
Math 490 Extra Handout on the product topology and the box topology on
infinite products

Definition: Let Λ be an index set and let {Xα | α ∈ Λ} be a collection of sets indexed by
Λ. We define the cartesian product

Πα∈ΛXα

to be the set of all Λ-tuples (xα)α∈Λ where each xα is a point in Xα.
If β ∈ Λ, we define

πβ : Πα∈ΛXα → Xβ

by setting πβ((xα)α∈Λ) = xβ.
If {(Xα, Tα)}α∈Λ is a family of topological spaces, then the product topology on Πα∈ΛXα

has basis Bproduct consisting of all products Πα∈ΛUα where each Uα is an open set in Xα and
Uα = Xα for all but finitely many α in Λ.

If {(Xα, Tα)}α∈Λ is a family of topological spaces, then the box topology on Πα∈ΛXα

has basis Bbox consisting of all products Πα∈ΛUα where each Uα is an open set in Xα.
Notice that the box and product topologies agree if Λ is finite.

Exercises:

1. Prove that both the product topology and the box topology are indeed topologies on
Πα∈ΛXα.

2. The projection map πβ : Πα∈ΛXα → Xβ is continuous if we give Πα∈ΛXα either the
box or product topology.

3. Show that the product topology and box topology differ on RN, i.e. the set of N-tuples
of elements of R where N is the set of natural numbers.

4. Prove that if each topological space in the collection {Xα | α ∈ Λ} is Hausdorff, then
Πα∈ΛXα is Hausdorff in both the box and product topologies.

5. Let {fα : Y → Xα}α∈Λ be a family of functions with domain a topological space Y .
Define f : Y → Πα∈ΛXα by setting

f(y) = (fα(y))α∈Λ

for all y ∈ Y .

Prove that f is continuous if we give Πα∈ΛXα the product topology if and only if fα is
continuous for all α.
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6. Define f : R→ RN by setting

f(t) = (t, t, t, t, . . . , t, . . .)

for all t ∈ R. Prove that f is not continuous if we give RN the box topology. Notice
that this implies that the result of the previous exercise fails for the box topology.

7. Show that RN is disconnected in the box topology. (Hint: Consider the set A of
bounded N-tuples and its complement.) So, a product of connected spaces need not
be connected in the box topology.

8. Let {Xα | α ∈ Λ} be a collection of connected topological spaces. Let a = (aα)α∈Λ be
a point in X = Πα∈ΛXα and give X the product topology.

(a) Given a finite subset K of Λ, let XK denote the subspace of X consisting of points
x ∈ X so that xα = aα for all α ∈ Λ−K. Show that XK is connected.

(b) Show that the set Y consisting of the union of all elements of XK where K is a
finite subset of X is connected.

(c) Show that X is the closure of Y . Conclude that X is connected. So, a product of
connected topological spaces is connected in the product topology.

9. Show that [0, 1]N is not compact in the box topology. (You will need to postpone this
problem until we have defined compactness for a topological space.) So, a product of
compact topological spaces need not be compact in the box topology.

Remark: Tychonoff’s theorem asserts that a product of compact topological spaces is itself
compact in the product topology. The proof is too complicated for a handout at this point,
but I would be happy to provide you with a reference for the proof if you’re interested.
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