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Abstract

We compute the limiting distributions of the lengths of the longest increasing subsequences of random
(signed) involutions with or without constraint on the number of fixed points (and negated points) as the
sizes of the involutions tend to infinity. The resulting distributions are (1) the Tracy-Widom distributions
for the largest eigenvalues of random GOE, GUE, GSE matrices, (2) the normal distributions, or (3) new
classes of distributions which interpolate between pairs of the Tracy-Widom distributions, depending on the
number of the fixed points. We also compute the limiting distributions of the lengths of the second rows
of corresponding Young disgrams and also prove the convergence of moments in each case. The proof is
based on the algebraic work of the authors in [7] which establishes a connection between the statistics of
random involutions and a family of orthogonal polynomials, and an asympotitic analysis of the orthogonal
polynomials which is obtained by extending the Riemann-Hilbert analysis for the orthogonal polynomials

by Deift, Johansson and the first author in [4].

1 Introduction

Recently it has been observed by many authors that there are certain connections between random permutations
and/or Young tableaux, and random matrices. One of the earliest clues to this relationship appeared in the
work of Regev [40] in 1981. A Young diagram, or equivalently a partition A = (A1, Ao, -+ ) Fn (Ay > A2 > -+,
>~ A; =n) is an array of n boxes with top and left adjusted as in the first picture of Figure 1, which represents
the example A = (4,3,1) - 8. A standard Young tableau @ is a filling of the diagram by numbers 1,2,--- ,n
such that numbers are increasing along each row and along each column. We say that the tableau @ has the
shape A. The second picture in Figure 1 is an example of a standard Young tableau with shape A = (4,3,1).
Let d) denote the number of standard Young tableaux of shape A. A result of [40] is that for fixed S > 0 and
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Figure 1: Young diagram and standard Young tableau
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The multiple integral on the right hand side is called the Selberg integral, which can be computed exactly for
each (3 in terms of the Gamma function. In particular, when 3 = 1,2,4, this integral is the normalization
constant of the probability density of the eigenvalues in the Gaussian orthogonal ensemble (GOE), Gaussian
unitary ensemble (GUE), Gaussian symplectic ensemble (GSE), respectively (see e.g. [37]) in the random
matrix theory. Motivated by this result, we define the (-Plancherel measure on the set Y, of Young diagrams
(or partitions) of size n by

_d
Yy it

A natural question is the limiting statistics of a random \ € Y;, under MP, as n — oo.

MP()) = AEY,. (1.2)

The case when 3 = 2 is quite well studied. In this case, M? is called the Plancherel measure which arises in

the representation theory of symmetric group S,,. Denote by L;’“)

the random variable \; under the Plancherel
measure M?2, and denote L,, = lel). There are many known results on the asymptotic statistics of A under this
Plancherel measure. In 1977, the limiting expected shape of A under M? is obtained in [49], also independently

in [36] for the so-called Poissonized Plancherel measure. In particular, it is shown that

E(Ly)

li =2 1.3
e (13)
A central limit theorem is then obtained by [4] :
. L, —2\n
Jim pr(ER) — pao) (14)

where F5 is the so-called Tracy-Widom distribution function, which is expressed in terms of the Painlevé IT
solution (see Definition 2 in Section 2 for the definition). The connection to the random matrix theory comes
from this function F, : in 1994, Tracy and Widom [47] proved that under proper centering and scaling (which
is different from the scaling for L,, in (1.4)), the largest eigenvalue of a random matrix taken from the Gaussian
unitary ensemble (GUE) has the same limiting distribution given by Fy. In other words, after proper centering
and scaling, the first row of a random Young diagram under the Plancherel measure behaves statistically for

large n like the largest eigenvalue of a random GUE matrix. Then in the same paper [4], it was conjectured



that L) of a random A € V;, under M? have the same limiting distribution as the k' largest eigenvalue of a
random GUE matrix for each k. This conjecture was supported by numerical simulations of Odlyzko and the
second author, and was proved to be true for the second row Lg) in [5]. The full conjecture for the general row
L' was proved by [39], [11] and [30], independently. The authors proved the convergence in joint distribution
for general rows, and also in [11] and [30], the authors obtained the discrete sine kernel representations for the
so-called bulk scaling limit of correlation functions, which is an analogue of the sine kernel appeared in the
GUE matrix case. In [4] and [5], in addition to the convergence in distribution, the authors also proved the
convergence of moments for LEP and Lg? ), respectively. The convergence of (joint) moments for the general
rows is obtained recently by [6].

One of the main topics in this paper is the case when 8 = 1. From (1.1) and the results for the case when
3 = 2, we expect that the limiting statistics of a random A € Y;, under M} is same as the limiting statistics of
the eigenvalues of GOE (Gaussian orthogonal ensemble) matrices. We establish this fact for the first two rows
in this paper. More precisely, we have (see Theorems 3.4 and 3.6), denoting by islk) the random variable \j of
a random \ € Y,, under M},

n— o0 nl/6

)
lim Pr(ﬁ < m) =F¥@),  k=1,2 (1.5)

where F; l(k) () is the limiting distribution function [48] for the (scaled) k" largest eigenvalue of a random matrix
taken from GOE. We also prove the convergence of moments. As in the case of 8 = 2, we expect that the
above result should extend to the general rows k > 3, and also to the joint distributions. For general values of
B > 0, again from (1.1), we expect that in the large n limit, the k" row of a random Young diagram under
M} correspond to the Coulomb charges on the real line with the quadratic potential at the inverse temperature
B, which specializes to GOE, GUE, GSE eigenvalue distributions for the cases 8 = 1, 2,4, respectively. This
conjecture seems natural from the perspective of the discrete Coulomb gas interpretation for the Plancherel

measure case M2 given by Johansson [31, 30].

The Plancherel measure M2 has a nice combinatorial interpretation. The well-known Robinson-Schensted
correspondence [41] establishes a bijection between the permutations 7 of size n and the pairs of standard Young
tableaux (P, Q) where the shape of P and the shape of @ are the same and the shape of P (or @), denoted by
A(m), is a partition of n. Thus the Plancherel measure M? on Y, is the push forward of the uniform probability
measure on S,. Moreover, under this correspondence, \(7) is equal to the length of the longest increasing
subsequence of 7. More generally, a theorem of Greene [26] says that A1 (m)+- - -+ A (7) is equal to the length of
the longest so-called k-increasing subsequence of . Thus the difference of the lengths of the longest k-increasing
subsequence and the longest k — 1-increasing subsequence of 7 € S, under the uniform probability measure is
equal to A\ of A € Y,, under the Plancherel measure M2 in the sense of joint distributions. Thus for example,
(1.3) and (1.4) can be restated for the results on the longest increasing subsequence of a random permutation.
On the other hand, the sum of the lengths of the first k£ columns of A is equal to the length of the longest
k-decreasing subsequence of corresponding . But since the transpose A! have the same statistics as A under
M2, the results (1.3) and (1.4) also hold for the longest decreasing subsequence of a random permutation.

The measure M} also has a combinatorial interpretation. Under the Robinson-Schensted correspondence,



if ™ corresponds to (P,Q), then 7—! corresponds to (Q, P) (see e.g. Section 5.1.4 of [34]). Therefore, the
involution 7 = 7= € S, is in bijection to the set of single standard Young tableaux whose shape is a partition
of n. Consequently, the uniform probability measure on the set of involutions S, = {reS,:m=n1}is
push-forwarded to the 1-Plancherel measure M} on Y,,. The result (1.5) with k = 1 implies that asymptotically
the length of the longest increasing (also decreasing) subsequence of a random involution behaves statistically
like the largest eigenvalue of a random GOE matrix.

Any involution 7 € S, consists of 1 cycles and 2 cycles. It turns out that if we put certain constrains on the

number of 1 cycles, or fixed points, of 7, the limiting distribution is different. Introduce a new ensemble
Spm = {7 € Sonim : [{z: 7(x) = x}| = m}. (1.6)

The corresponding tableaux ensemble is obtained by again the Robinson-Schensted correspondence. Under the
map between the involutions 7 and the standard Young tableaux with shape A, the number of fixed points of
7 is equal to the number of odd parts of A!, the transpose of A (see [34]). Equivalently, the number of fixed
points of 7 is equal to Ay — A2 + A3 — - --. Thus the set S, ,, is in bijection to the set

Yn,m = {/\ = ()\1) /\27 o ) S Yr2n+m : Z(_l)j_l)‘j}v (17)

and the uniform probability measure on S, ,, is push-forwarded to the measure

dx

=, AEY, . (1.8)
ZueYn,m d#‘

)

Note that for A € Y}, ,,,, the statistics of rows and columns are now different. We denote by L,?j,(f ) and ngg,]f) the

random variables given by the lengths of the k' row and k** column of a random A € Y,, ,,, under the measure
(1.8), respectively. We also denote by Lgm = Lg,’r(f) and Lf;m = L) the length of the longest increasing
and decreasing subsequences of a random 7 € S, ,,, under the uniform probability measure.

In this paper, we obtain the convergence in distribution and the convergence of moments of Lg,#f) and szg,]f)

for k =1,2 as n,m — oo in a certain rate. Set
a=—. (1.9)

It turns out that the limiting distribution of LY differs depending on o The importance of the number of
fixed points can be seen from the following point selecting picture. Consider a unit square [0,1] x [0, 1] in the
plane and denote by § = {(z,z) : 0 < z < 1}, the diagonal. Suppose we select n points at random in the lower
triangle 0 < z < y < 1 and take the mirror image of the points about the diagonal §. And we also select m
points at random on the diagonal 6. Hence there is a total of 2n + m points. As illustrated in Figure ..., one
such choice of points gives rise a permutation 7 satisfying 72 = 1 with m fixed points, i.e., 7 € S, ;. The
length LY () of the longest increasing subsequence of 7 is then equal to the ‘length’ of the longest (piecewise
linear) up/right path in the square from (0,0) to (1,1). Here the ‘length’ of the up/right path is defined by the
number of points on the path. It is easy to see that the length of the longest up/right path in the above point

selecting process has the same distribution as LY. Then Note that the longest increasing subsequence is longer



than the number of fixed points m : LY > av/2n. When « is large, there are many fixed points and it is likely
that . (Theorem 3.1) :

On the other hand, in [36, 49, 50], the limiting shape of a typical Young diagram under Plancherel measure
was obtained. In [33], it was shown that this limiting shape can be viewed as Wigner’s semicircle law. A
conceptual background for this connection between Y, with the Plancherel measure and GUE matrices was
provided by Okounkov [39] using two different points of view on topological surfaces, namely gluing polygons
and ramified coverings.

In another direction, there are results on the limiting distribution of the length of the longest increasing
subsequences of various type of permutations. Signed permutations were considered in [46], colored permutations
in [10], a certain statistical model related to generalized permutations in [31], and random words in [45] and [30].
The limiting distribution for the first three cases is expressed in terms of the Tracy-Widom distribution F»(x),
while random word is related to trace-free GUE matrix. There have been more recent work on random words
in [28], [35], [44]. By way of comparison with the results of this paper, we mention the result in [46, 10] that
the distribution function of the length of the longest increasing subsequence of a random signed permutation
converges to Fy(z)? (while that of a random permutation converges to Fy(z)).

We refer the readers to [1, 38] for a survey and history of the longest increasing subsequence problem in

random permutations, and to [37] for general reference on random matrix theory (see also the recent book [12]).

In this paper, we consider the case when § = 1. One of the main results is that the lengths of the first and
the second rows of a random Young diagram under M}, behave statistically like the largest and the second
largest eigenvalues of a random GOE matrix in the limit n — oco. As in the permutation case, the length of
the k' row of a random Young diagram under M is believed to correspond to the k¥ largest eigenvalue of a
random GOE matrix.

From the combinatorial point of view, the subject of this paper is involutions. We introduce the ensemble
of involutions :

S,={re€S,:m=n"1}. (1.10)

The Robinson-Schensted correspondence establishes a bijection from this set to the set of standard Young
tableaux of size n, m < Q(m) (see e.g. Section 5.1.4 of [34]), and hence the probability measure M} on Y, is
just the push forward of the uniform measure on S,,. We define P () to be the length of the k*" row of Q(r)
for k > 1, and we call it simply the length of the k" row of ©. For brevity, in the case k = 1 we write in(ﬂ) for
the length of the first row, or equivalently the length of the longest increasing subsequence of .

We also consider the ensemble of signed involutions of 2n letters, S’ﬁ, consisting of the bijections 7 from
{-n, -+ ,=2,—-1,1,2,--- 'n} onto itself satisfying 7 = 7~ ! and n(z) = —7(—2). From the tableaux point of
view, this set is in one-to-one correspondence with the set of self-dual Young tableaux, or domino tableaux (see
[7]). Similarly we define e (7) to be the length of the k** row of 7 € S* and denote by L¥(r) the length
of the longest increasing subsequence of w. We equip this ensemble with the uniform distribution and consider

®) as n — 0o. The asymptotic results in the cases k = 1,2 for both ensembles

the limiting distribution of ﬂi
are stated in Theorems 3.4 and 3.6 in Section 3. Here we note that the lengths of the &** row and k** column

of m have the same statistics.



In cyclic notation for permutations, an involution has only 1 cycles and 2 cycles. It turns out that the

asymptotics differ depending on the number of 1 cycles, i.e. fixed points. We introduce additional ensembles :

Spm = {7 € Sonim: [{z:7(x) =z} =m}, (1.11)
Sumim. =AT €SSy, im + Hoiw(@) =2} =2my, [{z:7(2) = —a}| =2m_}. (1.12)
As in [7], if m(x) = —z, we say that the point z is negated. In contrast to S,., if we impose constraints on

the number of fixed points, the statistics of the rows are not identical to the statistics of the columns. We

define Lg,m (m) and L . () to be the length of the longest increasing and decreasing subsequences of 7w € S, 1,

n,m
respectively. On the other hand, in S, ,,, , we define L ., ., (7) to be the length of the longest increasing
subsequence of T € S . We can give similar definitions for the k** rows in each case. Again equip each

n,my,m_
ensemble with the uniform probability distribution, and we consider the limiting distributions as n — oco.

For convenience of future reference, we summarize the above definitions.

Definition 1. Let S, be the symmetric group of n letters and let S}* be the set of the bijections from

{-n, -+ ,=2,-1,1,2,--- ,n} onto itself satisfying w(z) = —w(—x). We define
Sp = {m€Sp:im=n1}, (1.13)
St = {meS':m=n1} (1.14)
Snm = A7 € Sanim : [z 7(2) =2} =m}, (1.15)
e = (7€ Syt o w(@) =0} = 2y, o i w(e) = 2}l =2m_}. (116
LW (r) = the length of the k™ row of € S,,, L,=1LY, (1.17)
L™ (1) = the length of the k™" row of 7 € S, Lt = e, (1.18)
LYW (7) = the length of the k" row of m € SO,,, LS, =L\, (1.19)
Lg:gfj) (r) = the length of the k' column of 7 € Sf’m, Lg}m = LTSL:SL), (1.20)
ing,’fl’mf (m) = the length of the k' row of 7 € Sy m_ Ly, m_ = Lg;ﬁ}bl’mf. (1.21)

Main results are the followings. The asymptotic results for Lgm depend on the ratio o = m/v/2n. After
suitable centering and scaling (see Theorem 3.1), the limiting distribution function is Fy(x) when o < 1 and
Fy(x) when o = 1, where F; and Fj are the Tracy-Widom distribution functions for GOE and GSE matrices
(again see Section 2 for definition). This result suggests that there is a certain transition between GSE and
GOE. In order to investigate this transition in detail, we introduce a new scaling : m = v/2n — 2w(2n)'/3,
w € R. Then for fixed w, as n — oo, the distribution function converges to F°(z;w) which we will define in
Section 2. This new class of distributions is expressed in terms of the solution of the Riemann-Hilbert problem
for the Painlevé II equation. There is a similar phenomena, now between Fy(z) and Fy(x)? for Ly iy m_» but

u,(2)

there is no transition for Lf;m (see Section 3). We also obtain the results for Lijg) and Lyl ,m_. Precise

statement of the results are given in Section 3.

The result in this paper was announced in [8]. After we have completed this paper, there have been two

unexpected applications. One is random vicious walker models [24, 8, 3], and the other is polynuclear growth



model [43, 42, 9]. There are bijections of the above models into one of various ensembles considered in this

paper. Therefore one can obtain asymptotic statistics using the results of this paper.

