A STRONG CENTRAL LIMIT THEOREM FOR A CLASS OF
RANDOM SURFACES

JOSEPH G. CONLON AND THOMAS SPENCER

ABSTRACT. This paper is concerned with d = 2 dimensional lattice field mod-
els with action V(V¢(-)), where V : R — R is a uniformly convex function.
The fluctuations of the variable ¢(0) — ¢(z) are studied for large |z| via the
generating function given by g(z, ) = ln<e“(¢(0)’¢<z>>>A. In two dimensions
g" (x, ) = 82g(z, 1)/Ou? is proportional to In|z|. The main result of this pa-
per is a uniform bound on ¢’’’ (x, 1) = 83g(x, 1) /Ou? in |z| for a class of convex
V. The proof uses integration by parts following Helffer-Sjostrand and Wit-
ten, and relies on estimates of singular integral operators on weighted Hilbert
spaces.

1. INTRODUCTION.

We shall be interested in probability spaces (£2, F, P) associated with certain Eu-
clidean field theories. These Euclidean field theories are determined by a potential
V : RY — R which is a C? uniformly convex function. Thus the second derivative
V() of V(+) is assumed to satisfy the quadratic form inequality

(1.1) My <V"(2) <Aly, 2= (21,...,24) € RY,

where I is the identity matrix in d dimensions and A, A are positive constants. The
measure P is formally given as

(1.2) P=oxp |- > V(V(b(x)) [] dé(z)/mormalization,
z€Zd z€Zd
where V is the discrete gradient operator acting on fields ¢ : Z¢ — R. In the
case when V(2) = |2]?/2+ aZ}lzl coszj, z € RY the probability measure (1.2)
describes the dual representation of a gas of lattice dipoles with activity a (see [4]).
We denote the adjoint of V by V*. Thus V is a d dimensional column operator
and V* a d dimensional row operator, which act on functions ¢ : Z? — R by

(13)  Vo(z) = (Vig(@),.. Vad(x)), Vip(z) = oz +e;) — d(),
Vip(z) = (Vig(@),.. Vid(z)), Vid(x)=d(x—e) - d(x).
In (1.3) the vector e; € Z? has 1 as the ith coordinate and 0 for the other coordi-

nates, 1 <1 < d. Note that the Hessian of our action in (1.2) is a uniformly elliptic
finite difference operator acting on ¢2(Z<) given by

VVI(VH()V .
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Let Q be the space of all functions ¢ : Z¢ — R and F be the Borel algebra
generated by finite dimensional rectangles {¢ € Q: |p(x;) —a;| <71, i=1,..., N},
z; €2 a; €R, 7, >0, i=1,..,N, N > 1. The d dimensional integer lattice
Z% acts on Q by translation operators 7, : Q — Q, z € Z% where 7,¢(z) =
é(x + z), z € Z%. Translation operators are measurable and satisfy the properties
TeTy = Tuty, To = identity, z,y € Z%. If d > 3 then one can define [5, 6] a unique
ergodic translation invariant probability measure P on (€2, F) corresponding to
(1.2). If we regard (1.2) as a measure on gradient fields w = V¢, then one sees [6]
that the definition (1.2) also yields a unique ergodic translation invariant measure
for all dimensions d > 1. In that case the Borel algebra F is generated by finite
dimensional rectangles for w(-) with the usual gradient constraint that the sum of
w(+) over plaquettes is zero.

Estimates on expectation values (-)q for (2, F,P) can be obtained from the
Brascamp-Lieb inequality [2]. Since by (1.1) we have a uniform lower bound on the
Hessian, this inequality implies that for f : Z¢ — R, with > yeza f(y) =0

(1.4) el e < e |50 0270).

where (-,-) denotes the standard inner product for functions on Z? and A is the
discrete Laplacian on Z?. Note that we have used translation invariance so that
{(¢, f)) = 0. The inequality (1.4) can be written in gradient form: for h : Z¢ — R4
one has

(15) expl(hwla < exp[IAl?/27],

where w(-) = V¢(-) and | - || denotes the L? norm. It follows from (1.4) that the
function g(-,-) defined by

(1.6) (@, 1) = log (@O =6y

satisfies the inequality g(z, ) < Cyu? for some constant Cy provided d > 3. If d =
1,2 then (1.5) implies that g(x, u) < Cy(x)u? where Ca(z) ~ log |z| and Cy(z) ~ |z|
for large |z|. Since in dimension d = 1 the random variables Vé(x), = € Z, are
iid., it is easy to see that in this case g(x,p) = C(p)|z| for a positive constant
C(p) depending only on . In this paper we shall show that the z dependence of
Cs(x) for large |z| is entirely due to the second moment of ¢(z) — ¢(0).

