EQUIVARIANT INTERSECTION THEORY
83: G-BUNDLES

WILLIAM FULTON
NOTES BY DAVE ANDERSON

1. PRINCIPAL (G-BUNDLES

Let G be a topological group. In our main examples, G will be a Lie
group.
Definition. A principal G-bundle is a bundle E 5 X, together with a (left-
)action of G on E, which is locally trivial in the following sense: there is an
open covering {U,} of X such that

—>U x G

\/

commutes, and the isomorphisms ¢, are compatible with the actions of G.
(G acts on the product U, x G by left-multiplication.)

We will also assume that the cover {U,} is “numerable,” i.e., there is a
locally finite partition of unity subordinate to {U,}. A principal G-bundle
is called numerable if the base has a numerable trivializing open cover. (See
[Husemoller| for generalities on fiber bundles.)

Definition. A Hausdorff space X is paracompact if every open cover has a
locally finite refinement.

In fact, X is paracompact if and only if every open cover has a locally finite
partition of unity. Most common topological spaces are paracompact: for
example, all manifolds, CW-complexes, and compact spaces are paracom-
pact. (See [Miyazaki].)

The main application of this definition is the following:

Proposition 1.1. There is a universal (numerable, principal) G-bundle
EG — BG,

with the following property: For any (numerable, principal) G-bundle E —
X, there is a continuous map f : X — BG such that E — X is the pullback
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2 83: G-BUNDLES

of EG — BG. That is,

E—>X><BgEG

NS

as G-bundles. In fact, f is unique up to homotopy, so
{G-bundles on X}/~ = [X, BG].

In fact, EG is contractible, and if £ — B is any (numerable, principal)
G-bundle with E contractible, then it is universal. For proofs of these facts,
see [Husemoller, Ch. 4, Sec. 10].

We will frequently use filtrations by closed subspaces

EG,, CEGp1C -+ C EG
BG,, cBGp+1C -+ C BG,

where each EG,, — BG,, is a G-bundle, and the spaces FG,, “get more
contractible” as m — oo. That is, m;(EG,,) = 0 for i < k(m), and k(m) —
00 as m — oo.

It is a fact that if X is a CW-complex of dimension at most k, and £ — B
is a G-bundle with m;(E) = 0 for all i < k, then

{G-bundles on X}/~ = [X, B].

(See [Husemoller, Ch. 4].) In this sense, the bundles EG,, — BG,, serve to
“approximate” the universal bundle EG — BG.

Exercise 1.2. (1) On P", show that O(1) is generated by n+1 sections,
but cannot be generated by fewer sections — even continuously.
(2) On P> =, P™, show that O(1) is not generated by a finite number
of sections.
(3) Show P*° is paracompact.
Thus one may need to require that the base be compact, and not just
paracompact, to ensure a vector bundle is finitely generated.

With few exceptions, we will adhere to the following general convention:
Work with right principal G-bundles, and left G-spaces. This will be im-
portant in keeping track of signs in cohomology.

Remark 1.3. A vector bundle £ — X is not a principal C"-bundle. How-
ever, the set of isomorphism classes vector bundles of rank n on X is in
bijection with the set of isomorphism classes of principal G L, (C)-bundles
on X, which in turn is naturally isomorphic to [X, BGL,(C)], the set of
homotopy classes of maps from X to BGL,(C).

In fact, both vector bundles and principal G L,,-bundles will be trivialized
by the same open coverings {U, }, with the “same” transition functions. In
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general, given a principal right G-bundle P — X, and a left action of G on
a space V, there is a corresponding locally trivial bundle with fiber V: Use

PxgV :=PxV/~,

where ~ is defined by (p-g,v) ~ (p, g-v). For example, (UxG)xgV =UxV.
Applying this to the left action of GL,, on C", we get the correspondence
{principal G-bundles} — {vector bundles}.

In subsequent sections, we will frequently use the following basic facts
about G-bundles to prove things about equivariant cohomology.

