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Abstract

We consider an ensemble which interpolates the Laguerre orthogonal ensemble and the Laguerre
symplectic ensemble. This interpolating ensemble was introduced earlier by the author and Rains
in connection with a last passage percolation model with a symmetry condition. In this paper, we
obtain a Painelevé V expression for the distribution of the rightmost particle of the interpolating

ensemble. Special cases of this result yield the Painlevé V expressions for the largest eigenvalues of

Laguerre orthogonal ensemble and Laguerre symplectic ensemble of finite size.

1 Introduction

Given a sequence & = (&1, -+ ,&n), the Vandermonde product of £ is denoted by

Av©= I @-g).

1<i<j<N
For any real constant A > —1/2, we consider the probability density function defined by
N .
1 Jg.
p(fl, ot >£N; A) - Z&IAAN(g) H eiigj eA(*l) &;
j=1

on the ordered set {0 < &y < -+ < &}, where

1 N-1
— -N :
Zna=(a+ ) [

(1.1)

(1.2)

(1.3)

is the normalization constant. The main purpose of this paper is to express the distribution of the

rightmost ‘particle’ & in terms of a solution of the Painlevé V equation (see Theorem 1.3 below).

There are two reasons that we are interested in the above density. The first is that (1.2) interpolates

the Laguerre orthogonal ensemble and the Laguerre symplectic ensemble in the random matrix theory,
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as A varies from 0 to +00. Letting A — 0 or A — oo in the Painlevé expression, we verify in particular
that the distribution function for the rightmost particle & satisfies the Painlevé V equation for the
Laguerre orthogonal and symplectic ensembles, respectively. These are new results in the literature.
The second is that the above density function represents the probability distribution of a certain last
passage percolation model with a symmetry condition. Indeed, the density (1.2) was introduced in [5]
(see Remark 7.6.1) as a formula for the distribution of the last passage time in this percolation model.

We now discuss these two aspects of the above density function.

Interpolating ensemble

We first discuss the connection to the Laguerre ensembles. Let w(x) be a weight function on R or on a

subset of R which decays sufficiently fast as ¢ — £oo. Consider the density function

N

Zan(©) [Jwie) (1.4

Jj=1

on the set £y < --- < &, where # > 0 is fixed, and Z is the normalization constant. The ensemble with

the special choice of weight function
w(z) =% 21,50 (1.5)

is called the Laguerre orthogonal ensemble (LOE), Laguerre unitary ensemble (LUE), and Laguerre
symplectic ensemble (LSE) for 8 = 1,2 and 4, respectively (see e.g. [22]). The Laguerre ensembles
are of basic interest in the multivariate analysis of statistics (see, e.g. [20]). Especially, the LOE with
a = M — 1 — N represents the probability of the principal components (i.e. the singular values) of an
M x N random matrix X whose entries are independent (real) Gaussian random variables of mean 0,
variance 1.

Introduce the density function, for real A, given by

N .
P&, €N Asw; B) i= Zpty s AN (E)7 [ w(g)et =% (1.6)

j=1

on the set R{X'd ={&n <&n-_1 <--- <&} This density function generalizes and also interpolates the

ensembles (1.4) for different 8’s in the following sense.

Proposition 1.1. When A =0,

N

P&, Ens 0 w; B) = ZxoW AN (97 [ w(&)) (L.7)

Jj=1

with some constant Z(N,0;w). Let w(z) = e~V®) be a positive, C' -function supported on a subset of

R such that V(x) > colz| for some cyp > 0 as & — +oo, and ||V'||pe < Co. Assuming that N is even,



for a bounded uniformly continuous function f(&,--- ,&n), we have

lim F(&, - 6n)p(&r, -+, N Asw; B)dEy - - - dén

A—
oo JRY,

N/2 (1.8)
= 23t [ 906 A T (GG,
R, j=1
where g(Cla CQ: e 7CN/2) = f(<17 Cla CQa CQ: e 7CN/27 CN/2) and
N/2
ZN,oo;w;B = AN/Q(C)4B H w(CJ)deJ (19)
Ri\:‘/dz j=1
We also have for any t € R,
lim P&y s Asw; B)dEy - - - dén
A=+o0 JRY n{e <t}
N/2 (1.10)

:Z*l__/ A TT w(¢;)?de;.
N,o00;w; B8 RN/20{C1§t} ( ) J:l_[l (J) J

ord

The case A = 0 is trivial from the expression (1.6). An explanation for the change 8 — 45 in the
case when A — +o0o0 is the following. We first note that the term involving A in (1.6) is

e*A(§1*§2+§3*54+---)_ (111)

Since &;’s are ordered, & > & > --- > &n (N even), the term & — & + {3 — &4 + -+ is always non-
negative. Thus as A — +00, we have a non-trivial limit for (1.6) only when & = &, & = &4, --- (the
term Z&}A;w;ﬁ grows polynomially in A ; see Lemma 2.1 below). If we set (1 := & = &, (o := &3 = &4,
+--, simple algebra shows that the Vandermonde term Ay(€) in (1.6) becomes Ay /»(¢)* if one drops
the terms (&a1—1 — &2r), 1 < k < N/2, which vanish. (See also the Remark in Section 2 below for
changes 8 — k2?3, k € N). The full proof of this Proposition is given in Section 2.

In view of the Coulomb gas interpretation of random matrix theory (see e.g. [22]), the term involving
A in the density (1.6) represents the pairwise-attraction of particles, in addition to the log repulsion
given by Ay (¢) and the “external field” w. As A becomes large, the pairwise-attraction becomes
stronger, and for each j = 1,---,N/2, the pair of particles {251, &2; gets closer, and eventually sticks
together to form one particle (j.

If we take w(z) = e"3% on z > 0 and B = 1 in the above Proposition, (1.2) becomes the density
for LOE (1.5) with & = 0 when A = 0, while the limit of (1.2) as A — +oo0 is, with the modification
e 35 by e~%, the density for LSE (1.5) with a = 0. Thus by taking A = 0 and A = oo, the Painlevé
V expression (Theorem 1.3 below) for the largest particle of the interpolating ensemble (1.2) yields the
Painlevé V expressions for the largest eigenvalue of LOE and LSE (see Corollary 1.4 below) with o = 0
for any finite N € N.

In the random matrix context, there have been many works that express the various distributions

of matrix ensembles in terms of differential equations (see e.g. [30] and the references therein). Most



of results are for the unitary ensemble (8 = 2), and there are relatively few results for =1 and § =4
([28, 14, 13, 17, 20, 16]). For the Laguerre ensembles, the probability distributions for 8 = 2 are found
to be expressible in terms of Painlevé V equation ([26]) for any finite N, and in terms of the Painlevé
IT equation ([27]) in the limiting case N — co. On the other hand, for f = 1, Johnstone ([20]) recently
analyzed the limiting case N — 0o, and obtained a Painlevé II expression. The Painlevé V expressions
for LOE/LSE for finite N in this paper are new. While this paper was being written, Forrester and
Witte obtained different formulas for the largest eigenvalues of LOE and LSE ([16]). Their formulas
involve Painlevé III” systems instead of Painlevé V. The relationship between these two formulas is an

intriguing question and remains unclear.

Last passage percolation with a symmetry condition and the totally asym-

metric exclusion process with symmetry condition

As mentioned earlier, the density function (1.2) also arises in connection with a last passage percolation
model. For r > 0, let e(r) denote the exponentially distributed random variable with mean r : the
density function of e(r) is 7~ 'e*/" for > 0 and 0 for < 0. By e(0) we understand the random
variable identically equal to 0. Fix p > 0. To each site (¢,5) € Zi, we attach a random variable u(i, j)

taken as follows :

u(i,j) ~e(l), i<y, (1.12)
u(i, i) ~ e(p), (1.13)
u(j, i) =u(j,i), i<y (1.14)

Except for the symmetry condition u(4,5) = u(j,4), the random variables are independent. Note that
the condition (1.14) implies the symmetry of the configuration of random variables in Z3 about the line
y = 2. An up/right path 7 is a collection of sites {(ix, jr)}p_; satisfying (ix+1,jr+1) — (ik, jr) = (1,0)
or (0,1). Let II(N) be the set of up/right path = from (1,1) to (N, N). Define the random variable

H?(N;p) =max{ Y wu(i,j): = € I(N)}. (1.15)
(i,j)€m

If one interprets u(i, j) as the (random) passage time to pass through the site (i, j), H?(N; p) is the last
passage time to go from (1,1) to (N, N) along a directed (up/right) path. The relation of H?(N; p) to

the above interpolating density function is the following,.

Proposition 1.2. (Remark 7.6.1 [5]) We have

1 1 N
| . _ . [ .
P(H?(N;p) <z) = /OgNSWS&Smp(&, &N P 2)j|:|1 dg;. (1.16)

This Proposition is stated without full proof in Remark 7.6.1 [5]: a full proof if given in Section 3

below.



Closely related is a one-dimensional interacting particle system, the totally asymmetric simple exclu-
sion process (TASEP) ([21, 19]). TASEP is a continuous-time stochastic process on the integer lattice
Z. At any time, each site is either occupied by a particle or empty. If a particle is at a site j and its
right-hand-site j + 1 is empty, the particle jumps to its right-hand-site after a random waiting time
given by an exponential random variable of mean 1. Thus the particles move only to the right. The
waiting time for the jumps is independent and identically distributed at each site and each (continu-
ous) time. These rules describe the usual totally asymmetric simple exclusion process (see e.g. [19],
[24], [21]). In [19], Johansson showed that the TASEP with special initial data (all negative sites are
occupied and all non-negative sites are empty) can be mapped to the last passage percolation above
without the symmetry condition (1.14). This mapping was further generalized in [24] for TASEP with
random Bernoulli initial data.

