EQUIVARIANT INTERSECTION THEORY
85: EQUIVARIANT SCHUBERT CALCULUS

WILLIAM FULTON
NOTES BY DAVE ANDERSON

1. CLASSICAL SCHUBERT CALCULUS ON Gr(r,C")

Set X = Gr(r,C"). For a (complete) flag Fo = (0 C F; C --- C F,, =
V = C") (with dim F; = i), and L € X, consider the attitude of L with
respect to Fy — that is, the sequence of dimensions

0=dim(LNFy) <dim(LNF) <dim(LNF)<---<dim(LNEF,)=r.

Note that these dimensions increase by at most 1 at each step. For example,
with » = 5 and n = 10, a possible sequence is 0,1,1,2,2,2,3,4,4,5. (We
omit 0 = dim(L N Fp).)

Let 1 < i1 < ig < --- < i, < n be the jumping sequence, defined by
i = min{i | dim(LNF;) = a}. (These are the positions where the dimension
“jumps.”) Let I = {iy < --- < i} C [n] := {1,...,n}. For the above
example, the corresponding I is {2,4,7,8,10}.

Define

X7 = X7(F,) ={L € X |I is the jumping sequence of Lwith respect to F,}.

This subset X7(F,) is called a Schubert cell, terminology justified by the
following:

Claim: X7 is a locally closed subvariety of X, isomorphic to AN = CNV,
with N = (i1 = 1) + (i2 = 2) + -+ + (ir — 7).

This can be seen from “reduced echelon form” of a matrix. The subspace
L is spanned by the column vectors of a unique n X r matrix with a 1 in the
igth row of the ath column (for 1 < a < r, and with 0’s below and right of
these 1’s. (Here we are taking F; to be the span of the first ¢ standard basis
vectors of C™.)
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Here is an example:
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The number of *’s is (i1 — 1) + (i2 — 2) + -+ + (i — r), and the x’s can be
arbitrary elements of C (or any other field). Therefore this is isomorphic to
AN,

Remark 1.1. For this choice of F,, these Schubert cells are exactly the
B-orbits in X, where B is the group of upper-triangular matrices in GL,,.
Indeed, for g € B, we have g-F; = F; for all i. Thus g(LNF;) = g(L)Ng(F;) =
g(L) N F;, and the attitude is unchanged.

We define the Schubert variety X; = Xi(Fe) to be the closure of the
corresponding Schubert cell: X;(F,) = X¢(F,).

Remark 1.2. Consider the point corresponding to the matrix where all x’s
are zero (and with 1’s in the (i, a) positions). An affine open neighborhood
U; of this point, isomorphic to A" ") is given by only requiring zeroes to
the right and left of the 1’s. That is, it is the set of all matrices such that
the r x r submatrix on rows indexed by [ is the identity matrix. In this
neighborhood, the Schubert variety X; is given by setting some coordinates
equal to zero. That is, X; N U; = X7 is a linear subspace of U;. This fact
will make it easy to calculate some intersection numbers.

Claim: X;(F,) ={L € X |dim(LNF,;,)) >aforl<a<r}
In fact, X7(F,) is the union of all X9(F,) with J = {ji1 < -+ < jr|Jja <
iq for all a}.

Exercise 1.3. Prove this.

Claim: The homology classes [X(F,)], as I varies over all r-subsets of [n],
form a basis for H,X. Those with ) (i, —a) = k form a basis for Ho, X.

Proof. Let

Xv= U xF)= I x2F),
> (ia—a)<k Ylia—a)<k
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so there is a filtration by closed subsets ) = X_; C Xo C --- C Xrin—r) = X,
with X ~ X1 = Hz(ia_a):k X¢ = [TA*. It follows that the closures X
give a basis for Hop X = Hop X = H2r(n=r)=2k x O

There are () Schubert varieties, indexed by the r-subsets I of [n]. An-
other useful way of labelling them is as follows. Given I = {i; < --- < i,} C
[n], define a corresponding partition A = {A\; > --- > N\ }, with n —r > Ay,
by Ay = n —r+ a —i,. This sets up a bijection between r-subsets of [n]
and partitions with at most r parts, and largest part at most n — r. Set
Q)\(F.) = X](F)\), and let o)\ = [Q)\] S szX = H2r(n—r)—2kX7 where
kE = |A| = >_ Ai. These classes are the Schubert classes.

