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1. A brief review of singular (co)homology

Let X be any space. One has thesingular homology modulesH � X =L
H i X , and the relative singular homology modulesH � (X; Y ) for subspaces

Y � X .
When X is an oriented manifold, Lefschetz and others worked to make

H � X into a ring.
When homology was incorporated into the modern framework ofalge-

braic topology, this became easier. Just as homology modules are de�ned
by H i X = H i (C� X ) (where C� X is the complex of singular chains), one can
de�ne cohomology modules byH i X = H i (Hom(C� X; Z)), and similarly for
relative cohomology modules. This is a purely formal construction, sacri-
�cing the geometric intuition that comes with homology. For instance, can
you give an explicit example of a singularn-cochain? Of course, there are
the constant cochains, but to give a nontrivial example, onemust assign a
value to every singular n-simplex { and there are a lot of these.

These cohomology modules have the advantage that it is easy to de�ne a
ring structure, though. One has thecup product, denoted \[ " or \ �," a map

H i X 
 H j X ! H i + j X

de�ned on simplices � 2 H i + j X by the following (unintuitive) formula:

(c [ d)( � ) = c(front i -face of � ) d(back j -face of � ):

This makes H � X =
L

H i X into a skew-commutative graded ring: For c 2
H i X and d 2 H j X , one hasc[ d = ( � 1)ij d[ c. (Note: The sign conventions
in the de�nition of the cup product vary throughout the liter ature. For
example, ours agrees with that of [Spanier], but is the opposite of that of
[Milnor-Stashe�].)

H � X becomes a (left-)module overH � X via the cap product

\ : H i X 
 H j X ! H j � i X;

de�ned by c \ � = c(back i -face of � ) (front ( j � i )-face of � ).
Associated to a continuous mapf : X ! Y , one has naturalpushforward

and pullback maps on homology and cohomology, respectively:f � : H � X !
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H � Y and f � : H � Y ! H � X . These are related by theprojection formula,
sometimes called the \naturality of the cap product":

f � (f � c \ � ) = c \ f � �:

If X is triangulated, one also has thesimplicial homology H simp
� X , and

a canonical isomorphismH simp
� X ��! H � X . (This shows H simp

� X is inde-
pendent of the choice of triangulation, a question which wasopen for some
time.)

If M is a compact, connected, orientedn-manifold, then it has a funda-
mental class [M ] 2 HnM �= Z, and there is a canonical isomorphism (the
\Poincar�e isomorphism") H i M ��! Hn� i M , given by c 7! c \ [M ]. This
isomorphism, then, makesH � M �= H � M into a ring.

This is sometimes called \Poincar�e duality." In fact, ther e are several
notions of Poincar�e duality on a manifold, all related. Suppose f z� g is
a homogeneous basis forH � M . The \dual" basis for H � M is one of the
following:

(1) Take classesy� 2 H � M , with y� \ [M ] = z� . These are the \same"
classes, ifH � M is identi�ed with H � M via the Poincar�e isomor-
phism. (\Dual" is something of a misnomer here, but these classes
often turn out to be a better choice.)

(2) Take classesx � 2 H � M , such that under the map H � M ! H0M =
Z, the class x � \ z� maps to � �� . (This is more properly called
duality, but one needs to specify the entire basisf z� g to �nd one
x � .)

To add to the potential confusion, there is a pairing
Z

M
: H � M � H � M ! Z

such that
R

M x � � y� = � �� . When �eld coe�cients are used, this (as well as
the situation in (2)) is a usual vector space duality pairing.

The fundamental class is characterized by the fact that it maps to a
generator of Hn (M; M r f xg) �= Hn (U; U r f xg) �= Z for all x 2 M , where
U is a ball around x. (One begins to see something sheafy in this. Indeed,
one can de�ne the orientation sheaf, whose stalks correspond to choices of
local orientations; the fundamental class is then a global section.)

