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Plan of talk:

(1) Bergman kernel asymptotics on special
domains

(2) Regularit y consequences

(3) Bergman represen tativ e coordinates

(4) Fe®erman-SzegÄo kernel

(5) Other represen tativ e coordinates
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Consider

² Ã cont. positiv e function on (®; ¯ ) ½ (¡ ¼; ¼)

² ­ Ã
def
= f arg z2 2 J; jz1j2 < jz2j Ã (arg z2)g ½ C2

Using symmetries, Fourier, residue calc., get
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Special case:

Ã(v)
def
= min f cos v; r cos(v + µ)g

­ Ã = fj z1j2 < Re z2g \ fj z1j2 < Re r eiµ z2g
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Theorem [{, Vassiliadou] For Ã as above, let

² Z j = f » j ¡
³

j +3 ¡ i»
2

´ R
Ã j +1 (v) e¡ v» dv = 0;

Im » < 0g;
² h¤ = ¡ max

S

j ¸ 0
Im Z j ,

² s ¸ 0:

Then

² each K ­ Ã (¢; ³ ) holomorphic near ­ Ã n f 0g,
² K ­ Ã (¢; ³ ) 2 W s;2 near 0 ( ) s < h¤

2 .

Values of h¤=2:

µ = 0 ¼
8

¼
4

3¼
8

¼
2

5¼
8

3¼
4

7¼
8

r = 1 1 1.8 2.2 2.7 3.5 4.8 7.5 15.5

4/3 1 1.7 2.0 2.5 3.2 4.4 6.6 13.4

2 1 1.60 1.9 2.2 2.9 3.9 6.0 12.0

4 1 1.56 1.8 2.1 2.6 3.5 5.3 10.7

1 1 1.54 1.7 2.0 2.4 3.2 4.8 9.5
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400 ro ots (r = 4; µ = ¼=4):
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New special case:

Ã
def
= Â( ¡ ¼=2;¼=2)

­ Ã = fj z1j2 < jz2j ; Re z2 > 0g

Regularit y cut-o ®: K ­ Ã (¢; ³ ) =2 W 1;2

BUT: b­ Ã piecewise Levi- ° at, messy sing. at 0

USE: Â( ¡ ¼=2;¼=2)
L 1

¼ min f M cos v; 1 + ´ cos vg

GET: ­ with Lipsc hitz bndry ., str. Ãconvex
de¯ning function, K ­ Ã (¢; ³ ) =2 W 1+ ²; 2

COMP ARE:
Mic hel-Sha w (Berndtsson-Charp entier): ­ with
Lipsc hitz bndry ., plurisubharm. de¯ning function,
) K ­ Ã (¢; ³ ) 2 W 1=2;2
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³ 2 ­ ½ Cn

Ber gman representative coor ds. at ³ :

¯ ­ ;³ : z 7! A a±ne
³

@w log K (z; w )
¯
¯
w= ³

´

¯ ­ ;³ ( ³ ) = 0
¯ 0

­ ;³ ( ³ ) = I

BUT: ¯ ­ ;³ may have poles, multiple sheets
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Return to special case:
­ = fj z1j2 < Re z2g \ fj z1j2 < Re r eiµ z2g

How does ¯ ­ ;³ ( ­) look?
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Complete story involv es

Settle for understanding \ ¯rst-order structure" of
b¯ ­ ;³ ( ­)

Tackle this by \(isotropic) magni ¯cation of bndry .
poin ts" : : :
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Use \magni ¯cation of boundary poin ts":

Aw ay from 0, Bergman coords. change nothing
(qualitativ ely)

What happ ens at 0?
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Wha t happens at 0?(cont'd)

r = 1; µ < 1:1:

r = 1; µ > 1:1:

r > 1:
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This is not entirely satisfactory { let's change the
foundation a bit:

Fefferman's Hard y space (1979)

f = f (z)( dz1 ^ dz2)2=3

kf k2 =
Z

b­

T
¡
f ^ f

¢

T (f ^ f )( v; J v; L (v; J v)) =
³ ¡

f ^ f
¢3=4

(v; J v; L (v; J v) ; J L (v; J v)
´ 4=3

=
Z

z2 b­

j f (z) j2 jL (z) j1=3 dS

Fe®erman-SzegÄo kernel S­ (z; ³ )

transformation law:

S­ (z; ³ ) = det ©0(z)2=3 S©( ­) (©( z) ; ©( ³ )) det ©0( ³ )
2=3

15



 f y (W),

¥z
¥y (z)

 ¥0

 W  y (W) y

f W,z
 bW, z

f y( W),y(z)

        

Fe®erman-Sze gÄo representative coor ds. at ³ :

Á­ ;³ : z 7! A a±ne
³

@w log S(z; w )
¯
¯
w= ³
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On ­ Ã = f arg z2 2 J; jz1j2 < jz2j Ã (arg z2)g, get

S­ Ã (z; ³ ) =
X

j ¸ 0

S­ Ã;j (z; ³ )

S­ Ã;j (z; ³ ) »
X

R̄

®

3
p

ÃÃ 00¡ (Ã 0)2Ã j e¡ y2» dy 2=0

Im »< 0

C j ;» ( ³ ) z j
1 z

i» ¡ j ¡ 2
2
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Let's look at Fe®erman-SzegÄo rep. coords. for
­ = fj z1j2 < Re z2g \ fj z1j2 < Re r eiµ z2g
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Wha t happens at 0?

r = 1 :

r = 1 :

1 < r < 1 :
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Can we do better still?

Replace Fe®erman measure: r ¡ 1=3 dS

by ad hoc measure: r ¡ 1 dS

Get

alw ays!
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Questions

(1) Do es the ad hoc measure belong to a new
family of measures with good transformation
law?

(2) Is there a natural system of represen tativ e
coordinates that smooths the boundary at 0?

(3) Characterize boundary measures yielding
represen tativ e coordinates that smooth the
boundary at 0.
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