The proofs use the Poissonization and de-Poissonization scheme of [32, 4]. We define the Poisson generating
function for LY, by
’ A2
nl!ng!

QF (M, dg) = e M2 Y7

ni,m2>0

Pr(LY . <1). (1.22)

nz,ni1 —

A generalization of the de-Poissonization lemma due to Johansson [32] yields that Pr(LS, ,, <1) ~ QP (n1,ns)
as ni,ng — 00 ; see Section 6 for precise statement. Thus if we have the asymptotics for the generating function,
the asymptotics of the coefficients will follow. We also define similar Poisson generating functions for L,SL’m and
L3 . m_- The point of the scheme is that the generating functions have determinantal forms of Toeplitz or
Hankel type, which in turn, using general theory, can be re-expressed in terms of quantities related to the monic
polynomial 7 (z;t) = z*¥ 4 --- on the unit circle which is orthogonal with respect to the weight ef<$?df/(27).
We note that only one class of orthogonal polynomials 7y, is enough for all the cases of O, S, u. This orthogonal
polynomial is precisely the same orthogonal polynomial used in [4] to analyze random permutation problem.
Therefore as in [4], we can use the Deift-Zhou method for Riemann-Hilbert problems (RHP’s) to obtain the
asymptotics. However there are two main differences. The first one is that in [4], we need only the 7, but now
we need 7 (—a;t) for all & > 0. Secondly, when we apply Deift-Zhou method, the asymptotic results are in
terms of a so-called g-function. We need considerable further analysis to simply the results expressed in terms
of g-function to our problem. Therefore the main part of the proofs in this paper is the RHP analysis and the
estimation of the g-function. Once we have results for the constrained involutions, the general involution case
of f/n can be obtained by noting Sn = Ugktm=nSkm. Similarly Ez can be analyzed from the results on the

constrained signed involutions.

This paper is organized as follows. Section 2 defines the Tracy-Widom distribution functions as well as new
classes of distribution functions which will be used to state the main results. The main results are stated in
Section 3. Determinantal formulae and orthogonal polynomial expressions for the Poisson generating functions
are taken from [7] and summarized in Section 4. In Section 5, we state the main estimations on the relevant
quantities of orthogonal polynomials which is the key to the proofs. The de-Poissonization lemmas are stated
in Section 6. Proofs of the main theorems are given in Section 7 for involutions under fixed points constraints
(Theorems 3.1, 3.2, 3.3 and 3.5), and in Section 8 for general involutions (Theorems 3.4 and 3.6), respectively.
The case when o > 1 is considered in Section 9 (see Remark to Theorem 3.3). Finally the RHP analysis and

g-function analysis is given in Section 10, which proves the propositions in Section 5.

Notational remarks. The ensemble S, in the present paper is identical to S© in [7]. In [7], 5% is introduced
to denote the ensemble of neginvolutions and the longest increasing subsequence of m € S’f is considered. But
there is a bijection between S5 and S and the longest increasing subsequence of © € S2 corresponds to the
longest decreasing subsequence of the image of w. In the present paper, we choose the view point of considering
both the increasing and decreasing subsequences of involutions of the same ensemble rather than considering

only the increasing subsequences of involutions of the different ensembles.
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2 Limiting distribution functions
Let u(z) be the solution of the Painlevé II (PII) equation,
Upy = 2u° + 20, (2.1)
with the boundary condition
u(z) ~ —Ai(x) as z — +oo, (2.2)
where Ai is the Airy function. The proof of the (global) existence and the uniqueness of the solution was first
established in [27] : the asymptotics as © — —oo are (see e.g. [27, 19])

o (4/3)2%/

z1/4

u(z) = —\/?(1—&—0(;2)), as  — —00. (2.4)

e—(2/3)rn3/2

2y/mxt/4

£
&
[

—Ai(z) + O< ), as r — 400, (2.3)

Recall that Ai(z) ~ as © — +o00. Define

so that v'(x) = (u(z))?.
We introduce the Tracy-Widom (TW) distributions. (Note that g := —u, which Tracy and Widom used in

their papers, solves the same differential equation with the boundary condition g(x) ~ +Ai(x) as * — 00.)

Definition 2 (TW distribution functions). Set

exp(; L h v(s)ds) - eXp(—; / s —w)(u(s))zds), (2.6)

B(z) = exp@ L Oou(s)ds>7 (2.7)

=
—
&

[

and set



In [47] and [48], Tracy and Widom proved that under proper centering and scaling, the distribution of the
largest eigenvalue of a random GUE/GOE/GSE matrix converges to Fy(z) / Fi(x) / Fi(z) as the size of the

matrix becomes large. We note that from the asymptotics (2.3) and (2.4), for some positive constant c,

F(z) = 140(e")  asz — 4o, (2.11)
E@z) = 1+0(e"")  asz— +o, (2.12)
F(z) = O(e*) as T — —oo, (2.13)
E(z) = O(e_c‘mlsp) as T — —oo. (2.14)

Hence in particular, lim,_, ;o Fg(z) = 1 and lim,_,_ o Fg(z) = 0, § = 1,2,4. Monotonicity of Fz(z) follows
from the fact that Fs(x) is the limit of a sequence of distribution functions. Therefore Fg(x) is indeed a

distribution function.

Definition 3. Define xcog, Xcur and xgsg to be random variables whose distribution functions are given
by Fi(z), Fo(z) and Fy(x), respectively. Define xgogz to be a random variable with the distribution function
Fl (17)2

As indicated in Introduction, we need new classes of distribution functions to describe the phase transitions
from ygsE to xgor and from xgug to xgogrz. First we consider the Riemann-Hilbert problem (RHP) for the
Painlevé II equation [20, 29]. Let T" be the real line R, oriented from 400 to —oo. Let m(-;x) be the solution
of the following RHP :

m(z;x) is analytic in z € C\ T,
1 76727L(%z3+zz)

my(z;x) = m_(z;x) s for z €T, (2.15)
e2z(§z +xzz) 0

m(z;z) =1+ O(L) as z — 00.
Here m4 (z;x) (resp,. m_) is the limit of m(z’;x) as 2/ — z from the left (resp., right) of the contour T :

mx(z;x) = lim, o m(z F ie; ). Relation (2.15) corresponds to the RHP for the PII equation with the special
monodromy data p = —¢ = 1,7 = 0 (see [20, 29], also [22, 19]). In particular if the solution is expanded at

m(z;x) :I—i—mlT(x)—FO(zl—g), as z — 00, (2.16)

we have
2i(m1(93))12 = —2’5(”74(33))21 = U(JJ), (217)
2i(m1(z))22 = —2i(ma1(x))11 = v(z), (2.18)

where u(z) and v(z) are defined in (2.1)-(2.5).



Definition 4. Let m(z;z) be the solution of RHP (2.15) and denote by m;x(z; z) the (jk)-entry of m(z;x).
For w > 0, define

FO(z;w) == F(x){ [mas(—iw; ) — maa(—iw; )| E(x) ™ + [maoa(—iw; z) + maa(—iw; x)}E(m)}/Z, (2.19)
and for w < 0, define

FO(z;w) = e%“’th“’F(z)

(2.20)
X { [—ma1 (—iw; 2) + my (—iw; )| E(z) ™" = [mor (—iw; ) + ma (—iw; x)]E(as)}/Z
Also define
FY(z;w) = maa(—iw;z)Fa(x), w > 0, (2.21)
FU(z;w) := —e%wsfzzwmgl(—iw; x)Fy(x), w < 0. (2.22)

First FO(z;w) and F%(z;w) are real from Lemma 2.1 (i) below. Note that F©(z;w) and F*(z;w) are
continuous at w = 0 since at z = 0, the jump condition of the RHP (2.15) implies (mi2)+(0;2) = —(m11)—-(0; z)
and (ma2)4(0;2) = —(ma1)_(0;2). In fact, FO(z;w) and F*(x;w) are entire in w € C from the RHP (2.15).

From (2.11)-(2.14) and (2.24)-(2.27) below, we see that

lim FO(z;w), F(z;w) = 1, lim FO(z;w), FU(z;w) = 0 (2.23)

T——+00 T— —00
for any fixed w € R. Also Theorem 3.2 below shows that FO(z;w) and F*(z;w) are limits of distribution
functions, implying that they are monotone in z. Therefore, FO(z;w) and F*(z;w) are indeed distribution

functions for each w € R.

Definition 5. Define ¢ and x* to be random variables with distribution functions F©(x;w) and F*(x;w),

respectively.

We close this section summarizing some properties of m(—iw;z) in the following lemma. In particular the
lemma implies that F'©(z;w) interpolates between Fy(z) and Fy(z), and F“(x;w) interpolates between F(x)
and Fy(z)? (see Corollary 2.2).

Lemma 2.1. Let o3 = (§ %), o1 = (93), and set [a,b] = ab — ba.
(i). For real w, m(—iw;z) is real.

(ii). For fized w € R, we have

1 — S w3 —2zw
m(—iwiz) = (I+ (")) (0 o ) L w0,z 4o, (2.24)
. _ (] —ea®/? 1 0 9.9
m(_lw7$> - ( + (6 )) _e—%w3+2xw 1 ’ w < O’ & — +00, ( . 5)

m(—lw’ x) N 1 (% _11>€ —%wS_;’_:I;w)o'ge(g(—$)3/2+\/§w2(_w)1/2)037 w > 0’ T — —00, (226)

m(—iw;xz) ~ (_11 })e(gwerww)”?’e(?(‘”)3/2\/51“2("”)1/2)”3, w <0, z— —oco. (2.27)

\V)
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(#1). For any x, we have

lim m(—iw;z) = lim oym(—iw;z)o1 =
w—0t w—0~

( L(E(@)? + BE(z)72) —E($)2> , (2.28)

(iv). For fized w € R\ {0}, m(—iw; z) solves the differential equation

%m = w[m, os] + u(x)o1m, (2.29)

where u(z) is the solution of the PII equation (2.1), (2.2).

(v). For fized x, m(—iw;x) solves

9.
ow

U—U

= (—4w? + z)[m, 03] — dwu(x)oym — 2(“ —u )m, (2.30)

(vi). For any x, we have

m(z;x) = oym(—z;x)oq. (2.31)

Corollary 2.2. We have

FO(z;0) = Fi(x), (2.32)
Jim FO@zw) = Fi(w), (2.33)
im FO(zw) = 0, (2.34)

FU(z;0) = Fi(z)? (2.35)
Jim Fl(zw) = Fyw), (2.36)
lim FY(z;w) = 0. (2.37)

w——00

Proof. The values at w = 0 follow from (2.28). For w — =00, note that from the RHP (2.15), we have

lim, 0o m(z;2) = 1. O

Proof of Lemma 2.1. Let v(z) = v(z;x) denote the jump matrix of the RHP (2.15). Since v(—z) = v(z) for
z € R, M(z) := m(—%;z) also solves the same RHP. By the uniqueness of the solution of the RHP (2.15), we

have
m(—=z;z) = m(z; x), z€ C\R. (2.38)

Thus, m(—iw;x) is real for w € R proving (i).

By a symmetry of the jump matrix, oyv(—2) 101 = v(2), as above, we obtain
orm(—z;x)o1 = m(z; x), (2.39)
which is (vi).

The asymptotics results (ii) as & — oo follow from the calculations in Section 6, pp.329-333 of [19].
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For the proof of (iv), define a new matrix function
: 4
f(z;2) == m(z; x)e 2, 0= gz?’ + zz. (2.40)
Then f(-; ) satisfies the jump condition fi(z;2) = f-(z;2)(] ') for z € R, and f(z;2)e"?* — I as z — oo.
Since the jump matrix for f(z;x) is independent of x, f’(z;z), the derivative with respect to x, satisfies
filzz) = f(z2)(] ), and fe?7s +if foze’?s — 0 as z — co. Hence f'f~! has no jump across R, and
satisfies f/f~1 4+ i0'fosf~! — 0 as 2 — oo. If we write m(z;z) = I + mIT(‘T) + 0O(1/2?) as z — oo, we have
i0' fosf~! =izos+i[my,03]+0(271) as 2 — oo. Thus f/f~!isentire and as 2 — oo, f'f =1 ~ —izo3—i[m1, 03).
Therefore by Liouville’s theorem, we obtain
f(z2)(f(z;2) "t = —izog —i[my, o3]. (2.41)
Recalling that u(z) = 2i(my(z))12 = —2i(mi(x))21 in (2.17), we have [my, 03] = iu(x)o;. Changing f to m
from (2.40), (2.41) is
d
d—m(z; x) = iz[m(z;x), 03] + u(x)oym(z; x). (2.42)
x
This is (2.29) when z = —iw.
The proof of (v) is very similar to that of (iv), and the detail is left to the reader. We only note that in the

derivation of (v), we need the identity

d _ .
o= i[ma, 03] — i[mq, o3)mq, (2.43)

which can be obtained from (2.42) by setting m(z;z) = I + ml(m) + m2 ) 4+ 0(1/2%) as z — oo.
Finally we prove (iii). Note that lim,_,o+ m(—iw;x) = my(0;2). From the jump condition at z = 0, we
have

e 050) = m-(0:2)(£5'): (2.44)

Letting z — 0, Imz > 0, in (vi), we have oym(0;2)o; = m_(0; ), which together with (2.44) implies that

m4(0;2) = oymy4 (0;2)o1(7 ' ). Thus we have

b
m(0;2) = <a(;§(f§<w> z?(?)) (2.45)

for some a(x), b(x). Also the condition det v(z) =1 for all z € R implies that det m(z;z) =1 for all z € C\ R,
and hence we have
b? +2ab+1=0. (2.46)

Now letting z — 0, Imz < 0 in (2.42), we obtain
m!, (0;2)(my (0;2)) ! = (u&) “g”)). (2.47)
Thus from (2.45) and (2.46), b'/b = —u, which has the solution

b(z) = b(y)e” v U, (2.48)



From (2.24) with w = 0%, we have
b(z) = (m12)+(0;2) — —1, as T — +0o0. (2.49)

R
Therefore, b(z) = —e » “(*)4 which is —E(z)? from (2.7). Now (2.46) gives a(z) = 1 (E(z)?+E(z)~2), proving
(2.28). O

3 Statement of results

3.1 Involutions with constraint on the number of fixed points

Recall the ensembles Sn,m, Sﬁ’m%mf of (signed) involutions with constraint on the number of fixed (and

negated) points. We scale the random variables,

Lgm —2V2n+m

o) )

_ 3.1
Xn,m (2n +m)l/6 (3.1)
S Ly —2V2n+m (3.2)

nmo (2n+m)t/6 .

y _ Lﬁ,m+,fn, —2¢/4n+2my +2m_ . (3.3)

g 22/3(4n + 2m + 2m_)1/6

The first result concerns the case when o and (3 are fixed.
Theorem 3.1. For fixed o and 3, we have the following asymptotic results.

lim Pr(x? =Fy(z), 0<ac<l, (3.4

n— o0 n,[vV2na]

I
=
—
8
~
—
w
ot

. o
lim Pr()(n’[m] <z

n—oo

Jim Pr(xy) s =0, a>1, (3.6

)

)

)
A Prx jvmg <0) = File), - 0<6, (37

)

)

)

nlirigo Pr(XZ,[ﬁa],[ﬁB] < z) = Fy(x), 0<a<l1,8>0, (3.8)

lim Pr(XZ,[x/ﬂ,[ﬁﬁ] <z) = F(z)? 6 >0, (3.9)
lim Pr(XZ,[\/Ea],[\/Eﬁ] <z)=0, a>1,6>0. (3.10)
As indicated earlier in the introduction, as a — 1 at a certain rate, we see smooth transitions.