Theorem 1.1. Suppose d = 2 and V : R? — R is C3, satisfies the inequality
(1.1) and [|[V"'()]|co = A1 < 00. If in addition A\/A > 1/2, then there is a positive
constant C' depending only on \, A, such that

3
(1.7 9" o) = PIEI < ony wez, per

Hence we have | g(x, p) — “—;((¢(0) —¢(2)a | < Cudh/6, z¢€Z4.
Remark: If (¢(0) — ¢(z)) is Gaussian then ¢’ (z, ) = 0. Note that in one dimen-
sion, ¢""(z,pu) o |z| unless our distribution is Gaussian. Thus the analog of our
theorem is not valid in one dimension. In this sense, the long range correlation of
the gradient fields in 2D give a stronger CLT.
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The proof of Theorem 1.1 follows from an inequality for the third moment of
¢(0) — ¢(x),

g(@, p)
(1.8) o8 (X = (X)auwul® Youzu, where X =¢(0)— ¢(x),
and (-)o.q,, denotes expectation with respect to the probability measure propor-
tional to

(1.9) e (¢(0)—o(2)) dP(é(+)) ,

with P the translation invariant measure (1.2). If p = 0 and the function V(-) of
(1.2) is symmetric i.e. V(2) = V(—=2), z € RY, then it is easy to see that the third
moment of ¢(0) — ¢(z) is 0. More generally we have the following decay estimate:

Theorem 1.2. Under the assumptions of Theorem 1.1 we have:
(1.10) | {(#(0) = d(2)))a | < OM/[L+ 2], we2Z?,

for some positive a.

Relation to dimers: In two dimensions one can think of ¢(x), x € Z2, as being
the height of a random surface over Z? which fluctuates logarithmically. Theorem
1.1 was motivated by related results for dimer models. The uniform measure on
dimer covers of the square lattice has an associated height function ¢(-) which takes
integer values. Denoting by (-) p the expectation on heights induced by the uniform
measure on dimers, the height fluctuations { (¢(0) — ¢(x))? ) p grow logarithmically
with |z] (see [9, 10] for an introduction to dimers and heights). As in Euclidean
field theory with measure (1.2), one can consider the function g(z, i) defined by

(1.11) g(x, ) = log(er@O =@y r € Z?

but in this case it is interesting to let u be pure imaginary, whereas in Theorem 1.1
p is real. In [13] it is shown that there exists § > 0 such that

2
(112) | g = S(60)~6@))p | < O ¢ €2 peiR, |u| <3,

for some constant C. This implies that (e#(?(0)=¢()), has a power law decay
which is determined only by the variance. Since one also has [9, 10] that

(1.13) {(6(0) = ¢(=)*)p = gloglffl +0(1)  as |z| = oo,

the inequality (1.12) gives rather precise information on the behavior of (e#(¢(0)=¢(=))
for large |z| and small u. The inequality (1.12) for x lying along lattice lines follows
from earlier work [1] on Toeplitz determinants for piecewise smooth symbols. These
results allow for a larger range of § in (1.12) than [13] does. In special cases this
power law decay is related to the spin-spin correlation of an Ising antiferromagent
on a triangular lattice at 0 temperature.

A closely related central limit theorem arises in fluctuations of the number of
eigenvalues of a U(N) matrix belonging to an arc on the circle. The variance of
this number grows logarithmically in N. If we call the corresponding generating
function g(N, ), then for a suitable range of p we have |¢"""(N, u)| < Constant.
One should note that the methods of this paper do not apply to dimer heights or
to U(N) because the integer constraints make the associated action non-convex.
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Note also that if the indicator function of the arc is smoothed out, the logarithmic
growth in NV disappears.

Idea of Proof: The reason that a stronger form of CLT holds in dimension 2 may
be understood as follows: We can express

(1.14) $(0) — ¢(x) = Y Vo(y) - [VGoly) — VGoly — x)] ,

yeZd

where G is the Green’s function of the discrete Laplacian. In 2D the sum of
the gradients is spread out since [VGo(y)| ~ (Jy| + 1)~!. Although this function
is not square summable, it lies in the weighted ¢? space (2 (Z? R?) with weight
w(y) = [14]y[]* for any a < 0. Hence from the theory of singular integral operators
[15] the convolution of VV*Gy(-) with VGy(+) is also in the space % (Z?, R?). This
situation should be contrasted with the case of one dimension where the gradient
has no decay.

In order to implement our argument, which is based on the intuition gained from
(1.14) and the decay of the 2D Green’s function, we use an integration by parts
formula due to Helffer-Sjostrand and Witten [7, 8], and some results on singular
integral operators on weighted spaces. The integration by parts formula can be
stated formally as

(115) {(FL()=(F1) Fa(Nawu = (dF1() [d*d+V V" (V) V] dF2 ()0 -

In (1.15) expectation is with respect to the measure (1.9), and the functions F;(¢4(-))
are differentiable functions of the field ¢ : Z% — R. The operator d is the gradient
operator acting on functions of ¢(+), and d* = —d + VV + uV X, is the adjoint of
d with respect to the measure (1.9). This inequality is explained in more detail in
the following section, and since d*d is nonnegative it implies (1.4). The operator
d*d+ V*V"(Vé(-))V formally acts on functions F(y, ¢(-)). The first term acts as
a differential operator in the field variable ¢(-), and the second term acts as a finite
difference elliptic operator in the lattice index y.

