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Abstract

The Tracy-Widom distribution functions involve integrals of a Painlevé II function starting from
positive infinity. In this paper, we express the Tracy-Widom distribution functions in terms of integrals
starting from minus infinity. There are two consequences of these new representations. The first is the
evaluation of the total integral of the Hastings-McLeod solution of the Painlevé II equation. The second
is the evaluation of the constant term of the asymptotic expansions of the Tracy-Widom distribution
functions as the distribution parameter approaches minus infinity. For the GUE Tracy-Widom distri-
bution function, this gives an alternative proof of the recent work of Deift, Its, and Krasovsky. The
constant terms for the GOE and GSE Tracy-Widom distribution functions are new.

1 Introduction

Let Fy(z), F5(z), and Fy(z) denote the GOE, GUE, and GSE Tracy-Widom distribution functions, respec-
tively. They are defined as [24, 25]
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R() = F@B).  Flo)=F0P Filo) = 3{ B+ 55 fFia) )

F(z) = exp <_ % /:o R(s)ds), E(z) = exp <_ % /:o q(s)ds). )

Here the (real) function ¢(z) is the solution to the Painlevé I equation

where

q¢" = 2¢° + aq, (3)
that satisfies the boundary condition
q(z) ~ Ai(z), x — 400. (4)
Recall [1] that the Airy function Ai(z) satisfies Ai”(z) = xAi(z) and
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Ai(z) T — +o00. (5)




There is a unique global solution ¢(z) to the equation (3) with the condition (4) (the Hastings-McLeod
solution) [19]. The function R(s) is defined as

R(o) = [ (alo)?ds (©
By taking derivatives and using (3) and (4) (see, for example, (1.15) of [24] and (2.6) of [3]), the function
R(z) can also be written as
R(z) = (¢'(x))* - z(q(2))* - (q(x))". (7)
Integrating by parts, F'(z) can be written as
1 oo
F(x) = exp ( - 5/ (s — x)(q(s))st), (8)
which is commonly used in the literature.

Notice that (2) involves integrals from 2 to positive infinity. The main results of this paper are the
following representations of F(x) and F(x), which involve integrals from minus infinity to .

Theorem 1.1. For z <0,

—all’® 1 /" 1 1
10 1 €2
F(z) = 2"/%e2¢ (7D |z[1/16 €xp {5/ (R(y) - ZyQ + 8_y>dy}’ (9)

— 00

where ((z) is the Riemann-zeta function, and

E(z) = 21—];46*%'9”'3/2 exp {% /; (q(y) - \/@)dy}- (10)

Remark 1. The formula (9) also follows from the recent work [8] of Deift, Its, and Krasovsky. See subsec-
tion 1.2 below for further discussion.

The integrals in (9) and (10) converge. Indeed, it is known that [19, 12]
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This asymptotic behavior of ¢ was obtained using the integrable structure of the Painlevé IT equation (see, for
example, [16]). The coefficients of the higher terms in the above asymptotic expansion can also be computed
recursively (see for example, Theorem 1.28 of [12]). For R(x), (7) and (11) imply that
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+ O(:c12)> , T — —00. (12)
We now discuss two consequences of Theorem 1.1.

1.1 Total integrals of ¢(z) and R(x)

Comparing with (2), Theorem 1.1 is equivalent to the following.
Corollary 1.2. For c <0,

o ¢ 1 1 1 1 1
[ R+ [ (Ro) -4 = —gpos2 - -0+ ol 4 gloglel (13)

/Cooq(y)dij/‘;o (Q(y)—\/@>dy= %10g2+g|c|3/2' 14

and



These formulas should be compared with the evaluation of the total integral of the Airy function

il R
/ Ai(y)dy = 1. (15)
Recall that the Airy differential equation is the small amplitude limit of the Painlevé II equation. Unlike

the Airy function, R(x) and ¢(x) do not decay as © — —oo, and hence we need to subtract out the diverging
terms in order to make the integrals finite.

1.2 Asymptotics of Tracy-Widom distribution functions as r — —c¢

Using formulas (2) and (12), Tracy and Widom computed that (see Section 1.D of [24]) as © — —oo0,

e~ ol
Fa(x) = <1+ 3 +0(|:c|6>) (16)

-
2 |z|1/8 26/ [3
for some undetermined constant 7. The constant 7 was conjectured in the same paper [24] to be
Ty = 21/24C(=1) (17)

This conjecture (17) was recently proved by Deift, Its, and Krasovsky [8]. In this paper, we present an
alternative proof of (17). Moreover, we also compute the similar constants 71 and 74 for the GOE and GSE
Tracy-Widom distribution functions. The asymptotics similar to (16) follow from (1) and (11): as 2 — —o0,
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Rl = n +0<|:c|3>>, (18)

L3, 1
e*ﬁ\r\ er\z

1 _
F4(£L‘) = T4 |£L'|1/16 (1+24\/§|x|3/2+0(|x| 3)) (19)

Using (11) and (12), Theorem 1.1 implies the following.

Corollary 1.3. As z — —o0,

1., 1 €24 _
F(x) = 21/48,3¢( 1)W (1 + W + O(|| 6)) (20)
and 1 1
1 3/2
(@) = 5a¢ < 24V/2|x[3/2 O™ 2!
Hence
S 2—11/48654/(_1), = 21/2464/(_1), = 2—35/4Se%</(_1)' (22)

Conversely, using (11) and (12), this Corollary together with (2) implies Corollary 1.2, and hence
Theorem 1.1.

This is one example of so-called constant problems in random matrix theory. One can ask the same
question of evaluating the constant term in the asymptotic expansion in other distribution functions such as
the limiting gap distribution in the bulk or in the hard edge. For the gap probability distribution in the bulk
scaling limit which is given by the Fredholm determinant of the sine-kernel, Dyson [13] first conjectured the
constant term for § = 2 in terms of {'(—1) using a formula in an earlier work [27] of Widom. This conjecture
was proved by Ehrhardt [14] and Krasovsky [20], independently and simultaneously. A third proof was given
in [9]. The constant problem for 5 =1 and 8 = 4 ensembles in the bulk scaling limit was recently obtained
by Ehrhardt [15]. For the hard edge of the g-Laguerre ensemble associated with the weight 2™e™*, the



constant was obtained by Forrester [18] (equation (2.26a)) when m is a non-negative integer and 2/4 is a
positive integer.

The above limiting distribution functions in random matrix theory are expressed in terms of a
Fredholm determinant or an integral involving a Painlevé function. For example, the proof of [8] used the
Freldhom determinant formula of the GUE Tracy-Widom distribution:

Fy(z) = det(1 — A,), (23)
where A, is the operator on L?((x,00)) whose kernel is

Alu,v) = Ai(u)Ai'(v) — Al (u)Ai(v)' (24)

u—v

In terms of the Fredholm determinant formula, the difficulty comes from the fact that even if we know all the
eigenvalues \;(x) of A,, we still need to evaluate the product Hj’;l (1 —X;j(z)). When one uses the Painlevé
function, one faces a similar difficulty of evaluating the total integral of the Painlevé function.

We remark that the asymptotics as @ — +o0 of F(z) and E(z) (and hence Fg(x)) are, using (4),

e—5e"? 35
_ B _ ~3
F(2) s <1 0 >>, (25)
_2.3/2
. (& 3z 41 -3
B) = 1= {7 <1—48x3/2+0(:c )). (26)

1.3 Outline of the proof

The Tracy-Widom distribution functions are the limits of a variety of objects such as the largest eigenvalue
of certain ensembles of random matrices, the length of the longest increasing subsequence of a random
permutation, the last passage time of a certain last passage percolation model, and the height of a certain
random growth model (see, for example, the survey [21]). Dyson [13] exploited this notion of universality
to solve the constant problem for the sine-kernel determinant. Namely, among the many different quantities
whose limit is the sine-kernel determinant, he chose one for which the associated constant term is explicitly
computable (specifically, a certain Toeplitz determinant on an arc for which the constant term had been
obtained by Widom [27]), and then took the appropriate limit while checking the limit of the constant term.
However, the rigorous proof of this idea was only obtained in the subsequent work of Ehrhardt [14] and
Krasovsky [20]. In order to apply this idea for Fy(z), the key step is to choose the appropriate approximate
ensemble. In the work of Deift, Its, and Krasovsky [8], the authors started with the Laguerre unitary
ensemble and took the appropriate limit while controlling the error terms. In this paper, we use the fact
that Fg(z) is a (double-scaling) limit of a Toeplitz/Hankel determinant.

