EQUIVARIANT INTERSECTION THEORY
§4: EQUIVARIANT COHOMOLOGY

WILLIAM FULTON
NOTES BY DAVE ANDERSON

1. FOUNDATIONS

Definition. Let X be a left G-space. We define the equivariant cohomology
ring of X by

HiX = HY(EG xg X),
where for any right G-space E, the space E x¢ X is defined to be the
quotient space E x X/(e-g,x) ~ (e,g-x). This is a graded ring: H;(X) =
HY(EG x¢ X).
Example 1.1. Let X = {p} be a point. Then H}({p}) = H*(EG/G) =

H*BG = Ag, the ring of characteristic classes for G. Thus the equivariant
cohomology of a point is far from trivial.

Claim: H; X = H'(EG,, x¢ X) for i < k(m), with k(m) — oo as m — oo,
and this is compatible with products in this range. Also, this is independent
of the choice of the spaces EG and EG,,.

Caution: H{, X is certainly not equal to lim H*(EGy, X X) as a ring. For
example, if G = C* and X = {p} is a point, then

H*(EGm xc {p}) = H*(P™) = Z[x]/(a™*"),
but Hf({p}) = Z[z] is not the same as @Z[az]/(:nmﬂ) = Zl[x]].

The key to proving basic facts about equivariant cohomology is the fol-
lowing setup. Let £ — B be a (right) G-bundle, and let X be a (left)
G-space. There is a commuting diagram

ExX ——F

|

ExqgX — B.
Lemma 1.2. This is a fiber square. The vertical maps are locally trivial

bundles with fiber G, and the horizontal maps are locally trivial bundles with
fiber X.
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In fact, this is a special case of a lemma from §3, which we recall below
as Lemma 1.6.

Some properties follow formally from the definition. If ¢ : G — G’ is a
continuous homomorphism of groups, and f : X — X’ is equivariant® with
respect to ¢, we get

EG — EG’

|

BG — B(@,

and a map EG x X — EG’ x X', which passes to the quotient: EG xg X —
EG' x¢ X'. Thus we have a ring homomorphism H, X' — HX. In fact,
this is functorial (it respects compositions), so H, (.)(') is a contravariant
functor of both G and X.

Example 1.3. For G = @', a G-equivariant map f : X — X’ gives rise
to a map H:X' — HEX, so Hf, is contravariant for equivariant maps of
G-spaces.

Example 1.4. From the unique map X — pt, we get Ag = Hj(pt) —
H{X. When Ag is a commutative ring (as it will be in all our examples),
and X — X’ is an equivariant map of G-spaces, H: X' — H}X is a ho-
momorphism of Ag-algebras. For X — X’ equivariant with respect to a
homomorphism G — G, we have

AG/ e AG

L]

H:y X — HLX.

Given a continuous homomorphism ¢ : G — G’, we get a map By :
BG — BG', which is unique up to homotopy. Indeed, any G-bundle £ — B
gives rise to a G’ bundle E xg G’ — B; in particular, there is a G’-bundle
EG x¢ G' — BG@G, and this produces the map BG — BG’. There is also a
commuting diagram

EG — EG’
| 5, |
BG 2% BG'.
Thus there is an induced map H, (pt) — H(pt).

Exercise 1.5. Let G = G' = C*. Every algebraic homomorphism ¢ : C* —
C* has the form ¢(¢) = ¢ for some a € Z. This induces

Z[t] = H*BC* — H*BC* = Z]t],

*That is, G acts on X, G’ acts on X', and f(g-z) = p(g) - f(x).
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which must be given by ¢t — d -t for some d € Z. Show that d = a, and find
the corresponding maps of approximation spaces P™~1 — Pm—1,

[Hint/Solution: We want to find the maps
C"™ {0} —= C™ {0}

l l

]P)m—l ]P)m_l.
First suppose @ > 0. Then the map C™ ~\ {0} — C™ ~\ {0} defined by
z = (21,...,2m) — (2%,...,2%) is equivariant with respect to the ho-

momorphism C* — C*, and induces an algebraic morphism f : Pm~1 —
Pm=1. This map f has degree a, so f*O(1) = O(a), and therefore f*(t) =
Fe1(O(-1)) = ¢1(0(—a) = at.

Now consider ¢ +— (7%, for a > 0. We have a map C™ \ {0} — C™ \ {0}
given by 2z = (21,...,2m) — |2|72%(z4,...,2%), which is equivariant, so it
induces f : P! — Pm~1 Check that f*(O(1)) = O(—a).]

We will make frequent use of the following general fact, of which Lemma
1.2 is a special case:

Lemma 1.6. Let E' — B’ and E — B be (right, principal, numerable) G-
bundles, with an equivariant map E' — E, determining a map f : B’ — B.
Assume that the map E' — E is a locally trivial fiber bundle, with fiber Y.
Let X" — X be an equivariant map of (left) G-spaces, which is also a locally
trivial fiber bundle, with fiber Z. Then we have a fiber square

ExX —s>ExX

T

E' XgX, — F xg X,
where the vertical maps are G-bundles, and the horizontal maps are locally
trivial fiber bundles, with fiber Y x Z.

We now prove independence of choices in our definition of equivariant
cohomology.

Proposition 1.7. H} X is independent of the choice of EG, and HéX =
HY (EGy, xg X) fori < k(m), if m(EGp) =0 for i < k(m).

In fact, this is a special case of a more general fact:
Proposition 1.8. For any G-bundle E — B, if m(E) =0 for 0 <i < N
(or, equivalently by the Hurewicz isomorphism theorem, H'E = 0 for 0 <

i < N ), then there are canonical isomorphisms H' (EGxgX) =2 H(ExgX)
fori < N.

Proof. For a locally trivial fiber bundle £ — B, with fiber F', there is a
natural long exact homotopy sequence (with base points)

— mi(F) — m(E) — mi(B) — mi—1(F) — -+ — mo(B) — 0.
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(See [Spanier, p. 377].)
We can apply this to the square of G-bundles

ExX —FEGxX

|

FExqgX — EG xg X.

Note that m;(E x X) = m;(EG x X) for i < N (they are equal to m;(X)),
and the bundles have the same fibers (namely, G), so naturality of the exact
homotopy sequence gives isomorphisms m;(E Xg X) — m(EG xg X) for
i <N.