We first prove an L? version of Theorem 1.1 using the integration by parts for-
mula (1.15). This result unfortunately requires the seemingly artificial restriction
A/A > 1/2 on the bounds (1.1). Theorems 1.1 and 1.2 then follow from an exten-
sion of the L? theorem to the corresponding theorem for weighted L? spaces, with
weights which are in the Mockenhaupt As class [15]. The weights can be chosen
arbitrarily close to the constant function in the A5 norm, and so Theorem 1.1 also
holds with the restriction A/A > 1/2. The reason for this is that the norm of a
Calderon-Zygmund operator on an A, weighted space is a continuous function of the
A, norm at the constant. This continuity result does not follow from the standard
proofs [15] of the boundedness of Calderon-Zygmund operators on weighted spaces,
and was proven quite recently [12]. If one however restricts to weights which are
dilation and rotation invariant, continuity follows from the argument in a classical
paper on the subject [14]. The weights considered in this paper are approximately
rotation and dilation invariant.

2. THE L? THEORY

Our main goal in this section will be to establish an L? version of Theorem 1.1.
First we shall state and prove a finite dimensional version of the Helffer-Sjostrand
formula (1.15) which we shall use in the proof.
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Let L be a positive even integer and Q = Qr, C Z¢ be the integer lattice points
in the cube centered at the origin with side of length L. By a periodic function
¢ : Q — R we mean a function ¢ on @ with the property that ¢(z) = ¢(y) for all
x,y € @ such that x —y = Lej, for some k, 1 < k < d. Let Qg be the space of
all periodic functions ¢ : @ — R, whence 2o with Q = @1, can be identified with
RY where N = L?. Let Fq be the Borel algebra for {2 which is generated by the
open sets of RY. For m > 0, we define a probability measure Py ,, on (Qq, Fg) as
follows:

(2.1) (F(-))agm =

Lo, 2 S
/RN F(é(-)exp | — Z {V(V(b(x)) + 5m o(x) } H d¢(x)/normalization ,

zeQ z€EQ

where F: RNV — R is a continuous function such that |F(z)| < Cexp[A|z]], z €
RY, for some constants C, A. Note that ( ¢(z) )a,,m = 0for all 2 € Q. This follows
from the translation invariance of the measure (2.1), upon making the change of
variable ¢(-) — &(-) + ¢, differentiating with respect to ¢ and setting ¢ = 0. We
consider now for p € R and x € @ the probability measure proportional to the
measure

(2.2) e (¢(0)—=o()) dPg.m(9())

on (g, Fo, Po,m), which is analogous to (1.9), and denote expectation with respect
to this measure by (-)aq m.eu- Let F : RY — R be a C! function and dF : RY —
RY be its gradient. For a C! function G : RV — RY the divergence d*G of G
with respect to the measure (2.2) is formally defined from the integration by parts
formula

(2~3) <(G7dF)>QQ;m71;M = <(d*G, F)>QQ7ma$7N :

Lemma 2.1 (Helffer-Sjostrand). Let Fy, Fy be two C* functions on RN such that
for j = 1,2, the inequality |F;(z)| + |DF;(z)| < Cexp[A|z|], = € RN, holds for
some constants C, A. If (F>(-))ag,m,a,u = 0 then there is the identity
(2.4)
(FLOF(O))agman = (dFR(C)dd+V V" (VO()V +m?] T dF2())agmaen -

Proof. We first assume that the Poincaré inequality
(2.5) (F()*) < K(ldF()P*)
holds for the linear space £ of C! functions F : RY — R satisfying |F(2)| +
|IDF(z)| < Cexp[A|z]], z € RV, for some constants C, A and ( F(-) ) = 0. Next
we define the Hilbert space H as the closure of £ under the norm || - || defined by
|F|I> = ( |F(-)|? ). The Hilbert space Hgrqq is defined as the closure of the linear
space {G(-) = dF(-) : F(-) € £ } under the norm |G(-)||? = (|G(")|?).

Since Fy(-) € H, it follows from (2.5) that there exists a solution F5(-) € H with
dF3(-) € Hgraq to the equation

(2.6) d*dF5(-) = F3(+) , implies ( F1(-)F2(:) ) = (dFi(-)dF3(-) ) .

If we assume that Fy(+) is a C1T® function for any o > 0 then elliptic regularity
theory implies that F3(-) is C3. The identity (2.4) follows then from (2.6) by
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observing that
(2.7) dFy(-) = (dd*)dFs(-) = [d*d+ V*V"(Vé(:))V + m?]|dF3(-) .

Note that above we have used the fact that the commutator [d*, d] is the Hessian.

Since C1** functions F(-) € € are dense in H and their gradients dF(-) are
dense in Hgrqd, the result follows provided (2.5) holds.

In order to remove the assumption (2.5) we note that (2.4) implies that (2.5)
holds with K = 1/m?2. Tt is clear then that one can prove the Poincaré inequality
(2.5) by arguing as in the previous paragraph but replacing F3(-) by F3 .(-) where
[d*d + €] F3 () = F»(-) and letting € — 0+. O

Remark: For periodic f: Q — R let gg m(z, 1, f(-)) be defined by
(28) gQ,m(‘Ta 12 f()) = 10g{< exp[u(f, ¢)] >QQ,M} .

