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ABSTRACT. This paper is concerned with properties of the wave speed for
the stochastically perturbed Fisher-Kolmogorov-Petrovsky-Piscunov (FKPP)
equation. It was shown in the classical 1937 paper by Kolmogorov, Petrovsky
and Piscunov that the large time behavior of the solution to the FKPP equa-
tion with Heaviside initial data is a travelling wave. In a seminal 1995 paper
Mueller and Sowers proved that this also holds for a stochastically perturbed
FKPP equation. The wave speed depends on the strength o of the noise. In
this paper bounds on the asymptotic behavior of the wave speed ¢(o) as o — 0
and 0 — oo are obtained.

1. INTRODUCTION.

In this paper we shall be interested in travelling wave solutions to the stochas-
tically perturbed Fisher-Kolmogorov-Petrovsky-Piscounov (FKPP) equation. The
FKPP equation [6, 8],

(1.1) Ut =Uze +u[l —u]l, z€R, t>0,

is perhaps the simplest equation which has travelling wave solutions. In fact (1.1)
has a solution u(z,t) = f.(x —ct) for any ¢ > 2, where the function f.(z) converges
exponentially to 1 as z = —oo and to 0 as z — +o00. In their classic 1937 paper [§]
Kolmogorov et al proved that if u(z, t) is the solution of (1.1) with Heaviside initial
data, u(z,0) = 1, z < 0, u(z,0) = 0, = > 0 then there is a function m(t), ¢t > 0,
with the property that

(1.2) lim m(t)/t =2,

t—o00

lim sup |u(z +m(t),t) — f2(2)| = 0.
t—o0 2€R

In the 1970’s and early 1980’s there was much work refining the results of [8] on
(1.1) (see [2, 10]) and also extending the results of [8] to more general equations
(see [1, 5]). In particular the convergence (1.2) to the minimum speed wave was
extended by Bramson [2] to a convergence result for waves of any speed ¢ > 2.
Evidently if ¢ > 2 the initial data u(z,0) for (1.1) must have the same asymptotic
behavior when z — +00 as the wave f.(z).
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The fact that the wave speed for solutions of (1.1) depends on the asymptotics
of the initial data is somewhat problematic if one considers (1.1) as a model for
the evolution of a physical system. This could be regarded as a motivation for
studying a stochastically perturbed version of (1.1). The perturbation we consider
is however also a very natural extension of (1.1) from the mathematical point of
view. The perturbation we shall be interested in is the equation,

(1.3) Up = Ugy + u[l —u] + o/u(l —u) W(z,t), z € R, t >0,
where W (z,t), (z,t) € R2, is 2 dimensional Gaussian white noise process with
(1.4) (W(z,t)) =0, (W(z,t)W(y,s)) =6z —y)d(t—s),

and o > 0 is a parameter which measures the strength of the noise. This equation
has the property that the maximum principle and a duality relation which hold for
(1.1) extend to (1.3).

The maximum principle for (1.3) proved by Shiga [16] is as follows: Suppose
w1 (x,t) and ua(z,t) are two solutions of (1.3) with the property that 1 > uy(x,0) >
us(z,0) > 0, x € R. Then 1 > uy(z,t) > ua(z,t) >0, z € R, forallt > 0
with probability one. The duality relation for (1.3) was established by Shiga and
Uchiyama [17]. A discrete version of it is presented in [4]. The duality relation
consists of an identity relating expectations of polynomials in the solution u(z,t) of
(1.3) to expectations for a particle process. The particle process consists of particles
diffusing on R, with new particles being created locally at rate 1, and intersecting
particles coagulating at a rate which depends on 0. When o = 0 the particle process
simply consists of branching Brownian motion, which is well known [2] to be dual
to the FKPP equation (1.1).

In 1995 Mueller and Sowers published a seminal paper [11] establishing the exis-
tence of travelling wave solutions to (1.3). An important part of their proof is the
compact support property for solutions to (1.3) with ¢ > 0 (proved also in [16]).
Consider a solution to (1.3) with initial data which has compact support in the
sense that u(z,0) = 1 for z < a(0), u(z,0) = 0 for z > b(0). For t > 0 define
a(t),b(t) by

IS
—~
o~
~—

|

sup{z € R:u(z,t) =1, z < z},
b(t) = inf{zeR:u(z,t)=0, z>z}.
Then —oo < a(t) < b(t) < oo for all t > 0 with probability one. The main result of
the Mueller-Sowers paper is as follows:
Theorem 1.1. For small o > 0 there exists a unique invariant measure for wave
profiles u(z,t), a(t) <z < b(t), of compact support. Further, if for the initial data
one has —oo < a(0) < b(0) < oo, then there exists c(o) > 0, depending only on o,
such that
. b(d) . -
(1.5) lim —= =¢(o) with probability 1.
t—ooo
In this paper we shall be primarily interested in the behavior of the wave speed
¢(o) as a function of o. Our main result is the following;:
Theorem 1.2. Suppose the initial data for (1.3) satisfies —oo < a(0) < b(0) < oo.
Then for all o > 0 there exists ¢c(o) > 0, depending only on o, such that
. b(®) . -
(1.6) lim —= = ¢(o) with probability 1.

t—oo ¢
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Further, c(o) satisfies the inequalities,

(1.7) liminf o2¢(0) > 2,
o —00
(1.8) 2 > ¢(0) > 2 — Kloglog(1/0)/[logo]?, o < 1/10,

for some constant K > 0.

We prove the existence of the limit (1.6) by using the subadditive ergodic theorem
[9]. This avoids much of the technical difficulty in [11] involved with the proof of
Theorem 1.1. It does not however yield as much information. In particular a key
part of the proof of Theorem 1.1 in [11] is showing that sup [b(t) — a(t)] < oo

0<t<oo

with probability one. This evidently implies that tlggo a(t)/t = ¢(o) for small o, a
fact that cannot be derived from our argument.

Our proof that ¢(o) > 0 for all ¢ and the inequality (1.7) uses the duality
relation for (1.3) already mentioned. We implement the duality relation by going
to the discretized version of (1.3) discussed in [4], and then taking the continuum
limit. Our argument therefore depends on the assumption that solutions of the
discretized equation converge in law to solutions of the continuous equation (1.3).
This does not appear to have been proved in the literature. Our basic approach to
proving that ¢(o) > 0 for all o and (1.7) is to use the fact that the wave speed for
(1.3) is the same as the wave speed for the dual particle system. If o is large then the
particle system is dilute. Hence the wave front for the particle system can be well
approximated by a Markov chain consisting of one or two particles. An analysis of
the drift of the Markov chain yields the inequality (1.7). This estimate is consistent
with a conjecture (and simulations) of Doering et al [4] that ali_)rgo o’c(o) = 2.

The proof of (1.8) takes up sections 2, 3, 4. The inequality c¢(o) < ¢(0) = 2
is a simple consequence of Jensen’s inequality. The lower bound on ¢(¢) is more
difficult to prove. Our argument is based on comparing solutions of (1.3) to a
discrete version of the contact process [9]. We then adapt arguments used to prove
the continuity of the wave speed for the contact process [9] to obtain the estimate
(1.8). It has previously been shown [12] that the scaling limit of a long range voter
process yields solutions of the stochastic equation (1.3). The contact process we
consider has short range interactions. The lower bound (1.8) is consistent with
a conjecture of Brunet and Derrida [3] (see also [7, 13]) that there is a positive
constant K > 0 such that

lim logo[2 — ¢(0)] = K.

In order to make the comparison with the contact process we need to estimate
solutions of (1.3). This is done by comparing the solution of (1.3) to a solution of
the equation,

(1.9) Ut = Uggy +u+ oVuW(z,t), z€R, t>0.

Equation (1.9) has the property that expectations of exponentials of linear func-
tionals of the solution satisfy a nonlinear diffusion equation which has finite time
blow up. The compact support property for solutions of (1.3) is a consequence of
this finite time blow up. We shall need to estimate the size of the solution before
blow up occurs. We do this by a contraction mapping argument.
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There is by now considerable literature on solutions to (1.3), (1.9) and related
equations. Equation (1.9) has been particularly intensively studied because of the
relation to super-Brownian motion; see, e.g. [14].

2. APPROXIMATE MONOTONICITY

We consider the solution u(z,t), x € R, t > 0, of (1.3) with initial condition
u(z,0), z € R, satisfying 0 < u(z,0) <1, z € R. We wish to show that in some
approximate sense u(z,t) increases with ¢. For an open interval I C R of length
|I| and a function g : I — R we denote by Av[g] the average of g over I,

Avilg =ﬁ | s@ys

Proposition 2.1. Let u(z,t) be the solution of (1.3) with initial condition u(z,0).
Let I be the interval I = (1,3). Then there exists universal constants A,e,C > 0
with the property: If n satisfies 0> < n < e < 1, and Avr[u(-,0)] > n, then
Avr[u(-, A)] < 2n with probability smaller than C exp[—n/Co?].

We first show that the result holds when o = 0.
Lemma 2.1. If 0 =0 then Proposition 2.1 holds.

Proof. Let G(z,t) be the Green’s function for the heat equation, where

2
—]7m€R,t>0.

(2.1) Gla,t) = —— exp [ =

Vvt

Then by the maximum principle one has
u(e,t)> [ Glz y,Duly,0)dy.
I
We conclude that there is a constant ¢ > 0 such that u(z,1) > cn, 0 <z < 4. Let
J =10,4] and v(z,t) be the solution of the Dirichlet problem,
Vg =Ugp +v(1—0), z€J, t>1,

v(z,1)=cn, x € J, v(z,t) =0, x €dJ, t > 1.

Then it is clear that u(z,t) > v(z,t),z € J, t > 1. We also have that v(z,t) <
enet=t,x € J, t > 1. Suppose now T > 1 satisfies cne’ =1 = 1/4. Since v(z,1) >
ensin(rz/4) it follows that

™

o(z,1) > enexp [{% - (Z)z} (t— 1)] sin(rz/4), s € J, 1<t<T.

We define the constant A > 1 by

(2.2) cexp HZ - (2)2} (A= 1)] — 4,

and ¢ by
(2.3) ceet™t =1/4.
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To prove Proposition 2.1 for o > 0 we shall follow the same strategy as in Lemma
2.1. First we need a stochastic estimate on solutions of (1.3). Let J be an interval
such that [0,4] C J C [-1, 5] and u(z, t) be the solution of (1.3) on J with Dirichlet
boundary conditions on 8J. Define N(z,t) by

N(z,t) = /J dy / ds )Gy (z,y, t — 5)v/u(y, )1 — u(y, 5)] W (,9),

where Gy is the Dirichlet Green’s function on J. We then have the following:
Lemma 2.2. Let T, a > 1. There is a universal constant C' > 0 such that

P ( sup  |N(z,t)| > a eT\/Avy u(-,O))
zed, 1<t<T
< Cexp [—é min {az, a\/A'UJ[U(',O)]/O'}] .

Proof. 1t is clear that for any § € R,
(2.4)
62 t
<exp [0 N(z,t) — 5 / dy/ ds 22 G% (z,y,t — s)u(y, s)[1 — u(y,s)]] > =1.
J 0

Let V(z,t) be defined by

t
Vix,t) = /de/o ds ez(t_s)Gg(x,y,t — s)u(y, s).

