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Abstract

The 0-1 law for first-order properties of finite structures and its proof via
extension axioms were first obtained in the context of arbitrary finite struc-
tures for a fixed finite vocabulary. But it was soon observed that the result
and the proof continue to work for structures subject to certain restrictions.
Examples include undirected graphs, tournaments, and pure simplicial com-
plexes. We discuss two ways of formalizing these extensions, Oberschelp’s
(1982) parametric conditions and our (2003) thesauri. We show that, if we
restrict thesauri by requiring their probability distributions to be uniform,
then they and parametric conditions are equivalent. Nevertheless, some situ-
ations admit more natural descriptions in terms of thesauri, and the thesaurus
point of view suggests some possible extensions of the theory.
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Quisani: I've been thinking about zero-one laws for first-order logic. | know it's a
rather old topic, but | noticed something in the literature that I'd like to understand
better. The first proofd] established that, for any first-order sentenca a finite
relational vocabularyr’, the proportion of models af- among all’r-structures
with base setl, 2,...,n} approaches 0 or 1 astends to infinity. Fagin4] re-
discovered the result (with a simpler proof) and added, near the end of his paper,
some remarks about what happens if, instead of consideringstuctures, we
consider only those satisfying some specified sentenéte pointed out that for
some but not all choices af, there is still a 0-1 law: The proportion of mod-
els of o among models of with base setl,2,...,n} approaches 0 or 1 as
tends to infinity. He gave two examples of suctboth in the language with just
a single binary relation symbd, the language of digraphs. One example was
the sentence saying thatis symmetric and irreflexive, so the models are undi-
rected loopless graphs. The other example defined the class of tournaments. The
case of undirected graphs was rediscovere@jnwhere another example was
added, purel-dimensional simplicial complexes, formulated using a completely
symmetric and completely irreflexid + 1)-ary relation.

I'd think there should be some general result explaining these variants of the
0-1 law.
Authors: There is such a result in Oberschelp’s paj@}y put it seems he never
published the proof. His result, expressed in terms of what he calls parametric
conditions, covers the variants that you mentioned as well as others, for example
involving graphs with several colors of edges. It is based on the same approach,
via extension axioms, as the work i pnd many later works. So it doesn’t cover
the 0-1 laws obtained by other methods, for example by Compton3kaad the
references given there) for slowly-growing classes of structures.

Later, not knowing of Oberschelp’s work, we introduced1pthe notion of
a thesaurus as a suitable context for Shelah’s proof of the 0-1 law for choiceless
polynomial time. It also provides a suitable context for the 0-1 law in the more
restrictive context of first-order logic, once that logic is appropriately defined for
thesauri.

Q: Does the thesaurus approach also depend on the extension axioms? And should
it be combined with parametric conditions to produce a common generalization?

A: Both of your questions are answered — the firSiraatively and the sec-

ond negatively — by the fact that the two approaches, parametric conditions and
thesauri, are essentially equivalent, at least when applied to the case of uniform
probability distributions on structures of any given size.



Q: That leaves me with a lot of questions: What are parametric conditions? What
are thesauri? What exactly does “essentially equivalent” mean in this context?
And what happens when the probability distributions aren’t uniform?

A: Let’s start with Oberschelp’s parametric conditions. These are conjunctions of
first-order universal formulas, for a relational vocabulary, having the special form

VXi... ¥ (D(X) — C(),

whereX stands for than-tuple of variables, .. ., X, whereD(X) is the formula
Ai<i<jk X # X;j saying that the values of these variables are distinct, and where
C(X) is a propositional combination of atomic formulas such that, in each atomic
subformula ofC(X), all k of the variables occur.

Q: I assume thak is allowed to vary from one conjunct to another in a parametric
condition, and that whek < 1 the empty conjunctioD is interpreted as true.
So, for example, irreflexivity of a binary relation is expressed by the parametric
conditionVYx(true — —R(X, X)).

A: That's right, and it's easy to express the other conditions you mentioned earlier
— symmetry for undirected graphs, asymmetry for tournaments, and complete
irreflexivity and symmetry for simplicial complexes — as parametric conditions.

Q: I see that, but | don’t yet see the significance of the requirement that all atomic
subformulas ofC use all the variables.

A: The simplest explanation is that if you drop this requirement then the extension
axioms need not have asymptotic probability 1. For example, for almost all finite
partially ordered sets, the longest chain has length three (see the pr@pfTbkf

orem 5.4]). So there are configurations, like a four-element chain, that can arise
in partial orders but are absent with asymptotic probability 1. Traditional exten-
sion axioms, in contrast, imply that any configuration permitted by the underlying
assumptionr must occur. The trouble comes from the transitivity clause in the
definition of partial orders; it involves three variables but each atomic subformula
uses only two of them.

Q: The example shows that some requirement is needed to eliminate the case of
partial orders, but how does the “use all the variables” requirement connect with
extension axioms? | guess what I'm really asking for is a sketch of Oberschelp’s
proof.