Let D, (t) denote the n x n Toeplitz determinant with symbol f(e??) = ¢2£¢°5(%) on the unit circle:

1 g 0 (s
Dn(t): det _/ e2tcoséez(g—k)9d9
21 J_r 0<jk<n—1

_ 1 / 2t 3" cosb; 0 i0p 2 s
- e j=1 J e — e d9
@)l e 11 | | H ’

1<k<ft<n

(27)

Note that some references (e.g. [7]) define D,, as an (n 4+ 1) X (n + 1) determinant, whereas others (e.g.
[5]) use our convention. In studying the asymptotics of the length of the longest increasing subsequence in
random permutations, in [2], the authors proved that when

n = [2t 4+ xt*/?], (28)

as t — oo,

e Dy (t) — Fy(x). (29)



The idea of the proof of (29) in [2] is as follows. The Toeplitz determinants are intimately related to
orthogonal polynomials on the unit circle. Let p;(z) = k27 + - -+ be the orthonormal polynomial of degree
j with respect to the weight et cos¢d0.

/ pj(ele)pk(e“")e%whe% =k for j, k > 0. (30)
If k; > 0 then p; is unique. We denote by 7;(z;t) = m;(z) the monic orthogonal polynomial: py(z) = k7 (2).
Then (see, for example, [23]) the leading coefficient k; = x,(t) is given by
D;(t)
Dj11(t)

)y (t) = (31)

As the strong Szegd limit theorem implies that D,,(t) — e’ as n — oo for fixed ¢, the left-hand-side of (29)

can be written as
oo

e*tan(t) = ql;[l D,iigt()t) = ql;[nng(t). (32)

The basic result of [2] is that

R(y)
Re) ~1——7m oo, g =[2t+yt!)7] (33)
for y in a compact subset of R. (In [2], the notations v(z) = —R(z) and u(z) = —q(x) are used.) Hence

formally, as t — oo with n = 2t + xt'/3,

log (e*tQDn(t)) = Z log (mg(t)) ~ t1/3 /OO log <1 - fl(%))dy ~— /00 R(y)dy = log F>(x). (34)

The first step of this paper is to write, instead of (32),

42 I - D, (t) g . 1
=t gt = U (35)

Here Dy(t) := 1. Then formally, we expect that as t — oo with n = 2t 4+ xt'/3, (35) converges to an integral
from —oo to x. For this to work, we need the asymptotics of x4 () for the whole range of ¢ and ¢ such that
1<qg<2t+at/?ast — co.

It turns out it is more convenient to write, for an arbitrary fixed L,

2 _2 L Dq(t) 42 L 1
D,(t) = Dr(t = Dp(t . 36
D) =) [I =0 11 g (36)
q=L+1 q=L+1 94
We introduce another fixed large number M > 0 and write
[2t— Mt/ 3 1) [2t+axt/3]
2
log(e™"" D,,) = —t* + log(Dy) + Z 1og(/£qi21) + Z log(/@qfl) . (37)
exact part q=L+1 q=[2t—M1t1/3]
Airy part Painlevé part
Since L and M are arbitrary, we can compute the desired limit by computing
lim  lim log(e " Du(t)),  n=[2t + xt'/?]. (38)

L,M—oot—o0



From (33), the Painlevé part converges to a finite integral of R(y) from y = —M to y = = as t — oo.
For the Airy part, we need the asymptotics of k,(t) for L + 1 < q < 2t — MtY/3 as t — oo for fixed
L, M > 0. The paper [2] obtains a weak one-sided bound of #,(t) for et < ¢ < 2t — Mt'/3 as t — oo, where
€ > 0 is small but fixed. The technical part of this paper is to compute the leading asymptotics of () in
L+1 < q<2t— Mt'/? with proper control of the errors so that the Airy part converges. The advantage
of introducing L is that we do not need small values of ¢, which simplifies the analysis. The calculation is
carried out in Section 3. Finally, for the exact part, the asymptotics of Dy, (t) as t — oo are straightforward
using a steepest-descent method since the size of the determinant is fixed and only the weight varies. The
limit is given in terms of the Selberg integral for the L x L Gaussian unitary ensemble, which is given by a
product of Gamma functions, the Barnes G-function. The asymptotics of the Barnes G-function as L — oo
are related to the term ¢’(—1) (see (48) below). The computation is carried out in Section 2.

Now we outline the proof of the formula (10) for E(z). In the study of symmetrized random
permutations it was proven in [4, 5] that, in a similar double scaling limit, certain other determinants
converge to F (z) and Fy(z). But it was observed in [4, 5] that these determinants can be expressed in terms
of ky(t) and 7,(0;¢) for the same orthonormal polynomials (30) above. Hence by using the same idea for
D,,(t), we only need to keep track of m,(0;¢) in the asymptotic analysis of the orthogonal polynomials. See
Section 5 below for more details.

This paper is organized as follows. In Section 2, the asymptotics of the exact part of (37) are
computed. We compute the asymptotics of the Airy part in Section 3. The proof of (9) for F(x) in
Theorem 1.1 is then given in Section 4. The proof of (10) for E(x) in Theorem 1.1 is given in Section 5.

While we were writing up this paper, Alexander Its told us that there is another way to compute
the constant term for F(x) using a formula in [5]. This idea will be explored in a later publication together
with Its to compute the total integrals of other Painlevé solutions, such as the Ablowitz-Segur solution.

Acknowledgments. The authors would like to thank P. Deift and A. Its for useful communications. The
work of the first author was supported in part by NSF Grant # DMS-0457335 and the Sloan Fellowship. The
second and third authors were partially supported by NSF Focused Research Group grant # DMS-0354373.
2 The exact part

We compute the exact part of (37). From equation (27),

L
1 L ) 9
Dp(t) = ——— / 2t 251 o8, er — i dl;. (39)
(27T)LL! [—m,m] L 1§k1:[£§L| ‘ 31;[1 !

Following the standard stationary phase method of restricting each integral to a small interval —e < 0 < e

and expanding e and €2/<°*% in Taylor series, Dy (t) is approximately
1 L g L
20L—t S F 62 _pn,1? .
(2m)LL! /[ ge - 0 L 10— 6] H b5 (40)
: 1<k</<L j=1

as t — co. By extending the range of integration to R”, we obtain

e2tL -1
tim D0 (D) =1, (41)
where
Herm 1 -t 92 2 L
Dierm 4y = ﬂ/[_oooo]f =% T 16k — 6l _Hdej. (42)
’ 1<k<t<n Jj=1



This integral is known as a Selberg integral and is computed explicitly as (see for example, [22], equation
(17.6.7))

. aL/2 L-1 aL/2
DL™(t) = 9L(L—1)/24L?/2 H qt = 2L(L—1)/2tL2/2G(L +1), (43)
q=0

where G(z) denotes the Barnes G-function, or double gamma function. Some properties of the Barnes
G-functions are (see, for example, [26, 6])