The above last passage percolation model with the symmetry condition (1.14) is also related to a
TASEP, but now the process is defined only on the non-negative integer lattice, Ny = NU {0}. For the
sites j > 0, the jump rules remain the same as before, but we assume that there is a creation process at
the origin 7 = 0 : when the site 7 = 0 is empty, a particle is created after a random exponential waiting
time of mean p. For initial data, we assume that all the sites are empty. Then one can show that ([24])

the number of particles N(t) that have been created at the origin up to time ¢ satisfies
P(N(t) < N) = P(H?(N;p) > t). (1.17)

In the last passage percolation model above, one might also be interested in the last passage time
from (1,1) to (M, N) for general M # N. In terms of TASEP, this is equivalent to the number of
particles that have jumped across the site M — N. But there is yet no formula like Proposition 1.2 for
general M # N.

Results

Now we state the main results. From Proposition 1.2, the following results imply the Painlevé V

expressions for the distribution of the rightmost ‘particle’ from the interpolating ensemble (1.2).

Theorem 1.3. With the notation A = % — %, and w = % —1=2A, we have for x > 0,p >0, N € N,
1 _
B (V:p) < 2) = 5 { lon(0. ) = b ()] (Bx(0) ™ + [an(e,0) + bu(e,)] Bx(o) } Fnto) (1.1

for some functions
Fx(o) i= exp{ / ia@;N)dy}, (1.19)
Ex(z) := exp{/ iﬁ(y;N)dy} (1.20)

and an(z,p),bn(z,p). The functions a(z), f(x),an(z, p), bn(z, p) are analytic in x > 0,p > 0, and
satisfy the following properties :



(i) (Painlevé V) The functions a(z; N), (z; N) as functions in x satisfy

1
o (2; N) = 2 (B(a; ). (1.21)
The function (z) = 6(z; N) := —1za(z) solves the Painlevé V equation
(20")? = (6 — 26')(0 — 20" + 4(8")? + 4N¥"). (1.22)

(i) (Asymptotics of o, as x — o0) Fiz 0 < e < 1/4. For each fized N € N, as x — +o0,

—9gN-1 1
B(z) = 2(~)NLGL (2)e 2 + O(e (1797) = ﬁe*ﬂ(l +0@@ ) (123
and
x —9p2N-2
o) = [ 2L, @) vy + O 3007 = e (140G, (124

where LE\I,)_I(JJ) is the Laguerre polynomial of degree N — 1 with parameter 1 ; (see, e.g. [1])

LY (@) ZNE_:I ( N >(_.w)j. (1.25)

; ]
= j+1) 4!

(i5i) (Lax pair for Painlevé V) The functions ax(x,p) and bx(z,p) are real and smooth in x > 0 and
p > 0, and they satisfy the differential equations (note w = % -1)

0 bN 1 bN 1 aN
e () ——50() +30(Y): (1.26)

() =3 (0) 2 (0 (o) ()3 () o0

(iv) (Asymptotics of an,bx as € — 00) For any 0 < € < 1/4, as x — oo, we have

and

1+O(67(1726)$)’ 0< p < %’
ax(z, p) = e (1.28)
®(w; ) (A1 (—w, z) + O(e~17297)), P> 52,
—A(w,z) + O(e= (17292 (w; ), 0<p<?Z,
b, p) = § ) O ) . (129
~®(w;z)(1+ 0(e™17297), p>2,
where
1 ds 1 l1+w\nN
A N):i= — D(s; d(w;z) i=e 2% (——) . 1.
1(’LU,£L’, ) o2 |s—1|:%\1—w| (Sax)s_w) (w,a:) € (l—w) ( 30)



v) (Asymptotics of an,bx as p — 07,2,00) We have
p

plgg+ an(z, p) = 1, plgg+ by (z,p) =0 (1.31)
and
an(z,2) = Ex(z)?, bx(z,2) = — Ex(z)% (1.32)
Also for fized y > 0,
lim an(yp, p) = P(N,y), lim bn(yp,p) =0, (1.33)
p—r00 pP—>00

where P(N,y) is the incomplete Gamma function (see, e.g. [1])

1 y
P(N,y) = —— [ e "t" 'at. 1.34
Vo) = = | ¢ (134
Remark. The existence of the solution é (hence a) to the Painlevé V equation (1.22) with the asymptotic
condition (1.24) is a part of the Theorem. But as yet we do not have uniqueness for 6 (or «) as a solution
of (1.22) with asymptotic condition (1.24). Another missing piece of information is the asymptotics of

a and § as ¢ — 0T. These issues will be studied in a later publication.
From Proposition 1.1, by using (1.32) and (1.31), Theorem 1.3 implies the following results for LOE
and LSE at the special values p =2 (4 =0) and p — 0 (A — 00).

Corollary 1.4. We have, with the notation RY ,(€) := {ény < én—1 < -+ < &}, for any x > 0,

1

N
— An(6) TT e 26 de; = P(HZ(N;2) < ) = Ex(z) Fx(2), (1.35)
2 H;'Vzol J! /Rf?’rd(&)ﬂ{él <z} jl;Il J

and for N even,

1 N/2 1 =
7 /RN/Z(OO{C ) [T e oG = PHE(N:0) <) = 5{(EN<x>) + EN<x>} Fx(2).

(1.36)

Remark. Once the uniqueness of 6 (or «) is proven (see Remark above), and also the uniqueness of
is established, the above Corollary provides a tool for numerical computations of the largest eigenvalue
distribution of LOE and LSE for the special case w(z) = e 27 (see (1.5)) for any finite N.

For LUE, the largest eigenvalue distribution was obtained by Tracy and Widom ([26]) :

1 N
W /RN i< }(AN(E))2 Heﬁgidfj = (Fx(2))*. (1.37)

Jj=0

Note the special structure of the formulas (1.35), (1.36) and (1.37), from which an interesting inter-
relationship of the largest eigenvalues of LOE, LUE and LSE can be derived. We refer the reader to



[14] for a full discussion on inter-relationship between orthogonal, symplectic and unitary ensembles.
We also remark that Corollary 1.4 applies only for the case a = 0 of the Laguerre weight (1.5). We do
not have results for LOE and LSE of other values of a. On the other hand, LUE with different values
of @ # 0 was analyzed in [26].

If we take the limit p — oo (A | —1/2 ; note that (1.2) is defined for A > —1/2), we have
P(HY(N;p) < x) — 0 for fixed z > 0. To obtain a non-trivial limit from (1.33) we set z = yp
and let p — oo while y > 0 is fixed. Note that from (1.23) and (1.24), we have Fyx(z) = 1 —
mmm”ze’z(l + O(xz7 1)) and Ex(z) = 1 — ﬁaﬂv’le’%m(l + O(z™1)) as © — oo, and hence
we find that Ex(2) Fx(z) — 1 and Ex(2) ™! Fx(z) = 1 as ¢ — oo.

Corollary 1.5. For any fized y > 0,

lim P(H?(N;p) <yp) = P(N,y), (1.38)

p—00

where P(N,y) is the incomplete Gamma function (1.34).

This result is consistent with the intuition that when p is large, the longest up/right path in the
percolation model is basically the diagonal line through the points (¢,7), i = 1,--- ,N. As p — 0o, we
expect that the random variable H?(N; p) is close to Sy (p) := u(1,1) + u(2,2) + -+ + u(N, N), the
sum of N i.i.d. exponential random variables of mean p. A direct calculation shows that P(Sn(p) <
a) = P(N,a/p). Thus Corollary 1.5 shows that indeed H?(N;p) ~ Sn(p) when p — oo.

This paper is organized as follows. The proof of Proposition 1.1 is given in Section 2. In Section 3,
we consider a different percolation model which has a geometric random variable at each site instead of
an exponential random variable. Since a geometric random variable converges to an exponential random
variable in an appropriate limit, the related percolation model with geometric random variables also
converges to the percolation model with exponential random variables (see Lemma 3.1 below). In Section
3 and Section 4, we present two different formulas for the geometric percolation model. A multi-sum
formula is given in Section 3, and in an appropriate limit, this multi-sum formula becomes the multi-
integral formula in Proposition 1.2 for the exponential percolation model. In Section 4, we express the
distribution for the geometric percolation model in terms of orthogonal polynomials (see Lemma 4.2
below). The appropriate limit of these orthogonal polynomials yields the Painlevé expressions, Theorem
1.3. The asymptotics of orthogonal polynomials are obtained in Section 6 by applying a steepest-descent
method to the associated Riemann-Hilbert problem, and the proof of Theorem 1.3 is given at the end
of Section 6. Some properties of the Riemann-Hilbert problem for the Painlevé V equation, which will
be used in Section 6 are summarized in Section 5. Section 7 presents some results for the percolation
model as N — oo. Finally, in Section 8 we show that the computation of Tracy and Widom ([29]) which
expresses the correlation functions for orthogonal and symplectic ensembles in terms of determinants

can also be applied to the density (1.6) with § = 1 which includes (1.2) as a special case.
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2 Proof of Proposition 1.1

The identity (1.7) is trivial. We prove (1.8) in this section. We basically prove that when A — oo, the
function p(&, -+ ,&n; A;w) on RY  will concentrate on the subset satisfying &j_1 = &; for each j.
We present the proof only for the case when § = 1. But it would be clear that the proof for general
B > 0 will be the same. In the below, we omit any dependence on /3.

We assume that N is even and A > 1. Substitute &;_1 = &5+, j =1,--- ,N/2, and set (; = &;.
We use (1, ,(n/2 and 1, -+ , /2 as new variables. Then the region of integration {{x < énv—1 <
-+ <&} becomes the set {(n/2 <+ < QU0 <z} U{0 <2 < (o1 — (5,0 =2,---,N/2}. We will
denote by ]Rf/2 (¢) theset {0 <z;}U{0<z; <(j—1—C,j=2,---,N/2}. In the below, we use the
notation d¢ = H;V:/f d¢; and dz = H;V:/f dzj, and also w(() = H;V:/f w((;). Then the integral on the
left hand side of (1.8) without the limit A — 400 becomes

N/2

— 7=l —Az; ) ) )
(*) T ZN,A;UJ /Ri\:«/; U)(C)d( /Rim(o fp(a:, C) ]1:_[1 € U)(:L’J + CJ)de’ (21)
where
N/2
p,Q)=[lz JI @i-=zi+6G-¢)

i=1  1<i<j<N/2 (2.2)

x JI @+a-¢) I @-¢-=) I G-¢)
1<i<j<N/2 1<i<j<N/2 1<i<j<N/2

is a positive polynomial, and also each factor is non-negative.