A: The crucial contribution of parametricity is that it permits a reformulation of
the uniform probability measure on structures of a fixed sipeterms of inde-
pendent choices of the truth values of instances of the relations.



Recall that, when we consider the class of all structures (of a given relational
vocabulary) with universél, 2, ..., n}, the uniform probability measure on these
structures can be described by saying that each insfafage. . ., a) (whereR
ranges over the relations of the structure anmuler tuples of appropriate length
from {1,2,...,n}) is independently assigned truth value true or false, with equal
probability. When we deal with, say, loopless undirected graphs, this descrip-
tion must be modified, since(a, a) must be false and sind&(a;, a;) must have
the same truth value &a,, a;). Nevertheless, the uniform distribution can still
be described in terms of independent flips of a fair coin: flip a coin for each 2-
element subsdl,, a,} of {1,2,...,n} to determine botlR(a;, a,) andR(ay, &).
Similarly in the case of tournaments, a single flip of a fair coin decides which one
of R(a;, &) andR(ay, a;) shall hold. And similarly in the other examples.

Something similar happens for arbitrary parametric conditioriB describe
it, we need the notion of lxtype relative tar. Temporarily fix a positive intege,
less than or equal to the maximum arity of the relation symbols in the vocabulary
of . Consider all the atomic formulas that use exactly the variakles ., X,
possibly more than once. ltypeis an assignment of truth values to these atomic
formulas that make€(X) true whenever¥ X(D(X) — C(X)) is a conjunct ofr (up
to renaming bound variables, so th&s X, . . ., X¢). In other words, &-type is an
assignment of truth values that can be realized kyugple of distinct elements in
a model ofr.

Now the uniform distribution on models @fwith base setl, 2, ..., n} admits
the following equivalent description: For eakland eaclk-element subsdh; <
a<---<atc{l2...,n} choose, uniformly at random katype to be realized
by thek-tuple(ay, ..., a). This works because each of these types is realized by
(as,...,a) in equally many models of with base setl,2,...,n} and because
different increasing tuplesy, . . ., &) behave independently. Furthermore, once
the k-types of increasing tuples are chosen, they determine all the relations of
the structure.

Q: What about instances of the relations where the arguments are not in increasing
order?

A: They're included, because the atomic formulas to whi&kype assigns truth
values include those in which the variabksccur out of order.

Once one has this alternative description of the uniform distribution on mod-
els, one can easily imitate the traditional proof of 0-1 laws. There is an extension
axiom for eaclk-type withk > O; it says that, for any distincty, . .., X1, there
is anx, distinct from all of them, such that the tupl®,, ..., X1, Xc) realizes
the givenk-type. It is easy to check that each extension axiom has asymptotic
probability 1 and that the theory axiomatized by the extension axioms is com-
plete. (To prove completeness, one can proceed &4 ipecause the theory is



No-categorical, or one can eliminate quantifiers a@jr) [

The role of parametricity in this argument is to ensure that all the information
about anyk-tuple of distinct elements can be isolated in kttype and thek’-
types of its subtuples, a finite amount of information, whose size is independent
of the sizen of the base set. That allows us to formulate extension axioms and
verify their asymptotic validity. Contrast this with the situation for, say, partial
orders. Here the requirement of transitivity imposes correlations between a truth
valueR(a, b) and many other truth valué¥a, c) andR(b, ¢), for all c in the base
set. The number of relation instances correlated with a siR@gb) thus grows
with the structure and the proof described above breaks down. Oberséhelp [
summarizes this (in the case of a vocabulary with only one relation symbol) by
saying “A parametric property defines a class of relations which can be determined
by the independent choice of values (parameters) in fixed regions of the adjacency
array.”

Q: OK. | see that parametricity seems to be just what's needed to carry out the
traditional proof of the 0-1 law via extension axioms. Now what are thesauri?

A: A thesauruss a finite set of signa, so of course we have to say what a signum
is, but let’s first deal with a simplified notion of signum, which turns out to have
the same generality as parametric conditionssignumin this simplified sense
consists of

e asymbolR (assumed to be fierent for the dterent signa in a thesaurus),
e a natural numbeyj called the arity,

e afinite setV called the value s&t

e a groupG of permutations of1,2,..., j}, and

e a homomorphism fror® to the group of permutations &f.

For notational convenience, one often writes simply the syrRlvahen one really
means the whole signum.

Q: That sounds pretty complicated; what'’s really going on here?