G(z+1)=T(2)G(z) (44)
G(1)=G((2)=G3)=1. (45)
1 1 1 3 3 1 1 3
1 — ) =—1log2— -1 —('(~1 1 — ] =—1log2+ -1 —('(~1 4
0gG<2> 571082 — Jlogm+ oC'(=1), ogG<2) 5 1082 + Jlogm+ S¢(=1), (46)
G(n)=112!---(n—2)! n=2234,---. (47)
22 3 5z 1 , 1
logG(z—l—l):?logz—Zz +§log(2w)—ﬁlogz+C(—1)+O = as z — oo. (48)
Therefore,
lim lim (log(Dy) — <{ 2Lt L—Qlo (2t) + L1 log L §L2+<’( D) =0 (49)
L0 1 \ 0BT g 8 2 T 12) %7 T -
3 The Airy part
The main result of this section is Lemma 3.10 which computes
[2t—MtH/3 1]
. . —92
Jlim imo Y7 log(kiy), (50)
qg=L+1
the Airy part of (37). We use the notation
2t
’7 = —. 51
. (51)

It is well known that the leading coefficients 2 of orthonormal polynomials can be expressed in
terms of the solution of a matrix Riemann-Hilbert Problem (RHP) [17]. We start with the RHP for m(®)
defined in Section 6 (p.1156) of [2], which is obtained through a series of explicit transformations of the
original RHP for orthogonal polynomials. For notational ease, we drop the tildes Let 6. be defined such

that 0 < 0. < 7 and sin® & = % For ¢ in the regime L + 1 < ¢ < 2t — Mt'/3 — 1, we have v > 1. Define

the contours C; = {e? : 0, < || < 7} and Cy = {e? : 0 < |0] < 6.} with the orientations given as in
Figure 1(a). Also define the contours Cj, and Cyyt as in Figure 1(a). Let »O®) =, UCy UCH, UCyu:. Now
let m®)(2) = m®(z;t,q) be the solution to the following RHP:

m®) is analytic in z € C\X5
mf) (2) = m(_5)(z)v(5) (z) for z € 25 (52)

m®) =T as 2z —



where the jump matrix v®)(z) = v®) (2, ¢) is given by

0 1
z € (Cy

—1 0

o= (L ") sec (53)
v zZ) = z
0 1 !
1 0
62‘10‘ 1) z e Cin U Cout'

Here

o) = [ /-9 - D (54)

where ¢ = e’ and the branch is chosen to be analytic in C\Cy and 4/ (s — &)(s — &) ~ +s for s — co. Then

(a) The contour %) for m(5). (b) Introduction of O¢ and O¢ (¢) The contour 3 for m(f).

Figure 1: Contours used in the definition of the RHP for m(® and m(®.

(see (6.40) of [2])
K2y = —etCTHoR Tl ) () (55)

and
7g(0) = (—=1)%m{}(0). (56)

We analyze the solution m(® to this RHP for the regime L+1 < ¢ < 2t — Mt'/3 —1 as t — co. Our
analysis builds on the work of [2] and makes two main technical improvements. The first is that the paper
[2] only considered the regime when et < g. Hence ¢ necessarily grows to infinity. In this work, we allow ¢
to be finite. The second is that we compute a higher order correction explicitly to the asymptotics obtained
in [2]. This higher-order correction contributes to the sum (50). In [2], only a one-sided bound of a similar
sum was obtained. We merely outline the analysis for the parts that overlap with the analysis of [2].

From the construction of « in [2] we have that ‘e‘o‘(z)’ < 1 for z € C; and ’eo‘(z)‘ < 1for z €
Cin U Coyt- If we formally take the limit of our jump matrix v as q — oo the jumps on the contours Cj,
and Cyyt approach the identity matrix and the jumps on Cy and Cs approach constant jumps. This limiting
RHP is solved explicitly by

)= 2B+ 5 (B0
w000 = (500 1650): o



1/4 —
where ((z) = (zigi) , which is analytic for z € C\ C3 and § — 1 as z — co. Note that

00 1 q 00 vl 2t—q
mp0) = -z =g MY =/ =y (58)

However, the convergence of the jump matrix v(®) () is not uniform near the points & and &, since

a(§) = a(§) = 0. Therefore a parametrix is introduced around these points. For fixed § < 155, define

Oc={z:]z—¢] <dlE—¢€l}, Og={z:]z—¢ <dl¢—¢]}. (59)

Note that the diameter of O¢ is of order —”,Y_l and varies as t and ¢ vary. The diameter approaches 0 as

v — 1 or ¥ — 0o, which happens when ¢ is close to 2t — Mt'/? or L + 1, respectively. However, the point is
that in the regime L+ 1 < ¢ < 2t — M/3 — 1, the diameter of O¢ cannot shrink “too fast.” Therefore, the
usual Airy parametrix for a domain of fixed size still yields a good parametrix for the RHP in the regime
under consideration. The case when 7 — 1 “slowly” was analyzed in [2] for the leading asymptotics of m(%).
In this section, we also analyze the case when v — oo “slowly,” and also improve the work in [2] to obtain a
higher-order correction term.

Orient the boundary of both O¢ and Og in the counterclockwise direction. Now as in [2] (see also

[12]) for z € O \ ) define the matrix-valued function m, as

my(z) = (_12 j) Jreim/6 % ((ga(z)>§ (j = g)) ’ v ((gqa(z)>2/3> e (Go)

where w = €27/ and

Ai(s)  Ai(w?s) _migy 9

e 0< < £
Ai'(s)  w?Ai'(w?s) ¢ arg(s) 3
Ai(s)  Ai(w?s) ni 1 0 5

6 73 , 7 < <,

U(s) Al'(s) w?Ai'(w?s) ) TS (61)
S) =

Ai(s)  —w?Ai(ws) zi, (1 0 < arg(s) < 42

6 93 s s arg(s =,
Ai'(s)  —Ai'(ws) 11 s 3
Ai(s) —w?Ai(ws)\ _x 4

693, T< < 2.
Ai'(s)  —Ai'(ws) 3 < arg(s) <2m

We can define my,(2) = m,(%) for z € Oz by (60). For z ¢ ¥y (O UOg), let my(2) = m®>) (). Tt is
shown in [2] that m, then solves a RHP that has the same jump conditions as m(® on the contour Cy as
well as on X(®) N O, where we define O = O, U O¢.

Define R(z) = m® (2)m;*(z). Then R solves a RHP on £ = 90 U ((C1 U Cin U Coyt) N O°) with
jump vgp = mp,v(f’)vglm;E. Explicitly, the jump matrix vg is given by

07 z € (2(5) n O) U C27
(o) [0 €Y (o))t
m e 0 (m>) = ze C1NO°,
VR = I + 0 0 (62)
m(5:%0) 2qa 0) (m®2))=1 2 € (Cin UCom) N O,
e
q%v‘ll%a + U}Ega S 60,



where v%" is given explicitly in Lemma 3.1 below, and the matrix v% is defined as vl = vg — I — q%quO‘ for

z € 00. Since m® (0) = R(0)m,(0) = R(0)m(5>)(0), we have m$} (0) = ——=(R22(0) = V7= TR21(0)) and
mg‘?(()) = —\%(312(0) — /7 — 1R11(0)). Therefore

53_1 — %eQ(’YHog’YJrl)(Rm(O) _ /”Y _ 1321(0)) (63)
and 1y
7q(0) = — =) (R12(0) = /v — 1R11(0)). (64)

\/f_y

In [2], for z € OO, the jump matrix vy is approximated by the identity matrix I and the terms
1

q—avg‘ + vg are treated as an error (for the case when et < ¢). For our purpose, we need to compute the

contribution from the next order term ——v%" explicitly.
«

It will be shown in the following subsections that for any e > 0, there are Ly and My such that
for fixed L > Lo and M > My, there is tg = to(L, M) such that |jug — I||p~(x) < € for all t > ¢y and
L+1<q<2t— Mt'/3 —1. This was shown in [2] for et < g < 2t — Mt'/3 — 1. Then we proceed via
the standard Riemann-Hilbert analysis as, for example, in [2]. Let €(f)(z) = 5= [5 z (fz) ds be the Cauchy
operator defined for z ¢ ¥. For z € X, €_(f)(z) is defined as the nontangential limit of €(f)(z') as 2’
approaches z from the right-hand side of . Define the operator €g(f) = €_(f(vg — I)) for f € L*(X) and
the function p = I + (1 — €g)"'€xI. A simple scaling argument shows that €x is a uniformly bounded
operator for L +1 < ¢ < 2t — Mt'/3 — 1. Since the supremum norm of vz — I can be made as small as
necessary, we find that for L and M fixed but chosen large enough, (1 — €z)~! is a bounded L? operator
with norm uniformly bounded for ¢ sufficiently large for all ¢ such that L+ 1 < ¢ < 2t — Mt'/? — 1. By the
theory of Riemann-Hilbert problems,