Let 0 < € < 1 be any fixed number. Let BEN/2 ={0<z; <e¢j=1,---,N/2}. We divide the
integral with respect to  into two regions : (1) Xf := f/z(g“) N BY? and (2) X5 := fﬂ )\ X;5.

We first show that Z;,}A;w has a polynomial growth as A — co.
Lemma 2.1. We have

lim AN Zx A = ZN,c0:w0- (2.3)

A—o0

where ZN oo 15 defined in (1.9).

Proof. For x € X§, since e~4%i < 1 and there is at least one x; satisfying x; > €, we have

N/2

/RN/z w(C)dC Xs p(:r, C) H eiAmjw(mj + Cj)dl'j

ord Jj=1
v (2.4)

<e /RN/27~U(C)CIC o PO L wtes + G)des < e 2o

j=1

ord



For z € X§, since ||V'|| e (r) < Co, we have w((;)e™ % < w(z; + (;) < w((;)e” for all 1 < j < N/2.

Thus
N/2 N/2
Zvaw <3N [ L6 [ o0 T]edny + e Zn
Rora j=1 Xi j=1
and
N/2 N/2
Ny > € 2N /m I w() dC]/ pla,¢) [] e " da;.
R rd j=1 j=1
In (2.2), for z € X§ and ¢ € ]RZ/d , we have
N/2
pa, Q) < [[ = [Je+ ¢ =) [T+ G- ) ]G - ) [T - &)
=1 i<j i<j i<j i<j
N/2

< (Anpa(Q* +€Q(C H T,

where A is the Vandermonde product (1.1), and Q(() is a positive polynomial. Thus using
[ee]
/ ze~ A %dr = A2,
0

(2.5) is less than or equal to

N/2
1eNC 1 4 2 —Ae
AN [ B+ QD TLwlG G + ™ Zo
or Jj=
But
NJ/2
o An2(Q)" [T w(6)?dG = 2 o,
ord j=1
and hence
1
ZN,A;w < AN e%ENCO(ZN’OO;w + 601) + eiAEZNA);OO,

for some constant C; > 0. This implies

lim sup ANZN,A;w S ZN,oo;w-
A—o00

Similarly to (2.7), we have

N/2

p(z,C) > (An/2(0)" — eR(¢ H T

10

(2.10)

(2.11)

(2.12)

(2.13)



for some positive polynomial R({). Hence from (2.6),

N/2 N/2
: .
Znwz eV [ (Anp(0f = eRO) [T w(@ gy [ T[ayewia

Rond j=1 X7 j=1

Since X{ = ]Rf/z On BN?, we have
N/2 N/2
/ Hm e ijdl.] — AN H A+ 1 Amin(e,g]-_l_g]-)),
X j=1

(2.14)

(2.15)

where (p := 4+00. We note that (2.15) is bounded below by A=N(1 — (4 4+ 1)e=4¢)N and above by

A~N_if we take A large enough. Hence by considering (2.14) as sum of two integrals, one involving

A;lvm and the other involving R, we find that

ZN 00w _1. C.
Iy 2 e 3 NOTRI (1 — (A4 e )V —eemz N T
for some constant Cy > 0. Therefore we obtain

ZN 00w <11m1an ZN, Asw-
A— oo

Proof of (1.8)
Fix 0 < € < 1. Then there is a § > 0 such that for z € X, we have
|F(G 421, G, G+ 22, 0) —9(Cy Goy )| < e

We write (2.1) as

(%) = (%) + (x1) + (+2) + (x3),

where
N/2
() = 2l [, 900G / o o0 T] (e, + Gy,
Rord (O j=1
and
N/2
(0 = il [ 0O [ 190.0 TLe 50t + Gy
R, j=1
N/2
(x2) = - &}A;w/RN/ dC/ p(z,0) He_Am]wm + ¢)dz;,
N/2
(x3) = Z](,}A;w/m2 dC/ (f —g)p(z, ) He Aiw(z; + ¢)de;.

11

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)



Asin (2.4), we have

— ZN7 ; — ZN7 5
[(+1)] < [|fllpee 220 |(x2)] < [|g|peoe™ 40 SR (2.24)
ZN,A;UJ ZN,A;UJ
On the other hand, from (2.18),
N/2
(+3)] < €25 410 w(Q)d¢ [ pla,¢) [ e w(a; + ¢)da; < e. (2.25)
RD/Z X7 j=1

Thus using Lemma 2.1, limsup 4_, ., |(x1) + (¥2) + (x3)| < €, but € > 0 is arbitrarily small, hence we
have
lim |(x) — (xx)| = 0. (2.26)
A—o0
Now the only remaining thing is to show that as A — co.

N/2

()= 25 [0 T1 G- TLw(G)ds. (2.27)
Rord  1<i<j<N/2 j=1
Fix 0 < € < 1. We write
(x%) = (x % 1) + (% % 2) + (% x 3), (2.28)
where
N/2
(xx1) = Zyla., / R ZI(LIS / (@, Q) [T e *™w(aj + ¢)day, (2.29)
Rord X3 j=1
N/2
(52 = Zitao [ awOdC [ pla0) [T e wia; + G) —w(@)dsy, (230
ord 1 j=1
N/2
(x8) = 2t [ ow02dc [ pe.0) [[ e, 231)
Rord X{ j=1
As in (2.4), we find
[(xx1)| < ”gHLC"’ZXr,lA;w@_Ae’ZN,O;w — 0, (2.32)

as A — oo, using Lemma 2.1. For the estimation of (x2), we use |w(z; + ;) —w(z;)| < D(e")w(z; +¢;)
for z; € X{ , where D(¢') := max(|1 — e “°|,|1 — e~ “°|), and find that

N/2

w©dc [ o0 JL e rula; + oy < D@lgll (239

j=1

N/2
ord

(5 2)] < Dl Zx g /

where the second inequality is obtained by replacing the region X f’ by ]Rf/ 2 (¢) and noting the the total
integral is 1 by (2.1). For (x = 3), we note that (2.7), (2.8) and Lemma 2.1 yield

N/2 N/2
0 S ZI;}A;UJ /)(e’ p(xa C) H C_ij d.fl?] S (AN/2(C)4 + €IQ(C))Z]:T,1A;U) /)(61 H :L.je_ij dCC] (2 34)
c i 1 j=1 '

< (An/a(O +€QUNZNlawA™ < (Ana(O)' +€Q(0)eZR
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for some constant ¢ > 1. But An/4(¢)* + € Q(C) is integrable with respect to the measure w(¢)*d¢ on

]RZ/j, and hence we can use the Lebesgue dominated convergence theorem. But an argument similar
to (2.7)-(2.17) shows that for each ¢ € ]Ri\;/j,
N/2
. -1 —Az; 1 4
Jim Zla, | (o) [[ e e; = 230 B0, (2.35)
j=
and we find
N/2
lim (x%3) = Z31, / 9 I G =t [T w6 dg. (2.36)
ord  1<i<j<N/2 j=1

Thus the estimates (2.32), (2.33), (2.36), together with the fact that D(e') — 0 as € — 0, yield (2.27),

and we prove the Proposition 1.1.

Proof of (1.10)

In the analysis above, the fact that f is uniformly continuous is used only for the estimation of (¥3).

Now when f = 15N§"'S51§t = IOSMSt—Cl,C1<t and g = 1C1St7 (*3) becomes

N/2
(*3) ZZKr,lA;w/ w(¢)d¢ pla, Q) [ e w(x; + ¢;)da;

R/ 20{¢i<t} X3n{0<z1<t—C1}

j=1
N/2 (2.37)

o Z&}A;w/l\,/z w(C)dC/ p(xa C) H e_ij’LU(CEj + Cj)dl’j
R, aN{¢i<t} X3 ot}

ord

where now 0 < § < 1 can be taken to be an arbitrary fixed constant. When t — (; > &, X{ N {0 < z; <

t— (1} = X}, and the above two integrals in = are the same, and hence we have

N/2

63) < 25t [, w(Qd P, [T e Awles + Qe (239
RY2n{t—6<Ci<t} Xn{t—¢1<z1 <8} i
As in Lemma 2.1, this can be estimated as
(3] < Zyty AVebonen | (An/a()! +6QUOw(C)dC. (2:39)
RN A {t-5<C1<t}

But Z&}A;MAN is bounded as A — oo, and the integral vanishes when we take 6 — 0, and hence we

obtain (x¥3) — 0 as A — oo. The rest of analysis is the same as for the proof of (1.8).

Remark

In addition to the change 8 — 43, we can also obtain the transition 3 — k?j for each k € N. Let
n3(& A) = e*A(§1+§2*2§3+§4+55*2§6+---), (2.40)
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and similarly we set n(&; A) with the term & +& + -+ &k—1 — (K — 1)&k + k1 — - - . Then when N

is a multiple of k,

N
lim ZNAW,/ GINGRNGEN | EAL
J:

A—+00

e (2.41)

:Zl;,loo;w;ﬁ;k /sz/kf (Q)AN/k(C) H de.

ord

where fj, is obtained from f by setting the first k variables equal, and the next k variables equal, and

so on. There are other possible choices of 7. For instance,
k(& A) = e~ A1 =&t —&art) (2.42)

would again yield (2.41).

3 First formula for geometric percolation : multi-sum expres-
sion

For 0 < ¢ < 1, let g(q) denote the geometric random variable with parameter ¢ : for ¥k = 0,1,2,-- -,
P(g(q) = k) = (1 —q)q". We consider a last passage percolation model with geometric random variables
analogous to the percolation model with exponential random variables considered in the Introduction.

Namely, to each site (i,7) € Z% the random variable X (i, j) is attached where

X(@@,5)~9(0), i<y, (3.1)
X(i,0) ~ glav/q), 3.2
X(,0)=X@9), i< (3.3)

Here ¢ € (0,1) and a € (0,1/,/g) are fixed numbers. As before, the random variables are independent
except the symmetry condition X (i,5) = X(4,7). As in the Introduction, II(N) denotes the set of
up/right paths from (1,1) to (N, N). We define
G?(N;a) = max{ Z X(i,j) : ™ € II(N)}. (3.4)
(i,j)em
Since a proper limit of the geometric random variable becomes the exponential random variable, we
find that the random variable H?(N; p) is a limit of G¥(N.q).