A: The symbolR and the arityj are analogous to what you have in a relational

vocabulary of ordinary first-order logic — a symbol and the number of its argu-
ment places. OuR’s, however, will not necessarily be 2-valued as in first-order

logic, butv-valued, wherey is the cardinality of the value s®&t So we could, for

YIn [1], the value set was always of the fofth 2, .. ., v} for some positive integer. Allowing
arbitrary finite sets of values makes no essentiddince but is technically convenient.



example, treat a graph with colored edges by having a single binary signum where

V is the set of colors plus one additional value to indicate the absence of an edge.
The other two constituents of the signum, the gr@gnd the homomorphism

h, describe the symmetry properties that we int& satisfy. The idea is that

permuting thel arguments oR by a permutationr in G results in a change of the

value given byh(r). More precisely, a structur# for a thesaurus consists of a

base seA together with, for each signuki, j, v, G, h) (often abbreviated as just

R), an interpretatiofR" assigning to eactuple of distinct elementa, ..., a; in

A a valueR"(d), subject to the symmetry requirement

FQQI(al’ cees aj) = h(ﬂ.)(RQI(aﬂ'(l)’ RS aﬂ(])))
Q: The following variation seems more natural to me:

Rzl(aﬂ(l), ce a,,(j)) = h(n)(RQI(al, ce aj))

It explains how to obtailR" (ay), - - - , &) from R¥(ay, . . ., a;).

A: This doesn’t work unless you either ptitt on one side of the equation or make

h an anti-homomorphism. Here’s the calculation, using your proposed variation.
Let 7 ando be two permutations in the group, Ebe aj-tuple of elements oA,

and letb be thej-tuple defined byo; = a,;.

h(h(e)R @, . .. &) = R @ ... )
= h(m)R(by. ..., by)
=RY(by,..., b-;)

= R*@unts - - - » 8onj)
= h(en)R'(ay, ..., ),

where we've applied your variation three times, once withonce withz, and
once withon. So for this to work, we'd neetl(or) = h(n)h(o), i.e.,h should be
an anti-homomorphism.

Q: | suppose using an anti-homomorphism wouldn’t be a disaster, but it would
defeat the purpose of my suggestion, increased naturality.
Now why doesR* apply only toj-tuples of distinct elements?

A: Distinctness is technically convenient. For example, in tournaments, one wants
the truth value oR(a, b) to be negated i& andb are interchanged, except when

a = b. So we think of a binary relatioR as being given by two signa, one
binary signum for distinct arguments and one unary signum for equal arguments.
Similarly, a relation of higher arity would be represented by several signa, one for
each way of partitioning the argument places into blocks with equal arguments.



Q: I see that, just as with parametric conditions, you can represent the uniform
probability distributions on structures with base &et,...,n} in terms of in-
dependent random choices for some instai@$. For each signunik, choose

a representative from ea&horbit of j-tuples of distinct elements, and assign
random values at these representatives. Then propagate these assignments through
the whole orbits by means of the symmetry requirement.

A: That's right. To be precise about theSeorbits, one should say th& acts
naturally on the set of-tuples of elements from any set by

(@, ..., 85) = (@e1qays - - - » Be1(j)-

Q: With this formulation in terms of independent random choices, it should be
possible to prove something analogous to extension axioms for the thesaurus con-
text. I'd expect almost afl’-structures to have the following property, for each
Given anyn distinct pointsay, . .., a,, there is a poinb, distinct from all thea;,

and giving prescribed values for all signum instanR&&;, . . ., ¢;) where one of

thec; is b and the others are distinct elementdaf . . ., a,}.

A: That’s right, provided the prescribed values obey the symmetry requirement
for thesaurus models. We're pleased that you remembered that the arguments
of a signum are supposed to be distinct, so thahould occur only once in
RY(cy, ..., cj) and eaclsy; should occur at most once.

Q: This result should yield 0-1 laws for thesauri, except that you haven’t yet
defined first-order logic in the context of thesauri.

A: Indeed, we have not introduced a syntax to go with these semantical notions
in [1], but it is not dtficult to do so. Take atomic formulas to B¢X) = ¢ where

R is a signum (or the symbol part of itX is a sequence of variables of length
equal to the arity oR, andc € V. Also allow equality as usual in first-order logic.
Then form compound formulas using propositional connectives and quantifiers,
just as in ordinary first-order logic. The semantics is obvious. (If the values of the
variables inX are not all distinct, theR(X) = c is naturally taken to be false.)

If one is willing to stretch the notion of syntax a bit, then it would be appro-
priate to identify the atomic formuld(x,, .. ., X;) = candR(X;-1), . . ., X,-1(j)) =
h(r)(c) for any x in the group of the signurR, since the symmetry requirement
for structures implies that these will always have the same truth value.

Once these definitions are in place, it is, as you said, rbedit to show, via
extension axioms, that first-order sentences have asymptotic probabilities O or 1
over the class of all structures of a thesaurus.



Q: This should also be clear for another reason, once you explain how thesauri
and parametric conditions are essentially equivalent. Having the 0-1 law for para-
metric conditions, we should be able to use the essential equivalence to deduce
the 0-1 law for thesauri. But what exactly did you mean by essential equivalence?

A: Essential equivalence has several components. First, for each the¥aurus
there is a parametric conditian(in some vocabulary) such that thestructures

with any particular base set (for example?, . .., n}) are in (natural) one-to-one
correspondence with modelsobn the same base set. Second, for each first-order
sentence of the thesaurus, there is a first-order sentence of the vocabutary of
such that the models of these sentences match up under the correspondence above.
Third, conversely, for each parametric conditiothere is a thesaurug with a
one-to-one correspondence as before. And fourth, for every first-order sentence
of the vocabulary ot, there is a first-order sentenceiwith the corresponding
models.

