EQUIVARIANT COHOMOLOGY IN ALGEBRAIC
GEOMETRY
APPENDIX A: ALGEBRAIC TOPOLOGY

WILLIAM FULTON
NOTES BY DAVE ANDERSON

In this appendix, we collect some basic facts from algebraidopology
pertaining to the fundamental classof an algebraic variety, and Gysin push-
forward maps in cohomology. Much of this material can be found in [Ful97,
Appendix B], and we often refer there for proofs.

This appendix is in rough form, and will probably change sigrcantly.
(Watch the version date.)

1. A brief review of singular (co)homology

Let X be any space, letC X be the complex of singular chainson X, and
let C X =Hom(C X; Z) be the complex of singular cochains The singular
homology modules are de ned as

HiX = hi(C X);
and the singular cohomology modules  are
H'X = h'(C X):

One setsH X = - H;X andH X = - HiX . We refer to [Spa66] for the
details and basic properties of these constructions, summiing the most
relevant facts below.

One sacri ces some geometric intuition in working with cohanology in-
stead of homology, but one gains the advantage of an easily ded ring
structure. If 2 C¢X is a singular simplex, letf; 2 C;X be the restriction
of tothe front i-face of the standard simplex, and letly be the restriction
of to the backj-face. Then one de nes the cup product

H'X HIX1 H™*IX
by setting

(c[ d)( )= cfi )d(b );
forc2 C'X,d2 CiX,and an (i +j)-simplex.
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This makesH X into a skew-commutative graded ring: Forc2 H X and
d2 HIX,onehasc[ d=( 1)ld[c?
H X becomes a (left) module overH X via the cap product

\CHIX O HjX U Hj X

denedby c\  =c(b )(f; i ).

Associated to a continuous magf : X ! Y, there are natural pushforward
and pullback maps on homology and cohomology, respectively, denoteld :
HX! HYandf :H Y ! H X. These are related by theprojection
formula, also called \naturality of the cap product™:

f(fc\ )=c\f

If X is triangulated, one also has thesimplicial homology H*™ X, and a
canonical isomorphismH®*™ X1 H X. (This showsH®*™ X is indepen-
dent of the choice of triangulation.)

For A U X, with A closed in X and U open, there are natural
excision isomorphismsH (X;U)=H (X r A;Ur A).

If M is a compact, connected, orientech-manifold, then it has a funda-
mental class[M] 2 HyM = Z, characterized by the fact that it maps to a
chosen generator oH,(M;M r fxg) = H,(U;Ur fxg)= Zforall x2 M,
whereU is a ball around x. There is a canonical isomorphism (the \Poincae
isomorphism") H'M!  H, M, given by ¢ 7! ¢\ [M]. This isomorphism,
then, makesH M = H M into a ring.

For such M, there isZa perfect pairing

1) HM HM! Z

M
called the Poincae duality pairing .2 For c2 H'M andd 2 H" M, this
is given by (c;d) 7! (c[ d)\ [M]2 HoM = Z. If fx gis a homogeneous
basis forH M, then the Poincae dual basis is the basisfy g dual for this
pairing, so

Z
X y =
M
If V is a closed subset oM, there is also a canonical isomorphism
2) HiV=H" "(M;M r V):

This isomorphism is often called the \Alexander-Lefschet? isomorphism.
(See [Spa66, p. 296{7].)

IThe sign conventions in the de nition of the cup product vary throughout the litera-
ture. For example, ours agree with those of [Spa66] and [Hat(2], but are the opposite of
those of [Mil-Sta74].

2|n fact, there are several related (but di erent) notions wh ich go by the name \Poincae
duality”.
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For an oriented rank-r real vector bundle E! X, and A any subspace
of X, there is the Thom isomorphism

HI(X;X r A)= H*(E;E r A):

In fact, thereisaclass 2 H'(E;E r X), called the Thom class character-
ized by the fact that it restricts to the chosen generator of H" ( (p); (p)r
fpg) forall p2 X. The above isomorphism is given byc 7!  (¢)[ . (Note:
we always identify X with its embedding by the zero section in a vector
bundle.)

