DYNAMICS ON CHARACTER VARIETIES: A SURVEY

RICHARD D. CANARY

ABSTRACT. We survey recent work on the dynamics of the outer auto-
morphism group Out(T") of a word hyperbolic group on spaces of (conju-
gacy classes of ) representations of I into a semi-simple Lie group G. All
these results are motivated by the fact that the mapping class group of
a closed surface acts properly discontinuously on the Teichmiiller space
of the surface.

We explore two settings. 1) The work of Guichard, Labourie and
Wienhard establishing the proper discontinuity of the action of outer
automorphism groups on spaces of Anosov representations. 2) The work
of Canary, Gelander, Lee, Magid, Minsky and Storm on the case where
I is the fundamental group of a compact 3-manifold with boundary and

G = PSL(2,C).

1. OVERVIEW

It is a classical result, due to Fricke, that the mapping class group Mod(F)
of a closed oriented surface F acts properly discontinuously on the Te-
ichmiiller space 7 (F') of marked hyperbolic (or conformal) structures on
F. The mapping class group Mod(F') may be identified with an index two
subgroup of the outer automorphism group Out(7i(F')) of m1(F) and Te-
ichmiiller space may be identified with a component of the space X (m1 (F"), PSL(2,R))
of conjugacy classes of representations of 71 (F') into PSL(2, R).

It is natural to attempt to generalize this beautiful result by studying
the dynamics of the action of the outer automorphism group Out(I') of a
finitely generated group I' on the space X (I',G) of (conjugacy classes of)
representations into a semi-simple Lie group G. We recall that

Out(T") = Aut(T")/Inn(T)
where Inn(I") is the group of inner automorphisms of I". We let
X(I',G) =Hom(I', G)/G.

In the case that G is a complex semi-simple Lie group, e.g. PSL(2,C),
one may instead take the Mumford quotient (see, for example, Lubotzky-
Magid [42]), which has the structure of an algebraic variety. This additional
structure will not be relevant to our considerations. However, we will abuse
notation in the traditional manner and refer to X (I', G) as the G-character
variety of I'.
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The first natural generalization is that if I' is word hyperbolic, then
Out(T") acts properly discontinuously on the space CC(T", PSL(2, C)) of con-
vex cocompact representations of I" into PSL(2, C). We recall that CC(T", PSL(2, C))
is an open subset of X (I', PSL(2, C)), so this shows that CC(I', PSL(2,C)) is
a domain of discontinuity for the action of Out(I'). More generally, if G is a
rank one semi-simple Lie group, then Out(I") acts properly discontinuously
on the subset CC(I',G) of convex cocompact representations of I' into G
(see Section 4).

Labourie [36] introduced the notion of an Anosov representation into a
semi-simple Lie group G and the theory was further developed by Guichard
and Wienhard [27]. One may view Anosov representations as the natural
analogue of convex cocompact representations in the setting of higher rank
Lie groups. In fact, if G has rank one, then a representation is Anosov if
and only if it is convex cocompact. (Kleiner-Leeb [35] and Quint [56] showed
that there are no “interesting” convex cocompact representations into higher
rank Lie groups.) The space of Anosov representations is an open subset of
X(T', G) and Labourie [37] and Guichard-Wienhard [27] showed that Out(T")
acts propertly discontinuously on the space of Anosov representations if I’
is torsion-free (see also Theorem 6.2).

Finally, we discuss work of Canary, Lee, Magid, Minsky and Storm ([11,
13, 14, 39, 40, 49]) which exhibits domains of discontinuity for the ac-
tion of Out(I") on X (I", PSL(2, C)) which are (typically) strictly larger than
CC(T',PSL(2,C)). Often, these domains of discontinuity include represen-
tations which are neither discrete nor faithful. In the case of the free group
F,, (with n > 3), Gelander and Minsky [19], have found an open subset of
X (F,,PSL(2,C)) where Out(I") acts ergodically.

We have restricted our discussion to the case where G has no compact
factors, but we note that when G is compact and I' is either a free group
or the fundamental group of a closed hyperbolic surface, then the action of
Out(T") on X(I', ) is known to be ergodic in many cases, see, for example,
Goldman [22, 25|, Pickrell-Xia [55], Palesi [54] and Gelander [18]. For a
discussion of representations of surface groups with a somewhat different
viewpoint, which also includes a discussion of the case when G is compact,
we recommend Goldman [24].

One would ideally like a dynamical dichotomy for the action of Out(I") on
X(I',G), i.e. a decomposition into an open set where the action is properly
discontinuous and a closed set where the action is chaotic in some precise
sense. There are only two cases where G is non-compact and such a dynam-
ical dichotomy is well-understood. Goldman [23] analyzed the case where
I' = F5 is the free group on 2 generators and G = SL(2,R), while Marché
and Wolff [45] analyzed the case where T' is the fundamental group of a
closed surface of genus 2 and G = PSL(2,R). We discuss this work briefly
at the end of section 3.
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2. BASIC DEFINITIONS

Throughout this article G will be a semi-simple Lie group with trivial
center and no compact factors and I' will be a torsion-free word hyperbolic
group which is not virtually cyclic. If K is a maximal compact subgroup of
G, then X = G/ K is a symmetric space and G acts as a group of isometries of
X. The symmetric space is non-positively curved and is negatively curved if
and only if G has rank one. The most basic example is when G = PSL(2, R)
and X = H2. Similarly, if G = PSL(2, C), then X = H?, and more generally,
if G = SOy(n,1), then X = H". All these examples have rank one. The
simplest example of a higher rank semi-simple Lie group is PSL(n,R) (when
n > 3) which has rank n — 1. For the purposes of this article, it will suffice
to restrict one’s attention to these examples.

We consider the subset AH(I',G) C X(T',G) of discrete, faithful repre-
sentations. If p € AH(T',G), then N, = X/p(I') is a manifold which is a
locally symmetric space modeled on X with fundamental group isomorphic
to I'. One may then think of AH (T, G) as the space of marked locally sym-
metric spaces modelled on X with fundamental group isomorphic to I'. So,
AH(T', G) is one natural generalization of the Teichmiiller space of a closed
oriented surface F', which is the space of marked hyperbolic structures on
F. It is a consequence of the Margulis Lemma that AH(I',G) is a closed
subset of X(I', G) (see Kapovich [32, Thm. 8.4]).

If p: I' = G is a representation and = € X, then we can define the orbit
map T, : I' = X defined by 7,.(9) = p(g9(x)). The orbit map is said to be
a quasi-isometric embedding if there exists K and C' such that

d(g, h)
K

-C< d(TP7x(g)’Tp,x(h)) < Kd(g,h)+C

for all g, h € ', where d(g, h) is the word length of gh~! with respect to some
fixed finite generating set of I'. It is easily checked that if the orbit map is
a quasi-isometric embedding for a single fixed point z € X and choice of
generating set for I', then the orbit map associated to any other point is also
a quasi-isometric embedding with respect to any finite generating set for I'.

After one has chosen a finite generating set for I', one may form the associ-
ated Cayley graph Cr. The orbit map then extends to a map 7,, : Cr — X
by simply taking any edge to the geodesic joining the images of its end-
points. The extended orbit map is a quasi-isometric embedding if and only
if the original orbit map was a quasi-isometric embedding.
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If v € I', then we let £,(7) denote the translation length of p(v), i.e.
bp(y) = inf dx(p(7)(2), ).

Let |||| denote the translation length of the action of v on I' (or on the Cay-
ley graph Cr) with respect to our fixed generating set for I'. Equivalently,
||v]| is the minimal word length of an element conjugate to v. We say that
the representation p : I' = G is well-displacing if there exists J and B such
that

1
jH’YH — B </l,(v) < Jh||+B

forall v €T

We observe that if G has rank one, then p is well-displacing if 7, is
a quasi-isometric embedding. This fact is used in the proofs of Fricke’s
Theorem and its generalization, Theorem 4.2. It also plays a role in Minsky
and Lee’s results, described in section 7.1.