This implies that the same is true for the homology groups, by naturality
of the Hurewicz homomorphism 7;(F xg X) — H;(E xg X): and the uni-
versal coefficient theorem then gives an isomorphism of cohomology groups
for ¢ < N. O

Now suppose E — E/G = B and E' — E'/G = B’ are two G-bundles.
Then G acts diagonally on E x E’, and we have a G-bundle £ x E' —
(E x E')/G. Indeed, to see this, apply Lemma 1.6 to get the fiber square

ExE —>ExB

Lo

ExqgE — BxB.

(To get the exact hypotheses of the proposition, one needs to change the
right action of G on E’ to a left action.)

Given two such bundles E, E’, with H'E =0for 0 < i < N and H'E' =0
for 0 <4 < N’, Lemma 1.6 gives us

ExX<—ExE xX—>FExX

l l l

ExgX < (ExE)xgX — E' xg X,

where the vertical maps are locally trivial fiber bundles with fiber G, the
horizontal maps on the left are locally trivial with fiber E’, and the horizontal
maps on the right are locally trivial with fiber F.

Since (Ex E')xgX — E'xgX is a fiber bundle with fiber E, we have an
immediate corollary of the Leray-Hirsch theorem: H'(E) =0 for 0 <i < N
implies HY(E' xg X) — H'((E x E') xg X) is an isomorphism for i < N.
Indeed, the Leray-Hirsch theorem says

HY((Ex E')xg X) = @H9 'xq X)® H7(E),

and the only nonzero summand is the j =4 term.
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This gives us isomorphisms H (ExgX) — H'(E'xgX) fori < min(N, N).
These are natural, in the sense that if £ — B" is a third such bundle, with
H'"(E") =0 for 0 <i < N”, then for i < min(N, N’, N"), the diagram

H (E x¢ X) —>];[Z E/XgX)
HZ E”XGX

commutes.

Thus we see that for the purposes of calculation, we can forget the
classifying bundle EG — BG, and just use the finite-dimensional spaces
EG,, — BG,, for computations in finite degrees.

We now treat two important special cases of G-actions.

Lemma 1.9. If G acts freely on X (on the left), and X — G\X s a locally
trivial fiber bundle, then

HLX = H(G\X).
In particular, H,X =0 for i > dim X (or even i > dim(G\X)).
Proof. Consider the diagram
ExX ——X
ExgX — G\X,

in which the vertical arrows are G-bundles, and the horizontal arrows are F-
bundles. As in the above discussion, the Leray-Hirsch theorem implies that
if H'E = 0for 0 < i < N, then the map H (G\X) — H(ExgX) = H5(X)
is an isomorphism. O

Lemma 1.10. If G acts trivially on X, and Hf(pt) (or H*(X)) is free over
the coefficient ring, then

HiX = Hi(pt) @ H* X
as skew-commutative graded algebras.

Proof. For E — B, we have
ExX

L\

E xqg X=B x X,
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where the diagonal map is (e, ) ~ (€, ). Thus for i < N (where H'E = 0
for 0 <i < N),

HL(X) = HY(BxX)
= (P H'BwH'X,
JHk=i

since either of the hypotheses of the lemma are sufficient for this Kiinneth
formula. g

Our next task is to develop an equivariant analogue of the situation of
§1 — in particular, we will have equivariant Chern classes of vector bundles,
and equivariant fundamental classes of invariant subvarieties.

2. EQUIVARIANT CHERN CLASSES AND FUNDAMENTAL CLASSES

Another special case of Lemma 1.6 is the situation of an equivariant vector
bundle. Let F' = X’ — X be an equivariant vector bundle on X, with fiber
C". Then F xg FF — E xg X is an equivariant vector bundle on £ X X,
by Lemma 1.6, and we have Chern classes ¢;(E xg F) € H*(E x¢ X).

Definition. We define the equivariant Chern classes of an equivariant vector
bundle F' — X to be ¢'(F) = ¢;(EG xg F) € H*(EG x¢ X) = H¥X.
As usual, any “suitably contractible” G-bundle E can be used in place of
EG.
These Chern classes satisfy the usual properties:
e They are natural for equivariant maps. If X — X’ is equivariant
with respect to G — G’, and F' — X is the pullback of F/ — X',
i.e., there is an equivariant fiber square

F——>F

|

X — X,

then the map HZ X' — HZ X sends & (F') to & (F).
e There is a Whitney formula for an exact sequence 0 — F/ — F —
F" — 0 of equivariant vector bundles on X:

c(F) = c(F")e(F").

Now let V' be a codimension-d subvariety of a nonsingular variety X,
and let G be a linear algebraic group acting on X and preserving V. Then
there is an equivariant fundamental class [V]G € H%dX , with the standard
properties discussed in §1. It is constructed as follows.
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Take an approximating bundle £G,, — BG,,, where these are smooth
algebraic varieties. (Since we assume G C GL,, we can and usually will
take EGp, = My, ,,.) Then we have a diagram

EG,, xV —> EG,, x X

l |

EG,, xgV < EG,, xg X,

where the vertical arrows are smooth maps (since they are G-bundles). Since
EG,, XV — EG,, x X looks like V < X and the projection maps are
smooth, it follows that locally the same is true for EG,, xqV — EG,, xgX.
Therefore EG,, xqg V C EG,, Xxg X is a codimension-d subvariety, and we
get a fundamental class [EG,, xg V] € H*{(EG,, x¢ X).

Definition. We define the equivariant fundamental class [V]° € HXX of
an invariant subvariety V C X to be [EG,, xg V] € H*}(EG,, x¢ X), for
m large enough so that H*¢(EG,, x¢ X) = H¥X.

Of course, for this definition to make sense, we need to check that this class
is compatible with the maps induced by EG,, — EG,+1. More precisely,
we need to check this inclusion induces a commutative diagram

EG,, xgV —— EG,, xg X

1 1

EGm+1 Xa Vs EGm+1 Xaq X,

and the cohomology pullback H?!(EG,,11 x¢ X) — H?*Y(EG,, xg X takes
[EGm_H Xa V] to [EGm Xa V].