Then it follows from (2.4) that for any 6 € R,

(2.5) <exp[0 N(m,t)]> < <exp[262 V(a:,t)]> i

Now the expectation on the RHS of (2.5) is to be computed for u(z,t) the solution
to (1.3) on J with Dirichlet boundary conditions and initial data u(z,0),z € J.
Observe that this expectation only increases if we assume u(z,t) is the solution to
the equation,

(2.6) Ut = Ugy +u+0vu W,

on J with Dirichlet boundary conditions and initial data u(z,0),z € J.
Let ¢ : J x (0,00) = R be nonnegative and consider the variable V,,(¢),

ch(t)=/J dy/otds ey, s)uly, s),

where u(z,t) is the solution to (2.6) on J with Dirichlet boundary conditions and
initial data u(-,0). It is well known that

(2.7) (exp[V,(8)]) = exp [ /J u(x,o)v(m,o)dx] ,

where v(z,s), s <t,z € J, satisfies the initial-boundary value problem,

2

4]
(2.8) 8_Z+v”+v+%v2+(‘0:0’ s < t,

v(z,t) =0, zx € J, v(z,s) =0, xz€dJ, s<t.
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Let X(s), s > 0, denote Brownian motion with diffusion constant 1. For a function
v(z,s), 0<s<tzeJ,define Tv(z,s), 0<s<t,zeld, by

(2.9) Twv(z,s) =

/ds

where 7 is the first exit time from J. (Here we use the standard notation E[-] for
the expectation over Brownian motion.) Then the solution to (2.8) satisfies v = Tv.
Suppose now that for some z' € R, the function ¢ satisfies the inequality,

2(t s)

Byt —
where 8 > 0 is a constant. We shall show that if 8 is sufficiently large then T is a
contraction mapping. In fact for a function v : J x [0,t] = R let

exp{"; [ U(X<s"),s">ds"}so(X(s'),s')sT>s'|X<s>=x ,

(210) |()0(y75)| < ( yat - 3)7 Yy € JJ 0 S s S t;

loll= sup e 2"Dju(z,s)|.
z€J, 0<s<t

Then from (2.10) it follows that

2
(2.11) [|Tv|| < /3\/_ exp [—e””v”]

Let Sg = {v: J x [0,t] = R : ||v|| < 1/B}. Then if 8 > o2 €?!/2 it follows from
(2.11) that T maps Sg into Sg. One can see furthermore that T is also a contraction
mapping whence there is a unique solution v € Sg to the equation v = Tv. We
conclude therefore that if ¢ satisfies (2.10) then

(2.12) (exp[V, (1)]) < explde® Avylu(-,0)]/5],
provided 3 > o2 €% /2. Now we have that

P(IN (.01 > @ e'/Au[ul0)] )

< exp [—ant AUJ[u(-,O)]] {{exp[dN (z, )]} + (exp[-ON (z,)])} ,

for any 6 > 0.
From (2.5), (2.12) it therefore follows that

(2.13) P<|N(x,t)| > a et AUJ[u(-,O)])

< 2exp [—Haet\/AvJ u(-,0) + 402€2tAUJ[U('a0)]/\/7_T] )

provided 6%e?* < 2/7/0%. The minimum of the RHS of (2.13) occurs at 0 =
ay/7/8et\/Avs[u(-,0)], in which case the RHS of (2.13) is 2exp[—a?y/7/16]. On
the other hand if we put 6%e? = 2/7/0?, the RHS of (2.13) is given by

2exp [—a21/27r1/4\/AvJ[u(-, 0)]/0 + 8Av [u(:, 0)]/‘72] .

We conclude then that

(2.14) P(|N(a:,t)| >a et AvJ[u(-,O)])

< 2exp [_liﬁmm{az,a\/m/g}] .
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Next we obtain an estimate on the difference N(z,t) — N(z,t — 6) where t >
1, 0 < § < 1/10. Similarly to the derivation of (2.5) we have that

(2.15) (exp [0{N(z,t) — N(z,t — 6)}]) < (exp[V,(t)]),
where ¢(y, s) is given by
(2.16) oy, s) = 26% E=IG2(z,y,t —s), yeJ, t—d<s<t,

2
(p(ya 8) = 202 {e(t_S)GJ(mJ yat - 8) - et_é_sGJ(mJ yat —d- 8)} )
yeJ, 0<s<t—4.

It follows that

22
so(y,S)Sio Gx—yt—s), yeJ t—0<s<t,
w(t—s)

1 1
,8) <40 —G(z—y,t—8)+ ——GCG(x —y,t —6— 5
p(y;s) < { ) (z—y,t—s) p P S (z—y )}
yeJ, t—20<s<t—4,
o(y,s) < C 2 (=242 {(t — )24 (t— s)_l/z} G(z—y,2(t—s)), 0 < s < t—20,
where C' is a universal constant. For a function v : J x [0,t] = R define ||v||5 by

lolls = sup (t4+8—s5)"/> e o (a,5)|.
z€J, 0<s<t

Then taking ¢ to be the function (2.16) it follows from the inequalities (2.17) that
if T is the operator (2.9) then

ITvlls < C1675"/ exp [Cro?||v]|5€*] ,
for some universal constant C;. Let Sp s be the set,
So.s = {v LI x[0,8] = R: Jolls < 2010251/2} _

It is clear that if C76202€?t6'/2 < 1/4, then T maps Sp s to Sp5. One can also
see that T is a contraction mapping, whence there is a unique solution v € Sy 5 to
the equation v = Tw. It follows then from (2.7), (2.15) that

(exp [0 {N (z,£) — N(z,t — 6)}]) < exp [8C16%6"/2¢* v, [u(-,0)]],
provided C76262¢'61/2 < 1/4. Arguing as before we conclude that

(2.18) P (|N(x,t) ~ N(z,t—8)| > aet/Avs[ul, 0)])

-1
< zexp [320 min {51/2’ o/ Avsful-, /51/4 H '

We can make a similar argument to estimate the difference N (z 4 6/2,t) — N(z, t).
Thus we have

(2.19) P (|N(a: +6Y2. ) — N(x,t)| > aet/Avs[ul, o)])
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-1 a?
< 2exp [32—01 min {m, a\/AvJu(-,O)/(Sl/‘laH .

The result follows now from (2.14), (2.18), (2.19) by the usual dyadic decomposition
method [18]. O

Proof of Proposition 2.1: Let v(z,t) be the solution to the stochastic Dirichlet
problem,

v = Vg +o(l—0v)+v(l—vW, ze€J, t>0,
v(z,0) = wu(z,0), z€l, v(z,0)=0, z€J\I,
v(z,t) = 0, z€dJ, t>0,

where J is the interval J = [—1,5]. Then u(z,t) > v(z,t),z € J, t > 0, and v(z,1)
satisfies the stochastic integral equation,

(2.20) wv(z,t) :evt/IGJ(w,y,t)u(y,O)dy

t
+ / dy / ds 1IG 1 (,y,t — s)o(y, )L — 7 — v(y, )] + 0 Ny (2, 1) |
J 0

where

t
N, (z,1) = /J dy / dse™ G (@, y,t — 5)v/0(, S = 0(y, 5)] W (y, s).

Taking v = 1 in (2.20) and using Lemma 2.2 we see that for T > 1 there are uni-

versal constants Cy,C2 > 0 such that sup v(z,t) < Cy nel with probability
z€J, 1<t<T

at least 1 — Cy exp[—n/0?Cs]. If we take v = 0 in (2.20) and again use Lemma 2.2
we see that v(z,1) > en, = € [0,4] for some universal ¢ > 0 with probability at
least 1 — C5 exp[—n/C>0?]. Next we consider the stochastic Dirichlet problem on
the interval J; = [0,4],

wy = Wy +w(l—w)+V/wl—w)W, ze€J, t>1,

w(z,1) = en, z€Ji, w(z,t) =0, z€dJy, t > 1.

It follows from our estimates on v that with probability at least 1—2C5 exp[—n/C20?]
one has

(2.21) w(z,t) <v(z,t), £ € Ji, t > 1, sup  w(z,t) < Crnel.
z€Jy, 1<t<T

Now w(z,t) satisfies the stochastic integral equation,

(2.22) w(z,t) =V [ Gy (z,y,t —1)endy
Ji

t
+ / dy / ds 6=9)/1G, (2., — syw(y, )[1/4 — w(y, s)] + o N(z,b),
Jy 1

where
(2.23)

t
N, t) = /J dy / ds e3=/1G 5, (2,1 — 5)/w(y, )1 — w(y, )] Wy, 5).
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Define now A > 2 by (2.2) and e similarly to (2.3) by
(2.24) Creet =1/4.
By Lemma 2.2 one has that

P (sup |N(z,A)| > n/o) < Cs exp[-n/Cs0°].
z€J1

The result follows from this last inequality, (2.21), (2.22). O

3. LOWER BOUND ON THE WAVE SPEED

In this section we obtain a lower bound on the wave speed provided o is suffi-
ciently small. To do this we shall compare the solutions u(z,t) of (1.3) to a discrete
time version of the contact process. For any A > 1, n such that 0 < 7 < 1 and
solution u(zx,t) of (1.3) we define random variables &,,(n), n,m € Z, m > 0, as
follows:

(31) gm(n) =1 if Av(Zn,2n+2)[u('7mA)] > 7,

Em(n) =0 if Aviap,onqo)[u(-,mA)] <.
Next let ¢ satisfy 0 < ¢ < 1. We define a Markov chain (, : Z — {0,1}, m =
0,1,2,... with transition probabilities determined by ¢q. Let A = {n € Z : {;»(n)
1} and X,,, n € A, be i.i.d. Bernoulli variables with P(X,, = 0) = q. Then (41 is
defined as follows:

(3.2) Cun+i(n)=1 if neA and X,=1,
n—1€A and X, 1=1 or n+1€A and X,41=1;

Cm+1(n) =0, otherwise.

Our first lemma, is a version of the duality theorem for the contact process, Theorem
1.7 of chapter VI of [9].

Lemma 3.1. Assume A,e,n are as in Proposition 2.1. Let C > 1 and (,, be the
Markov chain of (3.2) with ¢ = exp[—n/Co?]. Let0 < § < 1 and &, be the variables
(3.1) corresponding to a solution of (1.8) with 0® < dn. The constants C, § can be
chosen universally so that for m > 0,

(3.3) P (Z £m(n)Col(n) = o) <P (Z £9(n) () = o) .
neZ ISVA
Proof. We first prove (3.3) for m = 1. Let S; be the set,
Si={n€Z:{n) =1, {n—-1)+&(n)+ &0 +1)>0}.
If |S1| denotes the number of elements of S;, then

(3.4) P (Z &o(n)Gi(n) = 0) =g

nez
Next let Sy be the set,

So={n€Z:&(n) =1, ((n—1)+G(n)+(n+1)>0}.
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Evidently one has that 2|Sz| > |S1|. Also there exists a subset S3 C S such that
3|S3| > |S2| and the intervals (2n — 2, 2n +4), n € S, are non-overlapping. Now
from Proposition 2.1 there is the inequality,

s
(3:5) P (Z &1(n)Go(n) = o) < {Cexpl-n/Ca?}1*
nez
The inequality (3.3) for m = 1 follows from (3.4), (3.5) by choosing § sufficiently
small. The argument extends to all m > 1 by induction. O

Next, as in Chapter VI, §1 of [9] we construct a probability measure v on the
configurations of £ which has the property that,

(3.6) / P <Z o(n)¢m(n) = 0) dv(§o) <
/ P (Z €o(n)Co(n) = 0) dv(&), m>1,

neZ

for any initial configuration (o of the Markov chain (,, m > 0. Let f(k), k =
1,2,..., be a probability density with finite mean, whence

D IR =1, Yk f(k) <co.
k=1 k=1

Then v is defined in terms of f as follows: Suppose a; € Z, 1 < ¢ < N with
a1 < az < ... < ay. There is the formula,

(3.7)
V{£0:£0(ai):15 ]-S/LSNa 50(”):07 ai <n<aN,n7éaj,2§j§N—1}

N-1 o)
= II flai —a)/ 3"k £0).
i=1 k=1

Let h(z), z € C, |z| < 1, be the function,

o k-1
k=1
We consider f(k),k=1,2,..., of the form
(3.8) F(k) = (Ag)*~* [k h(Ag), k=1,2,...

where 0 < Ag and ¢ is the parameter determining the Markov chain ¢, of (3.2).

