
Math 351 Handout 7: Wednesday September 26, 2018

Definition: Informally, a subsequence is obtained from a sequence by deleting terms, with-
out changing the ordering of the terms, so that infinitely many terms remain. More formally,
if {nk} is a strictly increasing sequence of natural numbers indexed by k so that

n1 < n2 < · · · < nk < nk+1 < · · · ,

and {sn} is a sequence, then one obtains a subsequence {snk
} indexed by k.

Remark: If {sn} is indexed by the natural numbers, then nk ≥ k for all k.

Fact: If { 1
nk
} is a subsequence of { 1

n
}, then { 1

nk
} converges to 0.

Proof: Let { 1
nk
} be a subsequence of { 1

n
}. Since we have already observed that nk ≥ k for

all k, we see that

0 ≤ 1

nk

≤ 1

k

for all k. Since we have already established that the constant sequence {0} converges to 0
and that the sequence { 1

k
} converges to 0, the Squeeze Principle implies that { 1

nk
} converges

to 0.

Class Exercise: {(−1)n} has a convergent subsequence, but {n2} has no convergent sub-
sequence.

In-class exercises:

1. Prove that if a sequence is bounded and monotone, then it is convergent. (Hint:
consider monotone increasing first.)

2. Prove that if {sn} converges to s, then every subsequence of {sn} converges to s.

3. Prove that every sequence has a monotone subsequence. (Hint: We say that a term
sN in a sequence {sn} is dominant if sn < sN for all n > N . Divide your proof into
two cases depending on whether or not there are infinitely many dominant terms in
your sequence.)

4. Prove that every bounded sequence has a convergent subsequence.
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Team homework: Due Monday October 1. You must choose a new scribe for this
homework.

1. Definition: We say that a subset A of R is closed if every convergent sequence with
values in A has limit in A.

a) Prove that [a, b] is a closed subset of R.
b) Prove that [a, b) is not a closed subset of R.

2. Suppose that S and T are non-empty subsets of R and that for any s ∈ S and t ∈ T ,
s ≤ t.

a) Prove that supS ≤ inf T .

b) Is it always true that if supS = inf T , then S ∩ T = ∅? (Either prove the claim is
true or produce a counterexample and prove that it is a counterexample.)

3. Prove that if {xn} converges to x 6= 0 and xn is non-zero for all n, then { 1
xn
} converges

to 1
x
. (Hint: 1

xn
− 1

x
= xn−x

xn x
.)

4. For each of the following statements, either prove that the statement is true or produce
a counterexample (and prove that it is a counterexample).

a) If {an}, {bn} and {sn} are sequences,

an ≤ sn ≤ bn

for infinitely many values of n, {an} converges to s and {bn} converges to s, then {sn}
converges to s.

b) If {sn} is a convergent sequence and sn ≥ a for infinitely many values of n, then
lim sn ≥ a.

Remark: If a statement is true for infinitely many values of n, then it is not necessarily
true that it is true for all but finitely many values of n. For example, the statement
(−1)n = 1 is true for all even values of n and false for all odd values of n, so it is true
for infinltely many values of n, but is not true for all but finitely many values of n.
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