Many properties of classical Chern classes and fundamental classes extend
to the equivariant setting. We discuss a few of these.

If V and W are G-invariant subvarieties of X, and V N W = (), then
V1€ W€ = 0. Indeed, (EGy, x¢ V)N (EGm xa W) = 0, so this reduces
to the classical case.

If V and W intersect properly, then there is an intersection cycle

VW= iU, VWi X) - U,
J

where the U; are the irreducible components of V' N W, each of which is
G-invariant. (Here we use the fact that G is connected, hence irreducible.)
Then [V]© - [W]¢ = > iUV Wi X) - [U]%. To see this, reduce to the
classical case as before, by looking at EG,, xgV N EG,, xg W.

Exercise 2.1. If L is an equivariant line bundle on X, and s : X — L is
an equivariant section, then Z(s) is an equivariant divisor on X, assuming
it has the correct dimension. (If it is not irreducible, write Z(s) =Y m;D;,
with D; an irreducible divisor.) Show that [Z(s)]® = ¢§(L) € HA(X).
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[Hint: Look at the corresponding line bundle EG,, xg L — EG,, xg X,
with section s’. Then Z(s') = EG,, X¢ Z(s).]

Remark 2.2. This section is an actual equivariant section, with respect to
given actions on L and X. If G acts on L by a character, then one gets
a section on a different line bundle. (Namely, twist L by the line bundle
associated to the character.)

Associated to the standard representation of C* on C, there is an equi-
variant line bundle L on a point. We have ¢ (L) =t € Z[t] = H. (pt). For
the action of C* given by z - v = z%, with a € Z, there is the equivariant
line bundle L,, and C(E* (Ly) = at. In fact, L, & L&,

Generalizing this, we have the following:

Corollary 2.3. Suppose C* acts on C" by z-(vi,...,v,) = (2% vy,...,2%v,).
(In fact, all algebraic actions look like this.) Then this makes C" into an
equivariant vector bundle Eq, . .. on a point, with

& (Bay...ar) = eilart, ... ant) = ei(ar, . .., ap)t'.

(Equivalently, & = [[,(1 + a;t).)
More generally still:
Corollary 2.4. Let T = (C*)" act on C" by

n

n
(215 2n) - (V1,. .., 00) = (H ZM vy, ,Hzf"vr),
i=1 j

where A = (ai;) is an n x r matriz of weights. Then we get an equivariant
vector bundle E4 on a point, with

cT(EA) = H(l + Zaijti)

j=1 i=1
in Hy.(pt) = Z[t1, ... ty)].

Proof. (Sketch.) Reduce to the case r = 1, using the splitting principle
(and the fact that any representation of 7' decomposes as a sum of one-
dimensional representations). Now ¢ (E4) = S°I', bit, with b; € Z. Re-
stricting to the ith copy of C* in (C*)" via z +— (1,...,1,2,1,...,1), notice
that b; = a;1. Indeed, the induced map H7.(pt) = Z[t1,...,t,] — Z[t] =
H}.(pt) is given by t — 0;xt. O

Exercise 2.5. Let a group homomorphism (C*)™ — (C*)" be given by

n

n
(21,0, 2n) — (Hzf“,...,Hzf”),
i=1

i=1
where A = (a;;) € M, »(Z). Show that the induced map
HEkC*)T (pt) = Z[Sl, e ,37«] — Z[tl, e ,tn] = HEkc*)n (pt)

is given by s;j — Y1 | aijt;.
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[Hint: Reduce to the case of C* — C* using C* — (C*)" — (C*)" — C*/]

We make a few more general comments on torus-equivariant line bundles.
Let T be a torus — that is, an algebraic group isomorphic to (C*)™ — and
let M be the group of characters of T', so M = Homyjg op. (T,C*). (M is
isomorphic to Z™ after choosing an isomorphism 7" = (C*)™.)

For each x € M, there is an equivariant line bundle L, on a point. This
is Ly, = C, with the action t - v = x(t)v for t € T. Thus we get a class
C{(Lx) € Hi(pt).

Claim: This gives canonical isomorphisms
M = H2(pt)

and
Sym® M = @ Sym* M = Hr(pt) = Arp.
k>0

One way to prove this is by choosing a basis, i.e., fixing T' = (C*)™. Then,
as we have already seen, Z[t1,...,t,] = Hguyn (pt) via t; = ¢l (L;), where
L; = L, and {x;} is the basis of M corresponding to the choice of basis for
T.

Here is a more intrinsic way to see it. A homeomorphism of tori ¢ : T" —
T’ corresponds to a map M’ — M, by pulling back characters. (x' — x'o¢.)
We have a commutative diagram

Sym® M’ — Sym® M

Hr(pt) —> Hr(pt)
[ ———1
H*(BT') — H*(BT)
Indeed, the map BT — BT’ makes L, the pullback of L,/. Use the fact
X=X op:T — C* and the corresponding map of BT’s.

Exercise 2.6. Let T'= (C*)™, considered as the subgroup of diagonal ma-
trices in B, the group of invertible upper-triangular n x n matrices. There
is an obvious retraction B — T, which in fact is a group homomorphism.
If B acts on a space X, show that the induced map H7 X — HpX is an
isomorphism.

[Hint/solution: Use approximations Ey, X g X — Enxr X, with B, = M}, ,

as usual. In fact, this is easily seen to be a vector bundle of rank ( n , SO

2
the corresponding map on cohomology is an isomorphism.]

Remark 2.7. We will often have a sequence of groups acting on a given
space X, and we can relate the equivariant cohomology of X with respect to
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the various groups. The general philosophy is that for theory, it is better to
work with groups at the “right end” of the sequence, while for computations,
it is easier to use groups at the “left end.”

Any finite-dimensional representation p : G — GL(V) of a group G can
be considered as an equivariant vector bundle on a point: V' — pt. Therefore
there are equivariant Chern classes ¢;(p) := (V) € HZ(pt). When G =
GL,(C), the irreducible representations are exactly p) : G — GL(V)), where
A= (A1 > A2 > -+ > )\,) is a “highest weight.”