Theorem 3.2. For fired w € R and 8 > 0, we have

lim Pr(xgm <z)= FO(z;w), m = [V2n — 2w(2n)"/?), (3.11)
n— 00 ’
im Pr(x; ., n <) =F'(5w), my = [Vn —2wn'/?], m_ = [V/nf]. (3.12)
n— 00 ’ ’

From Corollary 2.2, this result is consistent with Theorem 3.1. We also have convergence of moments.
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Theorem 3.3. For anyp=1,2,3,---, the followings hold. For fized o and (3,

lim E((x;, [ gra)”) = E((xese)?),  0<a<l, (3.13)
nh_)rr;oE( m])p) =E((xcor)"), (3.14)
Jim B((x, s vag)’) = Elxeor)?),  0<5, (3.15)
lim E((X \/ﬁm)p) = E( (XcUE P), 0<a<l1,3>0, (3.16)
Also for fized w € R and 8 > 0,
lim BE((x,)") =EB((xQ)).  m=[V2n—2w(2n)"/?, (3.18)
Jim E((Gm, m ") = B(0G)P), my = Vo —2wn!?], me = [Vag). (3.19)

Remark. Theorem 3.1 shows that when o > 1 is fixed, we have not used the correct scaling. When properly

scaled, the resulting limiting distribution is Gaussian. See Section 9 for the statement and the proof.

Suppose we select N points at random in a square, say R = [0, 1] x [0, 1]. With probability 1, a configuration
of random points induces a random permutation : order z-coordinate, then use the relative order of the y-
coordinate. We define the length of a up/right path from the corner (0, 0) to the corner (1,1) to be the number
of points in the path. Under this setting, the statistics of the length of the longest up/right path in random
n point selection process is equal to that of the length of the longest increasing subsequence of a random
permutation in S,,. This process can be regarded as a version of (directed site) percolation in 2-dimension from
(lower left) corner to (upper right) corner . The result of [4] is that in the limit, the expected length of the
longest up/right path is of order /o and the fluctuation is of order n'/6 with the distribution function Fy(z).

On the other hand, one can consider the corner to line percolation. It is believed by the people working in
the field that the corner to corner percolation and the corner to line percolation should have the same expected
value and fluctuation order. For the special case of (0,0) to the anti-diagonal line {(¢,1 —¢) : 0 < ¢ < 1}, if
we take the mirror image of the n selected points in the low-left triangle to the anti-diagonal line, we are in
the case of S. The length of the longest up/right path from (0,0) to the anti-diagonal line is the half of L;io
The above result shows that the expected value and the fluctuation has the same order as the corner to corner
percolation, but the limiting distribution functions is difference (F} in this case) ! One can also state the similar
results for Poisson process (see 7.3) and also certain directed site percolation considered by [31] (see [8]). This

observation came from discussions of one of us (J.B.) with Charles Newman to whom we are specially grateful.

3.2 General involutions

Now we consider general involutions and signed involutions without constraints on the number of fixed or

negated points.
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Theorem 3.4. For any fized x € R, we have

L,—2
lim Pr(){n = W\/ﬁ < ac) = Fy(z),
n—oo n

, w LE—2V2n )

Also for any p=1,2,3,---,

lim E((x»)?) = E((xcor)"),

n—oo

lim E((x2)?) = E((xqor2)")-

n—oo

(3.20)

(3.21)

(3.22)

(3.23)

As indicated in the introduction, from the Robinson-Schensted correspondence, this result proves that the

first row of a random Young diagram under the 1-Plancherel measure M, behaves statistically like the the

largest eigenvalue of a random GOE matrix as n — oo.

3.3 Second rows

0,(2)

For the second row, we scale in the same way as in (3.1)-(3.3), and denote the scaled random variables by xnm ’,

Xﬁ;%) and XZ’}?&M?, respectively.

Theorem 3.5. Let a,3 > 0 be fized. Then

lim Pr(XS’@) ) = Fy(z),

n—oo »V2na

. S,
Jim Pr(x, ) = Fale),

3 u»(2) —
i Pr(, [, vma) = F(

8
~—

and for any p=1,2,3,---,

lim E((Xo’(2) )?) = E((xase)?),

n—o00 n,vV2na
i B ) = B,

lim E((Xu’@) ]’[ﬁﬁ})p) = E((XGUE‘)p)'

n—oo n,[Vna

As in the first row, these results yield the following theorem.

Theorem 3.6. For any fized x € R, we have

LY -2
i pr(3 = B <o) - o)
Lw® —2vn
~u1(2) _-n  avar —
(X” = B S x) - e

lim Pr
n—oo

Also for anyp=1,2,3,---,

lim E((f(f))p) =E((xesr)?),

n—oo

lim E((v>®)?) = E((xeus)?).

n—oo
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We conclude this section with some remarks on GOE and GSE. If the conjecture given in the introduction
that the k** row of a random involution corresponds to the k' largest eigenvalue of a random GOE matrix
were true, the result (3.30) suggests that the second largest eigenvalues of a random GOE matrix and those
of a random GSE matrix have the same limiting distribution (GSE matrix has double eigenvalues, hence the
largest and the second largest eigenvalues are the same). Indeed according to Theorem 10.6.1 of [37], the
statistical properties of N alternate angles of the eigenvalues of a random 2N x 2N matrix taken from the
circular orthogonal ensemble (COE) are identical to those of the N angles of the eigenvalues of a random
N x N matrix taken from the circular symplectic ensemble (CSE). Also for Laguerre ensembles, we proved
that the joint distributions of the second, fourth, sixth, etc. largest eigenvalues of the Laguerre orthogonal
ensemble (LOE) and the Laguerre symplectic ensemble (LSE) are identical (see Remark 1 to Corollary 7.6 of
[7])- Recently the same results for GOE and GSE cases are proved to be true in [23] and [25]. In those papers,
one can find many other related results including that the second eigenvalue of superimposition of two random

GOE matrices has the same distribution with the first eigenvalue of a random GUE matrix.

4 Poisson generating functions

We review the results from [7] which we will need in the sequel. As in [7], throughout the paper, the notation

G indicates an arbitrary member of the set {O, S, u}.

Definition 6. We define the Poisson generating functions for the probabilities introduced above as follows.

ATTAD?
o . —A1—A2 E 1 72 o
Ql ()‘15)‘2> = € 3 n1!n2! Pr(an,m < )’ (4'1)
n17n2_0
QP (M, d) = ey A Ag? Pr(Ly, .. <) (4.2)
’ a0 TL1!TL2! ne,m = 0
ni,n2=2
U _ —>\1—)\2—)\3 )\’;Ll )\;Lz)\gs u
Ql ()\1,)\2, )\3) = € E — PI’(Ln&nl’n2 < l) (43)

nilng!ns!
ni,m2,n3>0 12

As in [7], let Ngnl (resp., ffml) be the number of involutions on n numbers with m fixed points with no

increasing (resp., decreasing) subsequence of length greater than . Thus f8n2+n1)n1l =Pr(LS, ., <1 [Snym, |,
ete. Also let ~77jm+m7 ; be the number of signed involutions on 2n letters with 2m_ fixed points and 2m_ negated

points with no increasing subsequence of length greater than [. We also define

g " o
PP (t;a) := e~ ”22520‘ fo . (4.4)

0<n "~ 0<m

POt ) = e S S g (45)

0<n  0<m

—at—Bt—t2 " my gm_ fu
Plu(t; a7 /B) =€ ¢ ﬁt ! Z E Z & +/8 B TL7TL+7YL_Z' (4'6)

0<n  0<my,m_
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One can easily check that

PP(ta) = QF(at,t?/2), (4.7)
PP(t:0) = QY (Bt,1%)2), (4.8)
‘Plu(t;aaﬂ) = Q?(ataﬂtatz)' (49)

It turns out that the P-formulae in (4.4)-(4.6) are useful for algebraic manipulations (see [7]), while the Q-

formulae (4.1)-(4.3) are well adapted to asymptotic analysis.

The following results from [7] provide the stating point for our analysis in this paper. For a nonnegative
integer k, define 7y (z;t) = z¥ 4+ --- to be the monic orthogonal polynomial of degree k with respect to the
weight function exp(t(z + 1/z))dz/(27i) on the unit circle. Let the norm of my(z;¢) be Ni(¢) :

_ dz
(23 8) T (23 1) e FTH ) —— = N, () 0rm 4.10
[ st ima G = N (110)
We note that all the coefficients of 7, (z;t) are real. Define
i (z;t) = 2" (2. (4.11)

Then

Theorem 4.1. For o, 3 > 0,

251 — *
P2Ol(t§ o) = e ot /22{ [W;‘l_l(—a;t) — amy—1(—q; t)]Dl (t) + [ﬂ-gl_l(—a; t) + omgl_l(—a;t)}DlJr‘g(t)},

(4.12)

1 _ " o
P20l+1(t; a) = e_“t_t2/22{ [71';‘[(—05; t) + amy(—q; t)]etDl‘" (t) + [7T2l(—a; t) — amy(—a; t)]e tDl +(t)},

(4.13)
P (t:8) = e /2D (1), (4.14)
Py (ta, B) = e U (—ast) Dy(t), (4.15)

where for any real t > 0, D;(t) and Dlii(t) are certain Toeplitz and Hankel determinants which in turn can be

written as

S ORE || PO (4.16)
>l

e 2D () = [ Nejaz(®) M1+ may42(0;1)), (4.17)
3>l

e_tz/szLJr(t) = HN23+2 1 - 7T2j+2(0 t)), (4.18)
7>l

e_t2/2+tDl+7(t) = HN2J+1 1 - 7T2j+1(0 t)), (4.19)
7>l

e_tQ/Q_thJr(t) = HN2J+1 M1+ 7m2541(0311)). (4.20)
7>l
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As a special case:

Theorem 4.2. Forl > 0, we have the following formulae:

2
PYot0)=e" /2 (D5 (t) + D (1)] /2, (4.21)
PS. 1 (t;0) = e /2 [¢'Df~ (1) + 7' Dy (1)) /2, (4.22)
P§(t;0) = e /2Df (1), (4.23)
PQ(t;1) = Py(t;1) = e*t*t2/20;+(t>, (4.24)
42
P(t1) = Py (1) = e 2D (1), (4.25)
PL(:0,0) = e~ Dy(t), (4.26)
—t— 2 —
P4l+1(t7 17/6) e ot Dl++(t)Dl +(t)v (427)
Piis(t:1,8) = e DT ()DL (1) (4.28)
Also PO(t;0) = e=¥’/2Dy~(t) = e~ **/2.
For the second row, we define the Poisson generating functions in a similar manner. Then we have
Theorem 4.3. For o, > 0,
PP (t:0) = PP (t;0), (4.29)
pS(@
zlil (1:8) = PR (t:0), (4.30)
Py 3 (0, B) = Py (t;0,0). (4.31)
5 Asymptotics of orthogonal polynomials
Let ¥ be the unit circle in the complex plane, ¥ = {z € C : |z| = 1}, oriented counterclockwise. Set
W(z;t) = !, (5.1)
As before, let m,(z;t) = 2™ + .-+ be the n-th monic orthogonal polynomial with respect to the measure
¥(z;t)dz/(2miz) on the unit circle.
Define the 2 x 2 matrix-valued function of z in C\ X by
-t Tk (s5t) P (s;t)ds
Y (2 kst) == ( W’“(_Zl ) fE S T et)ds k>1. (5.2)
_Nkfl(t) ﬂ-k—l(z;t) —Nj— 1 fZ s—z 2misk
Then Y (-; k; t) solves the following Riemann-Hilbert problem (RHP) (see Lemma 4.1 in [4]) :
Y(z;k;t) isanalyticin z € C\ X,
1 4 2zt
Yi(z;k;t) =Y_(2;k;t) FY(EY , on z€Y, (5.3)
0 1
Y(z;k;t)(zok Z%) =I+0(1) as z— o0
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Here the notation Y, (z; k) (resp., Y_) denotes the limiting value lim,._,, Y (2'; k) with |2/| <1 (resp., |2’| > 1).
Note that k and t play the role of external parameters in the above RHP ; in particular, the term O(%) does not
imply a uniform bound in k and ¢. One can easily show that the solution of the above RHP is unique, hence
(5.2) is the unique solution of the above RHP. This RHP formulation of orthogonal polynomials on the unit
circle is an adaptation of a result of Fokas, Its and Kitaev in [21] where they considered orthogonal polynomials
on the real line.

From Theorems 4.1 and 4.2, in order to obtain the asymptotics of the Poisson generating functions, we need

the asymptotics, as k,t — oo, of

Ne-a(t),  m(zt),  mr_i(z). (5.4)
Since
Npa(t)™ = =Y (0;ks1), (5.5)
me(z;t) = Yii(z;k;t), (5.6)
iz t) = zkYH(z—l;k;t):Ygl(z;k—i—1;t)(Y21(0;k+1;t))_1, (5.7)

these asymptotics can be obtained by a steepest descent type analysis of the above RHP. In [4], the authors
obtained the asymptotics of Ng(t) (= /{,;2 in [4]) as k,t — oo by this steepest descent type analysis for the 21
component of Y (z; k;t) at z = 0. Precisely the same analysis applies to the other components of Y (z;k;t) of
general z. In this section, we summarize the results needed in this paper (c¢f. Lemma 5.1 and Lemma 6.3 in

[4]). Proofs are provided in Section 10 below.

Proposition 5.1. There exists My > 0 such that as k,t — 0o, we have the following asymptotic results for
Ni_1(t) and 7(0;t) in each different region of k and t.

(i). If 0 < 2t < ak with 0 < a < 1, then
[Nk—1 ()7 = 1], |m(05¢)| < Ce, (5.8)
for some constants C, c.

(ii). If ak <2t < k — MEY3 with some M > My and 0 < a < 1, then

C _2v3 o 3/2
|Ne—1(t)™" = 1], |7Tk(0§t)|éme i (1-%) ; (5.9)

for some constant C'.

(iii). If 2t = k — 21‘7}3k1/3 with —M < x < M for some constant M > 0, then

21/3

_ 21/3 C
Nea(t)™ — 1= 2 ofa) €2

m(0:) + (1) ()| < 7 (5.10)

)

for some constant C, where u(zx) and v(z) are defined in (2.1) and (2.5) respectively.
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(). If k+ MEY/3 < 2t < ak with some M > My and a > 1, then

[2t 2t /k—log(2t/k)—1) -1 k 2t C
. < .
‘ 3 e Ni—1(t) 1|, |(-1) o7 kwk(O,t) 1 % &’ (5.11)
for some constant C.
(v). If ak < 2t < bk with 1 < a < b, then
2t k(2t/k—log(2t/k)—1) -1 k 2t c
\/ = Ni— — — —m(0;t) — 1] < — .
‘ ke i—1(t) 1], |(=1) % & k(0;t) — 1] < = (5.12)

for some constant C'.

Proof. Proofs for the case (i), (ii), (iv), (v) are given in Subsubsection 10.1.1, 10.1.2, 10.2.2, 10.2.1, respectively.
The case (iii) with z > 0 is given in 10.1.3, and (iii) with < 0 is given in 10.2.3. O

Remark. For the other entries of Y, one can check directly from (5.2) that Y12(0; k;t) = Ni(t), Ya2(0; k;t) =
mr(0;1).

Proposition 5.2. For 2t = k — x(k/2)'/3, x fized, and for each fived z € C\ ¥, we have

klim e#m(z;t) = 0, limy oo €75 (2;1) = 1, |z| <1, (5.13)
klim 2R mp(zt) = 1, limpeo ket (1) = 0, |z] > 1. (5.14)
o
Proof. See Subsubsection 10.1.3, especially the paragraph between (10.71) and (10.72), for the case z > 0, and
Subsubsection 10.2.3, especially (10.129) - (10.137), for the case z < 0. O

Corollary 5.3. For 2t = k — z(k/2)Y/3, x fized, we have for a > 1 fized,
lim e~ *m(—a;t) =0, lim e~ %7} (—a;t) = 0. (5.15)
k—o0 k—o0

Proof. Write

e “rp(—ast) = aket(_“+“71)a_ke_t“71ﬂk(—a; t)

B (5.16)
— R s2/R) gk —taT (g
where
flazv) = %(—a +a ) +loga. (5.17)
The function f(«;1) is strictly decreasing for aw > 0, and f(1;1) = 0. Hence f(a;1) < 0 for @ > 1. Note that
flai) = flas)) + L (~at o), (515)

When = < 0, 2t/k > 1, hence f(o;2t/k) < f(a;1). On the other hand, when = > 0, since 2t/k — 1 =

B 3/2
—x/(2V3K2/3), if k > (W) , f(e;2t/k) < 1 f(a;1). Therefore (5.14) implies that

|€7atﬂ'k(*04;t)| < egf(o“l)|(—o¢)7keft"‘_1

Tr(—ast)| — 0, (5.19)

as k — oo. Similar calculations give the desired result for 7. O
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Recall from Section 2 that m(-,z) solves the RHP for the PII equation (2.15).