Assume M is a compact complex manifold, so it has a canonical ori-
entation coming from the complex structure. In fact, M is a nonsingular
(projective) algebraic variety. Let V � M be a closed algebraic subset of
dimension k. (Note: When discussing algebraic varieties, dimension will
mean algebraic dimension; the topological (real) dimension is twice this for
a complex variety.)
Claim:

H i V =
�

0 if i > 2k;L
Z if i = 2k;

(1)
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where the sum in the second case gives one copy ofZ for eachk-dimensional
irreducible component of V .

We will return to the proof of this later. In the meantime, not e that if
V is irreducible, we obtain a class [V ] 2 H2kV = Z, and pushing forward
by the inclusion of V in M , a class [V ] 2 H2kM . Given two subvarieties
V and W , of respective codimensionsd and e, we therefore get a class
[V ] � [W ] 2 H 2d+2 e(M ).

Question: What is this class?
In fact there is a canonical isomorphism

H i V �= H 2n� i (M; M r V);(2)

where n is the (algebraic) dimension ofM ; this isomorphism is often called
the \Alexander-Lefschetz" isomorphism. (See [Spanier, p.296].)

If V and W are as above, then, we have

[V ] 2 H topV �= H 2n� 2d(M; M r V )

[W ] 2 H topW �= H 2n� 2e(M; M r W );(3)

so

[V ] � [W ] 2 H 4n� 2d� 2e(M; M r (V \ W ))
�= H2d+2 e� 2n (V \ W ):(4)

If V and W meet properly { that is, if dim( V \ W ) = d + e � n { then

H2d+2 e� 2n (V \ W ) =
M

Z;

with one copy of Z for each irreducible component ofV \ W . This as-
signs intersection numbers to each component, so we have anintersection
cycle V � W . (In fact, these intersection numbers agree with those de�ned
algebraically in intersection theory.)

There are several approaches one might use to prove the claim(1). For
example, the following have been used:

(1) Triangulate V , and use simplicial theory. Then one needs to worry
about independence of choice of triangulation (and appeal to singular
theory).

(2) Resolve singularities ofV by a map ~V ! V . Then one has a man-
ifold ~V and a pushforward [~V ] 7! [V ]. Again, it is not obvious that
this gives something independent of the choice of resolution. (His-
torically, this was perhaps the �rst rigorous method.)

2. Borel-Moore homology

A better way, at least for our purposes, is to useBorel-Moore homology,
which we will denote by H i X . There are several ways to de�ne these groups;
for example, via

� sheaf theory (as was done originally in [Borel-Hae
iger]);
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� locally �nite chains;
� a one-point compacti�cation X + , for good spacesX . (UseH i (X + ; X + r

X ).)

We will use a de�nition which comes equipped with many nice properties,
and which works for any space which can be embedded as a closedsubspace
of an oriented smooth manifoldM . For such a spaceX , we de�ne

H i X := H dim M � i (M; M r X ):(5)

Proposition 2.1. This de�nition is independent of the choice of embedding.
In fact, given closed embeddings ofX into manifolds M and M 0, there is
a canonical isomorphism H dim M � i (M; M r X ) �= H dim M 0� i (M 0; M 0r X ).
Moreover, if X is embedded into a third manifoldM 00, these isomorphisms
form a commuting triangle:

H dim M � i (M; M r X )
�

> H dim M 0� i (M 0; M 0r X )

H dim M 00� i (M 00; M 00r X ):
<

��

>

To prove this, we need three key facts:

(1) For A � U � X , with A closed inX and U open, there are natural
excision isomorphismsH i (X; U ) �= H i (X r A; U r A).

(2) For an oriented rank-r real vector bundle E ��! X , and A any sub-
space ofX , there is the Thom isomorphism

H i (X; X r A) �= H i + r (E; E r A):

In fact, there is a class� 2 H r (E; E r X ), called the Thom class,
characterized by the fact that it restricts to the chosen generator
of H r (� � 1(p); � � 1(p) r f pg) for all p 2 X . The above isomorphism
is given by c 7! � � (c) [ � . (Note: we always identify X with its
embedding by the zero section in a vector bundle.)