Lemma 3.2. There exist universal constants A > 1 ande, 0 <e <1, Ae <1/2,
such that if 0 < q < ¢ then the measure (3.7) determined by (3.8) satisfies the
inequality (3.6) for arbitrary initial configurations (p.

Proof. Tt is sufficient to prove (3.6) for m = 1, so we shall assume wlog that m = 1.
Suppose first that for some N > 1 the set {n € Z : (o(n) =1} = {1,2,..., N}. Then
the RHS of (3.6) is given by

Vi€ Eo(n) =0, 1<n < N} =D kf(N+K) [ 3 kf(R).
k=1 k=1
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From (3.8) and the fact that Aq < 1/2 we conclude
(3.9) v{& :&(n) =0, 1 <n <N} >c(Ag)V/N?,
for some universal constant ¢ > 0. The LHS of (3.6) is bounded above by

(3.10) v{&:&(Mn)=0,0<n< N+1}+

N+1
> vl () = 1L,&(m) =0,0<n <N+ 1,n#j}P(G() =0) +
7=0
Yo v &0) =&02) =1,6m) =0,0<n <N +1,n# ji,5}
0<j1<j2<N+1

P(G(G1) =G@2) =0) +....

It is clear that there is a universal constant C' > 0 such that the first term in (3.10)
is bounded as

v{& :&(n) =0, 0<n < N +1} < C(Ag)V 2 /N2

Let C; be a constant which satisfies

r—1

1 1 1
E _ < — =23, ...
— k2 (r—k)32 — r2’ r e

Then one can see that there is a universal constant C' > 0 such that the (m + 1)st
term in (3.10) satisfies the inequality,

Cr\™ (AN
(3.11) o SC(T) S,
0<j1<j2e<..<jm <N+1
provided m < N. For m = N + 1, N + 2 there are the inequalities,
Cy N (AQ)N+1
(3.12) > <C (T) o

0<j1<je<..<jN+1<N+1

Cy N (Ag)™

(3.13) o Z <C (T) T
0<j1<je<..<jn+2<N—+1

If we choose A = 2C; and ¢ sufficiently small the sum of all the terms in (3.10)
corresponding to the LHS of (3.11) with m < N is bounded above by 1/2 the RHS
of (3.9). Similarly the term of (3.10) corresponding to the LHS of (3.12) is bounded
above by 1/4 the RHS of (3.9). Finally the term of (3.10) corresponding to the
LHS of (3.13) is bounded above by 1/4 the RHS of (3.9) if we choose A > 2C4
sufficiently large in a universal way. We have proved (3.6) in the case when A =
{ne€Z:{(n)=1}isgiven by A={1,2,..., N}.

Next we generalize the previous argument to any finite set A. Let A be the set
of neighbors of A, A={n€Z:ncAorn—1€ Aorn+1¢€ A}. We assume A is
the union of k intervals [(;,7;]NZ,1 < j <k, wherer; +1 < {jy1,j=1,....,k—1.
Note that since A is formed from A the length of each interval is at least 2. We
show that there is a universal constant C' such that

(3.14) v{& : &(n) =0,n € A} < CF(Ag)**v{& : &(n) =0,n € A} .
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We prove (3.14) by showing that for any & satisfying &(n) = 0, n € A there is a

configuration T, satisfying T¢y(n) =0, n € A and

(3.15) v{&} < C*(Ag)**v{Té}.

To define T'¢y, we observe that there are integers ay, .., ag, b, .., by, satisfying
hh<lh<m<a<b<blb<rs<ar<---<bp</tlp<rg<ag,

such that & (n) = 0forn € [b1,a1],[b2,a2],- - , [bk,ax]- Further, & (b1—1) = & (ar+
1) =1. If &(n) = 0 for r; < n < £y then we set a; =rj, bjy1 = £j41. Otherwise
a; and b;y1 are uniquely determined by the condition & (a;+1) = & (bj41—1) = 1.
Ty is then defined as

Té(a;) = Té(b;) =1, 1<j<k,

Tf@(n) = &)(’I’L), nez-— {al, ey G, b1, ...,bk}.
From the definition (3.8) for f and (3.7) the inequality (3.15) follows. Note that T'
is one-one whence (3.14) follows.

To prove (3.6) in the general case we can proceed as before and use (3.14). Thus
the LHS of (3.6) is given by the sum,

v{fo &) =0, ne A} + Y >
P=1{j, €A,1<r<pij1<j2<...<jp}
v{60 €6 =11 <r <p6on) =0, ne A= {ji, -G} )
P(Ci(j1) = Ci(j2) = .. = C(dp) = 0) .

By arguing as in the proof of (3.11), (3.12), (3.13) we see that this sum is bounded
by
1 a) 11" .
k - - . = A
o [t (2) ] o =
where C, C} are universal constants. The result follows now from (3.14). O

The previous two lemmas imply a quantitative estimate on the solution of (1.3)
which is global in time.

Corollary 3.1. Assume A,e,n are as in Proposition 2.1. Let u(z,t) be a solution
of (1.3) which has the property that Av(zpn,2ni2)[u(-,0)] > n, n € Z. Then there are
universal constants C > 1,0 < 6 < 1, such that if 0% < n there is the inequality,

(3.16) P (Avio[u(~ )] < n) < expl—n/Co?], t > A.

Proof. From (3.1) and the maximum principle for (1.3) we have for any m = 1,2, ...

(317) P (Avgpu(,md)] < 1) < / P (Z Em(m)o(n) = o) dv(&),

nez

where v is any probability measure on initial configurations & and (o satisfies
C(0) =1, ¢o(n) = 0,n # 0. If we choose v to be the measure in Lemma 3.2 and
use Lemma, 3.1 we have from (3.17) the inequality,

P (Av(o,)[u(-;mA)] < n) < v{é : &(0) =0},

whence (3.16) follows for t = mA. If mA <t < (m+ 1)A we use the fact that we
have already proven (3.16) for t = (m — 1) A and then we use Proposition 2.1. O
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Next we consider the Markov chain (,, with initial configuration (y given by
() =1, n<0, {(n)=0, n>0. Form =1,2,... we define r,,, by

(3.18) Tm =sup{n € Z : {,(n) = 1}.

It is evident that —oo < 7, < m with probability one. If we put o, = E[r,] then
it is also clear that for k > m then o < am + ag—m. Hence a = limy, 00 am /m
exists and —oo < a < 1.

Lemma 3.3. Suppose a probability measure v exists satisfying (3.6). Then a >0
and lim, o0 T'm/m = a with probability 1.

Proof. The fact that lim,,_, 7m/m = o with probability 1 follows from the subad-
ditive ergodic theorem [9]. Hence we are left to show that a > 0 when (3.6) holds.
We assume for contradiction that @ < 0. Consider the Markov chain (,, with initial
configuration given by (o(n) =1, n >0, (o(n) =0, n < 0. For m = 1,2, .... define
Ly by

by =inf{n € Z: {n(n) =1}.
By symmetry lim,;,_, o £m/m = —a with probability 1. Finally we consider ¢, with
initial configuration given by (o(n) =1, (o(n) =0, n # 0. Then it is clear that if
Cm Z0,
sup{n € Z : Gu(n) = 1},
inf{n € Z : (n(n) =1}.

Since we are assuming a < 0 it follows that lim,, ., P(r, < €,) = 1, whence we
conclude

(3.19) lim P((n(n) =0,n€Z)=1.

m—r0o0

From (3.6) we have that

T'm

>
b <

P(Gn(n) = 0,n € Z) < v{bo :£0(0) =0} =1-1/ 3 kf(k) < 1.
k=1

Evidently this last inequality contradicts (3.19) whence we conclude that o > 0. O

Lemma 3.4. Let (, be the Markov chain defined by (8.2) with initial condition
Co satisfying ro < oo. Let (!, be the chain with initial conditions () satisfying
Gro+l)=1land{ne€Z:(n)=1}C{ne€Z:n)=1}. Ifr,, =sup{ne€Z:
¢!, (n) = 1} then there is the inequality E[r!)] > E[ry,] +1, m > 1.

Proof. We argue as in Lemma 2.21 of Chapter VI of [9]. For a set A C Z we define
sets Ap,m > 0, by Ag = A and A, = {n € Z : (n(n) = 1}, where (,, is the
Markov chain (3.2) with initial data {o(n) =0, n € A, {o(n) =1,n € A. Consider
now a second subset B C Z. Then the sets A1, By and (A U B); are determined
by the values of a collection of Bernoulli variables X,,,n € Z. It is clear that
(AU B)1 = A1 U By, whence by induction one has (AU B),, = A, U By, m > 1.
It follows that if for a set A we put 72 = sup{n : n € A,,} then

(3.20) Tl = (rB - rf,ll)Jr.

We put now A ={n € Z: {o(n) =1} and B = {rg + 1}, whence rp, = rp, 7, >

m
rAUB If A' = {n € Z :n < 1o} then it is clear that rA > 7. It follows now from
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(3.20) that
1 + ! !
T = Tm > (rﬁ—r;ﬁ) e i
By translation invariance £ [r;‘,‘z’UB - r;‘:] =1, whence the result follows. O

Lemma 3.5. Suppose q satisfies the conditions of Lemma 3.2 and a(q) > 0 is the
corresponding wave speed for the Markov chain (, as given in Lemma 3.3. Then
if 0 < ¢’ < q there is the inequality a(q") — a(q) > q—4q'.

Proof. Let ¢4, be the Markov chain (,,, with parameter . We can define the chains

¢2 and gg; on the same state space as follows: For n € Z let Y,,, Z,, be independent
Bernoulli variables where Y,, = 0 with probability ¢ and Z,, = 0 with probability

q'/q. Then Cﬁ; 41 is determined from (%, by taking the variables X, in (3.2) to be
X, =Y, while ¢! _, is determined from ¢ by putting X,, = min{Y,, + Z,,1}.

We consider (2, and ¢, with initial condition (% (n) = ¢4 (n) = 1, n < 0,
¢4 (n) = ¢%(n) =0, n> 0. It is evident that ¢Z (n) > (% (n), n € Z,m > 0. Let
rd and r;’,; be defined as in (3.18). Then r;’,; > rl . We define the stopping time 7
to be 7 = inf{m > 0: 7% > r%}. Evidently if 7 < co then r¢ > r4 + 1. Tt follows
then from Lemma 3.4 that

Elrl|r<m] > E[r8|r <m]+1.
It is easy to see that
P(r>m)<[l—q(1-q/q]™

Putting the last two inequalities together we conclude

Elrt] > EBlrh]+1-[1—q(-g/g]"
= Elrg]+mg—q)+0((a-a)?).
Hence by a telescoping argument we have for any 0 < ¢’ < ¢, m > 1,
E[rf,] > Efrf)) +m(g ¢,
whence the result follows. d

We have already observed that a(q) < 1, 0 < ¢ < 1. The next lemma shows
that lim,_,0 a(q) = 1.
Lemma 3.6. There are universal constants ci,co > 0 such that if 0 < ¢ < c¢; <1
then
a(q) > 1+ c2/logg.