Lemma 3.1. We have

P(HY(N;p) < ) = Llim P(G°(N;a) < zL), (3.5)
—00
where we set
1 1 1\1
ﬁ—l—ﬁ, 04—1—<;—§>Z (3.6)



Proof. 1t is direct to check that with (3.6),

o 9(9) . glay/qg)
e(l) = lim ==, e(p) = lim ===, (3.7)

in distribution. Thus under this limit, the last passage percolation model with geometric random
variables becomes the last passage percolation model with exponential random variables. It is also
direct to check that GP(N,«)/L — H?(N, p) in distribution. O

Now the key thing is that there are two different formulas for P(G® (N, a) < n). Thus by taking the
exponential limit I — oo with (3.6), we would obtain two different formulas for P(H?(N, p) < z). It
will turn out that one of the limiting formula is the multi-integral formula given in the right-hand-side
of (1.16) which represents the probability distribution for the rightmost ‘particle’ in the interpolating
ensemble, and the other is the Painlevé V expression, Theorem 1.3. We present the first formula for
P(GY(N,a) < n) in this section. The second formula will be considered in the subsequent sections.

The following lemma is modeled on the paper [19] in which a similar result for the unsymmetrized case
(at each site (4,7), the geometric random variables X (7, j) are independent and identically distributed

without the symmetry condition X (i,5) = X (j,1)).

Lemma 3.2. Let Ny = NU {0}. We have

N
P(G?(N;a) <n) = Zi(N,a)™" > II Ghi-rp)J[d"?a=E0m (38)
OShN<--i-L<hI§§n+N—1 1<i<j<N i=1
5 €Np

where the normalization constant is

N—1
Zy(N,a) = (1= ay/g) N (1 — ) NIND2INZIgNIN=D/2 T 1. (3.9)

j=0
Remark. The result for the special case when o = 1 is stated in Remark 5.2 [19].
Proof. (cf. Section 2.1, [19] and Proof of Theorem 7.1, [5]) Let A = (A1, , An) is a Young diagram : a

sequence of integers, Ay > --- > Ay > 0. The number dy(N) of semistandard Young tableaux (SSYT)
of shape A with elements taken from {1,---, N} is equal to (see e.g., [25])

N—A+j—i A1

hN= [ —F———=1]5 (hi —hj),  hj:=X+N—j. (3.10)
1<i<j<N J=t j=0 J: 1<i<j<N

Let D(N) = Y30, X(j,5) and OD(N) = ¥, ;< X (i, ). Then

P(GP(N; ) < n)
= 3 P(GP(N;a) <n|D(N) = m,0D(N) = k) P(D(N) = m,0D(N) = k)

k,m>0

(3.11)
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Let I}Z;’k be the set of N x N symmetric matrices with non-negative integer-valued entries such that
the sum of diagonal entries is m and the sum of upper-triangular entries is equal to k. For A =

(aij)1<ij<n € I, the probability that the random matrix (X (i,5))1<i j<n becomes A is given by

T[]0 - av@)(ay@™ [ - a)g™ = (1 = ay@N (L - VN D/2amqhem/2, (3.12)

J i<j
which is a value independent of the choice of A € Iﬁ’k. Hence we have
P(D(N) =m,OD(N) = k) = #Ix" (1 — ay/g) (1 — ) VN =D/2qmgPhtm /2. (3.13)

Also the conditional probability P(-|D(N) = m,OD(N) = k) is the uniform distribution on Illi;m. Now
we use a version of the Robinson-Schensted-Knuth correspondence which yields a bijection between

Ijli,’m and the set of semistandard Young tableaux with shapes A F 2k + m such that f(\) = m, where
f(/\):)\l—/\2+>\3—)\4+"' (314)

denotes the number of odd columns of A\. Moreover, under the Robinson-Schensted-Knuth correspon-

dence, the length of the longest up/right path G¥ is equal to the first row ;. Therefore, we have

P(GP(N;a) < n|D(N) =m,0D(N) =k) = —— 3 d\(N). (3.15)
#IN \okem
FO=m
>\1S’n

Thus from (3.11), (3.13) and (3.15),

P(GP(N;a) <n) = (1 —ay@)¥ (1 = ) NNTD2 N7 dy (N)al W ghatrat)/z (3.16)
)\1§n

where the sum is over all Young diagrams A satisfying \; < n. Note that if A = (A, - Ag) with
Ar > 0 and k£ > N, we have dy(N) = 0, and hence the sum in (3.16) is over the Young diagrams
A= (A1, -, An) satisfying Ay < n. Now we use (3.10) and set h; = A,, + N — j, and the results (3.8)
and (3.9) are obtained. O

By taking the limit (3.5) of (3.8), we obtain Proposition 1.2, which was originally given in Remark
7.6.1, [5].

4 Second formula for geometric percolation : orthogonal poly-

nomials

In this section, we present the second formula for the geometric percolation model introduced in Section

3. The following determinant formula is given in Theorem 7.1 of [5] for a more general model.

Lemma 4.1. (Theorem 7.1, [5]) We have

P(G?(N; ) < n) = Z3(N,a) ' Eyeor det((1 + alU)(1 + /qU)N) (4.1)
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with
Z3(N,a) = (1 — a/q) "N (1 — )" NIV-D/2, (4.2)

Proof. The random variable G?(N; ) is same as (5, (¢ ;) in Theorem 7.1 of [5], where W = Z and
T = (V@ ,1/4,0,0,---) with \/g’s occurring N times. (In Section 7 of [5], T is denoted by ¢, but
we take this notation to avoid the confusion with the parameter 0 < ¢ < 1 of the geometric random
variable.) By (7.32) of [5], we have

P(G?(N;a) <n) =P((7,(T50) <n)=ZZ (T;0) Y, o/NVsx(/T2,) (4.3)
e(,\)gn

where ¢(A) is the number of parts of the Young diagram A and f(\) is same as (3.14). Indeed this
formula is, after the modification A — \!, is equal to the formula (3.16) in Section 3. The normalization
constant is by (7.11) of [5],

Z3(N,a) = ZZ (F50) " = (1 —ay/g) N (1 —q) NN/ (4.4)

From (5.55) of [5] with the modification as in the paragraph preceding Theorem 7.1 of [5], the sum in
(4.3) is equal to

3" @'V (/T 2,) = Eveogm) det((1 + al)H(U; 0/ 77,)). (4.5)
{(AN)<n

But by (7.28) and (5.6) of [5], we have
0/T2,) =BU; T2,) =1+ /al)", (4.6)
and hence we obtain (4.1). O

Let O(n)+ denote the connected component of O(n) with det(U) = %1, respectively. The authors
in [5] expressed the expected value over the orthogonal group in (4.1) in terms of the related orthogonal

polynomials. Set

Y(z) =9Y(z; M,N) :=(1+ \/ﬁz)N(l + \/ﬁzfl)N. (4.7)

Let 7;(z) be the monic orthogonal polynomial of degree j with respect to the measure ¢ (z)dz/(2miz)

on the unit circle :

dz
[ R 5 = Nt (4.
where N; is the square of the norm of 7;(z). We also set
T = Ari(z7h). (4.9)

Remark. In general, 7} is defined by 277 (271). But for the case at hand, all the coefficients of 7; are

real, and hence taking the complex conjugate has no effect.
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We also set

6i(2) = (1+ @2)¥m(2), (4.10)
¢5(z) =1+ /g2)N7*(2). (4.11)

Note that a version of strong Szegd theorem yields that (see e.g., [18])
lim Eyeom), det((1+v/qU)N) = (1 —¢)~ VN0, (4.12)

From Theorem 3.1 and Theorem 2.3 in [5], (4.1) has the following expression.

Lemma 4.2. Forn > 1,

B2 (N50) < 20) = {85, 1(-0) = adanms (-7 + (65,1 (-0) + adnaos (AT |
(4.13)
PGP(Nia) < 20+ 1) = 3 {[65,(-) + adan(-a)AT™ + [65,(-0) — adm(-)A7T | (419
(4.15)
where

A" = 1;[ N3\ (14 m542(0)) (4.16)
A = T Nhat1 - rapea) (417)

jzn
a1 =TI 0 mpea ) (118)
ATt = ]l'f Nyt (1472511 (0)). (4.19)

jzn

We also have forn > 1,

The main results, Theorem 1.3 will be obtained by analyzing the orthogonal polynomials 73 asymp-
totically. This asymptotic analysis will be carried out in Section 6. But we first need the following

section which will be used for the analysis in Section 6.

5 Painlevé V

In this Section, we prove various properties of a Riemann-Hilbert problem for Painlevé V solution.
These properties will be used in the next Section 6 for the analysis of orthogonal polynomials 7, and

also for the proof of Theorem 1.3. This section is, however, independent of other sections.
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Fix0<a<l LetI'1 ={w e C:|w—1=a} and I'y = {w : |[w+ 1| = a}. We orient the circle I'y
counter-clockwise, and orient the circle I's clockwise. Set I' = I'y UT's. Let Q4,5 and Qg be the open

regions as indicated in Figure 1.

T, Q, T
[ ]
0

Figure 1: Contours I'y, I's and the regions 4, (2, Q

Let
N
d(w) = ®(w; z,N) := %eéw (5.1)
Define the 2 x 2 matrix V(w) = V(w;z,N) on I" by
1 —P(w)
V(iw) = , w e Iy,
0 1
(5.2)
1 0
V(w = R w € .
d(w)™t 1

Let the 2 x 2 matrix M (w) = M(w;z, N) = (M;x(w)); x=1,2 be the solution to the following Riemann-
Hilbert problem (RHP) :
M (w) is analytic in w € C\ T,
M,(w) =M (w)V(w), weTl, (5.3)
M(w) =1+ O(w™1), as w — 00.
The solution M shares the following properties.
10

Proposition 5.1. Set o1 = (93) and set 05 = (§ % ). We have the following properties :

(i). There is a unique solution M (w) = M (w;xz, N) to the RHP (5.3) for each x > 0 and N € N, and
the solution M has the expansion

M M
M(w) = +?1+w_22+”" w — 00. (5.4)

(i1). M(w) =M (w), M(w) = o1 M(—w)o, and det M (w) = 1.

