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Abstract

The totally asymmetric simple exclusion process (TASEP) on Z
with the Bernoulli-p measure as initial conditions, 0 < p < 1, is sta-
tionary. It is known that along the characteristic line, the current
fluctuates as of order #1/3. The limiting distribution has also been ob-
tained explicitly. In this paper we determine the limiting multi-point
distribution of the current fluctuations moving away from the charac-
teristics by the order ¢2/3. The main tool is the analysis of a related
directed last percolation model. We also discuss the process limit in
tandem queues in equilibrium.

1 Introduction and result

Continuous time TASEP. The totally asymmetric simple exclusion process
(TASEP) is the simplest non-reversible interacting stochastic particle sys-
tem. In TASEP, particles are on the lattice of integers, Z, with at most one
particle at each site (exclusion principle). The dynamics is defined as fol-
lows. Particles jump to the neighboring right site with rate 1 provided that
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the site is empty. Jumps are independent of each other and take place after
an exponential waiting time with mean 1, which is counted from the time
instant when the right neighbor site is empty.

It is known that the only translation invariant stationary measures are
Bernoulli product measures with a given density p € [0,1] (see [24]). In
the sequel we fix a p € (0,1) to avoid the trivial cases p = 0 (no particles)
and p = 1 (all sites occupied). One quantity of interest is the fluctuations
of the currents of particles during a large time t. Consider the so-called
characteristic line given by © = (1 — 2p)t. Then, the current fluctuation
seen from the characteristic are O(¢'/?) (in agreement with the scaling for
the two-point function established in [5]), and the limit distribution function
has been determined (conjectured in [28] and proved in [17], see also [1]).
The limiting distribution was first discovered in the context of a directed last
passage percolation model [4].

On the other hand, if one looks at the current along a line different from
the characteristic line, say x = ct with ¢ # 1 — 2p, then for large time ¢ one
just sees the Gaussian fluctuations from the initial condition on a t'/2 scale,
since the dynamics generates fluctuations only O(t/3), thus irrelevant [14].

A non-trivial interplay between the dynamically generated fluctuations
and the one in the initial condition occurs in a region of order ¢2/3 around the
characteristic line. One of the main results of this paper is the determination
of multi-point limits of the current fluctuations around the characteristics
x = (1-2p)t + O(t*3) (see Theorem 6 and Theorem 7).

There has been a great deal of work pertaining to the limiting fluctuation
of TASEP over the last ten years since the well-known work of Johansson [19].
See for example, the review paper [16] for the limit processes which arise from
deterministic initial conditions. A recent paper [9], building on the earlier
work [10], is concerned on the situation where random and deterministic
initial condition are both present, but not stationary.

Directed percolation model. 1t is well-known that the currents of TASEP
(of arbitrary initial condition) can be expressible in terms of the last passage
time of an associated directed last passage percolation model (see for exam-
ple, [19,28]). We first discuss the asymptotic result of the following directed
percolation model associated to stationary TASEP [28]: see the paragraphs
preceding Theorem 6 below for the exact relation to stationary TASEP. Let
w;j, 1,5 > 0, 1,5 € Z, be independent random variables with the following



distributions

wo,0 = 0,
wo ; ~ Exp(1/p), Jj=1, '
w; ; ~ Exp(1), i,7 > 1.

Here the notation X ~ Exp(r) means that X is a random variable expo-
nentially distributed with expectation r. An wup-right path = from (0,0)
to (z,y) € N? is a sequence of points (m, € Z*, ¢ =0,...,z + ), starting
from the origin, myp = (0,0), ending at (x,y), T4y, = (x,y), and satisfying
mes1 — e € {(1,0),(0,1)}. Denote by L(m) = 2, ;e wi,;- Then, the last
passage time is defined by

G(z,y) ﬂ:(O,ré%i)%m,y) L(m). (1.2)
We are interested in the limit distribution of the properly rescaled last pas-
sage time of G([zN], [yN]) in the N — oo limit.

When there are no ‘borders’ i.e. w; ; = 0 when 7 = 0 or j = 0, the limiting
distribution of G(z,y) was first obtained in [19]. The case of ‘single-border’
when w; o = 0 but wy; = Exp(1/p) was studied in [2]. The above ‘double-
border’ case was considered in [17,28]. (The Poisson and geometric variations
were studied earlier in [4].) One can also consider a more general model when
w;o ~ Exp(1/(1/24 a)) for i > 1 and wy; ~ Exp(1/(1/2 + b)) for j > 1,
where a,b > —1/2. Such model was considered in [28] and a conjecture
on the limiting distribution left in that paper was recently confirmed in [1].
For the Poisson and geometric variations, this generalization was considered
in [4] earlier when = = y.

An interesting characteristic behavior in such bordered models is the tran-
sition phenomenon. One can imagine that the last passage time comes from
the competition between the contributions from the ‘bulk’ 7,7 > 0, and the
edges i = 0 or j = 0. See for example, Section 6 of [2] for an illustration
of such heuristic ideas. For the model (1.1), a crucial role is played by the
critical direction (which corresponds to the characteristic line of TASEP),
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It is easy to check that along a direction other than the critical direction, the
fluctuations of G([xN], [yN]) is given by Gaussian distribution on the N'/2



scale, see Appendix D. This situation corresponds to the Gaussian fluctua-
tions along a non-characteristic line in a stationary TASEP [14] mentioned
earlier.

Along the critical direction and also in a N?/3 neighborhood of the critical
direction, the fluctuations of G([zN],[yN]) are on the N'/3 scale. Precisely,
the following, among other things, is proven in [17]. Let us set

X = p(1 = p). (1.4)

Then set the parameter N = |(1 — 2x)T |, where T is considered to be large.
Consider the scaling

— 2y
2 4/3
o) = |7 2 | 05
2(1 —2p)x"/ T3
6(7'73>: - 1_2X 2/ _'_SW

The parameter 7 measures the displacement of the focus with respect to the
critical line (on a 72/3 scale). In particular, for 7 = 0 one looks exactly along
the critical direction. ¢(7, s = 0) is the macroscopic value of the last passage
time for large T, while the parameter s in £(7, s) measures the amount of the
fluctuations (on a T3 scale) of the last passage time. Then for any fixed
T € R,

Tim B (Gla(r).y(r) < ((7,5)) = Fo(s) (1.6)

for an explicit distribution function F,, which satisfies F,(s) = F_.(s). An
analogous result was first obtained in [4] for a Poissonized version of the
problem in which F, was obtained in terms of a solution to the Painlevé II
equation (see (3.22) of [4]: F.(z) = H(s+ 72;7,—7)). Based on this result,
Préhofer and Spohn conjectured in [28] that (1.6) holds. This conjecture was
proven in [17] whose analysis was somewhat different from [4]. This results in
a different formula of F;, expressed in terms of the Airy function (see (1.20)
in [17]). It can be checked that these two formulas do agree.

One of the main objects of study in this paper is the limit of multi-point
distribution G(z;,y,), j = 1,---,k. The limit of the process for the no-
border case was first obtained in [21] following the earlier work of [29] on the
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Poissonized version of the model. The limit of the process for the double-
border case was considered in [11] for the model when wg ~ Exp(1/(a+b))
and w; o ~ Exp(1/(1/24a)) fori > 1, wg; ~ Exp(1/(1/2+b)) for j > 1 when
(a,b) € (—1/2,1/2) and a + b > 0. Note that when a = —b = 1/2 — p, the
random variable wg oy becomes singular in this model: the restriction wg o = 0
is significant in connection to stationary TASEP.

The geometric counterpart of the model (1.1) was studied earlier by Ima-
mura and Sasamoto [18]. Denoting by Geom(q) a random variable with the
probability mass function (1—¢)¢*, k = 0,1,2, - -, the authors of [18] consid-
ered the model (1.1) where wyp = 0, w; o ~ Geom(vy;a), wp; ~ Geom(y_«)
and w; ; ~ Geom(a?) for 4,7 > 1. Since the exponential model (1.1) can be
obtained as a limiting case of & — 1, the analysis of [18] can in principle be
used to yield the corresponding result for the model (1.1). Nevertheless, this
paper differs from [18] on the following aspects. (a) The authors of [18] ob-
tained explicit limiting distribution functions for the case that the situation
a+b>0 (and a+b < 0)in (1.1). However, they left the case corresponding
to a+b = 0 as the limit of the a+b > 0 case and did not compute the limiting
distribution explicitly (see remarks after Theorem 5.1 in [18]). This critical
case is the most interesting (and the most difficult) case for our situation
and we give an explicit formula in Theorem 2 below. (b) The justification
of the limits of Fredholm determinant and other quantities appearing in the
analysis requires proper conjugations of corresponding operators in order to
make sense of the Fredholm determinant and trace class limit. These issues
were not discussed in [18] (the main issue was to determine the possible limit
regimes and not specifically the a +b = 0 case). (c) In addition to the multi-
point distribution on the line  + y = constant considered in [18], we also
obtain limit of the process result for points (z,yy) not necessarily on the
same line (see Theorem 5). (d) The limit of the process for points at more
general positions than on a line mentioned in (c) is used to prove the limit
of the process (in the sense of finite distribution) of stationary TASEP (see
Theorem 6 and Theorem 7 below).

We first state the result extending (1.6) to the joint distributions at points
on the line
Ly :={(z,y) >0]z+y=N} (1.7)

at and near the critical direction. We first need some definitions.



Definition 1. Fix m € N. For real numbers 1 < m < ... < T, and
S1y+ -y 8m, S€t

R =s1+ e 5T / dx/ dy Ai(z +vy + 7-12)6_71(””?/),
S1 0
\Ifj(y) :e%TjS-i-ij _/ dx Ai(x +y _i_TjZ)e—rjz’
0

O;(x) = e 5t / d/\/ dy e N Aj(z + 72 + N) Ai(y 4+ 72 + \)
0 s1

6_%T1'3_Tim s1—x 2

dye T — / dy Ai(y + x + 77)e™.
0
(1.8)

A (T, — )

fori, g =1,2,....,m, where Ai denotes the Airy function.

The first result is the following.

Theorem 2. Fiz m € N. For real numbers 71 < ™ < ... < T, and
S1y ..y Sm, with the scaling given in (1.5),

T—o0

lim P (ﬂ{G(m(Tk),y(Tk)) < (7, Sk)}>
k=1 (1.9)

.....

Here L*({1,...,m} x R) is equipped with the standard measure v @ dx where
v is the counting measure on {1,....m}. Py denotes the projection operator
Py(k,x) = 15, and [/(\'Ai is the so-called extended Airy kernel [29] with
shifted entries defined by the kernel

Rai((i,2), (7,y)) = [Kaiij(2,y)

/ dAAi(z + XN+ 77) Ai(y + X + sz)e_)‘(”_”), if 7 < T, (1.10)
pu O 0 '
— / dANAi(x + X+ 72) Ai(y + X + 7']-2)6_’\(”_”), if T > T

The function g, (T, s) is defined by
gm(7,8) = R+ (pPs®, P,¥)

—R4 33 [l [ ayw it ia)

i=1 j=1"Ysi

(1.11)
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where

p = (]l - PsI?AiPs)_1> pj,i(ya :L‘) = P((j, y)a (ia :L‘)), (1'12)

and ®((i,z)) = ®;(x), ¥((j,y)) = Y;(y). Finally the functions R, ®, and
U are defined in Definition 1.

Observe that dist((z(7%), y(7%)), L) < 2.

Remark 3. When m = 1, (1.9) agrees with the limiting function in (1.20)
of [17], as one may expect.

Remarl/i\ 4. The fact that 1 — PSI? Ai P 1s invertible follq\ws from the fact
that PyK;Ps is trace class (see [21]) and that det(1 — PsKa;Ps) > 0 for all
given s € R. See Lemma 33 in Appendix B.

The shift in the integrand by 772 is due to the fact that the last passage
time is (macroscopically) a linear function along the line Ly, in contrast
with the non-border case (i.e., w;p = wo; = 0) where the last passage time
has a non-zero curvature. Therefore, when || > 1, the contribution from
det ( 1-PK AiP) will very close to one and the main contribution comes from

gm (T, 8).

