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Abstract. In this paper, we produce a mapping class group invariant pressure metric on the
space QF (S) of quasiconformal deformations of a co-finite area Fuchsian group uniformizing S.
Our pressure metric arises from an analytic pressure form on QF (S) which is degenerate only
on pure bending vectors on the Fuchsian locus. Our techniques also show that the Hausdorff
dimension of the limit set varies analytically.
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1. Introduction

We construct a pressure metric on the quasifuchsian space QF (S) of quasiconformal defor-
mations, within PSL(2,C), of a Fuchsian group Γ in PSL(2,R) whose quotient H2/Γ has finite
area and is homeomorphic to the interior of a compact surface S. Our pressure metric is a
mapping class group invariant path metric, which is a Riemannian metric on the complement of
the submanifold of Fuchsian representations. Our metric and its construction generalize work
of Bridgeman [8] in the case that H2/Γ is a closed surface.

McMullen [22] initiated the study of pressure metrics, by constructing a pressure metric
on the Teichmüller space of a closed surface. His pressure metric is one way of formalizing
Thurston’s notion of constructing a metric on Teichmüller space as the “Hessian of the length of
a random geodesic” (see also Wolpert [37] and Bonahon [4]) and like Thurston’s metric it agrees
with the classical Weil-Petersson metric. Subsequently, Bridgeman [8] constructed a pressure
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metric on quasifuchsian space, Bridgeman, Canary, Labourie and Sambarino [9] constructed
pressure metrics on deformation spaces of Anosov representations, and Pollicott and Sharp [25]
constructed pressure metrics on spaces of metric graphs (see also Kao [13]). The main tool in the
construction of pressure metrics is the Thermodynamic Formalism for topologically transitive,
Anosov flows with compact support and their associated well-behaved finite Markov codings.

The major obstruction to extending the constructions of pressure metrics to deformation
spaces of geometrically finite (rather than convex compact) Kleinian groups and related settings
is that the support of the non-wandering portion of the geodesic flow is not compact and hence
there is not a well-behaved finite Markov coding. In the case of finite area hyperbolic surfaces,
Stadlbauer [32] and Ledrappier and Sarig [18] construct and study a well-behaved countable
Markov coding for the non-wandering portion of the geodesic flow of the surface. In a fun-
damental breakthrough, Kao [15] showed how to adapt the Thermodynamic Formalism in the
setting of the Stadlbauer-Ledrappier-Sarig coding to construct pressure metrics on Teichmüller
spaces of punctured surfaces. Technically, the key new tool is a phase transition analysis for the
pressure function.

We adapt the techniques developed by Bridgeman [8] and Kao [15] into our setting to construct
a pressure metric which can again be naturally interpreted as the Hessian of the length of a
random geodesic.

Theorem (Theorem 8.1). If S is a compact surface with non-empty boundary, the pressure form
P on QF (S) induces a Mod(S)-invariant path metric, which is an analytic Riemannian metric
on the complement of the Fuchsian locus.

Moreover, if v ∈ Tρ(QF (S)), then P(v, v) = 0 if and only if ρ is Fuchsian and v is a pure
bending vector.

The control obtained from the Thermodynamic Formalism allows us to see that the topological
entropy of the geodesic flow of the quasifuchsian hyperbolic 3-manifold varies analytically over
QF (S). Sullivan [35] showed that the topological entropy and the Hausdorff dimension of the
limit set agree for quasifuchsian groups. So we see that the Hausdorff dimension of the limit set
varies analytically over QF (S), generalizing a result of Ruelle [27] for quasifuchsian deformation
spaces of closed surfaces.

Corollary (Corollary 4.3). If S is a compact surface with non-empty boundary, then the Haus-
dorff dimension of the limit set varies analytically over QF (S).

In a final section, we show that the natural equilibrium measure arising in our construction is
a normalized pull-back of the Patterson-Sullivan measure. This will allow us to give a geometric
interpretation of the pressure form in terms of lengths of geodesics and topological entropy.
Concretely, the pressure form P at a representation ρ0 is the Hessian of the renormalized pressure
intersection J(ρ0, ·) at ρ0. The pressure intersection of ρ, η ∈ QF (S) is given by

I(ρ, η) = lim
T→∞

1

|RT (ρ)|
∑

[γ]∈RT (ρ)

`η(γ)

`ρ(γ)

and the renormalized pressure intersection is given by

J(ρ, η) =
h(η)

h(ρ)
lim
T→∞

1

|RT (ρ)|
∑

[γ]∈RT (ρ)

`η(γ)

`ρ(γ)

where

RT (ρ) = {[γ] ∈ [π1(S)] | `ρ(γ) ≤ T},
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[π1(S)] is the collection of conjugacy classes in π1(S), `ρ(γ) is the translation length of the action
of ρ(γ) on H3, and h(ρ) is the topological entropy of the geodesic flow of the quasifuchsian
hyperbolic 3-manifold Nρ.

The pressure intersection was first defined by Burger [10] for pairs of convex cocompact Fuch-
sian representations and we, in analogy with his work, define a Manhattan curve in our context,
see Theorem 5.1, and obtain a generalization of his entropy rigidity theorem, see Corollary 5.3.

We will more carefully define QF (S), the pressure metric, the topological entropy and the
renormalized pressure intersection as the paper proceeds.

Acknowledements: The authors would like to thank Francois Ledrappier, Mark Pollicott, Ralf
Spatzier and Dan Thompson for helpful conversations during the course of their investigation.

2. Backgound

2.1. Quasifuchsian space. Let S be a compact orientable surface with non-empty boundary
and suppose that Γ ⊂ PSL(2,R) is a discrete torsion-free group so that H2/Γ is a finite area
hyperbolic surface homeomorphic to the interior of S. We say that ρ : Γ → PSL(2,C) is

quasifuchsian if there exists a quasiconformal homeomorphism φ : Ĉ → Ĉ such that ρ(γ) =
φγφ−1 for all γ ∈ Γ. Equivalently, ρ is quasifuchsian if and only if there is an orientation-
preserving bilipschitz homeomorphism from Nρ = H3/ρ(Γ) to N = H3/Γ in the homotopy class
determined by ρ (see Douady-Earle [12]). Let QC(Γ) ⊂ Hom(Γ,PSL(2,C)) denote the space of
all quasifucshian representations. We recall, see Maskit [19, Thm. 2], that ρ : Γ → PSL(2,C)
is quasifuchsian if and only if ρ is discrete and faithful, ρ(∂S) is parabolic and ρ(Γ) preserves a

Jordan curve in Ĉ.
The quasifuchsian space is given by

QF (S) = QC(Γ)/PSL(2, C) ⊂ X(S) = Homtp(Γ,PSL(2,C))//PSL(2,C)

where Homtp(Γ,PSL(2,C)) is the space of type-preserving representations of Γ into PSL(2,C)
(i.e. representations taking parabolic elements of Γ to parabolic elements of PSL(2,C)). We
call X(S) the relative character variety and it has the structure of a projective variety. The
space QF (S) is a smooth open subset of X(Γ), so is naturally a complex analytic manifold.
(See Kapovich [16, Section 4.3] for details.) Bers [2] showed that QF (S) admits a natural
identification with T (S)× T (S).

If ρ ∈ QC(Γ) and φ is a quasiconformal map such that ρ(γ) = φγφ−1 for all γ ∈ Γ, then φ
restricts to a ρ-equivariant map ξρ : Λ(Γ)→ Λ(ρ(Γ)) where Λ(ρ(Γ)) is the limit set of ρ(Γ), i.e.

the smallest closed ρ(Γ)-invariant subset of Ĉ. Notice that since ξρ is ρ-equivariant, it must take
the attracting fixed point γ+ of a hyperbolic element γ ∈ Γ to the attracting fixed point ρ(γ)+

of ρ(γ). Since attracting fixed points of hyperbolic elements are dense in Λ(Γ), ξρ depends only
on ρ (and not on the choice of quasiconformally conjugating map φ). We now record well-known
fundamental properties of this limit map.

Lemma 2.1. If ρ ∈ QC(Γ), then there exists a ρ-equivariant bi-Hölder continuous map

ξρ : Λ(Γ)→ Λ(ρ(Γ)).

Moreover, if x ∈ Λ(Γ), then ξρ(x) varies complex analytically over QC(Γ).

Proof. Since each ξρ is the restriction of a quasiconformal map φ : Ĉ → Ĉ and quasiconformal
maps are bi-Hölder (see [1, Thm. 10.3.2]), ξρ is also bi-Hölder.

Suppose that {ρz}z∈D2 is a complex analytic family of representations parameterized by the
unit disk. If γ is a hyperbolic element of Γ, then {ξρz(γ+) = ρz(γ)+} varies complex analytically
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over D2, since {ρz(γ)} varies complex analytically. Since attracting fixed points of hyperbolic
elements are dense in Λ(Γ), Slodkowski’s λ-lemma [31] implies that {ξρz(x)} varies complex
analytically over D2 for all x ∈ Λ(Γ). Hartogs’ Theorem then implies that ξρ(x) varies complex
analytically over all of QC(Γ). �

2.2. Countable Markov Shifts. A two-sided countable Markov shift with alphabet A and
transition matrix T ∈ {0, 1}A×A is the set

Σ = {x = (xi) ∈ AZ | txixi+1 = 1 for all i ∈ Z}
equipped with a shift map σ : Σ → Σ which takes (xi)i∈Z to (xi+1)i∈Z. Notice that the shift
simply moves the letter in place i into place i− 1, i.e. it shifts every letter one place to the left.