(111). M (w) is real for w € R, and M; and Ms have the form

M, = (—a B) - (%(a2 -7 v ) _ (5.5)
-8 « y %(02 - 5%

Here a, 8,7 are real constants which depend on x and N.
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(iv).

(v)-

(vi).

(vit).

We have
0 1 1
%M = Zw[M, os] + §BU1M- (5.6)
This implies, in particular,
1 1
of = =, B =5 (af — 1), (5.7)
2 2
where ' denotes the derivative with respect to x,
We have
0 N 1 N
a—wM:—CE[M,O'3]— ) U3+5fw —5 UlAO'lM, (5 8)
where
A=MQ1)osM(1)* = +iM +ix,8 (—I+M)+im (5.9)
= g3 =03 N 1 IN o1 1 IN Y0103. .
Set (x) = 0(z; N) = —%ma(m). Then 6 solves the Painlevé V equation
(260") = (6 — 20')(0 — 20" + 4(0")* + 4N¥'). (5.10)
Fiz 0 < e < 1/4. For each fized N € N, as x — +o0,
N7(1) —1iz —(1—¢)x —22N ! —Liz -1
B(z) = =2(=1)" Ly’ ;(z)e 2° + O(e )= m@ 2%(14+0(z™ ")) (5.11)
and
atw) = [ 2 @)y 03007 = B a0, (512
o N1 (N =1)1)? ’

where Lg\lf)_l(m) is the Laguerre polynomial of degree N — 1 with parameter 1 ;

N-—-1

(1) _ LV (—x)! 1 T\N-1 _, z\ dz
L = E = — 1+ — 1+-—-)—. 1
N—1(2) = <j+1> j! 27 \z\:%x( z) € ( a;) z (5.13)

Also if we take I'y and T's to be the circles of radius €, centered at 1 and —1, respectively, we have

for each fized w € C\ (I'y UT2), as © — +0oo,

A N
Mw)=1— 0 (w2, N)) | o(e-t-2012), (5.14)
A(—w,z,N) 0
where
1 ds
Alw,z,N) : 9 N (S)s —— (5.15)
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(viii). We have

1 (EN(m)—2 +Enx(2)> En(z)7* - EN($)2> (5.16)

M(0) = 5 -2 2 -2 2
2 En (:U) — En (CU) En (CU) + En (CU)
where Ex(z) is defined in (1.20) with a in (5.5).

Proof. (i) The proof of (i) is parallel to the analysis of Theorem 5.50 in [10]. We here only present
an outline of the proof. Let C' be the Cauchy operator given by

(ChHw) == [ L&)

C27mi Jps—w
Let C+ be the limit from the positive side of the contour :

ds,  feL*I). (5.17)

(Cyf)(w) = lim (Cf)(w'), w' is in the (+)-side of T. (5.18)
w'—w
Define the operator Cy acting on L?(T') by

(CvP)w) == CL(FI =V ) (w),  feL(D). (5.19)

From the general theory (see e.g. Appendix I, [9]), if the operator 1 — Cy is invertible in L*(T),
the function M (w) defined by

M(w) =1+ % i (I+0- CV)_I(SXB)(S)(I —VH(s)

solves the RHP (5.3) in L? sense. But since V and V! are analytic on I', the L? solution is

ds (5.20)

indeed the classical solution of (5.3) (see e.g. Proposition 5.80, [10]). Just as in Step 1 and 2 of
the proof of Theorem 5.50, [10], 1 — Cy is a Fredholm operator of index 0, because the contour
I is compact and V' is real analytic on I'. Thus it is enough to show that Ker(l — Cy) = {0} in
order to prove that 1 — Cy is invertible. Now suppose (1—Cy)f = 0 for f € L*(T'). We will show
that f = 0, which will prove that 1 — Cy is invertible. Set

n(w) := %/F f(s)([s—_‘;_ )(S)ds (5.21)

From the properties of the Cauchy operator, n satisfies

— n(w) is analytic in C\T', and continuous up to the boundaries.
— ny(w) =n_(w)V(w), weT.

- n(w) =0(1) as w — oo.

Let T’y be the imaginary axis, oriented from oo to —ico. Define N(w) by

1 —®(w)
N(w) = n(w) , w € Qo, Re(w) > 0,
0 1
{ 1 0 (5.22)
N(w) = n(w) , w € Qp, Re(w) < 0,
—®(w)"t 1
N(w) = n(w) w € O UQs.

Then N satisfies
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— N(w) is analytic in w € C\ Ty.

= w) Vo (w) for w where Vp(w) = ! —2(w)
— N(w) =O0(+ e~ 2@ Be()ly a5 1 — oo,
Now consider
a(w) := N(w)N(=D) . (5.23)

Then a(w) is holomorphic in C\ T'y, and hence by Cauchy’s theorem and the decay property as

w — 00, we have

/ as(w)dw = 0. (5.24)
r

But from the jump condition of N,

a:(w) = No()N-_(—0) = Ny (@)N_(w) = Ny (w)(Volw) ) Ny(w) (5.25)

for w € I'. Thus using the property ®(w)~! = ®(w) for w € T,

0= [ (@) + @) dw—/m Tolw) )7 + Vo(w) ™) Ny (@) du

(5.26)
/NJr ( >N+(w) dw.

This implies that (Ni2)4(w) = (Na2)+(w) = 0 for almost every w € T', and hence by Cauchy’s

theorem, we have
N12(U)) = N22(U)) = 0, RG(UJ) > 0. (527)

This in turn implies, from the jump condition, that

Nll(UJ) = N21 (U)) = 0, RG(UJ) < 0. (528)
On the other hand, from the jump condition again,
1 1—w N
N = (N12)— P i IR. 2
(Vi) (w) = (Vi)-()eF (152) L wei (5.29)
Set
14+ w)V Ny (w), Re(w) >0,
h(w) = (1+w) 1“( ) (w) (5.30)
(1 —w)Ne22¥ Ny (w), Re(w) < 0.

Then h is entire, and h(w)w™N=1 — 0 as w — oo since N(w) is bounded for w € C. Thus by
the Liouville’s theorem, h(w) is a polynomial of degree at most N. But then for Re(w) < 0,
Niz(w) = h(w)(1 — w)Ne= 2% blows up as w — oo unless h = 0 identically. Therefore we obtain
N12(U))
Nll(UJ)

0, Re(w) < 0,
(5.31)
0, Re(w) > 0.
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(iii)

By a similar argument, we obtain

N21 (U))
N22 (U))

0, Re(w) > 0,
(5.32)
0, Re(w) < 0.

Therefore we have N(w) = 0 and hence n(w) = 0 for all w € C. Since by (5.19) and (5.21),
ny = Co(f(I = V™Y) = Cy(f) = f, we obtain that Ker(l — Cy) has dimension 0. The

uniqueness of the solution is standard. The expansion (5.4) follows from (5.21).

The jump matrix V have the properties, V(w) = V(w), V(w) = 01V (—w) oy and det V(w) =1
for w € I'. These properties, together with the uniqueness of the solution to the RHP, imply the

results.

The realness of M (w) for w € R follows from M (w) = M (w), which also implies that M; and M
arereal. By expanding the both sides of M (w) = 01 M (—w)o; as w — oo, we have My = —o1 M0y

and My = 01 M0, and hence

M1=<_C“ ﬂ>, M2=<(M2)“ v ) (5.33)
-8 « v (Mz)11

for some a, 3,7, (Ms)11. Also since 0 = logdet M = trlogM = trlog(I + % + % + 1),
as w — oo, we have tr(M;) = 0 and tr(M> — £M7) = 0. The second identity implies that

(M3)11 = 3(a® — 3%) and we obtain the results.

Set f := Me~4%wos Then

f is analytic in C\ T,

fi = fovp(w) forw €T, (5.34)
fei’“”"3 =1 as w — oo.
where
1 —(itw)\N
vp(w) = (=) weTy,
0 1
(5.35)
() 1 0 r
vp(w) = (S N
GEN 1

Note that the jump matrix does not depend on x. Thus f’ and f satisfy the same jump condition,
and hence f'f~! is a entire function, where f’ = %f. On the other hand, from the condition
fei®wos _y [ as w — oo, we obtain f'f~! + jwfosf~ — 0 as w — oco. But since M =
I+ M 4 O(w™2) as w — oo, we have twfosf~! = twos + L[M;i, 03] + O(w™). Thus by

Liouville’s theorem, f'f~! = —%’U}O'g — i[Ml,O'g], which is equivalent to

1 1
M’ZZw[M,03]+§BalM, (536)
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as desired.

By taking the limit z — oo in (5.6) and collecting the terms of order O(w™!), we have
1 1
M{ = Z[M2,U3]+§ﬂ01M1. (537)
This implies (5.7).

1Ne 1
Set h = Me’i“””(}f—w)z]v * where (lf—g) % is defined to be analytic in C\ [—1, 1] with the

w 1

condition that it becomes 1 as w = iy — 0 satisfying y > 0. Then

h is analytic in C\ ([-1,1]UT),

hy =h vy, weT,

* " (5.38)
hy = (_1)Nh77 w € (-1,1),
he%””w“(if—Z)_%NJs -1  asw— oo,

where the interval [—1,1] is oriented from the right to the left, and the jump matrix vy is given
by

vh:<[1)_11> w € I'q,
(5.39)
Vp = <% ?) w € FQ-
Then
i —1 o1 1 -1 N -1
hh™ =MM~™ — —xMosM™" + MosM (540)
4 1—w?

is analytic in C\ {—1,1} with simple poles at —1 and 1, where A denotes the derivative with

respect to w. Thus, since hh=t — —%1’0'3 as w — oo, we find that

. 1 Ay B
e —
At I L

(5.41)

with some constant matrices Ay and By. By taking the limits of (5.40) as w — 1, —1, we obtain
Ay =T M(1)o3M (1)~ and By = LM (-1)o5M(—1)~t. Since M(—1) = o1 M (1)oy from (ii), we

have B() = —O'leo'l.