Then since gg m(,0, f(+)) = dg9g.m(x,0, f(-))/Ou = 0, and 8?gg m(z, p, f(+))/Ou>
has the form (2.4) with F;(¢(-)) = (f, ¢), one obtains the Brascamp-Lieb inequality

(29) (Bl Oogm < b |3(f A+ m?} )]

which is a finite dimensional version of the inequality (1.4). Evidently the function
g(x, ) of (1.6) corresponds to f(-) = do(-) — 05(-) in (2.8).

The measure (1.2) can be constructed [5, 6] as a limit of measures (2.1) by
letting first Q — Z? and then m — 0. The probability space (2, F, P,,) on fields
¢ : Z¢ — R is obtained as the limit of the spaces (Qq, Fo, Po.m) as |Q| — co. In
particular one has from Lemma 2.2 of [5] the following result:

Proposition 2.1. Assume m > 0 and let F : R¥ — R be a C' function which
satisfies the inequality

(2.10) |DF(z)| < Aexp| B|z| ], =z¢€RF,

for some constants A, B. Then for any x1,....x; € Z%, the limit
(2.11)

lim <F (¢(I1>,¢($2), """ 7¢(zk))>QQﬂn: <F (¢($1)5¢(z2)’ """ ,Qb(xk)»ﬂ,m

|Q|—o00

exists and is finite.

Proposition 2.1 enables us to define via the Helly-Bray theorem [3] the probabil-
ity measure P, on Q) by setting expectation values to be given by the limit (2.11).
Evidently P, is invariant under translations, and from the Brascamp-Lieb inequal-
ity we see that P, is ergodic. One should note that although the measure P,, is
normally written as an exponential times infinite dimensional Lebesgue measure, it
is not even known if the one dimensional variable ¢(x) € R is absolutely continuous
with respect to Lebesgue measure.

The probability space (€2, F, P) on gradient fields w : Z¢ — R is obtained as
the limit of the spaces (2, F, P,) as m — 0. From the proof of Lemma 2.1 of [5]
we have the following result:

Proposition 2.2. Let G : R*® — R be a C! function which satisfies the inequality
(2.12) |G(2)] < Aexp| Blz| ], z¢€ R,
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for some constants A, B. Then for any x1,....xy € Z%, the limit
(2.13) nl}rﬁn()(G (w(z1), w(T2), ooy w(@) )y 2om = (G (W(x1), w(T2), ooy w(Th)) )2

exists and is finite.

Just as with Proposition 2.1, we see that Proposition 2.2 enables us to define
a measure corresponding to (1.2) which is translation invariant and ergodic. In
the case d = 1 the variables w(x), « € Z, are independent with density given by
exp[—V (w(x)) — pw(z)]dw(z)/normalization, where p € R is the unique number
such that the expectation of w(z) is zero. For d > 2 the variables w(x), = € Z4,
are correlated.

Theorem 2.1. Suppose d > 1 and the constants in (1.1) satisfy \/A > 1/2.
Then there is a positive constant C'(\, A) depending only on A\, A such that for any
hi,ha, hs € (2(Z%,R?) and x € Z%, 1 € R,

(2.14)

3
T 005209 = (o] Yonsd < COM It sup, V(O

The proof of Theorem 2.1 depends on a representation for the third moment of
(h,w), which we obtain by applying the Helffer-Sj6strand formula of Lemma 2.1.
We first obtain the representation for a periodic cube in Z% and then show using
Proposition 2.1 and 2.2 that the representation continues to be valid as the cube
increases to Z<.

Let h; : @ — R%, j =1,2,3 be arbitrary periodic functions and define G;(¢())
in terms of them by

(2.15) Gi(0() = [(hi(-), V() = ((h; (). Vo)) agmam] -
Applying (2.4) to the functions F1(¢(-)) = G1(4(-))G2(¢(-)) and F(¢(-)) = G3(é(-))
yields the identity
(2.16)  (G1(e(-)G2(e(-)G3(4()))agman =

(( [GL(6()V7ha(1) + Ga(¢()) V" hi ()], @3(-,6()) )gm.zm »
where ®;(y, ¢(-)), y € Q, &(-) € Qg, j =1,2,3 is the solution to the equation
(2.17) [d*d + V*V"(Vo)V +m?] @;(y,6()) = V'hi(y), y€Q.
Since for each y € @ the expectation ( [G1(¢(-))V*ha(y) + G2(o(-)V hi(y)] )ag,man =
0, we can apply (2.4) again to the RHS of (2.16). Thus we obtain the identity

(2.18)  (G1(8(-))Ga(8(-))Gs(d()) g man =
D ([ @10z 0() VT ha(y) + ®2(2,6() V' hi(y)] dPs(y, 2, 6(-)) Dagme »
y,2€Q
where d®;(y,z,¢(-)), z € @, is the gradient of the function ®;(y, #(-)) which is
the solution to (2.17). Since ®;(-, ¢(-)) itself is the gradient of a function of ¢(-) it

follows that d®;(y, z, ¢(-)) is symmetric in (y, z). Furthermore it is easy to see that
d®,;(y, z,¢(-)) is the solution to the equation