Associated to any two-sided countable Markov shift Σ is the one-sided countable Markov shift

Σ+ = {x = (xi) ∈ AN | txixi+1 = 1 for all i ∈ N}

equipped with a shift map σ : Σ+ → Σ+ which takes (xi)i∈N to (xi+1)i∈N. In this case, the
shift deletes the letter x1 and moves every other letter one place to the left. There is a natural
projection map p+ : Σ→ Σ+ given by p+(x) = x+ = (xi)i∈N which simply forgets all the terms
to the left of x1. Notice that p+ ◦σ = σ ◦p+. We will work entirely with one-sided shifts, except
in the final section.

One says that (Σ+, σ) is topologically mixing if for all a, b ∈ A, there exists N = N(a, b) so
that if n ≥ N , then there exists x ∈ Σ so that x1 = a and xn = b. The shift (Σ+, σ) has the
big images and pre-images property (BIP) if there exists a finite subset B ⊂ A so that if a ∈ A,
then there exists b0, b1 ∈ B so that tb0,a = 1 = ta,b1 .

Given a one-sided countable Markov shift (Σ+, σ) and a function g : Σ+ → R, let

Vn(g)(x) = sup{|g(x)− g(y)| | x, y ∈ Σ+, xi = yi for all 1 ≤ i ≤ n}
be the nth variation of g. We say that g is locally Hölder continuous if there exists C > 0 and
θ ∈ (0, 1) so that

Vn(g) ≤ Cθn

for all n ∈ N. We say that two locally Hölder continuous functions f : Σ+ → R and g : Σ+ → R
are cohomologous if there exists a locally Hölder continuous function h : Σ+ → R so that

f − g = h− h ◦ σ.
Sarig [28] considers the associated Gurevich pressure of a locally Hölder continuous function

g : Σ+ → R, given by

P (g) = lim
n→∞

1

n
log

∑
x∈Fixn | x1=a

eSng(x)

for some (any) a ∈ A where

Sn(g)(x) =
n∑
i=1

g(σi(x))

is the ergodic sum and Fixn = {x ∈ Σ+ | σn(x) = x}.
A Borel probability measure m on Σ+ is said to be a Gibbs state for a locally Hölder continuous

function g : Σ+ → R if there exists a constant B > 1 and C ∈ R so that

1

B
≤ m([a1, . . . , an])

eSng(x)−nC ≤ B

for all x ∈ [a1, . . . , an]}, where [a1, . . . , an] is the cylinder consisting of all x ∈ Σ+ so that xi = ai
for all 1 ≤ 1 ≤ n.
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The transfer operator is a central tool in the Thermodynamic Formalism. We will use it to
verify that a measure is a Gibbs state. Recall that the transfer operator Lf : Cb(Σ+)→ Cb(Σ+)
of a locally Hölder continuous function f over Σ+ is defined by

Lf (g)(x) =
∑

y∈σ−1(x)

ef(y)g(y) for all x ∈ Σ+.

If (Σ+, σ) is topologically mixing and has the BIP property, ν is a Borel probability measure

for Σ+ and (Lf )∗(ν) = eP (f)ν (where (Lf )∗ is the dual of transfer operator), then ν is a Gibbs
state for f , see Mauldin-Urbanski [21, Theorem 2.3.3].

A σ-invariant Borel probability measure m on Σ+ is said to be an equilibrium measure for a
locally Hölder continuous function g : Σ+ → R if

P (g) = hσ(m) +

∫
Σ+

g dm

where hσ(m) is the measure-theoretic entropy of σ with respect to the measure m. Mauldin
and Urbanski [21, Thm. 2.2.9] and Sarig [30, Thm 4.9] show that if Σ+ is topologically mixing
and has BIP, f is locally Hölder continuous, f admits a shift invariant Gibbs state νf and
−
∫
fνf < +∞, then νf is the unique equilibrium measure for f .

We say that {gu : Σ+ → R}u∈M is a real analytic family if M is a real analytic manifold and
for all x ∈ Σ+, u → gu(x) is a real analytic function on M . Mauldin and Urbanski [21, Thm.
2.6.12, Prop. 2.6.13 and 2.6.14], see also Sarig ([29, Cor. 4],[30, Thm 5.10 and 5.13]), prove real
analyticity properties of the pressure function and evaluate its derivatives. Here the variance of
a locally Hölder continuous function f : Σ+ → R with respect to a probability measure m on
Σ+ is given by

Var(f,m) = lim
n→∞

1

n

∫
Σ+

Sn

((
f −

∫
Σ+

f dm
)2)

dm.

Theorem 2.2. (Mauldin-Urbanski, Sarig) Suppose that (Σ+, σ) is a one-sided countable Markov
shift which has BIP and is topologically mixing. If {gu : Σ+ → R}u∈M is a real analytic family
of locally Hölder continuous functions such that P (gu) < ∞ for all u, then u → P (gu) is real
analytic.

Moreover, if v ∈ Tu0M and there exists a neighborhood U of u0 in M so that if u ∈ U , then
−
∫

Σ+ gudmgu0
<∞, then

DvP (gu) =

∫
Σ+

Dv(gu(x)) dmgu0

and

D2
vP (gu) = Var(Dvgu,mgu0) +

∫
Σ+

D2
vgudmgu0

where mgu0
is the unique equilibrium state for gu0.

2.3. The Stadlbauer-Ledrappier-Sarig coding. Stadlbauer [32] and Ledrappier-Sarig [18]
describe a two-sided countable Markov shift (Σ+, σ) with alphabet A which encodes the non-
wandering set of the geodesic flow on T 1(H2/Γ). In this section, we will sketch the construction
of this coding and recall its crucial properties.

They begin with the classical coding of a free group, as described by Bowen and Series [7].
One begins with a fundamental domain D0 for Γ, containing the origin 0 in the Poincaré disk
model, all of whose vertices lie in ∂H2, so that the set of face pairings S of D0 is a minimal
symmetric generating set for Γ. The classical coding on the alphabet S can be constructed
from a “cutting sequence” which records the intersections (tk) of a bi-infinite geodesic ←→yz which
intersects D0, where y, z ∈ Λ(Γ), with edges of translates of D0 so that the geodesic is entering
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γk(D0) as it passes through tk. The classical coding for←→yz is given by (xk) = (γkγ
−1
k−1) when the

edge is crossing into the translate γ(D0) which it lies in. This is unsatisfactory for our purposes
since it models the non-wandering portion of the geodesic flow on a hyperbolic surface with
geodesic boundary, rather than on a cusped surface.

Roughly, the new coding only records terms in the cutting sequence which do not occur
in some neighborhood of the cusps, so that it clumps together all large powers of parabolic
elements of Γ, and disallows infinite words beginning or ending in infinitely repeating parabolic
elements. The actual description is more intricate. The states they use record a finite amount
of information about both the past and the future of the trajectory.

Let C be the collection of all minimal length freely reduced words in S representing parabolic
elements. They then choose a sufficiently large even number 2N so that the length of ever
element of C divides 2N and let C∗ be the collection of powers of elements of C of length exactly
2N . Let A1 be the set of all strings (b0, b1, . . . , b2N ) in S so that b0b1 · · · , b2N is freely reduced
in S and so that neither b1b2 · · · b2N or b0b1 · · · b2N−1 lies in C∗. Let A2 be the set of all freely
reduced strings of the form (b, ws, w1, · · · , wk−1, c) where b ∈ S − {w2N}, w = w1 . . . w2N ∈ C∗,
wi ∈ S for all i, 1 ≤ k ≤ 2N , s ≥ 1 and c ∈ S − {wk}.

Let A = A1 ∪ A2 and define functions

r : A → N and G : A → Γ

by letting r(a) = 1 if a ∈ A1 and r(b, ws, w1, . . . , wk−1, c) = s+1 otherwise. If a = (b0, b1, . . . , b2N ) ∈ A1,
then G(a) = b1. If a = (b, ws, w1 · · ·wk−1, c), then let G(a) = ws−1w1 · · ·wk. Notice that there
exists D so that r−1(n) has size at most D for all n ∈ N, i.e. there are at most D states
associated to each positive integer.

Given a word x = (bi) ∈ SZ which does not begin or end with an infinite string of repeated ap-
pearances of a word in C, we explain how to rewrite it in the alphabet A. If (b0, b1, . . . , b2N ) ∈ A1,
then let x1 = (b0, b1, . . . , b2N ) and shift (bi) rightward by 1 to compute x2 and leftward by 1 to
compute x0. If not, let x1 be the unique sub-string of x which contains b1 and is an element of
A2. Then, x1 = (b−u, . . . , bv) = (b−u, w

s, w1 · · ·wk−1, bv) for some w ∈ C∗, u ≥ 0 and v ≥ 2N+1.
In this case, we shift (bi) rightward by v− 2N to compute x2 and leftward by u+ 1 to compute
x0. Note that if p is a vertex of D0, then there is a neighborhood V of p, so that any geodesic
which passes through D0 and has both endpoints in V (but not at parabolic fixed points of
Γ) admits a Bowen-Series coding, but the Bowen-Series coding is shifted before being re-coded
in the alphabet A as a sequence (xi). Geometrically, this shift in the coding corresponds to
considering a conjugate of the geodesic which passes through D0 whose forward endpoint lies in
V , but whose backward endpoint does not lie in V .