Proposition 5.4. Let 2t = k — 2(k/2)'/3 where = is a fived number. Set

a=1- % (5.20)
We have for w > 0 fized,
ler&(—l)ke_taﬁk(—a;t) = —m(—iw; ), (5.21)
klirgo et (—a;t) = maa(—iw;z), (5.22)
and for w < 0 fized,
lim (—a) e Tm(—ast) = mu(—iwa), (5.23)
kli_)nolo a_ke_t“71W2(—a; t) = —moi(—iw;x). (5.24)

Proof. See Subsubsection 10.1.3 (10.72) - (10.82) for the case x > 0, and Subsubsection 10.2.3 (10.138) - (10.148)
for the case z < 0. O

Corollary 5.5. For w < 0, under the same condition as the above proposition, we have

kli_,n;o(_l)_ke_mﬂk(—a;t) = mn(—iw;x)e(s/g)ws_nw, (5.25)
kli_)noloefmﬁ,’;(—oz;t) = —mgl(—iw;z)e(g/B)wthw. (5.26)

Proof. Note that under the stated conditions, we have

et(ofl—a)ak _ e(8/3)w3—2xw+0(k’1/3)_ (5.27)

O

Remark. As noted in 2, it follows from the RHP (2.15) that (m12)4+(0;2) = —(m11)-(0;2) and (ma2)+(0;z) =

—(ma1)—(0;x), and hence by the above corollary, the limits in (5.21)-(5.22) are in fact continuous across w = 0.

Proposition 5.6. Define x through the relation

2t T

Then there exists My such that the following holds for any fized M > My, Let 0 < b < 1 and 0 < L < 273/2\/M
be fized. Then as k,t — oo, we have for x > M,

—c|w|3/2

e (25 t)| < Ce |z] <0, (5.29)

|etz_lz*k7rk(z; ) -1 < Cefcmgm, lz| > b1, (5.30)

le " mp (s t)| < Cecl?l, a=1-2"3"Y3, —L<w<lL, (5.31)
‘e_mfl(—oz)_km@(—a; t)—1| < C’e_cm?’/z, a=1-2"3"13y, —L<w<lL, (5.32)
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and for x < —M,

le " m(—st)| <C,  0<a<l, (5.33)
e (o) Fmi(—ast)| <C, a> 1 (5.34)

Proof. See Subsubsection 10.1.1 and 10.1.2 for the case x > M, and Subsubsection 10.2.1 and 10.2.2 for the
case x < —M. O

Corollary 5.7. Let a =1 — 2*3wk=1/3 and —L < w < L for fized L > 0. Under the assumption of the above

proposition, for x < —M , we have

le " me(—ast)| < Cecl®, (5.35)
|e*ta_1( o) P (—ast)| < Cecll, (5.36)
for some positive constants C, c.
Proof. We have
‘e—t(a—ofl)akl _ ewa+§w3+O(k71)’ 5.37)
‘et(a—ofl)a—lq — e 2ew—Jwi+O(kT!) (5.38)

Above proposition shows that (5.35) is true for w > 0. For w < 0, write

-1

e o (—ast) = e_t(o‘_o‘l)(—a)k] [e‘m (—a) Fmp(—ast) |. (5.39)

Now (5.35) follows from (5.34) and (5.37). The estimation (5.38) is proved similarly. O

Proposition 5.8. Let o > 1 be fixed. When

2 1/2
Lot Hl)g/g L g (5.40)
we have N
lim e (—a)Fm(—a™"1) = %/m eV dy. (5.41)
Proof. See Subsection 10.3. O

6 De-Poissonization lemmas

In this section, we describe a series of Tauberian type de-Poissonization lemmas, which enable us to extract
the asymptotics of the coefficient from the knowledge of the asymptotics of its generating function. Lemma 6.1
below is due to Johansson [32]. The following two lemmas are taken from Section 8 in [4]. Lemma 6.1 and 6.3
are enough for both convergence in distribution and the convergence of moments, but for convenience, we use

Lemma 6.2 and 6.4 for the convergence of moments in the subsequent sections.
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For a sequence ¢ = {¢n }n>0, we define its Poisson generating function by
)\n
_ A
$(\) = e ; Iy (6.1)

Lemma 6.1. For any fixed real number d > 0, set

pd = n+(@VA+1+1)y/nlogn, (6.2)

D = - (2vVd+ 1+ 1)y/nlogn. (6.3)
Then there are constants C and ng such that for any sequence ¢ = {qn}tn>0 satisfying (i) qn > qn+1 (%)
0<q, <1, foralln >0,

o(ui) = Cn~? < g < o(D) + Cn~1 (6.4)
for all n > ny.

Lemma 6.2. For any fized real number d > 0, there exist constants C and ng such that for any sequence

q = {qn}n>0 satisfying (i) and (ii) above,

IN

Co(n —dy/n), (6.5)
C(1 - ¢(n+dyn)) (6.6)

dn

IN

1_qn
for alln > nyg.

For multi-indexed sequences, there are similar results. For ¢ = {qn, ns }n, .ns>0, define

(M A) =e M N g, AAY (6.7)
11,n2>0 o ’fl1!’rl2!
ni,n22

From the above two lemmas, we easily obtain the following lemmas.

) (d)

Lemma 6.3. For any real number d > 0, define uSﬁ and vy’ asin Lemma 6.1. Then there exist constants C and

1o SUCh that fO’I" any q = {Qn1,n2}n1,n220 satzsfymg (Z) QRl,nz Z Qn1+l,n27 qnl,nz Z in.ng—i-l (”) 0 S in,ng S 17
for all ny,ne >0,

S, 1)) = Cny® +n57) < dnyny < 6, v5D) + Clny? +ny?) (6.8)
for all ny,no > ny.
Similarly,

Lemma 6.4. For any fixed real number d > 0, there exist constants C and ng such that for any q =

{@n1.n5 Fr1,ma>0 satisfying two condition in Lemma 6.3,

Gnins < Coh(ny —dy/ni,ng — dy/ng), (6.9)
1-— Anins S C(l - d)(nl - d\/TTh n2 + d\/7T2)) (610)

for ny,ny > ng.

Remark. Similar lemmas hold true for sequences of arbitrarily many number of indices.
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7 Proofs of Theorems 3.1, 3.2, 3.3 and 3.5

From Proposition 5.1 above, by taking products (equivalently, sums for their logarithms), we obtain the following

results. A detailed derivation is given in [4] for (7.1), and the other cases are similar.

Corollary 7.1. Let M > My, where My is given in Proposition 5.6. Then there exist positive constants C and
¢ which are independent of M, and a positive constant C(M) which may depend on M, such that the following
results hold for large [.

(i) Define x by 2t =1 — 2(1/2)'/3. For —-M < 2 < M,

M
Zlog Nj(t)_l —2log F(x)| < 6;5/3) + Ce—cM*? (7.1)
j=l
(ii) Define x by t =1 — (x/2)I*/3. For —M < x < M,
C(M
Zlog Nojia(t) ™' —log F(z)|, Zlog Noja(t) ™ = log F(x)| < 1(1/3) +Cem M (7.9)
Jj=l Jj=l
C(M —eM3/
> lom(1 — 7y 2(0:0) —log Bl) [ lom(1 + 7y (0:0) ~log Bw) < TPy o (7
j=l Jj=l
C(M :
> lom(1 4 2(0:0) +log B) [ low(1 — w1 (0:0) +log Bw)| < TP 4 e (7
Jj=l Jj=l

These results yield the asymptotics of the determinants in Theorem 4.1.

Corollary 7.2. There exits My such that for M > My, there exist positive constants C' and ¢ which are
independent of M, and a positive constant C'(M) which may depend on M such that the following results hold
for large [.

(i) Define x by 2t =1 — x(1/2)*/3. For —-M < x < M,

e Dy(t) — F(z)?| <

(ii) Define x by t =1 — (x/2)I"/3. For —M < x < M,

le="/2D; = (t) — F(2)E(x)™!| < Cl(f/‘f ) g, (7.6)
e~ /2D (t) — F(2)E(z)| < Cl(f/‘f ) gemen”, (7.7)
e~ 2H D~ (t) — F(x)E() ™| < Cl(f/\f ) g™, (7.8)
e~ /27t D+ (t) — F(a)BE(x)| < C;(lj/\;[) + Ce M, (7.9)

Proof. For C and c in the above corollary, take M; > M, such that C'e_CMl3/2 < % Once we fix M > M;
and for [ is large, CZE%I) + Ce=*M"? < 1 hence by (7.1) above, |2j21 log N;(t)~! — 2log F(z)| < 1. Using
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le? — 1] < (e — 1)|z] for |2| <1,
e tgl) — F 2] 2 ( ., log N, (t) 1_2log (m))
} l(t) (fL') ’ = F(;v) |e i>l J g F 1 |

Zlog N;(t)~! — 2log F(x)|.
J=l

< (e~ )F(@)? (710

But from (2.11) and (2.13), F(z) is bounded for z € R. Hence using (7.1), we obtain the result for (i) with
new constants C, ¢ and C'(M). For (ii), we note that F(x)E(z) and F(x)E(z)~! are bounded for z € R from
(2.11)-(2.14). O

From Proposition 5.2, Corollary 5.3 and Theorems 4.1, 4.2, this Corollary immediately yields the following

asymptotics for Poisson generating functions.

Proposition 7.3. Let 2t = 1 — 2(1/2)'/? where x is fived. As 1 — oo, for each fived v, 3,

PP(t;a) —  Fy(x), 0<ac<l, (7.11)
PP(t;1) — Fy(x), (7.12)
PP(t;a) — 0, a>1, (7.13)
P(t;8) — Fi(z), B>0. (7.14)
Let 4t = 1 — x(20)Y/? where x is fived. As 1 — oo, for each fived v, 3,
Pita,8) — B, 0<a<l, 320, (7.15)
PMt:1,8) — F(x)?, 520, (7.16)
P(t;a,8) — 0, a>1, B>0. (7.17)
Similarly, using Proposition 5.4 and Corollary 5.5 and Theorem 4.1, we have :
Theorem 7.4. Let 2t =1 — x(1/2)'/% where x is fived. As | — oo, we have for any fived w € R,
24/3qy
PP (t;a) — FO(z;w), azl—ﬁ. (7.18)
Let 4t = 1 — x(20)Y/3 where x is fived. As 1 — oo, we have for each fized 3 and w € R,
N . 25/3w
P (t;a, B) — F"(x;w), a:l—ﬁ, 8> 0. (7.19)

Recall the relation between Q(\) and P (t) in (4.7)-(4.9). We can now use the de-Poissonization Lemma
6.3 to obtain the asymptotic results of Theorem 3.1 and 3.2. In order to apply the de-Poissonization Lemma,

we need the following monotonicity results.

Lemma 7.5 (Monotonicity). For any [, Pr(Ly, <1), Pr(Ly . <1) and Pr(L}

bomym_ < 1) are monotone

decreasing in k, m, my and m_.
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Proof. We first consider Pr(LkO’m <1). Let frm = Pr(Lgm <1)-|Sk,m| be the number of elements in Sk, ,, with
no increasing subsequence greater than /. Consider the map h : Sy -1 %X {1,2,--- ,2k+m} — Sy, defined as
follows : for m € Sk m—1 and 1 < j < 2k +m, set h((m,5))(z) = w(x) for 1 <z < j—1, h((7,5))(j) = J, and
h((m,5))(x) = m(x — 1) for j < 2 < 2k + m. Then it is easy to see that h=!(c) consists of m elements, hence
(2k + m)|Sk,m—1] = m|Sk,m|.- Moreover if m € Sy ,,—1 has an increasing subsequence of length greater than I,
then A((m, j) has an increasing subsequence of length greater than [. Thus (2k 4 m) fr(m—1) = M frm. But since
|Shm| = Gt we obtain Pr(LY,, ; <1) > Pr(LQ,, <1).

Similar argument works for the other cases. Note that [Sy . [=

2k _)!
(k#”nTﬂn'). ]
mym_

Now we can apply Lemma (6.3) to obtain the asymptotics results in Theorems 3.1 and 3.2. The proofs are

similar to that in Section 9 of [4].

Now we consider the convergence of moments. For this, we first obtain the following estimates which follow
from Proposition 5.1 (i),(ii),(iv),(v) above. The proof is very similar to that of Lemma 7.1 (i),(ii),(iv),(v) of [4].
Compare the results with (2.11)-(2.14) noting Corollary 7.1.

Corollary 7.6. Set
t=1- 311/3. (7.20)

There exits My such that for a fited M > My, there are positive constants C = C(M) and ¢ = ¢(M) such that
the following results hold.

(i). Forxz > M,
1= HN2j+2(t)71a 1- HN2j+1(t)71 < Ceele”, (7.21)
Jj=l Jj=l
1= JT0 = majra(058), 1= (1 +m2540(058) < Ce el (7.22)
J=l Jj=l
1= H(l + m254+2(052)), 1-— H(1 — i (031)) < Cemel (7.23)
Jj=l j=l
(ii). Forxz < —M,
[T Mozt J[Nojr )™t < Cemlel’, (7.24)
Jjzl J=l
[T = mojre(0:0). [T+ mpa(0:i)) < Cemetel™, (7.25)
Jj=l Jj=l
T+ moyea(058), TT(L=mogaa(050) < Cetell™, (7.26)
Jj=l Jj=l

Remark. From the definitions of PIG (t) and the equalities of Theorem 4.1, we know that all the infinite products

above are between 0 and 1.

Now as in Section 9 of [4], using Lemma 6.4 and Theorems 3.1, 3.2, this implies Theorem 3.3.

Theorem 3.5 follows from Theorem 4.3.

26



8 Proofs of Theorems 3.4 and 3.6

In this section, we prove Theorem 3.4 by summing up the asymptotic results of Theorems 3.1, 3.2 and 3.3.

Theorem 3.6 can be proved in a similar way from Theorem 4.3.

Proof of (3.20). Note that we have a disjoint union
Sn=U Skm (8.1)
2k+m=n

Set py = Pr(Lg <), the probability that the length of the longest decreasing subsequence of 7 € Sk, is

less than or equal to [. As the first row and the first column of 7 in S, have the same statistics, we have

~ 1
Pr(L, <1)= — Z pgml|5k7m|~ (8.2)
|S”| 2k+m=n
Note that o (2h)
+m !
Sl = (o™ ) i (53
As n — oo (see pp.66-67 of [34]), we have
q 1 n —-n n— [ -
1Sul=" > |Skml= 7" [2emn/2HVn 1/4<1 T 21 0(n 3/4)>, (8.4)
2k+m=n
and the main contribution to the sum comes from /n — nt'/4 < m < \/n + n<t1/4,
Fix 0 < a <1 < b. We split the sum in (8.2) into two pieces :
Pr(le 1) = 5[ pbulSinl + 3 S| 85

where (%) is the region a/n < m < by/n and (*#) is the rest.
For 2k + m = n, the quantity |Skm| = () (2k)!

2FR!
when k ~ (n — y/n)/2 as n — co. Hence

is unimodal for 0 < k£ < n, and the maximum is achieved

> DRt Skom| < m-max (S fayml 1Sk pym)- (8.6)
()

Using Stirling’s formula for (8.3), for any fixed ¢, when 2k + [¢\/n] = n,

—1/24c%/4
n/2_—n/2++/n(c—clogc €
1Sk evm| ~ 7 /2=n/ ( g )W. (8.7)
Hence using (8.4), we have
Zpk‘mllsk m| < C'n3/4 max( \/ﬁ(aflfaloga)7 e\/ﬁ(bflfblogb))' (88)

ISI

But f(z) =2 — 1 —zloga is increasing in 0 < = < 1, is decreasing in « > 1, and f(1) = 0. Therefore there are

positive constants C' and ¢ such that for large n,

Zpkmlwk m| < CemeVr, (8.9)

(%)

Su]
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On the other hand, Lemma 6.3 says that (recall (4.8)) for any fixed real number d > 0, there is a constant

C such that for a\/n < m < by/n,
7 (@l 2 )2 = Con
< Pl < B <<2v,£d>>1/2; uf,?(?u,id))l/?) +Cn= 2,

for sufficiently large n. Since P°(t; 3) < Pﬁu(t? 3), Theorem 4.1 for P§;+1(t; 3) vyields

e—uid)D++ ((2/1551))1/2) —ConY? < psml < e‘”x(cd)D++

(d) —d
a=1)/2) 1 (@0 7)Y2) 4 Cn =2,

Let | = [2y/n + 2n'/5]. For ay/n < m < by/n, hence for iﬁ <k< %,

(1/2 = 2ul™)V2)2(1/2)7 3, (172 — (20{7)/?)2(1/2) /% = 2+ O(n~V/%\/logn).