Lemma 1.4. Let 7’ : B/ — B’ be a G'-bundle, and let m : E — B be a G-
bundle. Let p : G' — G be a continuous homomorphism, and let ¥ : E' — E
be equivariant with respect to p, so there is an induced map 1) : B’ — B:

E-Ysp

1]

B’—¢>B.

Then the G-bundle induced from E' — B’ and G' — G (that is, E' X G —
B') is canonically isomorphic to the pullback of E — B by ¢ : B' — B.

In particular, this says that any commutative square of G-bundles is ac-
tually a fiber square. (There is a slight clash of notation here: one way of
stating the conclusion of the lemma is to write £’ X G = E x g B’, where
the LHS is the quotient by the group G’, and the RHS is the fiber product
over the space B.)

Proof. There are canonical maps ¥’ : E' xvG — Eand 3 : E' X G — B/,
induced by the maps (¢/,g) — W¥(e') - g and (¢/,g) — 7'(¢'), respectively.
Therefore there is a diagram

£ Xat G

B'—B

The claim is that « is an isomorphism; we leave this as an exercise. (Both
and 3’ are G-bundles, so this reduces to showing that a commutative square
of G-bundles is a fiber square.) O

Lemma 1.5. Let E' — B’ and E — B be (right, principal, numerable) G-
bundles, with an equivariant map E' — E, determining a map f : B’ — B.
Assume that the map E' — E is a locally trivial fiber bundle, with fiber Y.
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Let X' — X be an equivariant map of (left) G-spaces, which is also a locally
trivial fiber bundle, with fiber Z. Then we have a fiber square

E'xX —sExX

T

E,XGX,%EXGX,

where the vertical maps are G-bundles, and the horizontal maps are locally
trivial fiber bundles, with fiber Y x Z.

In fact, this square comes with projection maps, so there is a diagram

F<—FEFxX —FExX——>EFE

N

B <«<—FEF xgX —FExqgX — B.

Proof. The question is local on B, so we may assume F — B is trivial, and
looks like B x G — B. Thus E' — E is the map (f x 1) : B' x G — B x G.
Now the diagram (1) looks like

B'xGxX ——>BxGxX
(B"x G) xg X' — (B xG) xg X,
and in fact (B'xG)xgX' = B'x X', and (BxG)xgX = Bx X. This is not
a product diagram — since 7 (b, g, z) = (b, g-x), and similarly for 7’ — but it is
isomorphic to one. Let § : Bx G x X — B x G x X be the homeomorphism

given by (b,g,z) — (b,g,g ' -x), and let ¢ : B’ x G x X' — B’ x G x X'
be defined similarly. Then we have

B’><GXX’%B’XGXX’—>B><G><X<;—B><G><X

S N D

B'x X' ——> Bx X,

where pr, pr’ are the projections (i.e., pr(b, g,z) = (b,z)). Thus our original
diagram is isomorphic to

B xGxX —-BxGxX
pr’l prl
B'xX — > BxX.

Now the statement is clear, given the assumptions on the maps X’ — X
and £/ — E. O
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2. EXAMPLES OF APPROXIMATION SPACES

We plan to associate to a topological group G a sequence of spaces EG,, C
EG and BG)y, C BG. Here are some important examples.

Example 2.1. G = Z/27Z. (An exception, in that most of our groups will
be connected.) We take EG,, = S™, with —1 € G acting by the antipodal
map. Thus BG,, = RP", and BG = RP*:

sgmocsmttc ... c 8 =,S™
RP™ CcRP™Flc ... c RP*® =/, RP™
In all our examples, the limiting spaces Xoo = J,, X;m are given the

“induction topology”: a set U C X is open if and only if the intersection
U N X, is open in X, for all m.

Example 2.2. G = S!. (Considered as the unit circle in C.) We take
EG,, = §?™t1 c C™*! with G acting on the right by (z¢,...,Zm) - =
(Czo,...,Cxm), so BG,, = CP™:

§2mtl - ... c 8§® = EG
cpm c ... c CP*® = B(G.

