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Abstract. Given a hyperbolic domain Ω, the nearest point retraction is a conformally
natural homotopy equivalence from Ω to the boundary Dome(Ω) of the convex core of its
complement. Marden and Markovic showed that if Ω is uniformly perfect, then there exists
a conformally natural quasiconformal map from Ω to Dome(Ω) which admits a bounded
homotopy to the nearest point retraction. We obtain an explicit upper bound on the
quasiconformal dilatation which depends only on the injectivity radius of the domain.

1. Introduction

If Ω is a hyperbolic domain in the Riemann sphere Ĉ, then the boundary Dome(Ω) of
the convex core of its complement is a hyperbolic surface in its intrinsic metric ([12, 22]).
The nearest point retraction r : Ω → Dome(Ω), which maps a point z ∈ Ω to the unique
point of intersection of the smallest horoball based at z which intersects Dome(Ω), gives
a conformally natural homotopy equivalence. Sullivan [21] (see also [12, 14]) showed that
there exists K0 such that if Ω is simply connected, then r is homotopic to a conformally
natural K0-quasiconformal map. Marden and Markovic [18] showed that if Ω is uniformly
perfect, then there is a conformally natural quasiconformal map from Ω to Dome(Ω) which
admits a bounded homotopy to the nearest point retraction and that the dilatation of the
map may be bounded in terms of the injectivity radius of Ω in the Poincaré metric. (We
recall that Ω is uniformly perfect if and only if there is a non-zero lower bound for the
injectivity radius of Ω in the Poincaré metric.) In this paper, we combine the results of
[6] and the techniques of Epstein-Marden-Markovic [14] to obtain explicit bounds on the
quasiconformal dilatation. We further show that these bounds are close to optimal.

Theorem 1.1. There exists a function M : R+ → R+ such that if Ω ⊂ Ĉ is uniformly
perfect and ν > 0 is a lower bound for its injectivity radius in the Poincaré metric, then
there is a conformally natural M(ν)-quasiconformal map

φ : Ω→ Dome(Ω)

which admits a bounded homotopy to the nearest point retraction r : Ω→ Dome(Ω). More-
over,

M(ν) = 24πemeπ
2/2ν + 12 sinh−1(1) ≤ 1110eπ

2/2ν + 10.58
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where m = cosh−1(e2) ≈ 2.689.

We also obtain a version of our main theorem, where the quasiconformal dilatation is
bounded by the injectivity radius of Dome(Ω). We recall that Ω is uniformly perfect if and
only if there is a positive lower bound for the injectivity radius of Dome(Ω) (see Bridgeman-
Canary [5, Lemmas 8.1 and 9.1]).

Theorem 1.2. There exists a function N : R+ → R+ such that if Ω ⊂ Ĉ is uniformly
perfect and ν̂ > 0 is a lower bound for the injectivity radius of Dome(Ω) in its intrinsic
metric, then there is a conformally natural N(ν̂)-quasiconformal map

φ : Ω→ Dome(Ω)

which admits a bounded homotopy to the nearest point retraction r : Ω→ Dome(Ω). More-
over,

N(ν̂) =
12π

ν̂
+ 12 sinh−1(1).

We recall that a map f : Ω → H3 is said to be conformally natural if whenever Γ is a
group of conformal automorphisms of Ĉ which preserve Ω, then

f(γ(z)) = γ(f(z))

for all z ∈ Ω and γ ∈ Γ where on the right-hand side we have extended the conformal
automorphism of Ĉ to the associated isometry of H3.

In a final section, we observe that if Ω(s) is a round annulus of modulus s
2π , then its

minimal injectivity radius is given by ν(s) = π2

s while the minimal injectivity radius of
Dome(Ω(s)) is given by ν̂(s) = π

sinh(s/2) . The minimal quasiconformal dilatation of a quasi-

conformal map from Ω(s) to Dome(Ω(s)) is then given by

K(s) =
π sinh(s/2)

s
≈ ν(s)eπ

2/2ν(s)

2π
≈ π2

2ν̂(s) log(1/ν̂(s))

(where the approximations hold as s → ∞). These examples indicate that our estimates
“almost” have the correct asymptotic form.

If N = H3/Γ is a hyperbolic 3-manifold, we let Ω(Γ) be the largest open set in Ĉ which Γ
acts properly discontinuously on and consider the conformal boundary ∂cN = Ω(Γ)/Γ. We
will assume that Γ is not virtually abelian, which guarantees that Ω(Γ) is hyperbolic. The

convex core C(N) of N is the quotient CH(Ĉ−Ω(Γ))/Γ where CH(Ĉ−Ω(Γ)) denotes the

convex hull in H3 of Ĉ− Ω(Γ). Then

Dome(Ω(Γ)) = ∂CH(Ĉ− Ω(Γ))

and the nearest point retraction r : Ω(Γ) → Dome(Ω(Γ)) descends to a homotopy equiva-
lence

r̄ : ∂cN → ∂C(N).