By combining (5.40) and (5.41), we obtain (5.8) with constant matrix A = M (1)o3M (1)~!. Now
we take the limit w — oo to (5.8). By collecting the terms of order O(w~!) and noting that
[M;, 03] = —2f07, we have

1
A+ 0140 = —Nmﬁal, (5.42)
and by collecting the terms of order O(w~=?) and noting that [M>, 03] = 2y0103, we obtain
A Aoy =2 +2M+1,6’M+1 (5.43)
01A01 = 403 N 1 Nl‘ o1 Vi N:L”)/O'lo'g. .

These yield the second formula (5.9) for A.
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(vi) From the second formula (5.9) of A, we have

A= L - yo— gy’ & — axB(l— o) — gpay (5.44)
-% — 5x30(1 + ) + sy -1+ ta+ yrah?

On the other hand, the first formula, A = M (1)o3M (1)1, of (5.9) implies that det A = —1. Thus
(5.44) yield the identity

1 1 1
(N —a- 55552)2 - 155252 + B+ 555(045 -7))* = -N2 (5.45)
By removing v and § using (5.7), we obtain
1 1
—(N —a —zd)? - 53:20/ + ﬂ(Qa' +za'')? = —N2. (5.46)
This becomes (5.10) if we set § = —Lzav.

(vii) We take I" as the union of circle of radius €, centered at 1 and —1. (We have freedom to pick a

contour.) Then from the formula of V', it is direct to check that

2 N
M=V iy < B 1=z, (5.47)
€

Also by (5.19),
ICVIIL2ry= 2@y < NCHll2mys 2y = VT I peemary < el = V7o r (5.48)

for some constant ¢; > 0. Here ¢; can be taken to be independent of 0 < € < 1/4 from a simple

scaling argument. Hence for large enough z, ||[(1 — Cv) |2 z2(r) < 1/2, and from (5.20),

1 [ (I-V-Y)(s) 1T =V ey IT
M =I+— | ———*d (0] 5.49
(w) + 2w Jp s —w st dist(w,T) ’ (5.49)
where |I'| is the size of I'. Also, we have
1
My=—— [(I+(1—-Cv) " (CvD)(s)(I -V ") (s)ds
2w Jp
_ 1 -1 1 -1
=5 F(I V7Y (s)ds = F(CVI)(S)(I V7Y (s)ds (5.50)
1
— 5= [ (L= Cy)THCV(CVI))(s)(T = VT)(s)ds,
T Jr
and the second and the third integrals on the last line are of order
O =V~ Hiem), O =V wm), (5.51)
respectively. Therefore, we obtain
1
B=(M)2 = —5 (I =V " ia(s)ds + O([IT =V 7o (r))
r
N (5.52)
-t L+s e~ 2% s + O0(e=1797) =: fn(z) + O(e~(1797)
2’/Ti |s—1|:e ]. — S ’ ’
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(viii)

After the change of variables 1z(s — 1) = z, we have

—1)Ne—z® T\N-1 z\ dz
fN(w):u/_l (1+35)" e_z(1+—)d—. (5.53)

211 z z’ z

This is precisely an integral representation of the Laguerre polynomial LE\I,)_I(JJ) (see e.g., [1]

22.10.8), and we find
B=2-1)Ne 3Ll (2) + O(e 1-97). (5.54)

Similarly, from (5.50), we have

azwmmz—%;men@a—vﬂxmn@+mw—vﬂﬁﬂw

-1 (5.55)
= # S M 673/2(175)1 —. T 673/2(176)1
e ) R el )= ale) + O )

By a direct computation using (5.1), we find that

- N 1 1

Since lim, o gn(x) = 0, we find that

(@) = [ S’ (5.57)

o0

which proves (5.12).

For w € C such that dist(w,T') > 1€, the result (5.14) follows from (5.49) and (5.47), (5.48). For w
such that dist(w,T’) < %e, we algebraically transform the RHP so that the contour I are now the
unions of circles of radius 2e, centered at 1,—1, and then apply the same estimates. By undoing

the algebraic transformation and using the Cauchy’s theorem, we obtain the result (5.14).

From the properties (ii), M (0) is of the form
M(0) = (A(m) B(Q:)) (5.58)

for some real function A and B such that A? — B? = 1. From the differential equation (5.6) when

w = 0, we find

r_ 1 r_ 1
A'=2pB,  B'=gp4 (5.59)
Thus we have
A(x) + B(z) = (A(zo) + Blag))elwo 5% (5.60)
A(@) - Ble) = (Alzo) — Blao))e Jo0 75000, (5.61)
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The asymptotics (5.11) and (5.14) then yield that

A(z) + B(z) = el=3806)ds (5.62)
A(z) —B(z) = e o380 (5.63)

which imply (5.16)
0

In Proposition 5.1 (i), the solution to the RHP exists for z > 0. Indeed it can be shown that the

solution ceases to exist when x = 0 for V € N.
Lemma 5.2. There is no solution to RHP (5.3) when x =0 for N € N.

Proof. When z =0, ¥(w) = (£2)N. Suppose there is a solution M to the RHP (5.3). Let L(w) be
the matrix defined by

1 —(itw)\N
M (w) (=) , w € Ny,
0 1
L(w) = 1 0 (5.64)
M (w) , w € Oy,
—(FV 1
(M (w), w € Q.

Then L(w) is analytic in C except that its second column has a pole of order N at w = 1 and its first

column has a pole of order N at w = —1. Since L(w) — I as w — oo, we find that L has the form
N
0 aj 1 ce. O
=TI+ T+ _ , 5.65
Z (0 b> kz:;(ler)’c (dk 0> (5:65)
for some constants a;, bj, cx, d,. From (5.64) and (5.65), for w € Q4
1 1tw
M (w) = L(w) (D" , (5.66)
0 1
and especially the 12-entry is
N N
1+w\N cr(1+ w) —k
M 5.67
W) = (=) +2:) +Zl - (5.67)

From (5.3), M, hence Mj,, is analytic at w = 1. By expanding (5.67) as a Laurant series around w = 1,

and computing the coefficient of (1 — w)~!, we obtain the condition

—(=1D)N2N 4+ a; — (-1)Ne; = 0. (5.68)
Similarly, for w € Q,
N i N
a;j(l—w)N-J Cr
M =1 e —_— 5.69



and by expanding M (w) as a Laurant series around w = —1, and calculating the coefficient of (1+w)~!,

we obtain the second condition
—(=1)Na; + ¢ =0. (5.70)

But there is no such aq,c¢; satisfying (5.68) and (5.70) when N € N, and this is a contradiction.
Therefore, there is no solution M to the RHP (5.3). O

6 Asymptotic analysis of orthogonal polynomials and the proof
of Theorem 1.3

Set,

t= /4. (6.1)

As mentioned earlier, Theorem 1.3 is obtained by taking the limit (3.1) of the formula Lemma 4.2. For
that purpose, we need asymptotics of m, and N. In view of Lemma 3.1 and Lemma 4.2, we set
t:l—%, k = [zL], (6.2)
and take the limit L — oo in this section. The results are summarized in Proposition 6.4 and Proposition
6.6 below. The asymptotics of AX* are in Proposition 6.5, and the proof of Theorem 1.3 is given at
the end of this section.
Let ¥ be the unit circle {|z] = 1} in the complex plane, oriented counter-clockwise. Let Y be the

solution to the following 2 x 2 Riemann-Hilbert problem (RHP) :

Y (w) is analytic in w € C\ ¥, and continuous up to the boundary,

Yi(w) = Y- (w) ; wk(mw)T(mwl)N . wes, (6.3)

Y(w)z7*s = I+ O(w™1), as w — 00.

Then due to the work of Fokas, Its and Kitaev ([12], see also [4]), the orthogonal polynomials 7, and
its norm Ny, of (4.8) are given by

7 (w) = Y11 (w), Ny = Y12(0), Np_1 = =Y, (0)7". (6.4)

The goal of this section is to find the asymptotics of Y with precise error bound as L — oo with (6.2),
and hence to find the asymptotics of 7 and N,. We use the steepest-descent method for RHP, which
was introduced by Deift and Zhou [11]. Throughout this section, N is a fixed parameter, while ¢ and k
would vary as L varies.

Define m(") by

m(2) = (—1)53y (5 (1+t2)N 0 kg [0 -1 .
(2) =(-1) Y()( 0 (14 42)N (—1) 0 ) lz] < 1, (6.5)



and by

—k —1\N
W) (1) Eos 2714tz 0 I P,
m'(z) = (—1)272Y (2 1)~ 2793, z| >1
(2) = (-1) <>< i ey ) D ]
Then m™) solves the new RHP
1 _
mg)(z):m(_l)(z) #(2) ) Z €Y,

)" 0

mW(z) =T+0(z7), as z — 00,
where
o(2) = (=) +t2)N A +t27 1)V,

This RHP is algebraically equivalent to the RHP (6.3).

(6.7)

(6.8)

Fix 0<a<1l Let &y = {]z+1—5-| = &} and £, = {|z + 1 + 5| = 5~ }. We orient the circle

31 counter-clockwise, and orient the circle ¥- clockwise. Note that we have plenty of freedom for the

choice of the contour. Since 0 < a < 1, ¥y, ¥5 and |z| = 1 have no intersection, and the complex plane

is divided into four connected regions (see Figure 2). When L > 12+a & which we assume hereafter, the
Z 2
[z|=1
Figure 2: Contours ¥; nd X,
point —t~! is inside the disk bounded by ¥,. Define m( (z) by
( 1 z
m® (z) = mM(z) # () , for z between ¥; and |z| = 1,
0 1
{ 10 , (6.9)
m® (z) = mM(z) , for z in the unbounded component,
p(z)h 1
\m(2) (z) = mW(z), for z inside ¥; and Xs.