For example, for A = (k,0,...,0), Vy = Sym*(C"); for A = (1,...,1,0,...,0)
(k 1’s), this is V), = A¥(C"). Soif A = (1,...,1), Vi = A®(C") is the “deter-
minant” representation, denoted det. In fact, V) @ det = Vi 11 x,+1), S0
it is enough to study those V) with A = (A\; > --- > A, > 0), i.e., polynomial
representations.

Challenge: Compute ¢;(py)) € Agr, = Zlci, ..., cy] — that is, write ¢;(py) =
pi(e1,...,¢n) as a polynomial of degree 2i.

Here is an equivalent formulation of this problem. Note that G L,-bundles
correspond to vector bundles, as discussed in §3. For any vector bundle
of rank n on a space X, and A = (A; > --- > A\, > 0), there is a bundle
SAE. (These generalize the cases Sym*E and A*E, for A\ = (k,0,...,0) and
A= (1,...,1,0,...,0), respectively. See [Fulton, §8.1].) What is ¢;(S*E) as
a polynomial p;(ci(E),...,c,(E))?

Lascoux has given formulas for the cases of Sym? E and A?E , but little
is known beyond some trivial cases. (E.g., ¢1(A"C") = ¢;.)

In fact, V) has a basis {er} indexed by semi-standard tableauzr T on A,
with entries in {1,...,n}. It is not obvious how GL,, acts on this, but the
maximal torus (C*)™ acts by

n
#(4’s in T)
(Z1,---,Zn)'€T=HZ,- er.
i=1

Soin Zty,...,tn] D Zlc1, ..., cy], we have

(o) =TT+ Xt
T i€T
Thus one can compute any particular example.
Note, by the way, that this is a symmetric function (though not obviously
s0). There are Schur polynomials

S)\(tl,...,tn): Z Htia

TeSSYT()) i€T

and as A varies, these form a basis of the ring of symmetric polynomials,
Zlty, ... ,tn]S". In fact, sy = det(cAHj_i), where ) is the conjugate partition
to A. Then the following is true, but the only proof we know uses the Hard
Lefschetz Theorem:
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Theorem 2.8. The symmetric function ¢’ (py) is Schur-positive. That is,
when one expands it in the basis of Schur polynomials as c§ (py) = Zu bauSus

the coefficients by, are nonnegative integers.

Challenge: Is there a more elementary proof of Schur-positivity? Even bet-
ter, give a combinatorial formula for the integers by,. Which are nonzero?

Even more generally, one could consider an expansion s,(c(S*E)) =
5, by (e(B))

We will discuss the combinatorics of Young tableaux in slightly more
detail in the next part of these lectures, on Schubert calculus. For definitions
and discussions of the relation with representation theory, see [Fulton, §7-8]
or [Fulton-Harris].

3. EQUIVARIANT COHOMOLOGY OF P71

We now introduce an extended example, and begin to study the equi-
variant cohomology of projective space in detail. Many of the phenomena
particular to equivariant cohomology can be seen here, and we will return
to this example several times in the sequel.

There are several groups acting naturally on P"~!. We have actions of
G = GL,(C), the upper-triangular subgroup B, and the torus of diagonal
matrices T2 (C*)™. In addition, there are actions of 7" = (C*)"/C* and
PGL,(C) = GL,(C)/C*, but we will focus on the actions of the first three
groups, I' C B C G.

The tautological subbundle O(—1) C Cpn-1 is a G-equivariant line bundle;
therefore the dual bundle O(1) is, too. (The action is by (g-s)(p) = s(g~! -
p).) Let ¢ = c{'(O(1)) € HZP" L.

Proposition 3.1. H P" ! =Zley,...,c,)[C]/(C" + ™+ + ¢p).

Remark 3.2. Notice the analogy with projective bundles. This illustrates
the theme that equivariant theory is “spread-out geometry,” that is, geom-
etry done relatively over non-trivial bases.

Proof. Look at the approximation space E,, = My, ,. We have My , Xa

P! =~ P(S), where S is the tautological subbundle on Gr(n,C™). Indeed,
consider the diagram

o n—1 o
My, , x P — M, ,

l l

(2) M;?)v,,n XaG ]Pm_l — M;?)v,,n/G

=| H

P(S) ——— Gr(n,C™).
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Here My, ,,/G is identified with Gr(n,C™) by considering a matrix A € M, ,
as a linear map C" — C™, and sending A to im(A) € Gr(n,C™). The map
Mp, , X P! — P(S) is defined by

(4, [v]) = (im(A), [A(v)]),

where v is a vector in C™ spanning the line [v]. This is well-defined (i.e., it
passes to the quotient), since for any B € GL,(C),

(im(A- B), [(A - B)(v)]) = (im(A), [A(B(v))]),

so (A- B,[v]) and (A, B - [v]) have the same image under this map. In fact,
it is straightforward to check that this is a homeomorphism, and therefore
an isomorphism of bundles, since the lower square of (2) commutes.

Now the tautological bundle Opn—1(—1) on P*~! pulls back to the bundle
Op(s)(—1) on P(S); therefore ¢ = ¢’ (Opn-1(1)) = ¢1(Op(s)(1)). We see that
H*P(S) = H*Gr(n,C™)[¢]/(C" + c1¢" "t + --- + ¢,), where ¢; = ¢;(S). To
complete the proof, it remains only to check that all this is compatible with
the inclusions of approximations EG,, xgP""!, as m — oc. O

Corollary 3.3. For G = T = (CY", or for G = B (upper-triangular
matrices), we have

n

HE(®" 1) =2t ]G/ TT(C+ 1),

For either of these groups G, the inclusion G — GL, induces a map
HE’Ln(pt) = Z[Clv s acn] - Z[tla s >tn] = Hé(pt)> given by G — ei(tla s atn)v
where as usual e; is the ith elementary symmetric polynomial. In the corol-
lary above, we see this for HELH]PW_1 — HEIP’"_l.

As a special case, note that for the group B of upper-triangular matrices,
My, /B = FI(1,...,n;C™), with the tautological flag of bundles S; C
.- 8, =8 C C. Since MY, , xpP"~ 1 =P(S), we see t; = 1(S;/Si—1).

For all these groups (GL,,, B, and T'), we have a surjective map Hg(]P’”_l) —
H*(P"1) via “restriction to a fiber.” Indeed, H*P"~! = H:P""!/AL,
where AE C Ag is the ideal of positive-degree elements.