For a smooth closed submanifoldV of a smooth manifold M © there is a
neighborhoodU of M in M 9 such that the pair (U;M) is di eomorphic to
(N:M ), where N is the normal bundle of the embedding M2

2. Borel-Moore homology

A better way, at least for our purposes, is to useBorel-Moore homology
which we will denote by H; X . There are several ways to de ne these groups;
for example, via

sheaf theory (as was done originally in [Bor-Mo060] and [BoiHae61]);
locally nite chains;
a one-point compacti cation X *, for good spacesX. (UseH;(X*;X™*r
X).)
We will use a de nition which comes equipped with many nice poperties,
and which works for any space which can be embedded as a clossabspace
of an oriented smooth manifold M :

De nition 2.1.  For a spaceX embedded as a closed subspace in an oriented
smooth manifold M , the Borel-Moore homology groups are

(3) HiX = HI™M MM 1 X):

Proposition 2.2.  This de nition is independent of the choice of embedding.
In fact, given closed embeddings oK into manifolds M and M ©, there is

a canonical isomorphismH MM i(M; M r X) = HAMM® i\ 0\ Op X)),

Moreover, if X is embedded into a third manifoldM % these isomorphisms
form a commuting triangle:

HdimM I(M,M r X) - HdimMO '(MO;MOF X)

HdimMOo i(M OC,’M 00y X):

For the proof, see [Ful97, pp. 216-217].

Note that these Borel-Moore homology groups are not homotop invari-
ant: For example, our de nition says that H,R" = Z. Nor are they functo-
rial with respect to arbitrary continuous maps. However, there is functori-
ality in two important situations.
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Proposition 2.3 (Covariance for proper maps) If f : X | Y is continuous
and proper (i.e., the inverse image of a compact set is comp#8¢ then there
are maps

f ZWiX! WiYZ

Proof. SupposeX is embedded as a closed subspace Bf', and Y is em-
bedded as a closed subspace &™. Sincef is proper, we can nd a map
"X I 1" such that

' )y:xr vy 1" R™ R"
is a closed embedding. (Here | " =[a;H", with a< 0<b.)
HiX = H™* " {(R™  RMGR™ R"r X)
! HM™M™ I(R™  R%R™ RMr (Y 17)
(restrict)
= H™ " (R™ RYGRM™ R"r (Y f 0g))
(homotopy)

= H™ '(R™;Y)
(Thom)

= WiYZ

Exercise 2.4. Check independence of choices, and naturality:  f) =
g f for
xt'w?z

We also havecontravariance for open inclusions Let U X be an open
subspace, embedX in an n-manifold M, and let Y = X r U. We get
restriction maps HiX ! H;U from the long exact cohomology sequence of
thetriad (M;M r Y;Mr X). Indeed, U is a closed subspace of the manifold
M r Y, sothe mapis

HiX = H" {(M;M r X)! H" {Mr Y;(Mr Y)r U)= H;U:

Exercise 2.5. Check independence of choice, and naturality for a sequence
of open inclusionsU® U X.

In the case whereM, X, and Y are complex varieties, we will use this
restriction map to nd isomorphisms on top-dimensional homology. Also,
this allows restriction of homology classes to small (classal!) open sets.

STake ' to be the composition of X ,! R" with a homeomorphism R" ! (a;b)",
followed by the inclusion (a;b)" I". When f is proper, this choice of ' makes ;' ) a
closed embedding. Indeed, X ,! Y (a;b)" is always a closed embedding; identify X with
its embedding in (a;b)". Suppose §;x) is a limit point of ( f;* )(X) Y 1", so there
is a sequencef (yi;Xk)g ! (y;x), with f(xk) = yk. Then C = fyxg[f yg is compact, so
f Cis compact and contains f xx g, and therefore it must contain x.
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Example 2.6. X = C". (Or X =ball in C".) This is a manifold, so
v _ogon iy oy 2 ifi=2n;
HiX = H (X3) = 0 otherwise

Exercise 2.7. The operations of pushforward and restriction are compat-
ible. Specically, if f : X ! Y is proper and U Y is open, then the
diagram

HiX = Hi(f 'u)

H iY _— Wi U
commutes.

Proposition 2.8. For Y X closed, withU = X r Y, there is a natural
long exact sequence

(4) I H;Y! H;X! H;U! H; iY! | Hou! O

This sequence will allow inductions on dimension, when the dmologies
of two of the three spaces are known.