1 -1
R(z)—1 = —_/ p)vr=1) ;0 (65)
2mi Jsy s—z
Define the contours £* as the part of ¥ in the upper-half and lower-half planes, respectively. That
is,

YE =30 (+3(2) > 0). (66)

Also define
Ct=01n¥*, CE=0nnxt O, =Coun¥® (67)

as shown in figure 1(c). Now, by the Schwartz-reflexivity of vg (see [2], p. 1159) and u,

1 -1 1 -1
1 [ ) -, T [ ae)eae -1, o)
271 Js- S 21 Js+ S
and therefore ) s
R(0)— [ =R [—, / Mds] . (69)
™ Jy+ S
We write this as
R(0)— 1 =RY + R® 4+ R® 4 RW 4 RG) (70)
where
RM =% i/ ivqa(s)é
Ti Joo, 90 R s |’
1 ds 1 ds
@ _p| = B (s) 22 G Rl Y aVid
e ROR O N B VOO R ] , ()

10



RY =R [i /Cmc+ p(s)(vr(s) = I)—

out

Hence using (63),

[2t— Mt/ 3 —1]
> log(r2)
q=L+1
[2t—MtY/3 1) 1
= Y { —a(=y +logv+1) + 5 logy —log (Rz2(0) — /7 = 1R21(0))}

q=L+1 (72)
[2t—MtH/3 1]

TR L

q=L+1

—log (1+ RSy (0) — /7 — LIRS} 1og(1+;1+R \/\/—_RR()(J}.

3.1 Calculation of R®) = R [% faog q%v%a(s)%}

First, we compute v%" explicitly.

Lemma 3.1. For z € 00¢, the jump matriz vg(z) can be written as vg = I + qiav%a +vE where

o _ L[ diPE+ap? i(dif-af?) 5 T
R = 2 <i(d152 —af?) (i + 015_2)> ’ dy = ——5 (73)

and

vE =0 <ﬁ) | (74)

Proof. On 00¢, vg = mp_m;i. On this contour m,_ = m>>) and m, is given by (60). Thus for z € 9O

2/3 2 7 -3 . 1
vg =m0 emae()os g1 <(gqa(z)> ) ((ga(z)) (z _2)) e‘i”/ﬁq_%% (_11 :1) :

(75)
For 0 < arg(s) < =&, consider (see (61))
_ (Ai(s)  Ai(w?s) —(in/6)c
W(s) = (Ai/(s) w2Ai' (w?s) ¢ ’ (76)
with w = ¢*7/3. From Abramowitz and Stegun [1] (10.4.59) and (10.4.61), for |arg(s)| < =,
: e (2/3)s%" ¢ 1
AI(S) g 72\/%51/4 (1 - —%33/2 + O (W)) (77)
1/467(2/3)53/2 d 1
All(s) = =2 jp— 0(—)) 78
He) e (13m0 (5 )
wherein ¢; = 7—52 and d; = —7—72. Also note the identity
Ai(s) + wAi(ws) + w?Ai(w?s) =0 (79)

11



and, from Abramowitz and Stegun (10.4.11.13),

WAi(s), Ai(ws)] = %e_i”/ﬁ (80)
WIAi(s), Ai(w?s)] = %ei”/ﬁ (81)
WAi(ws), Ai(w?s)] = %ei”ﬂ. (82)

Using det ¥(s) = W[Ai(s), Ai(w?s)] = 5=¢"™/%, we have

i) = (D Gi). (53)

Using 2A(2)*/? = a(z), equations (77) and (78) yield

7))
M) = ‘% (1 "t (|qa|2>) )
Al g P2(z)) = % (1 T (Iqal2)> (86)
WA (W2 PP A(2)) = —% (1 + 8o (|qa|2)) : (87)

We insert the asymptotics (84)-(87) into (83) resulting in the asymptotic formulas for 0 < arg(¢?/3A(2)) < 7
and ga large,

0'3/6
; 1 -1 1 /(dy —c 1 3
—1/,.2/3 i /6 qaos 1 1 2
U1 (g* P N(2)) = Ve Pe {( ; z) + o (id1 icl) +0 (|qa|2)} (zqa> . (88)

It is straightforward to compute an analogous expansion for W~'(s) for the other values of arg(¢*/3\(z))
in equation (76). To do this one must use the asymptotic formulas (77) and (78) as well as the additional
expansions (10.4.60) and (10.4.62) from Abramowitz and Stegun [1]. Namely, for | arg(s)| < 27/3,

s~1/4 2 49 T 3c 1
(—s) = 2— |g3 23/2 L D) 1 3/2
Ai(—s) = Nz [Sln(3s +4) 25372 Cos(3 +4>+O(| |3>} , (89)
, s/ 2 ™ 3dy 1
Ai(—s) = 7 [cos (533/2 + Z) - 253}2 sin (353/2 + 4) +0 (W)} . (90)

After carrying out this computation, the first two terms in the expansion are the same in all four regions.
In other words, (88) is valid not only for 0 < arg(¢?/3\(z)) < 27/3 but for all regions in the definition of ¥
n (76). Inserting the expansion in (88), equation (75) reduces to
1
0(iz). (o1)
lgo?

7 1 < i +capB? i(dif? - f?) >
for all z € 00k. O

* % 2qa \i(d1* —e187%) —(di* + a17?)

Now we explicitly evaluate R(1).
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Lemma 3.2. We have

11 1 - y=1)1/2
Sqa(y—1 24 —1)i/2 24
RO — Ii(v ) (V_q;y)m 8q(vy 1)1 lqv . (92)
8q(v—1)1/2 T 24qy “8-D T Ty

Proof. From Lemma 3.1, it is sufficient to compute the integrals

1 B(s)? 1
1 = % 00, Q(S)Sds and IQ = % /805 mds (93)

We will use the relations & = e*c and
2(y — 1)1/2 —2 6. 1 . —1\'/?
sin(f.) = (77), cos(f.) = L, sin|— | =—=, cos|— )= R . (94)
gl gl 2 yi/2 2 gl

Note that a(z) = Z(z — £)3/2G(z) for an analytic function G(2) in O¢ (see the bottom line at p.1157 of [2]).
Hence by residue calculations,

1 3 3 1
"7 5 o, 06 DGR 2 - DG o
and
L[ B 3(d [
7 2mi Jyo, 2 —€PGR)ET T 2 (d_ { G(2)z D - (96)
_3 [ 1 _(E-9"*ae) (5—3)1/2]
2 [2(6 - €)2G(6)¢ G(§)*¢ G(E |
But since a(z) = 2(z — £)%2G(2) and o/ (2) = =22 /(2 — &) (2 — &), a straightforward computation yields
that
. ad(z yE+1,,. <
GO =lm =5 =~ @ € -9 (97)
and
ey 3 ((E+2)(E -9 £+1
O e =] o
Using (94), we obtain
-3 3 .
R R e E (99)
and
3 3 3 3(y =D\
T R o <4(7 D2 5y ) " oo
Therefore,
W _ el T 50 b 1
Ryy = =Ry, = q%[ 7211 + 7212} RS (101)
and ( /2
W _p _ 1T 5] 1 (-1
R12 = R21 = E\Y |:7211 + 72[2:| = 8q(’y — 1)1/2 24(1,7 . (102)
O
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2) __ 1 1 d
3.2 Bound on R® =R [E fBQ wn(s) - O (W) ?S]
We begin by establishing the leading term of a(z) for z near &.