Also note that from the asymptotics (2.3), (2.4) and (2.11)-(2.14),

(F(2)E(x)) = —%(v(ﬂf) +u(x)) F(z)E(x)

is bounded for 2 € R. Hence using (7.7) in Corollary 7.2, (8.12) and (8.13), we obtain

(d)
—v ++
e Dy

< \6_”’(5

(@U™)2) — (FE)(w)]
,>Dﬁ/§]((2u,id))1/2) _ (FE)(([/Q _ (2V](€d))1/2)2(l/2)_1/3)|
+|(FE)(1/2 = ) 2)20/2)7%) — (FE)(@)|

< C(M)n='/6 + Ce=eM*? 4 Cn=%\/logn.

Therefore we have

()

Similarly,

> Sl Snml > (F(x)E(a:) — O(M)n~Y6 — Ce=M*"* _ on=1/6, /log n> > 1S ml-

() ()

But from (8.9),
1

1

_ 1 _ _ —cvn

|g‘§:|sn,M|—1 |g|§:|sn,m|—1+0(e )-
(%) " ()

Thus using (8.5), (8.9), (8.15), (8.16) and (8.17), we obtain (3.20).

Proof of (3.22). As in Section 9 in [4], integrating by parts,

[e%s) 0 [e%s)
B()) = [ oar@) == [ pr e+ [ g 0= Byl

— 00 — 00

28

> D5l S| < (F(x)E(x) + O(M)n~Y6 4 Ce=eM*? 4 on=1/8, flog n> > 1Snml-
()

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)



where F,(z) := Pr(Xn < x) = Pr(L, < 2y/n + zn'/%). From Theorem 4.1 and Corollary 7.6, we have

[3/2

1—e “PD () < Ce x> M, (8.19)
e 2D () < cel p <M, (8.20)

for a fixed M > M, where t = | — (x/2)I'/3. Noting that Py, (t;3) = e™*/2D;*(t) for all # > 0, from (8.2),
Lemma 6.4 and (8.19), (8.20), we obtain

1-F,(z) < Ce"” 2> M, (8.21)
F.(z) < Cel’ < _r (8.22)
Now using convergence in distribution, dominated convergence theorem gives (3.22). O
Remark. We could proceed using
~ 1
Pr(ln <)== 3 pOilSeuml (8.23)
|S”| 2k+m=n

The main contribution to the sum from [Sy.,,| comes from the region |m — y/n| < n'/4*<. On the other
hand, from Theorem 3.2, when m = /n — 2wn'/3, the quantity pkOml converges to F(z;w). But the region
m = \/n 4 cn'/*¢ is much narrower than the region m = /n + cn'/?, hence the main contribution to the sum
comes from when w = 0, implying

Pr(in <)~ |§ |

NE

F(2;0)|Snm| = Fi(2). (8.24)

3
IS

In the following proof for signed involutions, we make this arguments rigorously.

Proof of (3.21). We have a disjoint union

Su = U Sk - (8.25)

2k+my+m_=n

Hence again

- 1
Pr(Ly <1) = S Bhmm il |- (8.26)

‘ Ng | 2k+my+m_=n

One can check that
2k +my +m_)!

|S}cL,m+,m, | = k"er'mJ (827)
Hence, we have
1Sel= D> St = > > f(mik) (8:28)
2k+my+m_=n 0<k<L[53]0<m4<n—2k
where
n!
flmg k) = (8.29)

myl(n —my — 2k)k!
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For fixed 0 < k < [§], f(m4,k) is unimodal in m, and achieves its maximum when my ~ n/2 — k. And
f(n/2 — k, k) is unimodal in k& and the maximum is attained when k& ~ n/2 — /n/2. Hence f(m4,k) has its
maximum when (my, k) ~ (\/3,% — /5). Consider the disc D of radius n'/4*< centered at (\/5,% — \/%).

We will show that the main contribution to the sum in (8.28) comes from D. Set

n n n €
m+=\/g+x, R VLRS S AV (8:30)

By Stirling’s formula,

1 —n n —7z2+(z+2y)2 — €
f(m+,k)=ﬁ(2n)”/ze [2V20 T (14 O(n~ V432, (8.31)
Hence from the unimodality discussed above,
2
2 n n/2 —n/2+\/% —5v/2n?%¢
( zkj)@f(m,k) <n? max  f(mek) < e (an) e e , (8.32)
M,

and by summing up using (8.31),

1 n —n n — €
3 f(m+,k):ﬁ(2n) [2e=n/2HV2 (1 O(n~1/A+3¢/2)) (8.33)
(m4,k)eD €
Hence we have
G 1 n/2 —n/24+v2n —1/4+3¢/2
|5y = —=(2n)"?e (1+0(n ) (8.34)

Ve
and the main contribution to the sum in (8.28) comes from D.

As in Theorem 3.4, we write

. 1 ~ )
Pr(Ly <1) = = [Zpkmmz!S}:,m,m| + > Prmym 1] St m |- (8.35)
|S"| D Dec
From (8.32) and (8.34),
e 2 Pt S| < €7 (8.36)

On the other hand, by the remark to Lemma 6.3 and Theorem 4.1, (recall (4.9))

(d)
—l/(d) —u(d) * VUm _
Phmom_1 <€ T (_(+'(Vzgd))l/z)D[é]((u,(cd))l/z)+Cn a2, (8.37)

d )
Vl(c ))1/2
for large n. We have a similar inequality of the other direction with v, I and +Cn~%?2 replaced by p, I — 1 and
—Cn~9/2,
Let | = [2v/2n + 22%/3(2n)"/]. In the region D,

(1/2 — 42 (1/4) "3 = & + O(n~"/%\/logn), (8.38)
and
(1 — v Sy )2)2743(1/2)13 = O(n=1/12%), (8.39)
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Hence as in (8.14), using Corollary 7.2 (7.5), Proposition 5.4 and Corollary 5.5
v~ Vv(vi)r R CNY (d)\1/2 o
SR TNE S ) )17 - P a0 o
< Cn_l/ﬁ\/@+0n_l/12+e +C’(M)n_1/6 +C€_CM3/2

for a constant C'(M) which may depend on M and constants C' and ¢ which is independent of M. Thus for

large n,

LY —2v2n .
with some error e(n, M) such that limps_, oo lim,, o e(n, M) = 0. Similarly we have an inequality for the other
direction. Recalling F*(z;0) = Fy(x)? from (2.35), we obtain (3.21). O

Proof of (3.23). Integrating by parts,

E((x4)P) = /00 aPdF,(x) = —/ prP L E, (x)dx + /000 prP~(1 — F,(x))dz, (8.42)

— o0 —00

where F,(z) := Pr(x% < z) = Pr(L¥* < 2v/2n 4 222/3(2n)'/9). Note that when z < —(4n)"/3, F,(z) = 0, and
when x > 21/6n5/6 — (4n)1/3 F,(z) = 1.
Let M > My fixed. Consider the case when —(4n)'/? < 2 < —M. From (8.35) and (8.36),

1 ~ €
Fy(z) < = S Prmim 1S, |+ Ce0 (8.43)
ni D

|

where [ = [2v/2n + 22%/3(2n)"/¢]. We apply Lemma 6.4, Corollary 7.6 and Corollary 5.7 (5.36). Note that we
are in the region o — 1 faster than k~'/3, hence w is bounded, say —1 < w < 1. So we can apply Corollary 5.7
(5.36). Then we obtain

Fo(z) < Ce 1’ 4 e 10n™ (8.44)
Since —(4n)'/? < & < —M, we have
em10n* < omatelel® (8.45)
thus,
Fo(z) < Ceclal® 4 cemaielel™ (8.46)
On the other hand, when M < z < 21/6p5/6 — (471)1/37 similarly we have
1 ~ 10m2¢
1 - Fy(2) < & > 0= Promym O[Sy |+ CeOM, (8.47)
n|l D
Using Lemma 6.4, Corollary 7.6 and Proposition 5.6 (5.32), we obtain
1— Fy(z) < Ce~clel””? 4 ce=10n™, (8.48)
Since M < x < 21/6p5/6 _ (4n)1/3,
—10n2* — 0 || 12</P
e <e 2 , (8.49)

31



thus

|1ze/5

1 — Fy(z) < Ce~clol”? 4 ce™ers e (8.50)

Therefore, using dominated convergence theorem, we obtain (3.23). O

9 Asymptotics for a > 1

As we remarked following Theorem 3.1, when « > 1, we must use a different scaling to obtain useful results.
Let LO(t; o) and L“(t;c, ) be random variables with the distribution functions given by Pr(L°(t;a) <
) = PP(t;a) and Pr(L“(t;a, B) < 1) = P(t;a, ), respectively. Under appropriate scalings, we obtain the

Gaussian distribution in the limit.

Theorem 9.1. For o > 1 and 3 > 0 fized,

) LO(t;a) — (a+a 1)t
tlggo Pr( (a — a1yt = x) - m / i a, ©-1)
. L(t; o, 8) — 2(a+a~ 1)t ) B _1y2
tliglo Pr( Ta - <z| = —m /_Oo e 2Y dy. (9.2)

Proof. Let | = (a+ a 1)t + /(e — a=1)t for L. For large t, 2t/ < ¢ < 1 for some ¢ > 0. From Proposition
5.1 (i), using Theorem 4.1, it is easy to see that e*t2/2Dii(t) e*t2itDi$( t) — 1 exponentially as | — oo. Now
Theorem 4.1, (5.29) and Proposition 5.8 imply (9.1). For L%, let | = 2(a + o)t + 1/2(a — a~1)t. Similarly,

~¥Dy(t) — 1 exponentially as | — oo, and we obtain (9.2). O

Unfortunately, we can no longer apply the de-Poissonization technique; the difficulty is that (o + o= 1)t
depends too strongly on small perturbations in «. Indeed, as we shall see, the asymptotics of the non-Poisson
process are different.

Consider the case of involutions with [at] fixed points and [t?/2] 2-cycles; the case of signed involutions is
analogous. By symmetry, this is the same as the largest increasing subset distribution in the triangle 0 < y <
x < 1 with [t?/2] generic points and [at] diagonal points. As was observed in Remark 2 to Corollary 7.6 of [7],
it is equivalent to consider weakly increasing subsets where the extra points are added to the line y = 0 instead
of to the diagonal.

Asin (3.1), let

L[%/Q]y[at] —(a+1/a)t

O _
X[2/2],[at] = o1/ (9.3)

Theorem 9.2. Ast — oo, the variable X[%/z] [at] COMVETgES in distribution and moments to N(0,1).

Proof. Let S(t) be the set of points at time ¢, and let I be a largest increasing subset of S(¢). Then there will

exist some number 0 < s < 1 (not unique) such that

(SHN{y=0,0<z<sT}) Cl, (9.4)
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and such that every other point of I has x > s and y > 0. For any 0 < s < 1, we thus have

J1(s) + fa(s) < |1, (9.5)

where fi(s) is the number of points of S(¢) with y = 0 and 0 < z < s, and where f3(s) is the largest increasing
subset of S(t) lying entirely in the (part-open) trapezoid with = > s, y > 0.

Since f1(s) is binomial with parameters [at] and s,
Lemma 9.3. Let M > 0 be sufficiently large and fized. For all 0 < s < 1, there exist positive constants C, c
independent of s such that for w > M,
Pr(fi(s) > ast +wt'/?) < C’efclw‘z, (9.6)
while for w < —M,
Pr(fi(s) < ast +wt'/?) < Ce—elwl”, (9.7)
For f5, we have:

Lemma 9.4. Let M > 0 be sufficiently large and fixed. For 0 < s < 1, there exist positive constants C' and c
independent of s such that for all w > M,

Pr(fa(s) > 2¢/(1 — s)t + wt'/3) < Ce=clwl®? (9.8)

and for all w < —M,
Pr(fa(s) < 2¢/(1 = 8)t + wt'/3) < Ce~clvl’, (9.9)

Proof. We first show the corresponding large-deviation result for the Poissonization. Define fi(s,t) to be
the length of the longest increasing subsequence when the number of points in the trapezoid is Poisson with
parameter t2(1—s2)/2. Then f3(s,t) is bounded between the corresponding processes for the rectangle s < x < 1,
0 <y <1 and for the triangle 0 < (z — s)/(1 —s) < y < 1. In particular, if f}(s,t) deviates significantly
from /1 — st, so must the appropriate bounding process; the result follows immediately from the corresponding
results for rectangles and triangles.

The corresponding large-deviation result when the number of points is fixed then follows from Lemma 6.2.
In our case, the number of points in the trapezoid is binomial with parameters t?/2 and (1 — s?); the lemma

follows via essentially the same argument used to prove Lemma 6.2. O

As we will see, the value s = 1 — a~2 deserves special attention:

Lemma 9.5. Let M > 0 be sufficiently large and fixed. There exist positive constants C, ¢ such that for w > M,
Pr(fi(1— o 2) + fo(1 — a72) > (a + 1/a)t + wt'/2) < Ceemin(wl [wl*/?e/) (9.10)

and for w < —M,
Pr(fi(1—a ) + fo(1— a 2) < (a+ 1/a)t + wt'/?) < Ce—cll, (9.11)
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Moreover, if we define

_ A0 —a?)+ (1 —a™?) —(a+1/a)t

t , 9.12
xo(t) /o - 1jad)i (512)
then xo(t) converges to a standard normal distribution, both in distribution and in moments.
Proof. That xo(t) converges as stated follows from the fact that if we write xo(t) = x1(¢) + x2(t), with
l—a?)—(a—1/a)t
() = 21 )~ (@ Vo) (9.13)
(I/a—1/ad3)t
1—a2)—(2/a)t
xalt) = 224 )~ (2/e) (9.14)

(/o —1jad)t

then x1(t) converges in distribution and moments to a standard normal distribution, and x2(¢) converges in
distribution and moments to 0.

For the large deviation bounds, we note that if  +y > z + w, then either x > z or y > w. Thus for any
0 <b<1, we have

Pr(fi(1 —a2)+ fo(1 —a™2) > (a4 1/a)t + wt'/?) (9.15)
<Pr(fi(1—a™2) > (a—1/a)t 4+ bwt'/?) + Pr(f2(1 — a~2) > (2/a)t + (1 — b)wt'/?)  (9.16)

< Ce—clbwl2 + Ce—cl(l—b)w\3/2t1/4; (9.17)

the result follows by balancing the two terms. In the other case, the Ce<"l* term always dominates. O

Lemma 9.6. For any sufficiently small € > 0, there exist positive constants C, ¢ such that
Pr(st — (1 —1/a?) > t/371/3) < Ce (9.18)

and
Pr((1 —1/a?) — st > t/271/2) < Ce=t' (9.19)

for all sufficiently large t.
Proof. Define a sequence s; by taking
si=1—(1-2/(i+2))?/a? (9.20)

for all ¢ > 0. Similarly define a sequence s} by

s; = max(t;, 0), (9.21)
with
ti=1— (142 )2/a? (9.22)
for i < 0 and
ti=1—(1+4/(+1))?/a? (9.23)

for ¢ > 0. Note that s; is strictly decreasing and t; is strictly increasing.
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Lemma 9.7. For all i >0,

as; +2y/1—si11 <a+1/a. (9.24)
For all i,
asi g +2y/1—s, <a+1/a (9.25)
Proof. In the first case, we have
4
1/a—(as; +2/1—5si41) = ——————. 9.26
ot lja—(asi+ si+1) (1+2)2%(i+3)a (9:26)
In the second case, it suffices to verify the formula with s’ replaced by t. For i < —1,
a+1l/a—(atip1 +2V/1—1t;) = 46271‘/4/&. (9.27)
For ¢ = —1,
a+1l/a— (atip1 +2V1—1t;) = (24 —4de)/a (9.28)
Finally, for i > 0, 8
i
1/a— (at; 21 —t) = ——————. 9.29
a+ /a (O‘ +1+ 1) (z+1)(z+2)2a ( )
O
Let 4 = t1/6=¢/6 i, = t1/4=¢/4 Then there exist constants C, ¢ such that for 0 < i < iy,
Pr(fi(si) + fa(sit1) > il —a™2) + fo(l —a™%)) < Ce "', (9.30)
Since f1(s;) + f2(si+1) is an upper bound on fi(s) + fo(s) with s;11 < s < s, it follows that
Pr(st € [sip1, 1)) < Ce ", (9.31)
Similarly, for ¢ < s,
Pr(fi(siy1) + fa(sh) > fil —a™ ) + fo(1 — a72)) < Ce™"", (9.32)
and thus
Pr(st € [s],s/,,]) < Ce™"". (9.33)
Since there are only 41 + ¢2 + loglog o such events to consider, the result follows. O

.
" we have

In particular, with probability 1 — Ce™
fil=—a 2=t/ 4 f(1—a 24373 S L) < fL(1 —a 2413713 1 fo(1 — a2 —19/271/2). (9.34)

But then using the fact that
fill—a™2) — fi(1 —a™2 —/271/2) (9.35)

and
fil—a™2 —¢/27Y2) _ 11— a7?) (9.36)
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are Poisson, and using the large deviation behavior of fa(s), we find that

Pr(L(t) — (fy(1 —a 2 —t/27V2) 4 fo(1 — a2 +t/371/3)) > 11/2=) < Ce™ ", (9.37)
and

Pr((fi(l —a™2 —¢/37V3) 4 fo(1 — a2 +4¢/271/2)) — L(t) > t1/27¢) < Ce™t". (9.38)
So x(t)—xo(t) converges to 0 in a fairly strong sense; in particular, they must have the same limiting distribution
and limiting moments. O
Remark. The above proof could equally well be applied to the Poisson process; the beta distribution would
then be replaced by a Poisson distribution.