Example 2.3. G = C*. We take EG,, = C™! < {0}, with the same action
as in Example 2.2. Thus BG,, = CP™, as before.

Remark 2.4. Topologists usually just consider the limit space CP*°, but
as this is not an algebraic variety, algebraic geometers will need the entire
sequence. One can speak of a “compatible sequence” of cohomology classes
to arrive at cohomology of BG.

Example 2.5. G = (C*)". Here there are two useful possibilities:
(1) EGp, = (C™H{0}) x - - - x (C™*T1{0}) (n copies), with the action
(1, .. 50n) - (C1y .-y Cn) = (Go1, -, Cuon). Thus BG,, = (CP™)™,
and we have

EG = |J@™~{op"

m
BG = (CP*™)".
Note that in these direct limits (i.e., unions) of spaces, the indexing
is not very important; in particular, the values of m may start at
any conveniently large number.
(2) We can also take
EG,, = {(v1,...,vn)|{v} are linearly independent vectors in C™}

= {m x n matrices of full rank n}.
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Here we assume m > n. With this choice of EG,,, the base is

BG,, = {(L1,...,Ly)|L; C C™is aline, and Ly + --- + L, is an n-plane}

= the “split Grassmannian” of n-planes in C™.
Example 2.6. G = GL,(C). Let
EG,, = My, ,, := {m x n matrices of full rank n};

here we assume m > n. Then G acts on the right by matrix multiplication,
and we have BG,, = M}, ,,/G = Gr(n,C™), via the correspondence assign-
ing to each matrix in My, ,, the vector space spanned by its columns. Taking
unions, EG = M, ,, the space of full rank matrices with arbitrarily many
rows (and only finitely many nonzero entries), and BG = Gr(n,C®).

Example 2.7. We can use the same spaces EG,, as above for any subgroup
G C GL,(C). For example, if G = (C*)" = T C GL,(C), then we have
exactly the situation of Example 2.5 (2).

When G is the Borel subgroup of upper-triangular matrices in GL,,, we
get BGy, = My, /G = FI(1,...,n;C™), the partial flag variety of chains
(Vi € ---V, € C™), with dimV; = i. (The map sends an m X n matrix to
the flag Vi, where V; is the span of the first ¢ columns.)

Exercise 2.8. When G is the group of lower-triangular matrices, BG,,, =
Fi(1,...,n;C™), via the map sending a matrix to the flag where V; is the
span of the last ¢ columns.

Example 2.9. For G = U(n) C GL,(C) (the unitary group), we can take
EG,, = {orthonormal column vectors v1,...,v, € C™}, using the standard
Hermitian metric on C™. Then BG,, = EG,,/G = Gr(n,C™).

Example 2.10. Let G = SL,(C) C GL,(C), and take EG,, = My, ,
as before. Then in BG,, = EG,,/G, two matrices (v; vy -+ v,) and
(v} vh -+ o)) are identified exactly when vy Avg A+ Avy, = V) AVEA- AU,
From this description, one sees that BG,, is the complement of the zero
section in the line bundle A" S — Gr(n,C™), where S is the tautological
subbundle: BG,, = \" S \ 0.

Of central importance in this theory is the ring A = Aq¢ = H*(BG).
Indeed, this is the ring of all “characteristic classes” for G-bundles —i.e., ways
to assign to G-bundle P — X a cohomology class ¢ € H* X, functorially in
X. (If f: X’ — X, then the class ¢ € H*X' assigned to f*(P — X) should
be f*c.) For example, when G = GL,(C), H*BG = Z[cy,. .., ¢y], so every
characteristic class is a polynomial in Chern classes. (Cf. [Milnor-Stasheft,
§14].) Let us see what this ring is in some of the above examples.

e G = C* (Example 2.3). Here BG = P>, so H*BG = Z[z|, where
x is a variable in H2BG. In fact, x restricts to ¢1(O(1)) in each
H2(P™).
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e G = (C*)" (Example 2.5). Here BG =P> x --- x P®, so H*BG =
Z[x1,...,x,], a polynomial ring in variables z; of degree 2. Under
the first description, BG,, = P™ x --- x P™, and z; restricts to
c1(O(1);), where O(1); is the universal (quotient) bundle on the ith
factor.