Lemma 3.3. For 1 < q <2t and for z such that |z — £| < min{3, |¢ — £},

2 ~3ir/4_—3i 50(y — 1)*/4]z — ¢°/2
a(z)—§(7—1)3/4(z—§)3/26 3 /4e 3i0./2 < ( ) | | (103)

- €~ ¢l

Proof. Write z = £(1+¢). Then || = |z —&| < min{3,[¢ —£|}. Under the change of variables s = £(1 4 eu),
equation (54) for a(z) becomes

3/2( /¢ 1/2 1 4 &<y,
a(z(e) = - L& 1+5 E_u 1+ (104)
—£ (1+ eu)?
Using ¢ = €% and (94), we have
_’753/2(1 +OVE-E — (y = 1) e 3m/ABI2 = (o _ )34y — g)3/2pBim/1p=310:/2, (105)

4V¢

For the integrand in (104), using the inequalities |(14+w)Y2 —1] < |w]| for |w| < 1 and |[(14+w)~2—1| < 10|w|
for |w| < 1, and using the fact that and 1 < —2—, we obtain

\1+£\ W = le=¢’
Y21+ fu 50 50| —
’ (1+£_u) )< el _ 50lz=¢f, (106)
£€-¢ (1+eu) E-¢  [E-¢
Therefore, we obtain (103). O

Lemma 3.4. For L+1<q<2t— M/3 — 1, there is a constant ¢ > 0 such that

2
(2) C(2t)
|R | = q3/2(2t _ q)5/2' (107)

Proof. On 00, |z —&| = 6|¢ — €| < 5|¢ — £|. Hence from Lemma 3.3, we have

[

3/2 _ _ 3/2
@) 2 gl = 1%/ - €2 = Ty - ¥l — 82 = 3092122 (108

for z € 0O0¢. Therefore, as ;v and % are bounded on 90k,

3 2

2mc/y20l€ — €| oy
R®| < ¢ / T _jds| = - 109
El < 00, (v — 1)3| | ¢*(y - 1) q*(y —1)%/2 (109)

A(y—1'2

for some constants ¢/, ¢ > 0, as £ — | = =

3) 1 d
3.3 Bound on R® =R [E fcj wn(s)(vr(s) — I)f]
Since ju(s) and 1/s are bounded on C;, |R®)| < ¢|jvg — I||L1(Cl+) for some constant ¢ > 0. But on C},

vr(2) — I = O(e~29*()). Hence
|R(3)| < c||e*2qa(Z)||Ll(Cl+)7 (110)
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for some constant ¢ > 0. For z = ¢ € C; (hence 6, < 6 < ), using

V(e e —8) = [(e — e )(e" — i) 2eim O, (1)
we have
P .
: 1 i : ; . . -
oz(ew) = —% / —ZZ (e'? — eife)(ei? — e—10c) . ie'®dg
e 3
. ) . (112)
= *y/ cos (?) sin'/? (b) sin'/? (d) > deo.
0 2 2
(Recall that v = ) Note that a(¢) = 0, a(s) is real and positive on O}, and a(e?) increases as @ increases.
Lemma 3.5. For 1 <q <28,
- 1
o) > /307~ 1)(6 — 60’ (13)
™

for 0. <0 <m.

Proof. We consider two cases separately 0. <3 andb.> 3
Start with the case when 0, < . We cons1der two sub-cases 0 < 2—” and 6 > 2” When 0 < %’T,

0< % <3, 0< ¢+00 <z < 5. Hence using the basic 1nequahtles cos(zx) > 2 for0<z <3
and sin(x) > %xforogxgl Weﬁndthat
i Na Y
a(e”) > o / (6 +60)!%(6 = 0)!/2do > — / (6= c)dd = (0 — 6.)". (114)
When 6 > 2% from the monotonicity of a(e’) and using (114),
. 2 . 27T 2
a2 a2 L (F-0) (115)
4\ 3
For 0 < 6. < % an d%g@gw,wehave%”— cZ%Z%(G 0.). Therefore,
0y > T —(0-0 g 116
For the second case, when 0. > %, using the change of variables ¢ — 7 — ¢,
T—0
. e —0, —0,) —
ale') = *y/ sin (%) sin’ (%) sin'/2 (W) do. (117)
T—6

Note that 0 < % <Z 7,0 < M <7-0.< %’T, and 0 < W < % Using the basic inequalities

sin(x) > %x for0 <2< Z and sin(x) > 34‘7{:6 for0<z< %’r, we find that

T—0.
a(e”) > 83;2 / |, PO+ (=) (= 0) — 9)' P
T—0.
> [ =0~y (118)
Yy B o 2
— IGﬁ(ﬁ 0c+2(r —0))(0 —0.)? > 16\[7T2( —0.)(0 —6.)°.

Since 4 /1777 = cos (G—QC) = sin (”_GC

; 9
) > ——/v(y—1)(0 - 0.). 119
a(e”) = WA vy = 1)( ) (119)
Combining (114), (116), and (119) completes the proof. O
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Lemma 3.6. For L+ 1< q <2t — Mt'/3 — 1, there is a constant ¢ > 0 such that

2
@< 20

Proof. Let €' be the endpoint of C; on dO¢. Note that since radius of 9O is 0]¢ — &| = 45 7{1,

vy—1
0, —0, > 46— (121)
Y
Using Lemma 3.5 and changing variables,
T — 1/2 0o
e ey < [T s () [T et (122)
! 6. av/v(y—1) .

e m—(%ﬁﬁE§>mw* 00z ()" e

Using the inequality f e 2 dy < 5 fora >0,

1/2 2 2
_ 3 1 97 (2t)
2qa
e e = (q vy - 1)> w3 = 185 PRt 12y

Hence from (110) we obtain (120). O

3.4 Bound on R® =R [% fCiJI.UCSLut wn(s)(vr(s) —I) %]
As before, since on C’Jr U C’out the functions p(s) and % are uniformly bounded and vg(z) — I = O(e —2qa Z))
B9 < ¢llor = Il et < e oo (125)

for some constants ¢/, ¢ > 0.

Lemma 3.7. For L+ 1< q <2t — Mt'/3 — 1, there is a constant ¢ > 0 such that

c(2t)?
R < W (126)
Proof Let 79 = csc?(£5). Let 64 > 0 be a small positive number defined on p. 1152 of [2]. We estimate
~242 in the following three cases separately: (i) 2t(146,)"! < ¢ < 2t — Mt'/3+1, (ii) % <q<2t(1+4684)7t
and (iii) L+1 < ¢ < 2.
(i) For 2t(1 4 64)~! < ¢ < 2t — Mt'/3 — 1, from (6.37) of [2], there are constants c1, ca, c3, ¢4, c5 > 0
such that

o0

||e22® ||L1(C+Uco+ut < cl/ : e~ dg 4 cye” 0. (127)
C2vVY—
Using the change of variables y = c3qx?,
c1 e e Y _
e lneguono < =g | 2y + caem
Licituct,) 3C§/3 13 Jepg(y—1y2/2 Y*/3

= ﬁ(l1)676363(1(771)3/2 + cqe” 51 (128)

263 -

< C1 C4q
= 3c33¢% (v — 1)5/2 c2q®
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Since vy > 1 and v — 1 < 1+ d4, we find that

2 2
2q0r ey B c(2t)
e ||L1(c;ucjm) < (v —1)5/2 - /2 (2t — q)5/2 (129)

for a constant ¢ > 0.
(ii) For % < ¢ <2t(1+484)71, note that the radius of O is of O(1). Hence a standard calculation in

Riemann-Hilbert steepest-descent analysis shows that for z € Cif N Cl,, R(a(2)) < —¢’ for some constant
¢’ > 0. Since the length of L'(C;F U CZ,,) is bounded,

out
C// CI/I’72 C/// (2t)2

2qa < —2c/q < < —
1™ L ciues,) < ¢'e T(20)2¢ T Ay -1 @322t — )52 (130)

for some constants ¢”,¢”" > 0.
(iii) Consider the case when L+ 1 < ¢ < % Then 0 < 0. < 75. In this case, we make a specific

choice of C’; and CT . :

out*

CF = infelPetsm 25 <p< — —
in {§+p51n ‘ =P= Tein(0. + In)

i 1
C(;tlt = {5 —I—psincez((fc*%ﬂ 1) S P S —1}
—sin(f. — 5)