We have defined a two-sided Markov shift (Σ, σ). Let (Σ+, σ) be the one-sided Markov shift
associated to (Σ, σ). The key features of this coding are recorded in the following result:

Proposition 2.3. (Ledrappier-Sarig [18, Lemma 2.1], Stadlbauer [32]) Suppose that H2/Γ is
a finite area hyperbolic surface, then (Σ+, σ) is topologically mixing, has the big images and
pre-images Property (BIP), and there exists a locally Hölder continuous map

ω : Σ+ → Λ(Γ)

so that ω(x) = lim(G(x1) · · ·G(xn))(0) and ω(x) = G(x1)ω(σ(x)).

The “cutting subsequence” for the Stadlbauer-Ledrappier-Sarig coding is a subset of the clas-
sical cutting sequence with the crucial property that there is a uniform upper bound L on
d(tnk , γnk(0)) ≤ L for all k (see property (1) on page 15 in Ledrappier-Sarig [18]). This choice
gives the coding the following important property. Loosely, this property says that the translates
of the origin associated to the coding of x ∈ Σ+ approach ω(x) uniformly conically.
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Lemma 2.4. (Ledrappier-Sarig [18]) There exists L > 0 so that if x ∈ Σ+, then

d(G(x1)G(x2) · · ·G(xn)(0),
−−−→
0ω(x)) ≤ L

for all n ∈ N.

Remark: In this remark, we re-interpret the proof of Lemma 2.4 in the language in which we
have presented the Stadlbauer-Ledrappier-Sarig coding. We first note that if p is a vertex of D0,
then there is a convex neighborhood Up of p in H2∪∂H2 so that if z ∈ Up∩∂H2, then the Bowen-
Series coding for any bi-infinite geodesic −→yz which intersects D0∩Up, begins with ws where w ∈ C
and s ≥ 3. Therefore, if x ∈ Σ+ and ω(x) ∈ Up, then x1 ∈ A2 and x1 = (b, wt, w1, . . . , wk−1, c)

where t ≥ 2. Moreover, the geodesic ray
−−−→
0ω(x) intersects G(x1)(D0) at a point disjoint from

G(x1)(Up). So, if x ∈ Σ+ and {p1, . . . , pn} are the vertices of D0, then
−−−→
0ω(x) exits G(x1)(D0)

at some point outside of
⋃
G(x1)(Upi). Since D0 −

⋃
Upi is a bounded subset of H2, it follows

that there exists L so that d(
−−−→
0ω(x), G(x1)(0)) ≤ L. Similarly,

−−−→
0ω(x) exits G(x1) · · ·G(xn)(D0)

at some point not in
⋃
G(x1) · · ·G(xn)(Upi), and we establish the inequality in Lemma 2.4.

2.4. Roof functions. If ρ ∈ QC(Γ), we define a roof function τρ : Σ+ → R by setting

τρ(x) = Bξρ(ω(x))(b0, ρ(G(x1))(b0))

where b0 = (0, 0, 1) and Bz(x, y) is the Busemann function based at z ∈ ∂H3 which measures
the signed distance between the horoballs based at z through x and y. In the Poincaré upper
half space model, we write the Busemann function explicitly as

B̂z(p, q) = log

(
|p− z|2h(p)

|q − z|2h(q)

)
where z ∈ C ⊂ ∂H3, p, q ∈ H3 and h(p) is the Euclidean height of p above the complex plane

and B̂∞(p, q) = h(p)
h(q) .

It follows from the cocycle property of the Busemann function that

Smτρ(x) =

m−1∑
i=0

τρ(σ
i(x)) = Bξρ(ω(x))(b0, ρ(G(x1) · · ·G(xm))(b0)).

In particular, if x = (x1, . . . , xm) ∈ Σ+, then

Smτρ(x) = `ρ(G(x1) · · ·G(xm)).

We say that the roof function τρ is eventually positive if there exists C > 0 and N ∈ N so that
if n ≥ N and x ∈ Σ+, then Snτρ(x) ≥ C.

The following lemma records crucial properties of our roof functions. It generalizes similar
results of Ledrappier-Sarig [18, Lemma 2.2 and 3.1] in the Fuchsian setting.

Lemma 2.5. The family {τρ}ρ∈QC(Γ) of roof functions is a real analytic family of locally Hölder
continuous, eventually positive functions.

Moreover, if ρ ∈ QC(Γ), then there exists Cρ > 0 and Rρ > 0 so that

2 log r(x1)− Cρ ≤ τρ(x) ≤ 2 log r(x1) + Cρ

and ∣∣∣Snτρ(x)− d(b0, G(x1) · · ·G(xn))(b0))
∣∣∣ ≤ Rρ

for all x ∈ Σ+ and n ∈ N.
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Proof. Since ξρ(w) varies complex analytically in ρ for all w ∈ Λ(Γ), by Lemma 2.1, and Bz(b0, y)

is real analytic in z ∈ Ĉ and y ∈ H3, we see that τρ(x) varies analytically over QC(Γ) for all
x ∈ Σ+.

We next obtain our claimed bounds on the roof function. If x ∈ Σ+, then

|τρ(x)| ≤ d(ρ(G(x1)(b0), b0)

so if a ∈ A, there exists Ca so that if x1 = a, then |τρ(x)| ≤ Ca. Since our alphabet is infinite,
our work is not done.

If w ∈ C∗, we may normalize so that ρ(w)(z) = z+1 and b0 = (0, 0, bw) in the upper half-space
model for H3. If z ∈ C ⊂ ∂H3 and r > 0, we let B(z, r) denote the Euclidean ball of radius r
about z in C. Let

cw = sup{|ga(b0)| | G(a) = wsga for some a ∈ A2}.

Since ga has length at most 2N in the alphabet S, cw is finite. Suppose that x ∈ Σ+, r(x1) ≥ 2
and G(x1) = wsga where s = r(a)− 2. Then ξρ(x) ∈ ρ(ws)(B(0, eLcw)) = B(s, eLcw), where L
is the constant from Lemma 2.4,

τρ(x) = log

(
|b0 − ξρ(ω(x))|2h(ρ(wsga)(b0))

|ρ(wsga)(b0)− ξρ(ω(x))|2h(b0)

)
≤ log

(
(b2w + (s+ eLcw)2)h(ρ(ga)(b0))

h(ρ(ga)(b0))2bw

)
= log

(
(b2w + (s+ eLcw)2)

h(ρ(ga)(b0))bw

)
.

Similarly,

τρ(x) ≥ log

(
(b2w + (s− eLcw)2)h(ρ(ga)(b0))(

h(ρ(ga)(b0))2 + e2Lc2
w

)
bw

)
.

Since there are only finitely many choices of ga, it is easy to see that there exists Cw so that

2 ln(r(a))− Cw ≤ τρ(x) ≤ 2 ln(r(a)) + Cw

whenever x ∈ Σ+, r(x1) ≥ 2 and G(x1) = wsga. Since there are only finitely many w in C∗ and
only finitely many words a with r(a) < 2, we see that there exists Cρ so that

2 ln(r(x1))− Cρ ≤ τρ(x) ≤ 2 ln(r(x1)) + Cρ

for all x ∈ Σ+.
Since ω is locally Hölder continuous, there exists A and α > 0 so that if x, y ∈ Σ+ and xi = yi

for 1 ≤ i ≤ n, then

d(ω(x), ω(y)) ≤ Ae−αn.
Since ξρ is Hölder, there exist C and β > 0 so that d(ξρ(z), ξρ(w)) ≤ Cd(z, w)β for all z, w ∈ Λ(Γ),
so

d(ξρ(ω(x)), ξρ(ω(y)) ≤ CAβe−αβn.
If a ∈ A, then let

Da = sup

{∣∣∣∣ ∂∂z (Bz(b0, ρ(G(a))(b0))

∣∣∣∣ ∣∣∣ z = ξρ(ω(x)) and x1 = a

}
,

so

sup{|τρ(x)− τρ(y)| | x, y ∈ [a, x2, . . . , xn]} ≤ DaCA
βe−αβn.

However, the best general estimate one can have on on Da is O(r(a)), so we will have to dig a
little deeper.
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We again work in the upper half-space model, and assume that r(a) ≥ 2, G(a) = wsga where
s = r(a) − 2 and normalize as before so that ρ(w)(z) = z + 1. We then map the limit set into

the boundary of the upper-half space model by setting ξ̂ρ = τ ◦ ξρ where τ takes the Poincaré
ball model to the upper half-space model and takes the fixed point of ρ(w) to ∞. Notice that τ
is Kw-bilipschitz on τ−1(B(0, eLcw)). Therefore, if x, y ∈ [a, x2, . . . , xn], then

|ξ̂ρ(x)− ξ̂ρ(y)| ≤ KwCA
βe−αβ(n−1)

Moreover, if we work in the ball model, there exists Dw so that∣∣∣∣ ∂∂z (B̂z(b0, ρ(G(a))(b0))

∣∣∣∣ ≤ Dw

if z ∈ ρ(w)s(B(0, eLcw)), so

sup{|τρ(x)− τρ(y)|
∣∣ x, y ∈ [a, x2, . . . , xn]} ≤ KwDwCA

βe−αβ(n−1).