Proposition 2.1. Suppose that I' is a word hyperbolic group and G is a
simple rank one Lie group with trivial center and no compact factors. If
[p] € X(I', G) and the extended orbit map 7,4 is a quasi-isometric embedding
for some (any) v € X, then p is well-displacing.

Sketch of proof: For simplicity, we will assume that every v € I" has an axis
in Cr, i.e. a geodesic Ly in Cr such that y(L,) = L, and if y € L., then
d(y,v(y)) = ||v||. Suppose that 7, is a (K, C)-quasi-isometric embedding.
Since G has rank one, X has sectional curvature bounded above by —1.
Suppose that v € I' and L, is an axis for v on Cr. Then, the restriction
of 7, to Ly is a (K, C')-quasi-isometric embedding, i.e. 7,|r, is a (K, C)-
quasi-geodesic. The fellow traveller property for C AT (—1)-spaces (see for
example, Bridson-Haefliger [7, Thm IIT.H.1.7]) implies that there exists D =
D(K, C) such that the Hausdorff distance between 7, (L) and the axis A,
for the action of p(y) on X is at most D. If we pick z € A, and y € Ly so
that d(z,7,.(y)) < D, then, since 7, , is p-equivariant

|d(Tpe(¥), To.a(Y(y))) — d(2, p(7(2)))] < 2D.

Since 7, is a (K, C')-quasi-isometric embedding, it follows that

Ly, 71()) — (O +2D) < d(z,p(3)(2)) < Kdly, 4(y)) + (C +2D).

Since, [|v]| = d(y,7(y)) and £,(v) = d(z,p(7)(2)), it follows that p is
(K, C + 2D)-well-displacing.

In general, not every element of v need have an axis, but there always
exists (L, A) so that every element has a (L, A)-quasi-axis, i.e. a (L, A)-
quasi-geodesic L, in Cr such that if y € L., then d(y,v(y)) = ||7|| (see Lee
[38] for a proof of the existence of quasi-axes). Once one has made this ob-
servation the argument in the previous paragraph immediately generalizes.
This completes the sketch of the proof.
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More generally, Delzant, Guichard, Labourie and Mozes [16] proved that
in our context, a representation is well-displacing if and only if its orbit
maps are quasi-isometries.

Theorem 2.2. (Delzant-Guichard-Labourie-Mozes [16]) If I is a word hy-
perbolic group and G is a semi-simple Lie group with trivial center and no
compact factors, then p € X(T',GQ) is well-displacing if and only the orbit
map T, 15 a quasi-isometric embedding for some (any) v € X.

We will need the following observation about outer automorphism groups
of word hyperbolic groups, which will be established in an appendix to the

paper.

Proposition 2.3. If ' is a torsion-free word hyperbolic group, then there
exists a finite set B of elements of I' such that for any K,

{¢ € Out(I) | [[¢(B)]| < K if B € B}
is finite.
Moreover, if I' admits a convex cocompact action on the symmetric space
associated to a rank one Lie group and has finite generating set S one may
take B to consist of all the elements of S and all products of two elements

of S.

Remark: Proposition 2.3 is a generalization of earlier results by Min-
sky [49], for free groups, and Lee [40] for free products of infinite cyclic
groups and closed orientable hyperbolic surface groups. See also Bogopolski-
Ventura [4] for a related result. It seems likely that Proposition 2.3 can also
be proven using their techniques.

3. TEICHMULLER SPACE

In this section, we sketch a proof of Fricke’s Theorem that the mapping
class group of a closed oriented surface acts properly discontinuously on its
Teichmiiller space. This basic proof will be adapted to a variety of more
general settings.

If p € AH(m(F),PSL(2,R)), then p is discrete and faithful and the
quotient N, = H?/p(r1(F)) is a hyperbolic surface homotopy equivalent
to I'. Moreover, there exists a homotopy equivalence h, : ' — N, in the
homotopy class determined by p. The Baer-Nielsen theorem implies that £,
is homotopic to a homeomorphism.

If p € AH(m(F),PSL(2,R)), then, since N, is closed, the Milnor-Svarc
Lemma (see, for example, Bridson-Haefliger [7, Prop. 1.8.19]) implies that
any orbit map 7,, : 71 (F) — H? is a quasi-isometric embedding. On the
other hand, if any orbit map is a quasi-isometric embedding, then p is dis-
crete and faithful. So, p € AH (71 (F),PSL(2,R)) if and only if any orbit
map is a quasi-isometric embedding.

One can check that if 7,, is a quasi-isometric embedding, then there
exists an open neighborhood U of p so that if p’ € U, then the orbit map
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Ty 2 is also a quasi-isometric embedding, so AH (i (F), PSL(2,R)) is open.
We will outline a proof of a more general statement later (see Proposition
4.1), but for the moment we note that this is a rather standard consequence
of the stability of quasi-geodesics in negatively curved spaces. Since we have
already observed that AH (m (F'),PSL(2,R)) is closed, it is a collection of
components of X (71 (F), PSL(2,R)).

In fact, AH (m (F'), PSL(2,R)) has two components, one of which is iden-
tified with 7 (F) and the other of which is identified with 7 (F) where F is
F with the opposite orientation (see Goldman [21]). (Here p € T(F) if and
only if h, is orientation-preserving.) Each component is homeomorphic to
R%9~6 where g is the genus of F. Out(n(F)) may be identified with the
space of (isotopy classes of ) homeomorphisms of F' and the mapping class
group Mod(F') is simply the index two subgroup consisting of orientation-
preserving homeomorphisms. (See Farb-Margalit [17] for a discussion of the
mapping class group and its action on Teichmiiller space.) The mapping
class group preserves each component of AH (m(F'), PSL(2,R)).

Theorem 3.1. (Fricke) If F' is a closed, oriented surface of genus g > 2,
then Out(m1(F)) acts properly discontinuously on AH (m(F'), PSL(2,R)). In
particular, Mod(F') acts properly discontinuously on T (F).

Outline of proof: 1f p € AH (w1 (F'),PSL(2,R)), then, since the orbit map is a
quasi-isometric embedding, Proposition 2.1 implies that p is well-displacing,
i.e. that £,(v) is (J, B)-comparable to ||v|| for all v € m;(F') and some (J, B).

If {¢,} is a sequence of distinct elements of Out(m(F)), then Propo-
sition 2.3 implies that, up to subsequence, there exists 5 € m1(F) so that
|t (B)|| — oo. Therefore, since p is well-displacing, £,(¢, *(3)) = C o1 (B) — 00,
which implies that ¢,(p) = po ¢,! — oo in X(m(F),PSL(2,R)). There-
fore, the action of Out(71(F')) on AH (71 (F'),PSL(2,R)) has discrete orbits.

In order to extend this proof to show that the action is actually properly

discontinuous, it only remains to observe that on any compact subset R of
AH (71 (F),PSL(2,C)), one may choose J and B so that

1
Sl =B < &(7) < Jllvl[ + B

forally € m1(F) and all p € R. (In order to prove this, note that Proposition
4.1 implies that there exists (K,C) and z € H? so that each p € R has a
representative such that 7, is a (K, C)-quasi-isometric embedding, while
the proof of Proposition 2.1 shows that one can then find (J, B) so that each
p € R is (J, B)-well-displacing.) One then uses Proposition 2.3 to show that
if {¢,,} is a sequence of distinct elements of Out (7 (F)), then {¢,(R)} exists
every compact subset of X (71 (F"), PSL(2,R)). This completes our sketch of
the argument.