We now consider fixed points and invariant subvarieties of P*~! under the
three group actions we have studied.

For GL,,, there are no fixed points: (P"~1)&ln =,

For B, there is one fixed point: p=[1:0:---:0]. The invariant subvari-
eties are the spaces PO ¢ P! ... ¢ P!, where P*~! is the subspace with
the last n — k coordinates zero (and the first k coordinates free).

For T' = (C*)™, all coordinate subspaces are invariant. We will write
Pr={[x1: - :my) € P a; =0fori € I}, where I C [n] = {1,...,n}.
One should expect [IP’I]T € H%'Il]Pm_l, and indeed, we will determine these
equivariant classes.
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We have (P17 = {py1,...,pn}, where p; = Ppnj<qiy- In fact, we have
Hpp"~ Hi(p1) @ -+ & Hj(pn)
| |
Zlty, ..t/ (€ + 1) = Zlta, .. ] @ - B Zft, .. 1,

via ¢ +t; — 0 (i.e., ¢ — —t;) on the ith factor. Indeed, the tautological
buundle O(—1) C Cp,_, restricts to the line bundle L,, on the ith fixed
point p;. Thus ¢ = ¢! (O(1)) cflp(L;(/l) = —t;.

This map is injective; our next goal is to describe its image.
Claim: [P7]" = [T, (¢ +t).
(Note that for I = [n], this says [0]7 = [P[n]]T = 0.) In particular, if P*=1
P"~! is a B-invariant subvariety, [Pk_l]B = [[iLps1 (¢ +t;). Geometrically,
this is

M xp PP e M7, xp P

| |
P(Sy) —— P(95).
To prove the claim, recall the following general fact from §2:

Lemma 3.4. Let ' C E be a subbundle on a nonsingular variety X, and
let d = tk(E/F). Then the class [P(F)] € H**(P(E)) is equal to cq(E/F ®
Opy(1)).

The claim follows by applying this to the case X = Fli(1,...,n;C™), with
E = S and F' = Si, where S; C --- 85, = § C C¥ is the tautological flag
bundle on X. Since ¢(S/Sk) = [, (1+t:), we have c4(S/Sr®@0p(5)(1)) =
[T )1 (C + ), as desired.

Challenge: Let z = [P~ = ['_, ., (¢ + ) € H5(P™'). Find a
good description of the coefficients in products of the z;’s. Specifically, since
{1,21,...,2n—1} is a basis for H5P" ! over Ag = Z[t1,...,t,], we must have

Zit Zj = Zitj +pi1j(t)zi+j—1 + p?j(t)zz'+j—2 +oeet pi?m{l’]}(t)zmax{i,j}-

What are the polynomials pfj(t)?

A recipe for determining a given coefficient is the following. (This is not
the same as a formula, though!)

Consider the more general problem of multiplying the classes [IP’I]T =
[Tic;(¢+1t;) € HyP"~!. (Note, by the way, that these classes are all distinct
— in contrast with the classical situation, where only the cardinality of I
matters.) Multiplication of these classes (and therefore also of the z;’s) is
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determined by the products [P{j}]T [P". If j & I, then [P{j}]T )t =
[]P’Iu{j}]T, as is easily seen by geometry or algebra.
On the other hand, if j € I, then for any k ¢ I, we have

Pyl - [Pr] = (C+t5)- H(C + )

i€l
= (C+te)- [T+t + @t —te)- [T+t
iel icl

= [Pl + ¢ — t)[Pr]-
As a special case, we have 21 - z; = 241 + (tn — tn—i)2i.

From these considerations, we see that all the coeflicients pfj (t) are non-
negative linear combinations of monomials in the variables {t,,—t,_1,...,to—
t1}. A satisfying solution to the “Challenge” above would exhibit this posi-
tivity manifestly.

Remark 3.5. The torus 7' = (C*)"/C* acts on P"~!, with the same invari-
ant subvarieties P;. The quotient map (C*)™ — (C*)™/C* corresponds to the
inclusion of character groups Z" <« M, where M = {(a1,...,a,)| > a; =
0}. M has a basis {t; — to,...,tn—1 — ty}, and

H&kﬂ(pt) = Sym' M = Z[tl —to,.. ., tp—1 — tn] C Z[tl, C ,tn].
There is a map HAP" 1 — HEK(C*)R]P’“_1 =Zt1, ..., ta][C)/ TI(C + t5).

Exercise 3.6. Let ¢/ = []P’{n}]T. Show that this map sends ¢’ to ¢ +t,, and
identify

n

HyP" ' = Hy(pt)[('l/ TI(¢ +ti = tn).
1=1

4. EQUIVARIANT GYSIN MAPS

Suppose f : X — Y is the inclusion of a nonsingular subvariety X of
codimension d into a nonsingular variety Y. Recall that in this situation,
as well as for other suitably “nice” maps, there is a Gysin pushforward on
cohomology: fy : H'X — HT2dy, (See §1.) There are equivariant versions
of these Gysin maps, with analogous properties. If a group G acts on Y, and
X is a G-invariant subvariety, then there are maps f,. : H5X — Hé”dY.
Indeed, these come from the corresponding maps for EG xg X — EG xaY.
(There are various ways of making sense of this map of infinite-dimensional
spaces. One could consider a compatible family of embeddings of varieties
EG,, xg X — EG,, Xg Y, and the corresponding Gysin maps. Perhaps a
better way to construct the Gysin map is to note that the normal bundle
N to X is an equivariant vector bundle, and the isomorphism of NV with a
tubular neighborhood U gives an isomorphism ExgN 2 ExqU C Ex¢gY.
Then the Thom isomorphism gives the desired map on cohomology.)

Similarly, if f: X — Y is a proper map and a locally trivial fiber bundle
whose fiber is an oriented n-manifold, and if f is equivariant with respect to
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an action of G on X and Y, then we have Gysin maps f, : Hé;X — Hé_”Y.
To construct this map, use the ordinary Gysin map for Exg — E Xg Y.
Alternatively, one can consider the maps of approximation spaces E,, Xa
X — E,, X¢Y, and use the property of ordinary Gysin maps corresponding
to (3) below to see that the result is compatible: Look at the diagrams

E,xqgX —>FE, xXagY

l l

Emi1 Xg X — Epi1 X Y.