Exercise 2.11. Work this out using the second choice of approximations
EG,, (Example 2.5 (2)).

e G = GL,(C) (Example 2.6). Now H*BG = H*Gr(n,C>®) = Zlcy, . ..

a polynomial ring with degec; = 2i. In fact, ¢; restricts to ¢;(SV) =
(=1)%¢;(S) in H*Gr(n,C™).

e (G = {upper-triangular matrices} C GL,, (Example 2.7). Here BG =
Fi(1,...,n;C*®), and H*BG = Z[z1,...,z,], a polynomial ring
with generators of degree 2. On each BG,, = FI(1,...,n;C™),
there is the tautological flag bundle Fy C Fy C -+ C F), C Cq
and x; restricts to —c1(F;/F;_1) = c1((F;/F;—1)Y) in H*BG,,.

e G =U(n) C GL,(C) (Example 2.9). Since BG,, is the same as
(BGL,(C))y,, we see that H*BU(n) = H*BGL,(C).

e G = SL,(C) (Example 2.10). Here H*BG = Zlca,...,cy], a poly-
nomial ring with deg c¢; = 2¢. In fact, this is naturally identified with

H*BGL,(C)/(c1).
3. COHOMOLOGY OF FLAG BUNDLES

Logically, one could simply define equivariant cohomology in terms of
these sequences of spaces, and ignore the topological considerations requir-
ing EG to be contractible. It is worth making a few remarks about the
relationship, however; we will say why these spaces EG,, are “good ap-
proximations” to EG. In particular, for most of our examples, we need the
following fact:

Claim: The space My, , C My, is 2(m — n)-connected, i.e., m;(My, ,,) =0
for i <2(m —n).

Note that M,, , = A™", and M,‘q’ln = A" Z, where Z =7, 1 ={A €
My, | tk(A) < n —1}. We will show:

Proposition 3.1. The algebraic set Z is irreducible of dimension m—n+1.
More generally, Z, C My, ,, is irreducible of codimension (n —r)(m —r).

The claim then follows from the following general fact:

Proposition 3.2. If Z ¢ CV = A" is a closed algebraic set of codimension
d, then m;(CN . Z) =0 for 0 < i < 2d — 2. Moreover, this bound is sharp:
for every such Z, moq_1(CN \ Z) # 0.

[Reference??] We will return to the proof of this later, and discuss Propo-
sition 3.1 now.
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Proof. (of Proposition 3.1.) Let V and W be vector spaces of dimensions
m and n, respectively. Let M = Hom(V,W) = M,, . On M, there is the
tautological map of trivial vector bundles s : Vay — Wiy, Now Z, = {p €
M| Nt p =0} c M, and we have

ZoCZyC---C Zmin{m,n} =M.

We want to show that Z, is irreducible of codimension (n — r)(m — r), and
Ly =Lyp N Zyp_q.

Giving a map V. — W is equivalent to specifying a n — r-dimensional
subspace K C V (the kernel), together with an inclusion V/K «— W. This
is just the usual factorization of a map into a surjection followed by an
injection:

K——V-—=>V/K

N

w.
This suggests we look at Gr = Gr(n—r, V'), on which we have the universal
sequence
0—S5—Vg —Q—0.
Set Y =M x Gr. On Y, we have
Sy — Vy

N

Wy;

let ZT C Y be the locus of zeroes of the vector bundle map Sy — Wy — that
is, Z, = Z(Sy — Wy ) ={(A4,K)| K C ker(A)}. This is locally defined by
(n — r)m equations. (Locally, all K € Gr(n —r, V) can be represented by a
n X (n —r) matrix Mg; the defining equations are the requirement that the
m X (n — r) matrix A - Mg vanish.)