The dynamics of the action of Out (7 (F')) on the remainder of X (71 (F), PSL(2,R))
is more mysterious. Goldman [21] proved that X (mi(F'),PSL(2,R)) has
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49 — 3 components which are enumerated by the euler class of the repre-
sentations in the component. Representations in AH (m(F'), PSL(2,R) have
euler class 2g — 2 or 2 — 2g. He also made the following conjecture:

Conjecture: (Goldman [24]) If F is a closed oriented surface of genus
g > 2 and Cy, is a component of X (mi(F),PSL2(R)) which consists of rep-
resentations with euler class k # 0, £(2g — 2), then Mod(F') acts ergodically
on Cy. Moreover, if g > 3, then Mod(F') acts ergodically on Cy.

Evidence for Goldman’s conjecture is provided by his analysis [23] of the
dynamics of the action of Out(Fy) on X (F»,SL(2,R)), where Fy is the free
group on two generators, a and b. In this case, the action of Out(F) pre-
serves the level set of the function x where k(p) is the trace of p([a,b]). He
shows that for each ¢t € R, the level set x~!(#) contains an open set (possibly
empty) consisting of representations associated to (possibly singular) hyper-
bolic surfaces where the action is properly discontinuous and the action on
the complement (again possibly empty) is ergodic.

Marché and Wolff [45] recently announced a solution of Goldman’s con-
jecture for closed surfaces of genus 2.

Theorem 3.2. If F' is a closed surface of genus 2, and Cy is a component
of X(m1(F),PSLy(R)) which consists of representations with euler class k,
then Mod(F') acts ergodically on Cy if k = +1. Moreover, there are two
disjoint Mod(F) invariant open subsets Cy and Cy of Cy, so Mod(F) does

not act ergodically on Co, but Mod(F) acts ergodically on Cy .

Remark: Cy— (C’O+ UCy ) is simply the set of elementary representations.

4. CONVEX COCOMPACT REPRESENTATIONS

In this section, we will assume that G is a rank one semi-simple Lie group,
e.g. PSL(2,C), so that the associated symmetric space is negatively curved.
In fact we may assume that its sectional curvature is bounded above by —1.
If p: ' = G is a discrete faithful representation, then N, = X/p(I') is a
manifold with fundamental group I'. We will say that a discrete, faithful
representation p is convexr cocompact if N, contains a compact, convex sub-
manifold whose inclusion into N, is a homotopy equivalence. The Milnor-
Svarc Lemma again assures us that if p is convex cocompact, then the orbit
map 7, : I' = X is a quasi-isometric embedding. On the other hand, if the
orbit map is a quasi-isometric embedding, then the convex hull of 7, ,(I")
lies in a bounded neighborhood of 7, .(I"), so has compact quotient in N,
(see, for example, Bourdon [5, Cor. 1.8.4]). It follows that if G has rank
one, then p is convex cocompact if and only if its associated orbit maps are
quasi-isometric embeddings.

Let CC(I',G) ¢ X(I',G) denote the set of (conjugacy classes of) convex
cocompact representation of I' into G. We observe that CC(T', G) is an open
subset of X (I", G). However, it is no longer necessarily closed, so it need not
be a collection of components of X (I', G).
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Proposition 4.1. If G is a rank one semisimple Lie group and I' is a

torsion-free word hyperbolic group, then CC(T', G) is open in X (I, G).
Moreover, if [po] € CC(I',G), then there exists an open neighborhood U

of [po] in X(I',G) and v € X, K and C so that if [p] € U, then [p] has a

representative p such that 7, . is a (K, C)-quasi-isometric embedding.

Sketch of proof: Suppose that [pg] € CC (T, G), so, given z € X, there exists
Ky and Cp so that 7, , is a (Ko, Cp)-quasi-isometric embedding. We recall
that, since X is CAT(—1), there exists A > 0, K and C so that if J is an
interval in R and h : J — X is a (K, 3Cp)-quasi-isometric embedding on
every subsegment of J of length at most A, then h is a (K, C')-quasi-isometric
embedding (see, for example, Ghys-de la Harpe [20, Chapter 5]).

Choose a neighborhood U of [po] so that if [p] € U, then it has a represen-
tative p such that d(7,.(2), 7py,2(2)) < Co if d(z,id) < A+1. It follows that
the restriction of 7, , to every geodesic segment of length at most A+ 1 orig-
inating at the origin is a (K, 3Cp)-quasi-isometric embedding. Since 7, is
p-equivariant, it follows that the restriction of 7, ; to any segment in Cr of
length at most A is a (Kp, 3Cy)-quasi-isometric embedding. Therefore, the
restriction of 7, , to any geodesic in Cr is a (K, C)-quasi-isometric embed-
ding, which implies that 7, is itself a (K, C)-quasi-isometric embedding.

Remarks: (1) We notice that the fact that X is negatively curved is crucial
here. To see what can go wrong in the non-positively curved case, we recall
that any translation in Euclidean space arises as a limit of rotations (of
higher and higher order).

(2) Marden [46] proved Proposition 4.1 in the case that G = PSL(2,C),
while Thurston [60] established it in the case that G = SOy(n, 1).

One may then easily generalize our proof of Fricke’s Theorem to obtain:

Theorem 4.2. If G is a rank one semisimple Lie group and I" is a torsion-
free word hyperbolic group, then Out(T') acts properly discontinuously on

cc(r,G).

If F'is a closed oriented surface of genus at least two, then CC(m1 (F'), PSL(2,C))
is the well-studied space of quasifuchsian representations. Bers [3] proved
that CC(my(F),PSL(2,C)) is identified with 7 (F) x T(F). Brock, Ca-
nary and Minsky [8] proved that the closure of CC(m(F), PSL(2,C)) is the
set AH (m(F),PSL(2,C)) of discrete, faithful representations of 71 (F') into
PSL(2, C), while Bromberg and Magid [9, 43| proved that AH (71 (F"), PSL(2,C))
fails to be locally connected.
Thurston [61] (see also Otal [53]) proved that if ¢ € Mod(F) is a pseudo-
Anosov mapping class, then it has a fixed point in the closure of CC (1 (F'), PSL(2, C))
In particular, Mod(F') does not act properly discontinuously on AH (71 (F"), PSL(2,C))
Canary and Storm [13] further proved that the quotient of AH (71 (F'), PSL(2,C))
by Mod(F) is not even 77, i.e. contains points which are not closed.
Goldman has conjectured that Out(m(F')) acts ergodically on the com-
plement of CC(m1(F'),PSL(2,C)) in X (m1(F'),PSL(2,C)).
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Conjecture: (Goldman) If F' is a closed orientable surface of genus > 2,
then Out(m1(F)) acts ergodically on X (w1 (F'), PSL(2,C))—CC (71 (F'),PSL(2,C)).

The best evidence for Goldman’s conjecture is provided by a result of Lee
[39] (see also Souto-Storm [58]).

Theorem 4.3. (Lee [39]) If F' is a closed, oriented surface of genus at least
two and U is an open subset of X (m1(F'), PSL(2,C)) which Out(mi(F)) pre-
serves and acts properly discontinuously on, then UNOAH (w1 (F), PSL(2,C))
1S empty.

We sketch Lee’s proof which makes clever use of an idea of Minsky. First
suppose that p € AH(m(F),PSL(2,C)) and that there exists a simple closed
curve a on F so that p(«) is a parabolic element (p is often referred to as a
cusp). Since p is a manifold point of X (71 (F'), PSL(2,C)) (see Kapovich [32,
Thm. 8.44]) and (the square of the) trace of the image of « is a holomorphic,
non-constant function in a neighborhood of p, there exists a sequence {p, } in
X (m1(F),PSL(2,C)) converging to p such that p,(«) is a finite order elliptic
for all n. It follows that each p, is a fixed point of some power of the Dehn
twist about «. Therefore, no cusp in AH (71(F'),PSL(2,C)) can lie in any
domain of discontinuity for the action of Mod(F') on X (m(F'), PSL(2,C)).
Since cusps are dense in 0AH (m(F),PSL(2,C)) (see Canary-Hersonsky
[10]), no representation in OAH (71 (F'),PSL(2,C)) can lie in a domain of
discontinuity.