Proof. When X is embedded as a closed subspace of a manifdidl, this is
just the long exact cohomology sequence of the triadNI; M r Y;Mr X).

3. Classes of subvarieties

Proposition 3.1.  Let V be ak-dimensional guasi-projective algebraic va-
riety. Then H;V =0 for i> 2k, and Hy = Z, with one copy ofZ for
eachk-dimensional irreducible component ofV.

roof. In general, if X is a disjoint union of spacesX;, then HiX =

J-Wixj. (Exercise.) Now whenV is nonsingular, this observation re-
duces the claim to the case wher®&/ is irreducible. Indeed, in a nonsingular
variety, connected components coincide with irreducible omponents. But
then V is a connected manifold, sdH;V = HZ 1V: this is O for i > 2k and
Z for i = 2Kk.

For a general (possibly singular and reduciblek-dimensional complex va-
riety V, we can reduce to the nonsingular case using the long exact@gence
of Borel-Moore homology. LetW  V be the closed set consisting of the
singular locus ofV, together with all irreducible components of dimension
< k; thus W is a variety of dimension < k. By induction on dimension,
then, we may assume the claim holds foW. In particular, H;W = 0 for
i> 2k 2. Now apply the long exact sequence fowwW  V: we have

(5) 0= WZkW ! ngV ! WZk(V r W) ! ng 1W =0:
Thus H2 (V) = Ha(Vr W), and since the latter is ak-dimensional nonsin-

gular variety, the claim follows. (The same argument also sbws vanishing
fori> 2k.)
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Remark 3.2. An essential ingredient in the above proof is the fact that the

singular locus of a complex variety is a subvariety ofcomplex codimension

at least 1, and hence ofreal codimension at least 2. Things are somewhat
more subtle in the real world, and one must impose additionalhypotheses

for a similar claim to hold on real varieties.

We therefore have afundamental class [V]2 HxV = Z, for any irre-
ducible k-dimensional variety V. If V is a closed subvariety of a nonsingular
variety X, we also get a fundamental class corresponding t¥ in H24(X),
whered is the codimension ofV. This comes from

HaxV = HHX; X r V) ! HZ(X):
The element v 2 H24(X;X r V) corresponding to V] 2 HyV is called
the rened class of V in X.

Remark 3.3. One should expect a class representiny in H24(X) to be
\supported on V," and hence to come fromH?2d(X;X r V). We need a
canonical representative, though, and the fundamental clas of Borel-Moore
homology gives us one.

Remark 3.4. SupposeV and W are irreducible subvarieties of X, of re-
spective codimensionsl and e. Then there is a class Y] [W]2 H2+2¢(X),
In fact, using re ned classes, we have

v w2 HX2Zen: X r (V\ W));
so this product is supported on the intersection ofV and W. If V and W
intersect properly (i.e., codim(V \ W) = d+ e), then by Proposition 3.1,
M
H2*2e(; X r (V\ W)= Hygp(V\ W)= Z;

with one copy of Z for each irreducible component ofV¥ \ W. Thus v w
assigns arnintersection number to each irreducible component ofV \ W, and
we have anintersection cycle V. W. In fact, these numbers agree with those
de ned algebraically in intersection theory.

We now turn to the behavior of fundamental classes under morpisms.

Proposition 3.5. Let X and Y be nonsingular varieties of respective di-
mensionsn and m, and letf : X | Y be a proper morphism. LetV X
be a closed subvariety, and letV = f (V) Y. Then

f - HI(X)_. H2m 2n+i(Y)
K K
Han i(X) — Han i(Y)
maps

0 if dimwW < dimV;
VIV qwi if dimw = dim V:
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where d is the degree ofV over W. (By de nition, this is the degree of the
eld extension [C(V) : C(W)].)

Proof. The rst case (dim W < dim V) is clear from Proposition 3.1. In the
second case, there is an open s&d W such thatf U\ V! Uis a
d-sheeted covering. TakingU to be.su ciently small, we may assume it is
a ball, and we havef U\ V=U; U, Ug, with each U; mapping
isomorphically to U.