The following two exercises complete the proof.

Exercise 3.3. Show that Z, C Y is a submanifold of codimension (n—r)m.
(Tha:c is, it is smooth of expected dimension.) [Consider the projection map
pe: Zp — Gr]
Exercise 3.4. We have

Z, —> M x Gr

| -l

Zy ——> M.

Show that Z, projects surjectively onto Z,, and that (py)~'(Z, ~ Z,_1) —
Z. ~\ Zyr_1 is an isomorphism.
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Thus we conclude that Z,. is irreducible, of the same dimension as Z,, S0
codim(Z,, M) = codim(Z,,Y) —dim Gr = (n —r)(m — ). O

Note that this gives us a canonical resolution of singularities for Z,., as

well as a way of finding the cohomology class of Z,: we have [Z,] — [Z,].

Evidently, we will need to understand the ring H*Gr(n,C™). We have

Proposition 3.5. The cohomology ring of the Grassmannian is given by
H*Gr(n,C™) = Z[x1,...,Zn, Y1,y Ym-nl/ L,

where deg x; = 2i, degy; = 24, and I has the m generators Zi+j:k(—1)ixiyj,
for1 <k <m.
In fact, the isomorphism is given by x; — ¢;(SY), y; — ¢;j(Q), where S
and @ are the universal sub- and quotient bundle on Gr(n,C™), respectively.
Another presentation for this ring may be given in terms of x’s only:

H*Gr(n,C™) = Zxy, ..., x5/ J,

again via x; — ¢;(SY), where J has n generators given as follows. Define
elements y1,y, . .. formally by

T4y T +yT?+ =1 —o1T + a7 — -+ (=), T") 7,
i.e., Y1 = X1, Y2 = 23 — T2, etc. Then J = (Yn—mi1s-- -, Ym)-

The first presentation says that the relations forced on Chern classes by
the Whitney sum formula are the only relations in H*Gr(n,C™), while the
second expresses the fact that ¢;(Q) =0 for j > n —m = rk(Q).

We now compute the cohomology of flag bundles and Grassmann bundles,
generalizing the results for flag varieties and Grassmannians.

Proposition 3.6. Let E — X be a vector bundle of rank n, and let FI(E) —
X be the corresponding flag bundle, with tautological flag of subbundles

O=FCF C---CF,=FEp.
Then
H*FI(E) = H*X[x1,...,2,]/(ex(x) — cp(EY) |1 < k < n),

with basis {2l - -zl |i; < n—j}. Hereey(x) is the ith elementary symmet-
ric function in Ty, ..., T,, and the identification is given by x; — c1((F;/Fi—1)Y).

Proof. First, consider P(E) — X, where E is a vector bundle of rank n.
Then
H*P(E) = H*X[2]/(2" + c1(E)2" ' + -+ + cu(E)),

with basis {1,,...,2" "'}, via a map = + ¢1(O(1)) = (. Indeed, we know
there is a well-defined map from the RHS to the LHS, by our construction
of Chern classes; on the other hand, the Leray-Hirsch theorem implies that
{1,¢,...,¢" '} forms a basis for H*P(E) over H*X. The construction
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of FI(E) as a sequence of projective bundles then shows that the classes
izl form a basis for H*FI(E) over H*X.

