod A , e([f]D) is defined to be the unique b ¢ A’
for which A’ I: b =f(a). (Intuitively, e(f) is f(a).) This is well-defined,

for if f ={’mod D, then '
C = {x|f(x) = f(x)} €D,
so A’ FC(a). But
A’ E(yx) (C (x) <=>f(x) = f'(x))

because this sentence is true in A . Therefore, A’ |= f(a) = f'{a) ,

and e ([f]D) = e([f ’]D) .

To verify that e is an elementary embedding, let CP(xl' ..
be a formula, and let [fl]D, e, [fn]D € D-prod A (fi : Un(D) - A).

Since

A Ee(f]) =1 (a)
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we compute (with an obvious ''vector notation'')
D-prod A f o([fly) <> {ilA ko ()N} €D

<= A’ F{i[A Fo(f(i)} (a)

<= A" Eolf(a))
<> Al Fole(fly)
where the third equivalence is because the sentence

(vx)({i]A Eo(fi))]} (x) <> o(f(x)))

is truein A , hencein A /.

Finally, a 1is in the imageof e , for a = e([id]D) . O

PROPOSITION 4 : 1.Let D and E be ultrafilterson ¢ , f: E -»D

a morphism . f*(D-prod w) is cofinal in E-prod w (with respect to

the natural order) if and only if f 1is finite-to-one on some set of E.

Proof : f*(D-prod @) is cofinal in E-prod w if and only if, for every

g:w~w , thereisan h: w—w such that

(8] < £ ([B] ) = [hof]
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in E-prod . If this is the case for g = idw , we have an h such that
A = {x|hf(x) > x} €E
Then, for x €A and vy € W,
flx) =y = x<h(y) ,

so f takes the value y atmost h(y)+1 times on A . Therefore,
f 1is finite-to-one on A . Conversely, suppose f 1is finite-to-one

on some A€ E, andletany g: w-w be given. Define
h(x) = max {g(y) |y € A and f(y) = x} ;

this is the maximum of a finite set, so h is well-defined. Clearly,

for y €A, gly) < hi(y), so [g]E < [hof]E as required . O
From the preceding two propositions, we obtain

COROLLARY 5 : A non-principal ultrafilter D on ¢ is a P-point

if and only if every elementary submodel of D-prod w, except w

itself, is cofinal in D-prod w. 0O
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813. The initial segment ordering. Starting with the characterization

of the Rudin-Keisler ordering in Proposition 11. 7, we define a
stronger ordering by requiring one ultraproduct to be not only an

elementary submodel but also an initial segment of the other.

DEFINITION 1 : A morphism [f]D :D-E in u is an IS(x¥)-morphism

if and only if f*(E-prod K} is an initial segment of D-prod x (with

respect to the natural order). If there is such an f , then we write

E< D.
—K

Clearly, identity morphisms and composites of IS(k)-morphisms
are IS(K)-morphisms. Hence ultrafilters and IS(k)-morphisms form
a subcategory of U, and ik‘ is (or rather, induces) a partial

ordering of RK , stronger than the Rudin-Keisler ordering <.

- PROPOSITION 2 : Suppose X\ <Kk and f:D- E is an IS(k)-morphism.

Al
b

Then f : E-prod ) » D-prod) is an isomorphism.

Proof : Since f* : E-prod \=» D-prod X 1is an elementary embedding,
we need only check that it is surjective. Let [g]D be any element
of D-prod)x, so g :Un(D)-)Xx. Let £ : Un(E)-k be the constant
function with value X. Then, for all i€ Un(D), g(i) <A = £ (i) ,

< - sk . _ R sk _ .
so [g]D [£ f]D £7([2 ]E) in D-prod k. Since { (E-prod k) is an
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initial segment, there must be an h : Un(E) -k such that

[g]D = f*([h]E) = [hf]D . Because g maés into X,
Ll na) <) = fG]RE@) <) o filhiG) = g()}eD

50 [ilh(i) <)} ¢f(D) = E. Redefining h on the complement of this
set in E (which does not affect [h]E), we may suppose h(i) <) for

all i. Then [h], €E-prod), and f*([h]E) =lely- O

COROLLARY 3 : If size (D) < ¢, then any IS(x)-morphism with domain

D is an isomorphism.

Proof : Apply the proposition, with X = size (D) , and then use

Corollary 11. 6. O

COROLLARY 4 : If X<y, any IS(k)-morphism is an IS(}))-morphism. 0O

PROPOSITION 5 : Let f:D—-E and f:D-E" be IS(k)-morphisms.

If there is a morphism g : E -E’ such that f'= gof, then g is

also an IS(k)-morphism. If both E and E ° have size <, then

either there is a unique such g or there is a2 unique g’: E’~E such

that f=g'of. (If both g and g’ exist, they are inverse isomorphisms

by Corollary 2. 6.)
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Proof : Assume g 1is givenand £{“= gf. Then the order-preserving

embedding f'ﬁ, of E-prod k into D-prodk , sends g

*

E’-prod k) to
f'*(E'-prod k) which is an initial segment of D-prod k and a subset of
f*(E-pr.od ¥). Therefore f*g*(E'-prod K _ is an initial segment of
f*(E-prod ), so g*(E'-prod k) is an initial segment of E-prod « .

This proves the first assertion.