(3) For a smooth closed submanifoldM of a smooth manifoldM 0, there
is a neighborhoodU of M in M 0 such that the pair (U; M ) is di�eo-
morphic to (N; M ), where N is the normal bundle of the embedding
M � M 0.

Proof. (See [Fulton 1997, pp. 216-217].) �

We continue our introduction to Borel-Moore homology with a discussion
of functoriality. Note that these groups are not homotopy invariant! (For
example, our de�nition says that H nRn = Z.) Nor are they functorial with
respect to arbitrary continuous maps. However, there is functoriality in two
important situations.

Proposition 2.2 (Covariance for proper maps). If f : X ! Y is continuous
and proper (i.e., the inverse image of a compact set is compact), then there
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are maps
f � : H i X ! H i Y:

Proof. (Sketch.) SupposeX is embedded as a closed subspace ofRn , and Y
is embedded as a closed subspace ofRm . Since f is proper, we can �nd a
map ' : X ! I n such that

(f; ' ) : X ! Y � I n � Rm � Rn

is a closed embedding. (HereI n = [ a; b]n , with a < 0 < b.)1 Then

H i X = H m+ n� i (Rm � Rn ; Rm � Rn r X )

(restrict)
> H n+ m� i (Rm � Rn ; Rm � Rn r (Y � I n ))

�
(homotopy)

H m+ n� i (Rm � Rn ; Rm � Rn r (Y � f 0g))

�
(Thom)

H m� i (Rm ; Y )

= H i Y:

�

Exercise 2.3. Check independence of choices, and naturality: (g � f )� =
g� � f � for

X
f
�! Y

g
�! Z:

We also havecontravariance for open inclusions. Let U � X be an open
subspace, embedX in an n-manifold M , and let Y = X r U. We get
restriction maps H i X ! H i U from the long exact cohomology sequence of
the triad ( M; M r Y; M r X ). Indeed, U is a closed subspace of the manifold
M r Y , so the map is

H i X = H n� i (M; M r X ) ! H n� i (M r Y;(M r Y ) r U) = H i U:

Exercise 2.4. Check independence of choice, and naturality for a sequence
of open inclusionsU0 � U � X .

In the case whereM , X , and Y are complex varieties, we will use this
restriction map to �nd isomorphisms on top-dimensional homology. Also,
this allows restriction of homology classes to small (classical!) open sets.

Example 2.5. X = Cn . (Or X = ball in Cn .) This is a manifold, so

H i X = H 2n� i (X; ; ) =
�

Z if i = 2n;
0 otherwise:

1Take ' to be the composition of X ,! Rn with a homeomorphism Rn ! (a; b)n ,
followed by the inclusion ( a; b)n � I n . When f is proper, this choice of ' makes (f; ' )
a closed embedding. (Note that X ,! Y � (a; b)n is always a closed embedding; use
properness to show that any sequence inX has a limit point in Y � (a; b)n .)
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These two operations { pushforward and restriction { are compatible. If
f : X ! Y is proper and U � Y is open, then the diagram

H i X > H i (f � 1U)

H i Y
_

> H i U
_

commutes. (Exercise)

Proposition 2.6. For Y � X closed, with U = X r Y , there is a natural
long exact sequence

� � � ! H i Y ! H i X ! H i U ! H i � 1Y ! � � � ! H 0U ! 0:(6)

This sequence will allow inductions on dimension, when the homologies
of two of the three spaces are known.

Proof. When X is embedded as a closed subspace of a manifoldM , this is
just the long exact cohomology sequence of the triad (M; M r Y; M r X ). �

3. Classes of subvarieties

Now we can prove the claim from Section 1:

Claim: Let V be a k-dimensional quasi-projective algebraic variety. Then
H i V = 0 for i > 2k, and H 2k =

L
Z, with one copy of Z for each k-

dimensional irreducible component ofV .