For the signed involution case, with [2at] fixed points, [2(3t] negated points, and [2t2] 2-cycles, again we let

Litz 9] oty o) — 2(@ + 1/a)t
2(1ja—1/ad)t

X[i2] [21], 1261 = (9.39)

Then the analogous argument proves that x’(¢) also converges in moments and distribution to a standard

normal.

10 Steepest descent type analysis for Riemann-Hilbert problems

In this section, we prove the asymptotics of orthogonal polynomials stated in Section 5 by applying the steepest
descent type method to the Riemann-Hilbert problem (RHP) (5.3). In [4], the RHP (5.3) is analyzed asymptot-
ically as k,t — oo, and a variety of estimates for the specific quantity of interest, Y21 (0; k;¢), are obtained. In
the present paper, as mentioned in Introduction, additional quantities related to (5.3) are needed, and we use
and refine the analysis in [4] to obtain the asymptotics of the new quantities. Also we simplify the g-function
expression to obtain desired estimation. When the analysis overlaps to that of [4], we only sketch the method,
and instead we focus on new features to indicate how to prove the propositions in Section 5.

The steepest descent type method for RHP’s, the Deift-Zhou method, was introduced by Deift and Zhou
in [18] and is developed further in [19], [16], and finally placed in a systematic form by Deift, Venakides and
Zhou in [17]. The analysis of the RHP (5.3) has many similarities with [13, 14, 15] where the asymptotics
of orthogonal polynomial on the real line with respect to a general weight is obtained, leading to a proof of
universality conjectures in random matrix theory. The main difference of analysis of [4] and this paper with
[13, 14, 15] is that now we need full range of asymptotics as k,t — oo with good enough bound on error terms
so that the summation process in the proofs of Collorary 7.1 and etc. in sections 7 and 8. Also since the main

contribution to the sum comes from a narrow region when (2t)/k ~ 1, we need finer analysis around this region.

We say that a RHP normalized at oo if the solution m satisfies the condition m — I as z — oo. Thus for
instance, the RHP’s (2.15), (10.1) are normalized at co, while the RHP (5.3) is not.

It turns out that The asymptotic analysis differs critically when (2t)/k < 1 and (2t)/k > 1, due to the
difference of (support of) the associated equilibrium measure (see Lemma 4.3 [4]). Hence we discuss those two

cases separately in Subsections 10.1 and 10.2. In Subsection 10.3, we prove Proposition 5.8.
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10.1 When (2t)/k < 1.

Define

-1 k tz 0

m M (z; k;t) := Y (25 k; t) (=17 ) |z] <1,
0 (_1)ke—t2
L (10.1)

kaetz’ 0

mM (z; ki t) := Y (2; k; t) . o]l
Zhe t?

Then m™) solves a new RHP which is equivalent to the RHP (5.3) in the sense that a solution of one RHP

yields algebraically a solution of the other RHP, and vice versa :

m® (z; k;t) is analytic in C\ 3,
1 kzket(z—fl) _1)k
m (2 ki) = m (2 k5 1) -y -y oo (10.2)
0 (71)szkeft(zfz )

mM (z;k;t) =1+ 0(L) as z — 09,
where ¥ is the unit circle oriented counterclockwise as before. Here and in the below, m, (z) (resp. m_(z)) is

understood as the limit from the left (reps. right) side of the contour as one goes along the orientation of the

contour. Now we define m?)(z; k;t) in terms of m™)(z; k;t) as follows :

for even k,
m® =m |z] > 1,
(2) = (1)(071) lz| <1
m m z .
b (10.3)
for odd k,
m® = (§ 2)m®M(§ %) 2| > 1,
m? = (% ,Ol)m(l)(f)l o) |z| < 1.
Then m®) (-; k;t) solves another RHP
mf)(z, kit) = mf)(z;kz;t)v@)(z; k;t) on X, (10.4)
m® (z; k;t) = I+0(L) as z—> 00
where )
1 _(_1)kzket(z—27 )
)y for t) =
v\ (25 k;t) ((—1)kz_ke_t(z_zl) 0 . (10.5)
The jump matrix has the following factorization,
1 0) (1 —(=1)kzket=2"")
(2) — —. (p2=1,(2)
v <(_1)kz—ke—t(z—zl) 1) <O 1 . (b, ) b+ s (106)
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We note that through the changes Y — m®) — m®), we have

Yin(zikit) = —(=DFe =mP(zk:t), |2 <1, (10.7)
Yor(zikit) = —e "mi (5 k1), 2l < 1, (10.8)
Yis(zkit) = 2™ miY (5 k1), 2] > 1, (10.9)
Yor(zkit) = (—2)fe ™ miP(kit), |z > 1. (10.10)
The absolute value of the (12)-entry of the jump matrix v(?) is e (P0:%) where
F(z;7) = F(pe';7) = %(p—p‘l)cos9+logp, z = pe’’. (10.11)

The absolute value of the (21)-entry of v(?) is e~kF (e %) Note that

F(p.0;7) = =F(p~".0:7). (10.12)

Figure 2 shows the curves F(z;7) = 0. In Q5 U Qgig, F >0, and in Q59 UQSY, F < 0. The region Q5

Figure 2: curves of F((z;7) =0 when 0 <y < 1

becomes smaller as 7 increases, and when v = 1, the curve F'(z;y) = 0 contacts the unit circle ¥ at z = —1
with the angle 7/3.
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10.1.1 Case 0 <2t < ak for some 0 < a < 1.

It is possible to fix p, < 1 such that the circle {z : |z| = p,} is in the region Q5" for all such ¢ and k. Define
m®) (z; k;t) by

m® = m®pP)-1, pa < |2| < 1,
m® =m® )1, 1< 2| < p7lt, (10.13)
m® = m(® 2 < par 12> i
Then m(®) satisfies a new jump condition mgf) = m®v® on 26 = {z:|2| = pa,p; '}, where v = bf),
|z| = po and v3) = (b(f))_l, |z| = p; 1. From the choice of p,, we see that
\v(?’) (z;k;t) —I| < e °F for all z € £, (10.14)

which implies that I —C, ) is invertible and the norm of the inverse is uniformly bounded, where w(®) := v(®) —T
and Cy (f) == C_(fw®) on L*(X®)||dz|), Cy being Cauchy operators (see (2.5)-(2.9) in [4] and references
in it). From the general theory of RHP, we have

1 (I = Cp») D) (s)w® (s)

Gl)y=T+—— d »®), 10.15
m(z) + 21 Jsy3) s—z 5 2 ( )

This implies the estimates
m$y (0 k:t) — 1], [m {3 (05 kst)] < Ce™F, (10.16)

which using (10.13), (10.7), (10.8) and (5.5), (5.6), yield Proposition 5.1 (i).

From (10.13), (10.7), (10.9) and (5.6), we have

me(z;t) = —(—l)keftzmg)(z;k;t), |z| < pa, (10.17)
m(zt) = e miY(z k), Ey (10.18)
mr(z;t) = zke_tzflmﬁ)(z;k;t) - (—1)’“6_'52771?2)(2;k;t)7 pa < |2| < pit. (10.19)

Let 0 < b < 1 be a fixed number. We could have chosen p, such that p, > b. When |z| < b and |z| > b1, we
have dist(z, ©(3)) > ¢ > 0. Hence using (10.15), (10.17) and (10.18) imply that

lePmi(z;t)] < Ce |z| <b, (10.20)

|etzflsz7rk(z;t)| < Ce°k, |z| > bt (10.21)

These are (5.29), (5.30) in Proposition 5.6 of the special case 2 > 21/3(1 — a)k?/3.

On the other hand, let L > 0 be a fixed number. Set a = 1—2%3k~1/3w with —L < w < L as in Proposition
5.6. Since p, is fixed, when k is large, dist(—a, () > ¢ > 0. Then from (10.15),

M (—askst) — 1], [m$P (—askit)| < CemeP. (10.22)
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Note that

1
5(s—s—l) < s—1, s§>0, (10.23)
1 1 2 3 1
—§(s—s )+logs < g(l—s) ) §§s§17 (10.24)
1
—5(s - s +logs < 0, s>1 (10.25)
1
Thus for v <1, s > 3,
1— 1
F(—s;v):—%(s—s*1)+logs: (s—s71) 5(8—8 )+ log s
9 (10.26)
<(AQ=—9)(s—1)+ §|s — 1.
For large k, a > 1 5 for all =L <w < L, and hence
‘(_a)ke—t(a—ofl) _ ekF(—oz;%) <e 32\“’|3—k(1—*)2:1/?3 < 632L3 24/3k2/3 CeCkQ/S. (10.27)
Similarly, since a=! > % for large k,
’(_a)—ket(a—ofl)’ — ekF(—a™153) < ek(1—7)i‘i//i1”+32|w\3 -3 Cecws- (10.28)

Therefore from (10.19) and (10.22),

Cet”” | (10.29)
Ce™*. (10.30)

IA

e mp(—ast)| = [(—a)ke @m0 DI (—as ks t) — (—1)FmY) (s ks 1))

e (o) Fmu(—ast) = 1] = [mi) (mas s t) — 1= a”Fel @ DmiG (—as ;1)

IA

Noting x ~ k?/3, these are (5.31), (5.32) in Proposition 5.6 of the special case x > 21/3(1 — a)k?/3.

10.1.2 Case ak < 2t < k — M2-1/3k1/3 for some 0 < a < 1 and M > M,.

In the previous section, the contour Q23) was not the best choice. We could have chosen the steepest descent
curve for F(z;+y). For the previous case, it was not necessary to use the steepest descent curve to obtain the
desired results, but for the case at hand and in the future calculations, we need to use the steepest descent
curve.

One can check that (see (5.5) in [4]) the minimum of F(p,0;~) for 0 < p <1 is attained for fixed 7/2 < 6 <

(3m)/2, v <1at
1—+/1—~%cos?0
—ycosf

p=ppim (10.31)

and F(pg,0;v) < 0. For 0 <0 < 7/2 and (37)/2 < § < 27, F(p,0;7) is always negative for 0 < p < 1 and as
p | 0, it decreases to infinity. It is straightforward to check that

— /1 —~2cos?26 2v/2
F(pg,0;7) = /1 —~%cos?6 —Hog T Cos < - \3[(14—7c0s9)3/27 (10.32)

—~ycosf

for all 0 < v < 1, 7/2 < 0 < 37/2. Also F(pg,0;7) is increasing in 7/2 < 6 < 7 and is decreasing in
7 < 0 < 3w /2. In fact, the saddle points for Z(z — z7') +log z are z = —p, and z = —p; '
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Figure 3: ) and Q®) when gamma < 1

In this time, define £3) := EE;? U Egi)t by
2 = {pge™ : 3m/4 < 0 < 57/4} U {psp/ae’® : 0 < 0 < 37/4,57/4 < 0 < 27},

S0 = {pg e’ : 3m/4 < 0 < 57 /4} U{p; ), 10 <0 < 3r/4,5r/4 < 0 < 21},

(10.33)

where pg is defined in (10.31) with v = (2t)/k. Orient £® as in Figure 3. Note that %) lies in Q5 and for

3m/4 < 60 < 57/4, it is the steepest descent curve. The reason to choose part of a circle for the rest of angles is

just to make the contour closed to ensure the uniform boundedness of Cauchy operators (see Section 5 of [4].)
Define the regions 953), j=1,---,4 as in Figure 3. Define m®) (z; k;t) by

m® = m® )1, in Y,
m® = m@ )1, in (¥, (10.34)
m® = m® in 0¥, o,
where bf) are defined in (10.6). Then m(® solves a new RHP with the jump matrix v(® (2; k;t) where
) 1 _(_1) Zket(z—zfl)
v = on Zgi),
0 1
(10.35)
v®) = ! 0 on u®.

(_1)kz—ke—t(z—z’1) 1
Set w® = v® — I. For z € £, from the choice of £(3) and (10.32), the (12)-entry of the jump matrix
satisfies for 3w /4 < argz < 5w /4,

|Zket(z—z’1)| — ek F(po.0:(20)/k) < o~ B2R(143 cos 0)¥2 22 k(1-3)%/? < e FM? (10.36)

and for 0 < argz < 3n/4 or 5w /4 < arg z < 2,

-1 . . 2v2 7\3/2
‘Zket(Z—Z )| — ekF(P3w/479»2f) S ekF(p3ﬂ/473T7% S e—Tk(l‘f‘% cos BT) / S e—ﬁk_ (1037)
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From (10.12), similar estimates hold for z=*e=#==2"") zfjﬁt Therefore there exists My such that for
M > Mo, |Cy» ||l L2(z®)—L2(n®) < 1 < 1, and hence (10.15) holds.

We are also interested in L' norm of w®). Note that |dz| < C|df| on ¥(®). Hence using estimates in (10.36)
and (10.37),

/ |kete=="" y|dz\<o/ BER+3 s )% g9 4 e~ 2k dg. (10.38)
(3 [0,2m)\[37 /4,57 /4]

in

The second integral is less than Ce2i%. Recall the inequality (z+y)* > x*+y® for z,y > 0, a > 1. Using the

inequality 1 + cos6 > ﬁ(@ —m)? for 0 € [25, 2%, and the condition ak < 2t, the first integral is less than or

equal to

/T o2k [(1-3) " (3 e0s0) ] gy < - 2ER(1-3)" [T - kol gy (10.39)
3
4 a4

The last inequality is less than or equal to Ck~'/3 for some constant C' > 0. Therefore adjusting constants, we

obtain o o
-1 V2 t )"
/2(3)|zk6t(zfz )||dz| < me_%%(l_%) . (10.40)
Similarly,
,\3/2
/(3) |z Fem 12D dz| < klc/g ~2R(1-3) (10.41)

out

These results are refinement of (5.23) in [4]. From (10.15), we have

® ! L= Cya)1Cp ()00
»(3) »(3)

s —Z s — 2z

The first integral is less than or equal to

C —Mk 1_2)3/2
dist(z, 2O B¢ o (10.43)
while the second integral is less than or equal to
! ! 3)
o dist (.m0 |~ Cu@) ™ oo Tz w2z
1
< graite,z@) 10~ Cuw) ™ ez Cuco a1
¢ 3

= m”w( Iz (10.44)

c
S O TP C TR TAN )
< giite sy Ol @ s

C ,Mk(1,2)3/2
< 3 k .
= dist(z, 2@)k1/3

When z = 0, dist(z, X)) > ¢; > 0, hence using (10.34), (10.7), (10.8) and (5.5), (5.6), we obtain Proposition
5.1 (i).
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As in (10.17)-(10.19), from (10.13), (10.7), (10.9) and (5.6), we have

me(zit) = —(=DFe "mY (21 k1), ze (10.45)
me(z;t) = zZFe mﬁ)(z; k;t), z € 9513)7 (10.46)
me(zt) = zZFe ¥ mﬁ)(z;k;t) — (=1)ke7t2 mEQ)(z kit), ze€ 9(23) U Qg3). (10.47)
Define = by 5
t T

as in Proposition 5.6. Let 0 < b < 1 be a fixed number. Given b, from the beginning, we could have chosen
0 < a < 1 such that

1—+/1—a?cos? 0,

—acos by

is strictly greater than b for some 7/2 < 6, < m. Note that in (10.33) defining X, the choice of 37/4 and

po, = (10.49)

57 /4 was arbitrary. Instead of 37/4 and 57 /4, we use 0 and 27 — 6, in this time, and carry the whole following
calculations. Then we obtain the same estimates of (10.43) and (10.44) with different constants C. Now |z| < b
lies in ngs) and |z| > b7 lies in Qf). Since the distance dist(z, 2(3)) > ¢y > 0, using (10.42), (10.43), (10.44),
(10.45) and (10.46), we obtain (5.29) and (5.30) in Proposition 5.6 for M < z < (1 — a)2'/3k%/3. Since in
(10.20) and (10.21) in Subsubsection 10.1.1, the choice of 0 < a < 1 was arbitrary, we obtain (5.29) and (5.30)
in Proposition 5.6 for all x > M.