Now assume both E and E’ have size <. Since ¥ (E-prod k)
and fﬁ(E'-prod K) are initial segments of D-prod K, one is contained

in the other; say f'*(E'—I')rod K < f*(E-prod k). Then

>}:_-1 e
£, f7 : E%-prod k~ E-prod ¥ is an elementary embedding (because
3

% and f are elementary embeddings). By Proposition 11.5, there

Al

» >{="1 2k 3 . S » 3%
is a unique g : E-»E suchthat f of " =g ,ie (g =17,

4

i. e. (by Proposition 11. 5 again) gf = f . O

COROLLARY 6 : In the subcategory of u(k) whose morphisms are

the IS(k)-morphisms, there is at most one morphism from any object

to any other.

" Proof : Suppose f and f° were morphisms D-=E in this subcategory.

By the proposition, we have f"=gf or f=gf’ for some g:E-E

4

But the only such g is the identity, by Theorem 2.5, so f=1f . [
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The corollary shows that the category of ultrafilters of size k
_and IS(x)-morphisms, which we denote by 1IS(x) , is essentially nothing
more than a partially ordered set (after identification of isomorphic
ultrafilters), namely RK(x) with the IS(K) ordering iK' Thus, no
confusion will arise if wé also'let IS(x) denote this partially ordered

set. From the last proposition, we obtain immediately

COROLLARY 7 : IS(x) 1is a (not necessarily well-founded)tree; that

is, the predecessors of any element are linearly ordered. [J

PROPOSITION 8 : Let k be a measurable cardinal, andlet P be

the subset of IS(x) consisting of equivalence classes of k-complete

ultrafilters. Then P (with ordering < K) is well-founded.

Proof : If D is a k-complete ultrafilter, D-prod is well-ordered
" (by its natural orderiné; see [15,p. 311].). Let £ (D) be its order type.
Clearly, if D< c E , then £ (D) <£(E) with equality if and only if

D = E (by Corollary 11.6). Thus £ maps P to ordinals ina
strictly monotone manner. Hence, given a' nonempty subset of P,

we obtain a minimal element simply by taking one with minimum possible
1.0

REMARKS 9 : IS(Q) is not well-founded; see Corollary 15. 18 and

[2, Theorem 2. 12].
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It is not obvious that IS(x) is non-trivial, i. e. that there exist
D and E (of size K, say) such that D < ¢ E . Indeed, we shall later
give a hfeuristic argument showing that D < ‘ E 1is a rather strange
situation unless K= or ¥ is measurable. Nevertheless, if

is regular and 2K =t | such D and . E do exist.

PROPOSITION 10 : Let D and E Dbe ultrafilters on X and

X XY respe'ctively, with D = g(E) where g: X xY X is the

projection. [71]E is an IS(k)-morphism if and only if, given any

function f on X XY for which Card{f" n‘l(x))< k for all xeX

(or even for all x¢B where B D), there is aset AcE on

——

which f(x,y) depends only on X, i.e. Card f''"(A N ﬂ-l(X)) <1 for

all =x.

Proof : First suppose g is an IS(k)-morphism, and let f be given.
Cl early, we may replace f by any f° such that
(xeX) (Vy,z€eY) f(x,y) = {(x,2z) <:>f'(x,y) = fi(x,2) ,
since such a replacement affects neither the hypothesis on f nor
‘the property required of A . Thus, we may suppose e l(x) s
an initial segment of K for each =x¢X, and let g(x) €k be an
upper bound for f" 71l(x). Forall xe¢X, yeY, f(x,y) < gx) = gnx,y) ,

so, in E-prod k , [f]E g[gﬂ]E = ,T*[g]D. As g is an IS(k)-morphism,
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[f]E must be f’z[h]D = [hq-r]E for some h : X -k. Then the required

set A is {(x,y)|f(x,y) = h(x) = he{x,y)} €D.

Conversely, suppose every f with Card f”ﬂ'lx <k forall x

depends only on the first coordinate on some set of E . We must show
7 is an IS(k)-morphism, so let [f]l. < [g]. = [gn]~ , where
: E — D E
f:XXxY~-k and g:X-kx. Let f’:XxY-K agreewith f on
{5, y) | f(x,y)'< g(x) = gn(x,y)}€E, andlet f’ be 0 elsewhere.
Then f’= fmodE , and, for each x, g 1 (x) has cardinality <k
because it is bounded by g(x). By hypothesis, there is an A ¢E
-1

such that f/ assumes at most one value on g "(x) NA ; let h(x)

be that value. (h(x) is arbitrary if 7 '(x)NA = @.) Then
f(x,y)|f4x,y) = h(x) = by (x,y)}2 A€E

SO

(€], = [£] = [l = w (0] ) en (D-prod k). 0O

Observe that the restrictions that D and E be on X and
X X Y and that the morphism D-E be & are inessential by

Lemma 2. 8.

THEOREM 11 : Let k be a regular cardinal such that 2K=¢*  and

let. D be a K+—good ultrafilter on K. There is an ultrafilter E
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on Kkxk suchthat g(E)=D, ["]E is an IS(x)-morphism, and ["]E

is not an isomorphism. Thus D < ¢ E , so the partially ordered set

IS(x) 1is not trivial.

Proof : Since 2% = K+, the family g , of functions f : kXx-% such

that for all xe€x Card f"-rr—lx < g, can be well-ordered so that each

f has at most ¥ predecessors ; let ‘< be such a well-ordering, and
let ft be the immediate successor of f in < . We define, by
transfinite induction with respect to < , filters F¢ on kXK such

that

(1) Ff has a basis of cardinality < .

(2) Eachset Ac¢F has the property that (vx D) {y ] (x,y) € A}

f

has cardinality k.

(3) 1f f<Lg then FfEFg

(4) Ff+ contains a set A such that, for all x, f 1is constant

on Anal(x).