Just as for ordinary Gysin maps, these equivariant Gysin maps have the
following properties:

(1) (Projection formula) f.(f*(c)-d) = c--- fu(d), for c € HEX, d €
HLY .

(2) (Functoriality) Suppose X Ly s Z, with f and g as above. (Ei-
ther both are inclusions, or both are fiber bundles.) Then go f is of
the same type, and (g o f)« = g« © fu.

(3) Suppose f is as above, and g : Y/ — Y is an equivariant map, so
there is a fiber square

/
Xléy/

I
x_1.y

Then f’ is of the same type as f, and g* o f, = f] o h*.

Example 4.1. We compare the equivariant Gysin maps with the ordinary
maps for the case where Y is a point. Consider p : X — pt, where X is
an n-dimensional compact manifold. The ordinary Gysin map gives py :
H'X — H*"(pt) = 0 for i # n, and

H"X — HoX — Hy(pt) = H(pt) = Z.

This map is often denoted |[ v+ H*"X — Z; it has the effect of “throwing
away” all but the top-degree part of an element of H*.X.

Consider X = P"~!, with the basis {1,(,...,¢(" '} for H*X, where ¢ =
c1(O(1)). Then p.(>; ail’) = an—1.

In the equivariant case, we get py : H:X — HE(pt) = Ag. The ring Ag
is graded; write A¢ = @,>( Ay. Then the Gysin map p, has graded degree
—n — that is, Hé;X — Ag—". Note that Hé;X maps to 0 for ¢ < n, but not
for ¢ > n.

For X = P" ' and G = GL,, B, or T, with ( = cf(O(1)), we again have
p«(>2; aiC?) = an—1, where a; € Ag. Indeed, ¢* — 0 for i < n — 1, and
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("1 AL = Z. To see that ("' — 1, look at the fiber square
X —FExgX

||

pt ——— B,

and use the classical case.

5. EQUIVARIANT POINCARE DUALITY

Let X be a compact, oriented, n-dimensional manifold, and assume that
the map

H'X x H"'X — H"X — 7

given by (c,d) — [ ¢+ dis a perfect pairing over Z — that is, it defines an
isomorphism of H’X with the dual of H"*X. (In general, one may need
to replace Z with Q, killing any torsion in homology, to make this hold. We
will deal with spaces whose homology is torsion-free, though.)

This actually makes H*X into its own dual, but the duality pairing is
trivial except in degrees i,n — 1.

Lemma 5.1. Assume there are homogeneous elements x1,...,xy, € H5X,

with ©; € HZ(Z)X, such that their images T; € H*X give a basis for H*X
over the ground ring (usually 7). Then {x1,...,xm} is a basis for H5X
over Ag = HE(pt).

Moreover, for any map G' — G, the images of the z; in H:X give a
basis for this module over Agr.

Proof. Apply the Leray-Hirsch theorem to the fiber bundle
X—>FExgX

|

pt —— E/G.
O
Lemma 5.2. Let xq,...,x,, be as in the Lemma 5.1, and use the assumption

above on classical Poincaré duality on X (i.e., that it gives a perfect pairing
on cohomology). Then there are elements yi,...,ym € HEX with y; €

Hg_k(i)X, such that
3) (i, y;) = 0ij,

where (x,y) = p«(x - y) € Hi:(pt) = Ag.
FEach y; is uniquely determined by condition (3), and {yi,...,ym} is a
basis for HEX over Ag, called the “Poincaré dual basis” to {x;}.
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Proof. Take 91, ..., Jm to be the basis for H*X dual to {z;} under ordinary
Poincaré duality. Order the z;’s so that z; € Hg(Z)X , with n = k(1) >
E(2) > -+ > k(m) = 0. Our goal is to use induction on r to find lifts
Yi,. ..,y such that (x;,y;) = d;; for all 4, and for j < r.

Forr=1,y; € HgX is the unique lift of 7j; € H°X via HgX = HOX.

Now assume yi,...,yr—1 have been found. Take any lift y,. € H, g_k(r)X

of g,, and set
r—1
Ur=yr— Y a;y;,
j=1

where
aj = (_1)k(j)~(n—k(j))<xj7y;> c A]é(])_k(r).

A straightforward check shows that this choice of ¥, works.
To see that the y;’s form a basis, it is enough to show they generate. Let
F be a free Ag-module with generators 1, ..., ym, and consider the maps

F — H=H{ X — Hom(H, Ag),

where the first is the obvious inclusion, and the second is given by y — (-, y).
The composition is surjective, because y; — x7. Thus the second map is
surjective, but as a map of free modules of the same rank, it must be an
isomorphism. O

Remark 5.3. Unlike the classical case, (z,y) is not necessarily 0 for = €
H.X,ye€ HéX, with i 4+ j > n (though this is true for i + 7 < n). Indeed,
(xr,y) € AiGJrj_" # 0 (in general). For example, while {1,¢,...,(" 1} is a
basis for HZP"™1, the set {¢"71,...,1} is not the dual basis.

Example 5.4. On P"~!, a pair of “geometric” Poincaré dual bases are the
following. Let z, = []P’{nJrl_T,,myn}]T, where Py np = (k00 0k
0--- : 0) is the locus where the last r coordinates are 0. We have seen
that @, = [],_,.1_,(C +t;). The Poincaré dual basis to zg,...,rn_1 is
Yts-- g0, where y, = [Py 1" = [T, (C + ). Note that @y, = 0 for
r 4+ s > n. (One can see this geometrically — the corresponding subvarieties
are disjoint — or algebraically: [[i,(¢ +t;) =0.)