Since there are only finitely many a where r(a) ≤ 1 and only finitely many choices of w, our
bounds are uniform over A and so τρ is locally Hölder continuous.

It remains to check that τρ is eventually positive. Let L be the constant provided by Lemma

2.4. Given x ∈ Σ+, let γn = G(x1) · · ·G(xn), so d(γn(0),
−−−→
0ω(z)) ≤ L for all n. The limit map

ξρ extends to a ρ-equivariant K-bilipschitz embedding Ξρ : H2 → H3 so that Ξρ(0) = b0 (see
Douady-Earle [12]). It follows, from the fellow traveller property for quasi-geodesics in H3, that

there exists a constant M (depending only on K) so that Ξρ(
−−−→
0ω(x)) lies within M of the geodesic

joining
−−−−−−−→
b0ξρ(ω(x)). Therefore,

d(ρ(γn)(b0),
−−−−−−−→
b0ξρ(ω(x))) ≤ KL+M

for all n ∈ N, so ∣∣∣Snτρ(x)− d(b0, G(x1) · · ·G(xn))(b0))
∣∣∣ ≤ 2(KL+M) = Rρ

Since the set
B = {γ ∈ Γ | d(ρ(γ)(b0), b0) ≤ 4(KL+M)}

is finite, there exists N̂ so that if γ has word length at least N̂ (in the generators given S), then

γ does not lie in B. Therefore, if n ≥ N̂ and x ∈ Σ+, then Snτρ(x) > Rρ > 0. Thus, τρ is
eventually positive and our proof is complete. �

Since τρ is eventually positive, one may show, exactly as in Kao [14, Lemma 3.8], that τρ is
cohomologous to a positive function.

Corollary 2.6. If ρ ∈ QC(Γ), there exists a locally Hölder continuous function τ̂ρ and c > 0 so
that τ̂ρ(x) ≥ c for all x ∈ Σ+ and τ̂ρ is cohomologous to τρ.

3. Phase transition analysis

We begin by extending Kao’s phase transition analysis, see Kao [15, Thm. 4.1], which char-
acterizes which linear combinations of a pair of roof functions have finite pressure.

Theorem 3.1. If ρ, η ∈ QC(Γ), t ∈ R and a + b > 0, then P (−t(aτρ + bτη)) is finite if and
only if t > 1

2(a+b) . Moreover, P (−t(aτρ + bτη)) is monotone decreasing and analytic in t on

( 1
2(a+b) ,∞), and

lim
t→ 1

2(a+b)

+
P (−t(aτρ + bτη)) = +∞.
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If, in addition a, b ≥ 0, then
lim
t→∞

P (−t(aτρ + bτη)) = −∞.

Proof. Mauldin and Urbanski [21, Thm 2.1.9] proved that in our setting P (f) is finite if and
only if

Z1(f) =
∑
s∈A

esup{f(x) | x1=s}

converges. Lemma 2.5 implies that

Z1(−t(aτρ + bτη)) ≤ D
∞∑
n=0

e−t(a+b)(2 logn−max{Cρ,Cη})

so P (−t(aτρ + bτη)) converges if t > 1
2(a+b) . Similarly, since r−1(n) is non-empty if n ≥ 1, we

see that

Z1(−t(aτρ + bτη)) ≥
∞∑
n=1

e−t(a+b)(2 logn+max{Cρ,Cη})

so P (−t(aτρ + bτη)) does not converges if t ≤ 1
2(a+b) and

lim
t→ 1

2(a+b)

+
Z1(−t(aτρ + bτη)) = +∞.

It follows from the definition that P (−t(aτρ + bτη)) is monotone decreasing in t and Theorem
2.2 implies that it is analytic in t on ( 1

2(a+b) ,∞). In the proof of [21, Thm. 2.1.9], Mauldin and

Urbanski show that there exist constants q, s,M,m > 0 so that for any locally Hölder continuous
function f , we have

n+s(n−1)∑
i=n

Zi(f) >
e−M+(M−m)n

qn−1
Z1(f)n.

where lim 1
n logZn(f) = P (f). It follows that for all n, there exist A > 0 and n̂ ∈ [n, n+s(n−1)]

such that Zn̂ ≥ AnZ1(f)n, so P (f) ≥ 1
1+sZ1(f)− logA. Therefore,

lim
t→ 1

2(a+b)

+
P (−t(aτρ + bτη)) = +∞.

If a, b ≥ 0 and x ∈ Fixn, then Sn(aτρ + bτη)(x) > 0, so if t > 1, then∑
x∈Fixn | x1=a

eSn(−t(aτρ+bτη))(x) ≤ 1

t

∑
x∈Fixn | x1=a

eSn(−aτρ−bτη)(x)

since ct ≤ 1
t+1c if 0 ≤ c ≤ 1 and t > 1. Therefore, P (−t(aτρ + bτη)) ≤ P (−aτρ − bτη)− log t, so

limt→∞ P (−t(aτρ + bτη)) = −∞. �

4. Entropy and Hausdorff dimension

Theorem 3.1 implies that if ρ ∈ QC(Γ) then there is a unique solution h(ρ) > 1
2 to P (−h(ρ)τρ) = 0.

We will refer to this unique solution h(ρ) as the topological entropy of ρ. Theorem 2.2 and the
implicit function theorem then imply that h(ρ) varies analytically over QC(Γ), generalizing a
result of Ruelle [27] in the convex cocompact case. Since the entropy h(ρ) is invariant under
conjugation, we obtain analyticity of entropy over QF (S).

Theorem 4.1. If S is a compact hyperbolic surface with non-empty boundary, then the topolog-
ical entropy varies analytically over QF (S).
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Sullivan [35] showed that the topological entropy h(ρ) agrees with the Hausdorff dimension
of the limit set Λ(ρ(Γ)) and the exponential growth rate of the number of closed geodesics of
length less than T in Nρ = H3/ρ(Γ), i.e.

h(ρ) =
1

T
log #{[γ] ∈ [Γ] | `ρ(γ) ≤ T}

where [Γ] is the collection of conjugacy classes in Γ. Sullivan [36] also showed that h(ρ) is the
critical exponent of the Poincaré series

Qρ(s) = lim
γ∈Γ

e−sd(b0,ρ(γ)(b0)),

i.e. Qρ(s) diverges if s < h(ρ) and converges if s > h(ρ).

Theorem 4.2. (Sullivan [35, 36]) If ρ ∈ QC(Γ), then its topological entropy h(ρ) is the expo-
nential growth rate of the number of closed geodesics of length less than T in Nρ = H3/ρ(Γ).
Moreover, h(ρ) is the Hausdorff dimension of the limit set Λ(ρ(Γ)) and the criticial exponent of
the Poincaré series Qρ(s).

Theorems 4.1 and 4.2 together imply that the Hausdorff dimension of the limit set varies
analytically.

Corollary 4.3. The Hausdorff dimension of Λ(ρ(Γ)) varies analytically over QC(Γ).

Remarks: (1) Notice that Theorem 4.8 in Kao [14] immediately generalizes to show that h(ρ)
is the critical exponent of the Poincaré series. Thus one may replace the more Riemannian
approach of Sullivan with a more thermodynamical perspective in this portion of Sullivan’s
result

(2) Bowen [6] showed that if ρ ∈ QF (S) and S is a closed surface, then h(ρ) ≥ 1 with equality
if and only if ρ is Fuchsian. Sullivan [34, p. 66], see also Xie [38], observed that Bowen’s rigidity
result extends to the case when H2/Γ has finite area.

5. Manhattan curves

If ρ, η ∈ QC(Γ), we define, following Burger [10], the Manhattan curve

C(ρ, η) = {(a, b) ∈ D | P (−aτρ − bτη) = 0}
where D = {(a, b) ∈ R2 | a, b ≥ 0 and (a, b) 6= (0, 0)}. Notice that, since the Gurevich pressure
is defined in terms of lengths of closed geodesics, if ρ̂ is conjugate (or complex conjugate) to ρ
and η̂ is conjugate (or complex conjugate) to η, then C(ρ, η) = C(ρ̂, η̂).

One may give an alternative characterization by noticing that P (−abρ − bτη) = 0 if and only
if

δa,b(ρ, η) = lim
1

T
log #{ [γ] ∈ [Γ] | 0 < a`ρ(γ) + b`η(γ) ≤ T} = 1

where [Γ] is the collection of conjugacy classes in Γ. Moreover, δa,b(ρ, η) is also the critical
exponent of

Qa,bρ,η(s) =
∑
γ∈Γ

e−s(ad(0,ρ(γ)(0))+bd(0,η(γ)(0))).

(see Theorem 4.8, Remark 4.9 and Lemma 4.10 in Kao [14]).

Theorem 5.1. If ρ, η ∈ QC(Γ), then C(ρ, η)

(1) is a closed subsegment of an analytic curve,
(2) has endpoints (h(ρ), 0) and (0, h(η)),
(3) and is strictly convex, unless ρ and η are conjugate in Isom(H3).
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Moreover, the tangent line to C(ρ, η) at (h(ρ), 0) has slope

−
∫
τηdm−h(ρ)τρ∫
τρdm−h(ρ)τρ

.