If f 1is the first element of :} , let Bf consist of all the sets

{(x,7)|x >} for all o <«, and let F_ be the filter generated by B

f f°

This satisfies (2) because D , being K+-good, must be uniform, and

(1), (3), (4) are trivial. If { 1is a limit element of g' , let Ff = k{_« F

g
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and Bf :kjg{f Bg This satisfies (1) since f has at most K
predecessors, and the other three conditions are trivial. Now suppose
Ff and Bf are defined; we must define Ff+ . Ff+ will be
generated by Bf+ = BfU {Al where A is as in (4); thus (1), (3), (4) .
will hold. For (2), we must make sure that, for all X er ,
Card fy|(x,y) €EANX}=k for most x with respectto D. Let

Bf: {X |a< K:} ’ bY (1) For each x < K, let
o

&(x) = {Ge Pw(K) |cardfy|(x,y) E@ Xa) = «} .

Givenany G ¢P (K),mx €F_, so, by (2), {X|G€’-§‘(X)}ED'
o <€ f
Since D is k1t-good, there is a function g :k—P (x) such that
a\
{x|g(x) €#4(x)} €D and, for all g€ k, {xla €gx)} €D. If we let
g’ agree with g on {x|g(x) €®(x)} and be ¢ elsewhere, then

g'(x) €P(x) for all x €k, and,for all ¢ €K,
xla€g(x}= xlacg®)}n xlgx) €ca(x)}eD

For each x ¢k, let Yx= {y|(x,y)e @) on} . Thus Card YX: K,

but f takes fewer then K values on {x}xYX. Since K is

regular, {x}x Y  has a subset Z_ of cardinal « , on which f
X X
is constant. Let A :xLéjK Z . Clearly A 1is as required in (4). We
X

must still check that

(vxD)Card {y| (x,y) €AnN XOt} =K , forevery g<k.
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Let ¢ be given. Cardfy|(x,y) €A mxa} =CardZ NX forall x
> S
But, for most x (with respectto D), q€eg’(x), so Zx c {x} )<YX X
= ~

so, for most x, Card {y[(x,y) €eANX }= Card ZX = K , as required .
, . , o

Let F =\U/

f_E}Ff )
C ¢D and all the sets A ckxk suchthat g is one-to-one on -

If we adjointo F all the sets =-1(C) for

Kk XK -A(or even fewer-than-g -to-one) , the resulting set F’ has the
finite intersection property , by (2), so let E be an ultrafilter
containing F'’. g(E)=D because, forall C¢D, Tr'l(C) €EF'cCE.
. [-,7]E is not an isomorphism, because if % is one-to-one on A,

then «xk-AeF’'CcE, and A  E. Finally [q-r]E is an IS(k)-morphism

because of (4) and Proposition 10. [J

REMARK 12 : Since, in this proof, we could include in F '’ the
complements of all sets on which g 1is fewer-than-k-to-one, we could
require in the theorem that & not be fewer-than-k-to-one on any set

of E.
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514. Non-standard ultrafilters In this section we shall develop
another way of viewing morphisms and IS(k)-morphisms. Apart from
being interesting in its own right, this viewpoint will provide the
promised ';implausibility argument' for Theorem 13.11. It will also
help to motivate the definition of sums of ultrafilters and the Rudin-
Frolik ordering, and it will be useful in the proof that the ordering IS(w)

differs from the Rudin-Frolik ordering.

Throughout this section, D will be an ultrafilter on a set I,
and V will be a very large set. Intuitively, we think of V as '"the
universe'', but to avoid technical problems we want V to be a set,

say Stg (V) (see [15,p. 303]) for some )\ so large that V contains
all the sets in which we shall be interested below. We remind the
reader of our convention that, when a set is treated as a structure, we
mean the complete structure on the set, so the language has symbols for

all predicates and functions on that set. We shall use the notation

Hom(X,Y) for the set of functions from X into Y

We consider the '""non-standard universe' D-prod V. Ithas V

0
R

as an elementary submodel via the embedding x - *x , where x

is the denotation in D-prod V of the name x of x, namely the

germ on D of the constant function with value x. An element of
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e

D-prod V is standard if and only if it is "x for some x€eV. A

subset S of D-prod V is internal if and only if for some s € D-prod V
(Va € D-prod V) a €S<=D-prod V |: agcs ;

then we say that s represents S. (Clearly s is unique.) Subsets
of D-prod V that are not internal are ext.ernal. By abuse of language,
we often use the same symbol to denote corresponding relations or
functions on V and D-prod V; thus, for a,b ¢D-prod V , we may
write a €b instead of D-prod V f a € b. Similarly, we may use the
same symbol for an inter‘n‘al set and its representative. We shall also

write [f] for [f]D , since D is fixed.

If X is a set (tacitly unde‘rstood tobe eV)and AcCIxX , we

obtain A :I-P(X) by A()= fx|(i,x) €A}. Then, in D-prod V ,

[A] € *P(X) , and any element of >kP(X) (i. e. any’internal subset of *X)
is [A] for some A. Similarly, if f:IxX-Y , we define

f . 1-Hom (X,Y) by F(i)(x)=£(i,x). Then [f] ¢ "Hom(X,Y), and

all internal functions ":X ~Y are of this form.

Now suppose E is an ultrafilter on IxXxX , and #(E)=D

2

where q:IxX -1 is the projection. We define E/D c acP(X) by

DEFINITION 1 : [A] €E/D <A cE
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Observe that, if A = A’mod D, then the complement of the symmetric
difference of A and A’ isin E, so A¢cE<>A’¢E ; therefore
the definition is legitimate. From trivial identities like [A] N [§]= [m]
*, g oo, . : :

and "X - [A]=[(I xX) - A] it follows that E/D is an ultrafilter in
the Boolean algebra 'PP(X) . Note that E/D need not be internal. In
fact, any ultrafilter in >‘:P(X) is E/D for a unique ultrafilter E on

I xX suchthat q(E) =D ; the required E is defined by Definition 1,

read from right to left.