Q: That seems to be exactly what's needed in order to convert 0-1 laws from either
of the two contexts to the other. So how do these correspondences work?

A: One direction is implicit in the syntax for thesauri described above. Given
a thesauru&’, form a first-order vocabularyf” with the same atomic formulas.
That is, for each-ary signumR of I and each value, let R. be aj-ary relation
symbol inY”. The intended interpretation is thRt(a) should mearR(d) = c.
EveryY-structure gives, in this way, a structure (in the ordinary, first-order sense)
for r”. The converse is in general false, but the collectioi”e$tructures arising
from r-structures in this way can be described by a parametric conditidie
conjuncts inr express the symmetry requirements of the thesaurus, i.e.,

VX(D(X) = (Re(X) = Ry (Xe-1ays - - - » X 1))

for each signunR and eachr in its group. There are also conjuncts saying that
every j-tuple of distinct elements satisfi&g for exactly onec € V and thatR. is

false whenever two of its arguments are equal. We trust this makes the first two
parts of “essentially equivalent” clear.

Q: Yes; “essentially equivalent” is now half clear. But | suspect that this was the
easier half. How do you handle the reverse direction?

A: Here we have to convert a parametric condittomto a thesauru¥'. Let Y
consist of ong-ary signumT; for eachj up to the maximum arity of the relation
symbols in the vocabulary af

Q: Just one signum per arity, no matter how rich the vocabularyis?



A: That's right. We compensate by using a rich set of values. Take the values of
the j-ary signumT; to be thej-types relative tar. (This is one place where it’s
convenient to allow a signum to have any finite set of values, rather than only an
initial segment of the positive integers as'iij.]

The group associated to theary signumT; is the symmetric group of all
permutations ofl, 2, ..., j}. To describe its action on the set of values, i.e., on the
set of j-types, just let it act on th¢ variables occurring in the types. That is, the
truth value assigned to an atomic formélay the typeh(r)(c) is the same as the
truth value assigned hyto the formula obtained froré by substitutingx,-) for
x; for all i.

A structure for this thesaurus provides, for egefuple & of elements of the
base set, gtype to be realized by thistuple. This specifies which atomic formu-
las are to be true of th&and of all permutations & The symmetry requirement
on thesaurus structures is exactly what is needed to ensure that these specified
truth values for the various permutationsaére consistent and thus describe a
structure for the vocabulary af Furthermore, since we use onhtypes relative
to 7, the resulting structures will be modelswofAnd it is easy to check that every
model ofr arises from exactly on¥-structure.

Q: That takes care of the third part of essential equivalence. For the fourth part,
you have to translate formulas in the vocabulary afito r-formulas. Since the
syntax and semantics of thesauri treats connectives and quantifiers the same way
as first-order logic does, it flices to consider atomic formulas.

A: Right, and handling these is mainly just bookkeeping. Given an atomic formula
6 in the vocabulary of, let{xy, ..., X} be the set of distinct free variables in it. For
each equivalence relatidhon this set of variables, we can write a quantifier-free
formulagg, in the syntax associated to the thesaufusvith variablesx,, . .., X,
saying that

e the equality pattern of thg is given byE, i.e.,
A =x)n A =0 =x),
(i.j)eE (i,)¢E
and

e the type realized by distinct values xfs givesé the value true, i.e.,
\/(TI‘(Xi17 s X|r) = C)’
C

wherex;,, ..., X, are chosen representatives of the equivalence classes of
E and wherec ranges over those-types that assign true to the formula
obtained fromy by replacing each variable by the chosen representative of
its equivalence class.



Then the disjunction of these formulas, over all equivalence relatioris, is
satisfied by a tuple of elemendisn exactly thosér-structures that correspond to
models ofr in which 6 is satisfied bya.

Q: This bookkeeping sounds complicated, but I think | get it. Y@ranslation

of 6 just says that the values of thgs satisfy some pattern of equations and
negated equations (an equality-type) and that the distinct ones among those values
give T, a value that corresponds édeing true.

A: Right. So this finishes the explanation of how parametric conditions and the-
sauri are essentially equivalent.

Q: Yes, except you said earlier that you were using a simplified notion of signum.
What's the full-scale notion?

A: In [1], our definition of a signum included, in addition® j, V, G, h as abov,
a probability distributiorp on the set oV values, subject to the requirements that
each value has non-zero probability and that the distribution is invariant under the
grouph(G).

The purpose opis to modify the probability distribution on the structures with
a fixed base sdftl, 2,...,n}. Previously, we chose a representatjvieiple from
eachG-orbitin{1,2,...,n}}, and we chose the valuesRft these representatives
uniformly at random. Now, we choose these values according to the probability
distributionp. And then, as before, we propagate the chosen values to all the other
j-tuples by means of the symmetry requirement for thesaurus-structures.

Q: You require thap is invariant undeh(G) to ensure that the probability distri-
bution on structures is independent of the choice of representative tuples.