If Ω(Γ) is uniformly perfect, the conformally natural quasiconformal map φ : Ω(Γ)→ Dome(Ω(Γ))
guaranteed by Theorem 1.1 descends to a quasiconformal map

φ̄ : ∂cN → ∂C(N)
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which admits a bounded homotopy to r̄. We recall that Ω(Γ) is uniformly perfect whenever
Γ is finitely generated (see Pommerenke [20]).

Corollary 1.3. If N = H3/Γ is a hyperbolic 3-manifold and ν > 0 is a lower bound for the
injectivity radius of Ω(Γ), then there is a M(ν)-quasiconformal map

φ̄ : ∂cN → ∂C(N)

which admits a bounded homotopy to the nearest point retraction r̄.
Moreover, if ν̂ > 0 is a lower bound for the injectivity radius of Dome(Ω(Γ)), then φ is

N(ν̂)-quasiconformal.

2. Historical Discussion

The investigation of the relationship between the geometry of a domain and the boundary
of the convex core of its complement was initiated by Dennis Sullivan. We take the occasion
of Dennis’ 70th birthday as an excuse to provide a partial tour of results inspired by and/or
related to Sullivan’s Theorem.

Sullivan’s Theorem: ([21]) There exists K0 > 1 such that if N = H3/Γ is a hyperbolic
3-manifold with finitely generated fundamental group and each component of Ω(Γ) is simply
connected, then the nearest point retraction is homotopic to a K0-quasiconformal map

φ : ∂cN → ∂C(N).

Sullivan used his theorem in his exposition of Thurston’s proof that 3-manifolds fibering
over the circle are geometrizable. (In fact, Sullivan only states his theorem in the setting
of quasifuchsian hyperbolic 3-manifolds.) The key issue there was to establish a relation-
ship between the geometry of the conformal boundary and the internal geometry of the
hyperbolic 3-manifold. From this viewpoint, Sullivan’s Theorem may be viewed as a vast
generalization of a fundamental result of Bers.

Bers’ Theorem: ([1, Theorem 3]) Suppose that N = H3/Γ is a hyperbolic 3-manifold with
finitely generated fundamental group and each component of Ω(Γ) is simply connected. If
α is a closed geodesic in ∂cN (in the Poincaré metric) and α∗ is the geodesic in N in the
homotopy class of α, then

lN (α∗) ≤ 2l∂cN (α)

where lN (α∗) denotes the length of α∗ in N and l∂cN (α) denotes the length of α in ∂cN .

Bers also originally stated his result only in the setting of quasifuchsian hyperbolic 3-
manifolds. We note that in many applications, Bers’ result provides all the information
one needs about the relationship between the geometry of the conformal boundary and the
geometry of the hyperbolic 3-manifold.

Another generalization of Bers’ Theorem is provided by Epstein, Marden and Markovic:

Theorem 2.1. (Epstein-Marden-Markovic [13, Theorem 3.1]) If Ω is a simply connected
hyperbolic domain, then the nearest point retraction is 2-Lipschitz.
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Bridgeman [4] showed that the nearest point retraction r̄ : ∂cN → ∂C(N) has a (1 + 2π
log(3))-

Lipschitz homotopy inverse. This paper also introduced the technique of bounding the
total bending along an arc in the boundary of the convex hull which was used in many
subsequent results. Bishop [2, Lemma 8] observed that r is a quasi-isometry with uniform
quasi-isometry constants when Ω is simply connected. Bridgeman and Canary [6] provide
explicit bounds

Theorem 2.2. (Bridgeman-Canary [6]) If Ω is a simply connected hyperbolic domain, then
the nearest point retraction is a (L′, L′0)-quasi-isometry, where L′ ≈ 4.56 and L′0 ≈ 8.05.

Another generalization of Bers’ result is given by the length bounds on curves developed
in the solution of Thurston’s Ending Lamination Conjecture, see [19, 8]. These results
also provide lower bounds on the length of closed geodesics in a quasifuchsian hyperbolic
3-manifold in terms of the geometry of the conformal boundary.

Epstein and Marden [12] published the first complete proof of Sullivan’s Theorem and
noted that its proof can be extended to the setting of simply connected hyperbolic domains
in Ĉ. Moreover, they obtained the first explicit bounds on K0.

Theorem 2.3. (Epstein-Marden [12]) If Ω is a simply connected, hyperbolic domain in Ĉ,
then there exists a conformally natural K0-quasiconformal map

φ : Ω→ Dome(Ω)

which admits a bounded homotopy to the nearest point retraction. Moreover,

K0 ≤ 82.7.

Thurston [24] asked whether or not one could choose K0 = 2. Epstein, Marden and
Markovic [13, 14] showed that that the optimal value of K0 lies between 2.1 and 13.88 (see
also Komori-Matthews [17] for an explicit Kleinian group whose domain of discontinuity
provides a counterexample to Thurston’s K = 2 question). Bishop [3] showed that if one
does not require the quasiconformal map to be conformally natural, then one can bound
the quasiconformal dilatation above by 7.88. Epstein and Markovic [15], showed that even
if one removes the requirement that the quasiconformal map be conformally natural, one
cannot always bound the quasiconformal dilatation above by 2.