(131)

The contours C;_are straight line segments from & to a point on the positive real axis. (Recall that O¢ has
the radius §|¢ — ¢| = 26sinf..) Now we estimate R(a(z)) for z € Cf UCL,,. For z € C;f, take the contour

out*

in (54) to be the straight line from & to z. Then one can check from the geometry that

0 <arg(l+s) <6, 0 <arg(s) <0, arg(s — &) = 0. + %T
m 5T 2T (132)
B <arg(s — &) < o — 0., arg(ds) :9C+F'

Therefore the argument of the integrand in (54) is in [27, 27+ § +20.] C [27, 27+ %] since 0 < 0. < 5. Thus,
the cosine of the argument is greater than or equal to cos(%) = % Therefore, for z = £ + psin f.ei0c+5m) ¢
C+

in’

by the change of variables s = £ + ysin f,¢/ (@t

L s - 6 - B)jas

ysin 6. 6i<970+%)| (133)

’Y z
Roe) < -7 |

. ) 1
_751112 0. cos(%) /p 1+ 2cos(%2) _ ‘1 B ilyei(ech%")’l/Qdy.
2v/2 0 |1+ ysinf.e's |2 2
Using the inequality |1 4 ze’®| > |sin¢| for all z € R, and using 0 < 0, < % and |y| < m <2, we
have

vsin® 0. cos(%) (7
R(a(z)) < _W/o Vydy

_ V2 (V_—1>3/2p3/2 (134)

27 ¥
\/5 v—1 3/2
<5 () e



forzGC"Ir For z € C

out»

taking the contour in (54) to be the straight line from & to z, we can check that

0<arg(l+s) <6, 0 < arg(s) < 0., arg(s — &) =0, — il
T . (135)
i . <arg(s— &) < arg(ds) =0, — 5

Hence the argument of the integrand in (54) is in [0, — F,20.] C [~F,%]. Therefore, for z = £ +
psinfeei®e—5m) ¢ Chy,s

ol 3

~ “11+s -
Ra(z) < ———= s—&)(s—¢&)||ds
(af2)) < e (s = &)(s = &)|lds|
" 0.
. 9 0. 0 1+ M i(5—F)
S_751n Gccos(z)/ i 2cos(2) ‘l—zlye( 6)1/2dy
2 |1+ ysinf.e~'% |2 2
(136)
3/2
< -
- 27f< )
25 3/2
27f( )
From (134) and (136), arguing as in (130), we obtain
/! 2
2 "(2t)
||e qo ||L1 (ctuct,) S W (137)
for a constant ¢’ > 0. Hence we obtain the estimate for |R(Y)|. O
5) 1 qad
3.5 Bound on R® =R [E faog(/"(s) I) 2
Lemma 3.8. For L+ 1<q<2t— M/3 — 1, there is a constant ¢ > 0 such that
2
(5) C(2t)
|R | = q3/2(2t _ q)5/2' (138)
Proof. As p—1=(1—¢€g)"'¢xI, and as (1 — €)~! and €_ are uniformly bounded,
I = IllL2(z) < coll€rlll2(z) = col|€-(vr = D2z < callvr = Il|L2(x) (139)

for some constants cp,c; > 0 when t is large enough. Below, we assume that ¢ is large enough so that the
above estimate holds. Now

qo d
R < [t - | 2
d0¢ qo | s
qo
< 2[|p—1If|z200,) (140)
qo L?(90¢)
vqa
§2cl||UR_I||L2(E) — .
L2(00¢)

Since f(z) = (%)1/4 is bounded above and below for z € O¢, v%'(2) in Lemma 3.1 is bounded.
Using (108) and the fact that the radius of Of is §|¢ — &| = vyl V,Yv_l, we have

a2
’ vk c__er o) (141)
9@ || 200, ~ Py =12 @322t —q)?2
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for a constant ¢ > 0.

’Uqa . .
Write ||[vg — I||%2(E) =||lvgr — I||%2(60) +||lvr — I”%?(E\aO)' Asvp — I =k +vE in Lemma 3.1 is
bounded by I(‘;—g‘ for a constant c¢3 > 0, we have, as in (141),
2 _ 2 ca(2t)?
lvr = 17290y = 2llve — I|[12 00y, < PRt = (142)

for a constant ¢4 > 0. On the other hand,

lor = 11l a(s\00) = 2ller = 11 a0, +2llom = 11 s uc
) (143)

out

o)

out

< C3(||6_2qa||L2(cl+) + ||€2qa||L2(c¢]Uc

< 03(||672qa||L1(cr) + ||€2qa||Ll(c$Uc

for a constant c3 > 0, since e729% < 1 for z € C; and €2?* < 1 for z € C;f UCZ,,. Hence from (124)
and (130), we have

2 C4(2t)2
llor = |72 (s 00) < FR2t = g2 (144)
for a constant ¢4 > 0. By combining (141), (142), and (144), we obtain (138). O

3.6 The Airy part

From Lemmas 3.4, 3.6, 3.7, and 3.8, we find that, for L+ 1 < ¢ < [2t — Mt'/3 — 1], there is a constant ¢ > 0
such that

5
; ; 2t)2 c(2t)?
RO(©0) = 4 =1R9 (0))] < =< . 145
;( 22( ) v 21( )) — q3/2(2t—q)5/2 q2(2t_q)2 ( )
We need the following result.
Lemma 3.9. We have
[2t—MtH/3 1] (21)?
lim limsup 7= =0 146
M=o oo q;l @2 (2t — q)5/2 (146)
and ,
[2t—Mt'/3 1) 9
. . (2t)
lim limsu ——— =0. 147

g=L+1

Proof. We use the following basic inequality. Let a,b be integers. Let s(x) be a positive differentiable
function in an interval [a — 1,b+ 1] and there is ¢ € (a, b) such that s'(z) <0 for z € [a—1,¢) and §'(z) > 0
for z € (¢,b+ 1]. Then

b b+1
Zs(q) < /71 s(x)dx. (148)
(2t)2

As a function of 0 < ¢ < 2t, ) — decreases for 0 < ¢ < 2t and then increases for 3t < ¢ < 2t.
)57 1 1

372 (2t—
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Hence

[2t— Mt/ 3 —1]

lim lim sup Z L
M—co tooo St q3/2(2t — q)>/?
2t—Mt'/3 2
(2¢) (149)
< -~ 7 @
pm lim sup /L 372(2t — q)5/2 dq

26— Mt'/3

4(—3t? + 6tq — 2¢?) 0

3t(2t _ q)3/2q1/2

= hm hmsup[

[—00  t—oo

As a function of 0 < g < 2t, % decreases for 0 < g < t and then increases for t < g < 2t. Hence

[2t—MtY/3—1)

N (2t)?
lim limsup Z S IGYSEY)
—00  t—o00 g=L+1 q (2t — q)

26— Mt'/3 2
< lim lim (2¢) (150)
L—oo t—oo L (2t — q)
2t—Mt'/3
) . —2t+2q 1 2t —q
= lim lim |——— — -log( —— = 0.
L—o00t—00 q(2t — q) t q I
O
Now we prove the main result of Section 3.
Lemma 3.10 (Airy part). We have
[2t— Mt/ 3 —1] 1 1 3
. . -2\ (.2 ) (12— 2
,lim  Jim > log(k?) (t 2L+ 5 L% log(2t) — (5L 12)10gL + 1L
q=L+1 (151)
1 4 1 1
— EM — glogM—i- ﬂ10g2) =0.
Proof. We first prove that
_ 1/3 _ _ 1/3
lim  lim . Mi 1(1)]g(f<a_2 ) — . Mi ! —q( — % + log (2 ) + 1) + = ! log (%)
L,M—o0 t—0o0 q-1 2 q
q=L+1 g=L+1 (152)
1 1
_— 4+ — =0.
RN 12q)}
Using 1+ RS (0) — v — IR (0) = m — 137 > 3 and using Lemmas 3.4, 3.6, 3.7, and 3.8,
we find that . (‘) @
R0 VAT o) |2
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for L +1 < q < [2t — Mt'/? — 1], when we take ¢ large enough. Hence using |log(1 + z)| < 2|| for |z| > 3,