If f: X- Y is internal and A c Y s internal, then

x 5
£1(A)c "X is internal. Thus, if F is an ultrafilter in  P(X)

we can define an ultrafilter
b -1
f(F) = {Aec P(Y)|f " (A) eF}

in >PP(Y) . One thus obtains an analog WD of the category ZZ by

taking as objects all ultrafilters in >‘:P(X) for arbitrary X and as

e

since the objects of ?'{D may be external; U is equivalent to the

morphisms germs of internal maps. Note that Q/{D is not just

full subcategory of Q/{D whose objects are internal ultrafilters. We
have seen that the objects of ?/[D correspond to ultrafilters E on
I xX (for arbitrary X) with «(E)=D. I E is such an ultrafilter

and- g : IXX-1IXxY is afunction commuting with # , then one
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) ~
easily computes [#’g](E/D) = g(E)/D , where q’:IxY~Y is the
projection. Using Lemma 2. 8, one then finds that %D is equivalent
to the category of ?,{—objects over D, whose objects are morphisms in

?/( with codomain D and whose morphisms are commutative triangles

E - E’.
Yoy
D

Translating Proposition 13. 10 into the present terminology, we

obtain

COROLILARY 2 : Let E Dbe an ultrafilter on IxX with #(E)=D.

The following condition is necessary and sufficient for [qr]E to be an

pUY
b

IS(k)-morphism. Given any internal function f on "X such that
: on such that

Card f“*X < *K in D-prod V, there is a (necessarily internal) A ¢ E/D

such that f['A is constant in D-prod V. O

Observe that, when E/D is internal, the condition in the
corollary says that E/D is *K-complete . One easily checks that
E/D is principal if and only if #»:E D is an isomorphism. Hence,
D< E via o« and E/D is internal, if and only if E/D is a non-
prinpipal >k}{—complete ultrafilter on X . Since V is an elementary
submodel of D-prod V , this condition can hold for some E/D if and

only if K= (¢ or there is a measurable cardinal ) such that
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k< X< Card (X) . Hence,

COROLLARY 3 : If k=@ Or Kk is measurable, then the conclusion of

Theorem 13. 11 holds without the assumptions that 2% = K+ and D is

K+-good . O

On the other hand, E/D is uniform if and only if = 1is not

fewer-than-¢-to-one on any set of E , so we find

COROLLARY 4 : If k#¢w and « is not measurable, andif D and

E satisfy the conclusion of Theorem 13.11 and the remark following

it, then E/D is external. 0O

—

Heuristic remark : Suppose K is regular but neither measurable nor

countable, and suppose 2¥= 4T and D is K+-good. According to
a person living in D-prod V , there are no uniform >'<K_-comp1ete

e
>

ultrafilters on *K (i- e. in =::P(K) ), because ¥ 1is neither measurable
nor countable. But, looking at his universe from the outside, we can see
that there is such an ultrafilter; it just does not happen to be in his

world (i. e. to be internal). If the resident of D-prod V is willing to
believe us when we tell him about this ultrafilter, he will say that *K

although not measurable, is pseudo-measurable, in the sense that a

g -complete uniform ultrafilter "exists in another world. "



CHAPTER IV

LIMIT CONSTRUCTIONS

§ 15. Limits, sums, and products of ultrafilters Recall from

elementary topology that an ultr'afilter D . on a topological space X
is said to converge to a point x €X , and x is called a limitof D ,
if and only if every neighborhood of x isin D. If D has a unique
limit, we call it lim D; on a compact Hausdorff space, every ultrafilter
_has 'aunique limit. If D is an ultrafilter onaset I and f 1is a
function from I to a topological space X , then we write D-lim f
or D—lim_lf(i) for lim f(D). We shall be concerned mainly with the

case that X is the Stone-&ech compactification of some (discretely

topologized)set J. (See 7.7)

LEMMA 1 :Let I and J be sets, D an ultrafilter on I , and

E a function assigning to each 1 €1 an ultrafilter Ei on J, i.e.
E:I-pfJ. Forany AcJ ,
Ac D-limiEi<:>(Vi D) Ac Ei

-~

Proof : A 1is both open and closed in 8J. Hence

(1) A € E(D) «lim E(D) € .A

108
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The right side of (1) is equivalent to
A ¢lim E(D) = D-limiEi
The left side is equivalent to
Gle e b= (AkD

‘which means (viD) A ¢ Ei . rj

PROPOSITION 2 : Let I,J,D, and E be as in the lemma, and let

E’:I-03J be another function. If E = E’mod D, then D-lirniEi =

- D-lim E’ .
i i

Proof : Obvious from the lemma or from the fact that E(D) = E/(D). O

PROPOSITION 3 : Let I,J,D,and E be as in the lemma and let f{: J-J"

Then f{(D-lim E,) = D-lim f(E.) .
— ! i

Proof : Applying the lemma, we compute for any A cC J’,

A €f(D-lim E ) <=> 1A e D-lim E,

<> (viD) £ 1(a) ¢ E,

<>(V¥iD) A€f (Ei)

<T>A€D—limif(E,1) . OO0
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PROPOSITION 4 : Let f:I1-I’", let D be an ultrafilter on I , let

D’=f(D) , andlet E :1I’-X for any space X . Then D-lim,Ef(.) =
I _— i f(i

D’-lirni ’Ei’ , in the sense that, if either limit exists and is unique, so

does the other, and they agree .