Notice that if ρ and η are conjugate in Isom(H3), then τρ = τη so C(ρ, η) is a straight line.
We will need the following technical result in the proof of Theorem 5.1.

Lemma 5.2. If ρ, η, θ ∈ QC(Γ), 2(a+ b) > 1 and P (−aτρ− bτη) = 0, then there exists a unique
equlibrium state m−aτρ−bτη for −aτρ − bτη and

0 <

∫
Σ+

τθdm−aτρ−bτη < +∞.

Proof. Notice that P (−aτρ − bτη) = 0 and sup(−aτρ − bτη) ≤ |a|Cρ + |b|Cη, so there exists a
unique shift-invariant Gibbs state m−aτρ−bτη for −aτρ − bτη, see Sarig [30, Thm. 4.9]. Recall,
see Mauldin and Urbanski [21, Thm. 2.2.9], that if∫

Σ+

aτρ + bτη dm−aτρ−bτη

is finite, then it is also an equilibrium state for −aτρ− bτη. However, by [21, Lemma 2.2.8], this
is equivalent to ∑

a∈A
inf(aτρ + bτη|[a])e

inf(−aτρ−bτη |[a]) <∞.

But, by Lemma 2.5,∑
a∈A

inf(aτρ + bτη|[a])e
inf(−aτρ−bτη |[a]) ≤ D

∑
n∈N

(|a|Cρ + |b|Cη + 2(a+ b) log n)e|a|Cρ+|b|Cη−2(a+b) logn

= De|a|Cρ+|b|Cη
∑
n∈N

(|a|Cρ + |b|Cη + 2(a+ b) log n)

n2(a+b)

which converges, since 2(a+ b) > 1.
Lemma 2.5 implies that there exists B > 1 so that if n is large enough, then

1

B
≤ τθ(x)

aτρ(x) + bτη(x)
≤ B

for all x ∈ Σ+ so that r(x1) > n. (For example, if log n > 4 max{aCρ+ bCη, Cθ, 1}, then we may
choose B = 8(a + b).) Since τθ is Hölder locally continuous, it is bounded on the remainder of
Σ+. Therefore,

∫
Σ+ τθ dm−aτρ−bτη is also finite.

Now notice that, since τθ is cohomologous to a positive function τ̂θ, by Lemma 2.6,∫
Σ+

τθdm−aτρ−bτη =

∫
Σ+

τ̂θdm−aτρ−bτη > 0.

�

Proof of Theorem 5.1: Corollary 4.2 implies that (h(ρ), 0) and (0, h(η)) are the intersection of
the Manhattan curve with the boundary of D.

Let

D̂ = {(a, b) ∈ R2 |a+ b >
1

2
}.



PRESSURE METRICS FOR DEFORMATION SPACES OF QUASIFUCHSIAN GROUPS 13

Theorem 3.1 implies that P is finite on D̂. Lemma 5.2 implies that if a, b ∈ D̂, then there is an
equilibrium state m−aτρ−bτη for −aτρ−bτη and that

∫
Σ+ τθ dm−aτρ−bτη is finite for all θ ∈ QC(Γ).

Theorem 2.2 then implies that if (a, b) ∈ D̂, then

∂

∂a
P (−aτρ − bτη) =

∫
Σ+

−τρ dm−aτρ−bτη

and
∂

∂b
P (−aτρ − bτη) =

∫
Σ+

−τη dm−aτρ−bτη .

Since
∫

Σ+ −τρ dm−aτρ−bτη and
∫

Σ+ −τη dm−aτρ−bτη are both non-zero, P is a submersion on D̂.
The implicit function theorem then implies that

Ĉ(ρ, η) = {(a, b) ∈ D̂ | P (−aτρ − bτη) = 0}
is an analytic curve and that if (a, b) ∈ C(ρ, η) then the slope of the tangent line to C(ρ, η) at
(a, b) is given by

c(a, b) = −
∫

Σ+ τη dm−aτρ−bτη∫
Σ+ τρ dm−aτρ−bτη

.

Notice that C(ρ, η) is the lower boundary of the region

Ĉ(ρ, η) = {(a, b) | Qa,bρ,η(1) <∞}

The Hölder inequality implies that if (a, b), (c, d) ∈ Ĉ(ρ, η) and t ∈ [0, 1], then

Qta+(1−t)c,tb+(1−t)d
ρ,η ≤ Q(a, b)tQ(c, d)1−t

so Ĉ(ρ, η) is convex. Therefore, C(ρ, η) is convex.
A convex analytic curve is strictly convex if and only if it is not a line, so it remains to show

that ρ and η are conjugate in Isom(H3) if C(ρ, η) is a straight line. So suppose that C(ρ, η) is a

straight line with slope c = −h(ρ)
h(η) . In particular,

h(ρ)

h(η)
= −c = −c(h(ρ), 0) =

∫
Σ+ τηdm−h(ρ)τρ∫
Σ+ τρdm−h(ρ)τρ

= −c(0, h(η)) =

∫
Σ+ τηdm−h(η)τη∫
Σ+ τρdm−h(η)τη

. (1)

By definition,

h(m−h(η)τη)− h(η)

∫
Σ+

τη dm−h(η)τη = 0

so, applying equation (1), we see that

h(m−h(η)τη)− h(ρ)

∫
Σ+

τρ dm−h(η)τη = h(η)

∫
Σ+

τη dm−h(η)τη − h(ρ)

∫
Σ+

τρ dm−h(η)τη = 0.

Since P (−h(ρ)τρ) = 0, this implies that m−h(η)τη is an equilibrium measure for −h(ρ)τρ. There-
fore, by uniqueness of equilibrium measures we see that m−h(η)τη = m−h(η)τρ . Sarig [30, Thm.
4.8] showed that this only happens when −h(ρ)τρ and −h(η)τη are cohomologous, so the Livsic
Theorem [30, Thm. 1.1] (see also Mauldin-Urbanski [21, Thm. 2.2.7]) implies that

`ρ(γ) =
h(η)

h(ρ)
`η(γ)

for all γ ∈ Γ. Kim [17, Th, 3] proved that if `ρ(γ) = c`η(γ) for all γ ∈ Γ, then ρ and η are
conjugate in Isom(H3). So, we have completed the proof. 2

As a nearly immediate corollary one obtains a generalization of the rigidity results of Bishop-
Steger [3] and Burger [10].
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Corollary 5.3. If ρ, η ∈ QC(Γ) and a, b ∈ D, then

δa,b(ρ, η) ≤ ah(ρ)h(η)

ah(ρ) + bh(η)

with equality if and only if ρ and η are conjugate in Isom(H3).

6. Pressure intersection

We define the pressure intersection on QC(Γ)×QC(Γ) given by

I(ρ, η) =

∫
Σ+ τη dm−h(ρ)τρ∫
Σ+ τρ dm−h(ρ)τρ

.

It follows from Lemma 5.2 that I(ρ, η) is well-defined. We also define a renormalized pressure
intersection

J(ρ, η) =
h(η)

h(ρ)
I(ρ, η).

We notice that the pressure intersection and renormalized pressure intersection vary analyti-
cally in ρ and η.

Proposition 6.1. Both I(ρ, η) and J(ρ, η) vary analytically over QC(Γ)×QC(Γ).

Proof. Notice that, by Theorem 3.1, Lemma 2.5 and Theorem 2.2, P = P (−aτρ−bτη) is analytic
on

R = {(ρ, η, (a, b), t) ∈ QC(Γ)×QC(Γ)× D̂}.

Since we observed, in the proof of Theorem 5.1, that the restriction of P to {ρ} × {η} × D̂
is a submersion for all ρ, η ∈ QC(Γ), P itself is a submersion, and V = P−1(0) ∩ R is an
analytic submanifold of R of codimension one. Then −I(ρ, η) is the slope of the tangent line to

V ∩ {(ρ, η) × D̂} at the point (ρ, η, (h(ρ), 0)), so I(ρ, η) is analytic. Theorem 4.1 then implies
that J(ρ, η) is analytic. �

We then obtain the following rigidity theorem as a consequence of Theorem 5.1:

Corollary 6.2. If ρ, η ∈ QC(Γ), then

J(ρ, η) ≥ 1

with equality if and only if ρ and η are conjugate in Isom(H3).

Proof. Recall that the slope c = c(h(ρ), 0) of C(ρ, η) at (h(ρ), 0) is given by

c = −
∫

Σ+ τη dm−h(ρ)τρ∫
Σ+ τρ dm−h(ρ)τρ

= −I(ρ, η).

However, by Theorem 5.1,

c ≤ −h(ρ)

h(η)

with equality if and only if ρ and η are conjugate in Isom(H3). Our corollary follows immediately.
�
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7. The pressure form

We may define an analytic section s : QF (S) → QC(Γ) so that s([ρ]) is an element of the
conjugacy class of ρ. Choose co-prime hyperbolic elements α and β in Γ and let s(ρ) be the
unique element of [ρ] so that s(ρ)(α) has attracting fixed point 0 and repelling fixed point ∞
and s(ρ)(β) has attracting fixed point 1. This will allow us to abuse notation and regard QF (S)
as a subset of QC(Γ).