The first generalization of Bers’ result to the setting of hyperbolic manifolds where the
domain of discontinuity is not simply connected was provided by:

Theorem 2.4. (Canary [9]) There exists a function R : (0,∞) → (0,∞) such that if
N = H3/Γ is a hyperbolic 3-manifold, ν > 0 is a lower bound for the injectivity radius of
Ω(Γ), and α is a closed geodesic in ∂cN of length l(α), then

lN (α∗) ≤ R(ν)l(α)

where R(ν) = max
{√

2(k + log2),
√

2
(
kν+8πk+2π2

ν

)}
and k = 4 + log(3 + 2

√
2).

Canary [10] later established bounds on lengths of curves in the boundary of the convex
core without assuming that domain of discontinuity was uniformly perfect.
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Theorem 2.5. (Canary [10]) Suppose that N is a hyperbolic 3-manifold and r : ∂cN → ∂C(N)
is the nearest point retraction from its conformal boundary to the boundary of its convex
core. If α is a closed geodesic in the conformal boundary of length L, then

l∂C(N)(r(α)∗) < 45Le
L
2

where l∂C(N)(r(α)∗) denotes the length of the closed geodesic r(α)∗ in the homotopy class
of r(α) in the intrinsic metric on ∂C(N).

Bridgeman and Canary [5] showed that if ν > 0 is a lower bound for the injectivity

radius of Ω(Γ) and Γ is finitely generated, then the nearest point retraction is 2
√

2(k + π2

2ν )-
Lipschitz. Moreover, the nearest point retraction has a P (ν̂)-Lipschitz homotopy inverse
where P (ν̂) ≈ 2π

ν̂ as ν̂ → 0.
Marden and Markovic [18] established the first direct analogue of Sullivan’s Theorem in

the setting of uniformly perfect hyperbolic domains.

Theorem 2.6. (Marden-Markovic [18]) Suppose that Ω is a hyperbolic domain in Ĉ. There
exists a conformally natural quasiconformal map φ : Ω→ Dome(Ω) which admits a bounded
homotopy to the nearest point retraction if and only if Ω is uniformly perfect. Moreover, the
quasiconformal dilatation of φ may be bounded by some function of the injectivity radius of
Ω in the Poincaré metric.

Marden and Markovic also showed that the nearest point retraction is a quasi-isometry if
and only if Ω is uniformly perfect. Again, the quasi-isometry constants depend on a lower
bound for the injectivity radius. However, as their arguments make crucial use of compact-
ness arguments, Marden and Markovic do not find explicit bounds on the quasiconformal
constants or quasi-isometry constants in terms of the injectivity radius.

In an earlier paper [6], we showed:

Theorem 2.7. (Bridgeman-Canary [6]) If Ω is a uniformly perfect, hyperbolic domain in

Ĉ and ν > 0 is a lower bound on its injectivity radius, then the nearest point retraction is

2
√

2(k + π2

2ν )-Lipschitz and is a ((2
√

2)(k + π2

2ν ), L0)-quasi-isometry, where k = 4 + log(3 + 2
√

2)
and L0 ≈ 7.12.

Theorem 2.7 is obtained as a corollary of a result which asserts that if we give any
hyperbolic domain Ω the Thurston metric, then the nearest point retraction is 1-Lipschitz
and a (L,L0)-quasi-isometry where L ≈ 8.49. We also showed that if Ω is uniformly perfect,
r lifts to a quasi-isometry between the universal covers of Ω and Dome(Ω) (see Theorem
3.7). We combined these results with work of Douady-Earle [11] to obtain explicit bounds,
in terms of ν, on the quasiconformal dilatation of the conformally natural map between Ω
and Dome(Ω). However, our earlier bounds were very far from optimal, and the results in
this paper provide a substantial improvement.

3. Background

In this section, we assemble the ingredients of our proof. Section 3.1 reviews the theory
of pleated planes. Section 3.2 recalls basic properties of the nearest point retraction and
uses work of Bridgeman-Canary [6] to give a bound on the “roundness” of the bending
lamination of Dome(Ω). Section 3.3 recalls work of Epstein, Marden, and Markovic [13] on
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complex earthquakes which gives rise to a conformally natural quasiconformal map from Ω
to Dome(Ω) when the roundness of the bending lamination of Dome(Ω) is “small.” Section
3.4 recalls the complex angle scaling maps used by Epstein, Marden, and Markovic [14] to
associate a family of quasiregular maps to a family of complex earthquakes.

3.1. Pleated planes. Throughout this paper we will use the disk model for H2 and identify
∂∞H2 with S1. Let G(H2) be the set of unoriented geodesics on H2. We can identify
G(H2) = (S1 × S1 −∆)/Z2. A geodesic lamination on H2 is a closed subset of G(H2) such
that distinct geodesics in the subset do not intersect. A measured lamination µ on H2 is a
non-negative measure on the space of geodesics G(H2) supported on a geodesic lamination.
The measure µ assigns a measure to any arc transverse to the support by restricting µ to
the set of geodesics that intersect the arc.

In [13], Epstein, Marden and Markovic defined the roundness of a measured lamination
µ to be

||µ|| = sup
C
µ(C)

where the sup is taken over all open geodesic arcs of unit length which are transverse to µ.
In general, if S = H2/Γ is a hyperbolic surface, then a measured lamination µ on S lifts

to a measured lamination µ̃ on H2 and we define the roundness

||µ|| = ||µ̃||.