Proof : Both are lim (Eo¢ £)(D). O

DEFINITION 5 : liet 1 be a set and D an ultrafilter on 1. For

————

each 1€l , let Ji be a set and Ei an ultrafilter on Ji. The

disjoint union of the Ji is

i og=talier,jesd
there are canonical injections

@ Ji—‘ o1 Ji:_] |—‘ (i, )
and a canonical projection
me 1l I~ 1:(,)) i
iel

The sum of the Ei with respect to D is defined to be the ultrafilter

- = -13
D -5.E, = D-imq(E))

on -J-I-iJi' If all the Ji are the same set J and allthe E  are the
e S ———— e ———————tear 1 —————————

same ultrafilter E , then J'IiJi =1xJ , and D—}jiE will be called

the product of D and E (in that order) and denotedby D" E.
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REMARKS 6 : (1) NA(i) and }(i) , as defined in Section 14, are, in

-1
the present notation , o, (A) and f o P respectively .

(2) Do not confuse the product D - E defined here with the
cartesian product D X E defined in Section 3. Note that D - E,

unlike D X E , is always an ultrafilter.
(3) In much of the literature, D -+ E  is called ExD.

LEMMA 7 : (1) Forall Agc —“—161 I

A€ D- EiEi <> (¥iD)Vj Ei) (i,j) €A

Thus the quantifier (V(i,j) D - ZiEi) is equivalent to (ViD)(Vj Ei)
(2) Forall AcIxJ s

A€ED- E <> (VYiD)(VjE) (i,j) €A ;

(Y(i,j) D+ E) is equivalentto (ViD)(VjE)

(3) For each (i,]) 6_“_1.'!1 , let Fij be an ultrafilter on a set

Kij . The natural bijection between

_J_[ _U. K.. and _l_L K..
iGI(jEJi ”> — wiell 7 1

(namely (i, (j,k)) <= ((i,j),k)) maps

D-Z(E -X.F..) to (D-ZXZE)-2Z .F.. ;
11 J 1 11 i,] 1j
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we usually identify these two via this bijection. In particular, multiplication

of ultrafilters is associative.

(4) The projection w:J_l_iJi—»I maps D -pE to D. If

all the Ji are the same set J and g’ is the projection IxJ - 7T,

then ¢/(D —ziEi) = D-linh.iEi . If all the Ei are the same E ,then

7(D* E) = E

() #:D - ZiEi - D is an isomorphism if and only if (¥iD) Ei

is principal . #’: D* E-E is an isomorphism if and only if D is

ErinciEal.

(6) (YiD)E =E’, (iie. E=E’modD)<<>D-v E =D-y.E/
i i i1 i i

. (7) Suppose, for each 1ice¢l

s fi : Ji - Ji’ . The induced map

el g -l 3w b GG
iel iel

takes D-ZiEi to D_Zif'(Ei)' If (’\ﬁD)fi is an isomorphism,
i

then f 1is an isomorphism .

(8) Suppose g :1’-1 and suppose D’ is an ultrafilter on I’

with g(D’) =D . Then

E J_I_ Jg(i’) _'._J_l_ Ji : (i ,J) |"" (g(i,),j)
g1 iel
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maps D'_zi, Eg(i ) to D- EiEi . If g is?. an isomorphism, then so

is g.

Proof : Straightforward verification, omitted. 0O

According to (7) of the lemma, we may unambiguously define sums

of isomorphism classes by

D-y.E = D-3.E.
1 1

11

Note however, that (§) does not suffice to permit an analogous definition

of D- ZiE_ , Since when D is replaced by an isomorphic ultrafilter
i

the E.'s must be re-indexed. Of course, if all the Ei are equal,
i

then there is no such difficulty and we define D-E=D'E

DEFINITION 8 : D iRF E if and only if, for some ultrafilters

~

Fi (ieUn(D)), D- Zi Fi E . The relation < is called the Rudin-

RF

Frolik ordering.

Part (8) of the last lemma shows that the relation D < E

RF
depends only on the isomorphism classes of D and E , so we get
an induced relation D S-RF E onthe class RK. This relation

is reflexive by (5) and transitive by (3) of the lemma. By (4), < RF

implies <, so it is anti-symmetric. RK with the partial ordering

’
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iRF will be called RF ; similarly for RF(x), etc. RF(w) has been
studied in detail by Booth [2] . To connect our definition with his , we

need the following

PROPOSITION 9 : Let D Dbe an ultrafilteron I , E :I-BJ. If the

~points E, €¢BJ have a system of pairwise disjoin;c neighborhoods
i

(in BJ), then D-lim E = D-7y E,
1 1 1 1

Proof : The pairwise disjoint neighborhoods can be taken to basic open

sets -7-\ i A . eE, , and
1 1 1

i1 = AinAy=96

Define a function g : J-1I to have value i on Ai (and to have

arbitrary value on J -UiAi ), and let

£:T7-1xJ:jb (g(3),i)

By choice of g , f agrees with @, on Ai , SO f(Ei):cpi(Ei)

Hence, using Proposition 3,

D-».E = D-llmicpi(Ei)

1 1

= D-lim, f (E.)
i i

= f(D-l1m E,)
i 1

Since f is obviously one-to-one, the proof is complete . [



Let us call a family of points in a topological space strongly
discrete if and only if the points have a system of pairwise disjoint
neighborhoods (as in the last proposition). This property is, in general,
stronger than just discreteness. For example, if X 1is an uncountable
set and 2 is thé discrete space {0,1} , then, in the product space
ZX , the points precisely one of whose coordinates is 1 (i. e., the
standard "unit vectors') form a discrete but not strongly discrete
collection. (Indeed, any family of pairwise disjoint open sets is countable.)
Discreteness is often'an easier property to deal with than strong discretenc:
because the former is an intrinsic property while the latter depends on the

ambient space. Thus, the following simple result is often useful.