A: Exactly. And of course the requirement that each value have non-zero probabil-
ity is just a normalization. Any value whose probability is zero could be omitted,
since it is unused in almost all structures.

Q: Is this more general notion of thesaurus equivalent to anything in the paramet-
ric condition world?

A: As far as we know, parametric conditions have been used only in connection
with the uniform probability distribution on the structures that satisfy the con-
ditions. But there is nothing to prevent one from introducing non-uniform dis-
tributions in this context, in a way that is equivalent to general thesauri, via the
essential equivalence described above.

2Actually, as noted in an earlier footnote, it had a numbather than a saf, but the diference
is irrelevant.



Q: Apart from non-uniform probabilities, are the other advantages to thinking in
terms of thesauri rather than in terms of parametric conditions?

A: Yes, we see a few.

First, certain structures are naturally thought of as having multi-valued rela-
tions. For example, colored graphs, where the values of the edge relation would be
the colors and “false” (the latter for where there is no edge). Similarly, a tourna-
ment in which the outcome of a game can be a tie or a win for either player seems
to be naturally viewed as a three-valued binary relation on the set of players.

Second, thesauri suggest a generalization that may be worth exploring. Instead
of a fixed set of values for each signum, we could let the number of values grow
slowly with the size of the structure.

Q: Won't that mess up the extension axioms?

A: Not if “slowly” is taken seriously. The usual computation showing that exten-
sion axioms have asymptotic probability 1 still works if the number of values of
any relation grows more slowly thari for each positive real numbet asn, the
number of elements in the structure, tends to infinity. So for exartgg®,values
would be OK.

Q: What does it mean that the computation still works?

A: It means that, using the same ideas as in the proof of the usual first-order ex-
tension axioms, one finds that almost all finite models for a generalized thesaurus
of this sort have the following property for each fixed natural nuntbeifake

k variables, say;, ..., x and specify possible values for all the (finitely many)
atomic formulas that use only these variables, at most once each, and really do
usexy. Here “possible values” means that

e if an atomic formula begins with the signuRthen the value must be in the
value set of that signum, and

e if two atomic formulas begin withr, and their variables éer only by a
permutationr of argument places, andis in the groupG of the signum
R, then the values must correspond k{a), as required in the definition of
thesaurus structures.

Then, if one interprets,, ..., X1 as anyk — 1 distinct elements of the structure,
there will be an interpretation fog, distinct from these, and realizing all the given
values for atomic formulas.



Q: OK, so it's really analogous to traditional extension axioms. How does the
“usual computation” work in this situation.

A: Well, fix k and fix an assignment of values to atomic formulas as above. We
want to show that, with asymptotic probability 1, given any distxgt . ., X1,
there is some realizing the given values.

Consider a structure of sizg and letv be the largest of the cardinalities of
the value sets, in this structure, for all the signa. Notice that the number of atomic
formulas to which values are assigned is a constabecausé& and the thesaurus
are fixed. So there are at modtpossible assignments of values to these atomic
formulas.

Temporarily, fix the interpretations af, . . ., X._1. There aran—k+ 1 possible
interpretations, distinct from these, fegg. Each of these will, with the given
interpretations ofxy, ..., X1, realize one of the v possible assignments of
values to atomic formulas, so it has probabitityl /v’ of realizing the assignment
we want. Therefore, the probability that no interpretatioralizes our desired
assignment is at most

1 n—k+1
-3)

Sincel —t < et for all t, this is at mose™@"), where the factor 2 (more than)
compensates for omittingk + 1 oncen is larger thark. Our assumption that
grows slowly compared with means, in particular, th&' < v/noncenis large
enough. For such large we conclude that the probability that mprealizes the
desired values is e "

Now un-fix the interpretation oy, ..., X.1. There are at most?! such in-
terpretations, so the probability that at least one of them has no suialde
< nke~ V", That's the probability that our analog of th& extension axiom fails,
and the upper bounate™ V" approaches 0 as— co.

We have not studied possible applications of this idea, or even the appropriate
extensions of the syntax and semantics of first-order logic. Once the number of
values isn’t constant, relations seem intuitively to behave more like functions than
like relations in the traditional first-order world. One could also equip th¥ st
values with some relations or functions so that it becomes a structure in its own
right.

Q: You'll need some structure o, at least implicitly, in order to formulate first-
order sentences over such a generalized thesaurus. For ordinary thesauri, your
first-order language had, irffect, names for all the valuese V. But withVV now
allowed to grow, that would make the language vary with the structure — not a
good idea if you want to talk about the asymptotic probability of fixed sentences
as the structure grows.



A: The idea could still work if, as the structure grows, the language also grows, so
that any fixed sentence would make sense in dll@antly large structures. But
in fact, in at least one situatioN, is naturally a relational structure.

Q: What situation is that?

A: Consider a tournament in which the result of each game (i.e., the relationship
between a pair of players) is not merely a win for one or the other (as in traditional
tournaments) or a tie (as in a generalization mentioned above) but can be any one
of several “degrees of victory”, where these degrees come from a small, linearly
ordered seV. As before, “small” should mean of cardinalityn® for each fixed
e > 0 and all largen. The outcomes of the games are modeled draalued
function R subject to the (anti-)symmetry requirement tR&t, y) andR(y, X) are
symmetrically located iV, i.e., each is the image of the other under the unique
order-reversing permutation f.