Remark: Goldman’s conjecture would imply that 0AH (71 (F), PSL(2,C)) =
0CC(m1(F),PSL(2,C)) has measure zero, since it is a Mod(F)-invariant
subset of X (71(F),PSL(2,C)). It would be of independent interest to prove
that this is the case.

5. HITCHIN REPRESENTATIONS

If F is a closed oriented surface of genus g > 2, Hitchin [28] exhibited a
component H,(F') of X(m(F),PSL(n,R)) such that H,(F) is homeomor-
phic to R®*~D(29-2) " Let 7, : PSL(2,R) — PSL(n,R) be the irreducible
representation. (The irreducible representation arises by thinking of R™ as
the space of homogeneous polynomials of degree n—1 in 2 variables and con-
sidering the natural action of PSL(2,R) on this space.) If p € T(F), then we
let H,(F') be the component of X (7 (F'), PSL(n,R)) which contains 7, o p.
The subset 7,,(T (F')) of Hy(F) is called the Fuchsian locus. Hitchin called
H,,(F) the Teichmiiller component because of its resemblance to Teichmiiller
space. It is now known as the Hitchin component and representations in
H,(F) are known as Hitchin representations. However, Hitchin’s analytic
techniques generated little geometric information about Hitchin representa-
tions.

Labourie [36] introduced the dynamical notion of an Anosov representa-
tion (which will be further discussed in the next section) and showed that
all Hitchin representations are Anosov. As a consequence, he proved that
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Hitchin representations are discrete, faithful and well-displacing. Labourie
[37] was then able to show that Mod(F') acts properly discontinuously on
H,(F). (Notice that our proof of Fricke’s Theorem again generalizes to this
setting, once one observes, as Labourie does, that on any compact subset
R of H,(F) there exists (J, B) such that if p € R, then p is (J, B)-well-
displacing.)

Theorem 5.1. (Labourie [37]) If F is a closed, oriented surface of genus
g > 2 and H,(F) is the Hitchin component of X (w1 (F),PSL(n,R)), then
Mod(F') acts properly discontinuously on Hy(F').

6. ANOSOV REPRESENTATIONS

In this section, we will briefly discuss properties and examples of Anosov
representations. Anosov representations were introduced by Labourie [36]
and further developed by Guichard and Wienhard [27]. For completeness,
we begin with a precise definition of an Anosov representation. The casual
reader may want to simply focus on the properties in Theorems 6.1 and
6.2 and the examples at the end of the section. We encourage the more
determined reader to consult the original references for more details.

Gromov [26] defined a geodesic flow (UpT', {¢:}) for any word hyperbolic
group I' (see Champetier [15] and Mineyev [48] for details). There is a
natural cover Upl' which is identified with (O x OT' — A) x R where OT" is
the Gromov boundary of I and A is the diagonal in JI" x OI'. The geodesic
flow lifts to a flow which is simply translation in the final coordinate and
Ul = UpI'/T. If T is the fundamental group of a closed, negatively curved
manifold N, then the Gromov geodesic flow (Upl', {¢¢}) may identified with
the geodesic flow on T'N.

Let G be a semi-simple Lie group with trivial center and no compact
factors, and let PT be a pair of opposite proper parabolic subgroups. Let
L = Pt N P~ be the Levi subgroup and let S = G/L. One may identify
S with an open subset of G/P* x G/P~, so its tangent bundle T'S admits
a well-defined splitting 7S = E* @ E~ where E*|+ .-y = T,+G/P* and
E~|(g+ 4y = Tp-G/P~. Let F, = Upl’ x § be the S-bundle over Upl' and
let F, = (ﬁ(\)f xS)/I be the flat S-bundle associated to p (here the action on
the second factor is the natural action by p(I')). The geodesic flow on Uol
extends to a flow on ﬁp which is trivial in the second factor, and descends to
a flow on F),. The splitting of T'S induces vector bundles f/;“ and f/p_ over
ﬁp such that the fibre of f/pi over the point (z,w,z+,27) € F, is Ei|(x+7x—).
The bundles f/p"'r and f/p_ descend to bundles V" and V,~ over F, and there
is again an induced flow covering the geodesic flow.

A representation p : I' — G is PT-Anosov if there exists a section
o : Upl' — F), which is flat along flow lines so that the induced flow on the
bundle o*V ™ is contracting (i.e. given any metric ||-|| on o*V ™ there exists
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to > 0 so that if v € *V~, then ||¢y,(v)|| < %[|v||) and the induced flow
on the bundle o*V™ is dilating (i.e. the inverse flow is contracting). In
particular, o(Upl') is a hyperbolic set for the lift of the geodesic flow to F),.
We recall that the section is said be flat along flow lines if it lifts to a section
o of ﬁp whose second factor is constant along flow lines.

Let Anosovp+(I',G) € X(T', G) be the set of (conjugacy classes of) P¥-Anosov
representations of ' into G. We further let Anosov(I',G) C X (I', G) denote
the set of (conjugacy classes of ) representations of ' into G which are
Anosov with respect to some pair of opposite proper parabolic subgroups of
G.

The following properties are established by Labourie [36, 37] and Guichard-
Wienhard [27].

Theorem 6.1. (Labourie [36, 37|, Guichard-Wienhard [27]) IfT" is a torsion-
free word hyperbolic group, G is a semi-simple Lie group with trivial center
and no compact factors, and PT is a pair of opposite proper parabolic sub-
groups, then

(1) Anosovp=+(T',G) is an open subset of X(T',G).

(2) If p € Anosovp+ (', G), then p is discrete and faithful.

(3) If p € Anosovp+ (I', G), then p is well-displacing.

(4) If p € Anosovp+ (I',G) and x € X, then the orbit map 7,5, : I' = X

18 a quasi-isometric embedding.

Once one has established this result, one may use the proof of Fricke’s
Theorem given in section 2 to obtain:

Theorem 6.2. (Guichard-Wienhard [27, Cor. 5.4]) If I is a torsion-free
word hyperbolic group and G is a semi-simple Lie group with trivial cen-
ter and no compact factors, then Out(I') acts properly discontinuously on

Anosov(I', G).

Remark: Guichard and Wienhard only state Theorem 6.2 for surface groups
and free groups, but the only added ingredient needed for the full statement
we give is Proposition 2.3.

Examples of Anosov representations: (1) If B is the subgroup of
upper triangular matrices in PSL(n,R) and B~ is the subgroup of lower
triangular matrices, then B¥ is a pair of opposite parabolic subgroups of
PSL(n,R). Labourie [36] showed that Hitchin representations are B*-Anosov.

(2) Suppose that G = PSL(n,R), PT is the stabilizer of a line and P~ is
the stabilizer of an orthogonal hyperplane. Then P* is a pair of opposite
parabolic subgroups. Representations into PSL(n,R) which are P%-Anosov
are called convex Anosov.

If p: T' = PSL(n,R), Qis a strictly convex domain in P(R™) and p(I") acts
properly discontinuously and cocompactly on €2, then it follows immediately
from work of Benoist [1], that p is convex Anosov. Such representations are
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called Benoist representations. Benoist [2] further proved that if a compo-
nent C of X (I", PSL(n,R)) contains a Benoist representation, then it consists
entirely of Benoist representations. We call such components Benoist com-
ponents.