(2.19)

ST AW () [dd+ VIV (Vo) + ViV (VE(2) V. + 2m2] dD;(y, 2, 6()
Y,2€Q
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= = > V"(Vo) Vi), VIa(y), VE,(y,6())],  fr.fe:Q =R,

yeR
where V"' (€)[-, -, -] denotes the symmetric trilinear form which is the third derivative
of V(¢), £ € R Let U(y, z,¢(-)) be the solution to the equation
(2:20)  [d*d+ VyV"(Ve(y)Vy + VIV (VH(2) V= + 2m?] U(y, 2, 6(-))
It follows from (2.18), (2.19), (2.20) that

(221)  (G1(9(-))G2(0(1)G3(¢()))egman =
- Z< V///(v(d)(y))[vllvz\lj(yvzﬁ(b())a vy(b?»(yv(b())] >QQ,m,z,u .
yeQ

Hence we obtain the inequality

(2.22)  [(G1(6(-)G2(9(-))G3(d()))egmaul <

1/2 1/2
SSUFI;’ |VW(§)| { Z < |Vyvz\11(y,z,¢(-))|2 >QQ,7n,x,u} {Z< |vy¢3(y7¢('))‘2 >QQ,m,x,u} .
€R¢ Y,2€Q

yeQ

From (2.17) the second term in curly braces on the RHS of (2.22) is bounded
by ||h3]|/A. Thus to estimate the third moment in terms of the L? norms of the
hj(-), 7 =1,2,3 we need to bound the first term in curly braces.

Lemma 2.2. Let ® : Q x Q x Qg — R? x R? be in L2(Q x Q x Qg, R x RY)
with respect to a probability measure on Qgq, and ¥(y, z, ¢(-)) be the solution to the
equation

(2.23) V., [d*d + V;V”(ngﬁ(y))vy + ViV (Vé(2))V, + 2m2] U(y, z,é(-))
:VZ(I)(va7¢())7 Y,z € Q

Then denoting expectation on Qg by (-), there is a constant C(\, A) depending only
on the constants in (1.1) such that

(2.24) IV VaT(y,2,6()) ) < COVA) Y ([0(y,2,0() )
Y,2€Q Y,2€Q

provided AJA > 1/2. If U(y,z,¢(+)) is an eigenvector of d*d then (2.24) holds for

all X > 0.

Proof. Multiplying (2.23) by U(y, z, ¢(:)) ViV (V$(z)), summing over y, z € @ and
taking expectations, we have the identity

(2.25) > (V. U(y,2,0())V"(V$(2)V.[d*d + 2m* 1 (y, z, 6(-))+

Y,2€Q
{VVy Uy, 2z, ¢() V" (Vo(2)V" (VoY) V-V By, 2, 6())
+ [VIV'(Vo(2)) V¥ (y, 2, 6()])* )

= Y ({VVyU(y, 2, 6()) V" (V(2)®(y, 2, 6(-) )

Y,2€Q
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where * denotes vector adjoint. Note that in (2.25) both ®(y, z, ¢(-)) and V,V, ¥(y, z, ¢(+))
are d” dimensional vectors considered as d x d arrays, with one array entry belong-

ing to the y variable and the other to the z variable. The gradient operation V.,

on ¥(y,z &(-)) generates the z entries and V, the y entries for the array vector
V.V, ¥(y,z ¢(-)). The d x d matrix V" (V¢(y)) acts only on the y entries of the

array vector and similarly V" (V¢(z)) acts only on the z entries. Observing that

the first term on the LHS of (2.25) is non-negative provided ¥(y,z,¢(-)) is an
eigenvector of d*d, we conclude from (2.25) and (1.1) that

(2:26) Y ({V.V,¥(y,2,6()} V.V, ¥(y,2,6()) ) <

Y,2€Q

2
S ({0, 60 (2,000 )

Y,2€Q

To deal with the case when ¥(y, z, ¢(+)) is not an eigenvector of d*d we introduce
an elliptic system. From (1.1) we have that V" (&) = A[I; — b(£)], &€ € R, where
b(-) satisfies the quadratic form inequality 0 < b(-) < (1 — A/A)I;. We consider
the system

(227) V.{ [d"d+ ViV (Vo(y)Vy + AVEV. +2m2] Wiy, 2, 6()

— AV;b(Vo(y)V, Ua(y. . 6()) } = Vy@i(y, 2,6(). 1.2 € Q,

vy{ [d*d+ ViV (V(2)V. + AVV, + 2m?] Ua(y, 2, 6(-))

— AVIB(VO()VaUi(y, 2, 6()) | = Vila(y,2,6()). 9.2 € Q.