The second theorem is a generalization of Theorem 2 to the case when
the points (zg,yx) are not necessarily on the same line Ly, z +y = N.
We show that the fluctuation is unchanged even if some of the points are
away from the line to the order smaller than O(T"). This is due to the slow
de-correlation phenomena obtained in [15]: along the critical direction the
fluctuations decorrelate to order O(T'/3) over a time scale O(T) (instead of
O(T*?)). More precisely, if we compare the last passage time G at two points
(z,y) and (2, y") with (2’ —z,y' —y) = r- ((1—p)?, p?), their fluctuation will
be 7+ O(r'/3) (see Lemma 31 below for details). Consider a v € (0,1) and
any fixed number 0 and consider the scaling (a generalization of (1.5)) given

by
2X4/3
x(7,0) = L(l —p)(T+0T") + 71 17T2/3J ;

2vA/3
y(r,0) = | 2(T + 0T") — 7 X723 (1.13)
1 -2y
2(1 —2p)x'/? T3
Ur,0,8) =T +0T" — P2 =200 P g s
1—2y L/

See Figure 1 for an illustration.



.t Critical line

L]

Figure 1: Assume that the black dots are O(T") for some v < 1 away from
the line Ly. Then, the fluctuations of the passage time at the locations of
the black dots are, on the T3 scale, the same as the one of their projection
along the critical direction to the line £y, the white dots.

Theorem 5. Fixm € N andv € (0,1). Forreal numbersty < 7o < ... < Tp,
01,...,0m, and s1,. .., Sy, with the scaling given in (1.13),

%EEOP (ﬂ{G(x(Tkaek)ay(Tkaek)) < U(, O, Sk)}>

h=1 (1.14)

-----

This generalization of Theorem 2 is proven in Section 5.

Stationary TASEP and directed percolation. We now discuss the result in
terms of stationary TASEP. The mapping between TASEP and last passage
percolation model is as follows. We assign label 0 to the particle sitting at
the smallest positive integer site initially. For the rest we use the right-to-left
ordering so that --- < x2(0) < x;(0) < 0 < x¢(0) < x_1(0) < ---. Then
Xk (t) > xXp11(t) for all t > 0, since the TASEP preserves the ordering of the
particles.

For i,j € Z such that ¢ — j > x;(0), let Q(¢,7) be the waiting time of
particle with label j to jump from site i —j—1 to site i —j (the waiting time is
counted from the instant where particle can jump, i.e., particle isat ¢ — 7 —1
and site i — j is empty). The (¢, j) are iid Exp(1) random variables. Let

8



L(x,y) be the last passage time to (x,y) € N? along a directed path in the
domain D := {(i,7) € Z*|i < z,j < y,i—j > 2;(0)}, starting any point in
the domain. This is a curve-to-point optimization problem. An example of
the non-trivial part of the boundary of this domain is illustrated in Figure 2
below as the curve at ¢ = 0. Then a straightforward generalization of the
step-initial case of [19] shows that

PO AL (wr, yr) < ti}) = PIORL Xy, (8) = 2k — i })- (1.15)

When the initial condition is random, the domain of directed percolation
is also random. Note that (see Figure 2), the part of the domain D in the
first quadrant is the rectangle {1 < ¢ < 2,1 < j < y}, but the parts in the
second quadrant ¢ < 0,7 > 1 and the forth quadrant « > 1,5 < 0 are of
random shape. Observe that D does not intersect with the third quadrant
i,j < 0.

Define —(¢_ + 1) to be the right-most empty site in {..., —2,—1} in the
initial particles’ configuration and ( to be the position of the left-most parti-
clein {0,1,...}. First let us focus on the case (_ = 0, (; = 0 (as in Figure 2).
Then, since the initial condition is stationary Bernoulli, an interpretation of
Burke’s theorem [12], see also [13], shows that the {L(0,7)|1 < j < y} is
distributed as {X7, X1+ X5, ..., X1+ -+ X, } where X;’s are iid Exp(1/p)
distributed. Similarly, by considering holes instead of particles one finds that
{L(i,0)|1 < i < z} is distributed as {Y1,Y1 + Ya,..., Y1 + -+« + Y.} where
Y:’s are iid Exp(1/(1 — p)) random variables. Hence L(z,y) has the same
distribution as G(z,y) defined from (1.1). This argument was sketched in
Section 2 of [28]. Consequently, we have for zy, yx, > 1, t > 0.

PO {xy, (tr) = 7% — yi}) = P(OZL{G (@k, yk) < tr}), (1.16)

for stationary TASEP when initially the position 0 is empty and the position 1
is occupied.

For generic (_ > 0 and {; > 0, L(z,y) is distributed as G(z,y) where
now we assume in (1.1) that wy g = -+ = we, 0 = wo1 = -+ = woe. =0
where (; ~ Geom(1 — p) and (_ ~ Geom(p). But as shown in Proposition
2.2 in [17], this change does not affect the asymptotics.

Geometrically, the TASEP and directed percolation can be thought of as
two different cuts of the three-dimensional object

{,y,G(z,y)|z,y > 1} : (1.17)
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.- Characteristics

Figure 2: The dots are (random) particle configurations at time ¢t = 0 and
some later time ¢. The position of particle with label n = y is its projection on
the J-axis. Interpolating between particles as in this example, one gets a line
configuration, which is interpreted as height function h;(j) above position j.

(a) the directed percolation problem we analyze is the cut at {z +y = N},
(b) the particles’ configuration of the TASEP at time ¢ is the cut at {G = t}.

We have shown in Theorem 5 that the limit process does not depend on the
cut chosen for the analysis as long as we avoid the cut along the characteristic,
{z/y = (1—p)?/p*}. Thus, to get the fluctuations around the characteristic
line it is enough to project on {z +y = (1 — 2x)t} (see Figure 2 for an
illustration), for which the limit theorem was proven in Theorem 2.

The following two theorems are proven in Section 5. Define the functions

n(r) = |p*T — 2rpx/3T%3],

q(1) = [(1 = p)*T 4+ 27x'BT%3 — (1 — p)sT'3/x'/3]. (1.18)

Theorem 6 (Particles’ position representation). Fiz m € N. For real num-

bers T < To < ...< Ty and S1,...,Sm,
lim P ﬁ{x (T) > q(m)} ii@ (1,5 det(]l—PKAP>>
Too 1 n(Ty) Os m i .

(1.19)

10



An equivalent but geometrically slightly different way of representing the
TASEP is via a height function (see e.g. [17,28]). Let us define the occupation
variable, n;(t) = 1 if there is a particle at site ¢ at time ¢ and 7;(t) = 0
otherwise. Then, define the height function

ON, + 300 (1 —2mi(t)),  forj > 1,
ht(]) = 2Nt7 for j = O, (120)
2N, — Z‘j:jﬂu —2n,(t)), for j < —1,
where V; is the number of particles which jumped from site 0 to site 1
during the time-span [0,¢]. Then the link between the height functions and
the locations of particles is

P(OEei{he (e — yn) = o+ ue}) = PIORL{xy, (8) = 2 —wi}). (1.21)
Let us consider the scaling

J(r) = [(1 = 2p)T + 27X 7?7,

1.22
H(r) = [(1 = 2x)T 4 27(1 — 2p)x"/3T%/3 — 25x*/3T"/3 . (122)
Theorem 7 (Height function representation). Fiz m € N. For real numbers
M<T<...<Tp and si,...,Sy. Then,

lim P (ﬁ{hT(J(Tk)) > H(Tk)}) = Em: a% (gm(r,5) det (1= PEAP,))
k=1

T—o00
k=1

(1.23)

Remark 8. For simplicity, in Theorems 6 and 7 we stated the result only
for fixed time. However, the statements can be extended to different times
in a similar manner of the extension from Theorem 2 to Theorem 5.

Queues in tandem. There is a direct relation between queues in tan-
dem and TASEP. Suppose that there are infinitely many servers, and we
assume that the service time of a customer at each server is independent and
distributed as Exp(1). Once a customer is served at the server 4, then the
customer joins at the (i41)th queue, and so on. In other words, the departure
process from the ith queue is the arrival process at the (i + 1)th queue. Sup-
pose that the system is in equilibrium with parameter p: the arrival process

11
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Figure 3: Queues in tandem in equilibrium. The black dots represents the
costumers and at every white dots one changes to the next counter.

at each queue is independent Poisson process of rate p. Then the departure
process at each queue is also independent Poisson process of rate p due to
Burke’s theorem (see for example, [12,23]; see also [25]). This also implies
that at each time, the number of customers in each queue is distributed as
Geom*(1 — p). (Here X ~ Geom™(1 — p) means that P(X = k) = p(1 — p)F,
k =0,1,2,---.) Now consider a fixed time ¢t = 0 and arbitrary select one
customer and assign label 0 to that customer. For convenience, we call the
queue in which that customer is in at time 0 as the Oth queue. We assign
labels to the other customers so that the labels decreases for the customers
ahead in the queues (see Figure 3). Let ();(t) denote the label of the queue
in which the jth customer is in at time ¢t. The mapping from the queueing
model to the TASEP is obtained by setting x;(t) = @Q;(t) — j (see Figure 3).
The equilibrium condition implies that the initial condition for the corre-
sponding TASEP is stationary. Hence if we define E;(i) be the time the jth
customer exits the queue 7, then we find that

PO { By, (2 — 1) < tx}) = P(O7L{Qy, (t) > 71 })
= P(Misi{xy, (tr) > Tk — Ui })-

Hence using (1.16) and Theorem 5, we immediately obtain the following

(1.24)
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result.

Theorem 9. Fixm € N andv € (0,1). Forreal numbers ) < 7o < ... < Tp,
01,...,0m, and s1,. .., Sy, with the scaling given in (1.13),

Th—{I;oP (O (o0 (T(Th, O1)) < E(Tkaekask)}>

"9
- Z Osy, (gm(T s) det (1 - F KAIPS) L2({1,...,m}xR)) '

Outline

(1.25)

To prove Theorem 2, which is the basis for Theorems 6 and 7, we first
consider a slightly different directed percolation model which is known to
be determinantal. This model is then related to (1.1) by a shift argument
(Section 2) followed by an analytic continuation (Section 3), resulting in
an explicit formula of the joint distribution of the last passage times of a
more general version of (1.1) when w;o ~ Exp(1/(1/2 + a)) for ¢ > 1 and
wo,; ~ Exp(1/(1/2 + b)) for 7 > 1, for a,b € (—1/2,1/2) (see Theorem 16).
The formula for the model (1.1) is obtained by setting a = —b = p — 1/2.
These arguments are a generalization of the arguments given in [4] and [17]
for one-point distribution. In Section 4 we carry out the asymptotic anal-
ysis of the formula obtained in Theorem 16. The proofs of Theorems 2, 6
and 7 are given in Section 5. Some technical computations are given in Ap-
pendices: various expressions of integrals involving Airy functions are given
in Appendix A, the invertibility of an operator appearing in Theorem 2 is
discussed in Appendix B, certain operator are shown to be trace-class in Ap-
pendix C, and finally we explain the Gaussian fluctuation along non-critical
directions in Appendix D.

Remark 10. As mentioned above, Theorem 16 below contains a formula for
the model with w; o ~ Exp(1/(1/2+a)) for ¢ > 1 and wy ; ~ Exp(1/(1/2+1D))
for j > 1, fora,b € (—1/2,1/2), which is more general than (1.1). This would
correspond to other random initial data which possibly allows a shock. Es-
sentially all the ingredients for the asymptotic analysis for this more general
case are in this paper, and one can obtain the limit laws for such models.
However, for the sake of simplicity, we do not pursue this direction here.
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2 The shift argument
We first consider a slightly different directed percolation model. Let

717070 ~ Exp(l/(a + b)),
wo,; ~ Exp(1/(1/2+a)), j>1, '
ﬂji,]‘ ~ EXp(1)7 Z)j Z ]-7

where the parameters a and b satisfy
a,be (—1/2,1/2), a+b>0. (2.2)

Denote by Gj,(z,y) to be the last passage time from (0,0) to (z,y) for
this modified model. This model is well-studied and has nice mathematical
structure. In particular, the correlation functions and joint distribution
functions on £y are determinantal!, which is well-suited for an asymptotic
analysis. Note that the original model given in (1.1) corresponds to the case
when a+b = 0 and wyp = 0. We will show in Sections 2 and 3 how to obtain
a joint distribution formula for the original model (1.1) from this modified
model (2.1). Let G, (z,y) be the last passage time for the model (2.1) with
wo o replaced by 0. We proceed as follows:

(1) Shift argument: for a,b € (—1/2,1/2) with a +b > 0, we relate the
distribution of G, with the one of G;b.

(2) Analytic continuation: we determine an expression for G,; which
can be analytically continued in all a,b € (—1/2,1/2).