Of course, ||µ|| can also be defined intrinsically.
Given a measured lamination µ on H2, one can define a convex pleated plane

Pµ : H2 → H3

by fixing a component of the complement of µ and mapping all other components by bending
along the support of µ by an amount given by the transverse measure on µ (see [12, Chapter
3]). The map Pµ is well-defined up to post-composition by an isometry. In the case when
µ is a finite collection of geodesics with discrete measure, Pµ is defined by mapping the
complement of µ isometrically, and bending along each geodesic by the value of the measure
on that geodesic. For the general case, one can define Pµ by considering a sequence {µn}
of finite-leaved laminations converging to µ and letting Pµ be the limit of {Pµn} (see [12,
Theorem 3.11.9]).

Epstein, Marden and Markovic [13] showed that the pleated plane is an embedding when
the roundness is small.

Theorem 3.1. ([13, Theorem 4.2]) There exists a constant

c2 > .73

such that if µ is a measured lamination on H2 and ||µ|| ≤ c2, then Pµ is a bilipschitz
embedding.

Remark: Epstein and Jerrard (see [7]) proved that one can take c2 ≈ .948 in Theorem 3.1.
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3.2. The nearest point retraction and the bending lamination. Let Ω ⊆ S2 be a
hyperbolic domain and let Dome(Ω) be the boundary of the convex hull of Ĉ − Ω. The
nearest point retraction

r : Ω→ Dome(Ω)

is a conformally natural homotopy equivalence which extends continuously to a map from
Ω to Dome(Ω) ∪ ∂Ω which is the identity on ∂Ω. In the special case that Ĉ− Ω lies in

a round circle, CH(Ĉ− Ω) is a subset of a totally geodesic plane in H3 and one defines

Dome(Ω) to be the double of CH(Ĉ− Ω) along its boundary (as a surface in the plane).
(See Epstein-Marden [12, Chapter 1] for an extensive discussion of the basic properties of
the nearest point retraction.)

Thurston [22] observed that the intrinsic metric on Dome(Ω) is a complete hyperbolic
metric. Moreover, he showed that there exists a lamination µ on H2 such that Dome(Ω) =
Pµ(H2) and that Pµ : H2 → Dome(Ω) is a locally isometric covering map. Epstein and
Marden [12, Chapter 1] developed this observation more fully, see especially sections 1.11
and 1.12.

Lemma 3.2. If Ω is a hyperbolic domain, there is a lamination µ on H2 such that Pµ is a
locally isometric covering map with image Dome(Ω).

The lamination µ descends to a lamination µ̂ on Dome(Ω) which is called the bending
lamination of Dome(Ω).

In [5] the authors obtained a bound on the intersection number of a geodesic arc on
Dome(Ω) with the bending lamination. (We note that the result is stated in [5] in the
setting of domains of discontinuity of Kleinian groups, but the proof goes through readily
for general hyperbolic domains, see also [6].) We define F : [0, 2 sinh−1(1))→ (0,∞) and
G : (0,∞)→ [0, 2 sinh−1(1)) by setting

F (x) =
x

2
+ sinh−1

 sinh(x/2)√
1− sinh2(x/2)

 and G(x) = F−1(x).

Proposition 3.3. ([5, Proposition 5.1]) Let Ω ⊂ Ĉ be a hyperbolic domain and let ν̂ : Dome(Ω)→ R
be the injectivity radius function on Dome(Ω). Let µ be the bending lamination on Dome(Ω).
If α : [0, 1)→ Dome(Ω) is a geodesic arc of length l(α) ≤ G(ν̂(α(0)) which is transverse to
µ, then

µ(α) ≤ 2π

Proposition 3.3 may be re-interpreted to give an upper bound on the roundness of the
bending lamination of Dome(Ω) when Ω is uniformly perfect.

Proposition 3.4. Let Ω ⊂ Ĉ be uniformly perfect hyperbolic domain and let ν̂ > 0 be
a lower bound on the injectivity radius of Dome(Ω). If µ is the bending lamination of
Dome(Ω), then

||µ|| ≤ K(ν̂) = 2π

⌈
1

G(ν̂)

⌉
≤ 2π

G(ν̂)
+G(ν̂) <

2π

ν̂
+ 2 sinh−1(1)

where dxe is the least integer greater than or equal to x.



8 MARTIN BRIDGEMAN AND RICHARD D. CANARY

Proof. Since the function G is increasing, Proposition 3.3, implies that if α is a half open
geodesic arc of length at most G(ν̂) which is transverse to µ, then i(µ, α) ≤ 2π. Let
α : [0, 1)→ Dome(Ω) be a unit length geodesic arc which is transverse to µ. We can de-
compose α into d1/G(ν̂)e intervals of length at most G(ν̂). By summing, we see that

i(α, µ) ≤ 2π

⌈
1

G(ν̂)

⌉
= K(ν̂).

Since α was arbitrary, we conclude that

||µ|| ≤ 2π

⌈
1

G(ν̂)

⌉
= K(ν̂).