By the Whitney sum formula, there is a map from the RHS to the LHS,
since ¢(F) =[] ¢(F;/Fi—1) = [[(1 —x;). To prove the proposition, it suffices
to show that the classes mil ...z span the RHS.

n
Exercise 3.7. Complete this last step.
O
Proposition 3.8. Let £ — X be a rank-n wvector bundle on X. On
Gr(r, E), there is the tautological sequence
0— S — Eg —Q—0,
where S has rank r, and Q) has rank n —r. Then
H*Gr(r,E) = H'X[z1,..., %0, Y1, Yn—r]/I
H* X [xq,...,2.]/J,
via z; — ¢;(SY) = (=1)'¢i(S), yj — ¢;(Q). The ideal I has n generators,
coming from the relation c(E) = ¢(S)c(Q):
1= (3 (~Dimy 1<k <n).
i+j=k
The ideal J has r generators, coming from the fact that tk E/S = n — r:
define elements z1, z9,... by

1+a(BE)T+ -+ c(E)T"
L+ 2T+ 2T+ = :
talt el 1—oT +aT?— -+ (=1)"2,T"

Then
J = (Zn—rtis---y2n)-

The z;’s defined in the proposition function as the y;’s — that is, they
map to ¢;(Q). In fact, the relations imply that z; € J for j > n, as well. It

follows from this second description that H*Gr(r, E) is free of rank < Z >
over H*X.
Proof. (Sketch.) Consider the diagram

FU(Qrys))

Gr(r,E).
We already understand the cohomology of the flag bundles with maps p, ¢,
and f, and therefore also the bundle h = po f. This “reduces” the problem
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to algebra. We will return to fill in the details later, after we have discussed
Schubert classes. (In the meantime, note that we do have a map from the
RHS to the LHS, as in the flag bundle case.) O

To compute H*BSL,(C), we need a topological lemma.

Lemma 3.9. Let E — X be a complex vector bundle of rank r (or more
generally, an oriented real vector bundle of rank 2r ), and let p € H*" (E, E~
{0}) be the Thom class. Its image in H*"E is the pullback of c¢,(E). Then
there is a long exact sequence, called the Gysin sequence of the vector bundle:

. H'X ﬂ) Hitrx Hi+2r(E\ {O}) ﬂ Hx ...
Proof. This is obtained from the long exact sequence of the pair (E, £\ {0})
by using the Thom isomorphism H'E = H 2B, B~ {0}) and the homo-
topy isomorphism H!X = H'E. In fact, ¢ is the composition H'*?"(E ~
{0}) — HF>+Y (B B~ {0}) = HtT1X. a

An immediate consequence is the following:

Corollary 3.10. If multiplication by ¢, (E) is injective on H*X , there are
short exact sequences

0 H-2x P gix . qgi(E-{0}) -0,

so H*(E~ {0}) = H*X/(c,(E)).

Note, however, that this never happens when X is finite-dimensional.

Now recall that (BSL,(C)),, = L~ {0} — Gr(n,C™), where L is the line
bundle A" S. Note that ¢;(L) = ¢1(S) = ¢; (by an exercise from §2), and
that ¢ is a non-zerodivisor in the polynomial ring H*Gr(n,C>). Applying
the corollary to Gr(n,C), then, we obtain

Proposition 3.11. H*BSL,(C) = Z[ci,...,cy]/(c1) = Zca, . . ., ¢p), where
degc; = 2i.

Remark 3.12. Similarly, we have an exact sequence of groups
0—C"— GL,(C) —» PGL,(C) — 0.

One might try to compute H* BG, where G = PGL,,(C), using similar tech-
niques — but in fact, this is a complicated open problem. This BG is known
to have odd-dimensional homology, and nonzero torsion in cohomology. At
issue is the problem of finding good approximation spaces EG,, for this
group. The state of the art seems to be that a presentation for H*BG is
known when n is prime.

We now give a proof of the key fact showing that our approximation
spaces do indeed become more contractible.

Proposition 3.13. Let Z C C" be a closed algebraic set of codimension d.
Then m;(C" N Z) =0 for 0 <i<2d—2, and w241 (C" N\ Z) # 0.
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Proof. (D. Speyer.) Identify C" with R?". For a smooth (C*) map f : S¢ —
C"\ Z, let . = {p € (real) line between Z and f(S%)}. (This is analogous
to a secant variety in algebraic geometry.) Consider the number
dimg . = dimg Z + dimg f(S*) + dimg R
< 2m—2d+i+1,

since smoothness of f implies dim f(S?) < i. The condition that this number
be less than 2n is exactly that ¢ < 2d—2. For such ¢, then, . C C™; therefore
we can find a point p € .. Since p does not lie on any line joining Z and
f(S?), the set of line segments between p and f(S°) lies in C® \. Z. Use this
to extend f to a map of the ball f : DiT! — C" < Z, thus showing that f is
null-homotopic.