Proof. We consider the chain ¢, of (3.2) with initial data (o(n) =1, n <0, {o(n) =
0, n>0. Let X,, n, n,m € Z, m > 0, be i.i.d. Bernoulli variables with P(X,, ,,, =
0) = ¢q. Then (,,(n) is determined by the values of the Bernoulli variables. For any
(n,m) € Z? let Qn,m be the square centered at (n,m) with side of length 1. For
integer M > 1 let Sy be the set,

Su= U Qn,m
{(nm):0<m< M, G (m)=1}

We define the region Qs C R? to be the connected component of the set {(z,y) €
R?2:0<y< M, z <M+ 1} — Sy which contains the point (M + 3/4, 1/2).
Evidently Qs is with probability 1 a finite region. The boundary 8Qas of Qs
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contains the 3 line segments {(M +1,y) : 0 <y < M}, {(,0) : 1/2 <z < M +1},
{(z, M) : pr +1/2 <z < M + 1}, where pys is an integer satisfying ppr < M. The
remainder of the boundary 0Qas consists of sides of squares @y m with (n(n) = 1.
Let Apr be the set of (n,m) € Z2 with (,,,(n) = 1 and such that a side of the square
Qn,m is part of the boundary 0Qar. Let Byr C Aum be those (n, m) with X, , = 0.
We shall obtain inequalities relating |Ans|, |Ba|, par and M.

We apply the divergence theorem in (25;. Thus if u denotes the outward normal
on 02y, we have that

/ (e1+e2)-udS:0,
15,933

where eq,es are unit vectors in the = and y directions. Evaluating the integral on
the line segments we conclude that,

(321) —/ (el +82)lldS=M—pM
OQrm NS

Observe that for the square Qoo the half side {(3,y) : 0 < y < 1} belongs to
Oy Similarly the half side {(pa + 3,y) : M — 5 <y < M} belongs to 8Q. We
include (0,0) in the Aar, and in By if Xo = 0, but exclude (par, M). Suppose
now (n,m) € Ay — Bu. Then @y, has a side in Q) with normal parallel to e;.
Further, if one moves along this side in the direction of e the next side of a square
forming part of 9 has normal u = e2. Observe also that if the side of a square
Qn,m belongs to 00y and u = —es on that side then (n,m) € By. We conclude
then from (3.21) that |Bps| > M — ppr. If we apply the divergence theorem to the
vector field es then we obtain the identity,

/ ex-udS = py.
QNS

This yields the inequality |4y — Bum| < |Bm| + pm, whence we have the two
inequalities,

Let 6 > 0 and consider the configurations such that pp; < M(1 — 4). Letting

N = |Byy| we see from (3.22) that N > M¢ and |Ap| < 2N+ M. Now the number
of regions Q) satisfying |Ap| < 2N + M is bounded by 42V+M_ Hence

oo
Plou < M(1=8) < 3 42N+M gN,
N=Ms§
It is clear that if ¢ satisfies 20¢ < 1 and we take 6 = —[1 4+ 1n4]/[2In4 + Ing], then
there is the inequality,
Ppy < M(1=246)) < 5e= M.
The result follows from the Borel-Cantelli lemma. |

Proposition 3.1. Assume A,e,n are as in Proposition 2.1. Let ¢(o) be the wave
speed for the stochastic FKPP equation as given in Theorem 1.1. Then there are
positive constants C > 1, § < 1, such that if 0 < dn then (o) > 2/A — Co?/n.

Proof. This follows from Lemma 3.1 and Lemma 3.6. We put &(n) = 1, n <
0, &(n) =0, n>0. For any p > 0 we define (o by {o(n) = 1 for n > [a(q) — p] M,



16 JOSEPH G. CONLON AND CHARLES R. DOERING

Co(n) =0, n < [ag) — p]M, where M is a positive integer. Let (p,ar, m > 0, be
the Markov chain with this initial data. Then by Lemma 3.3 we have that

Jim P (Z &o(n) Carpr(n) = 0) =0.

nez

Hence from Lemma 3.1 we have that
lim P ({y(n) =0, n>[a(g) — p|M) = 0.
M— o

Hence from (3.1) we have that ¢(o) > 2[a(g) —p]/A. The result follows from Lemma
3.6 on letting p — 0. |

4. CONTINUITY OF THE WAVE SPEED

In this section we prove the continuity of the wave speed ¢(o) at o = 0 by
establishing the lower bound for inequality (1.8) of Theorem 1.2. We have already
observed that ¢(0) = 2 and that ¢(o) < ¢(0). Hence to prove continuity we need to
find a lower bound on ¢(¢) which increases to 2 as ¢ — 0. Our initial goal will be to
obtain a refinement of Proposition 2.1. Towards that we consider the deterministic
case o0 = (.

Lemma 4.1. Let n > 0, A > 2, and u(x,t) be the solution of (1.3) for o = 0 with
initial condition u(x,0). Suppose Av(_y 1)[u(-,0)] > n. Then there are universal
positive constants Cy,Cy such that u(x, A) > n for x satisfying

(4.1) z| < 24 [1 - neclﬂ] — Cylog A.

Proof. We may assume wlog that u(z,0) = uo(z) where ug(z) = 0, |z| > 1, and
Av_1,1)[ue] = 1. Then u(z,t) is given by the Feymann-Kac formula,

(4.2) w(z,t) = B, [exp { /0 1 u(B(s).t s)ds} uO(B(t))] ,

where B(t) is Brownian motion with B(0) = x and E,[{B(t) — B(0)}?] = 2t.
Evidently we have that

u(z,t) < e /71 G(z —y,t)uo(y)dy,

where G is given by (2.1). Hence there is a universal constant C' such that

(4.3) u(z,t) < Cnexp [_4—3:2 +t] , |zl <2t, t>1.
We can rewrite (4.2) as

(14) u(e,t) = [ Glo =y, OH(@y, Oualy)dy,
where

(4.5) H(z,y,t)=FE [exp {/Ot 1—u(B(s),t— s)ds} ‘B(O) =z,B(t) =y .

It is well known that Brownian motion B(s), 0 < s < ¢, conditioned on B(0) =



STOCHASTIC FKPP EQUATION 17

Brownian motion with B'(0) = 0, E[B’(s)?] = 2s. Now there is a universal constant
¢1 > 0 such that,

(4.6) P ( sup |B'(s) — ; B'(t)| < \/E) > .

0<s<t

If we write the conditional Brownian motion B(s) = (1 — {)x + z, it is clear from
(4.3) that

u(B(s),t —s) < Cnexp [(t—s) {1 — %} — % — 4(tZ7is)] .
Thus if 2t — v < || < 2t, |y| <1, |B'(s) — & B'(t)| < V1, there is the inequality,
w(B(s),t—s) < C'pe*¥t, 0<s<t—1,
for some universal constant C’. It follows now from (4.5), (4.6) that
H(z,y,t) > c1exp [(t -1) {1 - C'n ez‘/g}] ,
2A—VE<|z| <2, |yl <1, t>1.

From this last inequality and (4.4) we conclude,

1 2
nexp [t{l —C'ny e2‘/¥’} - ilogt— a:_] ,

2t — Vi< |z| <2t t>1.

2cie”3

Viar

u(z,t) >

Let us assume now that 7 ¢3V? < 1. Then from the previous inequality we see that
there is a universal constant C3 > 1 such that u(x,t) > n provided (z,t) lies in the
region,

(4.7) 2% — Vi < |z < 2t [1 — Oy eV —logt, t > Cs.

To complete the proof of the lemma it is sufficient to show that for any L > 1 there
exists T'(L) > 1, depending only on L, such that

(48) u(e, ) >n, |2l <L, t>T(L).
The inequality (4.8) follows from Lemma 2.1. It is clear now that (4.1) with C; =
3,0y =1 is a consequence of (4.7), (4.8). O

We consider the stochastic equation

(4.9) U = Ugg + 2uy +u(l —u) + o/u(l —u) W,

with initial data u(z,0) satisfying u(z,0) = 0,|z| > 1. We shall be interested in
solutions of (4.9) on intervals [-L, L], L > 2, with Dirichlet boundary conditions.
Let G, be the Dirichlet Green’s function for the equation u; = uz, + 2u, on the
interval [—L, L]. Evidently there is the inequality,

1
(4.10) Gr(z,y,t) < exp [——(m —y+2t)%|, t>0.

4t 4t

Define Ny (z,t) by

L t
(4.11) Ni(z,t) = /L dy/o ds e"IGr(z,y,t — 8)Vuly, s)[1 — uly,s)] W(y,5),
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where u is the solution to (4.9). Then we have the following generalization of
Lemma 2.2:

Lemma 4.2. Let L, a > 2. There is a universal constant C > 0 such that,

P ( sup |NL(z,t)] > a e2L,/Av(_1’1)[u(-,0)]>
|z|<L,0<t<L?
< CLexp _1 min {a2 ay/ Av [w(- 0)]/0L}
= C ’ (—-1,1) ) .

Proof. We proceed as in Lemma 2.2. Thus we need to estimate (exp[26?Vy(z,t)])
where

L t
(4.12) Vi(z,t) = / dy/ ds 62(’5*5)G%(w,y,t — s)u(y, s)-
L 0

This expectation only increases if we assume u(z,t) is the solution to the equation,
(4.13) Ut = Ugy + 2uz +u+ o/u W,

on [—L, L] with Dirichlet boundary conditions and the same initial data as in (4.9).
Let ¢ : [-L, L] x (0,00) = R be non-negative and consider the variable V,,(t),

L t
V() :/—L dy/o ds ¢(y, s)ul(y, s),

where u(z, t) is the solution to (4.13) on [—L, L] with Dirichlet boundary conditions
and initial data wu(-,0) with support in [—1,1]. Then
L

—L

(4.14) (exp[V,, (¢)]) = exp [ / u(x,ow(x,om] ,

where v(z, s),s < t,|z| < L, satisfies the initial-boundary value problem,

2
%+vmm—2vz+v+%v2+gp=0, s <t,
v(z,t) =0, |z| < L, v(z,s)=0, |z|=L, s<t.
Letting, X (s) be Brownian motion with drift —2 in [ L, L] and killed on the bound-
ary then the solution v(z,s) of (4.14) is a fixed point of the mapping T of (2.9).
Suppose now that ¢ satisfies for some = with |z| < L the inequality,
o(t—)

4.16 ,9)| < Gr(z,y,t —s), <L, 0<s<t,
(4.16) lp(y,s)| < /B\/—L(y ), lyl

(4.15)

where § > 0 is a constant. For a function v : [-L, L] x [0,t] = R let

vl = sup  [v(a',s)].
@/|<L, 0<s<t

Then we have from (2.9) that

To(a,5)] < exp [—nvnt—s] / ds'e”' / dy
Gr(y,z',s" — )Bm L(z,y,t—s")

2\t —s
5

02 t— !
exp [7||v||(t - s)] e °Gr(z,x',t —s)
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From (4.10) we see that

1
(4.17) et TG (w2’ t — 5)2v/t—5 < 762]’, |z, |2'| < L,
7r
whence we conclude that
2L o2
(4.18) 7ol < e [ S bl

Now let Sp. 3 = {v : [-L,L] x [0,t] = R : |jv]| < e?£/B}. Then if 3 satisfies
B > o2e?Lt it follows that T maps Sy, g into Sg, 5. In a similar way to the derivation
of (4.18) one can see that T is also a contraction mapping on Sy, g whence there is

a unique solution v € Sp, g to the equation v = Tv. We conclude that if ¢ satisfies
(4.16) then

(4.19) (exp[V, (1)]) < exp [2€*" Av(_1 1y[u(-,0)]/8],

provided 3 > o%e*Lt. We apply (4.19) to (4.12). Thus 26?Vy(z,t) = V,(t) where
we can take 3 = y/me 2L /62 from (4.17). We have therefore the inequality,

(4.20) (exp[26°Vy (z,1)]) < exp [202641114’[1(_1’1) [u(-,0)]/v/x] ,
provided 6%e*ft < \/7/o?. From (4.20) we see that

(4.21) P (|NL(x,t)| > a el [ Av_y p[u(-,0)] )
1.
< 2exp [—g mm{az, a y/Av_1 1[u(-,0)] /U\/Z}] ,
provided |z| < L, t > 0.