(3) Choice of parameter: finally we set a =p—1/2 and b=1/2 — p.

Tt is a limit of geometric random variables studied in [20,21] or of the Schur mea-
sure [26]. Exponential random variables are studied directly in [11] on a more general case
than the present one.
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The step (1) is done in Section 2 and step (2) is presented in Section 3.

Proposition 11 (Shift argument). Let a,b € (—1/2,1/2) with a +b > 0.
Let (z1,11), . .., (Zm, Ym) be the a set distinct of points in Z73 and define

Pluy, ... tUy) =P <ﬂ{Ga,b(xkayk) < Uk}) ;

k=1

- (2.3)
PH(ur, .. ty) =P (ﬂ*{G:b(%,yk) < Uk}) :
k=1

Then,

1 &0
P =11 — | P* . 24
(ula 7um> ( =+ a—+ b ; auk> (uh ,Um) ( )

Proof of Proposition 11. Let us only consider m = 2: the proof for general
m > 2 is a straightforward generalization and we leave it to the reader. Set
r =a+b. Then

P+(U1, Up) = / dy P(sz(xlayl) < uy, G:{,b(@, Y2) < ug|wop = y)P(woo = y)
0

B / dy Pluy — y,us — y)re ™.
0
(2.5)
Consider the Laplace transform

/ dul/ duy Pt (uy, ug)e 1ur—t2ue

0 0

:r/ dy/ dul/ duy P(uy — y, uy — y)e vt (2.6)
0 0 0

= 7"/ dy/ dz / dzy P(Zl, Zz)efryftl(Z1+y)*t2(z2+y).
0 y Ly

Since P(z1,29) = 0 when either z; < 0 or 2z < 0, we can restrict the integral
from —y < z; < 00 to 0 < z; < 0o. Then the above equals

T/ dy/ d21/ dzg P(21, zp)e” (rHittay—tizm—tzz2
0 ' ' (2.7)

r o0 o
- / dz / dzy P(2y, z9)e 17171222,

15



T+t1 +to

Multiplying by and integrating by parts leads to

/ dul/ dug P(uy, ug)e 1t
S [ g [ g e
:/ dul/ dus (1+t1+t2>P+(u1,u2)et1“1t2“2
0 0 r
= /OOO duy /0°° dus (P+(U1,UQ) + %(aiul + %) P+(U1,UQ))et1”1t2“2.

(2.8)
Since this holds for all ¢1,¢, > 0, by inverting the Laplace transform, we
obtain

1/ 0 0
P(Ul, UQ) = P+(U1,U2) + - <8u1 + a—W)PJr(Ul,UQ). (29)
O
As mentioned earlier, the probability P*(uy, ..., u,,) has an explicit de-

terminantal expression. In fact, the joint distribution function at points
on Ly for the directed percolation model with w;; ~ Exp(1/(a; +b;)),
a; +b; > 0, has a determinantal structure (it is a limit of geometric random
variables studied in [20,21] or of the Schur measure [26]; see [7] for a direct
approach to exponential random variables).? Specifically, this follows, for ex-
ample, from Theorem 3.14 and (1.3) of [21] after substituting a; — 1—9* and
b —1— f in (1.3) and taking the limit L — oo. The kernel in this hmlt is
explicitly derived in Theorem 3 of [11]. For good survey papers on the topic,
see [22,32]. By specializing to the case with weights as in (2.1), we have the
following result. Consider a set of distinct points (1, 41), - - ., (T, Ym) on the
line Loy = {(i,7) € Z*|i+ j = 2t}, which can be ordered and parametrized
by t1 < ... <ty € [—t,t],

oA :t—l—tk, Yk :t—tk. (210)
Set (1 )t t
= _'_w —li
_ N2
pi(w) = (% — W)ttt (2.11)

2The result can be extended to any set of points which can be connected by down-right
paths, called space-like path, but we do not enter in the details here. See [7,8] for some
examples in similar situations.
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271 a—w :% z+b

. or(w)es 1 6y(2) e
filx) = =—= ¢ dw—""——, yg; . (212
(2) f i 0(v) f/ (2.12)

Define the kernels

K;j(z,y) = Kij(z,y) = Vi;(z,y) (2.13)

where

Voo = 2 [ oen )

Kij(, JQ{ dz?g dw e*~ wefilw) 1 :
(271)? e Ty b;(2) w— 2z

P+(U1,...,Um) :det( PKP >L2({1 ..... m}XR+)
where P,(k, ) = L[>y, and the operator K is defined by the kernel

K((i,2), (j,y) = Kij(z,y) == Kij(z,y) + (a + b) fi(x)g;(y).  (2.16)

In (2.15), we have used a slight abuse of notation as P, K P, is not a trace-
class operator: one can indeed observe that for i > j, P, V;;P, (z,7) / 0
as x — o0o. Nevertheless with a suitable multiplication operator M, the
conjugate operator M P, K P,M~! becomes trace-class so that the Fredholm
determinant is well-defined, and the identity becomes valid analytically. More
concretely, if we take M as in (2.18) below, then it is shown in Appendix C
below that MP,KP,M~! is trace-class operator for a,b € (0,1/2). Thus,
after conjugation, the Fredholm determinant is well-defined, and the identity
becomes valid analytically, as proved in the following.

(2.14)

Then,
(2.15)

Proposition 12. Let a,b € (0,1/2). Fiz constants oy, . .., ., satisfying
—a<op <oy < <ay<b (2.17)
Define the conjugated operator K™ by the kernel

KZ?nj (x,y) = M;(2)K; ;(z, y)]\/[j(y)*l, M;(z) = e 7. (2.18)

3For any set of points S, the notation st dzf(z) means that the integration path goes
anticlockwise around the points in S but does not include any other poles.
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Then, P,KVP, is a trace-class operator on L*({1,...,m} x R) and

Pt (uy, ..., uy) = det (1 — P,KYP,) (2.19)

L2({1,...,m}xRy) *

Proposition 12 and (2.15) give the standard extension from one-point ker-
nel to the multi-point (or extended) kernel. All the ingredients are included
in Appendix B and Section 3 of [17], and also in [31]. The extended kernel
can be found in the more recent work [11]. There the setting is more general
allowing several lines/columns to have waiting times different from 1.

Observe K is independent of a and b, and the only dependence on a and b
in K is through the rank-one term (a +b) fi(x)g,(y). Using this, we can find
an expression of P*(uy,...,u,,) in which the condition (2.17) can be relaxed
to (2.20). This relaxation is important when we take the limit a + b — 0 in
the next section.

Proposition 13. Let a,b € (0,1/2). Fiz constants o, . . ., apy, satisfying

1 1
—5 < <oy < <am <y (2.20)

Define the conjugated operator T by the kernel

K (@) = M@ Koo, ) My(y) ™, M) =™ (221)

i3

Then

P+(u1, ey Upy)
= (1= (a+ (1 = P,RP)'P.f, Pug) - det (1~ PEP,). (2.22)

where the notation {,) denotes the real inner product in L>({1,...,m}xR,).

Remark 14. One can check that the expression (2.22) can be analytically ex-
tended to a,b € (—1/2,1/2) with a+b > 0. Nevertheless since we will discuss
the issue of extending the domain analyticity of a formula of P(uq, ..., uy,)
to a,b € (—1/2,1/2) (with no restriction of a + b > 0) in the next section,
we do not discuss the detail here.

Proof of Proposition 13. From (2.16),
—=conj

P,E“MP, = PR P+ (a+0)(Puf) @ (g°"P,) (2.23)
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where f°% and ¢®% are multiplication operators by the functions

feeni(y, ZL‘) = M;(z) fi(x), g°™(j,y) = g;(y)M;(y)~". The functions f(i,z)
and g (j,y) are L*(R): see the end of the proof of Proposition 34. For
the convenience of notations, set [K] = P,K“VP,, [K] = P,KVP,,
[f] = P,f" and [g] = g™ P,. Thus

det (1 — [K]) = det (1 — (a+b)(1 — [K])"'[f] ® [g]) - det (1 — [K]),
= (1= (a+b)((L—[K])'[f].[g]}) - det (1 — [K]).
(2.24)

The above step holds assuming that 1 — [K] = 1 — P,K P, is invertible.
The invertibility can be verified as follows. Consider the modification of
the directed percolation model where w;; = 0 if ¢ and/or j are equal to
0, and w;; ~ Exp(1l) for 7,7 > 1 (i.e., model without sources). Denote
by P the new measure. This is the model with @ = b = 0 in (2.1), and

hence ﬁ(ul,...,um) = det(1 — Pufconjpu) for any given wuq,...,u,, > 0.

It is easy to obtain a lower bound P(uq, ..., uy,) > (1 —e%)?*" > 0, with
e = minf{uy, ..., u,}/2t. Indeed, it is enough to take the configurations with
w; ; < min{uy, ..., up}/2t for i, j > 1 such that ¢+ j < 2¢. This implies that

—>conj —=conj
)

det(1 — P,K  "P,) # 0, and hence 1 — P,K P, is invertible.

Finally, since P,KP, is a bounded operator in L?*(R), and
Puf, Pug € L*(R), (1 = [K])7'[f].[g]) equals (I — P,KP,)~ Puf, Pug) by
conjugating back M. Now the condition (2.17) for the a;’s can be relaxed
to the condition (2.20) since K is trace-class under this assumption: see
Proposition 34. U

3 Analytic continuation

We now find a formula extending (2.4) to the case when a,b € (—1/2,1/2)
without the restriction that a + b > 0. For this purpose, we show that both
sides of (2.4) are analytic in the parameter a,b € (—1/2,1/2). Analyticity
of the left-hand-side of (2.4) i.e., of P(uy,...,u,) is a straightforward gen-
eralization of Proposition 5.1 in [17]. This section is devoted to finding the
analytic continuation of the right-hand-side of (2.4).
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By using (2.22), the right-hand-side of (2.4) becomes

<(a +b)+ > a%) ( ! —{((1-P,KP,)"'P.f, Pug)> det (1-P, K" P,).
k=1

a+b
(3.1)
The last determinant is independent of a, b. It is enough show that
1 _
—{(1-P,KP)'P,f, P, 3.2
— )P Pag) (32)

is analytically continued in a,b € (—1/2,1/2). Note that by changing the
contour,

filx) = @)+ £ (@) (3.3)
where
@/ N _ Caz a2,y  —1 ¢i(w)e"*
@) = sy, ) = ﬁl/deﬁ. (3.4)

Proposition 15 (Analytic continuation). For a,b € (0,1/2),

1 — _
. b—((IL—PuKPu)’lPuf, P.g) = —<(]l—PuKPu)’1PuF, P,g)+Rap- (3.5)
where ()
1 —u1(a—w
Raop= — g 1) € (3.6)

2miJr, 1, O1(w) (w—a)(w+ b)’
and F((i,z)) = F;(x) with

Fi(z) = Y2 (2) + / dy Koo (2,9 1 (0) + Lo / CdyVia (e, 9) 19 ().

1 ) (3.7)
The term Rgyp is analytic in a,b € (—1/2,1/2), and

(1 - P,KP,)"'P,F,P,g) := Z/ dz ((1 — P,KP,) 'P,F)((i,))g:()
i=1 7 ti
(3.8)
is convergent and is analytic in a,b € (—1/2,1/2).
Hence the right-hand-side of (3.5) is an analytic continuation of (3.2)
to a,b € (—3,%). Combining (2.4), (3.1) and (3.5), we finally obtain the

272
following representation of P(uy, ..., u,) defined in (2.3).
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Theorem 16. Recall the conditions and definitions from (2.10)
through (2.14) above. For a,b € (—1/2,1/2),

P(ug, ... uy)

m 8 — _ —=conj
_ (a Fb+ ; 8—uk) [(Ra,b — (1= P,KP,)'P,F, P,g)) det (]1 ~PK JPUH ,

(3.9)
foruy, ..., uy, € Ry, where R,y and F' are defined in Proposition 15.

Proof of Proposition 15. Part I: Decomposition. First we decompose the
contribution coming from the pole at 1/2 and a of f, namely

1
a+b

(3.2) =

_PRP)LP U/
(1= P.KP,)" Fuf/, Pug) (3.10)
{

(1 — P,KP,)'P,f@ P,g).