In this situation, it is natural to admit the linear ordering\bfas part of the
structure, so that there are atomic formulas &, y) < R(u, v).

Q: Do you also want to allow names for the elementd/8f If so, then it seems

that your suggestion of a growing language depends on making some arbitrary
conventions here. How shall the interpretation of a particular name vary while

n and therefore/ grow? There would be no problem with names for the first
element, the second, the last, etc., but what about names for the element one third
of the way up, or the element in positior/|V[]?

A: For the purposes of the present discussion, we’'d want a language for which
the 0-1 law holds. Apart from that, the choice of language would be guided by
potential applications.

Notice, though, that as long as we have the ordering relatiovi amailable,
names for the first element, the second, the last, etc. are not really needed, with
asymptotic probability 1, because these elements are definable in terms of the
ordering.

Q: Wait a minute. Those definitions use quantifiers. Do you intend to allow
guantification oveWV in your language?

A: With asymptotic probability 1, we have quantification oxeautomatically,
since the elements &f are almost surely the same as the valueR.ofSo, for
example, we can almost surely expreB§X;y) is the first element of/” by the
formula

YuVvYv-(R(u,V) < R(X,Y)).

Q: I get it. This formula doesn’t express the desired property in all structures, but
it does in those structures where,ueandv range over the player&(u, v) ranges
overall elements oV — and that's almost all structures.



A: Such expressive power requires some caution in the definition of structures,
specifically in the choice of hoW is allowed to grow. For example, we had better
insist that the cardinality of has the same parity in almost all structures, because
that parity is definable by the truth value of the sentence

Ix3y (R(x.y) = R(y, X)).

Fortunately, this parity issue turns out to be the only such problem, in this par-
ticular example. That s, if we restrif| to have a fixed parity and to grow slowly
with n, then there will be a 0-1 law for the first-order properties of tournaments of
this sort. (Here the atomic sentences are of the formau andR(x, y) < R(u, V),
wherex andy are distinct variables and andv are distinct variables, but other
pairs of variables might coincide. It would make ndféience if we also allow
R(x,y) = R(u, V), since it can be defined in terms of) We'll put a sketch of the
argument into an appendix of this paper.

There is another possibility suggested by thesauri, namely the possibility of
playing with the groups in the signa, and perhaps bringing some group theory to
bear on these topics.

Q: That reminds me of something that occurred to me while you were proving the
equivalence between thesauri and parametric conditions. Although thesauri allow
arbitrary groups of permutations i, 2, . . ., j} for a j-ary signum, you used only

the full symmetric group in the thesauri that simulate given parametric conditions.
Combining this with the simulation in the other direction, you've shown fliec,

that any thesaurus is equivalent to one in which all the groups involved in the signa
are full symmetric groups. I'd think this equivalence, involving only thesauri,
should have a proof that involves only thesauri, rather than going from thesauri to
parametric conditions and back.

A: Yes, one can also obtain the same result by working only with thesauri. Let
(R, },V,G, h) be a signum, and Ie® be the full symmetric group of all permu-
tations of{1,2,..., j}. Then the signundR, |, V, G, h) is essentially equivalent to

a signunxR,, j, V,, S, h,), where of course we have to defig andh, (notR,
because it's just a label).

Q: Before you start defininy, andh,, please tell me what “essentially equiva-
lent” means here.

A: It means that there is, for each #eta canonical bijection between the possible
interpretations irA for the two signa.

Q: OK. Now what arev, andH..

A: V, is the set of functionsg : S — V that areG-equivariant in the sense that,
for eachr € G and eaclr € S,

f(nor) = h(n)(f (o).



The actiorh, of S onV, is given by

(h.(@)())(7) = f(70).

It is straightforward to calculate thhat is a homomorphis#from S into the group
of permutations oV.

Q: On the basis of my recent experience, | suppose that, if you had wettten
instead ofro, thenh, would have been an anti-homomorphism.

A: That'’s right.

The essential equivalence between the two signa is obtained as follows. Given
an interpretatiorR" of the original signum, i.e., &-equivariant mag\l — V, we
obtain an interpretatioR’™ of the new signum, as-equivariant mapAl — V,
by letting R™ (&) be the element df, defined by

Rih (é)(o-) = R?I(ao.—l(]_), ey aO'_l(J))

The transformation in the other direction takes Sagquivariant ma e Al
V, to theG-equivariant mafR" : Al — V defined by

R'(@ = (R (@)(2),

where 1 is the identity permutation. Of course, there’s a lot to be checked here:
that the two transformations are well-defined and that they’re inverse to each other.
That should be a good exercise for you.

Q: OK, I'll check it when | have some spare time. But, in view of this equivalence,
why did you define thesauri in terms of arbitrary permutation gr@apsther than
just the full symmetric group?