Proof. In general, if X is a disjoint union of spacesX j , then H i X =L
j H i X j . (Exercise.) Now when V is nonsingular, this observation re-

duces the claim to the case whereV is irreducible. Indeed, in a nonsingular
variety, connected components coincide with irreducible components. But
then V is a connected manifold, soH i V = H 2k� i V; this is 0 for i > 2k and
Z for i = 2k.

For a general (possibly singular and reducible)k-dimensional complex va-
riety V , we can reduce to the nonsingular case using the long exact sequence
of Borel-Moore homology. Let W � V be the closed set consisting of the
singular locus ofV , together with all irreducible components of dimension
< k ; thus W is a variety of dimension < k . By induction on dimension,
then, we may assume the claim holds forW . In particular, H i W = 0 for
i > 2k � 2. Now apply the long exact sequence forW � V : we have

0 = H 2kW ! H 2kV ! H 2k (V r W ) ! H 2k� 1W = 0:(7)

Thus H 2k (V ) �= H 2k (V r W ), and since the latter is ak-dimensional nonsin-
gular variety, the claim follows. (The same argument also shows vanishing
for i > 2k.) �



EQUIVARIANT INTERSECTION THEORY 7

Remark 3.1. An essential ingredient in the above proof is the fact that the
singular locus of a complex variety is a subvariety ofcomplex codimension
at least 1, and hence ofreal codimension at least 2. Things are somewhat
more subtle in the real world, and one must impose additionalhypotheses
for a similar claim to hold on real varieties.

We therefore have afundamental class [V ] 2 H 2kV �= Z, for any irre-
ducible k-dimensional variety V . If V is a closed subvariety of a nonsingular
variety X , we also get a fundamental class corresponding toV in H 2d(X ),
where d is the codimension ofV . This comes from

H 2kV = H 2d(X; X r V ) ! H 2d(X ):

The element � V 2 H 2d(X; X r V ) corresponding to [V ] 2 H 2kV is called
the re�ned class of V in X .

Remark 3.2. One should expect a class representingV in H 2d(X ) to be
\supported on V ," and hence to come fromH 2d(X; X r V ). We need a
canonical representative, though, and the fundamental class of Borel-Moore
homology gives us one.

We now turn to the behavior of these classes under morphisms.

Proposition 3.3. Let X and Y be nonsingular varieties of respective di-
mensionsn and m, and let f : X ! Y be a propoer morphism. LetV � X
be a closed subvariety, and letW = f (V ) � Y . Then

f � : H i (X ) > H 2m+2 n� i (Y )

k k

H2n� i (X ) > H2n� i (Y )
maps

[V ] 7!
�

0 if dim W < dim V;
d[W ] if dim W = dim V;

where d is the degree ofV over W . (By de�nition, this is the degree of the
�eld extension [C(V ) : C(W )].)

Proof. The �rst case (dim W < dim V) is clear from the claim (1). In the
second case, there is an open setU � W such that f � 1U \ V ! U is a
d-sheeted covering. TakingU to be su�ciently small, we may assume it is
a ball, and we havef � 1U \ V = U1

`
U2

`
� � �

`
Ud, with each Ui mapping

isomorphically to U.
Then we have a commuative diagram

dM

i =1

H 2k (Ui )= H 2k (f � 1U \ V) < H 2kV > H 2kX

H 2kU
_

<
�>

H 2kW
_

> H 2kY;
_
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and the proposition follows. �

The next proposition is about \compatibility of pullbacks. "

Proposition 3.4. Let f : X ! Y be a morphism of nonsingular varieties,
with V � Y irreducible of codimension d. Assume there is a classical open
neighborhoodU � Y where V \ U = V o � U is connected, nonsingular,
and de�ned by (holomorphic) equationsh1; : : : ; hd, such that W \ f � 1U =
W o � f � 1U is also connected, nonsingular, and de�ned by the equations
h1 � f; : : : ; h d � f . Then f � � V = � W .