Exercise 5.5. Show that the Poincaré dual basis for {1,¢,¢2,...,¢" !} is
{#n—1,...,21,20 = 1}, where z, = (" + 1" 1+ ("2 + -+ + ¢,

6. LOCALIZATION

In studying the equivariant cohomology of P*~!, we saw that it was useful
to consider the restriction map HiP"~! — Hx(P" 1T, We will see that
this is a general principle. First, we look at another example, in the spirit
of the calculation of H}]P’"_l above.
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Let X = Gr(r,C"), with the standard action of G = GL,. We will
compute H5X. As usual, use the approximation EGy, = My, , (and always
take m > n). As with the computation for P”‘l, we have

M,?%n x Gr(r,C") —— Mnolm

l l

My, ,, xa Gr(r,C") — My, . /G,

where the vertical arrows are G-bundles and the horizontal arrows are Gr(r, C™)-
bundles. We claim that the bottom row is canonically isomorphic to

Gr(r,S) — Gr(n,C™),

where S is the tautological rank-n subbundle on Gr(n,C™). Indeed, define
a map My, , xg Gr(r,C") — Gr(r,S) by (A,L) — (im(A), A(L)). This
is well-defined, since (A - B,L) and (A, B(L)) have the same image, for
B € GL,,. (Note that A(L) C im(A) C C™ is a sequence of vector spaces of
respective dimensions r, n, and m.)

On Gr(r,S) there is a tautological rank-r subbundle S" C Sar(r,s)- As
we have seen, H* Gr(r, S) is generated (as a ring) over H*Gr(n,C™) by the
Chern classes of S’ and/or the Chern classes of Q@ = S/S’. Letting m grow
large, we get

HEX = HEWO[T1, . @ y1y - Toer) /(i = £ai(S7), 5 = ¢;(Q))
= Zle, ... ][z, ..., 2]/ (r equations)
= Zlei, ... cnllyty -y Yn—r]/(n — r equations).
The same is true if we replace G with B or T, and use Hf{kB T}(pt) =

Z[tl, R ,tn] - Z[Cl, . ,Cn].
The T-fixed points in X are exactly the points py, for I = {i1,...,i,} C

[n] :={1,...,n}, corresponding to the linear subspace spanned by the basis
vectors €;,,...,¢e;, — that is, pr = (ei,,...,e;,). Thus there are (:f) fixed
points.

We have a map

HpX — HT(XT) = EBHT(PI) = AT( )-
I

Also, we know that H} X is free over A7 of rank (’;), by general facts about
Grassmann bundles.

Proposition 6.1. For an r-dimensional subspace L of a vector space V =
C™, with p;, € X the corresponding point, there is a natural isomorphism
T, (X) =Hom(L,V/L).

(For a proof, see the section on Grassmannians in [Griffiths-Harris].)
In our case, this says 7),, X = Hom(&P,c; Ce;, ¢, Ce;). In fact, we have
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Proposition 6.2. There is a natural isomorphism of bundles T X = Hom(S, Q)
on X.

Proof. Since X is a nonsingular variety, T X is equal to the normal bundle
to the diagonal embedding § : X — X x X. (Indeed, this is essentially one
common definition of the tangent bundle: The sheaf of differentials is the
pullback of the conormal sheaf .# /.2, where .# is the ideal of the diagonal.)
On X x X, with projections p1,p2 : X x X — X, there are sequences

0 —piS — pVx —piQ —>0
|

Vxxx

|
0 —=psS — poVx —> Q@ —> 0,
pulled back from the universal sequence 0 — S — Vx — @ — 0 on X.

The diagonal is exactly the locus where the composition pjS — Vxxx —
p5@Q is the zero map. That is, §(X) = Z(s), where s is a given section of
Hom(p;S, p5Q). (In fact, this is true scheme-theoretically and functorially.)
This section s is transversal to the zero section. It is a general fact that
given a vector bundle E on a manifold (or variety) Y, and a regular section
s (i.e., a section transversal to 0), then the normal bundle to Z(s) C Y is
canonically isomorphic to E| 7(s)- Applying this, we see that

= Hom(57 Q)
(]

Remark 6.3. Similarly, when X is a partial or complete flag variety, 6(X) C
X x X is of the form Z(s) for a section of some vector bundle of rank equal
to the dimension of X. Where else is this true? For example, what about
flag varieties in types B, C, or D?

Now consider the equivariant case. The inclusion of the T-fixed point
pr in X induces pullbacks of S’ to the trivial bundle L = @,.;C - ¢;, and
of @ to the trivial bundle C"/L = @ jer C - €5. Thus the restriction map
H7X — Hi(pr) sends c(S') — ex({ei|i € I}) and cx(Q) = ex({t;j |7 & I}).
Note that the tangent bundle at py is 7),, X = @;c; j;(C-e))" @ C-¢j, s0

Cg;p(szX) = H (tj - ti)~
iel,j&l
Also, pre-composing with the Gysin pushforward by the inclusion of pj, the
map
Hr(pr) — Hr X — Hr(pr)
is multiplication by cg;p(TpIX ).
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On the other hand, for J # I, the composition
Hr(pr) — Hp X — Hp(ps)
is the zero map. Assuming cg;p(T »X) # 0 (which we will show later), we
see that H%X — Hx(XT) is injective and becomes an isomorphism after
inverting [, ,;(t; — ).
Now we determine the equivariant class [p;]” € HCZFT("_T)X . On X, there

are the bundles
L= @ C- €;
el
0 S C% Q 0,
and pr is the locus where L — C% — (@ vanishes. Thus
pr]" = el (Hom(L, Q) = [[cf,((C-e)¥ @ Q)
el

- H(yn—r - tiyn—r—l + tzzyn—r—Z — -k t?_r)y
i€l

where y; = ¢;(Q).
Alternatively, pr is the zero locus of S — C% — C%/L = EBJ-€1C - €.
Thus

)" = ciop(Hom(S,EP C-¢j)) = []ehp(5Y ©C-¢))

2
= Jl@r +tjmes +--- +1)),
2
where z; = ¢;(SV).
Exercise 6.4. Show directly that these expressions for [pI]T are equal.

[Hint: It is a fact from algebra that if
[Ta+so[Ja+t)=]]a+e) [J+85)
i€l j€J i€l j€J

in any commutative ring, then [[, ;(8; — s:) =[], ;(t; — @).]

Exercise 6.5. Find Poincaré dual bases for H}.X, where X = Gr(r,n).
(We'll see this later.)

Exercise 6.6. Compute H}.(P(F)) and H}(Gr(r, E)), where E is a vector
bundle of the form £ = L1 ® --- ® L,, and T acts on L; with weight w;.
(We'll do this later, too.)