A: We weren't aware of the equivalence until recently. But it seems worthwhile
to retain the generality of arbitrary groups, since some forms of symmetry are
more naturally expressed using groups smaller than the full symmetric group.
Notice also that the conversion from a thesaurus using arbitrary groups to one
using full symmetric groups makes the value 3étonsiderably larger and more
complicated, especially if the original groups were small.

3Category theorists would describe the operation sendingasst(V, h) to theS-set(V,, h,)
as the right adjoint of the forgetful functor froBtsets toG-sets.



Appendix

We outline here the proof of the 0-1 law for the generalized tournaments described
above. In fact, we prove somewhat more, namely the 0-1 law for first-order sen-
tences in certain two-sorted structures. Here is the precise formulation.

Define (for the purposes of this appendix onlyyeneralized tournamertb
be a finite two-sorted structu® = (A,V, <, 7, R), whereA andV interpret the
two sorts, wherec is a linear ordering of/, wherer is the unique order-reversing
permutation oV, and whereR is a functionA? — V, subject to the requirements
that

e R(a,b) = n(R(b,a)) foralla,b e Aand
e |V|is odd.

The main reason for the second of these requirements is that, as we saw above,
the parity of|V| is definable and must therefore be fixed (at least almost surely)
if we are to have a 0-1 law. We chose “odd” rather than “even” so that the first
requirement makes sense even wiaes b. For even|V|, a similar argument
would apply, but we would have to either maRe partial function defined only
when the arguments are distinct, or modify the first requirement to accommodate
some convention for the case of equal arguments.

We say that a generalized tournam@rds above hasize(n, V) if |Al = nand
V| = v. For a first-order sentenckin the language of generalized tournaments,
we define the&n, v)-probability ofd as the proportion of models éfamong gen-
eralized tournaments of siZg, v). We say that hasasymptotic probability if,
for eache > 0, there exisM € N ands > 0 such that, wheneveW < v < n°, then
the (n, v)-probability ofé is at leastl — . Note that our definition of asymptotic
probability incorporates the requirement thvais small compared to, namely
v < n’; just how small this is (i.e., the choice 6f depends o ande. This def-
inition of asymptotic probability is intended specifically for use with generalized
tournaments; we do not propose it for more general contexts, though we expect
that something similar would be appropriate in greater generality.

Theorem 1. Letd be any sentence in the first-order language of generalized tour-
naments. Then one 6fand -6 has asymptotic probability 1.

Proof. Consider the first-order theo®G7 (which stands for “random gener-
alized tournaments”), in the language of generalized tournaments, given by the
following axioms.

e Ris a binary function fromAto V.

e <isalinear ordering oY.



e V has a first element and a last element.

e Each element o¥ but the first (resp. last) has an immediate predecessor
(resp. successor).

V is infinite (i.e., infinitely many axioms, sayiny| > k for eachk € N).

n is an order-reversing permutation \éf

R(X,y) = 7(R(y. X)).

7 has a fixed point.

The extension axioms

k
(VR)(70) [D(R) > (Ay) A\ # % ARX,Y) = u)]
i=1

where the variableg = X, ..., X andy range over the first sort ang =
Ug, ..., Ux over the second. As beforB(X) is the formula saying that all the
componenty; are interpreted as distinct elements.

We computed above that each extension axiom has asymptotic probability 1. Each
of the axioms sayingV| > k has asymptotic probability 1; just takd > k in

the definition of asymptotic probability. The remaining axiomsR&7 have
asymptotic probability 1 for the trivial reason that they are true in all generalized
tournaments.

Just as with the usual (one-sorted) notion of asymptotic probability, one sees
that any conjunction of finitely many sentences of asymptotic probability 1 also
has asymptotic probability 1 (if there ateonjuncts and i£ > Ois given, then just
take the largest of the relevakt’s and the smallest of th&s for the conjuncts,
usinge/k in place ofe) and that any logical consequence of a sentence of asymp-
totic probability 1 also has asymptotic probability 1. Therefore, the theorem will
follow if we can show that the theorRG7 is complete.

We prove completeness by presenting a winning strategy for Duplicator in
an Ehrenfeucht-Fraissé game of an arbitrary but specified length (i.e., number of
rounds)r, between two models ®G7 . The essential part of Duplicator’s work
takes place ivV. Here, Duplicator uses a familiar strategy for discrete linear orders
with endpoints. The involution and theA of the models are handled by suitable
bookkeeping devices, described below in terms of imaginary pebbles.

For convenient reference, we first summarize the usual strategy for the Du-
plicator in ther-round Ehrenfeucht-Fraissé game on two discrete linear orders
without endpoints. In order to win, Duplicator must (by definition of the game)



ensure that corresponding pebbles are ordered the same way in both models. His
winning strategy is to ensure that, in addition, the distances between correspond-
ing pebbles are not too fikerent. Specifically, if, aftem moves, two pebbles

are at a distance 2'-™ on one model, then the corresponding pebbles on the
other model are the same distance apart. Distances greatet tRareed not be
matched exactly, though of course if the distance between two pebbiegi§

on one model then the distance between the corresponding pebbles on the other
model will also be> 2-™. The key to the proof is that, because the dist2ic®,

below which matching is required, decreases by a factor 2 from each move to the
next, Duplicator can always move so as to maintain the required matching. By
doing so, he ensures that he wins the game.