Next we obtain an estimate on the difference Np(z,t) — Ni(x,t — §) where
0 < § < t/3. To do this we need to estimate the LHS of (4.14) where ¢(y, s) is
given by

(4.22) o(y,s) = 2022 G2 (z,y,t —s), |y| <L, t—38<s<t,

2
(P(y; S) = 202 {e(t_S)GL(w7y7t - S) - et_J_SGL('T;th -0 S)} )
lyl <L, 0<s<t—0d.

Proceeding as before we define for a function v : [-L, L] x [0,t] — R the norm ||v||5
as

lolls = sup  (t+6—5)2o(,s)|.
@/ <L,0<s<t

If we use the inequality

0 2 Ce*l
Z plt—s) — < 27 ples —
{686 G[(m,y,t s)} (t 5)5/2 e G[(m,y,t s),

for some universal constant C, it follows that with ¢ as in (4.22) then there is the
inequality,

[|[Tv||s < C10%51/2 A0 exp [Clo2||v||5\/f] ,

for some universal constant C. Let Sy 5 be the set

0.5 = {” (=L, L] x [0,4] = R: jolls < 2010251/2e4L} .
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If C76%02e*L (t5)'/2 < 1/4 then T maps Sp5 to Sp,s and one can easily see that T
is a contraction. We conclude then that,

(exp[0 {Nyp(z,t) — Np(z,t —0)}]) <
exp [40102(5/t)1/2e4LAv(_1,1)[u(-,o)]] .

Arguing as before we conclude that

(4.23) P (|NL(a:,t) — Np(z,t = 8)| > a €22y [Av_y 1y [u(-, 0)] ) <
Yexp |~ min | 2 VAU LORCO]
P17 320, O/ (8/0) 40 Vi '

Finally we need to obtain an estimate on the difference Ny (x4 6/2,t) — N(x,t).
To do this we use the inequality,

d 2 Cet 1
Y (t—s) _ e t—s _
{81‘6 Gr(z,y,t s)} < N [1-}— (t—s)]e Gr(z,y,t—s),

for some universal constant C. If 0 < § < /3 < 1 then we can argue as in Lemma
2.2 to obtain an estimate similar to (4.23),

(4.24) P (|NL(.CL‘ + (51/2,t) - NL(;l:,t)| >ae’l A'U(fl,l)[u(‘,o)] ) <
2exp [—i min { o’ a \/Avy 1) [u(-,0)] }]

Cy (§/t)1/2° (§/t)1 /%0 \/t

for some universal constant C;. Suppose now 0 < § < 1, ¢ > 3. Then in the same
way we derived (4.21) we have the inequality,

(4.25) P (|NL(3: +8Y2,1) = Ni(2,8)] > a 4/ Av_y [u(-, o)]) <

2exp | ——=min o’ a \/Av(_1,[u(-,0)]
Ch S+ (8/)V27 [64 (8/t)2[ 20 T [ |
The result follows from the inequalities (4.21), (4.23), (4.24), (4.25). O

Lemma 4.3. There is a universal constant ¢ > 0 such that for |z|,|y| < L/2 there
is the inequality,

eLQGL(x,y,Lz) > % evT?,

Proof. This follows from the representation of conditional Brownian motion given
in Lemma 4.1 and the inequality (4.6). O

Lemma 4.4. Let u(z,t) be a solution of (4.9) on the interval [—L, L] with Dirichlet
boundary conditions and initial data u(x,0) satisfying Av(_; 1y[u(-,0)] > n. Then
there are universal constants c;,Ca,C3 > 0, such that for |x| < L/2, there is the
inequality,

(4.26) u(z,L?) > cinexp [~z — ConL?e*’ —log L] — 7 ,

with probability at least

s/
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Proof. We proceed as in the proof of Proposition 2.1. First we assume wlog that
u(z,0) = 0 for |z| > 1 and Av;_y1ju(-,0) = n. We apply Lemma 4.2 with a =
Vi e 2 [o. 1t follows that
(4.28) sup  Np(z,t) <n/o,

|lo|<L,0<t<L?
with probability (4.27). If we apply the analogue of (2.20) with v = 1 we obtain
the inequality,

sup u(z,t) < Cone?”,

e <L,1<t<L2
with probability at least (4.27). The result follows by applying the analogue of
(2.20) again, this time with v = 1 — Cyne?’ and using Lemma 4.3. d

Proof of Theorem 1.2 inequality (1.8). In Lemma 4.4 we take n = 0, L = §|logo].
With this choice it follows that if o is sufficiently small and z € [—log L—1, —log L+
1] then u(z, L?) > n with probability at least 1 — exp[—1/C3+/7].

To finish the proof we proceed as in §3. Thus in analogy to (3.1) we define &,
for a solution u(z,t) of (1.3) by,

‘£m(n) =1 if AU(n(ZLZ—Zlog L)—1,n(2L%2-2log L)—i—l)[u(': mL2)] >,
Em(n) =0 if  Avar2-210g 1)—1,n(2L2—210g L)4+1) [u(-, mL?)] <.

If we define ¢, as in (3.2) with ¢ = exp[—1/C5+/0] then the results of §3 apply to
&m and (. If the initial data for u(z,t) is u(z,0) = 1,z < 0,u(z,0) = 0,z > 0,
then it follows in particular from Lemma 3.6 that,

(4.29) liminf [sup{n € Z : &, (n) = 1}/m] > 1 - C+/o,
m—0o0
for some universal constant C' > 0. The result follows now from (4.29). d

5. EXISTENCE OF WAVE SPEED

We first show that the limit (1.6) of Theorem 1.2 exists as t — oo through the
integers.
Lemma 5.1. Let u be a solution of (1.8) such that —oo < a(0) < b(0) < co. Then
there is a constant c(o) > —oo depending only on o such that,

with probability 1, as m € Z goes to infinity.

Proof. We first consider the case when a(0) = b(0), whence we may assume u(z,0) =
1, £ < 0 and u(z,0) =0, £ > 0. For m =0,1,2, ..., we define the random variable
Xo,m by Xo,m = b(m). We also define random variables X, ,, 1 <r < m. To do
this let u(z,t), ¢ > 7, be the solution of (1.3) with initial condition u(z,7) =1, z <
b(r), u(z,r) =0, z > b(r). Then we put

Xr.m =sup{z € R :u(z,m) > 0} — b(r).
Evidently one has that X, < X, + Xpm, 0 < 7 < m. It is also clear that

for each £ > 1 the variables EC(m—nk,mk , m > 1, are independent identically
distributed. Further, for each m > 0 the set of variables {X, m+tr : £ > 0} have
the same distribution as {Xm41, myk+1 : £ > 0}. Finally one notes from [11]

that E[ng 1] < co. The result follows now from the subadditive ergodic theorem,
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Theorem 2.6 of Chapter VI of [9]. To generalize to the case b(0) — a(0) > 0, let
br(m) denote the values of b(m) for the Heaviside initial data just considered. It
follows now from [16] that

whence the result for Heaviside initial data implies the general result. O

To extend the limit in Lemma 5.1 to all ¢ & oo we use a result of [18] which
directly applies to the situation here.

Lemma 5.2. Let 0 <t <1, a > 0. Then there is a constant C(c) depending only
on o, such that

C(o) —a?
P Os<1;;<)t{b(s) -b(0)} > a] < i exp [g] .

Proof. Same as for Proposition 3.2 of [18]. O

Lemma 5.3. Let u be a solution of (1.3) such that —oo < a(0) < b(0) < co. Then
there is a constant c(o) > —oo depending only on o such that,

lim b(t) = ¢(0)

t—oo ¢

with probability 1.

Proof. Tt follows from Lemma 5.2 that for m = 1,2, ..., there is the inequality,

P | sup {b(s+m)—b(m),b(m+1)—=b(s+m)}>+/m
0<s<1

< C(o) exp[—m/8].
Hence the result follows from the Borel-Cantelli lemma.

Lemma 5.4. Let ¢(o) be the wave speed as defined in Lemma 5.3. Then c(c) > 0.

Proof. We can assume wlog that a(0) = 0, whence

0
< u(z,t) > > / G(z — y,t)dy.

—o0
Thus for x < 0,
oo 1 _Z2
<1l—-u(z,t)> < / ——exp |—| dz
( ) - |z vart p[ 4t:|

It follows that

1\/7 —z?

—1/—exp |—| .
lz| V 7 A

oo

Z P (u(—m2/3,m) < %) < 0.

m=1

We conclude from Borel-Cantelli that

DN | =

lim inf u(—m?/®,m) >
m—o0

with probability 1. The result follows. |
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Next we wish to show that ¢(o) > 0. First we show that this is the case for a
discrete version of (1.3). Proceeding as in [4] we discretize the z axis with lattice
spacing h to obtain the system of equations,

Ou(z,t)

(61) —5,

%[u(w—}-h t) — 2u(z, t)+u(w—h t)]

+ qu(z,t)[1— \/u (z,t)[1 — u(z,t)] W(z,t),

where the W (z,t), x € hZ, are independent copies of white noise. It was shown in
[4] that expectations of polynomials in the variables u(z,t), = € hZ, are equal to
expectations for a dual process N(t) : Z — Z* where ZT denotes the non-negative
integers. Let N(t) = (..., Ni—1(t), N;(t), Niy1(t),. .. ), where N;(t) is the number of
particles at site ¢ € Z. The Markov chain N(¢) is defined by the transition rates
at which particles are born, coagulate and diffuse. Birth, for which A — A + A,
occurs at rate . Coagulation, for which A + A — A, occurs at rate o2 /h.
particle diffuses from i € Z to i + 1 at rate D/h? and also from i to i — 1 at rate
D/h?. Let u(z,t) be the solution of (5.1) with initial data u(z,0) = 1, = < 0,
u(z,0) =0, z > 0. Then from [4] we have the identity,

(5.2) <u(z,t)>=
P [N;(t) > 0 for some j <0 | N;(0) = 0,i # x/h, Ny/(0) =1].

We can bound from below the probability on the RHS of (5.2) by the probability
for a Markov chain on hZ x {1, 2}. The transitions in the chain occur at exponential
rates as follows:

(z,2) — (a:,l) at rate o?/h +2D/h?,
(x,2) — (z—h,1) atrate 2D/h?,
(,1) — (=, ) at rate -,

(x,1) — (z+h,1) atrate D/h?,
(x,1) — (x—h,1) atrate D/h®.

Let [X(t),s(t)] with X (t) € hZ, s(t) € {1,2} be the position at time ¢ of the
Markov chain with these transition rates.

Lemma 5.5. There is the inequality,

PIX(t) <0 | X(0) ==, s(0)=1] <
P[N;(t) > 0 for some j <0 | Ni(0) =0, i #z/h, Nyu(0)=1] .

Proof. We do this by a coupling argument. Consider the initial state N(0) of the
Markov chain N(¢) to consist of 1 red particle at site x/h € Z. The state at time
t consists of black particles and 1 red particle or black particles and 2 red particles
on the same site. The transitions between black and red particles are as follows:

(a) Black particles give birth to black particles, and 2 black particles coagulate
to 1 black particle.