One has two general expectations about equivariant cohomology of “nice”
spaces. First, H5xX — H*X should be surjective; second, H3X — Hi(XT)
should be injective, and an isomorphism after inverting some elements.



EQUIVARIANT INTERSECTION THEORY 21

There are various hypotheses on X which allow one to prove this sort of
statement, though often one can see it directly in any given example. For
example, if X7 is finite and ct:';p(TpX ) is nonzero in Ar for all p € X7,
we know the map H; X — H(X T is surjective after localizing (by the
Gysin argument done above). Furthermore, if #(X7) = rk(H*X), then
HiX — HH(X T) is injective, too, and therefore an isomorphism after lo-
calization.
In these nice situations, one has the following localization formula:

Proposition 6.7. Let T be a torus acting on a oriented manifold (or non-
singular variety) X. Suppose X7 is finite, and additionally

(1) Hp X — H*X s surjective, with H*X free over the coefficient ring;

and

(2) H:X — Hi(XT) is injective, and an isomorphism after localizing.
Write Ap = Sym® M = Z[ty,...,t,], and let p : X — pt induce the Gysin
map ps : Hp X — Arp.

Then for F' € H} X, we have

tp(F)
p«(F) = £
ZX:T Ctop(T X)
where 1, : {p} — X7 is the inclusion.
Proof. We have a diagram
P Hi(p) —2> HiX O P Hip
peXT peXT
P+
Hr(pt).

As we have seen, the composed map in the top row is “diagonal,” i.e., the
factor H7.(p) goes into the corresponding factor H7(p), with ¢ o (1)«
Hi(p) — Hy(p) given by multiplication by c¢f,,(7,X). (We also claim this
Chern class is nonzero, but postpone the proof of this fact.)

Use functoriality of Gysin maps: commutativity of

{p} 2> X

idN\ )’
{p}
implies that py o (tp)« = idy = id on H}(p) = Ar. To prove the formula,
then, it is enough to prove it for F' = (¢p)«(a), for a € H7(p).
With this F', the LHS of the formula is p,(F) = ps« o (¢p)«(a) = a. On the
RHS, i} (F) = 0 for ¢ # p, and }}(F) = a-c},,(T,X). Dividing by cf,,(T,X),
we see that the RHS is also equal to a. O
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The general philosophy illustrated in the proof is that it is often better
to think of elements of H}.X as coming from H7}(X T, via Gysin maps.

Example 6.8. Let X = P"! and let T = (C*)" act in the usual way.
Write X7 = {p1,...,pn}, and HFP" ! = Ap[¢]/TL(C + t;), with basis
1,¢,..., ¢ h

We have p. (> a;(") = ap—1, cg;p(TpiX) = [izi(te — ), and ¢, () =
(—t;)7. This says, for F = 27-:& a;¢7, that

ap—1 = aq
" Z ’ Hk;éz tk —t;)’
or equivalently,

~ () {0 it j<n—1;

(This is an interesting identity in Q(¢1,...,t,). Can you give a direct proof?)

Example 6.9. Let T be any torus acting on C™ via characters x1,..., Xn-
(Le., t-(21,...,2n) = (x1(t)21,- .., Xn(t)2n).) Thus T acts on X = P~}
and we have the following:

(1) HpX = Ar[c)/ T2 (€ + xi)-

(2) XT is finite if and only if x1,..., X, are distinct, and in this case,

={p1,...,pn} as before.
(3) CtO:D(T X) = Hk;éj(Xk — X;), and the localization formula says

{0 if j<n—1;

ZHk;&ng_Xz) 1 if ]:n—l

(4) We have Poincaré duality as before.

Our next goal is to describe the image of the localization map H; X —
@D, cxr H7(p). In general, for any subtorus 7" C T, T acts on X7

that is, this is a T-invariant subset. Indeed, T is abelian, so for z € X7,
t-x=t{t-z)=1t(t-z)is alsoin X7". We have X” ¢ X7 C X, so

Hi(X) — HA(XT) — Hy(XT).

In general, then, the image of H%X in HX(XT) is contained in the image of
H:(XT) — Hi(XT) for every subgroup T C T.

Example 6.10. Let us see this for X = P! with T = (C*)" acting
by characters as in the previous example. For i # j, let T'(i,5) = {t €
T|xi(t) = xj(t)}. (When x; is just the ith coordinate character, this is
{(k, ..y, t %k, ok t k..., %)}, with ¢s in the ¢th and jth positions.) Thus
T(i,j) C T is a subgroup of codimension 1.
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We have X707 = {(0:---:0:2:0:---:0:2:0---:0)} =P this is
the line joining p; and p;. Write PL(i,5) for this line. The map

Hy(P"™") ————— H7(P'(i, )
[ [
Ar[¢l/ TTC + xi) — A€/ (C+x) (€ + x;)
k

is given by ¢+ ¢, since ¢ = I (O(1)), and Opn-1(1) restricts to Op1(;,5)(1).
The map HA(P(i,j)) — Hi(p;) ® Hi(pj) is given by ¢ — (—xi, —X;),

and the image of this is A = {(a,b) € Ar®Ar |a—0b is divisible by x; —x;}.

Indeed, c+d¢ maps to (c—dx;, c—dx;), so the image is certainly contained in

A. On the other hand, if a—b = e(x; —x;), then setting ¢ = a—ex; = b—ex;

and d = —e, we see ¢ + d( — (a,b).

Claim: The image of H3X — Hx(XT) is

{(oa,...,0n)| 0y — «j is divisible by x; — x; for all i # j}.

To see this, first note that the image is certainly contained in this set, by
direct calculation. To show that equality holds, we seek an element > a;(*
mapping to (ay,...,ay). Since a € Ay maps to (a,*,...,*) € Hix(XT), we
may assume a1 = 0. (Do this by taking ag = a1 and subtracting.) Now ay =
ag—ay = b(x1—x2) for some b € Ap, and b(C+x1) = (0,b(x1—Xx2), %, .-, %),
so we may assume a1 = ao = (. Continuing in this manner, we find the
desired element of H7}(X).

The calculation of the image of H%X — H%(XT) in the above example
is a special case of a general fact, which we will return to later.
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