From Lemma 17 below, P,f® = (1 + P,VP,)P,F® + P,V(1 — P,)F,
where F(@ is defined in (3.18). Here, (V(1 — P,)F®)(i,z) is well-defined
pointwise and is in L?*(R) as we can check as in the proof of Lemma 17.
Hence using the identity (recall that K = K — V in (2.13))

(1-P,KP,) Y1+ P,VP,)=1+(1—-PKP) 'P,KP,, (3.11)
the last term in (3.10) becomes
(P,F9 P,g)+((1—P,KP,) "(P,KP, + P,V(1— P,))F®, P,g). (3.12)

Observe that the function (K P, + V(1 — P,))F@((i,z)) is precisely the last
two terms in (3.7). Hence from (3.10), we obtain

— 1
(82) = =((1 = PKP) ' PF, Pug) + ——= = (P, Pug). - (3.13)
a

Now a direct computation shows that

(P F®, Prg) — / " e £ @)1 (2)

u1

-1 00
_ (bl(a) f dw(bl (w) / dr e~ 9% W
21 Jr_y L, w+b

u1

_ $i(a) f L r(w) el (3.14)
Coom S, (@tb)a—w)

_ 1 p1(a) emlomw) 1

97 S dw ¢1(w) (w n b) (a — w) -+ PR
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Here in the third equality, we used the fact that the contour I'_;/ _; can
be made to be on the left of the point w = a since a,b > 0. Hence (3.13)
and (3.14) imply (3.5).

Part II: Analyticity. We now show that the functions on the right-hand-

side of (3.5) are analytic in a,b € (—31,1). Clearly, R,; is analytic in
a,b € (—1/2,1/2) since both the poles w = a and w = —b lie inside the

integration contour. We need to show that ((1 — P,KP,) ' P,F, P,g) is ana-
lytic. Note that K, K and V are independent of a,b. As fla)(x) = ¢;(a)e” "
11

is analytic in a € (—3,3), Fi(z) is analytic in @ in the same domain. Also

it is clear from the integral representation (2.12) that gi(y) is analytic in
b€ (=1 1) Hence it it enough to show that ((1 — P,KP,) 'P,F, P,g) is

Well—d_efii;lgd for a,b € (—3,3). Fix & € (0,3). Let a,b € [—3 + &g, 3 — do).
Using the identity
(1-P,KP,)'P,F=(1+P,KP,(1— P,KP,)"")P,F, (3.15)
and the estimates (3.23) and (3.25) in Lemma 18 below, we see that
(1 — P,KP,)'P,F)(i,z)| < Ce /2 0/2z 5 >y, (3.16)
for some constant C' > 0. On the other hand, from (3.24),
l9;(y)] < Ce2olil -y e R, (3.17)

for some constant C' > 0. Therefore, the inner product is convergent, and
the Proposition is obtained. O

Lemma 17. Let a € (0,%). Define the function F@ in L*({1,...,m} x R)

by
F9@) = /()81 (3.18)
Then VF@ defined by
VFO) (i) = [ dyViate )10 (3.19)

is well-defined for each x € R and is in L*(R). Moreover,

@) = pl) 4y p) (3.20)
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Proof of Lemma 17. Recall from (3.4) that f{”(z) = e~%¢;(a). The esti-
mate (3.22) shows that the integral in (3.19) is well-defined. (V F@)((i,z))
is well-defined pointwise. Note that V;;(z,y) = 0(x — y) for some function
v € LAR)NL'(R) (see (C.9)). Hence the integral in (3.19) equals (9x f{*)(x).
Hence the L?(R) norm of the integral is bounded by 0] 1) || flo | 2(ry- But
as |0(z)| < Ce (/27921 by (3.22), we find that the integral in (3.19) is in
L3(R).

Now let 7, € (0,a) and 75 € (a, 3) be fixed. In the integral formula of
Vii(z,y) in (2.14), we can change the contour iR to either iR 41, or iR + ;.
We will use the contour iR + n; when y > 0 and the contour iR + 7, when
y < 0. Then for i > 2,

VPN C) e if2) e 4il2)
(VF( ))(("v z)) = 2mi (/iRer dza —2¢1(2) - /ﬂRng dza -z ¢1(2))
= e g(a) = [ (@)

(3.21)
where the integral is evaluated using Cauchy’s formula. Taking into account
the case when ¢ = 1, we obtain (3.20). O

Lemma 18. For any d € (0, %], there exists a constant C' > 0 such that

Vij(z,y)| < Ce W21, 50 2y eR, (3.22)
and
1K j(z,y)| < Ce1/270)ty), z,y > 0. (3.23)
For any b € (=3, 3), there is a constant C > 0 such that
lg;W) < Ce™, yeR. (3.24)
Finally, suppose that a € (—%,%) is given. For any § € (0, (3 + a)(3 — a)],
there is a constant C > 0 such that
|Fy(z)| < Cem (/20 x> ;. (3.25)

Here the constants are uniform if the parameters a,b,d are in compact sets.

Proof of Lemma 18. When y — x > 0, by deforming the contour to

iR —1/2+ 6 in (2.14), we obtain for i > j,
Vi, y)| = e W/2-D—2) L / * gseist—n Q=12 40 +is)
I 2r | ) oo i(—1/2+ 0 +1is) (3.26)

< Ce—(1/2=0)(y—=)
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since the integrand is absolutely convergent (recall that t; —t; > 1 for i > j).
We obtain the bound (3.22) similarly by using the contour iR+ 1/2 — ¢ when
y—ax <0.

The estimate (3.23) is easily obtained by taking the contours I'_;/, and
I'y/o as the circles of radii of § centered at —1/2 and 1/2, respectively,
in (2.13).

Recalling g;(y) (from (2.12)) we obtain the estimate (3.24) by evaluating
the residue at z» = —b and making the remaining contour I'_; / small enough.

Finally, in order to estimate F;(z), first note that |fi(1/2) (z)] < Ce=(/20)
by using the integral representation (3.4) with the contour given by
the circle of radius § centered at 1/2. Also from (3.22) and (3.23),
|I?Z-71(x,y)| < Ce~(1/2-9@+y) | Using these estimates and | £ (z)] < Ce~®
in the definition (3.7),

Fi(z) = £ (z) + / dy K1 (2,9) [ (y) + Ljsy / CdyVia (o, 9) 19 (),
1 b (3.27)

we obtain (3.25) for x bounded below. In particular, to have the integrals
over y bounded we need 0 < ¢ < % + a for the integral with K,; and
1

0 < 6 < 5 — a for the integral with V;,. Both conditions are satisfied for

0<d<(—a)l+a) O

4 Asymptotic analysis

By setting a = —b = p — 1/2 in Theorem 16, we obtain

[(Ra,_a — (1 = P,KP,)"'P,F, P,g)) det (1 - PUFC“J'PU)] .

(4.1)

We now begin asymptotic analysis of this formula.
To obtain our main theorem (Theorem 2) we need to consider the fol-
lowing scaling limit. Fix p € (0,1). Set x = p(1 —p), b = 1/2 — p, and
a = p—1/2. For a large parameter T, according to (1.5) and (2.10), we
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consider

t= T, t,=—"T+r T2/,
2 2 1—2x
2(1 — 2p)x/? T3 (4.2)
U/z:T_Tz pIX 2/3+Si—a
1 -2y x1/3
where we order 77 < 7o < ... < T, with ¢; € [, ] for all 7. The convergence

of the Fredholm determinants is ensured only after (yet another) proper
conjugation. For this purpose, set

A(i) = Z() exp(277 /3 + 7isi),  Z(i) = ¢i(a)e™ ™. (4.3)
Proposition 19. Consider the scaling (4.2). Then

. z I/BA(j)_"u'u'—A---s-s.
Tlgﬂo (X) A(i) K j(ui, uj) = [Kailij(si, 85), (4.4)

uniformly for s;, s; in a bounded set. The operator I?Ai is defined in (1.10).

Proof of Proposition 19. Recall that K, ; = [?” — Vi, with V; ; = 0 for
7; < 7;. The same structure holds for Kj;. Indeed, using the identity (A.7)
of Lemma 32, we can rewrite (1.10) as follows,

(K ailij(sis)) = / A Ai(s; + A+ 77) Ais; + A+ 77)e N7
0

exp (—(Si.‘fjf +3( =70 + (85 — Tisi))
B A(ri—r;) T3V 1(r; > 75)
) J

(4.5)

The proof is divided into the convergence for V;; in Lemma 20 and of l~(”
in Lemma 22 below. 0

Lemma 20. Consider the scaling (4.2) and i > j. Then

(Z) : 2Dy )

X A7) (4.6)
e (-ff(;f;i) + (73— 1) + (158 — Tz‘si)> oI .
4 (i — 75)

uniform for s; — s; in a bounded set.
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Proof of Lemma 20. Recall that 7, > 7;. We derive the asymptotics by
saddle point analysis. Set
2X1/3 ~ . -
90(2) = (7i — Tj)m [(1—2p)Z — xIn(} — 2%)],
- _ 4.7
G1(3) = ~Z(si — s, (1)
9(2) = go(2) + TP (2).

Then by plugging (4.2) into (2.14),

1 .
Vij(ui, uj) = =— /R dZexp (T*3¢(2))

27

1 [
=5 | dZexp (T*7go(2) + T °01(3)) .
T Jir

(4.8)

There is a unique critical point for go in the interval (—1/2,1/2), namely
Ze=a=p—1/2. (4.9)

A straightforward computation gives

" 28 1 1
46 = -2 (ot s ). (40

from which g§(Z.) = 2(7; — 7;)x~%? > 0. Also observe that

6T2/3g(a) _ €T2/3go(a)+T1/3g1(a) _ Z(Z) (4'11)
Z(j)
For the saddle point analysis we use the contour ¥ := {Z, + it |t € R}.
First let us show that the contribution coming from |t| > § > 0 is negligible
in the 7" — oo limit. Denote by 7§ := {z € 7| |Im(z)| > ¢}. Then we have

1

BT B P

e[ () e )
< (%)1/3 % /;O dtexp (Re[T*3g(Z. + it) — T**g(a))) o
1/3 00 '
:(g) %l “mfﬂmum&mt+wum+zmn
() -

S~
g
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2X4/3

o T?/3 > 1 when T is large enough. For p > 1/2,

Wlth?] = tz—t] = (Ti—Tj>
we have the bound

1 1

< : 4.1

AT e/ ey = arefpp )

Hence using the linear lower bound
L (tp) > (14 02D (1+ (E— 0)26/(8 + %) (414)

for all ¢,, we have
% 1 5% + p?

dt———e < (14 8%/p*) . 4.15
[t < 0 A g0 419)

Therefore there exist a constant g = () > 0 and a constant C' = C(u) > 0

such that
exp(—u(8)T??)
T1/3
When p < 1/2, we obtain the same estimate by just replacing in some of the
bounds p by 1 — p.
Next we determine the contribution from a §-neighborhood of the critical
point. Noting the Taylor series

90(2) = go(Ze) + (ri — )X P (Z = 2)° (1 + O(Z - 2)),
91(2) = 91(Z) = (si = sV (F - 2),

we find that

[£<C (4.16)

(4.17)

(55 — 85)(Z — Z)
3T/

g(z) - g(zc) - (Ti - TJ)X_2/3(Z_ 50)2 +

3)
9 )]~ ~
’g,)k—%P

< sup
t€B(Ze,|7-2e|)

4y A3 ( 1 1 ) 3
<(n—1) ———3 + = |z — Z|°.
Bl -2 \(L=p—[Z-Z)°  (p—[F-Z]?
(4.18)
Thus by choosing ¢ small enough, we find that for |z — z.| <4,
Ti “Tjy> > 2
(4.18) < o |z — Z.|%, (4.19)
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and also
(4.18) < C|Z — Z.]%, (4.20)

for some constant C' > 0. Using (4.19), (4.20) and the general identity

z

le* — €| < |z — w| max{|e?], |e”|}, (4.21)

we deduce that

. 1/3 1/3
'Z(.]) (Z) / L/ dZ@TQ/Sg(Z) . i 8T/ €Y2(Ti7j)iY(SiSj)dY'
Z(Z) X 2mi \FE 2T —8(T/x)1/3

§(T/x)'*
i/\ X dY (€T2/3(g(a—}—iY(T/X)*l/S)_g(a)) . e_YQ(Ti_Tj)_iY(Si—S]')>
2T ) s

Cx [T
o 27TT1/3 /5(T/X)1/3

dY Y3e 2V (=) — O(T~1/3),

(4.22)
Finally, since

8(T/x)M3 e )2
i/ * e Y2 (ri—m) =Y (si=s5) gy _ 1 exp (_ (si —s5) ) '
21 J s povs Van(r — ;) AT — 7))

5(T/x)H? 00
1 / X efYQ(nij)fiY(sifsj)dY . i €Y2(T¢Tj)iY(S¢S]’)dY'

% —5(T/x)1/3 27 —00
< e*CT2/3
(4.23)
for some constant ¢ > 0, which is uniform for s; — s; in a bounded set, we
obtain (4.6) from (4.16) and (4.22). O

Before discussing the asymptotic of K we obtain also an exponential
bound of V; ;(u;, u;) when s;,s; — 400, which will be used later.