For infinite discrete linear ordessith endpoints, Duplicator’s strategy is the
same except that he pretends that, already at the start of the game, there is a pair of
corresponding pebbles on the first elements of the models and another pair of cor-
responding pebbles on the last elements. (In fact, the strategy doesn’t really need
that the models are infinite; it fices that they have large enough cardinalities so
that the Duplicator’s matching requirements are satisfied by the initial imaginary
pebbles.)

With these preliminaries, we now present Duplicator’s strategy for models of
RGT . It involves a more elaborate scheme of imaginary pebbles. At the start of
the game, Duplicator should imagine pebbles already placed on the first, last, and
middle elements of th¥ sort in both models. Here “middle element” means the
unique element fixed by. In addition, during the course of the game, whenever a
pebble is on an elemenqte V, Duplicator should imagine an associated pebble at
n(g). Furthermore, whenever pebbles are on two elenseatsib of A, Duplicator
should imagine an associated pebbl&@ b).

As in the proof for plain linear orderings, Duplicator must ensure that cor-
responding pebbles on thésorts of the two models are ordered the same way,
and he will, in addition, voluntarily ensure thatfBaiently small distances be-
tween corresponding pebbles match exactly. But nowfitsantly small” does
not mean< 2'-™ (after m rounds of arr-round game) but rathes 2™, The
reason for this change will become clear in a moment, but for now notice that,
like 2™, this new boundary of smallnes&; ™, decreases by at least a factor 2
at every move.

It is clear that, if Duplicator can follow this strategy, then doing so guarantees
that he wins. It remains to show that Duplicator always has a move that maintains
the required matching of distances. The proof of this is in two cases, depending
on which sort Spoiler adds a pebble to.

Suppose first that Spoiler puts a new pebble onteort of one of the two
models. Then, exactly as in the proof for plain linear orders, Duplicator can find
a suitable spot for the corresponding pebble on the other model, because the dis-



tance below which matching is required has decreased by at least a factor 2. The
new pebbles played in this round give rise to a new pair of imaginary pebbles,
located atr of the real pebbles. But the required matching of distances between
these imaginary pebbles and the played pebbles at earlier moves is automatic be-
causer preserves distances. We must also consider the distance between the new
real pebble and the new imaginary pebble, but since these locations are related by
n they lie on opposite sides of the middle \6f Their distance is twice the dis-
tance from either of them to the (initially imagined) pebble at the middle. Since
the distance to the middle pebble is matched (if small), so is the distance between
the real and imaginary new pebbles. This completes the proof for the case where
Spoiler’s new pebble is on thé part.

Now suppose that Spoiler puts a new pebble omtkert of one of the models.
This results in many new imaginary pebbles onYthpart. If there were already
mmoves before the current one, then there could be as manyabbles already
in the A part, say at elements, ..., a,. The new pebble, say bf gives rise to as
many a2m new imaginary pebbles, at the elemeR(s;, b) and (theirr-images)
R(b, &). In this situation, Duplicator should proceed as follows. Pretend that,
instead of a single move of Spoiler producing all these imaginary pebbles, there
werem + 1 moves, that during the firsh of these moves Spoiler put pebbles on
the element&(a, b) one at a time (resulting in imaginary pebblesés, &)), and
that at the last of then+ 1 moves Spoiler put the (real) pebbleoat_et Duplicator
pretend to respond to the first of thesemoves as described in the preceding
paragraph, i.e., let him put imaginary new pebbles in the appropriate places. At
each step, the maximum distance below which he can maintain exact matching
decreases by a factor 2, so in thesenoves, it has decreased BY. Fortunately,
this is still large enough, becaugé—" (from before these moves) decreased by
a factor2™ is still larger than2”~(™1°  the required distance for matching after
these moves. (This is of course why we u€ed™ rather thar2"-™. Our choice
is not the smallest, since it could accommodate a decrease by a24ethrbut
it seems to be the simplest.) Finally, after all the imaginary pebbles have been
placed inV, Duplicator must find a place for his real pebbleAn It together
with previous pebbles must produce, as valueRoathe elements oY bearing
the imaginary pebbles just placed. Fortunately, an extension axiom guarantees the
existence of an appropriate element to receive this pebble. |



Bibliographic Remark: Two useful survey papers on 0-1 laws, Oberschelp’s
[6] and Compton’s3], were not treated kindly by the printing process. The title
of [3], though given correctly in the table of contents of the book in which it
appears, had “0-1" deleted on the first page of the paper itself. As a result, “0-1”
is also missing in the MathSciNet entry and perhaps elsewher6], kome of the
pages were printed out of order, and numbered in the printed order rather than the
intended order. Fortunately, all the pages are present and can be found in correct
order by a local search.
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