One way to remember the definition of A is to draw the matrix corre-
sponding to I, and see how far the 1’s are above the lowest possible position.
Another is to note that this says

M\(Fo) ={Le X |dim(LNFy_ppi_y,) >iforl1 <i<r},

and this is an empty condition when \; = 0. (Thus Qy = X, where ) =
(0,0,...) is the zero partition.)

It is often convenient to use a pictoral representation for partitions. The
Young diagram of a partition X is a collection of boxes, left-justified, with
A; boxes in the ith row. For example, with A = (4,3, 1,1) the corresponding
Young diagram is

We will often identify partitions with their Young diagrams. Note that the
conditions on the parts of our partitions amount to requiring that the Young
diagram fit inside a r x n — r rectangle.

Exercise 1.4. The Schubert variety Qy(F,) is defined by those conditions
coming from the “outer corners” of A, i.e., those ¢ with A; > X\;11. (This is
true even scheme-theoretically: the minors corresponding to these conditions
suffice to locally generate the ideal of 2y.)

Claim: The classes [X[(F,e)] and [Q2\(F,)] are independent of the choice
of F,. (This is particular to the classical case — and false in equivariant
cohomology! Recall the situation with P?~1))

This follows from the fact that X;(F]) = g - X;(F,) for some g € GL,,
since GL,, acts transversally on X. (An action of a connected group on a
space induces the trivial action on cohomology.)

The standard problems in Schubert calculus — which are solved for the
Grassmannian, but remain open in many other cases — are the following:

(1) “Giambelli problem.”* Express oy in terms of generators of H*X
— say, the Chern classes ¢1(Q),...,ch—r(Q), or £c1(S),..., £ (5).

*So called, of course, because Schubert originally solved it.
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(Here, as usual, S and @ are the tautological subbundle and quotient
bundle, respectively.)

(2) “Structure constant problem.” Writing oy - 0, = >, ¢§,00, give a
formula for the coefficients CK“.

Example 1.5. Consider o3 = 00, ... o), and
Qp(Fo) = {L| dim(L N Fy—py1-g) > 1}

Then o = ¢, (Q), where @ is the rank-(n — r) universal quotient bundle on
X. Indeed, we have

Fooyp1 k= Cegd---0C- Cn—r+l1—k

|

S C% Q,
and corresponding sections s1, ..., S,_r+1_k of Q. Notice that Q(F,) is the
locus where the composed map F,,_,1_ — C% — @ is not injective — i.e.,
where $1,...,S,—r+1—% are not linearly independent.

For k = 1, this is the zero locus of the section sy A -+ A s, of A"77Q,
which represents c1(A*PQ) = ¢1(Q). (To make this precise, one must check
that this locus is reduced, i.e., $1A- - - Asy,—, cuts out 1 without multilpicity.)

For k = n —r, this is just the zero locus of s1, representing ctop(Q).

Example 1.6. Similarly, consider o(yxy, and Qqy(Fe) = {L|dim(L N
Fo_rik—1) > k}. (This follows from Exercise 1.4.) This is the locus where
tk(Fy_pik—1 — Q) < n —r — 1. Equivalently, considering the diagram

Fn—r—l—k—l
S c e Q

|

(C?{/Fn—r-i-k—l =: F,

we see that ky is the locus where rk(S — E) < r —k, or the locus
where tk(EY — SVY) < r — k. Thus, as in the previous example, we have
O'(lk) = ck(SV).