Following Bridgeman [8] and McMullen [22], we define an analytic pressure form P on the
tangent bundle TQF (S) of QF (S), by letting

PT[ρ]QF (S) = s∗
(

Hess(J(s(ρ)), ·))|Ts(ρ)s(QF (S))

)
which we rewrite with our abuse of notation as:

PTρQF (S) = Hess(J(ρ), ·))

Corollary 6.2 implies that P is non-negative, i.e. P(v, v) ≥ 0 for all v ∈ TQF (S).
Since P is non-negative, we can define a path pseudo-metric on QF (S) by setting

dP(ρ, η) = inf

{∫ 1

0

√
P(γ′(t), γ′(t))dt

}
where the infimum is taken over all smooth paths in QF (S) joining ρ to η.

We now derive a criterion for when a tangent vector is degenerate with respect to P.

Lemma 7.1. If v ∈ TρQF (S), then P(v, v) = 0 if and only if

Dv (h`γ) = 0

for all γ ∈ Γ.

Proof. Let H0 denote the space of pressure zero locally Hölder continuous functions on Σ+. We
have a well-defined Thermodynamic mapping ψ : QF (S) → H0 given by ψ(ρ) = −h(s(ρ))τs(ρ).
Notice that, by Lemma 2.5 and Theorem 4.1, ψ(QF (S)) is a real analytic family.

Suppose that {ρt}t∈(−ε,ε) is an one-parameter analytic family in QF (S) and v = ρ̇0. Then

d2

dt2
J(ρ0, ρt)

∣∣∣
t=0

=
d2

dt2

(∫
Σ+ ψ(ρt) dmψ(ρ0)∫
Σ+ ψ(ρ0) dmψ(ρ0)

)
=

∫
Σ+ ψ̈0 dmψ(ρ0)∫

Σ+ ψ(ρ0) dmψ(ρ0)

where

ψ̈0 =
d2

dt2

∣∣∣
t=0

ψ(ρt).

Theorem 2.2 implies that

0 =
d2

dt2

∣∣∣
t=0

P (ψ(t)) = Var(ψ̇0,mψ(0)) +

∫
Σ+

ψ̈0 dmψ(ρ0)

where

ψ̇0 =
d

dt

∣∣∣
t=0

ψ(ρt),

so

d2

dt2
J(ρ0, ρt)

∣∣∣
t=0

= −
Var(ψ̇0,mψ(0))∫

Σ+ ψ(ρ0) dmψ(ρ0)
.
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Recall, see Sarig [30, Thm. 5.12], that Var(ψ̇0,mψ(0)) = 0 if and only if ψ̇0 is cohomologous
to a constant function C which occurs if and only if∫

γ
ψ̇0 dδγ =

d

dt

∣∣∣
t=0

(∫
γ
ψ(ρt) dδγ

)
=

d

dt

∣∣∣
t=0

(h(ρt)`ρt(γ)) = C

for all γ ∈ Γ. Notice that, by considering γ = id we see that C must be 0. �

8. Main Theorem

We recall that a quasifuchsian representation ρ : Γ → PSL(2,C) is said to be fuchsian if it
is conjugate into PSL(2,R), i.e. there exists A ∈ PSL(2,C) so that Aρ(γ)A−1 ∈ PSL(2,R) for
all γ ∈ Γ. The Fuchsian locus F (S) ⊂ QF (S) is the set of (conjugacy classes of) fuchsian
representations.

We say that v ∈ TρQF (S) is a pure bending vector if v = ∂
∂tρt, ρ0 is fuchisan and ρ−t is the

complex conjugate of ρt for all t. Since the Fuchsian locus F (S) is the fixed point set of the
action of complex conjugation on QF (S) and the collection of pure bending vectors at a point
in F (S) is half-dimensional, one gets a decomposition

TρQF (S) = TρF (S)⊕Bρ
where Bρ is the space of pure bending vectors at ρ. If v is a pure bending vector at ρ ∈ F (S),
then v is tangent to a path obtained by bending ρ by a (signed) angle t along some measured
lamination λ (see Bonahon [5, Section 2] for details).

We are finally ready to show that our pressure form is degenerate only along pure bending
vectors.

Theorem 8.1. If S is a compact hyperbolic surface with non-empty boundary, then the pressure
form P defines an Mod(S)-invariant path metric dP on QF (S) which is an analytic Riemannian
metric except on the Fuchsian locus.

Moreover, if v ∈ Tρ(QF (S)), then P(v, v) = 0 if and only if ρ is fuchsian and v is a pure
bending vector.

Proof. If v is a pure bending vector, then we may write v = ρ̇0 where ρ−t is the complex
conjugate of ρt for all t, so h`γ(ρt) is an even function for all γ ∈ Γ. Therefore, Dvh`γ = 0 for
all γ ∈ Γ, so Lemma 7.1 implies that P(v, v) = 0. We will see, in Corollary 9.4, that the pressure
metric is mapping class group invariant.

Our main work is the following converse:

Proposition 8.2. Suppose that v ∈ TρQF (S). If P(v, v) = 0, then v is a pure bending vector.

Recall, see [9, Lemma 13.1], that if a Riemannian metric on a manifold M is non-degenerate
on the complement of a submanifold N of codimension at least one and the restriction of the
Riemannian metric to TN is non-degenerate, then the associated path pseudo-metric is a metric.
Our theorem then follows from Proposition 8.2 and the fact, established by Kao [15], that P is
non-degenerate on the tangent space to the Fuchsian locus. �

Proof of Proposition 8.2. Now suppose that v ∈ TρQF (S) and P(v, v) = 0. One first observes,
following Bridgeman [8], that since, by Lemma 7.1, Dv (h`γ) = 0 for all γ ∈ Γ,

Dv`γ = k`γ(ρ) (2)

for all γ ∈ Γ, where k = −Dvh
h(ρ) .
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If γ ∈ Γ, then one can locally define analytic functions trγ(ρ) and λγ(ρ) which are the trace
and eigenvalue of largest modulus of (some lift of) ρ(γ). Notice that `γ(ρ) = 2 log |λγ(ρ)|, so we
can express our degeneracy criterion (2) as

Dv log |λγ | = k log |λγ(ρ)| (3)

for all γ ∈ Γ.
We observe that Bridgeman’s Lemma 7.4 [8] goes through nearly immediately in our setting.

We state the portion of his lemma we will need and provide a brief sketch of the proof.

Lemma 8.3. (Bridgeman [8, Lemma 7.4]) If P(v, v) = 0, v ∈ TρQF (S), v 6= 0 and γ ∈ Γ, then
λγ(ρ)2 and trγ(ρ)2 are both real.

Moreover, if Dvtrα 6= 0, then Re
(
Dvλα
λα(ρ)

)
= 0.

Proof. We first show that if Dvtrα 6= 0, then λγ(ρ)2 and trγ(ρ)2 are both real. Since

Dv(trα) = Dvλα

(
λ2
α − 1

λ2
α

)
we may conclude that Dvλα 6= 0. Choose γ ∈ Γ, so that γ is hyperbolic and does not commute

with α. He then normalizes so that (the lift of) ρ(α) =

[
λα 0
0 λ−1

α

]
and (the lift of) ρ(γ) =

[
a b
c d

]
where a, b, c, d are all functions defined on a neighborhood of ρ, such that a and d are non-zero.
He then computes that

log |λαnγ | = n log |λγ |+ log |a|+ Re

(
λ−2n
α

(
ad− 1

a2

))
+O(|λ−4n

α |).

He differentiates this equation and applies equation (3) to conclude that

Re

(
Dvλα
λα(ρ)

(
a(ρ)d(ρ)− 1

a(ρ)2

))
= 0. (4)

A final analysis, which breaks down into the consideration of the cases where the argument of
λ2
α(ρ) is rational or irrational, yields that λα(ρ)2 is real. Since tr2

α = λ2
α + 2 + λ−2

α , we conclude
that tr2

α(ρ) is real.
One may further differentiate the equation

trαnγ = aλnα + dλ−na

to conclude that

lim

(
Dvtrαnγ
nλα(ρ)n

)
=
a(ρ)Dvλα
λα(ρ)

so Dvtrαnγ 6= 0 is non-zero for all large enough n. Therefore, by the above paragraph,

tr2
αnγ(ρ) = a(ρ)2λα(ρ)2n + 2ad(ρ) + d(ρ)2λα(ρ)−2n

is real for all large enough n. Taking limits allows one to conclude that a(ρ)2, d(ρ)2 and

a(ρ)d(ρ) are real. Equation (4) then yields that Re
(
Dvλα
λα(ρ)

)
= 0. This completes the proof

when Dvtrα 6= 0.
Now suppose that Dvtrγ = 0. If γ is parabolic, λγ(ρ)2 = 1 and tr2

γ(ρ) = 4 which are both real,
so we may suppose that γ is hyperbolic. Since there are finitely many elements {α1, . . . , αn} of
Γ so that ρ ∈ QF (S) is determined by {trα1(ρ)2, . . . , trαn(ρ)2}, see [11, Lemma 2.5], and trace
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functions are analytic, there exists α ∈ Γ, so that Dvtrα 6= 0. The above analysis then yields
that a(ρ)2, d(ρ)2 and a(ρ)d(ρ) are all real. Therefore,

trγ(ρ)2 = a(ρ)2 + 2a(ρ)d(ρ) + d(ρ)2 = λγ(ρ)2 + 2 + λγ(ρ)−2

is real. So, we may conclude that λγ(ρ)2 is real in this case as well, which completes the proof. �

Since there exists an element α ∈ Γ so that Dvtrα 6= 0 and

Re

(
Dvλα
λα(ρ)

)
=
Dv|λα|
|λα(ρ)|

= Dv log |λα|,

equation (3) and Lemma 8.3 imply that

k =
Dv log |λα|
log |λα(ρ)|

= 0.