The final inequality in the statement follows from the facts thatG(x) ≤ x andG(x) < 2 sinh−1(1).
�

In [5] we showed that a lower bound on the injectivity radius of Ω implies an explicit
lower bound on the injectivity radius of Dome(Ω).

Proposition 3.5. ([5, Lemma 8.1]) If Ω ⊂ Ĉ is a uniformly perfect domain and ν is a
lower bound for its injectivity radius, then g(ν) is a lower bound for the injectivity radius
of Dome(Ω), where

g(ν) =
e−me−

π2

2ν

2
and m = cosh−1(e2).

Combining Propositions 3.4 and 3.5 we immediately obtain:

Corollary 3.6. Let Ω be a uniformly perfect hyperbolic domain and let ν > 0 be a lower
bound on the injectivity radius of Ω. If µ is the bending lamination of Dome(Ω), then

||µ|| ≤ K(g(ν)) ≤ 4πeme
π2

2ν + 2 sinh−1(1) ≤ 185e
π2

2ν + 2 sinh−1(1).

In [6] the authors established that, if Ω is uniformly perfect, the nearest point retraction

lifts to a quasi-isometry between the universal cover Ω̃ of Ω and the universal cover ˜Dome(Ω)
of Dome(Ω).

Theorem 3.7. ([6, Theorem 1.5]) Suppose that Ω is a uniformly perfect hyperbolic domain
and ν > 0 is a lower bound for its injectivity radius in the Poincaré metric. Then the
nearest point retraction lifts to a quasi-isometry

r̃ : Ω̃→ ˜Dome(Ω)

between the universal cover of Ω and the universal cover of Dome(Ω) where the quasi-
isometry constants depend only on ν.

3.3. Complex earthquakes. In this section, we recall the definition of a complex earth-
quake associated to a lamination (originally introduced by Epstein-Marden [12].) We then
describe work of Epstein, Marden and Markovic [14] which uses the theory of holomorphic
motions to associate a quasiconformal map to a complex earthquake along a lamination with
“small roundness.” As a consequence, one obtains a conformally natural quasiconformal
map from Ω to Dome(Ω) when the bending lamination of Dome(Ω) has “small roundness.”
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If µ is a measured lamination on H2, one defines the earthquake map Eµ : H2 → H2 by
fixing a component of the complement of µ and (left-)shearing all other components by an
amount given by the measure on µ (see Thurston [23] or Epstein-Marden [12] for careful
discussions). An earthquake map Eµ is continuous except on leaves of µ with discrete
measure (see [14, Section II.3.6]) and extends to a homeomorphism of S1 = ∂H2 (see [23,
Proposition III.1.2.6]). It follows that a measured lamination λ on H2 is mapped to a
well-defined measured lamination Eµ(λ).

Given a measured lamination µ and z = x+ iy ∈ C, we define the complex earthquake

CEz : H2 → H3

to be the result of first earthquaking along xµ and then bending along yExµ(µ) (see Epstein-
Marden [12] for a complete discussion and Epstein-Marden-Markovic [13, Section 4] for a
discussion in this notation). Formally,

CEz = PyExµ(µ) ◦ Exµ.

In [13], Epstein, Marden and Markovic find an open neighborhood T0 of origin such that
if t ∈ T0, the complex earthquake map CEt extends continuously to ∂∞H2 = S1 to define
a map φt : S1 → Ĉ, such that φt(S1) is a Jordan curve bounding a domain Ωt. They also
produce a quasiconformal map Φt : H2 → Ωt.

Let

f(L, x) = min(sinh−1(e|x| sinhL), e|x|/2 sinhL)

and define a domain T0 ⊆ C by

T0 =

{
x+ iy

∣∣∣∣ |y| < c2

df(1, x)e

}
.

Theorem 3.8. ([13, Theorem 4.14]) Let µ be a measured lamination on H2 such that
||µ|| = 1. Then, for t ∈ T0, we have

(1) CEt extends to an embedding φt : S1 → Ĉ which bounds a region Ωt.
(2) If t = x+ iy and y > 0, the bending measure of Dome(Ωt) is yExµ(µ).
(3) There is a quasiconformal map Φt : H2 → Ωt with dilatation Kt given by

Kt ≤
1 + |h(t)|
1− |h(t)|

where h : T0 → H2 is a Riemann map taking 0 to 0.
In particular, Kt ≤ 2 if |t| < 1

3 .

(4) Φt ∪ φt : H2 ∪ S1 → Ĉ is continuous.
(5) If G is a group of Möbius transformations preserving µ, then Φt can be chosen so

that there is a homomorphism ρt : G → Gt where Gt is also a group of Möbius
transformations and

Φt ◦ g = ρt(g) ◦ Φt

for all g ∈ G.

One obtains the following immediate corollary, whose proof we sketch as a warm-up for
the proof of our main result.
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Corollary 3.9. (Epstein-Marden-Markovic [14]) If Ω ⊂ Ĉ is a simply connected, hyperbolic
domain, µ is the bending lamination of Dome(Ω) and ||µ|| < c2, then there is a conformally
natural Kt-quasiconformal map φ : Ω→ Dome(Ω) which admits a bounded homotopy to the
nearest point retraction.