PROPOSITION 10 : In a regular (i. e. T1 and T3 ) space X, any

discrete countable set is strongly discrete .

Proof : lLet {xili < w} be a countable discrete set ; thus each X,
has an open neighborhood Ni containing no other xj . Define
inductively lclosed neighborhoods Ci c Ni of x; as follows. If Cj
has been defined for j<1i and Cj c Nj , then

i € € U ..~

- <1

is a closed set not containing X, - By regularity, the neighborhood
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N, —U. .C. of x, contains a closed neighborhood C. of x, .
i i

Then the Ci are pairwise disjoint, so {Xili < w} 1is strongly

discrete. [J

Taken together, the last two propositiOns show that our definition

of iRF agrees with Booth's. . We continue with two propositions which
show that (roughly speaking) when dealing with P-points we need never

worry about discreteness.

PROPOSITION 11 : Any countable family of (distinct) P-points is discrete

(hence, strongly discrete) in Pe-

Proof : Let the P-points in question be Ei (i <@ . Temporarily

consider a fixed i. For each j#i, let G, be a neighborhood of
J

Ei in B not containing Ej . By Proposition 9.1 , ﬂj%i Gj

contains a set N which is a neighborhood of Ei in Bw- w-

Clearly N contains no E; (j £ i) . Thus, {Ei|i<w} is discrete

(in B¢o-w, hence in Py, because discreteness is intrinsic). O

PROPOSITION 12 : A convergent P-point on a regular space contains

a strongly discrete set .

Proof : Let D be a P-point on the regular space X , and let p¢ X

be the limit of D . Since D has size (y(by definition of P-point),



117

there is an A ¢D with Card(A)=¢ and pg A;let A={a |n<gy}.
n

Since X 1is regular, let G be an open neighborhood of p not
n

containing a_ ., and let Cn be a closed neighborhood of p contained

in Gn . By choosing G1r1 and Cn inductively rather than all at once,

we can arrange G c C . Foreach n

let b
atl = “n T ,» let g(a ) be the least

t ; i . i
k such tha a_ ¢ Gk g(an) exists because a_ ¢ Grl Define g
arbitrarily on X - A. If g 1is constantonaset Bc X, say

g(B) c {k}, then B is disjoint from ANG, whichisin D (as G

k k

is a neighborhood of lim D), so B¢ D. As D is a P-point, g
must be finite one-to-one on some B €D ; since D 1is an ultrafilter,
we may choose B sothat BcC A and g takes only even or only

odd values on B, say even values. The finitely many points of B

where g takes the value 2k are, by definitionof g on A in

2

G but not in G , so they liein G -C.,, (as C ).

Sok-1 2k 2k-1 2k 21 = Yok

i s - <
G2k+l c CZk , the various sets GZk-l C2k (k <) are

pairwise disjoint open sets which cover B , and only finitely many

Since

points of B lie in each of those sets. Using the fact that X 1is

Hausdorff , we easily conclude that B 1is strongly discrete . [J

REMARK 13 : The hypothesis of convergence is not needed in the

proposition. The proof of this proceeds by first observing that it suffices
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to prove discreteness (by Proposition 10)(which is intrinsic, so, without
loss of generality, the space X may be replaced by a countable subspace,
and we may as well assume that X itself is countable. But any

countable regular space is completely regular, so X has a Stone-(\llech
compactification B X , andin B X the proposition can be applied
because any ultrafilter converges. We omit the; details of this proof,
because in prlactice we shall only need the case where the given ultrafilter

converges; in fact, the space X will be compact in applications.
By Propositions 9 and 12, we get

COROLLARY 14 : If D is a P-pointon I , andif E :I-BJ is

one-to-one on a set of D , then D-limiE, = D-5_‘,1E, . O

1 1

If E is not one-to-one on any set of D, thenlet f :I-1’

be a surjection such that

(e.g. let I’ be obtained from 1 by dividing by an appropriate

equivalence), let D’= {(D) , and let Ff(i) = Ei , so F :1'-87J.

By Proposition 9.7, D’ is a P-point or principal, and clearly the

F,, are all distinct. Hence, using the corollary and Proposition 4,
i

D-lim.E, = D-lim F = D’-lim_ F_,
11 i i1

(i)

1

D'-r,,F

i/
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Thus, in any case,

COROLLARY 15: If D is a P-point, then any ultrafilter of the form

D-lirniEi is isomorphic to one of the form D’-7, ’Fi’ , where D’< D
i waere =

and the F,,6's are among the Ei 's

1[

We conclude this section by examining the connection between sums

of ultrafilters and the non-standard ultrafilters considered in Section 14 .

PROPOSITION 16 : Let D be an ultrafilter on a set 1 , and let

-E :1I-B8J. Then (D—}:iEi)/D is the internal ultrafilter (represented
b E
by) [Elg

~ -1
Proof : If AcIxJ , we compute (using A (i) = ®; (A))
<> (Vi A (i
[A]l, €[E], <> (viD) A() € E,
<> (ViD) A€o, (E)
<> A€ D-llmicpi (El) = D-—ZiEi
<=>[Z\]€(D-ziE.1)/D . 0O
Since an ultrafilter F on I xJ with ﬁ(F) = D is completely

determined by F/D,
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COROLLARY 17 : If F is an ultrafilter on I xJ suchthat (F) =D

and F/D is internal, then F = D—z:iEi for certain maps E:1-8J,

namely, just those E for which [E]DzF/D .0

As another corollary, we obtain again the "if" part of Lemma 7(6).