Then we have a commuative diagram

Mo _ _ _
Hx(U)=Hax(f U\ V) —HxV = HxX

I

and the proposition follows.

i=1

?
H U

? ?

HxW — HxY;

The next proposition is about \compatibility of pullbacks. "

Proposition 3.6. Letf : X ! Y be a morphism of nonsingular varieties,
with V Y irreducible of codimensiond. Assume there is a classical open
neighborhood U Y whereV\ U = V° U is connected, nonsingular,
and de ned by (holomorphic) equationshy;:::;hg, such thatwW \ f U =

hi f;::i;hg f. Thenf v = w.
Proof. We have
Z=H2:yr v)IT H2CX 1 W)= Z;

so v 7' ¢ for somec?2 Z. The assumptions onU and f U guarantee
that the restriction maps are isomorphisms:

H2A(Y;Yr V) ! H2U;Ur VO
H2X:; X r W) ! H2X(¢F u;f Ur wo):
Thus we may replaceY with U, and reduce to the situation whereY is a
vector bundle overV {in fact, a trivial bundle { and similarly X is a vector
bundle over W. The claim is that the Thom class in H24(Y:Y r V) pulls
back to the Thom class inH?24(X; X r V). But the hypotheses mean that
X is the pullback of Y, when X and Y are considered as vector bundles

over W and V. The assertion thus reduces to naturality of the Thom class
of vector bundles.

Thus for irreducible closed subvarietiesV and W of a nonsingular variety
X, withdimV = k, dmW = [, and dimX = n, we obtain an intersection
class inHon ok 2(V\ W) = HZR2I(X; X r (V\ W)), corresponding to
[V] [W]. Each (k+1 n)-dimensional irreducible componentZ of V\ W gives
an intersection numberi(Z;V \ W, X), Which is the projection of [V] [W]
onto the factor of Hokio| on(V\ W) = Z corresponding toZ.
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Exercise 3.7. If there is an open set ofZ on whichV and W meet transver-
sally, then i(Z;V \ W;X) = 1. (See [Ful97, p. 222].)

Remark 3.8. Geometric considerations (\reduction to the diagonal”) can
be used to show that the intersection numbers(Z; V\ W; X ) are nonnegative
wheneverX is a manifold; hence any product V] [W] can be expressed as
a nonnegative sum of classesZ]. Is this a formal property of the theory,
or does it depend on the geometry? For example, iX is a Q-homology
manifold (i.e., a variety having the Q-homology of a manifold), is it true
that the corresponding intersection numbersi(Z;V \ W;X) are positive
rational numbers?

Remark 3.9. When X is a manifold, the ring structure on H X comes
from the diagonal embedding. More speci cally, one has the thgonal map
X1 X  X,andfor classes; 2 H X,

(6) [ = ( )= (P ) [ p2()):
For subvarieties V; W, we get V] [W] = [V W]. This technique of
\reduction to the diagonal” works because is aregular embedding

Proposition 3.10. If X =Xgs Xg 1 Xo=; are closed algebraic
subsets, andX; r X;j 1= ;U with Uj = C"(), then the classeqUj; ]
form a Z-linear basis forH X.

Proof. Use induction oni, and assume the proposition holds forX; 1. As-
sociated to the inclusion X 1 >I§/I| we have an exact sequence

(7 ! He(Xi 1)! Hk(Xi)! Hy(Uj) ! Hi (X 1!

j
When k is odd, H(X; 1) = 0 by induction, and Wk(Uij )= He(C@Ey=0
by calculation. Therefore HX; = 0, as well, and we have short exact
sequences

_ _ M
(8) 0! Hax(Xi 1)! Ha(Xi)! Ha(Uj) ! O
j
Now [Uj] maps to [Uj] under the map H (X;) !  jH (Uj), and the
latter classes form a basis, so the former are independent iHl (X;). The
proposition follows.

Exercise 3.11. Show that H P" = Z[ ]=( "*!), where corresponds to
[H], the class of a hyperplane.
Exercise 3.12. Compute f andf for the Segre embeddingP™ P" ]

an+n+m

Exercise 3.13. If a connected group G acts continuously on a spacex,
show that g acts trivially on H X for eachg 2 G. For varieties, show

g [VI=[gV]=[V]
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Remark 3.14. In fact, more is true: The operations from intersection the-
ory in algebraic geometry make sense in Borel-Moore homolgg and are
compatible. See [Ful98x19].