Proof. We have

Z = H 2d(Y; Y r V )
f �

�! H 2d(X; X r W ) = Z;

so � V 7! c � � W for somec 2 Z. The assumptions onU and f � 1U guarantee
that the restriction maps are isomorphisms:

H 2d(Y; Y r V ) ��! H 2d(U; U r V o)

H 2d(X; X r W ) ��! H 2d(f � 1U; f � 1U r W o):

Thus we may replaceY with U, and reduce to the situation whereY is a
vector bundle over V { in fact, a trivial bundle { and similarly X is a vector
bundle over W . The claim is that the Thom class in H 2d(Y; Y r V ) pulls
back to the Thom class in H 2d(X; X r V ). But the hypotheses mean that
X is the pullback of Y , when X and Y are considered as vector bundles
over W and V . The assertion thus reduces to naturality of the Thom class
of vector bundles. �

Thus for irreducible closed subvarietiesV and W of a nonsingular variety
X , with dim V = k, dim W = l, and dim X = n, we obtain an intersection
class in H 2k+2 l � 2n (V \ W ) = H 2k+2 l (X; X r (V \ W )), corresponding to
[V ]�[W ]. Each (k+ l � n)-dimensional irreducible componentZ of V \ W gives
an intersection number i (Z; V \ W; X ), which is the projection of [V ] � [W ]
onto the factor of H 2k+2 l � 2n (V \ W ) =

L
Z corresponding toZ .

Exercise 3.5. If there is an open set ofZ on which V and W meet transver-
sally, then i (Z; V \ W; X ) = 1. (See [Fulton 1997, p. 222].)

Remark 3.6. Geometric considerations (\reduction to the diagonal") can
be used to show that the intersection numbersi (Z; V \ W; X ) are nonnegative
wheneverX is a manifold; hence any product [V ] � [W ] can be expressed as
a nonnegative sum of classes [Z ]. Is this a formal property of the theory,
or does it depend on the geometry? For example, ifX is a Q-homology
manifold (i.e., a variety having the Q-homology of a manifold), is it true
that the corresponding intersection numbers i (Z; V \ W; X ) are positive
rational numbers?
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Remark 3.7. When X is a manifold, the ring structure on H � X comes
from the diagonal embedding. More speci�cally, one has the diagonal map
� : X ! X � X , and for classes�; � 2 H � X ,

� [ � = � � (� � � ) = � � (p�
1(� ) [ p�

2(� )) :(8)

For subvarieties V; W, we get [V ] � [W ] = � � [V � W ]. This technique of
\reduction to the diagonal" works because � is a regular embedding.

(Q: who �rst thought of this?)

Proposition 3.8. If X = X s � X s� 1 � � � � � X 0 = ; are closed algebraic
subsets, andX i r X i � 1 =

`
j Uij with Uij

�= Cn(i;j ) , then the classes[U i j ]
form a Z-linear basis for H � X .

Proof. Use induction on i , and assume the proposition holds forX i � 1. As-
sociated to the inclusionX i � 1 � X i , we have an exact sequence

! H k (X i � 1) ! H k (X i ) !
M

j

H k (Uij ) ! H k� 1(X i � 1) ! :(9)

When k is odd, H k(X i � 1) = 0 by induction, and H k(Uij ) = H k (Cn(i;j )) = 0
by calculation. Therefore H kX i = 0, as well, and we have short exact
sequences

0 ! H 2k (X i � 1) ! H 2k (X i ) !
M

j

H 2k (Uij ) ! 0:(10)

Now [U ij ] maps to [Uij ] under the map H � (X i ) ! � j H � (Uij ), and the
latter classes form a basis, so the former are independent inH � (X i ). The
proposition follows. �

(It isn't so easy to prove an analogous statement in singularhomology!)