Lemma 21. Consider the scaling (4.2) and i > j (i.e., 7, > 7;). Then, for
any given Kk > 0, there exists a Ty > 0 large enough such that

‘(Z)l/g i‘j)%,j(Uiauj)

< Qe (i mi)sits;)/2g—nlsi—s; 4.94
) A6 20

for all s;;s; € R and T > Ty. The constant C' is uniform in s;,s; and in
T>T,.
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Proof of Lemma 21. Set

S;—S / .
a+ 7( i=8i)X if [s; — 55| < eT/3,

( )T1/37
Ze' =4 a+ z(fif;) if 5; — 55 > T"/?, (4.25)
= 2(651,/:)7 if 5; — 55 < T2,
1= Tj

where ¢ > 0 is a fixed constant chosen small enough so that z. lies
in a compact subset of (—1/2,1/2). Taking the integration path as
v:={z+it|t € R}, a computation as in (4.12) yields (the function g(z)
is defined in (4.7))

1 ~
TV )| = |5t [ e (1209(2) - Tg(a)
g (4.26)
< T*P9(ze)=T*Pg(a) — 1 /d !
27 (11 —it/(1/2 — zo)||1 +it/(1/2 + z.)|)"
where n = (1, — 7;) & 4/3 25T 2/3 > 1 when T is large enough. Hence
2/3 Ze _T2/3 (a) 1 &0 dt
(4.26) < 79T g —/
h TEEE-FRT

_— €T2/39(Zc)—T2/39(d)1 1 _ |Zc| /Oo L
T\ 2 o (L4t

The last integral satisfies

/OOOW f/ (1+ ) dSN% OOOeSst (4.28)

as n = O(T?3) — oo. Therefore we find that there is a constant C' > 0 such
that for 7" large enough,

()" it

Now from (4.18) and (4.19) (with z = 2, and z. = a), if we have taken ¢
small enough, then

< C-exp (T (g(z) — g(a))) - (4.29)

3(Ti — Tj) S; SJ

E— 2 S A
N (ze —a)” — X1/3T1/3( —a). (4.30)

9(z) —gla) <
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Now we plugging the value of 2. in (4.25) for three difference cases. When
|Si — Sj| S €T1/3,

ole) = gle) < g (431

When s; — s; > €T3, then

e(4(s; — s5) — 3eT/?) e(s; — s5)

9(zc) = g(a) < — S )T < St =T (4.32)

When s; — s; < —T"/3, then

8(4|Si—8j| —36T1/3) €|SZ‘—8]‘|
c) — — —_—— . 4.33
g(Z ) g(a) = 8(7—2 _ Tj)Tl/g = 8(7—2 _ Tj)T1/3 ( )
Therefore, we obtain
2
TN\NY3 75 C-oxp ( — (sifsj). : s;— 8] < 5T1/3,
(T) Zvistww) <q, 0 ),
X Z(Z) CeXp(_s(ni—ZT])])’ |SZ‘—S]'|>6T1/3.
(4.34)

Therefore, for any given ' > 0, by taking ¢ > 0 small enough but fixed
and then taking 7} large enough, there is a constant C' > 0 such that for all

T > T07
" 20)
— =V j(ui,u;)| < C-exp(—£'|s; — s4]), 4.35
‘(X) SO w) (Wlsi—sh. (435
and hence
T\'? A(j
|(;) %Vm(ui, u;)| < Cexp(—k'|s; — sj| + 7585 — Ti8i). (4.36)
Finally, given any x > 0, by take & > x + max{|m|, -+, |7|}. Then

when s; —s; > 0, then
Tis; — Tisi + (K — K)|si = sl = —(1 = 75)si + 7i(si — 55) + (5 — K)|si — 55

< (7= )i < —5(m = 7)(s1 + )
(4.37)
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since 7; — 7; > 0. Similarly, when s; — s; < 0, then
Tis; — Tisi + (k= K)|si = sl = —(7 = 75) 85 + 7i(si — 55) + (5 — K)|si — 55

1
< —(ri—1)85 < —5(%' — 75) (i + 85).

(4.38)
This implies (4.24). O
We now prove an asymptotic result for K.
Lemma 22. Consider the scaling (4.2). Then,
T\'? A®j) ~
(—) L)Ki,j(uiauj)
X/ A1) (4.39)

— / ANAIN + 5+ 77) Al(A + 55 + 77)e 7+ O(T7 1)
0

uniformly for s;, s; in a bounded set.

Proof of Lemma 22. By the definition (2.14),

T\ 3 _ ™A 1 —wu; g, 1
X X ( ﬂ-l) F_1/2 F1/2 € J (b] (Z> w Z
(4.40)

The steepest-descent analysis of integrals very similar to this one with the
same scaling (4.2) has been performed repeatedly in various places (see for
example, [2,6,11,17,19]). The only difference here is that we have a double
integral and we have to make sure that the two path do not touch. However
this can be easily handled by locally modifying the steep(est)-decent contours
near the critical point. Except for this modification, the analysis of our case
is similar to those in the literature. Nevertheless we provide the proof for
the completeness of the paper, and also since the analysis of this Lemma
and Lemma 23 is a prototype of all the other Lemmas in this section below
(except for Lemma 27).

The first step is to determine a steep descent path for ¢;(w)e*" and
¢;(w)~te™. Let us write

gi(w)e ™" = exp (Tho(w) + T**hy i (w) + T hy s (w)) , (4.41)
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where

ho(w) = —w + p*In(1/2 4+ w) — (1 — p)*In(1/2 — w),
2y 1/3
1 -2y
hoi(w) = —sawx V3.

hyi(w) =7 [(1=2p)w — xIn(1/4 — w?)], (4.42)

Note that ho(w) is independent of i. For the steep descent analysis we need to
determine a steep descent path for hy. The steep descent path will always be
taken symmetric with respect to complex conjugation. Thus we can restrict
the discussion below to the part lying in the upper half plane. We have

/ P2 (1 — P)2 " P2 (1 — P)2
fo(w) = =1+ 124w  1/2—w’ o(w) = (124 w)? T (1/2—w)?
(4.43)
which both vanishes at the critical point w. = a = p—1/2, and h{'(w.) = 2/x.
Let v, = {w = 3 — «c?,0 € [r/2,37/2)} with @ > 0. Then, for
0 € [n/2,m), Re(ho(w)) is strictly decreasing in 6. Indeed,

d 1 i0 - P’

@Re(fm@ — Qe )) = —« Sm(é’) (]_ - m < 0, (444)
since the last parenthesis is strictly positive: for 6 € [7/2,7), Re(w) > 1/2
and |w + 1/2| > 1, while p < 1. In the neighborhood of the critical point we
consider a second path, v, = {w = p—1/2+e /3, € [0,2(1 - p)]}. Along
that path, we have

d P21 = p) + (1= 2p)t +17)
—Re(ho(w)) = — 2|1/2 — w|?|1/2 + w|? '

y (4.45)

The second degree term, 2p(1 — p) + (1 — 2p)t + t2, is strictly positive for all
p € (0,1)and t € [0,2(1 — p)]. Therefore also ~; is a steep descent path, and
close to the critical point will be steepest descent.

Now we can define the steep descent path used in the analysis. Let
vy=mU 7:/3(1—;;) U#;. In a similar way, one obtains a steep descent path
for —hg(z), namely, I' is the path obtained by rotation around the origin of
the steep descent path v but with 1 — p instead of p. Finally, as we shall
discuss below, any local modification of the contours in a region of order 7-/3
around the critical point is allowed, see Figure 4, so to have |z —w| > T /3
for a fixed € > 0.
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~1/2 1/2

QL —=

Figure 4: The modified contours v and I' are both anticlockwise oriented.
The modification of I" close to the critical point a is of order 7-1/3.

The path v and I" are steep descent path for ho(w) and —hg(z). Therefore,
for any given small § > 0, the contribution to the double integral (4.40)
coming from yxT'\{|z—a| < §, lw—a| < §} is only of order Z(3)/Z(j)O(e +T)
for some p = p(d) > 0 (with g ~ 3 for small ), which is smaller than
Z(i)/Z(§)O(T~/?). Note that Z(i)/Z(j) is the value of the integrand at the
critical point.

Next we analyze the contribution coming from a d-neighborhood of the
critical point w, = a. There we can use Taylor series expansion of hg, hy ;, ha,
which are given by

o(w) = hofuwe) + 5w — we)* + O((w — w)¥),
T s(w) = hyg(we) + mox 23 (w — we)? + O(7i(w — w,)?), (4.46)
P (0) = haw) = six 3w = ).

Therefore, the main contribution to (4.40) is given by

T(w—we)3 /3x+T2/37;(w—we)?/x?/3 =T 3s;(w—we)/x/3

dw

() o

el (z—wc) )3/3x+T2/37;(2—we)2 /x2/3—T1/3s;(z—we)/x /3

eO(T(w we)t ,TiT2/3(w—wc)3) 1

6(’)(T(szc)4,TjT2/3(szC)3) w—z

(4.47)
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where 5 and I's are the pieces of v and I" which lies in a J-neighborhood of the
critical point w. = a. More precisely, setting H; := hg + T*1/3h17i + T*2/3h27i
one has that

3 t2 ;
THi(w. +t) — THy(w.) — ThY (wc) . — TN (we) = — T2y

2! x1/3
<T sup |h$"(w)|[t]/4l+T%% sup |BS)(w)[|£]/3).
B(we,|t|) B(we,|t| ( )
4.48
Assume that 0 < 7 < £ min{p, 1 — p}, then
sup [y (w)] < 6.2 (p2 4+ (1 —p)72) (4.49)
B(wc=77)
and s
32y _ _

sup |AS) (w)] < |mi| (P> +(1—p) 7). (4.50)

B(wmn) 1 - 2X

Thus, it is an easy computation to check that one can find n > 0 small
enough so that
4 (4) (3) n* UN
0" sup |hy (w)] < hg” (we) 5y and - sup B (w)l” < [P (we) 5
B(we,n) : B(we,n)
(4.51)
Assume that 0 < 0 < 7. Then it is easy to show as in (4.22), Lemma 20 that

) Z (i) / dz/ duw ¢THi (w)=TH;( ) 1
Z(7) (2mi)? —z
. (w we)d +T2/ 3T (w— wc) _T1/3 %4 i(w—wc)
_Z0) ( ) ’ B
Z(j) rs

273 173 1
<O(T™'3).

dw (r—we) 2/37j(z—wc) 1/85(F=we) qp — 2
Y5 3x +T +2/3 =T 173

(4.52)

It thus remains us only to determine the asymptotic of (4.52). We make

the change of variables W = (w — w,.)(T/x)"? and Z = (2 — w.)(T/x)"/?
and obtain

Z(i) -1 e2m/35(T /x)1/3 e MBNT/X)YP W BT W W
e / ) iz / v (4.53)

3 2.
e=2mi/36(T /x)1/3 mi/3§(T /x)1/3 eZ* 34122 =s5;Z2 W — Z

34



where the integration paths do not touch. We can now extend the integration
path to infinity, since

)Z(z’) —1 /62’“/300 . /e’”/%o o WA BT WI—s W B
Z(5) (2mi)? ) —2missog /30 o322 W _ 4
Z3i) -1 /62"1/35(T/X)1§Z /e”i/%(T/x)l(/;W WA BT W2 s W q
Z(j) (2mi)? e=2m/35(T/x)1/3  Jemi/35(T /x)1/3 23341 2% =s;2 W — 7
< Cle8T/(6x)

(4.54)
The conjugation by A(j)/A(i) and the identity (A.2) end the proof.
U

Now we give a bound which holds uniformly for s;, s; bounded from below.
Let so € R be given.

Lemma 23. Consider the scaling (4.2). Then, for any given k > 0, there
exists a Ty > 0 large enough such that for all T > Ty and s;, 55 > s

(%) v i((‘z)) K j(ui, uj)

< Cerleitsi), (4.55)

The constant C depends on k,T;, T; only.