(3) If G is a rank one semisimple Lie group, then p: I' — G is Anosov if
and only p is convex cocompact (see Guichard-Wienhard [27, Thm. 5.15]).
For this reason, along with the properties in Theorem 6.1, it is natural
to think of Anosov representations as the higher rank analogues of convex
cocompact representations into rank one Lie groups, see also Kapovich-Leeb-
Porti [33].

We recall that Kleiner-Leeb [35] and Quint [56] proved that if G has rank
at least 2, then every convex compact subgroup of G is, up to finite index,
a product of cocompact lattices and convex cocompact subgroups of rank
one Lie groups. Therefore, convex cocompact representations will not yield
a robust class of representations in higher rank.

7. PSL(2,C)-CHARACTER VARIETIES

In this section, we will restrict to the setting where G = PSL(2,C), M is a
compact, orientable 3-manifold with non-empty boundary, such that no com-
ponent of M is a torus, and I' = 71 (M). In light of Goldman’s conjecture it
is natural to ask whether or not CC(71 (M), PSL(2,C)) is a maximal domain
of discontinuity for the action of Out(7i(M)) on X (7 (M),PSL(2,C)). We
will see that very often CC(m (M), PSL(2,C)) is not a maximal domain of
discontinuity. It appears that the dynamics in the case where M = F x [0, 1]
are quite different than the dynamics in the general case.

7.1. Free groups. Minsky [49] first studied the case where M is a handle-
body of genus n > 2 and I is the free group F;, of rank n. He exhibits a do-
main of discontinuity PS(F},) for the action of Out(F,,) on X (F,, PSL(2,C))
which is strictly larger than CC(F,,, PSL(2,C)). We note that CC(F,,, PSL(2,C))
is the space of Schottky groups of genus n and is an open submanifold of
X (F,,PSL(2,C)) with infinitely generated fundamental group (see Canary-
McCullough [12, Chap. 7] for a general discussion of the structure of
CcC(I,PSL(2,0C))).

We recall that the Cayley graph CF, of F, with respect to a minimal
set of generators is a 2n-valent tree. We say that p € X (F,,PSL(2,C)) is
primitive-stable if and only if for some x € H® there exists (K, C)) such that
the restriction of the extended orbit map 7, : Cf, — H? to the axis of any
primitive element in CF, is a (K, C)-quasi-isometric embedding. We recall
that an element g € F, is primitive if it is a member of a minimal generating
set for F,.

Let PS(F,) C X(F,,PSL(2,C)) be the set of (conjugacy classes of)
primitive-stable representations.

Theorem 7.1. (Minsky [49]) If n > 2, then PS(F},) is an open subset of
X (F,,PSL(2,C)) containing CC(I',PSL(2,C)) such that
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(1) Out(F,) preserves and acts properly discontinuously on PS(Fy),
(2) PS(F,) intersects 0CC(F,,PSL(2,C)), and
(8) PS(F,) contains representations which are indiscrete and not faith-

ful.

The proof that PS(F,,) is open is much the same as the proof of Propo-
sition 4.1.

The proof that Out(F,,) acts properly discontinuously on PS(F},) again
follows the outline of our proof of Fricke’s Theorem. One first proves, just as
in the proof of Proposition 2.1, that if p € PS(F,), then p is well-displacing
on primitive elements, i.e. that there exists J and B such that if v € F, is
primitive, then

1
Sl =B < £,(v) < Jlhl| + B.

Notice that if @ and ~ are distinct elements of a minimal generating set
for F,,, then ar~y is primitive, so, by Proposition 2.3, if {¢,} is a sequence
of distinct elements of Out(F,), then, up to subsequence, there exists a
primitive element 3 € T, so that ||¢,'(8)|| — oco. The remainder of the
proof is the same.

The most significant, and difficult, part of the proof of Theorem 7.1 is
the proof of item (2). Minsky makes clever use of Whitehead’s algorithm
to determine whether or not an element of a free group is primitive, to
prove that if p is geometrically finite and p(y) is parabolic for some curve
v in the Masur domain, then p is primitive-stable. Item (3) then follows
nearly immediately from (2). A more thorough discussion of this portion of
the proof is outside the parameters of this survey article, but we encourage
reader to consult Minsky’s beautiful paper.

If n > 3, then Gelander and Minsky defined an open subset R(F,)
of X(F,,PSL(2,C)) which Out(F},) acts ergodically on. A representation
p: F, — PSL(2,C) is redundant if and only if there exists a non-trivial free
decomposition F,, = A x B so that p(A) is dense in PSL(2,C).

Theorem 7.2. (Gelander-Minsky [19]) If n > 3, then the set R(F,) of re-
dundant representations of F,, into PSL(2,C) is an open subset of X (F,,, PSL(2, C))
and Out(F},) acts ergodically on R(Fy,).

It is easy to see that no redundant representation can lie in a domain
of discontinuity for the action of Out(F,). Suppose that p is redundant,
that F,, = A x B, p(A) is dense in PSL(2,C) and B =< b >. Let {a,} be
a sequence of (non-trivial) elements of A so that {p(ay,)} converges to the
identity. For each n, let ¢, € Out(F,) be the automorphism which is trivial
on A and takes b to a,b. Then {p,, o ¢,} converges to p.

Gelander and Minsky [19] asked the following natural question:
Question: Ifn > 3, does PS(F,,)UR(F,,) have full measure in X (F,,, PSL(2,C))?
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A positive answer to this question would give a very satisfying dynamical
dichotomy in the case of the PSL(2, C)-character variety of a free group.

Lee [40] extend Minsky’s results into the setting of fundamental groups
of compression bodies (without toroidal boundary components), in which
case 71 (M) is the free product of a free group and a finite number of closed
orientable surface groups.

Theorem 7.3. (Lee [49]) If T =Ty % ---x 'y, n > 2 and each T; is ei-
ther infinite cyclic or isomorphic to the fundamental group of a closed ori-
entable surface of genus at least 2, then there exists an open subset SS(T')
of X(I',PSL(2,C)) containing CC(I',PSL(2,C)) such that

(1) Out(I") preserves and acts properly discontinuously on SS(I"),

(2) SS(T') intersects 0CC(I",PSL(2,C)), and

(8) SS(T') contains representations which are indiscrete and not faithful.

If ' is as in Theorem 7.3, but is not a free product of two surface groups,
then Lee defines a representation p € X (I', PSL(2,C)) to be separable-stable
if there exists (K, C) and € H? so that the restriction of the extended orbit
map 7,z : Cp — H? to any geodesic joining the fixed points of a separable
element of I' is a (K, C)-quasi-isometric embedding. (Recall that v € I is
said to be separable if it lies in a factor of a non-trivial free decomposition of
I'.) With this definition the open-ness of the set SS(I') of separable-stable
representations and the proper discontinuity of the action of Out(I") follows
much as in the proofs of Fricke’s Theorem and Minsky’s Theorem 7.1.

Again, the proof of (2) is the most significant, and difficult, portion of
the proof of Theorem 7.3. Lee makes use of a generalization of Whitehead’s
algorithm, due to Otal [52], and there are significant new technical issues in
generalizing Minsky’s arguments to this setting.

Remarks: (1) Tan, Wong and Zhang [59], in work which predates Min-
sky’s work, defined an open subset BQ of X (F»,SL(2,C)) which contains
all lifts of convex cocompact representations of Fy into PSL(2,C) such that
Out(Fy) = GL(2,Z) acts properly discontinuously on BQ. (The repre-
sentations in BQ are those that satisfy the Bowditch @Q-conditions, which
Bowditch originally defined in [6].) It is natural to ask whether BQ is a
maximal domain of discontinuity for the action of Out(F3).