(b) A black particle and a red particle coagulate to 1 red particle, while 2 red
particles coagulate to 1 red particle.

(c) If there is just 1 red particle it gives birth to a second red particle. If there
are 2 red particles on the same site they give birth to black particles.
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(d) Suppose there are 2 red particles at ¢ € Z. If one of the red particles moves
to i + 1 it becomes black. If one of the red particles moves to i — 1 it remains red
but the red particle left at site i« now becomes black.

Let X(t)/h € Z be the position of the red particles at time ¢ and s(¢) be the
number. Thus X(t) € hZ, s(t) € {1,2}, X(0) = z, s(0) = 1. It is clear that
[X(¢), s(t)] € hZ x {1,2} has the same law as the Markov chain we already defined,
whence the result. O

Lemma 5.6. Suppose z > 0, t > 0 and put p = 2Dyt/[0% +~vh+4D/h]|—x. There
is a constant C(D,~,h) > 0 depending only on D,~, h, such that if p > O there is
the inequality,

_ .y C(D,7,h) P
P(X(®)>0] X(0) =2, 5(0) =1) < =77 exp [_m] '

Proof. Let f : hZ x {1,2} — R be a bounded function and v(z, s,t) be given for
x € hZ, s € {1,2},t > 0 by

v(w,s,1) = B[f(X(1),5(1) | X(0) ==, 5(0) = s|.

Then v(z, s, t) is a solution to the equations,

ov
E(

}?2 (0@ + b, 1,) = 20(2,1,8) + 0(z = b, 1,H)] +7[0(2,2,8) — 0, 1,1)],

(5.3) 2,1,t) =

ov

- 2 —
at (.Z', Jt)

2}1_13 [0z — 1 1,6) — o, 2,1)] + (f + 1—?) [ 1,0) —v(a,2,0)],

with initial condition v(z,s,0) = f(x,s). Since the equations are translation in-
variant we can solve them by going to Fourier variables. Thus for £ € [—7/h,n/h]

we define (¢, s,t) by
(&, 8,t) =h Z v(zx, s,t)
TERZ
6 ’&(é.a ]-at) ’ﬁ(f, ]-at)
0(,2,1) 0(€,2,1)
where A(£) is the 2 x 2 matrix,

—vy — 2211 — cos h¢], v ]

2 . 2
o+ DN ethe], = 4D

Then we have that

A(§) = [

Let a(£) be given by

2
(54) a('g):\/{§+’y+é}2[l+cosh§]} +2hD2’Y j si




STOCHASTIC FKPP EQUATION 25

where we take the square root with positive real part. Then the eigenvalues
At (€),A_(&) of A(&) are given by,

o v, 2D

(5.5) Ap(6),A_(§) = - {ﬂ + -+ Tz + —[1 cosh{]} + a(§).

Define 5(£) by
B =12 _ %[1 + cos hé].
T

Then the eigenvectors corresponding to A4 (§), A_(§) are given by [y, 8(£) £ a(]*.
Hence the solution to the initial value problem (5.3) is given by

ooty = |29 e+ 26| ewhi©n
o |22 B ey - e e

ey = [T9E 01y 4 A2 EE e )] expir. e

s [0 fe) + 2B ) expip (e,

We take now f(z,s) = e~ %%, >0, f(z,s) =0, z <0, for any § > 0, whence

(5.7) F(&5) = b/ [1 — exp{h(i€ — 0)}].
With f given by (5.7) we need now to estimate,

w/h
oz, 1,t) = - / 3(€, 1, t)e " de.

27T —w/h
We shall obtain estimates on v(z,1,t) which are independent of § as 6 — 0. We
first consider
1 7I'/h R .
F(& 5) exp[A_(&)tle "7 dg

% —m/h

w/h R )
= L Re /0 F(&,5) exp[r- (€)tle e .

Observe that

h(1 —e=%") + he=%"(1 — cos h§)

(1 —e=9h)2 4 2¢=9h(1 — cos h€) ’
he %" sin h¢

(1 —e=%h)2 4 2e=0h(1 — cosh§)

Hence there is a universal constant C' > 0 such that

Re f(&,5) =

Im f(&,5)

w/h R R
(5.8) /0 |Re f(€,5)] + |sin hé Im f(&,5)|dé < C.

We conclude that there is a constant C(D,~, h) independent of ¢ such that,

w/h )
(5.9) |Re /0 F(& s) exp[A_(E)tle "¢ de| < C(D, v, h)[h + |z| + t] exp[—~/2].
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Using a similar argument we see that the terms on the RHS of (5.6) involving
exp[A_ (§)t] are bounded by the RHS of (5.9).

In order to estimate the terms on the RHS of (5.6) which involve exp[A+ (§)t] we
first need to show that the real part of Ay (£) is strictly negative for & € [—m/h, 7 /h],
& # 0. We write A\ (§) = —a(€) + a() where a(§) > 0 and «a(€) is given by (5.4).
Thus,

Re A (§) = {—a(§)” + [Re a(§)I } /{a(&) + Re a(§)}.
Observing that

[Re a(€))” = L {|(O) + e a(6)?),
we conclude that,

Re M. (€) = {~1a(§)” = Re a(€)*] = a()* + (&)’ } /2{a(€) + Re a(§)}.
From (5.4), (5.5) we have that

a(€)? — Re a(¢)? = {T +v+ iLD} 2h_12)[1 —coshé] >0
Hence,
Re Xy (6) = { = ([a(¢)® — Be a(6)*] + a<s>2)2 +la()'}

/ 2{a(&) + Re a(é)} {[a(§)® — Re a(€)*] + a(&)* + |a(§)*} -
The numerator of the last expression can be rewritten as

—4a(§)*[a(€)” — Re a(€)*] + [Im (&)’

o2 4D 2D 4D2'y2 . 9
< _{7_}_74—?} h2[ COShé'] X sin hé'
4D1® 4D+?) 2D
< —{|:’Y+ﬁ:| —7} hz[l—coshﬁ]

Hence Re A\ (§) < 0 for & € [—n/h,m/h], £ # 0. In fact one easily sees that there
is a constant C(D,, h) > 0 independent of o such that

(5.10) Re Ay (€) < —C(D, 7, h)[1 — cosh€], €€ [—n/h,x/h].

Next we need to analytically continue A\, (£), £ € R, into the complex plane. To
do this we use the identity,

(5.11) A4 () = det[A(§)]/A-(§) =

{5 7+ 321 201 coong ~ isinne] /20

It is clear from (5.11) that there are positive constants no(D,~, h), C(D,~, h) such
that A (€ +in) is analytic as a function of £ +in € C provided || < no(D, 7, h),
and

(5.12) A+ (§) = Ay (§ +in)| < C(D, v, h)In]

in this region. It is also clear that for any 7 satisfying 0 < n < 1o(D,~, h) there is
the identity,




STOCHASTIC FKPP EQUATION 27

1 w/h .
F(& 5) exp[Aq (O)tle 4 dE =

1 w/h

% —x/h
° F(& + i, 5) exp[As (€ + in)t] exp[—iz€ + zn)dE .
—m/h

For z > 0, t > 0, we define p by
o= 2nyt/ [0 +vh+4D/h] — z,

and assume p > 0. Hence n = £p/2Dt lies in the interval 0 < n < no(D, 7, h) for
all t > 0, provided € > 0 is chosen sufficiently small depending only on D,~, h.
Observe now the inequalities,

(5.13) fe+in,s)| <e®*n [ (5+y),

w/h . .
/ Re F(€ + in, )| + | sin hé Im F(€ +in, s)|dé < C,
—m/h

where the second inequality is just a restatement of (5.8) with § > 0 replaced by
0 + n. From these inequalities, (5.10), (5.12) we get a similar inequality to (5.9).
Thus there is an interval I, = [—C1(D,~,h)\/Ee, Ci(D,~,h)s/e ] and constants
Cy(D,~,h), c3(D,,h) such that

(514) | Re / F(€ +in, 5) exp[hg (€ + im)t] exp[—iz€ + en)de
[=m/h,m/h]—1I,

< Co(D, v, h)[h + |z| + t] exp[—c3(D, v, h)et] .

Finally we need to estimate the integral on the interval I. where we may assume
h& is small. To do this we write

(5.15)  exp[Ay (€ + in)t] = exp [Re A (6 +in)t +i Im Ay (€)¢]
{1+ (exp[i Im {A(€+1in) — A+ (§)}] - 1)} .
Observe that there is a constant C4(D,~y, h), such that
‘ A_(0) . 2D~hi(€ + in)

< Cy(D,~, h)[€ +in|* .

A_(&+in) (62 +~vh +4D/h)?
Hence from (5.11) there is the inequality,
, 2D~i(€ +in) 4D~2h N2
s  pli—
A&+ = T apm o+ yh+apyay &

< C5(D, v, h)lE +inf .
Thus for ¢ sufficiently small, depending only on D, -y, h there is the inequality,

D¢? 2D~yn
Re A in) < ——— 4+2Dp* - ———L____ |
e A (Etin) < —== 42D = S D
From the previous inequality one has that
(5.16) Re My (E+in)t+an < —DE*t)2 —e(1 —e)p? /2Dt .

The result follows now from (5.13), (5.14), (5.15) (5.16). O
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Corollary 5.1. Let cp (o) be the wave speed for the discretized equation (5.1). Then
there is the inequality,

cn(0) > 2Dv/[0* + vh +4D/h] .

Proof. We proceed as in Lemma, 5.4 and use Lemma 5.5 and Lemma 5.6. Thus
from (5.2) one has for 0 < z < 2Dvt/[0? + vh + 4D/h] the inequality,

2
<1 - u(:c,t)> < C(D\,/%y,h) exp [C(ny,h)t] .

Now we follow the argument of Lemma 5.4. a

Remark 1. The lower bound on cy(o) in Corollary 5.1 is consistent with the
conjecture cp (o) ~ 2Dvy/0? as 0 — oo stated in [4].

The lower bound on ¢y (o) in Corollary 5.1 goes to 0 as h — 0. In order to get a
positive lower bound on ¢(o) we need an estimate which remains positive as h — 0.
To do this we define a Markov chain similar to but somewhat more complicated
than the Markov chain studied in Lemma 5.6. The state space for the chain is
hZ U (hZ x hZ). The transitions in the chain occur at exponential rates as follows:

(5.17) — x4+ h at rate D/h?, x € hZ,

x — h at rate D/h*, z € hZ,

(z,z) € hZ x hZ at rate 7y, x € hZ,
(z + h,y) at rate D/h?, x,y € hZ,
(z — h,y) at rate D/h?, x,y € hZ,
(z,y + h) at rate D/h?, x,y € hZ,
(z,y — h) at rate D/h?, z,y € hZ,
x € hZ at rate o*/h, = € hZ,

z,y) — min[z,y] € hZ at rate A\,, x,y € hZ.

8 8 8

R A A

SR
8 € « w

The final rate A\, > 0 has yet to be determined. Any positive value of A, yields
a positive lower bound on ¢(o). We shall see later how to choose A, to obtain an
optimal lower bound on ¢(o) for large o.

Lemma 5.7. Let X,(t) be the Markov chain on hZ U (hZ x hZ) defined by the
transition rates (5.17). Then there is the inequality,

P[Xh () has at least one coordinate which is not positive | X;(0) =z € hZ]
< P [Nj(t) > 0 for some j <0 | N;(0) =0, i #x/h, Nyyp(0)=1] .