Evidently if we set ®; = ®, &3 = 0 in (2.27) then the solution of (2.23) is ¥ =
Uy + Uy, We multiply the first equation of (2.27) by Uy (y, 2, ¢(-)) V%, the second by
Vs (y, 2,6(-))V; and add, then sum over y, 2 € @ and take the expectation. This
yields the inequality

(228) Y ({V-VyUi(y, 2, 0(-)} V" (V) V-V, W1 (y, 2, 6()+

Y,2€Q

{V-Vy¥a(y, 2,6()} V" (V(2)) VoV Ua(y, 2,6() )
=AY (V.Y Uiy, 2, 6()) 1 DVO(Y) VY, Ualy, 2, 6(-))+

Y,2€Q
< Z < {vzqujl(ya Z, ¢(~))}*(I)1(y, Z, (ZS('))"’_{VZV?/\I/Q(Q» Z, (b(-))}*(l)z(y, Z, (b()) > .
Y,2€Q

Assuming now that A/A > 1/2 in (2.28) we obtain similarly to (2.26) the inequality

(229) ST ST VAV, 0005 60 VLT, 0,002 60)) ) <
y,z€Q j=1,2
S XX b)) Bzl )

y,2€Q  j=1,2
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Evidently (2.29) implies (2.24) with a constant C'(A\, A) which diverges as \/A —
1/2. O

Proof of Theorem 2.1. We take ®(y, z, ¢(-)) in (2.23) to be given by

Hence from (2.17) it follows that

(2.31) Y (12,200 ) < R2lAalllhall/A -

Y,2€Q
Now Lemma 2.2 and (2.22) imply that

(2.32) (G1(¢()Ga(¢(-)Gs(¢())) g m.z.ul SEseurlgdIV”’(é)IC(MA)thllllhzllllhsll

provided A/A > 1/2. The result follows from (2.32) and Proposition 2.1, 2.2. O

We show how to generate the solution to (2.27) by means of a converging per-
turbation expansion in b(-). This expansion yields an alternative proof of Lemma
2.2, and we shall use it in §4 to prove Theorem 1.1. Suppose ¥;(y, z, ¢(-)), j = 1,2
are solutions to the equations

(2.33) V. [d*d/A+V;Vy+ ViV, +2m*/A] Ui (y, 2,¢(-) = V@1 (y, 2, (),

Then we write V,V,V; =T;®;, j = 1,2, which defines the operators T}, j =1,2.
Strictly speaking the first equation of (2.33) is soluble only if ®4(y, 2z, ¢(-)) is the
gradient with respect to z of some function. By letting V, act on the equation
however, we see that T7®; is also well defined for non-gradient functions ®;. We
define a matrix operation B(-) on the vector [®1, ®5] by

oo s (530} |-

{b(vfﬁ(y)) b(Vo(y)) } [‘1)1(2/72?,@!5(-)) }
b(Ve(z)) b(Ve(2)) | [Paly,2,¢() |
Note that in (2.34) the d x d matrix b(V¢(y)) acts only on the y entries of
®;(y,2z,¢(-)), j =1,2. Then (2.27) is equivalent to the system

e [Tomasan =l |ead |

o[58 Jposeen TRz .

It is evident that the operator B(-) of (2.34) has L? norm less than 2(1—\/A). Since
the operators T;, j = 1,2 defined by (2.33) have norm less than 1, the Neumann
series for the solution of (2.35) converges in L*(Q x Q x Qg, R¢x R%) if A\/A > 1/2.

The solution of (2.17) can also be generated by a converging perturbation ex-
pansion in b(-) in the usual way. Thus let U(y, ¢(-)) be the solution to the equation

(2.36) [d*d/A+ V'V +m?/A] U(y, 6(-) = V*O(y,9(), ye€Q.

Then we write V¥ = T'® which defines the operator T. Equation (2.17) is equiva-
lent to

(2.37) VU(y,6()) = AT'TP(y,6()) + Tb(V(y))VE(y, ¢()] ,
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with ®(y,¢(-)) = h;(y), y € Q. Since the operator T' has norm which does not
exceed 1, the Neumann series for the solution of (2.37) converges for any \/A > 0
in L2(Q x Qg, R?) with measure (2.2) on Q.

3. WEIGHTED NORM INEQUALITIES ON /2 SPACES

In this section we prove the weighted norm inequalities on 2 spaces which we
shall need to prove Theorem 1.1. For a positive periodic function w : @ — R the
associated weighted space £2(Q,R?) is all periodic functions h : Q — R? with
norm ||A||,, defined by

(3.1) IRl% = > wy)h@y)f -
yeQ

Consider now for p > 0 the operator T}, on periodic functions h : Q — R¢ defined
by T,h = V¥, where ¥ : ) — R is the solution to the equation

(3.2) V'V +p]¥(y) = V'h(y), ye@.
Let G,(y), y € Z¢, be the Green’s function for the discrete Laplacian on Z<,
(3.3) V"V + plG(y) = 8(y), yez.