By Corollary 14. 2,

COROLILARY 18 : The projection

ow#: D-.E, - D
i1

is an IS(w)-morphism . Hence _<_RF implies < . 0O
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§ 16. Successors in RK(g In this section we make a first

application of the ideas of sum and product of ultrafilters to the study of

the Rudin-Keisler ordering.

THEOREM 1 : Assume FRH(®W) . For each uniform ultrafilter D on

w , there are an ultrafilter E on ( and a morphism f:E-D

such that any morphism with domain E either is an isomorphism or

factors through f , but f itself is not an isomorphism. In fact, there

2w - : .
are 2 pairwise non-isomorphic such E 's .

Proof : Let Ei(i < @) Dbe pairwise non-isomorphic minimal ultrafilters
on ¢ ; such Ei exist by Corollary 8. 9. Let E = D—)jiEi on (X e
We shall show that the projection #: E-D is not an isomorphism,

and any morphism with domain E either is an isomorphism or factors
through #. (An E as required in the theorem can then be obtained

by taking any ultrafilter on ¢y isomorphic to the E we have defined.)
First, by Lemma 15. 7(5), 7 is not an isomorphism , for none of the

Ei are principal. Now let g be any function (yXw—-w-.- Recall that

g : w~ Hom (), w) 1is defined by é (i) (n) = g(i,n). Since each E,

1

is minimal, g (i) is constant or one-to-one on some set A, eEi .
i

Case 1: {ilg(i) is constant on Ai} =B¢D
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Then
A= {(i,n)]ieB, ncAleE

and, if we let h(i) be the value of g(i) on Ai when 1¢B (h(i)

arbitrary when i¢ B ), then
(i,n) €A =>g(i,n) = g(i)(n) = h(i) = hp(i,n)
Therefore, g =hrmod E.

Case 2 : {i|g(i) is one-to-one on Ai} =C¢D

Now, using Proposition 15. 3 ,
= -1
g(E) g(D 1micpi(Ei) )
= 11
D im. gy, (Ei)
- _1. ~ .
D im, g(i) (Ei)

~

But, as g(i) 1is one-to-one on Ai for D-most i, we have

(viD) g (N(E,) = E.

Furthermore, the ultrafilters fg(i)(Ei) for 1€C are distinct (for the
various E., were chosen to be non-isomorphic) ; hence they form a
i

strongly discrete set, by Proposition 15.11. Therefore, we have
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g(E) = D-lim, g(i)(E))
1 1

11

D-zié(i)(Ei)

n
7
o

=

iR
o

By Corollary 2.6, g is an isomorphism.

Since D 1is an ultrafilter, one of the two cases considered must

occur, so the main assertion of the theorem is proved.

\
i

By Corollary 8.9 , we can choose 22 sequences K. as above,
i
in such a way that no ultrafilter appears in two distinct sequences. From
. ) 2
each sequence, we obtain an E as above, and these 2 E's are
distinct by Lemma 15. 7(6). Since only 2% ultrafilters on WX can
w

be in any one isomorphism class, we obtain 2 pairwise non-isomorphic

E's as required. [

DEFINITION 2 : An element a of a partially ordered set P is an

immediate successor of b€ P if and only if b < a and

(fxeP) x<a=x<b

Note that this definition requires not only that a is above b

with nothing in between, but also that no element incomparable with b
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lies below a . The theorem immediately implies

43
COROLLARY 3 : Every element of RK(w has 2% immediate

successors, assuming FRH(yw) . O

— w
Of course 0 , also has 22 immediate successors in RK(<w),

namely the minimal ultrafilters. 0 , its immediate successors, their

. C1- 2W
immediate successors, etc. form a tree, of height ¢y, with 27 -fold
ramification at each node. Using Proposition 5. 10, the tree can be extended

until it has height R Thus,

1
COROLLARY 4 : Assume FRH(yw . Let P be the partially ordered

w
set of maps p from arbitrary countable ordinals into 22 , ordered

by inclusion (i. e. , p<q if and only if p is the restriction of g

to Do(p)). Thus, P is the "'standard’ tree of height Rl with

22%_told branching from every from every node. Then P can be

isomorphically imbedded into RK(< @) . O

Observe that the image of P is by no means all of RK( <),
because the former is a tree while the latter is directed upward (in a
very strong way ; see Proposition 5. 10) and is not a chain (by 8.9 if
FRH(y) ; by [12] in general). Observe also that the isomorphic embedding
of P into RK(Xw) c;.n be taken to map the least element, ¢ , of

P to any prescribed element of RK(w) .
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§ 17 Goodness, sums, and minimality = Assuming FRH(k), there

2

are a great many ultrafilters on k which are both K+-good and
minimal in RK(k). (See Corollary 8. 8) The question naturally arises
whether there is‘any necessary connection between K+—goodness and
minimality in RK(x). Does one imply the other ? Or does the negation

of one imply the other? Keisler has proved

THEOREM I : Assuming D is countably incomplete, D-3.E, is

K:+—good if and only if D is K+-good.

Proof : See [9]. O

In particular, for countably incomplete D, D-E is ¢t-good
if and only if D is Kj+—good. Given any ultrafilter E on K> ¢ ,
we can obtain both K+—good ultrafilters and non—}c+—good ultrafilters
>E on K by choosing D to be K+-good in the first case (using
Corollary 8. 8) and non—}c+—good in the second case (e. g. , let size(D) = (.