Since (2) is analytic in C\ {~t}, and ((2) ! is analytic in C\ {—t"'}, we find that m(?(z) is analytic

in all four regions. Moreover, by the jump condition of m(") on |z| = 1, m(® is analytic on |z| = 1.
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Thus m(? solves the following RHP :

m?)(z) is analytic in C\ (Z; U ),

mP(z) =m®P (2P (2),  z€BUD, (6.10)
m? (2) =T+ 0(z71), as z — 00,
where
1 —p(z
( o >> s
0 1
v (z) = (6.11)
1 0
) S 22.
e(z)71 0
Now we take the scaling
w:=2L(z+1). (6.12)

Under this map z — w, 1 and s are mapped to 'y := {w : jw — 1| =a} and I's := {w : |w+ 1] = a},
respectively. Set I' =T’y UT's. We define

m® (w) :=m® (=1 + —). (6.13)
Then m®) solves the RHP

m®) (w) is analytic in w € C\ T,

m® W) =m® wp®w), wer, (6.14)
mB)(z) =T+ O0(w™!), as w — 0o,
where
v® (w) =m® (-1 + %) (6.15)

Now we need the following Lemma.
Lemma 6.1. For fized 0 < a < %, where a is the radius of I'y and s, we have the following results.

(1) With (6.2), for any xo > 0, there are positive constants Cy,cy, Ly such that

w Cl i w Cl e
llo(=1+ ﬁ) — ®(w)||ge(r,) < € L le(=14 ﬁ) — ®(w)|| g (ry) < € ! (6.16)
for all L > Ly and x € [z9,00).
(2) For any xo > 0, there is a constant Co > 0 such that
|Mi|lpeery < C2y  IM7Y|peo(r) < Co, (6.17)

for all x € [z, 00).
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Proof. (1) By an elementary calculation, we have for any complex numbers f, g

lef — e9] < |f — glemax(Be()).Re(9)) (6.18)
For w € T'1, with (6.2),
N
1+
(=1 + ﬁ w)| = |(1 = 7)Y e aaw - Z‘ (6.19)
Setting
[I‘L] + N w w
f="mp leellmgp) 9=gp (6:20)
for (6.18), the difference (6.19) is less than or equal to
2
(#)kaLf _ eng ] (621)
Now with &' := {M;];N and € := 2%,

1
f—g=FKlog(l—¢)+e= / di(k’ log(1 — se) + se)ds
0 S

_ /1 — (k" —1)e — s + (k' — 1)see + 5262Ed
~Jo 1= seP ’

(6.22)

2
3
larg(e)] < % and |arg(e?)|] < %. Also, when L > \/‘E/i > \/5(“\*/;71), we have 1 < |1 — se[? < 2 for
w € T';. Hence noting that k' — 1 > 0, we obtain

An elementary calculation yields that |arg(w)| < & for w € Ty as 0 < @ < 3, and hence we have

/ {—— — 1)Re(e) — %sRe(e2) +2(K' — 1)s|e|” + 25%|e|* Re(e) }ds
(6.23)

- _%(k’ —1)Re(e) — iRe(e2) + (K = 1)|e)* + §|€|2R6(6).

The first term satisﬁes —2(k' — 1)Re(e) < 0. For the third term, when L > %, we have k' — 1 =

[mL];ﬂzL+N < 2 L < 116’ and hence we find (k' — 1)|e|2 < %Re(ez) as |arg(e2)| < . It is also direct to

check that the forth term has the estimate 2|e[*Re(e) < {-Re(e?) if we take L > &, These estimates

yield
Re(f —g) < —%Re(g) <0 (6.24)
when L > max(&!, 15(1)\’)
Similarly, from (6.22), e < % and |1 — se|? > % when L > \/‘[1

1
fogl<? / (K = 1)le] + sle> + (K = 1)]el® + s2|ef* }ds
0

4N 1 4N 16, 1
s S O N i Wit Wil
_(CU()+ )L2+($0+3)L3

4N 1
< 3(37_ + 4)

(6.25)
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Now the first inequality of (6.16) on I'; is obtained using (6.21). The second inequality of (6.16) on I'
follows from the inequality on I'y and the symmetry under w — —w.

(2) From (5.20) and (5.19), we have M, = I + (1 — Cy)~}(CyI). By Proposition 5.1, (1 — Cy) ™!
exists for all z > 0, and also it is easy to check that Cy and (1 — Cy)~! are continuous in z. Hence
from (5.20), M is uniformly bounded for z in a compact subset of (0,00). Also, from the analysis of
Proposition 5.1 (vii), Cy and (1 — Cy)~! are indeed bounded as # — co. Hence we obtain the uniform
boundedness of M for z € [zg,00). The boundedness of M} " follows from the boundedness of M,
together with the fact that det M, = 1. O

Set
R(w) := m™® (w)(M (w)) . (6.26)
Then R solves the RHP,

R, (w) = R_(w)vg(w), weC\X, (6.27)
R(w) =T+ O(w™1), as w — 00,

where
vp = M_v®VH M) = MV Te® M (6.28)
Then vg shares the following properties.

Lemma 6.2. Let C,, be the operator introduced in (5.19) for vg. For any fived xo > 0, there are

positive constants C3,c3, L3 such that
- Cs _
M vl < S2emes®, (6.20)

uniformly in x € [xg,00) for L > Ls. Also for L and z in the same range, the operator C,, acting on
L?(T) satisfies

(1 = Cup) M2y —r2(r) < 2, (6.30)

and the matriz R in (6.26) is given by

1 -1 -1 6.31
=145 /p [ _svf(iy) a5+ o /F S Cng)S)(I UL
Proof. Since
-1y = (O Bw) —e(=1+57)
I— ()" V (0 0 , (6.32)
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for w € I'y, from Lemma 6.1 (1), we obtain for L > Ly,
I—(@®)~v < Geman 6.33
1= (v') ||L°°(F1) > Te . (6.33)
A similar calculation yields the same bound for I';. Therefore using Lemma 6.1, we obtain for L > L,
_ _ - 1 _
1T = v gy = 1Mo (T = )T V)M |pery < 20102256 ar, (6.34)

and we obtain (6.29) (with c3 = ¢1). For (6.30), note that since the Cauchy operator C on L?(T) is

bounded, we have

c' _
1Curllz2 vy 2y < €7 (6.35)
for L > L; with some new constant C' > 0. But if we take L large enough so that %’6_53”” < % < %
we have
1
ICur L2 ()=o) < 3 (6.36)

uniformly in & € [zg,00). Now the result for C,, follows from the Neumann series, and (6.27) follows
from the general theory of RHP (cf. proof of Proposition 5.1 (i)). O

Under the sequence of transformations ¥ — m®) — m®) — m®)  the quantities (6.4) of interest

become
Ne=m{P L), N7 =mden),  m0)=-(-1*mi)eL). (6.37)

From (6.31), using (6.29) and (6.30), we find that for z, L as in Lemma 6.2,
!

|m® (2L)M(2L)~* — I| < %e*‘fﬂ, (6.38)

for some constant C’ > 0.
Now the following estimates for M (2L) follows from (5.20) in the proof of Proposition 5.1 (i) and
also the proof of Lemma 6.1 (ii).

Lemma 6.3. For any fized xo > 0, let c3 and L3 be as in Lemma 6.2. There are positive numbers Cy
and Cs such that

M
|M(@2L) -1 - 1| < C‘*e—csx

e ML) < s, (6:39)

for all x € [xg,00) and L > Ls.

Thus (6.38) yields that

Im®(2L) — - My oo

S| < The o, (6.40)

for some constant Cg > 0. From this and (6.37), we obtain the asymptotics of Ny and 7 (0) :
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Proposition 6.4. With (6.2), for any fized o > 0, there are positive constants Cs,ce, Lg such that

@, N)  Cs_—coa
- < —e .
[Nk =1+ =57 < F3e 7, (6.41)
-1 Cl(l‘,N) Oﬁ —cgT
N 1= = S e, (6.42)
N C
|7 (0) + ( ’“6 > | < —6 —cer (6.43)

where o and (3 are defined in Proposition 5.1 (iii).

As in the proof Lemma 7.1 of [4], it is direct to obtain the following result from Proposition 6.4, and

we skip the proof.

Proposition 6.5. For any fived xo > 0, there are positive constants Lr,c; such that when 2n = [zL],

<1 1 —crx
jl;[n 2]+2 = exp (/ 1 a(y N)dy) (1 + O(Ze )), (6.44)
1 —crx
]];[n 2]+1 = exp (/ - y: dy) (]- + O(Ze )), (645)
H(l +mi12(0)) = exp (q: h i )dy) (1+ O(%e%”)), (6.46)
[T 5 m) = ew( [ 180Nay) (1+0(7e ) (6.47)

for z € [xg,00) and L > Ly.

Also under the transformations ¥ — m® — m® — m®) ¢, in (4.10) is, with the relation

z = =1+ 57, given by

—(=1)Fmi3 (w), w e,
ok(2) = 2 (1 +t2)V (1 + tz= )" NmD (w), we N, (6.48)
— (=1 km P ) + 2* (1 + )N (1 + =)V (w), w e Q

(recall Figure 1). Hence, under (6.2), from (6.31), for any fixed z > 0 and fixed w € C,

lim m® (w) = M(w). (6.49)

L—oo

(For w near the contour I', we could take different radius a of the contours I';,I's.) Therefore, (6.48)

has the limit

—Mlg(’u}) w e Ql,
nggo( ¥ (—1+ %) =9 —Miz(w) + ®(w) M1 (w), w € Q, (6.50)
@(’U})Mll(UJ), w e QQ,
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for each fixed 2 > 0 and w € C, where k¥ = [¢L]. On the other hand, by noting that ¢ (z) =
K1+ /g2)N (1 + /gz7) "N gr(271), we obtain from (6.50) that

Mll(—UJ) w e Ql;
. * w
Lh_{noo op(—1+ ﬁ) = My (—w) — ®(w) Mi2(—w), w € (o, (6.51)
—‘I’(’w)Mm(—w), w € Q.