Proof of Lemma 23. The upper bound of the integrals similar to (4.40)
has also been obtained in various places (see for example, [2,6,11,17,19]).
The analysis in our case is similar to those in the literature. However, again
we provide the proof for the completeness of the paper; also the analysis in
this proof is going to be used and adapted in all the Lemmas below in this
section (except for Lemma 27).

First of all, we can rewrite

K j(ui, uy)

1/3
(u.7'+le>\)

T\ [ /-1 ot TS 1 ’
_ (_> / dA(—,fdw di(w)e Z+xl/3)\)> (—7{ S )
X 0 27 Ty o 27 Ty ®j(2)

(4.56)
Set ug =T — 7; %T” 3 (which corresponds to s; = 0). Then
T\ AG) *
(—) A Ki,j(uia Uj) = / dA El(si + )\)EQ(S]' + )\), (457)
X (4) 0

35



/3 ,
Ey(z) = (Z) (—1?§dw ¢i(w)e—w(uo+x(T/X)l/3))A(Z')_l
r

27 "

™\ 3 ( 1 f{ ez<uo+z<T/x>1/3>>
Ey(z) = | — — dz — | A(4).
o= () (55 ) i )0

We now show the exponential decay of Fi(s;) for large positive s;.
Lemma 22 indeed implies the result when sq < s; < 0. It is thus enough to
consider the case where s; > 0. The analysis of Ey(s;) is made in exactly the
same way, up to a rotation around the origin and exchange of p with 1 — p.

To this aim we modify the contour given on Figure 4 as follows, defining a
new contour . Call 4/t the part of the contour lying in the upper half-plane
{Imz > 0}. Let k > 0 be a fixed constant and

(4.58)

(i) := 2|m| + 2k. (4.59)
Then we set

7 = {a+ et > (@) (T} U fa+ () (T/x)™26?,0 < 6 < /3).

(4.60)
The contour 7/ is then completed by adjoining the conjugate of v'*. This
modification of the contour v has no impact on the saddle point analysis
made in the proof of Lemma 22. Indeed, for 7" large enough

Tho(a) + T%3hy;(a) — Tho(a + (i) (T/x) /%)
TRyt 20T )| < OG), (4.61)

where C(i) = 2¢(4)*(|r;] + €(¢)) is a uniformly bounded constant as 7; is
chosen in a compact interval of R.
Along + it holds,
_ @ —-1/3 ‘ -1/3
Re(w —a) 2 —~(T/x)77" 2 (k +[n)(T/) 7" (4.62)
Thus, along ~/
o~ (W=a)si(T/X) P +misi| <~ p—hsi. (4.63)
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(a) (b) (c)

Figure 5: Contours used in the following Lemmas. The paths have local
modifications close to the critical point a that are only of order 7-1/3.

Using the saddle point argument used in the proof of Lemma 22 and (4.61),
we easily deduce that there exists C > 0 independent of s; such that for T’
large enough

|E1(SZ)| S Ceiﬂsi. (464)
Thus,
(4.57)] < / AN By (s; + N)||Ba(s; 4+ \)| < Cerlsits) (4.65)
0
for some other constant C. O

The saddle point analysis made for K in the preceding Lemmas will now
be used, up to minor modifications, to consider the asymptotics of the re-
maining terms.

Lemma 24. Uniformly for sy in a bounded interval one has that

T 1/3 o0 o
lim (—) Ro o =51 +e 3T / dx/ dy Ai(T2 45 +x+y)e @),
0 0

T—o00 X

(4.66)
Moreover, for any given k > 0, there exists a Ty > 0 large enough, such that
for all T > Ty it holds

7\ /3
’ (_) Ra,fa — 51
X
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< Ce s, (4.67)




for any s > sg. The constant C' does not depend on T or s;.

Proof of Lemma 24. We have

T\ /3 T\ ' 1 dr(a)e 1
3) BB i R 6w

X X Ffl/Q,a
and also
1
fi(z)e e P [—(Tho(2) + T**h11(2) + TV?haa ()] (4.69)
1

with hg’s defined in (4.46). As steep descent path we use almost the same
contour I' as in Figure 4, up to T~'/3-local deformation so that it passes to
the right of a, see Figure 5 (a). Then, using the same asymptotic argument
as in the proof of Lemma 22, we deduce that

7\ /3 1 —Z3)3—11 224512
lim (=) Ry o=-— | dz< , (4.70)
T—o0 \ X ’ 271 Jr,, Z?
where with T'gy we mean the path from e 2"/300 to ¢?™/%00 and passing on

the right of 0. We can take it to its left up to adding a residue term, which
is just s;. Then the identity (A.4) gives the first formula of the Lemma.
For the exponential decay, one first computes the residue at z = a, yielding
that

T\ /3 (T)l/3 1 dr(a)e ™ 1
— Ry =51+ |— — dz . (471
<x) ) mh L e e Y

The contour now lies to the left of a, which ensures using the same argument
as in Lemma 23, the exponential decay for large positive s;.
O

Now we we turn to the asymptotics of the function g defined in (2.12)
and the different terms of the function F' defined in (3.7).

Lemma 25. Consider the scaling (4.2). Then

. L ap, __/OO 2 7y
jlgr;o 1) fi () = i dy Ai(17 + s; + y)e (4.72)
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uniformly for s; in a bounded set. Moreover, for any given k > 0, there exists
a Ty > 0 large enough, such that for all T' > Ty it holds

L az, ks
‘mfi (ui)| < Ce (4.73)

for some constant C' independent of T' and uniform for s; bounded from below.
Proof of Lemma 25. We have
]_ Tho(w)+T2/3h17i(w)+T1/3h27i(w)
FYD () = — f dw & (4.74)

w—a

with the hy’s defined in (4.46). As a steep descent path we use 7 in Figure 4
with a local modification on the T1/3 scale so that it passes on the right of
a, see Figure 5 (b). Then, the same asymptotic argument of the proofs of
Lemma 22 and Lemma 23 still holds and gives us the claimed result. We also
use the identity (A.5) to express the result in terms of Airy functions. O

Lemma 26. Consider the scaling (4.2). Then

1 <~

. (a)

711—{%0—14()/“1 dsz,l(uwy)fl (y>

e / dA / dy e XM7Y AN(rE + 5+ A) AL + 51+ A+ )
0 0

(4.75)

uniformly for s1,s; in a bounded set. Moreover, for any given k > 0, there
exists a Ty > 0 large enough, such that for all T > Ty it holds

T | WK y) 7)< € et (4.76)
'A(’l) /ul

for some constant C' independent of T and uniform for s;, s bounded from
below.

Proof of Lemma 26. Notice that fl(a)(y) = ¢;(a)e~®. Then, choosing the
integration path for z in (2.14) so that Re(z) < a, we can explicitly integrate
the variable y and get

_1 zu1 wuz(b (U}) (bl( ) —aul

F1/2 w—2)p1(2) a—z
(4.77)

/ dy Ky (ui, ) £ (y

u1

—1/2
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where the integration path for z does not include a and does not cross the
integration path for w. The rest follows along the same lines of Lemma 22 and
Lemma 23. Finally one uses (A.6) to rewrite the double integral expression
in terms of Airy functions. O

Lemma 27. Consider the scaling (4.2) and let i > 2. Then

. 1 /ul oV ( )f(a)( ) e~ 3T TTisi $1—8; P 2 )
m —-= i1 \Uq, = € "\,
T o0 A( ) . YVia Y)Yy 4’7‘(’ Ti — 7_1) - Y
(4.78)

uniformly for s; — sy in a bounded set. Moreover, for any given k > 0, there
exists a Ty > 0 large enough, such that for all T > Ty it holds

' dy‘le(uz, )f(a)(y)' <C (eli‘SiSITiSi+T181+1[312.si1}627?/3Ti8i)

(4.79)
for some constant C' independent of T and uniform in s;, s1.

Proof of Lemma 27. Using fl(a) (y) = ¢i(a)e~* and modifying the integra-
tion path in (2.14) to iR + « for any a € (a, 1/2), we can integrate out the
y variable with the result

Lo (@
yiol BT
_ LL z(u1—u;) (bl(’z) (bl(a’) s
-~ Z(i) 2mi /1R+a dze 6(z) z—a (4.80)
¢z

_ Z(l)i o (u1—ui) (Z) 1
~ Z(3) 27 /ﬂRMd 61(2) z —

For the saddle point analysis we then deform back our integration path to
a+iR with only a local deviation order T7~'/3 around z = a to make it passing
on the right of a. Specifically, for a given small € > 0, we use the integration
path

y={a+izr,z € R\ (=T 3 T V3N U{a+ T30 0 € [—n/2,7/2]},

(4.81)
see Figure 5 (¢). The asymptotic analysis for s; — s; in a bounded set is
the same as in Lemma 20 except that the integral has an extra 1/Y in the
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denominator. Explicitly, we get

. ul v (@) 1 Iy €7Y2(Ti77'1)7iY(8i781)
Mz /Oo yVialus y) fi7(y) = o /R % :
(4.82)
for any € > 0.
The function
1 e—Y2(Ti—’T1)+iYS
= dY —mM———— 4.83
v(s) o /R_ia v (4.83)
satisfies p )
1 s
—(8) = ———exp| ——— 4.84
ds (s) Ar(1; — 1) p( 4(Ti—71)> ( )
and the boundary condition
lim wv(s) = 0. (4.85)

S——00

Therefore, v(s) is a Gaussian distribution function, so that our limiting func-
tion is

1 U1 1 S1—S; g2
lim —— / dy Vi1 (ug, “(y) = —/ dre =),
T oo Z(’L) - Yy ,1( y)fl (y) m e

(4.86)
In order to prove (4.79), we adapt the proof of Lemma 21. First, suppose
that s; —s; > 1. For this case, we take the contour v = {z. + it|t € R} as

in the proof of Lemma 21. Note that dist(a,vy) = dist(a, z.) > %

Hence and the term —- in (4.80) is bounded by O(T'/®) and an analysis
as in the proof of Lemma 21 as in the proof (noting the presence of T/3
in (4.24)) implies (4.79).

Secondly, suppose that s; — s; < —1. We take the same contour
v ={z.+it|t € R}. In this case, the residue at the simple pole a should
be taken into account. Except for this term, the analysis on the contour 7 is
the same and we obtain (4.79).

Finally, when —1 < s5; — s; < 1, we take the contour v = v; U 7, where
71 is the part of the contour {z. + it|t € R} which lies outside the circle of
radius r := m centered at a, and 7, is the part of the circle of radius
r centered at a whose real part is at least z.. This contour is same as the
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straight line {z. 4 it|t € R}, except that it goes around a on the right in
a O(T~'/3)-neighborgood of a. On 7y, as dist(a,v,) > r = O(T~'/3), and
hence we obtain, as in the proof of Lemma 21,

Z(l) L z(u1—u;) (bl(z) L
Zom L e

Z(i) 2mi
On the other hand, on 7,, observe that dist(a, ) = O(T~/?) and the arc
length of 7, is also O(T~/?). By using the estimate (4.18) and (4.19), which
holds on 7, if T is large enough, we obtain that T%3g(z) is bounded for
z € v9 (where g(z) is in (4.7)). Hence (recall the first equation of (4.26))

Z(1) 1 , 1 1 T2/3|g(2)—g(a)|
' (>_/ gy erm—un 9i2) 1 S—/ 2] — o).
72 Y2

< e rlsimal (4.87)

Z(1) 2mi $1(2)z—a| = 2w |z — al
(4.88)
This, together with (4.87) implies (4.79). O
The last term to be computed is the asymptotic of g.
Lemma 28. Consider the scaling (4.2). Then
71im A()gi(uj) = €37y tTi% / do Ai(7} + s; + x)e 7 (4.89)
—00 0

uniformly for s; in a bounded set. Moreover, for any given k > 0, there exists
a Ty > 0 large enough, such that for all T' > Ty it holds

|A(j)g;(uj)| < e37HT% 4 € emrs (4.90)

for some constant C independent of T and uniform for s; bounded from
below.