[2t—Mt'/3 1] 5 i) 0
im lm | > log (1 . Zi—z(ffl%z (0) = VA= lﬁ(’% (0))> |
boMzeot=ee | T 1+ Ry (0) — vy — IR3/(0)
[2t—MtY/3-1]| 5

. . (1
<
< dm fma 30D (R) - VY- TRy >‘ (154)

q=L+1 1=2
[2t—Mt/3 1] 9 5

L (2t) (2t)

< lim lim 4c + =0
L, M—00 t—00 q:zL;ﬂ PRRt—q)32 T @2t —q)?

using (145) and Lemma 3.9.
On the other hand, from Lemma 3.2,

[2t—M¢t/3—1] [2t—MtY/3 1) 1 1
log(1+ R$(0) — /7 — 1RY(0)) = log (1 - = — — ). 155
Z og(1+ Ry, (0) v 51 (0)) Z 0g 82t —q) 12¢ (155)
q=L+1 q=L+1
Using —2? <log(l —z)+z <0for 0 <z < 1,
—MtY/3 MY/
SR (R P S
Py 8(2t—q) 12¢ i 8(2t—q) 12¢
[2t— Mt/ 3 —1]
1 1 1 (156)
<
- q;l 64(2t — q)? * 48(2t — q)q * 144q2>

</2t e ! + 1( ! +1)+—1 dqg — 0
_t+r 1.1 .1 ~
=/, 64(2f —q)2 " 96t'2t —q ¢’ " 144g2 )™

as t — oo by evaluating the integral explicitly.

Using (154) and (156) in (72), we obtain (152).

Now we compute each term of the sum in (152). Note that [2t — Mt'/3 — 1] = 2t — Mt'/3 — 1 — ¢
for 0 < e < 1. We have

[2t—MtY/3 1) of [2t— Mt/ 3 —1] 1 1
Z (—q (——+1>) = Z (2t—q):5(2t—L—1)(2t—L)—§(Mt1/3+e)(Mt1/3+1+e)
q=L+1 q q=L+1
(157)
and
[2t— Mt/ 3 —1] 1 1
> (—q+ 5 log(2t) = —5((2t — Mt'3 —1— )2 — L?)1og(2t) (158)
q=L+1
Since for positive integer m
m—1 m—1
> klogk = mlog((m log(k!) = mlog(I'(m)) — log G(m + 1), (159)
k=1 k=1
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we find that

2t—Mt1/3 1)

1
Z (q——) logq—(Qt—Mtl/S—e——) logT'(2t — Mt'/3 — €) —log G(2t — Mt'/? — e 4+ 1)
q=L+1

<L + ) logT'(L +1) +1log G(L + 2)
(160)

Note that from Stirling’s formula for the Gamma function and the asymptotes (48) for the Barnes G-function,
as z — 00,

+ 1) logT(z 4 1) — log G + 2) = 2_2_1 logz— 2+ %~ Nogam) + = — ¢'(—1) +0(1). (161)
Frg)eetls sHETA =A% R R R D) oL

Now using the fact that

K
1
lim | = —logK —4| =0, (162)
q
=1

K—o00

where v is Euler’s constant, we obtain

[2t— Mt/ 3 —1] 1 1 1
li ———— — —log(2t) + = log(Mt'/3)| = 163
Jm | DL gmog 5N+ gls(ME) =0 1o
q=L+1
and
[2t— Mt/ 3 1) L
1 1 1 1 1
Jm > o 128 T Z 0 (164)
q=L+1
Therefore, using (157), (158), (160), (163), (164), and (161), we obtain
[2t—M¢t/3—1]
2t 2t 2t 1 1
I | )+ 5 S
il X (o= e e+ g () + g+ )
q=L+1
L2
- (t2 —2tL + — 10g(2t)>
2 (165)
1
= _EM3_§1 gM+—10g2— —10g(27r)+——§( 1)
1 “
— 5L+ (L+ >logI‘(L+1)+10gG(L+2 (7 ZE)
g=1
Hence using (161) and (162) again, we obtain (151). O

4 Proof of (9) in Theorem 1.1: computation of F'(x)

Recall equation (37) which we rewrite here:

[2t— Mt/ 3 1) [2t+axt'/3]
2
log(e™"" D,,) = —t? + log(Dy) + Z 1og(m;_21) + Z log(n;_Ql) . (166)
exact part a=L+1 q=[2t—Mt'/3]
Airy part Painlevé part
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For the Painlevé part, from [2],

[2t+axt'/3]
L S L
q=[2t—M1t1/3]
1 1 1 (167)
R(y) — =v* + — Jdy + —a° — = 1
/M y +8y> y—|—12x 8og|x|
1
— M3 1 M.
+ 2 og
By combining (167), (151), and (49), we obtain
t2
ot~ Dut)
" (rwy -t Mays Lo b log2 4 ¢'(—1 o)
——/_M( W) - 739"+ 5 ) vt 57— g 0g|ﬂ€|+—4 0g2+¢'(-1).

5 Proof of (10) in Theorem 1.1: computation of E(x)

Let

1 /7 ;
I 2" 2t cos 6 Ued@. 1
20 =5 [ e (169)
Set (see [4])
D (t) = det(L;-x(2t) + Ljsni2(2))o<j<e—1, (170)
Dy (t) = det(Zj—r(2t) + Lisn+1(28))o<jhe—1- (171)
It is shown in Corollary 7.2 of [5] that for
_ L1/3
(=t+ §t ], (172)
where z lies in a compact subset of R, we have
lim le /2D (1) — F(z)E(x)] =0, (173)
lim [e™* “/2- 'D,;*(t) — F(z)E(x)| = 0. (174)

t—oo
In [5], the above results are shown (with Z in place of ) for the alternate scaling ¢t = £ — %Zl/?’. With the
above scaling ¢ = [t + £t1/3], we find T = (1 + £¢t2/3)71/3_ Since z is in a compact set, and E(z) and F(z)
are continuous, the above results follow. From equations (173) and (174), for a fixed x € R,

F@)E(@)? = lim e 'DA DY, 0=[t+ 211 (175)

t—o0 2

Let 7;(#;t) be the monic orthogonal polynomial of degree k with respect to the weight %6% cosfqg
on the unit circle, as introduced in Section 1. It is shown in Corollary 2.7 of [4] that (cf. (32) above)

o0 2
e~ 2D (1) K )1 = may50(0: ) = [ ——2 (176)
H 2]+2 J Jl;[l 1 + 7T2]+2(07t)
e 2mtpst H )1+ (0;¢)) = ﬁ e (177)
K T2j+1 T ny
2J+1 J i 1 - 7T2j+1(0;t)
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where the last equalities in (176) and (177) use the basic identity (see e.g [23])

2
K
1—72(0;8) = —=1.
K

Using equations (176) and (177), we can write

-1 ++
Dt =it T = D =D}t H Koy ()(1+ 725 (051)),
j=L

¢
,"=Dr" H i =D;* H ”23 5 (8)(1 = m2;-1(031)),

j=L+ j=L+1
and hence we have
20-2 -
DD =Dt Dt 1] ki H [(1 4+ m25(0;2)) (1 — w2541 (0;2))] -
k=2L—1 J=L

Using (recall that Dy = det(I;—x(2t))o<jk<r—1 is the £ x ¢ Toeplitz determinant given in (27))

a—1

D, 9
. H K’j (t)v
Dy =
we find that
0—1

- —+ Do
DDy = D Dy 5= [T+ m;(0:6) (1 = 7541 (0:8))].