Proof. Let y = ||µ|| and t = iy. Since y ∈ (0, c2), t ∈ T0. Let

Φt : H2 → Ωt

be the Kt-quasiconformal map provided by Theorem 3.8. Theorem 3.8(2) allows us to
conclude that Ωt = Ω, so

φ = Pµ ◦ Φ−1
t : Ω→ Dome(Ω)

is a Kt-quasiconformal map.
Since φ is quasiconformal, it is a quasi-isometry (see, e.g, [16, Theorem 4.3.2]). Since Ω is

a Jordan domain and the nearest point retraction r and φ are quasi-isometries which agree
on ∂Ω, there is a bounded homotopy from φ to r (see, e.g. [16, Proposition 4.3.1]).

Let Γ be a group of Möbius transformations preserving Ω. Then it preserves Dome(Ω),
and hence its bending lamination. We may pull-back the restriction of the action of Γ on
Dome(Ω), via Pµ, to obtain a group Γ′ of conformal automorphisms of H2 which preserve
µ. Theorem 3.8(5) implies that we may choose Φt so that there exists a homomorphism
ρt : Γ′ → Γt so that Φt is ρt-equivariant. One may readily check that Γt must agree with Γ,
since they agree on ∂Ω, and hence that φ is conformally natural. �

3.4. Complex angle scaling. Let µ be a measured lamination on H2 with unit roundness,
i.e. ||µ|| = 1, and let t0 = iy0 be a point in U∩T0. Let Ω0 = Ωt0 be the domain produced by

Theorem 3.8. In [14] Epstein, Marden and Markovic define a map Ψ : U× Ω0 → Ĉ such that

each Ψt = Ψ(t, ·) : Ω0 → Ĉ is a locally injective quasiregular map. We recall that a locally

injective map f : Ω0 → Ĉ is K-quasiregular if f = h ◦ g where g is a K-quasiconformal
homeomorphism and h is locally injective and holomorphic on the image of g. In this
section, we describe their construction and its relevant properties.

A key tool in their construction is the complex angle scaling map defined on crescents.
A crescent C is a region bounded by two circles which intersect transversely. Any crescent
with interior angle θ can be mapped by a Möbius transformation to

Wθ = {z | 0 ≤ arg(z) ≤ θ} .

Given w ∈ C, we define an angle-scaling map on Wθ by setting

Sw(z) = zew arg(z)θ.

If (Im(w) + 1)θ < 2π, then Sw is a quasiconformal homeomorphism onto a crescent with
interior angle (Im(w) + 1)θ. In general, a complex angle scaling map with domain a cres-
cent C with interior angle θ has the form γSwβ for some w where γ and β are Möbius
transformations and β(C) = Wθ.

Let N ⊂ T1(H3) denote the set of unit tangent vectors to geodesic rays
−−−→
r(z)z at the

point r(z) where z ∈ Ω0. Informally, N is the set of normal vectors to Dome(Ω0). Let

ν : Ω0 → N be the obvious homeomorphism. If we let exp+ : T1(H3)→ Ĉ be the exponential



UNIFORMLY PERFECT DOMAINS AND CONVEX HULLS 11

map which takes a vector to the end point of its corresponding infinite geodesic ray, then
exp+|N : N → Ω0 is the inverse to ν (see [14, Lemma 4.9]).

For t ∈ C, they define a map Nt : N → T1(H3) with the property that if p is the basepoint
of a vector n ∈ N and p lies in a gap or on a bending line which does not have an atomic
weight, then Nt(n) is the unique normal vector to the image of CEt which has the correct

orientation. They then define a map Ψt : Ω0 → Ĉ by setting Ψt(z) = exp+ ◦ Nt ◦ ν if
r0(z) lies in a gap or on a bending line which does not have an atomic weight. Otherwise,
r0(z) lies in a crescent r−1

0 (l) in Ω0 which maps to a bending line l with positive measure.

On r−1
0 (l), Ψt is conjugate to the complex angle scaling map Si(t−t0)/t0 . In particular, if

µ(P−1
t0µ

(l)) = θ, t ∈ (0,∞) and tθ < 2π, then Ψt is quasiconformal on r−1
0 (l) and its image

is a crescent of total angle tθ with “endpoints” ∂CEt(l). The map Ψ : U×Ωt0 → Ĉ is then
defined by setting Ψ(t, z) = Ψt(z).

We summarize their results below:

Theorem 3.10. (Epstein-Marden-Markovic [14, Theorem 4.13]) Let µ be a measured lam-
ination on H2 such that ||µ|| = 1 and let t0 = iy0 ∈ U ∩ T0. Then there exists a continuous

map Ψ : U× Ω0 → Ĉ such that

(1) The map Ψt0 = id.

(2) For t ∈ T0, Ψt can be extended continuously to a map ψt : ∂Ω0 → Ĉ so that ψt ◦ φt0 = φt.
(3) For t ∈ U ∩ T0, Ψt is injective and Ψt(Ω0) = Φt(H2) = Ωt.
(4) The map Ψt is a locally injective Lt-quasiregular mapping, where

Lt =
1 + |κ(t)|
1− |κ(t)|

and |κ(t)| =
∣∣∣∣ t− t0t+ t0

∣∣∣∣ .
(5) If G is a group of Möbius transformations preserving Ω0, then there is a homo-

morphism ρt : G → Gt where Gt is also a group of Möbius transformations, such
that

Ψt ◦ g = ρt(g) ◦Ψt

for all g ∈ G.