Since every continous map between smooth manifolds is homotopic to a
continuous map (see [Bott-Tu, pp. 213-214]), the homotopy groups can be
computed using only smooth maps. Thus 7m;(C" \ Z) =0 for i < 2d — 2.

On the other hand, it follows from this and the Hurewicz isomorphism
theorem that moq_1(C" N\ Z) = Hoq_1(C" \ Z), and Hyy o(C" \ Z) = 0.
Now by the universal coefficient theorem and the long exact sequence for
the pair (C",C" \ Z), we have

Hyg_1(C"~ 2Z)V = HXL(C"\ Z)
~ H*(C",C"\ Z)
= ﬁZn—dea

and we know this top Borel-Moore homology group is nonzero. U

Returning to the presentation of H*Gr(r, E) over H*E, consider the fol-
lowing setup. Let £ — X be a rank-n vector bundle, let s =n — r, and let
zi = —c1(L;) in H*FI(FE) (where L; = F;/F;_1).

Lemma 3.14. H*FI(E) has a basis (over H*X ) of classes
€y - Zil e 2775’7427{:-1 e 23'157

fori, <r—pandj, <s—q, and A = (s >X >+ >\ >0) is a partition
with at most r parts, and with largest part at most s. Here ey = ey, ---€x,,
and ey, = ex(z1,...,2,) is the kth elementary symmetric polynomial.

Granting this lemma for now, we have
Rlz1, ..., 2]/ K ——— H*FI(E)
I g
Rlz1, ... 21, ... ys) /I == H*Gr(r, E)

| I

R = H*X.
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Note that ¢(z1) = cx(SY), and p*(cx(SY)) = er(ci(L1),...,c1(L,)). Thus
the diagram commutes, and we conclude the following:

Corollary 3.15. The middle row in the above diagram is an isomorphism,
and the classes {cx, (SY) - e, (SY) -+ en.(SY)]|s > Ay >+ > A\ > 0} form
a basis for H*Gr(r, E) over H*X.

For example, with r = 2, n = 4, a basis is given by {1,¢1,¢?, ¢, c1c2,c3}.

Remark 3.16. We have “canonical” maps
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Gr(n,C™) < Gr(n,C™*h),
where the upper inclusion is given by adding zeroes in the bottom row, and
the lower inclusion is induced by the standard inclusion C™ < C™+1,
Also, Gr(n,C™) = Gr(m — n,C™), by identifying (C™)" = C™. In fact,
Gr(n,FE) 2 Gr(m — n,EY), where FE is a vector bundle of rank m, by an
isomorphism taking the universal sequence

0—-S—>F—->Q—0

to
0—-QY—=FEY—SY =0
In addition, Gr(n, E) = Gr(E, m —n), where the latter is the Grassman-
nian of rank-(m — n) quotients of E. (This notation is not standard, but
suggests the appearance of the tautological bundle to the right of F in the
universal sequence.)

REFERENCES

[Bott-Tu] Bott, R. and L. Tu. Differential Forms in Algebraic Topology, Springer, 1995.

[Husemoller] D. Husemoller, Fibre Bundles, Springer-Verlag, 1975.

[Milnor-Stasheff] J. W. Milnor and J. D. Stasheff, Characteristic Classes, Princeton Univ.
Press, 1974.

[Miyazaki] H. Miyazaki, “A note on paracompact spaces,” Tohoku Math. J. (2), 4 (1952),
88-92.

[Spanier] E. Spanier, Algebraic Topology, McGraw-Hill, 1966.