On the other hand, let 0 < L < 273/2y/M be a fixed number. Set o = 1 — 24/3k~1/3w with —L < w < L as
in Proposition 5.6. From the inequality 177 V1—? <1—4/1—~forall 0 <~ <1, wehave

2t
B ?
P —4/1 21/6k1/3 (10.50)

24/3w 24/3,

Hence dist(—a, X)) > Ck~'/3. Thus from (10.42), (10.43) and (10.44), we have

But

2

m® (—as kyt) — I) < Ce 327 (10.52)

which together with (10.47) (note that —a € Q5 U Q). implies that

le " m(—ast)| < ‘(—a)ke_t(a_o‘fl)‘(l + C’e_c"”l?’/z) + C’e_c|x|3/2, (10.53)
|e_t°‘71(—a)_k7rk(—a;t) —-1] < Ce—ele*? 1 |(—a)_ket(“_°‘71)|Ce_c|w‘3/2. (10.54)
For large k, a > £ for all —L < w < L, hence using (10.26), we obtain as in (10.27) and (10.28),
|(_a)ke—t(oﬁa*1)| = hF(-as¥) < g=2wat Zlul® < cecle] (10.55)
and
|(—a)~ket@ 1)| — —a7h3) < gellel, (10.56)

Thus from (10.53) and (10.54), we obtain (5.29), (5.30) in Proposition 5.6.
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10.1.3 Case k — M2-1/3k1/3 < 9t < k for some M > 0.

In this case, as k — 0o, the point z = —p, on the deformed contour X(3) defined in (10.33) is approaching to
z = —1 rapidly and we need a special attention to the neighborhood of z = —1. More precisely, we need so

called parametrix for the RHP, which is an approximate local solution.

PIl,2
1
PIl,2
2
............................. .
0
PIl,2
3
PI1,2
4
Figure 4: ©P1:2 and Qf”’2

Let P12 = Ef”’Q U 25”’2 be a contour of the general shape indicated in Figure 4. Asymptotically for
large z, the curves are straight lines of angle less than 7/3. For more precise discussions, see the paragraph
after (2.18) of [4]. We will define the exact shape of £F/12 below. Define m?!12(z; z) by
1 e—2i(%z3+mz)

mPII’2(Z,£E):m(Z;(E) in QQPII,27
0 1
1 0 (10.57)

PII2 _ : i QP12
m (z,2) = m(z; ) i3 in Q577

mPH’Q(Z,:C) :m(zz) in an’279511’2,

)

where m(z; x) is the solution of RHP for PII equation given in (2.15). Then m®?%:2 solves the RHP,

mP11:2 is analytic in C\ 2F112)
—92i(4,3
PII2 _ _ PII2 1 —em 2= te) . wPII2
Lt =ml in ;777
0 1
(10.58)
PII,2 _ _ PIL2 1 0 iy S
+ - M- 2i(2234x2) =2 ’
e""3 1
mP2 =1+0(1) as z — 00.
PII2 PIL2(,. .\ my "2 () N
Also my "7 (x) defined by m"""%(2z;2) = I + ———= 4+ O(2™ ) satisfies
mi 2 (2) = my (2) (10.59)
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Set = by
2t 1 T
kT 2UBEE
We define £3) and m(®) as in (10.33) and (10.34). Let O be the the ball of radius ¢ around z = —1, where

€ > 0 is a small fixed number. Define the map

(10.60)

Az) = —z'2_4/3k1/3%(z — 271 (10.61)

in O. Define P12 hy ©P11.2 A \(0) := \(X®) N O) and extend smoothly outside A\(O) as indicated in (5.29)

of [4]. And define mP11:2 as above using this contour. Now we define the parametrix by

mp(z; k;t) = mP2(N\(2), z) in 0\ £6),

_ (10.62)
my(z;k;t) =1 in 0°\ 1),
It is proved in (5.25)-(5.34) in [4] that if we take e small enough but fix it, then the ratio
R(zk;t) = mPm ! (10.63)
solves a new RHP
R(z; k;t) is analytic in C\ Xp,
Ri(z;k;t) = R_(z;k;t)vr(z; k;t), on Xg, (10.64)
R(zk;it) =14 0(1), as z — 00,
where ¥ := 00 UX®) | and the jump matrix satisfies
lor — Il < 7575 on ONXEE),
lor = I||g>~ < Ce™* on O°NEG), (10.65)

lvgp — I + mi (@) lpe < -5 00, as k —
R X(z) Lee = 7275 O1 , s 00,

with some constants C' and ¢ which may depend on M. Set wg := vg — I. Using (10.15) which holds generally,

we have (see (5.35) and the preceding calculations in [4])

— -1 _
Rkt =14 [ (U Ca) D) =D,
T s$—z
1 . I 1 I—Cup) 10y, T (10.66)
— I+ — UR(S) B dS+ — [( - wR) wWR ](S)’U}R(S) ds
2mi Jg, S—2 2mi Js, s—z

Since ||(I — Cuwp) Hr2(mn)—r2(sp) < C, and [00| < €C, [ONEG)| < €C and |0° NG| < C, using (10.65),

the absolute value of the second integral is less than or equal to

C _
MH(I - CU)R) 1||L2(ER)—>L2(ER)||CwRI||L2(ER)HwR”Lz(ER)
< an 2 10.67
= Tstlz, 5 Pl (1067)

< eC
~ dist(z,Xr)k2/3"
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Similarly, the first integral satisfies

1 vr(s) =1 my 2 () / C
9. d ds| < . 10.
2mi /ZR 55—z ot 2mi 00 A(8)(s — 2) 5= dist(z, X p)k2/3 (10.68)
Hence
PII2
- ' 1 eC
&) (2 kst et)) T4 <”3)/ dsl < €< 10,69
’m (2; k; )(mp(% ; )) + 9 o N3)(s = 2) s| < dGist(2, S K273 ( )

For z = 0, from (10.62) and (10.63), R(0) = m®(0), and dist(0,Xg) > ¢; > 0. Note that A(s) is analytic

in O except at s = —1, and
1
M) = —i273EY3 (s + 1) + s+ D?+--], s~-L (10.70)

By a residue calculation, we have

i24/3mfn’2 (x)
k1/3

1

m®(0; k;t) = T + k2/3)'

+0(

(10.71)

Thus using (2.17) and (2.18), from (5.5), (5.6), (10.7), (10.8) and (10.34), we obtain Proposition 5.1 (iii) of the
case when 0 < x < M.

We now prove Proposition 5.2 when z > 0. Since the choice of M was arbitrary in our calculations, for
fixed x, we choose M large enough so that 0 < z < M. Let z € C\ X be fixed. We first assume |z| < 1.
By modifying the contour X(3)| if necessary, as in (10.49) and the following paragraph, we have z € QgS) and
dist(z,%®)) > ¢; > 0. Thus from (10.69), |R(z) — I| < Ck~'/? with some constant C' depending on z. Thus
from (5.6), (10.7), (10.34) and (10.63), we obtain the first limit of (5.13). Similar calculation applies to the
case |z| > 1, and we obtain the first limit of (5.14). The second limits of (5.13) and (5.14) follow from the first
limits of (5.14) and (5.13), respectively.

Finally, we prove Proposition 5.4 when = > 0. Set

24/3

a=1-— VAR w fixed, (10.72)
and )
t T
In this case, —a € O. By a residue calculation again, for w not equal to 0,
1 1 i24/3 1
o ds = -+
211 Joo A(s)(s + ) (—1+a)k'/3  A—a) 10.74)
=t = Ol "
W wt Bw e KUY
When w = 0, similarly we have the same order. On the other hand, since
1—y/1- (%) 285 1
Pr = 2t =1- L1/3 + 91/3}.2/3 + O(E)’ (10.75)
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we have dist(—a, Xg) > Ck~2/3. Thus we have
|R(—a; k;t) — I < eC.
Using A(—«) ~ —iw, from (10.62) and (10.63), we have
kli_}ngo m® (—a; k;t) = mP1H? (—iw, 2)

since € is arbitrarily small. From the conditions on ¢ and «, we have

lim ake—t(a—afl) — e%w3—2a:w.
k—oo
Using (10.34), we have
kli_)nolo m(Q)(—oa; kit) = mP2(—iw, x), —a € Qgs), Qfls),
1 _e%wS—wa 3

lim m® (—a; k;t) = mP2(—iw, 2) . —ae 0l
k00 0 1 2
lim m® (—as k;t) = mP2 (—iw, x) ! 0 —aeql®
ko0 v ’ _e—%w3+21w 1 ’ 3 -

Thus, using (10.57), for each fixed w and z, we have
klim m® (—a; k; t) = m(—iw; x).

From (10.7)-(10.10) and (10.78), we obtain Proposition 5.4 of the case when = > 0.

10.2 When (2t)/k > 1.

Through this subsection, we set

2t
=—>1
T
We need some definition. Define 0 < 6, < 7 by sin® % = % Define a probability measure on an arc,
X oy 1 . o0
du(0) := - cos(i) § —sin (§)d9, -0.<0<84,,

and define a constant

l:=—vy+logvy+ 1.

Now we define so-called g-function,

0 ‘
g(z; ks t) == /_9 log(z — €*)du(6), z€C\ XU (—o0,-1].

(10.76)

(10.77)

(10.78)

(10.79)

(10.80)

(10.81)

(10.82)

(10.83)

(10.84)

(10.85)

(10.86)

The measure dp(6) is the equilibrium measure of a certain variational problem and the constant ! is a related
constant (see (4.6) and Lemma 4.3 in [4]). For each |f| < 0., the branch is chosen such that log(z — e%) is
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analytic in C\ (—oo, —1] U {e!® : —7 < ¢ < 0} and behaves like log z as z € R — +oco. Basic properties of g(z)
is summarized in Lemma 4.2 of [4]. In general, the role of g-function in RHP, first introduced in [19] and then
generalized in [17], is to replace exponentially growing terms in the jump matrix by oscillating or exponentially
decaying terms. In [13], the authors introduced g-function of the form similar to (10.86) to analyze RHP
associated to orthogonal polynomials on the real line. The above g-function (10.86) is an adaptation of their
work to the circle case. When 0 < v < 1, the related equilibrium measure is

1
du(9) = %(1 + 7y cos)db, —m<60<m, (10.87)

with the related constant [ = 0, and hence

logz — 2L, zl>1,2¢ (—o0,—1
-3z 4+ mi, |z| < 1.

Since g(z) is explicit in this case, we did not introduce it of the form (10.86) in the previous subsection.
Write ¥ = C; U Cy where Cy := {e? : —0. < 0 < 0.} and C; := ¥\ Cy. Define m™(z; k;t) by

mW (2 k;t) := e%"?’Y(z; k; t)e_kg(z"k;t)‘”e_%”?’ , (10.89)

where o3 = (§ % ). Then m®) solves (see (6.1) in [4]) a new RHP

mM (z; k;t) is analytic in C\ %,
€—2k&(z;k;t) —1)k
mg_l)(z;k;t) :m(_l)(z;k;t) =) on Co,
0 eZke(z;k;t)
(10.90)
) . 1 (_1)ke—2ke—(2;k;t)
mgr)(z;k;t) :mg)(z;k;t) . X on (O,
m(l)(z;k:;t):IJrO(%) as  z — 00,
where a(z; k;t) is defined by (see Lemma 6.1 in [4])
ey YT st i0 —if 0.
Qs kit) =~ / e V(s —cif)(s —cmibe)ds, €=, (10.91)

(Notation : We use & here instead of « in [4] to avoid confusion with « in (10.138) below.) The branch is chosen
such that /(s — e#e)(s — e~) is analytic in C \ C; and behaves like s as s € R — +o0.

Define m?(z; k;t) as in (10.3). Then m® solves a new RHP, normalized as z — oo, with the jump matrices

_e—2ke(z;k;t)

1
v (2 ks t) = on Oy,
ere(z;k;t) 0

(10.92)
672kaf(z;k;t) -1

v (25 kst) = on Cf.
1 0
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Through the changes Y — m®) — m(® | we have

Vir(zkst) = —eb9ER0 3 g, 2] < 1, (10.93)
Yor(zikit) = —(=1)reto RO B ik, 2 <1, (10.94)
Yir(zikit) = eMERDm® (2 k), 2| > 1, (10.95)
Vor(zikst) = (=1)Feka@EROTR L@ gy 2] > 1. (10.96)

O!

outside

Figure 5: (3 and Q®)when v > 1

Set X4 .= C, U @nside U CN'outside as in the Figure 5, which divides C into four regions, Qgg), j=1-- 4.

Again, there is a certain freedom choosing the shape of @nside and éoutside. For example, @mide (resp.,

éoutside) can be any smooth curve lying in Qgg) (resp. Qg?’)) connecting e*’ and e~%. Precise requirement is

given in [4] (see also (10.99)-(10.100) below). Define m®)(z; k;t) by

-1
1 _e—2ke(z;k;t)
m® = m@ in Q%
0 1
10.97
m®—me | 10 i o (1097
e2ke(z;k;t) 1 3
m® =m® in Qgg),Qf’).
Then m®) solves a RHP, normalized as z — oo, with the jump matrix given by
1 _€—2ke(z;k;t) »
on Cinsidea
0 1
1 0 ~
v® (2 ks t) = et on  Courside, (10.98)
e e(z;k;t 1
672kaf(z;k;t) -1
on C4.
1 0
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From the properties of g(z), it is proved in [4] that

—ke—(z;k;t)

e —0 as k — oo, z€Cp,e =R 0 as k— oo, 2 € Cinside, (10.99)

eke=kt) 0 as k— oo, 2 € Coutside- (10.100)

The choice of Cjpsige and Coytsige is precisely for these properties. Here the convergence is uniform for any

compact part of the each contour away from the end points e*?c and e~*:, but is not uniform on the while
contour. This gives rise the technical difficulty which will be overcome below using the idea of parametrix.

Formally v®) — v> as k — oo where

1 0 ~ ~
v° (Z) = on C’inside U Coutsidev
0 1
(10.101)
0 -1
Uoo(z) = on 01.
1 0

Thus we expect that m®) converges to m>, the solution of the RHP m° = mv> with m* — I as z — oo.

The solution m™ is easily given by (see Lemma 6.2 in [4])
LB+87Y)  H(B- ﬁ‘l)>
oy [ 2 2i 7 10.102
) (;,-(BM LB+67Y) o102

where ((z) := ( ael )1/47 which is analytic C\ C; and 8~ +1 as 2 € R — 400

z—e~10c

10.2.1 Case 2t > ak for some a > 1.

We introduce parametrix m,(z) as follows. In the neighborhood,O, of size ¢ around the points e¥e and
o—ife
[mp(m>) =t — I|| 90y = O(k™1). In C\ O, we set my(z) := m*>(z). Then the ratio R(z) :== m® (z)m,(z)
has no jump on ) N O, and has a jump vg := wg + I converging to I uniformly of order O(k~') on 9O,
and of order O(e™F) on ¥ N O as k — oo. This implies that R(z) = I + O(k™') for any z € C\ %,,

¥, = (24 N 0°) UO. Moreover following the arguments in Section 8 of [14], the error is uniform up to the

, my(z) is constructed using Airy function such that (m,(z))4+ = (m,(2))-v®(2) for z € G N O, and

boundary in each open regions in C\ 3,. In particular, for z € Qgg) u Qf’),
m®(z) = (I+O0(k™"))m>(2). (10.103)

Here the error is uniform for ak < 2t < bk for some 0 < a < b. For (2t)/k — oo case, by shrinking the size of O
properly, we again obtain the unform error (see [2]). Therefore for any a > 0, we obtain the uniform error for
(10.103) for ak < 2t.