Remark: The equivariance property (5) is not included in the statement of Theorem
4.13 in [14], but is discussed before the proof of Theorem 6.13 in [14]. It follows readily from
equivariance properties of complex earthquakes and the explicit description of the map Ψ
given above.

4. Bounds on quasiconformal dilatation

We are now ready to prove our main results. We first provide a sketch of the argument.
Given a uniformly perfect domain Ω, there exists a lamination µ so that Pµ : H2 → Dome(Ω)
is a universal covering map. Let µ0 = µ/||µ||. If we choose t0 = iy0 ∈ T0, then Theorem 3.8
provides a Kt0-quasiconformal map Φ0 : H2 → Ω0 = Ωt0 . Let Ψ be the map associated to
µ0 and t0 provided by Theorem 3.10 and let k = ||µ||i. We use the explicit description of Ψ
to check that Ψk is a Lk-quasiregular covering map with image Ω. We check that Ψk ◦ Φ0

descends, under the covering map Pµ, to a Kt0Lk-quasiconformal map f : Dome(Ω)→ Ω.
We then check that φ = f−1 has the desired properties.
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Proof of Theorems 1.1 and 1.2: Let µ̂ be the bending lamination of Dome(Ω). Then µ̂
lifts to give a measured lamination µ on H2. One may normalize so that Pµ : H2 → Dome(Ω)
is a locally isometric, universal covering map (see Lemma 3.2). Let G be the group of
covering transformations of Pµ.

Let k = ||µ||i and define µ0 = 1
|k|µ, so µ = |k|µ0 and ||µ0|| = 1.

Choose t0 = iy0 ∈ U ∩ T0. Theorem 3.8 gives a Kt0-quasiconformal map

Φt0 : H2 → Ωt0

whose image is a Jordan domain Ωt0 . For simplicity, we denote Φ0 = Φt0 and Ω0 = Ωt0 .
Let ρ0 = ρt0 be the homomorphism provided by Theorem 3.8 and let G0 = ρ0(G). Let
r0 : Ω0 → Dome(Ω0) be the nearest point retraction. Notice that

P0 = Pt0µ0 : H2 → Dome(Ω0)

is an isometry which extends continuously to a map φ0 : S1 → Ĉ and that

Φ0 ∪ φ0 : H2 ∪ S1 → Ĉ

is continuous (see Lemma 3.2 and Theorem 3.8). Then

F0 = P0 ◦ Φ−1
0 : Ω0 → Dome(Ω0)

is a conformally natural Kt0-quasiconformal homeomorphism which extends to the identity
on ∂Ω0 (see Corollary 3.9).

Let Ψ : U × Ω0 → Ĉ be the map associated to µ0 and t0 provided by Theorem 3.10.
Consider the map Ψk : Ω0 → Ĉ. Notice that CEk = Pµ. So, by the definition of Ψ, if p lies
in a component of H2 − µ or on a bending line which does not have atomic weight, then
Ψk(r

−1
0 (P0(p)) = r−1(Pµ(p)). Moreover, if l is a leaf with atomic weight, then Ψk restricts to

a quasiconformal homeomorphism from r−1
0 (P0(l)) to r−1(Pµ(l)) given by a complex angle

scaling map between the two crescents.
Therefore, Ψk is a conformally natural, locally injective Lk-quasiregular map with image

Ω. Moreover, Ψk is a topological universal covering map with covering transformations G0.
The composition

F = Ψk ◦ Φ0 : H2 → Ω

is a Kt0Lk-quasiregular universal covering map with covering transformations G. Therefore,
it descends, under the covering map Pµ : H2 → Dome(Ω), to a Kt0Lk-quasiconformal
homeomorphism

f : Dome(Ω)→ Ω.

H2

Pµ

zz

F

��

Φ0

��

P0

$$
Dome(Ω) Dome(Ω0)

Ω

r

OO

Ω0

r0

OO

Ψk

oo
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We claim that f is a homotopy inverse for r and that there is a bounded homotopy
between φ = f−1 and r. Consider the conformal universal covering map p : Ω̃→ Ω of Ω.
Let G̃ denote the group of covering transformations of the universal covering map p. The
quasiregular map F lifts to a quasiconformal map F̃ : H2 → Ω̃ which conjugates the
action of G to the action of G̃. The maps F̃ and Φ0 are quasi-isometries, since they are
quasiconformal (see, e.g. [16, Theorem 4.3.2]).

Let l be a geodesic in H2 which is either disjoint from µ or is a leaf of µ. Let a and b
be the endpoints of l. Then Φ0(l) is a quasigeodesic with endpoints φ0(a) and φ0(b). Let
Al = r−1

0 (P0(l)). Since there is a bounded homotopy between F0 and r0, there is a bounded
Hausdorff distance between Φ0(l) and Al. In particular, Φ0(l) and Al accumulate at the
same endpoints at infinity. By construction

Ψk(Al) = r−1(Pk(l)) = Bl

and Ψk is a complex angle scaling map on Al. Therefore, F (l) is a quasigeodesic which lies
a bounded Hausdorff distance from Bl.