Exercise 3.9. Show that H � Pn = Z[� ]=(� n+1 ), where � corresponds to [H ],
the class of a hyperplane.

Exercise 3.10. Compute f � and f � for the Segre embeddingPm � Pn ,!
Pnm + n+ m .

Exercise 3.11. If a connected group G acts continuously on a spaceX ,
show that g acts trivially on H � X for each g 2 G. For varieties, show
g � [V ] = [ gV] = [ V ].

Remark 3.12. In fact, more is true: The operations from intersection the-
ory in algebraic geometry make sense in Borel-Moore homology, and are
compatible. See [Fulton 1984,x19].

4. Gysin maps

SupposeY is a nonsingular subvariety of dimensionn in a nonsingular
variety X of dimension m, and write d = m � n for the codimension. Let
� : Y ,! X be the inclusion. Then there areGysin maps

H i Y � ��! H i +2 dX:



10 x1: TOPOLOGICAL INTERSECTION THEORY

These can be constructed as

H i Y = H 2n� i Y
� ��! H 2n� i X = H i +2 dX:

More directly, let U � X be a tubular neighborhood ofY in X , and let N
be the normal bundle of Y . Then the Gysin map � � is the composition

H i Y �= H i +2 d(N; N r Y ) = H i +2 d(U; U r Y )

= H i +2 d(X; X r Y ) ! H i +2 dX:

In particular, � � factors through H i +2 d(X; X r Y ).
This Gysin map has the following properties:

(1) For c 2 H � X and d 2 H � Y, there is the projection formula

� � (� � (c) � d) = c � � � (d):

(2) It is functorial for compositions of inclusions Z � Y � X .
(3) If j : Z ,! X , and Z \ Y = ; , then the composition

H i Y � ��! H i +2 dX
j �

�! H i +2 dZ

is the zero map.
(4) The composition

H i Y � ��! H i +2 dX � �

�! H i +2 dY

is multiplication by cd(N ) (where N is the normal bundle to Y ).
(5) If we have a �ber square

Y �
�

> X

Y 0

g
_

�
�0

> X 0;

f
_

then the corresponding diagram on cohomology commutes, i.e., f � �
�0
� = � � � g� .

Remark 4.1. More generally, there are Gysin pushforward maps induced
by certain \nice" maps of varieties. For example, assuming all varieties are
pure-dimensional (but not necessarily irreducible), and all maps are proper,
there are Gysin maps for the following:

(1) Inclusions of nonsingular varietiesY � X , as above.
(2) Any (proper) map Y ! X , where X is nonsingular. Regardless of

whether Y is nonsingular, there is a mapH � Y ! H � Y given by cap
product with [ Y ]. Composing this with H � Y ! H � X = H � X gives
the pushforward.

(3) Regular embeddingsY ,! X . That is (for general X ) Y is locally
de�ned by a regular sequence, so the ideal sheafI=I 2 is locally free.
(This is somewhat harder to construct.)

(4) Smooth mapsY ! X .
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(5) Local complete intersection morphismsY ! X . (This follows from
(3) and (4), since any such map may be factoredY ,! X � P ! X
as a regular embedding followed by a smooth projection.)

As a special case of (4), supposef : Y ! X is proper and a locally trivial
�ber bundle, whose �ber is a (compact) oriented n-manifold. Then the Gysin
map is f � : H i Y ! H i � nX . When X is an oriented (m � n)-manifold, this
is just the composition

H i Y
\ [Y ]
���! H m� i Y

f ��! H m� i X �= H i � nX:

In general, f factors as

Y ,! X � I p ,! X � Rp ! X:

There is a tubular neighborhood U of Y in X � Rp; letting N denote the
normal bundle, of rank d = p � n, we have

H i Y �= H i + d(N; N r Y ) = H i + d(U; U r Y )

= H i + d(X � Rp; X � Rp r Y )

! H i + d(X � Rp; X � Rp r (X � I p)) �= H i � nX:

There is an important subtlety in the form of functoriality o f Gysin maps.
SupposeX and Y are (real) manifolds, with f : Y ! X a proper map. To
construct the Gysin maps associated to an embeddingY ,! X , we need
an oriented normal bundle; similarly, if f : Y ! X is a �ber bundle with
smooth �ber, the �ber must be an oriented manifold.