Proof. We proceed as in Lemma 5.5. Thus for the many particle system all but 1
or 2 particles are black and the remainder red. The transition (z,y) — min[z,y]
corresponds to the right most of 2 red particles turning black. O

We wish now to estimate the probability that the Markov chain X, (¢) started
at z € hZ has all co-ordinates positive. Since the chain is more complicated than
the one considered in Lemma 5.6 we shall proceed differently. We define random
variables 7, Yi(t), t < 75, as follows: Consider X (t) with A, = 0 started at
(0,0) € hZ x hZ. Then 7, = inf{t > 0: Xp(¢t) € hZ}. For 0 < t < 7, the variable
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Y3 (t) is the minimum of the 2 co-ordinates of X (t) € hZ x hZ. We define functions
ap, by as

an@,t) = E [exp {GYh(t)} ; t<Th], 8,t>0,
bn(6,t) = E [exp {GYh(t)} | 7 = t] , 0,t>0.

With A, asin (5.17) let Ty, T5, ..., be i.i.d. exponental variables with parameter A,.
Let 74,1, 7h,2, ..., be i.i.d variables which have the same distribution as the variable
71, defined above.

Lemma 5.8. Let T, be an exponential variable with parameter v. Then for 6 > 0
there is the inequality,

P(all coordinates of Xj(t) are positive | X,(0) =z € hZ) <

e’ f) (m;’“)E{ﬁahw,m sup  an(, s)

m, k=0 0<s<Tm41
, 2D
H br(8,7h,r) exp [~ Ao {Th,1 + ... + Th,k}] €XD [ﬁ{cosh(é?h) —-1Ht- Th,m,k}]

r=1
(t—Th,m,x)" (fyg)m-l‘k—l o
T g & vase,
(t=Th,m k. —Ty —Tm+1)t (m+k—1)!

where Ty, .1, s the random variable,

(5.18) Thmpeg=T1+ o+ T +Thg + o + Thk-

The term in the summation corresponding to m = k =0 is given by

(5.19) exp [2h—12){cosh(9h) — l}t] E [0<SSE%M an(8,s); Ty +T1 > t] .

Proof. We need to show that the RHS of the inequality is an upper bound for
E [exp{0X,(t)} | X4 (0) =z € hZ],

where X (t) is the minimum of the co-ordinates of Xj(t). We consider first the
situation where X, (s) € hZ, 0 < s < t. It is evident that

(5.20) E [ exp{0Xx(t)} | Xn(0) =0,Xn(s) € hZ, 0<s<t]

exp 2h—12){cosh(9h) — 1}/,
P(Xp(s) €hZ, 0<s<t) = P(Ty,>t).

Next we consider the case where a particle is created at time T, < t and Xj(s) €
hZ x hZ for T,, < s < t. This corresponds to the inequalities,

(521) T’Y <t< T’Y + min[Tl,Th,l].

Suppose now T, T; are fixed and we take the expectation on the event (5.21),
(5.22) E [exp{6X,(t)}; no particle deletion before time ¢ | X,(0) =0, T,, T1]

= exp 2h—l2){cosh(9h) - 1}T,| ap(0,t — T,)
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2D
< exp [—2{cosh(0h) - 1}t] sup ap(d,s) .
h 0<s<TiAt

We conclude then from (5.20), (5.22) that

E [exp{6X,(t)}; at most 1 particle creation and no deletion by time ¢ | X,(0) = 0]
2D
< exp [—2{cosh(0h) — l}t] E [ sup ap(0,s); Ty +T1 > t] .
h 0<s<T1 At

The RHS of the last inequality is the same as (5.19).

We consider now the situation where there are m+k > 1 particle deletions before
time ¢, m of these occurring by virtue of the final transition in (5.17) and & of them
by virtue of the penultimate transition of (5.17). Note that there are

m+k
(")

ways of ordering the particle deletions. Let T7,...,T,, be the times from creation
to deletion for particles which are deleted by virtue of the final transition in (5.17).
Then T, ..., T,, are independent exponential variables with parameter A,. Similarly
let 7,1, ..., 7h,k be the times from creation to deletion for particles deleted by virtue
of the penultimate transition of (5.17). The variables 7y, 1, ..., 7k are i.i.d. with
distribution the same as 7. Then we have

(5.23)

E [exp {GX' h (t)} ;m—+k particle creations and m+k particle deletions before time ¢,
m of the deletions being by virtue of the final transition of (5.17)

‘ Xp(0) =0, T, .., Tom, Th,l,...,rh,k]

m k
k
(") [er0.7) T m@mne[~Aofra 4+

r=

exp [i—lj {cosh(8h) — 1} {t Th,m,k}] ,

where T m 1 < t is given by (5.18). For n > 0 let T}, , be a Gamma variable with
parameters (n,v). The event in (5.23) corresponds to the inequality,
(5.24) Tk + Thimp <t <Ty + Ty + Thomk -

The situation where there are m + k + 1 particle creations and m + k particle
deletions before time ¢ corresponds to the inequality,

(6.25) Ty + Tmiky + Thomk <t <min[Tpq1, Thk+1] + Ty + Tpky + Thom ke -

We have then the identity,
(5.26)

E [exp {GX' h (t)} ;m~+k+1 particle creations and m+k particle deletions before time ¢,
m of the deletions being by virtue of the final transition of (5.17)

‘ Xp(0) =0, T,y Tty Thits s This Ty Tonthon
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k m
= ( m:; ) 71;[1 ah(ea Tr)ah (67t - T’y - Tm+k,'y - Th,m,k)

k
2D
H br(0,7h,r) exp [—)\U{Th,1+"'+Th,k}] exp [ﬁ {cosh(6h) — 1} {T, + Trtkn}| -
r=1
Observe now that in view of (5.25) one has
ah(aat - T'y - Tm+k,'y - Th,m,k) < sup ah(ea 3)-
OSS<Tm+1
We also have from (5.25) that T, + Tppqk,y < t — Th,m,k- Observe also that the
events (5.24), (5.25) are disjoint and that the union of these events is contained in
the event,
t— Th,m,k — T’Y — Tm+1 < Tm+k,'y <t-— Th,m,k .
We conclude then that

E [exp {60X,(t)} ; m+k or m+k+1 particle creations and m+k deletions before time ¢,
m of the deletions being by virtue of the final transition of (5.17)

‘ Xn(0) = 0, T1y ooy Ty Thit oons Thes T,Y]

m k
k
s(m+ ) an®.T,) sup  an(8,s) [T bn(0,70) exp [~Ao{mnntrtmnn}]
r=1 r=1

m 0<s<Tm+1

(t—Th,mx)T m4k—1

2D (rs) -
exp [— {cosh(fh) — 1} {t — Th,m,k}] / —————e "yds.
h‘2 (t*Th,m,k*T—y*Tm-#—l)_*— (m + k— 1)'
The result follows from this last inequality on taking the expectation and summing

w.r. to m, k. a

We need to estimate the RHS of the inequality in the statement of Lemma 5.8
in such a way that our estimates are uniform as A — 0. We begin with the function
an(8,t). To do this we define a Markov chain with state space {(y1,y2) € hZ x hZ :
y1 > y2}. The transitions in the chain occur at exponential rates as follows:

(5.27) (y1,y2) — (y1+ h,y2) at rate D/h?, y1 > ya,
(y1,92) — (y1 — h,y2) at rate D/h?, y1 > yo,
(y1,92) — (y1,y2+h) at rate D/h?, y1 > ya,
(y1,92) — (1,52 —h) at rate D/h*, y1 > ys,
(y1,92) — (y1+h,y2) at rate 2D/h?, y1 =y,
(y1,92) = (y1,92—h) at rate 2D/h*, y1 = ya,
(y1,y2) — Kkilled at rate o®/h, y1 = y2,

Let 74 be the killing time for the Markov chain defined by (5.27). Then if the
position of the walk at time ¢ is (Y},1(t), Y 2(t)) € hZ x hZ, one has the identity,

ah(é?,t) =F [exp{—GYh,l(t)} ;< T | Yh,l(o) = Yhig(O) = 0] .
Let f be a real valued function on the state space of the chain (5.27) and consider
uh(y17y2at) =FE [f (Yh,l(t)aYh,Z(t)) 3t < Ty | Yh,l(o) = Y1, Yh,2(0) = y2:| .
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Then uy satisfies the partial difference equation,

auh

D
(528) W(yhyza t) = ﬁ [uh(yl + h7y27 t) + Uh(yl - h7y27t)

+un(yi, y2 + hot) +un(ys, y2 — hyt) — 4up(yr, y2, 1) [, y1 > y2,

ou 2D
a—th(yby?at) = ﬁ |:uh(y1 + h7y27t) + uh(y17y2 - h7t)
0.2
—2up(y1,y2,t)| — W un(Y1,y2,t), Y1 =92,

for ¢ > 0 with initial condition,

(5.29) un(y1,92,0) = f(y1,42), Y1 > Y.

Next we define a Markov chain with state space {z € hZ : z > 0}. The transitions
in the chain occur at exponential rates as follows:

(5.30) — z+h atrate 2D/h* z>0,
— z—h atrate 2D/h%, z>0,
— h  atrate 4D/h?,
0 — killed atrate o?/h.
Let Zy(t) be the position of the walk at time ¢ determined by (5.30). For a real
valued function g on the state space of the chain (5.30) we put,

(5.31) vn(z,t) = E [g(Zn(t));t < | Zn(0) = 2],

where 7, is the killing time for the chain. Then v, satisfies the partial difference
equation,

61)h 2D

S N W

(5.32) E(z,t) = 7z [vn(z + h,t) +vp(z — h,t) — 2u(2,t)], 2> 0,
Ovy, 4D o?
W(Oat) - F [vh(ha t) - ’Uh(O, t)] - th(oa t):

for ¢ > 0 with initial condition,

(5.33) vn(2,0) = g(2), z2>0.

Observe that there is a relation between the chains (5.27), (5.30). Thus if v, (2, t)
is a solution of (5.32) with initial condition (5.33) then uy(y1,y2,t) = vp(y1 — yo,t)
is a solution of (5.28) with initial condition (5.29) given by f(y1,¥y2) = g(y1 — y2)-
In terms of expectations we have the identity,

(5.34) E [g (Yh,l(t) - Yh,z(t)) it < T | Yh,l(o) =1, Yh,Q(O) = yQ]
=E [9(Zn(t));t < Th | Z1(0) = y1 — yo] -

We can extend the identity (5.34) by an inequality when the function f(yi,y2) is
no longer just a function of y; — yo.

Lemma 5.9. Let uy, be the solution of (5.28) with initial condition f given by
(5.35) Flyr,p) = 7@ gy —ys), 1 > g
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Let vp,9 be the solution of (5.32) with the diffusion constant D in the equation
replaced by D cosh(0h/2) and with the initial condition (5.33). Then there is the
identity,

(5:36) un(yr,92,t) = exp | — 0y1 +12)/2
4D 6h
+ ) {cosh (?) - 1} t]vh,g(yl —y2,t), Y1 >y2, t>0.

Proof. If we take uy, to be the RHS of (5.36) then one can easily see that it has initial
condition (5.35). One can also see that for this function the LHS of (5.28) is larger
than the RHS. The inequality (5.36) follows now by the maximum principle. |

Lemma 5.9 will enable us to estimate the function aj(6,t). Next we turn to
the problem of estimating the function b, (6,t). To do this we consider an elliptic
problem. Let f be a real valued function on the state space of the chain (5.27) and
for any A > 0 consider

(5.37) un(yi,y2) = E [f (Ya1(mh), Ya2(mh)) € ™ | Ya1(0) = y1,Yn2(0) = yz] :

Then uy, satisfies the partial difference equation,

4D D
(5.38) (ﬁ + /\) un(y1,y2) = = [Uh(yl + h,y2) +un(yr — h,y2)
+un(y,y2 +h) +un(y, y2 — h)]; Y1 > Y2,
4D o2 2D
(ﬁ tot )\) un(y1,y2) = T [un(y1 + h,y2) +un(y1,y2 — h)]

0.2

+to fiy2), yi=y2.
If we take f = 1 in (5.37) then we obtain an identity analogous to (5.34). That is
one has up(y1,y2) = va(y1 — y2) where v (z), z > 0, satisfies the partial difference
equation,

4D 2D
(5.39) (ﬁ + /\> vp(z) = T [n(z + h) +vn(2 — h)], 2z >0,
4D o2 2D o?