When z = 0, $(0) = —ie?*/? and g(0) = 7i (Lemma 4.2 (vi) of [4]), Also (10.97) says m®(0) = m(?(0).
Thus Proposition 5.1 (v) follows from (10.93) and (10.94).

Now we consider Proposition 5.6 of the case whe z < —2/3(a — 1)k?/3. For z = —a real, |3(—a)| = 1, so
m>(—a) is bounded. Hence from (10.97) and (10.93),(10.95), we have for o > 1,

|k (—a; ks )] < Cleka(—aikst)|, (10.104)
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The rest of the proof is the same as in the following subsubsetion.

10.2.2 Case k + M2-1/3k1/3 < 2t < ak for some a > 1 and M > M.

In this case, the points e*’ and e~ is allowed to approach —1, but the rate is restricted :

1/2
k) S v M

%) Z s (10.105)

e + 1] = 2(1 -

for large k. We now take neighborhood O of size €,/ 2t — 1 around e’ and e~*c. From (10.105), O consists of
two disjoint disks and their boundary do not touch the real axis. We introduce the same parametrix m,, as in

the previous subsubsection. Then we have a similar results : there is My > 0 such that for M > M,

m®(z) = (l+ O<k(2tl_1))>m°°(z), (10.106)

k
for z € &P U QY.
When z = 0, as in the previous subsubsection, we obtain Proposition 5.1 (iv).

Now we prove Proposition 5.6 when x < —M. As in the previous subsubsection, we have
[Tk (—a; k; )| < Oleka(=aikit)|, (10.107)
But note that

Re(g(—a)) = ;/6; log(1 + o + 2a cos 0)dpu(0) ( |
o 10.108

1
:10g2+§10g%+l(s),

where

I(s) = 711_/_11 log(s? — 2%)V/1 — x2dz, 5= \ﬁ;i};a) > 1. (10.109)

The inequality s > 1 follows from arithmetic-geometric mean inequality and the assumption « > 1. Residue

calculation gives us

12
I’(y):f/ 1 Rdr=2y-2V2 -1, y>L1. (10.110)

2 2
19—

Integrating from 1 to s > 1, we have

I(s)=s—1-— 2/3 Vy? = 1dy + 1(1). (10.111)

The constant I(1) can be evaluated (cf. Lemma 4.3 (ii)-(a) in [4]) :

i

1 [2 1
I(1) = ;/ log(sin? 6) sin” AdfH = 3~ log 2. (10.112)

sy
2

o1



Thus we have

1 1
Re(g(~a)) = =5 + 5 log L s —sy/s2—1+log(s+ /2 — 1). (10.113)
v
Assume 0 < o < 1. We change the variables v, « into s, & where s is define in (10.109) and
1/2
€= (7) > 1. (10.114)
!
Then
1 1
F(&) :=g(—a) — %a = —5 ~log¢ — 552 + 256 — 5% — s5v/52 — 1 +log(s + /52 — 1). (10.115)
Differentiating with respect to &, .
F(¢) = gt (10.116)
Thus the maximum of F occurs at £ = s+ v/s?2 — 1. But F(s+ vs2 —1) =0, hence F(§) < 0. Thus we obtain
le b (—as k)| < cerRels-akn-10) <o goa<t. (10.117)
For a > 1, note that
Re(g(—a)) = loga + Re(g(—a™h)). (10.118)

Thus using (10.117), we have

e~ (—a) Ry (—a )| < ek Relal-aikin=3a mlosa) _ gebRe(g(-atkin-3a71) < ¢ (10.119)

10.2.3 Case k < 2t < k + M2~Y/3kY/3 for some M > 0.

Set

Py Ry D32 (10.120)

g 3 2

which is analytic in C\ [—/ 5%, 1/ 5%] and behaves like 523 + 22+ g +0(273) = 0p11(2) + 0271 as 2 — +o0.

Let ©PI13 .= U?=125H’3 as shown in Figure 6. The angles of the rays with the real line are between 0 and

PIl,3 PI1,3

PIIL3
55 Ql 21

PIl3
PIl3

PIl,3

PII,3 P

3 4

Figure 6: L1103 and Qf”’?’
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7/3. Recall that m(z;x) solves (2.15) the RHP for PII equation. Define m*?%:3(z;z) by

mPI3 — m(z;30)61'(57}’”—91:”)037 o= an,?,’ 9511,3)
R N PII3 PIIL,3
mPII’3 :m(z,x) e’L(g 70}?]1)0‘3, = (QQ 3 UQS s )mci’
0 1 (10.121)
PII,3 1 0 i(gP1 -0 PII,3 PII,3
mPIE3 = m(z; 2) oo eilg" ! =0pi)os @13yl ne,.
e2ifprr 1

Then m®) solves the RHP (see (2.25) in [4]) normalized at oo with the jump matrix

1 0
o on EPILS 5PILS
e2zg 1
1 _e—2igP”
03 (25 ki t) = on xR w3 (10.122)
0 1
o-2ig™H g
on BPILA,
1 0
Also we have .
ma(z) = mPT3(z) — (%)03. (10.123)
7rLPII’3(a:)
where m®113(z;0) = T + ™——% + O(272) as z — oo.
Set o by )
14 x
Hence we have —M < z < 0 in this subsubsection. Define the parametrix
my(z;k;t) = mPI3 (N (2), in O\x®),
plai i) (), ) 7\ (10.125)
my(z;k;t) =1 in O0°\ 20,
where A(z) is defined in (10.61) and O is a small neighborhood of size ¢ > 0 around z = —1 (see [4] case
(iii) of Section 6 for details). As in Subsubsection 10.1.3, the ratio R(z;k;t) := m(?’)m;1 satisfies a new RHP,
normalized at oo, with the jump matrix vz which satisfies the estimation (10.65) with now m!’"?(z) replaced
by mf”’3(z). Hence we have
PII3
_ ’ 1 eC
®) (2 k; t hit)) -1+ (x)/ ds| < . 10.126
m' (z; k; 1) (my (23 k; 1)) + 2mi a0 M8)(s — 2) o= dist(z, X g)k2/3 ( )
As in (10.71), we have
04/3, PII3
B b 1243 my 7 () 1
m® (0;k;t) =T + 1173 + O(k2/3)' (10.127)
From (10.97) and (10.123),
04/3 _9—5/3,2
Y i2*9mq (x) — 27°/°2%03 1
m® (0;k;t) = I + Ve +0(57)- (10.128)
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Hence using e* =1 — % + O(k=2%/3) and g(0) = i, (10.93) and (10.94) yield Proposition 5.1 (iii) of the
case when —M < x < 0.

For the proof of Proposition 5.2, note that for each fixed z € C\ X, we can use the freedom of the shape of
) (and Xg) so that z € QgS) U Qf), and dist(z,Xr) > ¢; > 0. Thus we obtain

lim m® (z;k;t) = I, z€ C\X fized. (10.129)

k—o0

From (10.93) and (10.95), we have

Jim e kIR 1 () = 0, 2| < 1, (10.130)
— 00
Jim e RIERD T (2) = 1, 2] > 1. (10.131)

To prove Proposition 5.2, since v = (2t)/k, it is enough to show that

Jim (—1)keklotkirzz] — 1 lz] <1, (10.132)
Jim ehla(zkit)+3=7 —log2] _ 1 2| > 1. (10.133)

But proof of Lemma 4.3 (ii) of [4] says that for |z| > 1, z ¢ (—o0, —1),

1 ? 1 ) )
9(z) = Flogz— 7z +z7)+ 3+ 5 / 2L s — ey (s —emi0eyds + g (1), (10.134)

where the integral is taken over a curve from 1, to z lying in {z € C : |z| > 1,z ¢ (—o0,—1)}. Here

V(s — €ie)(s — e~ is analytic in C\ C; and behaves like s as s € R — +oo, and logz is analytic in
C\ (—00,0] and is real for zR,. Calculations in the same proof, together with Lemma 4.2 (viii) of [4], gives us

g-(1) = —1 — Llog~. Also using sin® & = %, for |s| > 1, s ¢ (—o0, —1),

: : 2
V(s — i) (s — i) = (s 4 1) - (=D +0((y - 1?). (10.135)
Thus expanding in v — 1, we have

9(2) + 227 ~logz = O((7 ~ 1)?) = O(™*7%), (10.136)

which implies (10.133). Similar calculations using for |z| < 1, z ¢ (—1,0],

9(z) = %logz ~ e+ +2+7 /1+ 5;; L s =€) (s — ) ds + g4 (1), (10.137)
and g4 (1) = —1 — L log z + mi yield (10.132).
For the proof of Proposition 5.4 when x < 0, set
a:l—%. (10.138)
When w and z are fixed, again as in (10.76), we have limy_ o, R(—a;k;t) = I, which implies that
lim m® (—a; k;t) = mP103 (—iw, z). (10.139)

k—oo
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From (6.8) of [4], we have

~ 4
kli)n;o ka(—a;k;t) = zg((—zw)2 + %)3/2 = igPT (—iw), (10.140)
which from (10.97) and (10.121) implies
lim m® (—a; k;t) = m(—iw7x)ei(gm[(_iw)_@f’”(_iw))‘”. (10.141)

k—oo

Now we compute the large k limit of kg(—a;k;t) — ta when w > 0, and of kg(—a;k;t) — ta™t — log a when

w < 0. For -1 < 0 < m, limjgarg(—a + ie — €) = 7 + tan™! (222 ) where —7 < tan~'¢ < 7. Since

a+cos 6
tanfl(aj_igoie) is odd in 0, we have from (10.113),

lim g(—o + i) = lilng Re g(—a + i€) + mi

el0
L1 (10.142)
= 7§+§log;+52 —svs2—1+1log(s+Vs?2—1)+mi
where s = Y7U£% 1 Under the conditions of v and «, as k — o0,
2va
VIt+a) ) w? x 1 23 0 1 10,143
e - "aman) et tOGaR) (10.143)
o 24/3w T 2zw 1
P 1= w3 T oiEpas - h T 0(1(4/3)' (10.144)
Note that lim¢|g g(—a + i€) — lim, g g(—a — ie€) is 2mi for o > 1, and is 0 for 0 < o < 1. Therefore we obtain
lim (—1)Feba-m—ta —  cgu’-aw—g@®=5)"2 5 ¢ (10.145)
k—o0
lim (—1)keko(-e)—ta™ —kloga  _ o—fultzw—f’=5)>* (10.146)
k—o0
Also being careful of branch, we have
4 4 2\ *?
i(gP T (—iw) — Oprr(—iw)) = gw?’ —aw— g <w2 - 2) ., w>0, (10.147)
4 4 2\ *?
i(gPH (—iw) — Oprr(—iw)) = §w3 —rw+t o <w2 — 2) ,  w<O. (10.148)
Since limy_, o, e*! = 1, using (10.93)-(10.96) and (10.141), this implies (5.21)-(5.24) when x < 0.
10.3 Proof of Proposition 5.8
Let o > 1 be fixed. Set
" 2 _ 1)1/2
S Cl) z € R\ {0} is fixed. (10.149)

Kk az+l (a2 +1)3/2 'ﬁ’

We are interested in the asymptotics of e~ (—a)lmp(—a~1;t). Since —22

a?+1
case of Subsubsection 10.1.1 and/or 10.1.2. We define m) and m®) as in (10.1) and (10.3). Recall that we

have certain freedom of the choice of 3(3). We choose a contour passing through saddle points of

< 1 and z is fixed, we are in the

f(z):= %(z — 27 H +log(—2), (10.150)
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the exponent of the (12) entry of v(?) divided by k. The saddle points (see (10.31) and the following discussions)

are —p, and —p_ !, where

1—+/1—(2t/k)? a2 1/2 .
pr = WZ;—W'ﬁﬂLO(i) =:pc+0(%). (10.151)

Take 6 > 0 and € > 0 small such that %, := {—p. + is : k12 < g < ek5_1/2} lies inside the open unit disc
for all k > 1. Define (see Figure 7) £ := 253) U Eg’}t by ZZ(-;O’L) =¥, U%, and 5, := {r=1e® : re'? Zgz)},

n

out

Figure 7: ¥(3) and Q©)

where ¥, := {| — p. +iek® /2| 1 |0] < Op}, —pe +iekd V2 =| — p. + iek®~1/2|e0. Let 953) be as in Figure

7 and define m® as in (10.34). As in (10.45)-(10.47), the quantities we are interested in are
eiat(—a)kﬂ'k(—ail; ) = _akeft(afafl)mg)(_afl; k;t), z <0, (10.152)
e_at(—a)kﬂ'k(—a_l;t) = —ake_t(o‘_o‘fl)mg)(—a_l; kit) + mﬁ)(—a_lg k;t), x>0. (10.153)

For the estimates of w® := v(® — I, note that for any fixed 0 < p < 1, Re f(pe'®) = F(pe'?; 2) (recall
(10.11)) is increasing in 0 < @ < , and is decreasing in 7 < @ < 2, hence [|e*/ || poc (5, ) = €F Re f(—petek®™ /%)

But we have

t 1(a2(a? -1 2
Fpetin) = pla=a™) —toga— 3 (= 1 ) 1 00 EB), ol a2 (1045
Thus,
Hake—t(a—a’l)ekf(z) | oo = < Ce—ckz‘s7 (10.155)
and also using
2 2
_ a_o’= 1 —1
a~Fetla—a™) _ ok [log a2+i+o( k)}, log o — r o 0, for a>1, (10.156)
a?+1
we have
([ ]| oo (s3,y < Ce™*. (10.157)
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On the other hand, one can directly check that Re f(—p. + a) has its maximum at a = 0 for —ekf12 <a <
ek?=1/2 hence || ()| po(sy,) = X Bef(=P) Again (10.154) and (10.156) yield

[[€ ]| oo (s2.y < e7F (10.158)

Similarly, we have He_kf(z)HLm(Em < ek, Now calculations as in Subsubsection 10.1.2 give us the result
out

)

(10.42). Hence using (10.156) and (10.158) and noting dist(—a 1, X)) = L2402 e have
. . . . s ale2—1)172 R

mﬁ)(—a_l; kit) = 14 O(\/Ee_Q(l_“l)clk), (10.159)
_ B Ok t(s—sT1) d
aFemt@ B (o Lk) = gketlema™) /Z %2—; +O(Wke™*™). (10.160)
To evaluate the integral asymptotically, first we change the variable by s = —p, — % : % Then from
(10.154), the numerator of the integrand becomes
a*ket(a*a_l)ef%(y2+x2)+0(k‘7%+25)_ (10.161)

ea(a®—1)1/?

Hence setting A := NCSESIVERE

~ ok t(s—sTh) 1 AR® —1(y2+a?) 1
ko—t(a—a 1>L/ (Eo)re™™ D e / e o I 4 Ore=F) (10162
@ 2710 Jy, s+ a”t 5= om _aps Yz y(1+0(e ) +O(e ). (10.162)

Thus from (10.152) and (10.153), we obtain

1 0o =3y +a?)

li —at(_ \k _ _1't - d 0 10.163
kl—>noloe ( Oé) 7Tk( o ) o - y-I—ZCL' Y, T <V, ( )
1 [ e~ 3W+z?)
li —at(_ Ve (o lt) = —— - d 1 0. 10.164
Jim e (—a) T (—a™"5t) omi ) ytix y+1, x> ( )
C 12442

The function h(z) := 5= [* %dy is smooth in z > 0 and = < 0. The derivative is ' (z) = ﬁe‘%zz.

As ¢ — +oo, h(z) — 0. Therefore we see that

1 s —L(y?+a?) LT -3y , z <0,

LI LRI B Y (10.165)

- - 1,2
2m J_o Yy +izx \/%f;e Y dy, x> 0.

Thus we proved Proposition 5.8.
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