In the latter case, the construction depends on a factorization of f as
the composition Y ,! X � Rn ! X . Let N be the normal bundle to
the embeddingY � X � Rn { this is called the stable normal bundle. (Here
\stable" is meant in the following sense: two bundles are \stably equivalent"
if they become isomorphic after adding a trivial bundle to each.)

Suppose we haveZ
g
�! Y

f
�! X , with f; g proper (so g � f is proper, too);

assumef and g are �ber bundles with oriented stable normal bundles. Then
g� f has a unique compatible orientation, and with this orientation, we have
(g � f )� = g� � f � .

In general, though, given orientations for f , g, and g � f may or may
not be compatible. If the orientations are not compatible, we will have
(g � f )� = � g� � f � .

A similar issue arises in functoriality for embeddings,Z � Y � X . There
is an exact sequence

0 ! NZ=Y ! NZ=X ! NY=X ! 0:

A general sequence of oriented bundles, 0! E ! F ! G ! 0, is either
compatible with the orientations or not { this means the canonical isomor-
phism � topE 
 � topG ��! � topF either preserves or reverses signs.
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Example 4.2. Let p : X ! S be a proper �ber bundle with �ber F , an
n-dimensional oriented manifold. Consider the �ber square

X � S X
p2

> X

X

p1
_ p

> X:

p
_

An orientation for F determines one forp : X ! S, as well as forp1 and p2,
since these have �berF . It also determines an orientation forq : X � SX ! S
(using the standard orientation of the �ber F � F ). Now q = p � p1, with
compatible orientations, soq� = p� � (p1)� . On the other hand, q = p� p2 has
incompatible orientations if n is odd: q� = ( � 1)n p� � (p2)� . (This is because
an orientation of a vector spaceV induces a standard orientation ofV � V ,
which is reversed by the involution (v; w) 7! (w; v) if n = dim V is odd.)

Exercise 4.3. Let f : X ! Y be one of the above types of maps with Gysin
pushforwards (an embedding of codimensionn, or a smooth map of relative
dimension n). Then the projection formula has the following form:

f � (x � f � (y)) = ( � 1)n�deg(x) f � (x) � y:

5. More on Poincar �e duality

For our purposes, the right setting in which to express Poincar�e duality
is the following. Let p : X ! S be a �ber bundle with smooth oriented
�ber F , as above. Sethx; yi = p� (x � y) 2 H � S. If H � F is free over the
ground ring R, and H � X ! H � F is surjective, then H � X is free overH � S.
(When dealing spaces with homology in odd degrees, one must be careful
with conventions about left- and right-modules.)

If x1; : : : ; xm 2 H � X are homogeneous elements such that �x1; : : : ; �xm form
an R-basis for H � F , they give a basis forH � X over H � S. (Left or right.)

Lemma 5.1. Given the above situation, there are unique elementsy1; : : : ; ym 2
H � X such that hx i ; yj i = � ij , the set f yj g forms a basis forH � X over H � S,
and if y =

P
ai yi , we haveai = �h x i ; yi .

Exercise 5.2. Compare x i � x j =
P

k ck
ij xk with � � (yk ) =

P
i;j ak

ij yi � yj ,
where � : X ! X � S X is the diagonal map, yi � yj = p�

1(yi ) � p�
2(yj ), and

ak
ij ; ck

ij 2 H � S. In fact, show that ck
ij = � ak

ij , and determine the sign.

(Of course, when all degrees are even { as they will be for applications
in algebraic geometry { there is no sign.) The geometric meaning of this
exercise is that the structure constants of the cohomology ring determine
the Gysin map � � , and vice versa.
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