Proof of Lemma 28. We have

(4.91)

1 67(Tho(z)+T2/3h17j(z)+T1/3h2,j (2))
gj(u;) = j{ dz
F—1/2,a

27 z—a
with the hy’s defined in (4.46). As steep descent path we use I' in Figure 4
with a local modification on the T7/3 scale so that it passes on the right of a,
see Figure 5 (a). Then, the asymptotic argument of the proofs of Lemma 22
and Lemma 23 still holds and gives us the claimed result. The only small
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difference is that for the bound the integration path for large s;’s has to be
chosen to pass on the left of a, which is fine up to adding the residue at a.
The factor ¢2/3*7% comes from the multiplication by A(j). To rewrite the
result in terms of Airy functions we used (A.3). O

5 Proof of Main Theorems

In this section we prove Theorem 2. Recall (4.1)

P <m{G($(Tk),y(Tk)) < U, 3k)}> = a%k [ge - det (11 - Pefcoang)} :
k=1 k=1
(5.1)

where

1/3
Go = (%) (Ra,—a — (1 — PLKP) " PiF, Pog)). (5.2)
and a = p — 1/2. We take the limit 7" — oo with the scaling (1.5).

Note that the scaling of (1.5) is related to the scaling (4.2) by the identities
lx(m) +y(r) — 2t| < 2 and |x(1;) — y(1;) — 2t;| < 2. The difference (at most)
+2 does not contribute to the asymptotics and only makes the notations
complicated. For this reason, we will ignore this difference £2 in the following
presentation.

Proposition 29. Fiz m € N, and real numbers 71 < 17 < ... < Ty,
S1y. .-y Sm € R. Let x(y), y(m%) and (7, sk) be defined as in (1.5). Then it
holds

lim det (]1 _ PK“’“J'PE) — det (1 _ PSIA(AiPS>
L2({1,...,m}xR)

e N = 1 T L2({1,...m}xR)

where Py(k,x) = Ligso(r,sp)) ond Ps(k, 2) = Lpss,-

TkSk

Proof of Proposition 29. Proposition 19 implies that for s;, s; in a bounded
interval [
(Z) v A(J) 7eons
x)  A@)

and that the convergence is uniform on /. Now Lemmas 21 and 23
then imply the convergence in trace class norm of the rescaled kernels

(wiwj) = [Kailiy(si,5), (5.4)

lim
T—o0
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(T/X)1/3%Ki7j(ui,uj) and (T/X)l/g’%vi,j(ui,uj). This completes the

proof. O

Proposition 30. Fix m € N real numbers 71 < 1o < ... < Tp,
S1y...,8m € R. Let x(11), y(7%) and €(1y, s) be defined as in (1.5). Then

lim G = (7, s) (5.5)

where g, (T, ) is defined in (1.11).

Proof of Proposition 30. Consider the term {(1— P,K P,) "' P,F, P,g). We
first scale and also conjugate by some operators. Define the function

, 20 = 20)X"° s T
Set =1+ max |7;|, and define the multiplication operator
W(i,x) = A(i)e " (5.7)
Set
T 1/3 o
L (z,2') == (;) W (i, ) K j(ui(x), u;(2))W (4, 2), (5.8)
and
U (2) = W(i,2)gi(ui(x)), @ (x) =W (i,2)F;(u;(x)), (5.9)

where one recalls the definitions of F; in (3.7) and g; in (2.12). Here the
superscript 1" indicates the dependence on T

By Lemmas 25, 26, 27 and 28, for any given x > 0, there exists a Ty > 0
large enough, such that for all T > Ty, U7 and ®! are L?([s;,00)) for any
given s;. Then for T large enough,

1/3
(%) (1 — PRP) 'P,F, Pg) = (1 — P,LTP,)'P,d7, P,o7). (5.10)

Let Q be the multiplication operator Q(i,z) = e~ and set
p=(1-PQKnQ 'R, U=QU, o¢=0Q'® (5.11)
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where the functions ¥, ® are defined in (1.8). Observe that the functions
U, ®; € L*((s;,00)). Since

(1 — P,EziP,) 'P®, P,U) = (5P,®, P,U), (5.12)
it is enough to prove limg . (p! P,®T, P,UT) = (ﬁPsi),PS{I}) where
Pl = (1—P.LTP).

Clearly,

<10TPSCDT> Psqu> — (pPs®, PW)| < HpT - ﬁHHPscDTH HPSLIITH
+ ol 1P(¥T = ©) [ [P + (o]l 1P| [|P(@T = @) (5.13)

First consider |[p” — p||. As the operator-norm is bounded by the Hilbert-
Schmidt norm || - ||2,

|P,LTP, — PQExQ P> < |P,LTP, — P.QEA:Q ' P2

>/

ij=1"%i

N o 5.14
dx/ da' |L;(x,2") — e Kl (w, ') . o1

By taking k = 41 in Lemmas 23 and 21, and using the dominated conver-
gence theorem and Proposition 19, the limit as 7' — oo of (5.14) becomes
0. By Lemma 33, the operator 1 — PSI? AiPs is invertible and it follows that
lpt —pll = 0as T — .

Now consider the term P,¥T. From (4.90) of Lemma 28, we have
(0T (2)] < Cre=B=lmibz 4 Che= (349 for > s; for a fixed s;. The conjuga-
tion 777 is introduced to make this function decay exponentially as x — co.
Hence ||P,¥7]| is bounded uniformly for large enough 7". Also noting that
the right-hand-side of (4.89) is precisely ¥;(s;), it follows from dominated
convergence theorem that ||P,(¥7 — U)|| — 0 as T — oc.

It follows from Lemmas 25, 26 and 27 that [T (z)| < Ce P for z > s;
for a fixed s;. Hence ||P;®”|| is uniformly bounded for large enough 7' if we
set for example k = 4+ 1 > 0. Also it follows that ||P,(®7 — ®)|| — 0 as
T — oo.

Hence we have shown that (5.10) converges to (5.12). The remaining
term in Gy is (x/T)"3R,._,. But Lemma 24 shows that this converges to R
(after the changes of variables x +— = — s1). This completes the proof. O
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The above two Propositions proves that G, - det <]l — Pg?conjpg> con-

verges to gm,(T,s)det <]l —PSIA(AiPs> as T — oo. It remains to show

that the derivatives with respect to si’s also converge. Let us first con-
sider (x/T)Y3((1 — P,KP,)"'P,F, Pyg) of Go. As in (5.10), this equals
(1-P,LTP,)~1P,®T, P,UT). Note that the dependence on sy is only through
the projection operator P,. Hence by simple translations,

(1 - P,L"P) 'P,®" PUT) = (1 - L") '®" @) (5.15)
where L' ((i, 2), (j,y)) := LT ((i,2+s:), (7, y+s;)), ®7((6, 2)) = DT ((4, 2+s7))

and W1 ((i,2)) = UT((i,2+s;)), and all the (real) inner product, the operator
and the functions are all defined on L*({1,...,m} x R;). Then

D@L et ) = (1 L7 (L - L) e e
Dt 5 Dt 5 (5.16)
(1= LT) (8T, W) 4 (1 L) 8T, )

Hence we need to control the asymptotics of the derivatives of the kernels.
But since all the asymptotic bounds for large = in the Lemmas in Section 4 are
all exponential, while the derivatives of the kernels yields only polynomial
terms, we can check that the dominated convergence theorem still applies
and obtain the convergence of (5.16) to the corresponding derivatives of the
limit. We omit the detail. The other terms are also similar. This completes
the proof of Theorem 2.

To prove Theorems 5-7 we use the following slow-decorrelation result,
which is an extension of Proposition 8 of [15].

Lemma 31. Let A = (cT,c¢T) for some ci,co > 0. Let then
B=A+7r((1-p)?p*) withr ~ T" with 0 < v < 1. Then, for any
g€ (v/3,1/3), it holds

Jim P (IG(B) — G(A) —r| < T") = 1. (5.17)

Proof of Lemma 31. First of all, it is easy to check by Proposition 2.2 of [17]
that the difference between the model (1.1) and the last passage percolation
model corresponding exactly to the stationary TASEP becomes irrelevant in
the order as T' — oo. Denote P1a the measure for the last passage percolation
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corresponding to the stationary TASEP. Due to the stationarity in space and
time of TASEP, we observe that G(B) — G(A) and G(B — A) have the same
distribution. Therefore,

Pra(|G(B) — G(A) - 1 < T%) = Bra((G(B — A) — | < T”)

=Pra(IG(r(1 = p)*,1p%) — 1| < T7).
(5.18)
But since the distribution of (G(r(1 — p)2,7p%) — r)/(r/x)"® converges to
Fy [17], and 7'3/T% = O(T"/*=#) — 0 as T — oo, we find that (5.18)
converges to 1 as T' — oo. This completes the proof. O

Proof of Theorem 5. The projection of (z(7,0),y(7,6)) on the line
{z +vy = (1—-2x)T} along the critical direction ((1 — p)?, p?) is (z(7),y(7))
with x,y defined in (1.5). We have

(1) = a(r,0) —r(L—p)*, y(r) =y(r,0) —rp’ (5.19)
with r = r(f) = 6T". In particular ¢(7,0,s) = ¢(7,0,s) —r(#). Then,

P (ﬂ{G(x(Tk,Hk),y(Tk,Hk)) S K(Tk,ek, 3k)}>

- (5.20)
:P<rHG@mmmMmﬂ»sﬂ%ﬁ”“+E”>
k=1
with
Ek = G(.’L’(Tk, O), y(Tk, O)) + r(@k) — G(.’L’(Tk, Qk), y(Tk, Hk)) (521)

By Lemma 31 we have = = o(T"/3) so that

lim (5.20) = TIEEOIP’ <ﬂ{G(x(7’k,0),y(Tk,0)) < U(, 0, sk)}> . (5.22)

T—o00
k=1

see the proof of Theorem 1 of [15] for detailed steps. This is by Theorem 2
the desired result. O

Proof of Theorem 6. The goal is the express our setting into the one of
Theorem 5. Denote p(7) := q(7) + n(7), which is given by

p(7) = (1= p)*T + 72(1 = p)x"*T** — (1 — p)sT"/* /X '/? (5.23)
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and recall
n(r) = p*T — m2px/3T%3, (5.24)

(Since n(7) and ¢(7) are integers, the above formulas are are exact up to the
error of size 2 at most: since this difference does not affect the asymptotics
but only complicates the formulas, we drop this difference in the following
presentation.) By (1.16) we have

P (ﬂ{xn(m)(T) > Q(Tk)}> =P (ﬂ{G(p(Tk)>n(Tk)) < T}> . (5.25)
k=1

k=1

Denote by (X(7),Y (7)) the projection of (p(r),n(7)) on the line
{x+y = (1—2x)T} along the critical direction ((1 — p)?, p?). We get

X(r)=p(r) =r(1=p)*, Y(r)=n(r)—rp’ (5.26)
where
Let us further denote . T
TP =T — WT . (5.28)
Then,
T =01°5s)+7r(r,s) (5.29)

where (7, s) is defined in (1.5). Then, replacing (5.27) into (5.26) we get

2A/3T2/3 ) px2/3 s _ o)

1 -2y 1 -2y
2\ MBT23 o2/ (5.30)
Y(1)= 0’T —1 =5 + s 3 T3 = y(7°),
—zX — zaX

where x(7),y(7) are defined in (1.5).
With these notations we can rewrite (5.25) as follows,

(5.25) =P (ﬂ{G(l’(Ti) + (1= p)%, y(730) + 1ip”) < AT, s0) + 7}
k=1

(5.31)
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where 74 1= (73, s) ~ O(T?/3). Then, by Theorem 5 the result follows. [

Proof of Theorem 7. The proof of Theorem 7 is very similar to the one of
Theorem 6. The scaling (1.22) corresponds, in terms of z,y, to the scaling

T = (1 . p)QT + 27_(1 . P)X1/3T2/3 . SX2/3T1/3,
Y= p2T . 27_pX1/3T2/3 . SX2/3T1/3.
The projections (X (7),Y (7)) of (x,y) on the line {z +y = (1 — 2x)T'}

along the critical direction ((1 — p)?, p?) are given by X(7) =z — r(1 — p)?,
Y(7) =y — rp*. Explicitly we find

2(1 o 2p>X1/3T2/3 2X2/3T1/3

(5.32)

r(r,s) =T s ,
1 -2y 1 -2y
2\A/372/3 1—9 2/3771/3
X(r) = p*T + 17X L= 20)x , (5.33)
1 -2y 1 -2y
INA/372/3 1—9 2/371/3
Y(7)=p*T — 7 X —s( PIX ,
1 -2y 1 -2y
Setting
. (1—2pT
T =T+ SW (534)
we get
T=Lr"s)+r(rs), X(1)=u(r"), Y(r)=y() (5.35)

Then, setting 7y, := (7%, sg) we get (5.31) and then by Theorem 5 the result
follows. O

A Some Airy function identities

In the asymptotic analysis we get two basic integral expressions which can
be rewritten in terms of Airy functions and exponential, namely

e—7\'i/30O
; dW€W3/3+bW2—cW _ Al(b2 +C)€%b3+bc7
TL Jemi/300
1 02mi/3 o0 (A1>

_73/3_p72 . 23
: dZe Z3[3=bZ+cZ _ Al(b2 +C>€ 30 bc.
27T1 e—2mi/3 50

Starting from these two formulas we state some identities.
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Lemma 32.