Thus we have that

(34) [VGo(y)l < C/M+ 1y [VVG,(y)l < C/IL+yll",
IVVV*Gyo(y)l < C/[L+y*, yez? p>0,

for some constant C' depending only on d. The corresponding periodic Green’s
function for the cube @ with side of length L is

(3.5) Goaly) = D Goly+1Ly) .
y'€Zd

In order to estimate the periodic Green’s function we need in addition to (3.4) the
inequalities
(3.6)

Y VG y+Ly) | < C/L Y VVGy+Ly) | < C/LY, yeQ, p>0,
y'€z¢—{0} y'€Z4—{0}
which hold for a constant C' depending only on d. Note that the sums in (3.6) are

not absolutely convergent uniformly for p > 0. The operator T}, of (3.2) is explicitly
given by the formula

(3.7) Toh(y) = Y VV'Goqly—y)h(y) ,

y'eQ
where G o(+) is the function (3.5). The inequalities (3.4), (3.6) therefore yield an
estimate on the kernel of T),, which is independent of p > 0.

Proposition 3.1. Let w : Q@ — R be given by w(y) = [1 + |y|]¥, y € @, where
la| < d. Then T, is bounded on (2,(Q,R?) for p >0, and ||T,|lw < 1+ C:|a| where
the constant C. depends only on d and any e < d — |a].
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Proof. Adapting the methods of Chapter V of [15] to the periodic lattice, it is clear
in view of the inequalities (3.4), (3.6) that the result holds for d/2 < |a| < d. Now
we apply the interpolation theorem [16] as in [12] to obtain the inequality for ||7), ||,
when |a| is small. O

Next we consider operators on weighted function spaces of two variables. For a
positive periodic function w : @ x Q@ — R the associated weighted space £2,(Q x
Q,R? x R?) is all periodic functions h : Q x Q — R? x R? with norm ||h||,, defined
by

(3.8) IRl = Y wy,2)lhy, ) .

(¥,2)€Q%Q
Let T, ® I be the operator on 2 (Q x Q,R? x R%) which acts by the operator T,
defined by (3.2) on the y variable of a function h(y, z) and by the identity on the 2z
variable.

Proposition 3.2. Let w : Q X Q@ — R be given by w(y,z) = [1 + |y|]*[1 +
v(z,9))?, (y,2) € Q x Q, where (z,y) is the shortest distance from z to y on
the periodic cube Q. Then if |a| < d, B| < d the operator T, ® I is bounded on
2 (QxQ,R¥xR?) for p>0, and | T, @1y, < 1+C:[|a| +|B|] where the constant
C. depends only on d and any ¢ < min{[d — |«|], [d — |5]]}-

Proof. Same as for Proposition 3.1. O

For p > 0 let 11 , be the operator on periodic functions b : Q x Q — R¢ x R?
defined by T ,h = V.V, ¥, where ¥ : () x () — R is the solution to the equation

(3.9) Vo [ViVy + ViVo +p] ¥(y, 2) = Vyh(y,2), (y,2) €QxQ.

Let G,(y,2), y,z € Z%, be the Green’s function for the discrete Laplacian on Z2¢
defined as in (3.3), and G, oxq(y,2), ¥,z € @, be the corresponding periodic
Green’s function for the cube @ x @ defined as in (3.5). The operator T , is
explicitly given by the formula

(810)  Tihw2) = Y. VViGhowoly—y.z—2) h(y.7) .
(y',2)EQXQ

In (3.10) the row vector V;G, q(y — y',2 — 2') acts on the y" array of the double
array column vector h(y’, z’).

Proposition 3.3. Let w: Q x Q — R be given by w(y,z) = [1+|y|]*[1 +~(z,v)]?
orw(y, z) = [L+[2]]*[1 +v(2,9))?, (v,2) € QxQ, where |al,|8] < d. Then Ty, is
bounded on (2(Q x Q,R? x RY) for p >0, and |11 ,|lw < 1+ C:[|a| +|8|] where
the constant C. depends only on d and any ¢ < min{[d — |«], [d — |B]]}

Proof. Same as for Proposition 3.1. O

4. WEIGHTED L? THEORY

Our goal in this section will be to extend Theorem 2.1 to allow the functions
hi:Q — R j =1,2,3, to lie in certain weighted ¢* spaces. In order to carry
this out we define weighted versions of the L? spaces of §2. Thus for a periodic
weight w : @ — R the associated weighted space L2 (Q x Qg, R?) is the space of
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all periodic measurable functions ® : Q x Qg — R? with finite norm ||®||,, given
by

(4.1) 2% = > w@){ 18y, o()F ogman -

yeQ
Letting T be the operator defined by (2.36), it follows from the spectral decomposi-
tion theorem for d*d, that T is bounded on L2 (Q x Qg, R%) provided the operator
T, of (3.7) is bounded on /2 (Q,R?) for all p > m?/A. Furthermore one has the
inequality
(4.2) e < sup [Tplw -

p=m?2 /A

Similarly one can define for a periodic weight w : @ x @ — R the weighted space
L2(QxQ x Qq, R?) as the space of all periodic measurable functions ® : Q x Q x
Qg — RY with finite norm || ®||,, given by

(4.3) 1215 = > w2122 60 Jagmen -
(y,2)€QxQ

The operator T; defined by (2.33) is bounded on L2 (Q x Q x Qg,R? x RY) if the
operator T3 , of (3.10) is bounded on ¢2(Q x Q,R? x R?) for all p > 2m?/A and
(4.4) [Tille < sup [T1plw -

p=2m2 /A
Finally we define the weighted space L2(Q x Q x Qg,R? x R?) with norm as in
(4.3). Then by the spectral decomposition theorem the operator T ® I is bounded
on L2 (Q x Q x g, R x R?) provided T, ® I is bounded on I2/(Q x @,R% x R?)
for all p > m?/A. In that case one has the inequality
(4.5) IT@Ilw < sup [[Tp @I -

p=m? /A

We can now state a weighted version of Theorem 2.1. For o, € R let w,, :

Q — R, wap : Q@ x Q — R be the weights w,(y) = [1 + |y|]*, v € Q, and
wa5(y,2) = [1+ y[|*[1 + (v, 2)]?, y,2 € Q, where y(y, 2) is the distance from y
to z in the periodic cube Q.