Using the symmetry M (w) = o1 M (—w)oy of Proposition 5.1 (ii), this is equal to

M22(U)) w € Ql,
Jim G145 = § Mao(w) - B@)Mai(w),  w e D, (6.52)
—@(U))Mgl (U)), w e QQ.
Define M) (w) = MM (w;z, N) by
M (w) w € (U,
M) [T €n
MO (w) := N 1) vET (6.53)
1 —®(w)
M (w) ( ) ) L we\{-1).
{ d(w)~t 0

In other words, from the jump condition of the RHP (5.3), M) is obtained by taking analytic con-
tinuation of M (w) for w € Q. Then the results (6.50) and (6.52) can be written in a compact form

Proposition 6.6. We have with k = [¢L],

Jim (<1 u(-1457) = M (w) (6.54)
lim gi(—1+52) = M (w) (6.55)

for each £ >0 and w € C.

Proof of Theorem 1.3

Now we prove Theorem 1.3. By combining Lemma 3.1, Lemma 4.2, Proposition 6.5 and Proposition
6.6, we obtain for p > 0 and = > 0,

P(H?(N;p) < z)
! L —1 1 1 (6.56)
= %{ [Mz(z)(w) - M1(2)(w)] (Ex(z)) " + [Méz)(w) + Ml(z)(w)] EN(x)} Fn(z),

where

-1 (6.57)



Thus we set
_ 2. _ a2y,
an(z, p) = My, (; —1;z), bn(z,p) = My, (; - 1;z). (6.58)

From the RHP for M, ax(z, p), bx(z, p) are analytic in & > 0,p > 0, and En(z),Fx(z) are analytic in
> 0.

The properties (i), (ii) of Theorem 1.3 are given in Proposition 5.1 (iv), (vi) and (vii).

For the property (iii), we note that it is direct to check that when M satisfies the differential
equations (vi), (v) of Proposition 5.1, M) also satisfies the same differential equations. This implies
the property (iii).

The asymptotics (iv) of ax, by follows from (5.14), and the definition of M ™),

The asymptotics (1.31) in (v) follows from the normalization condition of the RHP : M (w) — I as
w — 00, and (1.32) is obtained from Proposition 5.1 (viii) and the definition of M ().

Now we compute (1.33). With z = yp and w = % — 1, we have

q)(w,a:) = C_yeéypﬁ = O(C%yp) (659)

As p — oo, using (1.28), with the change of variables s =1 — (2/p)u,

2 2 —(1—2¢
ax(yp, p) = (7~ Liyp) (1“1(—; +1,yp) + O(e” 1 72997))
1 —u du 1
E— y(u—1) p N —(5—2€¢)yp
270 Jjuj=1/2 ‘ (P - 1) ulN(u —1) ot ) (6.60)
1 du 1
= yu=1)__"% (1 -1 —(3-2)ypy
s [ vy (L 06+ 0l

But the function

9(y) == L pulu—1)__du

= — .61
21 lu|=1/2 UN(U — ].) (6 6 )

satisfies ¢'(y) = e‘y% and g(0) = 0. Hence g(y) = P(N,y), the incomplete Gamma function, and
we obtain the first of (1.33). The second of (1.33) follows from (1.29) and (6.59).

7 Limiting distributions as N — o

In Theorem 4.2 of [7], the authors computed the limiting distributions of the last passage percolation
time G¥(N;a) of (3.4) as N — oo for various values of . Similar results are also obtained in [6] for
a Poisson percolation model with a symmetry condition, which also has interpretations as the longest
increasing subsequence of random involutions. In this section, we take similar limit for H2(N;p). The
results are such that we take the formal limit Lemma 3.1 in Theorem 4.2 of [7] assuming that the two

limits N — oo and L — oo interchange. The functions Fy, Fy and F¥ are defined in [7, 6].
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Theorem 7.1. For each fized x € R and p,

. F4(£L’), OSP<2;
. H“(N;p) —4N
Jm (TSR <x) = (Rw. = (0
0, p> 2.

Also, for each fized x € R and w € R,

H?(N;p) — 4N - 25/3w
<WS$ = F(z;w), PZQ—W (7:2)
From the formula in Theorem 1.3, this result can be obtained by applying the Deift-Zhou steepest-
descent method to the Riemann-Hilbert problem (5.3). The analysis is analogous to that of [4, 6],
and we do not provide any details here. Steepest-descent analysis for an extension of the RHP (5.3),
which includes the analysis of the above Theorem 7.1 as a special case, will be carried out in a later

publication, [3].

8 Correlation functions

In this last section, we give some remarks on the correlation functions for the general interpolating
ensemble with the density (1.6) with g =1,

N
p, e =[] @& [[ue)e s, (8.1)
1<i<j<N i=1

on RN i={&v < év_1 <--- <&} (N is even). It has been known that the correlation functions for
the orthogonal ensemble (when A = 0) and the symplectic ensemble (when A = +00) can be expressed
in terms of the Pfaffian, or the square root of the determinant, of an antisymmetric matrix (see e.g.,
[22, 29]). For (8.1) with general A, Rains ([23]) computed the correlation functions and showed that it
is again expressible in terms of Pfaffians but of a different matrix. In this section we remark that the
result of Rains can be obtained from the argument of Tracy and Widom [29] after a minor change.

In [29], Tracy and Widom developed a systematic method to express various correlation functions of
orthogonal and symplectic ensembles in terms of certain Fredholm determinants. Especially in Section
9 of [29], Tracy and Widom expressed the correlation functions of general orthogonal ensemble. The
computation below for the above ensemble (8.1) is identical to that of Section 9 of [29] except the change
of the asymmetric factor € — €4.

We assume that NN is even in the below. When N is odd, one needs some change of the formulas.

The starting point is the following identity in Remark 7.6.1, [5] :

AT (-1 Pf(sgn(fj _ Ek)eA\Ej*&el) (8.2)

1<j,k<N’

This can be checked by noting that the Pfaffian on the right-hand-side is the square root of the

determinant Dy of the matrix (sgn(f]- — fk)eA‘Ef*W) and by finding the relation Dy =

1<j,k<N’
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e2AEN1=EN) D using proper row and column operations. From (8.2), for any bounded function

f, we have

N
Za- [ o6 i i) II0+ s - dex

ord

(8.3)
= /]RN Pf (sgn(& — fk)eA\Ef*g’“‘)lgj,ng det(fﬁw(fk)(l + f(fk)))lgj,ngdfl o dEn

ord
We also need the following result of de Bruijn (equations (4.6)-(4.8) of [8]) : given a measure space
(X, ), for an anti-symmetric function s(x,y) = —s(y,z) on X x X,
1

37 [ PR i det(6i(a; i senduten) - duan)

:Pf</ / Pile)s(@,y)¢5(y)d (m)du(y)>1<i,j<N

for a sequence of functions ¢; on X. This is a generalization of (1.4) of [29] where the authors took the

(8.4)

special case when s(z,y) = sgn(z — y). Now with s(z,y) = sgn(z — y)e?1*=¥ and ¢;(z) = 27 w(z)(1 +
f(z)), the square of (8.3) is equal to

der [ [ sante = et vadyPulehut) 1+ F)1 + f(y))dwdy> - s9)

RJR 0<jk<N—1

Here the N! term in (8.4) disappears since RY , is the ordered set {{y < -+ < &} and we take X = R.
This formula is same as the second displayed formula of section 9 of [29] with the modification that
e(x —y) (which is sgn(z — y)) is replaced with sgn(z — y)e?!* =¥l
The rest of argument is same as section 9, [29] except that the operator € whose kernel is sgn(z — y)

in [29] is now changed to the operator €4, defined by

(eah)(z) = /ReA(w —Yh(y)dy,  ealr —y) :=sgn(e —y)e'l*7v, (8.6)

for a suitable class of functions h. With this modification, the result analogous to (3.3), (9.1) of [29] is
the following.

Lemma 8.1. (Theorem 1.1 of [23]) Set v;(z) = pj(x)w(z) where pj(z), j = 0,1, -, is an arbitrary

sequence of polynomials of exact degree j. Let M be the matriz

= ([ [ eate - npespntidean) (5.7
R JR 0<j,k<N-—1
and set M ' = (pji). Then we have

N
[, e v L0+ 7@ dew = a1+ 50 (59)

ord

A)

where the operator KI(V has the 2 x 2 matriz kernel

Sn(z,y; A) SnD(z,y; A)
.y A) =
Koy 4) <15N<x,y;A>—eA(x—y> 5N<x,y;A>>
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and
N—1
S,y A) = = > (@) (eatn) ), (8.10)
7,k=0
N—1

= > (ear) (@) ik (eathn) (v), (8.11)

J,k=0

SnD(z,y; A) = Y di@)prde(y). (8.12)
J,k=0

The matrix elements in the above determinant for general A is significantly simplified for the Laguerre
case, w(x) = e "1;>¢ by [15], which is an extension for general A of the results for Laguerre orthogonal
and symplectic ensembles (see e.g. [2, 31]).

When A = 0, e4 = € in the notation of [29], and the kernel (8.9) is equal to (9.1) of [29], which
is the 8 = 1 orthogonal ensemble. On the other hand, when A — +00, we do not have a proof that
Kn(z,y; A) converge to the kernel (8.1) of [29] for the § = 4 symplectic ensemble. However, we note
that for smooth h which decays fast at +oo, integrations by parts yield that

(cah)(w) = (@) + g5 (eaR") )
3 > . 4 (8.13)
= 2 (@) — o) + o (eah) ) =

Thus when A — 400, it seems that the main contribution to (e4h) comes from —h'. If we replace
(eatr) in (8.10)-(8.12) above by —t, and drop the term es(z — y), (8.9) is equal to (8.1) of [29] if
the notations ISy and SyD there are exchanged. This seems to be an indication that the kernel
Kn(z,y; A) actually converges to the kernel (8.1) of [29], the § = 4 symplectic ensemble, as A — +oo.
Nevertheless, Proposition 1.1 shows that the determinant det(1+ K ](\fl) f) converges to the corresponding
determinant for 8 = 4 symplectic ensemble as A — oo for a proper class of functions f.

We finish this section with some properties of the operator €4 which can be checked easily. Let h

be a function in the Schawrz class.
e Let g =eh. Then ¢" — A%g = 2H'.

e If h, in addition to the smooth and decay conditions, satisfies [, h(x)ds = 0, we have

(e1'h)(z) = %h’(m) _ A? /_ " nbd (8.14)
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