Therefore, Dv`γ = 0 for all γ ∈ Γ.
Notice that since trγ(ρ)2 is real for all γ ∈ Γ, ρ(Γ) lies in a proper (real) Zariski closed subset

of PSL(2,C), so is not Zariski dense. However, since the Zariski closure of ρ(Γ) is a Lie subgroup,
it must be conjugate to a subgroup of either PSL(2,R) or to the index two extension of PSL(2,R)
obtained by appending z → −z. Since ρ is quasifuchsian, its limit set Λ(ρ(Γ)) is a Jordan curve
and no element of ρ(Γ) can exchange the two components of its complement. Therefore, ρ is
Fuchsian.

We can then write v = v1 + v2 where v1 ∈ TρF (S) and v2 is a pure bending vector. Since v2

is a pure bending vector,

0 = Dv`γ = Dv1`γ +Dv2`γ = Dv1`γ

for all γ ∈ Γ. But since v1 ∈ TρF (S) and there are finitely many curves whose length functions
provide analytic parameters for F (S), this implies that v1 = 0. Therefore, v = v2 is a pure
bending vector. 2

9. Patterson-Sullivan measures

In this section, we observe that the equilibrium state m−h(ρ)τρ is a normalized pull-back of the
Patterson-Sullivan measure on Λ(ρ(Γ)). We use this to give a more geometric interpretation of
the pressure intersection of two quasifuchsian representations, and hence a geometric formulation
of the pressure form.

Sullivan [33, 35] generalized Patterson’s construction [23] for Fuchsian groups to define a
probability measure µρ supported on Λ(ρ(Γ)), called the Patterson-Sullivan measure. This
measure satisfies the quasi-invariance property:

dµ(ρ(γ)(z)) = eh(ρ)Bz(b0,ρ(γ)−1(b0))dµρ(z) (5)

for all z ∈ Λ(ρ(Γ)) and γ ∈ Γ. Sullivan showed that µρ is a scalar multiple of the h(ρ)-dimensional
Hausdorff measure on ∂H3 (with respect to the metric obtained from its identification with
T 1
b0

(H3)).

Let µ̂ρ = (ξρ ◦ ω)∗µρ be the pull-back of the Patterson-Sullivan measure to Σ+. Our normal-
ization will involve the Gromov product, which is defined to be

〈z, w〉b0 =
1

2

(
Bz(b0, p) +Bw(b0, p)

)
(6)
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for any pair z and w of distinct points in ∂H3, where p is some (any) point on the geodesic
joining z to w. One may check that for all α ∈ ρ(Γ) and z, w ∈ Λ(ρ(Γ)) we have

〈α(z), α(w)〉b0 = 〈z, w〉b0 −
1

2

(
Bz(b0, α

−1(b0)) +Bw(b0, α
−1(b0))

)
.

If x ∈ Σ+, let

Λ(ρ(Γ))x = {ξρ(ω(y−)) |y ∈ Σ, y+ = x},

where y− = (y−1
1−i)i∈N. Let Hρ : Σ+ → (0,∞) be defined by

Hρ(x) =

∫
Λ(ρ(Γ))x

e2h(ρ)〈ξρ(ω(x)),z〉b0 dµρ(z).

Notice that Hρ(x) is finite, for all x, since Λ(ρ(Γ))x is disjoint from ξρ(Ix) where Ix is the compo-

nent of ∂H2 − ∂D0 containing ω(x), so e2h(ρ)〈ξρ(ω(x)),z〉b0 is bounded on Λ(ρ(Γ))x. Furthermore,
each Λ(ρ(Γ))x is open in Λ(ρ(Γ)) and there are only finitely many different sets which arise as
Λ(ρ(Γ))x for some x ∈ Σ+. Therefore, Hρ is continuous and bounded below by some positive
constant.

We now show that Hρ is the normalization of the pull-back µ̂ρ of Patterson-Sullivan measure
which gives the equilibrium measure for −h(ρ)τρ.

Proposition 9.1. If S is a compact surface with non-empty boundary and ρ ∈ QF (S), then the
equilibrium state of −h(ρ)τρ on Σ+ is a scalar multiple of Hρ µ̂ρ.

Proof. Let α(ρ, x) = ρ(G(x1))−1 and notice that

α(ρ, x)(ξρ(ω(x))) = ξρ(ω(σ(x))) and α(ρ, x)(Λ(ρ(Γ))x) = Λ(ρ(Γ))σ(x).

The quasi-invariance of Patterson-Sullivan measure implies that

dµ̂(σ(y))

dµ̂(y)
=
dµρ (α(ρ, x)(ξρ(ω(y)))

dµρ(ξρ(ω(y))
= eh(ρ)B(ξρ(ω)(y))(b0,α(ρ,x)−1(b0)).

We first check that Hρ µ̂ρ is shift invariant.

Hρ(σ(x))dµ̂ρ(σ(x)) =

(∫
Λ(ρ(Γ))σ(x)

e2h(ρ)<ξρ(ω(σ(x))),w>dµρ(w)

)
dµρ(ξρ(ω(σ(x)))

=

(∫
Λ(ρ(Γ))σ(x)

e2h(ρ)<α(ρ,x)(ξρ(ω(x)),α(ρ,x)(v)>dµρ(α(ρ, x)(v))

)
dµρ(α(ρ, x)(ξρ(ω(x)))

=

(∫
Λ(ρ(Γ))x

e2h(ρ)<ξρ(ω(x)),v>e
−h(ρ)

(
Bξρ(ω(x))(b0,α(ρ,x)−1(b0)+Bv(b0,α(ρ,x)−1(b0))

)
eh(ρ)Bv(b0,α(ρ,x)−1(b0))dµρ(v)

)
·

e
h(ρ)Bξρ(ω(x))(b0,α(ρ,x)−1(b0))

dµρ(ξρ(ω(x)))

=

(∫
Λ(ρ(Γ))x

e2h(ρ)<ξρ(ω(x)),v>dµρ(v)

)
dµρ(ξρ(ω(x)))

= Hρ(x)dµ̂ρ(x)

So Hρ µ̂ρ is shift invariant.
Now we check that µ̂ρ is a (scalar multiple of a) Gibbs state for −h(ρ)τρ. We recall, from [21,

Theorem 2.3.3], that it suffices to check that µ̂ρ is an eigenmeasure for the dual of the transfer
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operator L−h(ρ)τρ . If g : Σ+ → R is bounded and continuous, then∫
Σ+

L−h(ρ)τρ(g)(x) dµ̂ρ(x) =

∫
Σ+

 ∑
y∈σ−1(x)

e−h(ρ)τρ(y)g(y)

 dµ̂ρ(x)

=

∫
Σ+

(
e−h(ρ)τρ(y)g(y)

)
dµ̂ρ(σ(y))

=

∫
Σ+

g(y) dµ̂ρ(y)

Therefore, µ̂ρ is a (scalar multiple of a) Gibbs state for −h(ρ)τρ.
Finally, we observe that Hρ is bounded above. If p is a vertex of D0, then, as in the remark

after Lemma 2.4, there exists a neighborhood Up of p, so that if ω(x) ∈ Up, then there exists
w ∈ C∗, so that x1 = (b, ωs, w1, . . . , wk−1, c) for some s ≥ 2. Recall that we require that b 6= w2N

and c 6= wk. Observe that w1 is the face pairing of the edge of D0 associated to Ix and
that w2N is the face-pairing associated to the other edge Eb of ∂D0 which ends at p. So, if
Ib is the interval in ∂H2 − ∂D0 bounded by Eb, then Λ(ρ(Γ))x is disjoint from ξρ(Ix ∪ Ib).
Therefore, Hρ is uniformly bounded on ω−1(Up) (since e2h(ρ)〈ξρ(ω(x)),z〉b0 is uniformly bounded
for all z ∈ Λ(ρ(Γ))x ⊂ Λ(ρ(Γ))−ξρ(Ib∪Ix)). However, D0 has finitely many vertices {p1, . . . , pn}
and Hρ is clearly bounded above if ω(x) ∈ ∂H2−

⋃
Upi (since again e2h(ρ)〈ξρ(ω(x)),z〉b0 is uniformly

bounded for all z ∈ Λ(ρ(Γ))x ⊂ Λ(ρ(Γ))− Ix). Therefore, Hρ is bounded above on Σ+.
Since every multiple of a Gibbs state for −h(ρ)τρ by a continuous function which is bounded

between positive constants is also a (scalar multiple of a) Gibbs state for −h(ρ)τρ (see [21,
Remark 2.2.1]), we see that Hρ µ̂ρ is a shift invariant Gibbs state and hence an equilibrium
measure for −h(ρ)τρ (see [21, Theorem 2.2.9]). �

If ρ ∈ QC(Γ), let Nρ = H3/ρ(Γ) be the quasifuchsian 3-manifold and let T 1(Nρ)
nw denote

the non-wandering portion of its geodesic flow. The Hopf parameterization provides a homeo-
morphism

H : T 1(Nρ)
nw → Ω =

((
Λ(ρ(Γ))× Λ(ρ(Γ))−∆

)
× R

)
/Γ

Let

Στ̂ρ = {(x, t) : x ∈ Σ, 0 ≤ t 6 τ̂ρ(x+)}/ ∼
(where (x, τρ(x

+)) ∼ (σ(x), 0)) be the suspension flow over Σ with roof function τ̂ρ. Recall that
τ̂ρ : Σ+ → (0,∞) is a positive function cohomologous to τρ.