Example 1.7. The “Pieri rule” gives the structure constants for multipli-
cation with a special Schubert class:

(1) Uk’U)\ZZUM,

where the sum is over all partitions p obtained from A by adding a horizontal
strip of size k. A horizontal strip is a collection of boxes with no two in the
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FIGURE 1. The skew shape v/

same column. For example, with k = 5 and A given by
[]

u could be

ES
k%]

[
¢

but not

X

*[*]

[E3ES

The “dual Pieri rule” says o(jx) - o) = > oy, with the sum over all
obtained by adding a vertical strip of size k, which is defined similarly: no
two boxes should be added to the same row.

The numbers cj W called Littlewood-Richardson coefficients, are among the
most interesting combinatorial numbers. From their description as structure
constants, it is clear that ¢§, = 0 unless [A[+ |u[ = |v|, and that c§ , = CZA.T
In fact, CKM = 0 unless A C v and p C v; this will be clear from the
following combinatorial description. (Containment of partitions is defined
as containment of the corresponding Young diagrams.)

If X\ and v are partitions, with A\ C v, then the skew shape v/ is defined
to be the complement of the diagram of A inside the diagram of v. (In Figure
1, v/\ is the unshaded region.) The number 5, i equal to the number of

ways to fill the boxes of v/A with uy 1’s, ua 2’s, us 3’s, etc., such that

(1) The entries are weakly increasing across rows.
(2) The entries are strictly increasing down columns.

fActually, there is a full S5 symmetry: If we write ¢y, = J ox-ou -0y, then Poincaré
duality shows that cX,, = canv, and these latter numbers are clearly symmetric in the
three partitions.



6 §5: EQUIVARIANT SCHUBERT CALCULUS

(3) The result of reading the rows from right to left, starting with the top
row, is a “Yamanouchi word” (also called a “reverse lattice word”):
If this word is w; wy ... wp, then for each ¢ < p,

#(U's in {wr,...,we}) > #(2s in {wy,...,wg}) > - .

A filling of the shape v/A which satisfies conditions (1) and (2) is called a
semistandard Young tableau. (Note that the symmetry cKu = CZ)\, obvious
from the geometric interpretation, is a nontrivial combinatorial identity!)

There are many “equivalent” combinatorial formulas for the Littlewood-
Richardson coefficients, including many which have appeared in recent years.
The first formulas came from representation theory, where the Littlewood-
Richardson numbers are multiplicities arising in tensor products of irre-
ducible representations of GL,,. The formula given above is the original one
given by Littlewood and Richardson; the original proofs were quite flawed,
though, and it was not until work of Lascoux and Schiitzenberger that this
formula was rigorously established.

The solution to the Giambelli problem is the following “Giambelli for-
mula”: For A = (Aq,...,\), we have

O\ Ox+1 - O\ +r

Org—1  Oxg
(2) o) = |on4j—i] =

OX

T

Here we use the convention that o = 1 and 0, =0ifi < Oori >n—r.
(Recall that o; = ¢;(Q).)

Also, suppose u = X' is the transpose or conjugate partition of \, obtained
by reflecting the diagram of X along the main diagonal. (So p; = #{i| A\ <
j}.) Then we have

(3) ox = |Tpi+j—il,
where 7 = o(1x) = cx(S").

It is not easy to see a combinatorial formula for the structure constants
CKM directly from the geometry; however, Vakil has recently given such a
formula. See [Vakil].

The usual approach to establishing the above combinatorial formula is the
following. One proves the formula (called the “Littlewood-Richardson rule”)
for multiplication of certain symmetric functions, and then shows there is a
homomorphism from the ring of symmetric functions to H*X which takes
these to the Schubert classes. We refer to [Macdonald 1995], [Stanley], or
[Fulton 1997] for details, but state the basic results here.