The set BQ also contains all lifts of primitive-stable representations. It
is an open question whether or not BQ) consists entirely of lifts of primitive-
stable representations.

Maloni, Palesi, and Tan [44] extended the techniques developed in [59] to
study the action of Mod(Sp4) on X (F3,SL(2, C)) where Sy 4 is the four-holed
sphere.

(2) Jeon, Kim, Lecuire and Ohshika [30] give a complete characterization
of which points in AH (F,,,PSL(2,C)) are primitive-stable. Kim and Lee [34]
give a complete characterization of which discrete faithful representations of
fundamental groups of compression bodies are separable-stable.
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(3) Minsky and Moriah [50] have exhibited large classes of non-faithful
primitive-stable representations whose images are lattices in PSL(2,C).

7.2. Freely indecomposable groups. In this section, we consider the case
that M is a compact, orientable 3-manifold whose interior admits a com-
plete hyperbolic metric such that M contains no tori and 1 (M) is freely
indecomposable, i.e. does not admit a free decomposition. Equivalently,
we could require that M is irreducible (i.e. every embedded sphere in M
bounds a ball in M) has incompressible boundary (i.e. if S is a component
of OM, then 71(S) injects into 71 (M)) and 71 (M) is infinite and contains
no rank two free abelian subgroups.
One may combine work of Canary-Storm [14] and Lee [39] to obtain

Theorem 7.4. (Canary-Storm [14], Lee [39]) If M is a compact, orientable
3-manifold whose interior admits a complete hyperbolic metric such that
OM contains no tori and m (M) is freely indecomposable, and M is not
homeomorphic to a trivial interval bundle F x [0,1], then there exists an

open subset W (M) of X (m1(M),PSL(2,C)) such that

(1) W (M) is invariant under Out(m1(M)),

(2) Out(mi(M)) acts properly discontinuously on W (M),

(3) CC(m(M),PSL(2,C)) is a proper subset of W (M).

(4) If p € AH(m(M)),PSL(2,C)) and p(mi1(M)) contains no parabolic
elements, then p € W(M).

(5) W (M) contains representations with indiscrete image which are not
faithful.

Lee [39] handles the case where M is a twisted interval bundle (i.e. an
interval bundle which is not a product). In this case, w1 (M) is the fun-
damental group of a non-orientable surface, so we see that there is even a
substantial difference between the dynamics on the PSL(2, C)-character va-
rieties associated to orientable and non-orientable surface groups. Lee [39]
also characterizes exactly which points in AH (7 (M), PSL(2,C)) can lie in
a domain of discontinuity for the action of Out(m(M)) when M is a twisted
interval bundle.

Canary and Storm [14] also determine exactly when AH (71 (M), PSL(2,C))
is entirely contained in a domain of discontinuity. We recall that an essential
annulus in M is an embedded annulus A C M such that 0A C OM, m1(A)
injects into m (M) and A cannot be homotoped (rel 0A) into OM. We say
that an essential annulus is primitive if 7 (A) is a maximal abelian subgroup
of m1(M). Johannson [31] proved that Out(w;(M)) is finite if and only if M
contains no essential annuli. So, Out(71(M)) acts properly discontinuously
on X (m(M),PSL(2,C)) if and only if M contains no essential annuli.

Canary and Storm [14] show that if M contains a primitive essential an-
nulus A, then there exists p € AH (w1 (M), PSL(2,C)) which cannot be in any
domain of discontinuity for the action of Out (71 (M)) on X (71 (M), PSL(2, C)).
One can use a generalization of Lee’s proof of Theorem 4.3 to establish this.
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Thurston’s geometrization theorem for pared manifolds (see Morgan [51])
implies that there exists p € AH(m(M),PSL(2,C)) such that p(m(A))
consists of parabolic elements. Then one can again show that p is the limit
of a sequence {p,} of representations in X (m(M),PSL(2,C)) such that,
for all n, p,(m(A)) is a finite order elliptic group, so that p, is fixed by
some power of the Dehn twist about A. They also give a more complicated
argument which shows that there exists p € AH(m (M), PSL(2,C)) which
cannot be in any domain of discontinuity for the action of Out(m;(M)) on
AH (71 (M), PSL(2,C)).
The presence of primitive essential annuli is the only obstruction to AH (m (M), PSL(2,C))

lying entirely in a domain of discontinuity.

Theorem 7.5. (Canary-Storm [14]) If M is a compact, orientable 3-manifold
whose interior admits a complete hyperbolic metric such that OM contains
no tori and m (M) is freely indecomposable, then Out(mi(M)) act prop-
erly discontinuously on an open neighborhood of AH (w1 (M),PSL(2,C)) in
X (m1(M),PSL(2,C)) if and only if M contains no primitive essential an-
nuli.

The techniques used by Canary and Storm [14] to handle the cases in
Theorems 7.4 and 7.5 when M is not an interval bundle are substantially dif-
ferent than the technique used by Minsky and Lee. Canary and Storm make
crucial use of the study of mapping class groups of 3-manifolds developed by
Johannson [31] and extended by McCullough [47] and Canary-McCullough
[12].

We provide a brief sketch of the techniques involved. The rough idea is
that there is a finite index subgroup Outy(m1(M)) of Out(m;(M)) which is
constructed from subgroups generated by Dehn twists about essential annuli
in M and mapping class groups of base surfaces of interval bundle compo-
nents of the characteristic submanifold. It turns out that it suffices to require
that there are subgroups “registering” each of these two types of building
blocks for Out (71 (M)) such that the restriction of the representation to each
such subgroup is convex cocompact (or even just primitive-stable). A more
detailed sketch follows.

Suppose that M is a compact 3-manifold whose interior admits a complete
hyperbolic metric such that OM contains no tori, w1 (M) is freely indecom-
posable and that M is not an interval bundle. Then M contains a subman-
ifold X, called the characteristic submanifold, such that each component of
3 is either an I-bundle which intersects dM in its associated dI-bundle
or a solid torus. Moreover, each component of the frontier of ¥ is an es-
sential annulus in M and every essential annulus in M is properly isotopic
into ¥. (The characteristic submanifold was developed by Jaco-Shalen [29]
and Johannson [31]. For a discussion of the characteristic manifold in the
hyperbolic setting, see Morgan [51] or Canary-McCullough [12].)
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Canary and McCullough [12] showed that, in this setting, there exists a
finite index subgroup Outq (71 (M)) of Out(m (M)) consisting of outer auto-
morphisms which are induced by homeomorphisms of M. McCullough [47]
showed that there is a further finite index subgroup Outg(m1(M)) consisting
of outer automorphisms induced by homeomorphisms fixing each component
of M — X and a short exact sequence

1 — K(M) — Outo(m1(M)) — &Modo(F;) — 1

where K (M) is the free abelian group generated by Dehn twists about es-
sential annuli in the frontier of 3, {F,..., Fy} are the base surfaces of
the interval bundle components and Mody(F;) denotes the group of isotopy
classes of homeomorphisms of F; whose restriction to each boundary com-
ponent is isotopic to the identity. (Sela [57] used his JSJ splitting of a
torsion-free word hyperbolic group to obtain a version of this short exact
sequence in the setting of outer automorphism groups of torsion-free word
hyperbolic groups, see also Levitt [41].)

A characteristic collection of annuli for M is either (a) the collection
of components of the frontier of a solid torus component of ¥, or (b) a
component of the frontier of an interval bundle component of ¥ which is
not isotopic into any solid torus component of . Let {A;,...,A,} be the
set of all characteristic collections of annuli. If K; is the free abelian group
generated by Dehn twists in the elements of A;, then K(M) = @K;.