4. Homotopy type of the complement of an affine algebraic
set

Proposition 4.1. If Z CN is a Zariski-closed set, of codimensiord, then
i(CNr z)=0for0<i 2d 2. Thisis always sharp: 4 1(CNr Z) 60
if Z is nonempty.

Proof. (D. Speyer.) Identify C" with R?". For a smooth (C! )mapf : S'!
C'r Z,let S = fp2 (real) line betweenZ and f (S')g. (This is analogous
to a secant variety in algebraic geometry.) Consider the nurber

dmgS = dimgZ +dimgf(S')+dimgR
2n 2d+i+1,;
since smoothness of implies dimf (S')  i. The condition that this number

be less than 2 is exactly thati 2d 2. For suchi, then, S ( C "; therefore
we can nd a point p 62S . Sincep does not lie on any line joiningZ and
f (S'), the set of line segments betweemp and f (S') lies in C"r Z. Use this
to extend f to a map of the ball f~: DI*1 | C"r Z, thus showing that f is
null-homotopic.

Since every continous map between smooth manifolds is homapic to
a smooth map (see [Bott-Tu95, 213{214]), the homotopy group can be
computed using only smooth maps. Thus {(C"r Z)=0for i 2d 2.

On the other hand, it follows from this and the Hurewicz isomaphism
theorem that o4 1(C"r Z) = Hyy 1(C"r Z), and Hyy »(C"r Z) = 0.
Now by the universal coe cient theorem and the long exact seqience for
the pair (C";C"r Z), we have

Hag 1(C"r Z)- = H# XC"r Z)
= HZcC";Cc"r 2)
= Hon 20Z;

and we know this top Borel-Moore homology group is nonzero.

5. Gysin maps

All maps and manifolds are assumed to be smooth. We need a fewglim-
inary notions about compatibility of orientations of manif olds. Throughout,
let X, Y, X9 and Y°be oriented manifolds of (real) dimensionsn, m, n°
and mC respectively.

Supposef : X ! Y is a closed embedding, with normal bundleN =
Ny-=y . There is an exact sequence

O! TX! TYjx ! NI 0
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L .V, m n Vi . . :
and a canonical isomorphism = T X N ! TYjx;thenN is said
to be compatibly oriented  for f if this isomorphism preserves orientations.

More generally, any proper mapf : X ! Y factors through a closed
embedding inY RN. The given orientations on X and Y, together with
the standard orientation on RN, induce a compatible orientation on N =
Ny-y grn. (Thatis, N is compatibly oriented for the sequence

o TX! T(Y RW)jx! N! 0

as above.)
There is also a notion of compatible orientations for a ber gquare of
oriented manifolds. Suppose

(0]
x0_9- x
fo f
- o
yo_ 9. vy

is such a square, withf (and hencef 9 proper. Factor f through a closed
embedding inY RN, and factor f ®through Y° RN by pullback. Give
N = Ny-y grv and N%= Nyoyo gn the orientations compatible for f and
f O Then the square is said to becompatibly oriented if this orientation

on N % agrees with that induced by N°= (g% N; in other words, (g9 N is
compatible for the sequence

0! TX% T(Y?° RWjxo! (PO NI O

Exercise 5.1. Check these de nitions are independent of the choice of fac-
torization of f.

When f : X ! Y is a locally trivial ber bundle, with smooth ber F,
the sequence

0! TF! TXje! f TYje! O

induces a compatible orientation onF. In this case, an equivalent way
of saying a ber square is compatibly oriented is to require that the two
orientations on F induced byf : X ! Y andf% X% YOagree.

Remark 5.2. One must be a little careful with this de nition. For example ,
X an orientation on S?!, and give S S? the induced orientation. Then
the ber for the rst projection inherits the original orien tation, but for the

second projection, the compatible orientation on the ber is the opposite
orientation.

Exercise 5.3. Fix orientations on S" and S™, and give S" S™ the in-
duced orientation. Check that compatibility of orientatio ns for the second
projection depends on the parity of nm.