More specifically, let A,, = Z[zq,... ,a:m]s’” be the ring of symmetric
polynomials in m variables. (Letting m — oo, one gets the ring A of sym-
metric functions; however, as with the sequence of approximation spaces
FE,, — FE, the resulting ring is not just a limit of the approximation rings. In
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any case, we shall only need polynomials in finitely many variables.) This
ring has a Z-basis of Schur polynomials, which are indexed by partitions
/\:()\1 2)\2 2 "'),With’l’)’LZ)\l.

For example, sy = x1 + 22 + -+ + Tm, Sar) = €k, and sg) = hy,
where e and hj are the elementary and complete homogeneous symmetric
polynomials, respectively.

The are generating functions for the elementary and complete homoge-
neous symmetric polynomials are

(1 + a:it);

-

@
Il
—_

(4) E(t) =) ex)t* =
k=0

(1 - :Eit)_l.

-

@
Il
—

(5) H(t) =Y hp(x)tt =
k>0
The Schur polynomials sy can be defined in several equivalent ways,
among them the following;:

(1) sx = [P, 4j—il-
(2) sx = lex4j—il-

(3) sx=>r 27, where the sum is over all semistandard Young tableaux

on the shape A, and x7 :=[] xz#{ZET}.

The Schur polynomials satisfy a Pieri rule:

(6) Sk =D S

with the sum over all ;4 obtained by adding a horizontal k-strip to A, as
before. More generally, their multiplication is given by the Littlewood-
Richardson coefficients:

(7) S\ 8y = Zcxusy.

Remark 1.8. In fact, s)(x1,...,2,,) is the trace of the diagonal matrix
with entries z1,...,x,, in GL,, acting on an irreducible representaton V).
(One sees this by using definition (3) and the construction of V) via Young
symmetrizers.) The numbers cf, are therefore also determined by

v
éBc,\M

eV,=v

(This was the original context of the “Littlewood-Richarson rule.”)
Claim: There is a homomorphism from A, to H*Gr(r,n) (for m >n —r)

mapping

oy fAXC((n—1r)");
o { 0 otherwise.
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Clearly, there exists such a map as Z-modules: both sides are bases. The
problem is to show this map respects multiplication. Using the “Giambelli”
formulas for s) and oy, it is enough to check that sy - sy — oy - o) is well-
defined. But the “Pieri” rules guarantee this, so the problem is reduced to
proving the Pieri rule.

We refer to [Macdonald 1995] or [Stanley] for proofs of the Pieri rule for
Schur polynomials, but outline the proof for Schubert classes here. (See also
[Fulton 1997, §9.4].) First, we need the following strong form of Poincaré
duality:

Lemma 1.9. For oy,0, € H*Gr(r,n), we have

L ifp= Y
{ons o) = { 0 otherwise.

Proof. Let Fy be the standard flag in C", with F; = (eq,...,¢;), and let
FJPP be the opposite flag, with F/™ = (e, ..., ep41-i). Use o) = [Q(F,)],
and o, = [Q,(FJ")]. Now we establish the following claim:

Claim: Let (1)'®% denote the 180°-rotation of y inside the r x (n —r) box.
If A and (u)'8% overlap, then Q) (Fy) N Q,(FFP) = 0.

The condition that A and (1)'8%” overlap is exactly that A\; 4+ ptp11-; > n—r
for some 4. Suppose L € Q) (F,) N Qu(FJP?). Then dim(L N F_pii_y,) > i

and dim(L N FZ€€«+(r+1—i)—pr+1,i) > r+1—14. Since L has dimension r,
10]
these two subspaces (LN F,_,4;—, and LﬂFnz_’iJr(TH_i)_“rHii) must meet

in a nontrivial subspace. Therefore
n > n—r+i—-XN)+n—r+r+1—i—prr1-;)
= 2n—r+1—=N — flrg1-i,

and hence \; + pr+1—; < n —r + 1. The claim follows.

