MATH 526 Homework 9. due Thursday, 4/16

Hand in the solutions of all the poblems

Problem 1. Consider a continuous-time birth-disaster process: X; is a
continuous-time Markov process defined as follows. In each short time inter-
val of duration At, each person of the population can give birth of one new
person with probability AA¢ + o(At), and during this interval, the whole
population can disappear due to a disaster that occurs with probability

SAt+ o(At).

(a) Let G(s,t) = > 2y’ p;(t) = E[s**] denote the generating function, of
the chain X;. Show that G(s,t) atisfies the first-order partial differen-
tial equation
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(b) Assume that X(0) = J > 0. Show that the solution to the differential
equation in (b) satisfying the proper ‘initial condition’ G(s,0) = s” is
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(c¢) Compute P{X; = 0} and E[X/] for each time ¢ > 0.

(d) Now let us perform a simplified analysis of the process X;. Assume
that we are not interested in the exact size of the population, but only
whether it is zero (extinct) or non-zero (not extinct). Let X; be a
continuous-time Markov chain with two states {0, 1}, defined by
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Show that the generator of X, is
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(e) Assume that initially the population X, was non-zero. Compute IP’{)?t =
0} and P{X; = 1} for each time ¢ > 0. Compare your answer with what
you obtained in (d).

(Hint: You may either solve the forward equation, or compute etA )

Problem 2. Consider the simple population model X;, which is the birth-
and-death process with A = ¢\ and p; = ip. Let Xo = J.

(a) Show that E[X;] = JeX—#r,
ow that the generating function G(s,t) = > s pi(t) = E[s*!] is
b) Sh hat th ing f ion G ;’OO ; E[s*
given by
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(c) Compute the extinction probability
q= tlim P{X; = 0}.

Problem 3. Let X, be a branching process with Xy = 1. Let Y be the
random variable representing the number of offsprings from an individual
and set ap, = P{Y =k}, k=0,1,2,---. Let u and o be the expected value
and the variance of Y, respectively, and set ¢(s) = E[s¥]. Let

Pn(s) = E[an]
be the generating function of X,, as usual. Recall that ¢,+1(s) = ¢(Pn(s)).

1. Using that Var(Y) = ¢”(1) + ¢/(1) — (¢/(1))? (why? see Problem 4,
HWS), show that

Var(X,41) = p Var(X,,) + o2, n=1223---.

(Be careful when you use the chain rule.)
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2. Show that
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(Hint: 1+ o+ 72 + -4 1 = 11—_95;‘)

3. Compute
lim Var(X,).
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Problem 4. Consider a branching process with the probability mass func-
tion of Y is given by

ap = P{Y =k} = (1 —p)*p, k=0,1,2,3,---.
Suppose that Xy = 0. Let
T =min{n >1: X, =0}

be the extinction time. Compute P{T = n} for n = 1,2, 3.

Problem 5. Consider the following variation of the branching process. Let
Y be the random variable representing the number of offsprings from an
individual with expected value p. But after an individual produces Y number
of offsprings, the individual dies only with probability r (where 0 < r < 1).
In the original branching process, r = 1. What is the conditions on Y and r
so that the extinction occurs with probability 17