Lemma 5.10. Let up be the solution of (5.38) with the function f given by

Fyr,ye) = e /W92 0y >y
and X satisfying the inequality

4D 6h
— h{— | —-1].
A > ® [cos ( 5 > 1]

Let vp9 be the solution of (5.89) with the diffusion constant D in the equation
replaced by D cosh(6h/2) and X in the equation replaced by X — 4Fg[cosh(ﬂhﬂ) —1].
Then there is the identity,

— 6—9(y1+y2)/2

un(y1,Y2) Vho (Y1 —¥2), Y1 > Y.
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Proof. Substitute the ansatz for up, into (5.38) and use (5.39) to verify that (5.38)
holds. |

We can use Lemma 5.9 and Lemma 5.10 to bound the terms on the RHS of the
inequality in Lemma 5.8.

Lemma 5.11. Let e* Z:,kzo A i be the RHS of the inequality in the statement

of Lemma 5.8. Let Zy(t) be the walk defined by (5.30) with the diffusion constant
D replaced by D cosh(6h/2). Let 6p,,(6) be defined by,

(5.40) Op.,(0) = / E[1—exp{—0Zy(t)/2};t <74 | Z,(0) = 0] e *'A, dt .
0
Then for N =0,1,2, ..., there is the inequality,
(5.41)
N—1

t

Proof. For N = 0 the integral in (5.41) is not part of the inequality. It follows now
from (5.19), (5.36) and the inequality,

(5.42) ‘2_127 {cosh (%) - 1} < Zh—f {cosh (0h) — 1},

that (5.41) holds for N = 0. Consider now N > 1 and m, k fixed with m + k = N.
Then there is the inequality,

Am i < ( m;— k ) exp [i—?{cosh(ﬁh) - l}t]

ﬁ B [ah(a, T,) exp [—Qh—]f{cosh(eh) _ 1}TT”

r=1
k
0
E sup ah(0, S) H E |:exp { - B [Yh,l(Th,r) + Yh,Z(Th,r)]
0<s<T 41N r=1

- [,\g + Qh—l;{cosh(Hh) - 1}] Th,r} | Y1 (0) = Y;2(0) = 0]

t N-1
(v8) s
/0 7(N_1)!e”"yds.

By Lemma 5.9 and (5.42) there is the inequality,
2D
E |an(0,T,)exp —ﬁ{cosh(ﬂh) —1}T.
< / E [exp{=0Z(t)/2} ;£ < 7 | Zn(0) = 0] e >0A, dt
0

= / Pt < | Z4(0) = 0)e N, dt — 6.0 (8) |
0

where Zj, is the random walk defined by (5.30) but with the diffusion constant D
replaced by D cosh(6h/2). From Lemma 5.10 and (5.42) there is the inequality,

E|exp =5 [Ya1(7h,r) + Ya2(Th,r)] = | Ao + 5 {cosh(0h) — 1}| 7h,,
oo {3 ot |}
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| Yi1(0) = Yaa(0) =0 < E[e ™|2,(0) = 0]

where again Zj, is the random walk defined by (5.30) with D replaced by D cosh(6h/2).
Observe now that

o
/ Pt <1 | Zn(0) =0)e *! N\, dt + E [e=*™ | Z,(0) = 0] =1.
0
The inequality (5.41) follows now from the previous inequalities. |

Lemma 5.11 enables us to find a bound on the probability in the statement of
Lemma 5.8. This bound grows however exponentially in ¢ as ¢ — co. By a slight
modification of the argument of Lemma 5.11 we can obtain a bound which decays
exponentially in ¢ as t — oc.

Lemma 5.12. Let « satisfy the inequalities 0 < a < 1, ary < Ay. Define dp,5,4(0)
by (5.40) but with A, replaced by A\, —ay > 0. Suppose a also satisfies the inequality,

(5.43) a[l +v/As] < Oh,0,a(0).

Then there is the inequality,

(5.44) P (all coordinates of Xp(t) are positive | X4(0) =z € hZ)
< a X\ (1-a)
T 274+ Aelh,0,0(0) — aly + As)

exp [9.77 + i—l;{cosh(Gh) — 1} —ayt

Proof. We use the notation of Lemma 5.11. From the inequality,
(YN /(N = 1)E< (1= )™V exp[(1 - a)vs],
we have that for m + k=N > 1,

(t=Th,mx)* N-1
(5.45) E / %‘e_'ys'y ds ‘ Th,m.k
(t—Th)m)k—T../—Tm+1)+ (N - 1)
1
< a(l—a)NT exp [—avt + ayTh,m,k] E [exp{ay(Ty + Trt1)}] -

Since Ty and T’ 41 are exponential variables with parameters 7y, A; respectively one

has that A
E [exp{a’y(T,, + Tm+1)}] = (1 . a)(;o — Ot’Y) J

where we have used the assumptions a < 1, ay < A,. We conclude that the
expectation on the LHS of (5.45) is bounded by
1 Ao
a(l—a)N X\, —ay
Proceeding as in Lemma 5.11 we have now instead of the inequality (5.41) the
inequality,

exp [aYTh,m,k — Yt

.- Ao 4D
m+k=N 7

{ )\0'[1 - 6h,¢r,a(0)] }N
(/\a - Oé’)/)(l - a) -
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The inequality (5.46) evidently also holds for N = 0. In view of (5.43) the sum of
the RHS of (5.46) w.r. to N is convergent, whence we obtain (5.44). O

Next we wish to take the continuum limit A — 0 of Lemma 5.12. In order to do
this we find the continuum limit of the function Jj (@) defined by (5.40).

Lemma 5.13. For the function 6y, »(0) of (5.40) there is the limit,
(5.47) lim 61,0 (6) = 2D0\//\(,/ [02 +2V20,D ] [\/Ag +0/D)2 ] .
—

Proof. Let Zy(t) be the walk defined by (5.30) with the diffusion constant D re-
placed by D cosh(6h/2). Let g be a bounded function on the state space of the
chain determined by (5.30) and define v, (2) by

on(z) = /Ooo E [g(Zu(®)it < | Z(0) = 2] e\ dt,

where A > 0 is an arbitrary parameter. It follows from (5.31), (5.32), (5.33) that
vp(2) satisfies the difference equation,

(5.48) %;Wzﬂ) [2vh(2) — vp (2 4+ h) —vp(z — h)] + Avp(2) = Ag(2), 2> 0,
AD OBORI) y,0) — v )] + ("—; + )\) on(0) = Ag(0).

For 2’ € hZ, ' > 0, let v,(2) = Ga,n(2,2’) be the solution of (5.48) when A\g(2) is
the Kronecker delta Ag(z) = h=1d(z — 2'). By standard calculation one sees that
G, is given by the formula,

Gan() = Bul) [14on2—nv/aorom | 2x o
Gran(z,2") = Cr(z") [1 + vh? + hy/20 + v2h2 ]Z/h
+ En(2) [1+uh2 h\/m} L 0<z<2,
where v = A/4D cosh(8h/2),
(5.49) Ch(2") [1 - g {m - vh}]

o[l +vh?® — hv/20 + v2R2 ¥ /R
B Avh 4+ V20 + v2h2 | ’

02/4D cosh(0h/2) — V/2v + v2h? Cn(2) |
02 /4D cosh(0h/2) + v2v + v2h?

(5.50) En(2') = {

(5.51) Ba(2') = C(2") [1 +oh? + h/20 + v2h2] + En(2) .
Note that in view of the fact that

g{\/2U+U2h2—’Uh} <1
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the coefficient of C,(2') in (5.49) is strictly positive. It is evident that the limit of
the function G, exists as h — 0 and is given by the formula,

no_ ' . i '
(5.52) Gi(z,2") = B(2") exp ZV2D , z2>2,
Gr(z,2') =C(")exp |2z A + E(2)exp |-z A 0<z<2
A V2D Vap | =7
where
! —_ ]' ! A
(553) C(Z ) = m exp [—z H E ‘| y
, o? = 2V/2)D
pE) = 22D g
0%+ 2v2\D

+ E(Z).

B(z") = C(2')exp [22' \/ 2)\D

Suppose now g : RT — R is a continuous bounded function satisfying g(0) = 0.
Then the solution of (5.48) is given by the formula,

vp(2) = A Z h Gxn(z,2")g(2") .

z'€hZ, z'>0
Evidently one has that
lim vp(2) = / Gi(z,2")g(7")dz
h—0

Note also that v(z) is the solution to the boundary value problem which is the
continuum limit of (5.48),

(5.54) —2Dv"(z) + Xv(z) =Xg(z), 2>0,
v'(0) = o2 v(0)/4D.

Now to compute the limit of o ,(f) as h — 0 we observe that 0p,(0) = vx(0)
where the function g is given by

9(z) =1—exp[—02/2], z>0.
Since g(0) = 0 we have that

lim 5.0 (6) = A / Gr(0, ) [1 = ] a2,
h—0 0

One can easily compute the RHS of this last equation from (5.52), (5.53), to obtain
(5.47). O

Remark 2. A boundary value problem similar to (5.54) has been previously studied
in the context of particle systems (see [15]).

Lemma 5.13 enables us to take the continuum limit of Lemma 5.12. We do this
under the assumption that solutions of the discretized equation (5.1) converge in
distribution to solutions of the continuous equation,

(5.55) %(x, t) = Dugy + yu(l — u) + o/u(l —u) W(z,t) ,
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as h — 0.

Lemma 5.14. Let u(x,t) be the solution of (5.55) with initial condition u(z,0) = 1,
z <0, u(z,0) =0, z > 0. Let a satisfy the inequalities, 0 < a < 1, ay < A,.
Define 6,,4(8) by

30.a(8) = 2D9\/X/ [02 +2V2\D ] [ﬁ+ 9/D/2 ] ,
where A\ = A\, — ay > 0. Suppose a also satisfies the inequality,
(5.56) afl +9/A;] < 05,0(8).
Then there is the inequality,

a X\ (1-a)
a2y + Ao 0g,a(0) — aly + Ao)

Proof. The result follows from Lemma 5.12, Lemma 5.13, the identity (5.2) and
Lemma 5.7. g

(5.57) {1 —wu(x,t)) < explfz + 2D6%t — avt] .

The following lemma now completes the proof of inequality (1.7) of Theorem
1.2.

Lemma 5.15. Let c¢(o) be the wave speed for the equation (5.55) as defined in
Lemma 5.3. Then c(o) > 0 for o > 0 and there is the inequality,

(5.58) liminf o2 ¢(0) > 2Dy .
o—00

Proof. We apply the argument of Lemma 5.4 and we use Lemma 5.14. Let a(o, §)
be the value of o determined by equality in (5.56). Then one has that

lim a(0,6)/6 = 2D /[o® + 2V2AD |[1 + v/XA;] = a(o).

By choosing 8 in (5.57) to be sufficiently small and independent of ¢ we see that
c(o) > a(o)y provided 0 < a(o) < 1, a(c)y < A,. By choosing A, = ¢% and
letting 0 — 0o we obtain the inequality (5.58). |
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