The Stadlbauer-Ledrappier-Sarig coding map ω for Σ+ extends to a continous injective coding
map

ω̂ : Σ→ Λ(Γ)× Λ(Γ)

given by ω̂(x) = (ω(x+), ω(x−)) where x+ = (xi)i∈N and x− = (x−1
1−i)i∈N. One then has a

continuous injective map

κ : Στ̂ρ → Ω

which is the quotient of the map κ̃ : Σ× R→
(
Λ(ρ(Γ))× Λ(ρ(Γ))−∆

)
× R given by

κ̃(x, t) =
(
(ξρ × ξρ)ω̂(x), t

)
.

(The image of κ is the complement of all flow lines which do not exit cusps of Nρ and has full
measure in Ω.) The map κ conjugates the suspension flow to the geodesic flow on its image i.e.
κ ◦ φt = φt ◦ κ for all t ∈ R on κ(Στ̂ρ).
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The Bowen-Margulis-Sullivan measure mρ
BM on Ω can be described by its lift to Ω̃ which is

given by

m̃ρ
BM (z, w, t) = e2h(ρ)〈z,w〉b0dµρ(z)dµρ(w)dt.

The Bowen-Margulis-Sullivan measure mρ
BM is finite and ergodic (see Sullivan [35, Theorem

3]) and equidistributed on closed geodesics (see Roblin [26, Théorèm 5.1.1] or Paulin-Pollicott-
Schapira [24, Theorem 9.11].)

Corollary 9.2. Suppose that F : (Σ+)τ̂ρ → R is a bounded continuous function and F̂ : Στ̂ρ → R
is given by F̂ (x, t) = F (x+, t). Then∫

Ω F̂ ◦ κ
−1 dmρ

BM∫
Ω dmρ

BM

=

∫
Σ+

(∫ τ̂ρ(x+)
0 F (x, t) dt

)
dm−h(ρ)τρ∫

Σ+ τρ(x+) dm−h(ρ)τ̂ρ

.

Proof. Let

R̂ = {(ω̂(x), t) ∈ Λ(ρ(Γ))× Λ(ρ(Γ))× R | x ∈ Σ, t ∈ [0, τ̂ρ(x
+)]}

be a fundamental domain for the action of Γ on
(
Λ(ρ(Γ))× Λ(ρ(Γ))−∆

)
× R and let

R = {(ω(x+), t) ∈ Λ(ρ(Γ))× R | x+ ∈ Σ+ ∈ [0, τ̂ρ(x
+)]}.

By Proposition 9.1, we have∫
Ω
F̂ ◦ κ−1 dmρ

BM =

∫
R̂
F̂ ◦ κ−1eh(ρ)2〈z,w〉b0dµρ(z)dµρ(w)dt

=

∫
R
F (ω−1(z), t)

(∫
Λ(ρ(Γ))

eh(ρ)2〈z,w〉b0dµρ(w)

)
dµρ(z)dt

=

∫
R
F (ω−1(z), t))Hρ(z)dµρ(z)dt

=

∫
Λ(ρ(Γ))

(∫ τ̂ρ(ω−1(z))

0
F (ω−1(z), t))dt

)
Hρ(z)dµρ(z)

=

∫
Σ+

(∫ τ̂ρ(x+)

0
F (x+, t)dt

)
dm−h(ρ)τρ(x+)

In particular, if we consider F ≡ 1, then we see that

||dmρ
BM || =

∫
Ω
dmρ

BM =

∫
Σ+

(∫ τ̂ρ(x+)

0
dt

)
dm−h(ρ)τρ(x+) =

∫
Σ+

τρ(x
+) dm−h(ρ)τρ

so our result follows. �

Let

µT (ρ) =
1

|RT (ρ)|
∑

[γ]∈RT (ρ)

δ[γ]

`ρ(γ)

where δ[γ] is the Dirac measure on the closed orbit associated to [γ] and

RT (ρ) = {[γ] ∈ [π1(S)] | `ρ(γ) ≤ T}.
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(If γ = βn for n > 1 and β is indivisible, then
δ[γ]

`ρ(γ) =
nδ[β]

`ρ(βn) =
δ[β]

`ρ(β) .) Since the Bowen-Margulis

measure mρ
BM is equidistributed on closed geodesics, {µT (ρ)} converges to

mρBM
||mρBM ||

weakly (in

the dual to the space of bounded continuous functions) as T →∞.
We finally obtain the promised geometric form for the pressure intersection. We may thus

think of the pressure intersection, in the spirit of Thurston, as the Hessian of the length of a
random geodesic.

Theorem 9.3. Suppose that S is a compact surface with non-empty boundary, X = H2/Γ is a

finite area surface homeomorphic to the interior of S and ρ ∈ QF (S). If {γn} ⊂ Γ and
{
δρ(γn)

`ρ(γn)

}
converges weakly to

mρBM
||mρBM ||

, then

I(ρ, η) = lim
n→∞

`η(γn)

`ρ(γn)
.

Moreover,

I(ρ, η) = lim
T→∞

1

|RT (ρ)|
∑

[γ]∈RT (ρ)

`η(γ)

`ρ(γ)
.

Proof. Let {Γn} be a sequence of finite collections of elements of [Γ] so that
{
µ(Γn) = 1

|Γn|
∑

[γ]∈Γn

δ[γ]

`ρ(γ)

}
converges weakly to

mρBM
||mρBM ||

. As in [15, Definition 3.9], consider the bounded continuous function

ψ : Στ̂ρ → R given by

ψ(x, t) 7−→ τ̂η(x)

τ̂ρ(x)
f

(
t

τ̂ρ(x)

)
for all t ∈ [0, τ̂ρ(x)]

where f : [0, 1]→ R is a smooth function such that f(0) = f(1) = 0, f(t) > 0 for 0 < t < 1 and∫ 1
0 f(t)dt = 1. Then, ∫

Ω
ψ̂ ◦ κ−1dµ(Γn) =

1

|Γn|
∑

[γ]∈Γn

`η(γ)

`ρ(γ)

where ψ̂(x, t) = ψ(x+, t) for all x ∈ Σ. So, by Corollary 9.2,
{
`η(γn)
`ρ(γn)

}
converges to

∫
Ω ψ̂ ◦ κ

−1 dmρ
BM

||mρ
BM ||

=

∫
Σ+

τ̂η(x)
τ̂ρ(x)

(∫ τ̂ρ(x)
0 f

(
t

τ̂ρ(x)

)
dt
)
dm−h(ρ)τρ∫

Σ+ τ̂ρ(x) dm−h(ρ)τρ

=

∫
Σ+ τ̂η dm−h(ρ)τρ∫
Σ+ τ̂ρ dm−h(ρ)τρ

=

∫
Σ+ τη dm−h(ρ)τρ∫
Σ+ τρ dm−h(ρ)τρ

which completes the proof. �

As a consequence, we obtain a geometric presentation of the pressure form which allows us
to easily see that the pressure metric is mapping class group invariant.

Corollary 9.4. If S is a compact surface with non-empty boundary and ρ0 ∈ QF (S), then

P|Tρ0QF (S) = Hess(J(ρ0, ρ)) = Hess

 h(ρ)

h(ρ0)
lim
T→∞

1

|RT (ρ0)|
∑

[γ]∈RT (ρ0)

`ρ(γ)

`ρ0(γ)

 .

Moreover, the pressure metric is mapping class group invariant.
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Proof. The expression for the pressure form follows immediately from the definition and Theorem
9.3. Now observe that if φ ∈ Mod(S) and ρ ∈ QF (S), then φ(ρ) = ρ◦φ∗, so `ρ(γ) = `φ(ρ)(φ∗(γ)).
Therefore, RT (φ(ρ)) = φ∗(RT (ρ)), so |RT (ρ)| = |RT (φ(ρ))| for all T which implies that h(ρ) =
h(φ(ρ)). We can also check that

I(ρ0, ρ) = lim
T→∞

1

|RT (ρ0)|
∑

[γ]∈RT (ρ0)

`ρ(γ)

`ρ0(γ)

= lim
T→∞

1

|RT (ρ0)|
∑

[γ]∈RT (ρ)

`φ(ρ)(φ∗(γ))

`φ(ρ0)(φ∗(γ))

= lim
T→∞

1

|RT (φ(ρ0))|
∑

[γ]∈RT (φ(ρ0))

`φ(ρ)(γ)

`φ(ρ0)(γ)

= I(φ(ρ0), φ(ρ))

Therefore, J(ρ0, ρ) = J(φ(ρ0), φ(ρ)) for all φ ∈ Mod(S) and ρ0, ρ ∈ QF (S), so the renormlized
pressure intersection is mapping class group invariant, so the pressure metric is mapping class
group invariant. �
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