If k= then all ultrafilters of size K are K+-good (see [7])-

The only possible implication not ruled out by these considerations
is''minimal => good''. Keisler has asked whether this implication holds
(for k> w, assuming 2% = K+ if necessary) , and also whether every

k-regular ultrafilter is > some K+—good one . (An affirmative



126

answer to the latter question would imply that, for any two elementarily
equivalent structures @ and B of cardinality < for a language

with <k symbols, and for any y -regular ultrafilter D on g

>

D-prod G and D-prod # are isomorphic. See [1].) We shall answer

K

both questions negatively, assuming 2" = K+ , or even just FRH(K) ,

by constructing an ultrafilter on K which is minimal in RK(k) ,
K-regular , but not K+-good, provided ¥ 1is not cofinal with ¢ .

Note that, if ¥ is measurable, a normal x-complete ultrafilter on

Kk 1is a counterexample for the first question, but not for the second.

LEMMA 2 : If all the Ei are K-regular, then so is D-Z:iEi

Proof : Let Un(D) =1, Un(E) = Ji (i €l). Suppose that, for
each i , fi : Ji—*P (¥} is as in the definition of g-regular. Then
w

one trivially checks that

NIRRT RN IR AC)
iel

also satisfiesthat definition, so D-’giEi is k-regular . [J

THEOREM 3 : let Kk be a cardinal of cofinality > ¢, and assume

FRH(K) . Then there is an ultrafilter E on (yxk whichis g-regular

(hence uniform), minimal in RK(K) , but not K+-good .
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Proof : Begin by letting D be any uniform ultrafilter on ¢ . We
shall define certain g-regular ultrafilters Ei on K (1<y), and then
we shall let E be D-ziEi . By the lemma, E will be -regular; »
by Keisler's theorem (and the facts in Section 1), E will not be
K+-good . Most of the followipg proof is therefore concerned with

ensuring the minimality of E in RK(K) .

LEMMA 4 : In unif(x) , let C be any comeager set. Assume FRH(x) .

Then C contains a countable sequence E, (i <) of ultrafilters
_— i

with the following property . If f; :k-k (i <) are maps such that

fi is one-to-one on a set of Ei , then the set of ultrafilters

{fi(Ei) |i< w} is strongly discrete in Px.

Proof of lemma : Suppose C QQ<2K C% where each C% 1is open
and dense in unif (k) (with the fine topology) . There are 2K systems
{fi : k-k|i< ] of countably many self-maps of ¥ ; well-order them
with order type 2K, and let the ath system be {f'ly|1 <w}. We
define uniform filters 3"? (1<w on K , simultaneously for all

i

by induction on ¢ , so that

b

mF ¢ g]f for a<B

(2)3‘? has a basis of cardinality <k
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(3) Any ultrafilter containing} ia+l is in c%

. o -
(4) If, for each i , f.1 takes K distinct values on each set

+1 . o
of 3“11 ., then there are pairwise disjoint sets A,1 € k such that

(f‘?‘)‘l(Ai) e?‘fl

i
. . 0 . . . K
Begin by setting ?i = {k}. If y is a limit ordinal <2~ and
'}? is defined for all < % , then %ng(.‘x has a basis of cardinality
: i
< Card (k xy ) < 2" , so by FRH(x) , it can be extended to a filter with

a basis of cardinality < . Let that filter beg'}; .

Now suppose %= q+ 1l and S;Ot is already defined. By (2) ,
i
. . . a .
the set V_, of uniform ultrafilters containing f;z . 1is open and
i , i
o . . . . . o .
nonempty (as? ;18 uniform) in unif(K) . Since C~ 1is dense , Vi
meets some basic open set

v

1
() Acc®
A eG

i

meets C%, so

where Card (G.) < K. Letj be the filter generated by ya uag. -
i - i i i
‘ji has a basis of cardinality <, say {Gi ul u<k}. If, for some

i,

f* does not take ¥ values on each G, , then we may set
i

’

:;ly Ciﬁl:ji , as (4) will hold vacuously . From -now on, suppose, for

o

each i , fi takes kK values on every Gi " Well-order the

b

triples (i,u,y) € wxK xKk with order type k. Inductively choose



129

a(i,u,v) €G. so that
! i,u
i o 2/ [ /
f?(a(l’;u’v))% f1/ (a(i s b ,U))

for all earlier triples (i’,/,v"). This can be done because f{* takes
1

k wvalues on Gi and there are fewer than K earlier (i’,y’,v’) .

s U

Let

Bl = {a(l:l-l:v)| au’ v E K}

Since B, meets G, Kk times (at least once for eachV ), the

i i,
filter ;{a+1 generated by j U{B.} is uniform. Conditions (1)
. 1 1
- 1
and (2) are obviously satisfied, and (3) holds because G . Ci C;Oﬁ_ .
A=di=v i
For (4), let Ai = fci!(Bi) . By choice of a(i,u,v), the Ai are

pairwise disjoint, and

o -1 atl
(%) () 2 B, Ji

Now if we let E, be any uniform ultrafilter containing
1

o
.7' , condition (3) implies

o < 2K 4
(84
C
EiEQK cC

If f :K—- K are maps, say fi:fq

, and each f, 1is one-to-one
i i

on a set of Ei , then fi must take at least K values on each set
1 . .
of:; (,11+ , for otherwise Ei contains a set on which fi is one-to-one

and takes fewer than K values , contrary to the fact that E,  is
i
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