Now for a proper mapf : X ! Y, there are Gysin maps
9) f tH'X ! H"™y;
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de ned via the pushforward for Borel-Moore homology:
HIX = Hp X! Hn Y = HITM ny:
These Gysin maps satisfy the following properties:
() (Functoriality) For maps X! VI Z, we have
(9 f) =g f:
(i) (Projection formula) For x2 H X andy2 H Y,
f(@y x)=yf&:
(i) (Naturality) Suppose f : X ! Y is proper, and

0
x0 9= x
foo f
: ?
yo 9 v
is a compatibly oriented ber square, with n  m = n® m° Then
fO (@) =g f.
(iv) (Embedding) When f : X ,! Y is a closed embeddingf factors
as
(10) H X!t H ™™ ™Y;Yr X)! H ™™ "y;

wheret comes from the isomorphism de ned by the Thom class of
the normal bundle N = Nyx-y , when N is compatibly oriented for

f. Thus the compositonf f : HIX I H*M X is (right)
multiplication by the Euler class e(N).

Remark 5.4. In general, order is important in the above formulas. For
example, if one exchanges factors, the projection formulaiij becomes

fx f )= D x) vy
whereb=deg(y) andd= m n. Indeed, we have
f(x f(y) = ( 1)00ddMf f (y) x)

— ( l)deg(X)deg(y)y f (X)
( 1)degt)deg(y)( 1ydeg()(deg(x) df (x) -

Remark 5.5. When X and Y are complex algebraic varieties, there are
Gysin pushforward maps induced by certain \nice" maps in more general
situations. For example, assuming all varieties are pure-inensional (but

not necessarily irreducible), and all maps are proper, thee are Gysin maps
for the following:

(i) Proper maps of nonsingular varietiesX ! Y, as above.
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(i) Any (proper) map X ! Y, whereY is nonsingular. Regardless of
whether X is nonsingular, there is a mapH X ! H X given by
cap product with [X]. Composing thiswithH X ! H Y=H Y
gives the pushforward.

(i) Regular embeddings X ,! Y. That is (for general Y) X is locally
de ned by a regular sequence, so the ideal sheafl ? is locally free.
(This is somewhat harder to construct.)

(iv) Smooth maps X ! Y.

(v) Local complete intersection morphismsX ! Y. (This follows from
(iif) and (iv), since any such map may be factoredX ,! Y P! Y
as a regular embedding followed by a smooth projection.)

6. Poincar e duality for fiber bundles

For our purposes, the right setting in which to express Poinae duality
is the following. Let p: X ! S be a ber bundle with X and S smooth
oriented manifolds, with smooth, compatibly oriented ber F, as above. For
X;y2H X,sethy;xi=p(y xX)2H S.

Proposition 6.1. Assume that there are nitely many (homogeneous) ele-
ments f x;g which form a basis forH X as a right H S-module, and whose
restrictions x; form a basis forH F over the coe cient ring R. Then there
is a unique (homogeneous, left) basiéyjg of H X over H S such that

hyj s xii = ji
in H S.
Proof. Order the x;'s so that xj 2 H*(OX , with d = k(1) k(2)

such that hy;;x;i = j forall i, and forj r.
Forr =1, y; 2 HOX is the unique lift of y; 2 HOF via HOX! HOF.

of y;, and set

K1

Yr = yp ayj;

i=1

where _
a = hydxji2 HKO) king:
A straightforward check shows that this choice ofy, works.
To see that they;'s form a basis, it is enough to show they generate. Let

maps
M, HX! Hom(H X;H S);

where the rstis the obvious inclusion, and the second is gien byy 7! hy; i.

The composition is surjective, becausey; 7! x;. Thus the second map is
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surjective, but as a map of free modules of the same rank, it mst be an
isomorphism.

Exercise 6.2. CompareX; X = P K X with — (yx) = P gAYy,
where : X ! X X isthe diagonal map,y; Yy; = pi(yi) p»(yj), and
a}} ;c}} 2 H S. In fact, show that c}j = ai‘J? , and determine the sign.

(Of course, when all degrees are even { as they will be for apjghtions
in algebraic geometry { there is no sign.) The geometric meaimg of this
exercise is that the structure constants of the cohomology ing determine
the Gysin map , and vice versa.
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