If A; is a characteristic collection of annuli of type (a), we say that a free
subgroup H of m (M) registers A; = {A;1, ..., A;s} if it is freely generated
by loops {ap,a1,...,as} so that ag is the core curve of the solid torus
component of ¥ and each «j, for j = 1,...,s, is a loop based at xy €
ap which intersection A;; exactly twice and intersects no other annulus in
any characteristic collection of annuli for M. (We give a similar definition
for characteristic collections of annuli of type (b).) Then K; preserves the
subgroup H; and injects into Out(H;).

We then say that a representation p € X (m (M), PSL(2,C)) lies in W (M)
if

(1) for every characteristic collection of annuli A4; there is a registering
subgroup H; such that p|g, is primitive-stable, and

(2) for every interval bundle component ¥; of ¥, whose base surface is
not a two-holed projective plane or three-holed sphere, p\m(zj) is
primitive stable.

Suppose that p € W(M). If {¢,} is a sequence in K (M), which projects
to a sequence {1} of distinct elements of K;. Then, if H; is a register-
ing subgroup for A; such that p|p, is primitive-stable, then, by Minsky’s
Theorem, p|g, o ¥, — oo in X (H;, PSL(2,C)). Therefore, po ¢, ! — oo in
X (w1 (M)),PSL(2,C)), and so po ¢,;1 — oo in W(M). If {¢,} is a sequence
in Outy (71 (M )) whose projection to Modo(F}) produces a sequence {1, } of
distinct elements, then, since p|m(2j) is primitive-stable, p]m(zj) ot — oo
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in X (m (%), PSL(2,C)). Thus, po ¢;,;! — oo in X (m1(M)), PSL(2,C)). Com-
bining these two cases, and doing a little book-keeping yields a proof of item
(2) in Theorem 7.4. If p € AH(m (M), PSL(2,C)) and p(71(X)) consists en-
tirely of hyperbolic elements, then an application of the ping-pong lemma
and the covering theorem guarantee that p € W (M), which may be used to
establish items (3) and (4) in Theorem 7.4.

If M contains no primitive essential annuli and p € AH (71 (M), PSL(2,C)),
then p(m1(X)) cannot contain any parabolic elements, which do not lie in
the image of an interval bundle component of ¥ whose base surface is a
two-holed projective plane. So, one can again use the ping-pong lemma and
the covering theorem to show that p € W(M). Therefore, if M contains
no primitive essential annuli, then AH (m(M),PSL(2,C)) is contained in
W(M), which is an open set which is a domain of discontinuity for the
action of Out(m(M)) on X (m(M),PSL(2,C)). Since we have previously
noted that if M contains a primitive essential annulus, then no domain of
discontinuity can contain AH (m1(M),PSL(2,C)), this completes the proof
of Theorem 7.5.

Remarks: (1) Theorems 7.4 and 7.5 were generalized to the case where
OM is allowed to contain tori by Canary and Magid [11].

(2) If M is a compact, orientable 3-manifold whose interior admits a
hyperbolic metric, then Canary and Storm [14] study the quotient moduli
space

AI(M) = AH(m(M),PSL(2,C))/Out(m (M)).

They show that AI(M) is T} (i.e. all points are closed) unless M is a product
interval bundle. However, if M contains a primitive essential annulus, then
AI(M) is not Hausdorff. If M contains no primitive annuli and has no
toroidal boundary components, they show that AI(M) is Hausdorff.

8. APPENDIX
In this appendix, we give a proof of Proposition 2.3.

Proposition 2.3. If T is a torsion-free word hyperbolic group with finite
generating set S, then there exists a finite set B of elements of I' such that
for any K,
{¢ € Out(I) | [[¢(B)]| < K if B € B}

is finite.

Moreover, if I' admits a convex cocompact action on the symmetric space
associated to a rank one Lie group, then one may take B to consist of all
the elements of S and all products of two elements of S.

Proof: We first prove our result in the case that I' acts convex cocompactly
on the symmetric space X associated to a rank one Lie group G, i.e. that
there exists a convex cocompact representation p : I' = G. We will give a
proof in this case which readily generalizes to the general hyperbolic setting.
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We first show that if ||¢(8)|| < K for all 5 € B, then there is an upper
bound C7 on the distance between the axes of the images of the generators.
We next show that there exists a point which lies within M of the axis of
the image of every generator. Since, by conjugating the representative of
the automorphism, we may assume that this point lies in a compact set, the
image of each generator is determined up to finite ambiguity, which implies
that the outer automorphism is determined up to finite ambiguity.

Since p is convex cocompact, there exists (J, B) so that p is (J, B)-well-
displacing. Moreover, there exists 7 > 0 so that {,(y) > nif y € I' — {id}.

Suppose that S = {ai,...,a,} is a generating set for I', ¢ € Out(I") and
llo(7)]| < K if v is an element of S or a product of two elements of S. Let
¢ be a representative of the conjugacy class ¢.

For each i, let A; be the axis of p(¢(c;)) and let p; : X — A; be the nearest
point projection onto A;. We first prove that there exists C, depending only

on X, K, J, B and 1, so that
d(A;, Aj) <y

forall i,5 € {1,...,n}.

For each distinct pair 7,5 € {1,...,n}, choose z;; € A; and y;; € A; so
that Z;;¥;; is the unique common perpendicular joining A; to A;. (If A; and
A; intersect, let ;; = y;; be the point of intersection). Let p;; : X — T35
be the nearest point projection onto Z;;¥;;. Notice that p;;(A4;) = x;; and
pi(xijyij) = wj;. Let xf; be the points on A; which are a distance g from
xij. Let Qi = pz_l(m’z_jx;) where x;x:;
to a;;; There exists Cy > 0 so that

pij (X — Qij) C B(wy;, Co).
(Since X is CAT(—1), the constant Cy which works for H? will also work
for X.)
Let R;; = pj_l(x;x]_l) = @Qj;- Then

pij(X — Rij) C B(yij,Cg).

is the geodesic segment joining T

So, if
d(A;, Aj) > C1 =20y + JK + B,
then, since p;; is 1-Lipschitz, X — @;; and X — R;; are disjoint and
d(X — Qij, X — Ryj) > d(A;, Aj) — 2Cy > JK + B.

Since @;; is contained in a fundamental domain for the action of < p(é(c;)) >

and R;; is contained in a fundamental domain for the action of < p(¢(;)) >,
QijNR;j is contained in a fundamental domain for the action of the subgroup
of p(I') generated by p(¢(a;)) and p(¢(c;)). Moreover, Q;; N R;; is contained

in a fundamental domain for p(¢(cye;)) and the fixed points of p(P(ajc))
are contained in X — @Q);; and X — R;;. Since d(X —Q;j, X —R;;) > JK+B,
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ly(d(eia;)) > JK + B. Since p is (J, B)-well-displacing, ||¢(a;a;)|| > K.
Therefore, we may conclude that

d(AZ, A]) < Cl.

We next claim that there exists M > 0 and a point x € X so that
d(z,A;) < M foralli =1,...,n. We first prove the claim for each collection
of 3 generators. For any distinct 4,4,k in {1,...,n}, we may construct a
geodesic hexagon consisting of the unique common perpendiculars joining
A; to Aj, Aj to Ap and Ay to A; and the geodesic segments of A;, A;
and Ay, joining them. (If A; and A,, intersect, replace the unique common
perpendicular with the point of intersection and regard it as a degenerate
edge of the hexagon.) Since X is CAT(—1), there exists W > 0 such that
every geodesic triangle contains a “central point” which lies within W of
each side of the triangle. Let z;;; be a“central” point of a geodesic triangle
T;jx joining alternate endpoints of the hexagon, so z;;, lies within W of
each edge of Tjji. If s € {i,j,k}, then there exists a triangle Ty which
shares an edge with 7;;;, and whose other sides are the edge of the hexagon
contained in Ag and one of the common perpendiculars. Since this triangle
is 0-slim (for some ¢ depending only on X') and each common perpendicular
has length at most C7, we see that

d(zijg, As) < Mz =W +C1 + 0

for all s € {3, j, k}.