Recall that Pµ : H2 → Dome(Ω) is a locally isometric covering map, so this gives an

explicit identification of the universal cover ˜Dome(Ω) of Dome(Ω) with H2. With this

identification, F̃ : H2 → Ω̃ is a lift of f : Dome(Ω)→ Ω. Fix a leaf l0 of µ. We may then

choose a lift r̃ : Ω̃→ ˜Dome(Ω) = H2 so that r̃(F̃ (l0)) is a quasigeodesic which is a bounded
Hausdorff distance from l0. With this normalization, if l is any geodesic which either lies
in µ or is disjoint from µ, then r̃(F̃ (l)) is a quasigeodesic which is a bounded Hausdorff

distance from l. Since every point in S1 is an endpoint of such a geodesic and r̃ ◦ F̃ is a
quasi-isometry (being a composition of quasi-isometries), we see that r̃ ◦ F̃ extends to the

identity on S1 and the straight-line homotopy between r̃ ◦ F̃ and the identity map on H2

is a bounded homotopy (see, e.g. [16, Proposition 4.3.1]). It follows, since F̃ is a quasi-

isometry and a homeomorphism, that the straight-line homotopy between r̃ and F̃−1 is also
a bounded homotopy. This homotopy descends to give a bounded homotopy between r and
φ = f−1.

Let Γ be the group of conformal automorphisms of Ω. Γ is also a group of conformal
automorphisms of Dome(Ω) which preserves the bending lamination. Let Γ̂ be the group
of all conformal automorphisms of H2 which arise as lifts, under the covering map Pµ,

of restrictions of elements of Γ to Dome(Ω). Notice that G ⊂ Γ̂ and that Γ̂ preserves
µ. Theorems 3.8 and 3.10 insure that we may assume that there exist homomorphisms
ρ0 : Γ̂→ Γ̂0 and ρk : Γ̂0 → Γ̂k so that Φ0 is ρ0-equivariant and Ψk is ρk-equivariant. Notice
that ρ0(G) = G0, ρk(G0) is trivial, ρk(Γ̂0) = Γ, and F : H2 → Ω is (ρk ◦ ρ0)-equivariant.

Since the action of Γ̂ on H2 descends, via Pµ, to the action of Γ on Dome(Ω), it follows that
f , and hence φ, is conformally natural.

Therefore, φ is a conformally natural Kt0Lk-quasiconformal map from Ω to Dome(Ω)
which admits a bounded homotopy to the nearest point retraction. It only remains to check
the claimed bounds on the quasiconformal dilatation.

Theorem 3.10 implies that

Lk =
||µ||
y0

,



14 MARTIN BRIDGEMAN AND RICHARD D. CANARY

so

Kt0Lk =
Kt0

y0
||µ||

We can choose y0 ∈ (0, 1/3) arbitrarily close to 1/3 in which case we can choose Kt0 = 2,
so we may assume that

Kt0Lk ≤ 6||µ||.
Applying Proposition 3.4 and Corollary 3.6, which give bounds on ||µ|| in terms of the

injectivity radii of Ω and Dome(Ω), we obtain

Kt0Lk ≤ 6

(
2π

ν̂
+ 2 sinh−1(1)

)
= N(ν̂)

and

Kt0Lk ≤ 6

(
4πeme

π2

2ν + 2 sinh−1(1)

)
= M(ν).

It follows that φ is M(ν)-quasiconformal and N(ν̂)-quasiconformal as claimed, which com-
pletes the proof. �

5. Round annuli

Let Ω(s) denote the round annulus lying between concentric circles of radius 1 and es > 1
about the origin. Then Ω(s) has conformal modulus s/2π. In the Poincaré metric Ω(s) is
a complete hyperbolic annulus with core curve of length

2π2

s
=

π

mod(Ω(s))

and Dome(Ω(s)) is a complete hyperbolic annulus with core curve of length 2π
sinh( s

2
) . In

particular, Dome(Ω(s)) has modulus

mod(Dome(Ω(s))) = sinh(s/2)/2.

Therefore, the minimal quasiconformal dilatation K(s) of a quasiconformal map between
Ω(s) and Dome(Ω(s)) is given by

K(s) =
π sinh(s/2)

s
.

The injectivity radius bounds are given by

ν(s) = ν(Ω(s)) =
π2

s
and ν̂(s) = ν̂(Ω(s)) =

π

sinh(s/2)
.

Therefore, as s→∞ and ν → 0,

K(s) =
ν(s) sinh( π2

2ν(s))

π
≈ ν(s)e

π2

2ν(s)

2π
= O

(
M(ν(s))

log(M(ν(s)))

)
and

K(s) =
π2

2ν̂(s) sinh−1(π/ν̂(s))
≈ π2

2ν̂(s) log(1/ν̂(s))
= O

(
N(ν̂(s))

log(N(ν̂(s)))

)
.
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