_1 e2m1/35g e—T/359 €W3/3+b1W2761W 1
N G i Lo, W T2

—27i/3 g /350
S “A(b2—b1) A:/22 21712
= g / dNe TPV AL(D] + o + A) Al + e+ A), (A2)
esbatbaca
_1 eQ'rTi/SOO 1

73 /9172
A7 o2 /3-b7*+cZ

N

2mi e—2m1/300, left of 0

— eib”c/ dz Ai(b* + c+ x)e ™, (A.3)
0

1 eQ'rTi/SOO 1

3 2
(C) — dZe_Z /3—=bZ*+cZ ~
2mi e—27i/300, left of O VA

— e 3bibe / dr / dy AV + ¢+ 2+ y)e ") (A4)
0 0

—1 e e 52
dW@Z /3+bW —cW

27l emi/300, right of 0

S
w

= e§b3+b°/ dz Ai(b* + ¢+ 2)e™, (A.5)
0

. 1 e2™/300, left of 0 W e~ /300 a €W3/3+b1W2761W 1
( ) (27Ti)2 /;2m/300 lwi/am eZ?[3+b22%=c2Z (W — Z)Z

€%b§+blcl

T CRthrbe /0 dA/o dr e 02 QB2+ o + A) AQ(BE + ¢z + A)e "2,
(A.6)
(F) Forby < by, / AN e 2C270) Ai(B2 4 ¢y + A) Ai(bE + ¢ + )
R

1 (ca—ec1)* 2 3 3 >
= ————oxp (e (B =B b —bier ) (AT
In(by — bo) p( 1 by T3l ) e —ha ) (AT)
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Proof of Lemma 32. (A) Since we can choose the paths for W and Z such
that Re(W — Z) > 0, using

1 AW -2)
e A.
W —-Z /0 dA ( 8)

and (A.1) we get (A.2).

(B) Let f(c) := Lhs.(A.3). Then differentiating and using (A.1) we
get f'(c) = —Ai(b? + ¢)e~3Y" b, Together with the boundary condition
lim.,oo f/(c) = 0, we get (A.3).

(C) Let f(¢) := Lhs.(A.4). Differentiating twice and applying (A.1)
we obtain f”(¢c) = Ai(b? + c¢)e 3”7, The boundary conditions are
lim., f'(c) = 0 = lim,._, f"(c). Integrating twice and shifting the inte-
gration bounds to zero, we get (A.4).

(D) This can be derived by (A.3) by change of variable W := —Z.

(E) This identity can be found by first using (A.8) and then the two
complex integrals are decoupled. For the integral over W one uses (A.1),

while for the integral over Z one uses (A.3).
(F) One applies the identity (2.20) of [21], which holds for by < by,

(/cMeM”b”AKd1+A)AKd2+A)
R

1 (dy — dy)? dy +dy  (by — b2)3)
=—————exp |75 — (b1 =D + A9
Az (by — by) p(4@—@)(1 275 12 (4.9)
and then we set dy = b? + ¢y, dy = b3 + c». O

B Invertibility of 1 — PSIA( APy

Lemma 33. For any fixed real numbers sy, ..., Sp,
(1 — P,KnPy) " (B.1)
er1sts.

Proof of Lemma 33. First of all, notice that
det(1 — PSIA(AiPS) = IP’( ﬂ {A(me) — 772 < s} ) (B.2)
k=1
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Now, let S := min{si,..., s, }. Then,

(B.2) > ]P’( ﬁ {A(m) — 777 < S})
=1 (B.3)

>P (sup(A(T) - < S) = Feor(S) > 0.

The equality with the GOE Tracy-Widom distribution, Fgog, is proven in
Corollary 1.3 of [21], while the strict inequality follows from the monotonic-
ity of the distribution function and the large —S asymptotics (see for exam-
ple, [3]). R

Moreover, as shown in Section 2.2 of [21], P;Ka;P; is trace-class (the shift
by 77 is irrelevant for that property, since it holds for any s;’s). The proof
ends by applying a known result on Fredholm determinant, see e.g. Theorem
XIII.105 (b) in [30]: let A be a trace-class operator, then

det(1+ A) #0 <= 1+ A is invertible. (B.4)

O

C Trace-class properties of the kernel

In this section, we discuss the basic properties of the operators K and K in
Section 2.

Proposition 34.
(i) The operators P,K P, and P,KP, are bounded in L*>({1,...,m} x R).

%) Let a,b € (0,1). Fix constants a, . .., a, such that
2

1 1
—gla<a< o <an <y (C.1)

—=conj

Then P,K P, defined in (2.21) is a trace-class operator on
L2({1,...,m} xR). On the other hand, P,K“™P, defined in (2.18) is
a trace-class in the same space if the constants satisfy more restricted
condition

—a<a<ay <<y, <b. (C.2)
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Proof of Proposition 34. We only prove (ii). The proof of (i) follows easily
by suitably modifying the analysis for part (ii).

We start with Pufcom P,. Since the set of trace-class operators is a linear
space, it is enough to prove that P, M;K; ;M ]-_1Pu]. is a trace-class operator
in L?(R) for each i,j. As K;; = I?” —V,; (see (2.13)), we prove that each
of the two operators is trace-class.

(a) Operator K i, It is easy to check that the operator can be re-expressed
as (see (4.56))

Pui(x)e_o‘imf?iyj(:p,y)eo‘fyPuj(y) :/dzL(x, 2)R(z,y) (C.3)
R
where .
L(z,z) = Pui(x)e_o‘im_—_jg dw ¢y(w)e @) Py(2),
2m1 Ty
R(z,y) = P, () f{ ; ez(y+z)P() (C.4)
z,y) =P, (y) 57— 2z ——PFy(2).
U2 Jr, ;(2) "

By choosing the integration paths close enough to 1/2, resp. —1/2, a simple
estimate shows that there exists 0 < § < min{a; +1/2,1/2 — a,,, } so that

|L(ZL‘, Z)| S C 6_(1/2_6+ai)x6_(1/2_6)zﬂ-[m,zzo]a

s e (C.5)
|R(z,y)| < CeU/2m0mei)re=(1/2=0y ).

From this it follows immediately that L and R are Hilbert-Schmidt operators
on L*(R). So is the conjugated kernel of K ; trace-class.

(b) Operator V; ;: As V;; =0 for i < j, assume that ¢ > j.
In this case, we have

From (2.14), by plugging in ¢; and ¢, and by changing the contour from iR
to R, we obtain

1 0 e—iz(w—y) 1 00 e
Visle.y) = %/ Cria s o ) © “V i)z (C)
—00 \2 2 —00
where .
f(z) = — € L'(R) N L*(R). (C.8)




Hence X
Vij(z,y) = flz —y), (C.9)
the Fourier transform of f.
Note that f(z) = g(z)h(z) where

1 1

9(2) = Wa h(z) = W-

(C.10)

As g € L*(R) so then is g € L*(R). Moreover, as

1 efizs
— [ ———d A1
27T/R(1 Fiz)al (C11)

2
is well-defined pointwise except at s = 0 (since it is conditionally convergent),

g(s) equals (C.11) almost everywhere. Furthermore, we can compute (C.11)
explicitly and obtain

(_S)At—l )
Q(S) = m@s/ I]-[s<0}- (012)
Similarly,
. gAt-1 s
We have )
(G h)(s) =g(s)h(g) = f(s). (C.14)
Hence

Vige,y) = fle—y) = (g% h)(z —y)
= /Rg(x —y — s)h(s)ds = / §(z — s)h(s —y)ds

R

(C.15)

Here all the steps make sense since §, h € L*(R) N L' (R).
Note a; > a; for i > j, and 1 + (o; + a;) > 0. By using (C.15), we see
that

P, MV ;M ' P, = (P, M;GN ") (NHM;'P,)) (C.16)
where G and H are the operators with kernel
ti—t;j—1 oy
G(z,y) = %6( ? )ﬂ[m—y<0],
(xl— y;“*t"fl _Gw (C.17)
H(z,y) = me Lz—y>a),
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and N is the multiplication operator
N(z) = e 2leitos), (C.18)
Then

/ / dz dy | (P, MGN ) (x, ) Pdydz
RQ

= // dx dy
y>r>u;

Changing the variable y by s := y — x, the above equals

1 [e.e] oo
—(a;—ay)z 2(ti—t;—1) ;= (1—as—ay)y
=t~ D) /u dxe /0 ds s e (C.20)

which is finite. Hence P, M;GN ™! is a Hilbert-Schmidt operator. Similarly,

// alxdy|(]V?'-[]WflPu].)(x,y)|2
RQ

= // dx dy
T>Y>Uj

= dy e~ (@ima)z / ds §2Uti—ti=1) o= (taita;)y
((tz - tj - 1>‘)2 uj 0

is finite, and hence N HMJ._IPUJ. is a Hilbert-Schmidt operator. Therefore,
M;P,,V; Py, M j’l is a trace-class operator.

R 2 (C.19)
oY T i bkl

S (o — Y

_ ti—t;j—1 _ 2
6—%(&;’4‘0@-)&: ("L‘ y) e—LQy)eajy

(li—t,— 1] (21

Now we consider K. From (2.16),

P, KSMP, = PyKO"P, + (a+b)Py M f; ® g;M;'P,,. (C.22)
But by changing the contour in (2.12),
_ —1 pi(w)e
i(z) = ¢ W — @ dw————. C.23
@) = e+ o f S (©23)

Hence there is a constant C' > 0 such that | f;(z)| < Ce™*" for some constant
C for z > wu;. Therefore, M;(z)fi(x) € L*((u;,00)) if a; > —a. Similarly,
9;(y)M;(y) € L*((uj, 00)) if a;; < b. Being a product of two Hilbert-Schmidt
operator, P, M, f; ® ngj_lpuj is trace-class if (C.2) holds. This completes
the proof. O
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D Gaussian fluctuations

Consider the directed percolation model defined in (1.1), but look away from
the characteristic line. We set

. b
x_l—l—vN’ y—l_i_vN. (D.1)
Denote Q(a,b) = G((a,b), (z,y)) the passage time from (a,b) to (x,y). Then
G(z,y) = max{Q(0,1), Q(1,0)}. (D.2)

In Section 6 of [2] (see also [27]) a last passage percolation with one source
only is considered. Nevertheless, the arguments given therein can readily be
used to prove the following: if v > . = p?/(1 — p)?

1 S
lim P(Q(1,0) < ¢;N 4 cpsNV?) = \/7/ dze ™2 =d(s), (D.3)
T J—o0

N—o0
where ¢; = ﬁ(% + 7(11_p)) and ¢ = /735 % — W. If v < 4. then
there exists a constant ¢, (see [2]) such that
Jim P(Q(1,0) < 4N + chsN'/%) = Fau(s), (D.4)

where ¢} = ﬁ(H%)Q and Fgug is the GUE Tracy-Widom distribution. By

symmetry, if 7 < 7., setting b; = ﬁ(rlp—i—#) and by = \/ﬁ \/(1fp)2 — #,
it holds

lim P(Q(0,1) < biN + bysNY?2) = ®(s) (D.5)
—00
and for v > 7.
lim P(Q(0,1) < N + cysN*3) = Faug(s). (D.6)
—00

Consider now the case v > 7.. Then since ¢] < ¢; we have

lim P(Q(0,1) < ¢;N 4 cpsNV?) = 1. (D.7)

N—oo

With the notation d := ¢; N + c;sN'/2 and (D.2) we obtain

— PQ(0,1) < dNQ(1,0) < d) -
=P(Q(0,1) <d) —P(Q(0,1) <dNQ(1,0) > d) .
> P(QO,1) < d) — 1+ B(Q(1,0) < d



We take the limit N — oo on both sides and by (D.3) and (D.7) we get

lim P(G(x,y) < 1N + casNY?) = d(s). (D.9)

N—oo

Similarly, for the case v < 7., one shows in the same way that

lim P(G(z,y) < biN + bysNY/?) = &(s). (D.10)

N—oo
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