Theorem 4.1. Suppose Q is a periodic cube in Z% for some d > 1 and that hj:Q —
RY, j =1,2,3, have the property that hs € qufa(Q, RY) and both hy @ ha, hy @ hy
are in Kfuaﬂ (Q x Q,R* x R?¥) Then for ||, |B| sufficiently small depending only on

AN > 1/2, there is a positive constant C'(A, A) depending only on X\, A, such that
foranyx € Q, peR,

3
(4.6) |( H [(hj,w) - <(hjaw)>§l@,x,m,u] >QQ7-'E77"7H‘ <

j=1

O A) [ 11 © Rl s + l1h2 @ Pl ] sl sup, V(E)]
€

Proof. We first consider the function ®3(y, ¢(-)) defined by (2.17), whose gradient
V&;5(y, ¢(+))is given by the Neumann series for the solution of (2.37). In view
of (4.2) and Proposition 3.1, the series converges in L2 (Q x Q¢,R%) provided
|| is sufficiently small, depending only on A/A > 0, and ||[V®5(-, () |w_. <
CA M) [hslw_-
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Next we consider the function ® : Q x @ — R? x R? defined by ®(y, z, #(-)) =
V& (z,¢(-))ha(y) + VOao(z,0(:))hi(y), y,z € Q, where the ®,(-,¢(-)), j =1,2 are
solutions of (2.17). It follows from (4.5) and Proposition 3.2 that ® is in Lﬁ,a)ﬂ (Q x
Q x o, R x RY) if |a| + |B] is sufficiently small, depending only on A/A > 0,
and || @]y, , < CAA) [ [[h1 @ holw, 5 + |h2 ® hillw, , |. For ® € Ly, ,(@xQx
Qg,R% x R?) we can generate the solution to (2.23) by means of the perturbation
expansion generated by (2.35). It follows then from (4.4) and Proposition 3.3 that
VyVoU(y,2,6(-), y,2,€ Q, is in L7, (Q x Q x Qq,R? x RY) if |af + |f] is
sufficiently small, depending only on A/A with 1/2 < A/A <1, and |[VV V|, , <
CA M) [l -

To complete the proof of (4.6) we use the representation (2.21). Using the
Schwarz inequality as in (2.22) we conclude that

(47) [GL(HO)Ca(O()Ca(0 ) agamesl <
VY, [V0sll, sup [V"(6)

< CNA) [ [P1 @ Ballw, 5 + 1he @ hallw, 5 | [[hallw_. gSUPd V") .
€R

O

Proof of Theorem 1.1. By Proposition 2.1 and 2.2 it will be sufficient to obtain
with X = ¢(0) — ¢(z), which is

an estimate for |{ [X — <X>QQ73:777L7H]3 )0 ,zmu
uniform as Q — Z? and m — 0.

One can see from (3.4), (3.6) that there is a periodic function hg : @ — R?
satisfying

(4.8) ho(y) =lm VG, (), lheW)l < C/IL+ ™ yeq,

for a constant C' depending only on d.

We may write ¢(0) —¢(x) in terms of the function hg(-) by means of (3.3). Thus
we have that
(4.9)  ¢(0) = o(x) = (VGpo,w) = (VGp o w) + (pl(Gpo —TGpel, 0 )
where 7, denotes translate of a function by z. From the first inequalities of (3.4),
(3.6) it follows that lim,_,o( p[(G,q — T2G,,Q)s ¢ ) = 0, whence (4.8), (4.9) imply
that
(4.10) $(0) —o(x) = (hq,w) — (Tzhq,w) -
In order to prove Theorem 1.1 it will therefore be sufficient for us to apply Theorem
4.1 for hy = hy = hg and h3 = hg or hz = 7,hg. One easily sees that for d = 2
and 0 < a < d, there is a constant C,, depending only on « such that
(4.11) [T2hQllw_o < Co/ll+2]]*, ze€Q.
Similarly one has that for d =2 and 0 < o < d, —d < 8 < —a, there is a constant
Cu,5 depending only on a, 8 such that
(412) ”hQ ®hQ||w(x,[3 < Caﬁ .
The inequality (1.7) follows from (4.11), (4.12) and Theorem 4.1. O

Proof of Theorem 1.2. We observe that by translation invariance of the measure
we only need to take hy = hg = hg, hs = 7,.hg in Theorem 4.1. O
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