2L—1 J=L

Inserting this equation into (175), and using (29),

Jj=L

In analogy to equation (37), we write

D++ D7+ [t— Mtl/%]
2log E(z) = lim lim (- t+log—=L— 4 N log[(1 + my;(05))(1 — m2;41(051))]
Doy,

L,M—o0t—o0
j=L

Exact part
P Airy part

[t+2 /3 1]

+ D log[(L4ma(0:4))(1 — maysa (051)] ) :

g=[t—A4e1/341]

Painlevé part

We compute each term as in the case of log F'(z).
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(179)

(180)

(181)

(182)

(183)

(184)

(185)

(186)



Lemma 5.1. (The Painlevé part) We have for x < 0 and M >0,

[t+2¢t/3 1]
A > log[(1 + m2; (05 £)) (1 — m2541(0;1))]
j:[t_%tl/&}-l] (187)
’ —y V2 V2(—x)3/?
:/ <Q(y)_ 7>dy+?M3/2—%.
-M
Proof. This follows from the following results in Corollaries 7.1 of [5]: for « in a compact subset of R,
lim > log(l +my42(0:1)) + log E(x)| =0, (188)
= =g e/
lim > log(l = m;11(0:1)) + log E(x)| = 0. (189)
= =g e/
We remark that in [5], the notations v(x) = —R(z) and u(x) = —q(z) are used. O

Lemma 5.2. (The Airy part)
[t—2L41/3)

lim  lim | Y log[(1 4 m;(0;4))(1 — w11 (051))] — (t— QM?’/Q - <2L— %) 1og2> =0. (190)

L,M—oot—o0 3
j=L

Proof. Using (64),

[t—2L41/3) 20t — M ¢1/3] 11 T 1
S log[(1+m(0))(1 — w41 (0)] = > log <1+1/LR11(0;Q)——Rlz(O;Q))- (191)
j=L q=2L v el

Using (70) and the fact that /v — 1R§11)(0) - R§12) (0) = 0, which follows from Lemma 3.2, this equals

2[t—My1/3) 41

2[t— 4141 5 (i) (i)
o -1 o 2o (VY —1R1{(059) — Ry (05 )
O (R e AP R (5 RS ) oo

q=2L q=2L

From Lemmas 3.4, 3.6, 3.7, and 3.8, the same estimate as in (145) holds for 2;—;2(\/7 - 1R§i1) (0; q)—RgiQ)(O; q))
for L +1 < q < [2t — Mt'/3 — 1]. Therefore the same argument as in (154) implies that the second sum
in (192) vanishes in the limit. Therefore,

[t—2L¢1/3) 2[t— M ¢1/3] 41 57

. . —q

Lmtm | 2 el 00 ) - 3 og (14254 | =0, 19)
= q=

We use the Euler-Maclaurin summation formula

b b / —Y(a b
> 50 = [ s@e+ LOEIO L TOVD gy < = [ 119@lds. (91)
k—a a . a

Set f(q) = log (1 + 1/%) and write [t — 2¢1/3] = ¢ — 241/3 — ¢ where 0 < e < 1. Then

2 — Mt/3 —2¢ +1 2L 1
tlir&f( 26+ )+ f( )=§log2, (195)
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and
fl(2t — Mt'/3 —2¢ +1) + f'(2L)

tlggo 6 - 4! =0. (196)
Also using f©®)(q) > 0,
9 22— Mt'/3 —2e+1 9
[Err| < 5 /2L 1 (q)ldg = @ (f"(2t — MtY/3 — 2¢ +1) — f"(2L)) — O, (197)

as t — co. Finally, changing variables to w = 1+ /29 and setting 6; = 1+ /=L and §; = 4/ Mtl/”r% L
2t—Mt'/3 —2e41 % g 14682
/ log | 1+4/—— | dq= 4t/ (1 — w)log(w)dw
2L 2t 5

1 1 1o
= 41{ (w — ng) logw + ~w? — w} (198)

4 5
V2, 1
- /2 _
= 3 —M 2Llog2+0(tl/3)

Hence the result follows. O

Lemma 5.3. (The exact part) We have

D++ D*Jr
lim lim |log —2=—="£_ — (2L —1)log2| = 0. (199)
L—o0t—00 oL—1
Proof. Note (see [4]) that
Dzjl L et i i [ei(j—k)é _ ei(j+k+2)9]e2tcos9d9:|

|27 0<j k<L—2
(1T ,

= det |— UtV gin((k 4 1)0)e C"bedﬁ} (200)
LT J—= 0<j,k<L—2
(2 [T sin((j+1)0) sin((k+1)0

— det _/ Sln((j. + ) ) . Sln(( : + ) ) sin2 962t0059d9:|
L7 Jo sin 6 sin 6 0<j k<L—2

Changing variables to x = cosf and noting that % is a polynomial in z of the form 2727 + --- (a

constant multiple of the Chebyshev polynomial of the second kind), we have

Ij-i—k / — 22 2tmd:c:|

9j+k+1

DH, = det [

0<j,k<L—2

9\ L1 9(L-1)(L-2) ) L-1 0
- - Th — Xy \J1 —ax2e*Tide,. 201
<7T) (L—1)! /[1_,1]L H | | ]1;[1 J 7 (201)

Y<kat<i—1

A steepest descent analysis yields that

2t(L—1)
—ul?. o =Yi oy —
A DE% t(L1)2+(L1)/27T(L1)(L—1)!/[0)OO]L11<kdI£L_1|yk yel jzl_[lx/y—ae “dy; 1. (202)
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The multiple integral is another Selberg integral (corresponding to a Laguerre ensemble) which is evaluated
explicitly as (see (17.6.5) of [22])

L—1 1
L G(L+ 3)G(L)
/ I e —wel [[ vse ¥dy; = (L - 1)!G—23- (203)
[0.00]" 1 cpcp<r—1 j=1 (3)
Hence .
M) G )
: ++ . € . 2 _
Am D7y <t<L—1>2+<L—1>/27T<L—1> a2) > ! (204)
Similarly,
D7t = det 1" (R0 4 ei(j+k+1)0)62tcosed9]
127 ) & 0<j,k<L—1

= det l/ e +2)0 g <(k + 1) 9> e2tC°sed0]
LT J—m 2 0<j,k<L—1
= det —/ cos ((] + —) 9) cos ((k + —) 9) e2tcosed9]
LT J—x 2 2 0<j k<L—1

~ det -l /w COS ((.]+ %)9) COS((k+ %)9) C082 (g) thcostH]

FLg — cos g cos g

0<j,k<L—1

COb((JJr )0)

l\)l»—t

1
Setting x = cos § and noting that is a constant multiple of a Jacobi polynomial P( 2)(90) of the

form 2727 + - - -, we have
2L(L71) 1 1
DZ+ = 7 det / Itk 1+—x82mda:
T -1 - 0<j,k<L—1
2L(L—1) / 1 + T
- |zp — 2¢)? — Mfdx (206)
7TLL' [,1_’1]L ISIESL H
A steepest-descent analysis implies that
. -1
e2tL ) 12
- _ : Y5y -
tlggoD tL*=L/27 L) /[o,oo]L 1<k];£<L e jljly] cr - 207

The multiple integral is also a Selberg integral (see (17.6.5) of [22]), and we obtain

1

dm Dy (thth/LzﬁL S +é)g§L - %)> =1 (208)
Using (204), (208), and
eAtL—2t -1

tliglo Dap—1- ((Qt)2L2—2L+§(2ﬂ-)L—§ G(2L)) =1, (209)

which follows from Section 2 (the exact part for Fy(x)), we obtain

++ p—+ 202 L 1y2
Jim, [log P (iw | [G(L&Sé%%@giﬁ - D) - (210)
The result is now proved using the properties (46) and (48) for the Barnes G-function. O
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Combining equation (186) and Lemmas 5.1, 5.2, and 5.3, we obtain

x _ —r /
21og B(z) :/_ <q(y) - 73,) dy — w - %1og2. (211)
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