Now notice that there is an upper bound D on the diameter of p;(A;), for
all 7 and j, which depends only on K and p(I') (since, up to conjugacy, there
are only finitely many pairs of elements of p(I") with translation distance at
most JK + B whose axes are separated by at most C;.) Therefore,

d(p1(z123), p1(zi2k)) < 2Ms+ D

if £ € {4,...,n} (since both lie within M3 of p1(A2)). It follows, since
d(Zlgk, Ak) < Ms, that if z = 2123, then

d(z, Ag) < M =4Ms + D

for all k € {1,...,n}.

We may then assume that the representative ¢ has been chosen so that
lies in a fixed compact set C' C X (which may be taken to be the fundamental
domain for the action of p(I') on the convex hull of the limit set of p(I)).
Therefore, for each i, p(¢(a;)) translates = by at most 2M + JK + B, so
there are only finitely many choices for ¢(c;) for each i and hence only
finitely many choices for ¢. This completes the proof in the case that I' acts
cocompactly on the symmetric space associated to a rank one Lie group.

One may mimic this proof in the case that I" is a torsion-free §-hyperbolic
group, although several difficulties appear and we will not be able to choose B
to have the same simple form as above. This is a reasonably straightforward
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quasification, but as is often the case, the details and the manipulations of
the constants is somewhat intricate.

First, elements of I' need not have axes in Cr. However, there exists
(L, A) such that every element of v admits a (L, A)-quasi-axis A,, i.e. a
(L, A)-quasigeodesic which is preserved by 7 such that if z € A,, then
d(xz,v(x)) = ||| (see Lee [38]). Second, the nearest point projection need
not be well-defined or 1-Lipschitz. However, see Gromov [26, Lemma 7.3.D],
there exists T such that the nearest point projection p onto any (L, A)-
quasigeodesic line (or line segment) in Cr is well-defined up to a distance T
and is (1, T)-quasi-Lipschitz, i.e.

d(p(z),p(y)) < d(z,y) +T

for all z,y € CF.

Given (L, A) and §, there exists W > 0 so that if 7" is a triangle in Cr,
whose edges e, ez and ez are (L, A)-quasi-geodesic segments, then there
exists a point zp € Cr such that d(zr,e;) < W for each i = 1,2, 3. Moreover,
we may assume that T is W-slim, i.e. if x € ej, then then there exists
y € ez Ues so that d(x,y) < W. (This follows from Theorem III.H.1.7 and
Proposition IT1I.H.1.17 in Bridson-Haefliger [7].)

Choose n > 0 so that if v € T, then |[7"| > 36(T + 2W) (which is
possible by Theorem III.I".3.17 in Bridson-Haefliger [7]). Let B be the set
of all elements of the form o;' or aj'aj, where i # j and o;,a; € 5.

Now suppose that |[¢(5)|| < K for all § € B. We must show that this
determines ¢ up to finite ambiguity. Let ¢ be a representative of ¢ and, for
each i, let A; = Ad-)(a?). Let p; : Cr — A; be the nearest-point projection
onto A;. We may assume that p; is ¢(a?)-equivariant.

For each distinct pair ¢,j € {1,...,n}, let x;; € A; and y;; € A; be points
such that d(zi;,yi;) = d(A;, Aj). Let p;; denote nearest point projection
onto a geodesic segment Z;;y;; joining x;; to y;;. We may assume that
Pi(TijYij) = ij.

We first claim that

pU(Al) C B(xij, GW) (81)
Let v € A; and let v;; = p;;(v). Consider the triangle whose sides are
e1 = v, the segment ey of A; joining v to x;;, and e3 = T;j;v;; (which we
may assume is contained in Tj;¥;;). There exists a point z € Cr which lies
within W of each edge of the triangle. Let z; be a point on e; such that
d(z,2;) < W. Then, d(z1,z3) < 2W. Therefore, since p;; is the nearest point
retraction onto Tyj;¥i;, d(z1,vij) < 2W. So, d(vij,23) < 4W. On the other
hand, since d(z2, 23) < 2W and p;(Ti;7i;) = xij, we see that d(z3, ;) < 2W.
Therefore, d(vij, x;;) < 6W which completes the proof of (8.1).

Let xzij be two points on A; such that d(a:fj, xij) = 12(T 4+ 2W) and if y
lies on A; and is not between :L‘fj and T then d(y, z;;) > 12(T + 2W). We

next claim that if Q;; = pl_l(w;;:cl_]), then
pij(CF — QZ]) C B(a:ij, Co) where Cy = 6(T + QW). (82)
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This is the key observation needed to generalize the above proof. If not, there
exists w such that if w; = p;(w) and w;; = psj(w), then d(w;, z45) > 12(T + 2W)

and d(wij, x;5) > Co. We may assume that p;(ww;) = w; and that p;j(ww;;) = w;;.

Let e, be the segment of A; joining w; to x;;. Since p;; is (1,T)-quasi-
Lipschitz and p;;(A4;) C B(xsj,6W),

d(ew, Ww75) > Co — T — 6W = 5T + 6W.
Choose a point z € e,, such that
d(z,xi5) > 6(T +2W) and d(z,w;) > 6(T + 2W).
Since d(xj,pij(2)) < 6W and we may assume that Ti;w;; C Zy;Uij,

d(z, Ziwy;) > 6(T + 2W) — 6W = 6(T + W).

First consider the triangle formed by e, Z;;w;; and w;w;;. Since the triangle
is W-slim and d(z,@;;w;;) > 6(T + W), there exists 2 € w;z;; such that
d(z,7") < W. Now consider the geodesic triangle formed by ww;;, ww; and
w;w;;. Since this triangle is also W-slim and

d(z’,wwij) > d(ey, wwy;) — W > 5(T+ W),

there exists z” € ww; such that d(2/,2") < W, so d(z,2") < 2W. But
one easily sees that this contradicts the facts that p;(w) = p;(2”) = w; and
d(z,w;) > 6(T + 2W). This completes the proof of (8.2).

Notice that we may choose xj; = y;; and y;; = x;;. We define R;; = pj_l(
So, (8.2) implies that

]z ]z)

pij(Cr — Rij) C B(yij, Co).
Therefore, if
d(Ai, Aj) = d(xij,yi5) > C1 =200 + K + 1T,

then, again since p;; is (1,T)-quasi-Lipschitz, Cr — Q;; and Cr — R;; are
disjoint and
( —Qij,Cr—R“)>K.

Since [|¢(al)|| > 36(T+ W +4§) and p; is ¢(al)-equivariant, Q;; is contained
in a fundamental domain for the action of < ¢(a?)) >. Similarly, R;; is
contained in a fundamental domain for the action of < &(a?) >. Therefore,
Q;;NR;; is contained in a fundamental domain for the action of the subgroup
of p(T") generated by ¢(al) and ¢(« ). Moreover, Q;; N R;; is contained in
a fundamental domain for ¢(al o) and the fixed points of d(a? o) are
contained in X —@Q;; and X — Rw. Since d(Cr — Qij,Cr — Rij) > K,
[p(afal)]| > K. Since, we have assumed that ||p(afaf)|| < K, we may
conclude that d(A4;, A;) < Ch.

The remainder of the proof proceeds very much as in the convex cocom-
pact case. Notice that the common perpendicular joining A; to A; continues
to be replaced with a geodesic joining x;; to y;;.

sz
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Remark: It would be interesting to know whether or not, in the general
case of a torsion-free word hyperbolic group, one can choose B to consist
simply of every element in some finite generating set and the products of
any two elements of the generating set.
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