When i = AV, the intersection is one point, namely the point correspond-
ingto L = (€i;,...,€i,), with i; = n—r+j—A;. Indeed, Q\(F,) = U, -, 20,
so by the above claim, we see that B

QA(F) N Qv (FJPP) = Q3 (Fo) N QR (FPP).

In the affine neighborhood containing these cells, it is easy to see that this is
the (transversal) intersection of two complementary-dimensional coordinate
subspaces. (More explicitly, the affine neighborhood is the set of matrices
whose submatrix on rows {i1,...,4,} is the identity matrix; the cell QS (F,)
is obtained by setting all *’s below 1’s equal to 0, and the cell Qf(F¢™") is
obtained similarly, by setting *’s above 1’s equal to 0.) Thus (o), o)) = 1.

Finally, when |A| + |p| < r(n —r), we have (o),0,) = 0 for dimension
reasons. This, together with the above observations, proves the lemma. [

Remark 1.10. Note that in this case (the classical situation), dimension
considerations also imply (oy,0,) = 0 for [A| + |u| > r(n — r) — because
H*(pt) = Z is zero except in degree 0. Since this is no longer true in the
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equivariant setting, we will need the stronger statement appearing in the
above proof: the corresponding varieties are actually disjoint for |A| + |u| >
r(n —r), unless p = \V.

To prove the Pieri formula,

ak-ov\:zg“,

summing over p obtained by adding a horizontal k-strip to A, we compute
(oK - ox,0,v) = pi(o) - 0) - v ), a triple intersection number. (In general,
these are much harder to compute than double intersections. The issue is in
moving three subvarieties to general position with respect to one another.)
Do this by intersecting Qy(F,) with Qv (Fg™"), for any flag F,, and Q(G.),
where G, is “general” with respect to F, and F,’’. In this case, one can
describe the intersection Qy(Fe) N Qv (FJ) explicitly. For more details,
see [Fulton 1997, pp. 150-152].

2. EQUIVARIANT SCHUBERT CALCULUS ON GRASSMANNIANS

As usual, the equivariant story is essentially a globalization of the classical
version. We will see this in several examples.

Our first goal is to study H}. X, where X = Gr(r,C"), and T' = (C*)",
acting as usual. Let S and @ be the universal bundles on X (of ranks r
and n — r, respectively; these are T-equivariant vector bundles. Thus we
have Chern classes ¢! () and ¢ (Q) in H:X. Recall that H%X = HpX,
where B is the group of upper-triangular matrices; we will often look at
B-invariant subvarieties.

Let Fy be the standard flag, with F; = (eq,...,e;) spanned by the first
i standard basis vectors. Then the Schubert varieties Q) (F,) are B-invariant
subvarieties of codimension ||, and so determine classes in H g)‘lX = H%‘MX .
Write [Q\(F.)]? = [(F)]" = 657 = oy (We will usually suppress
the superscript, since the meaning will be clear.) These classes restrict
to af\l € H*X, so by the usual Leray-Hirsch argument, they give a basis for
H>X over A =7Z[ty,...,t].

As we saw in §4 for the case of projective space, the flags which may be
used to define (invariant) Schubert varieties depend on whether one considers
B or T. The “standard” Schubert varieties Q5 (F,) are exactly the B-orbit
closures, so these are the only B-invariant subvarieties. For T', let F}’ be
the flag with F" = (e,(1);€w(@)s- - Cuw(i)), for any w € S,. (These are
exactly the T-invariant flags.) Then Q) (F) is T-invariant, so there is a
corresponding class o} = [y (F,’ )]T in H%‘MX . Note that these depend on
the choice of w! For any fixed w, they form a basis.

In particular, the opposite flag F*? is just FX°, where wq(i) = n+1 —i.
We get the classes o377 = [y (FJ )]T (These are not B-invariant, but they
are B_-invariant, where B_ is the group of lower-triangular matrices.)
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As in the classical case, the opposite Schubert varieties are Poincaré dual
to the standard ones:

Lemma 2.1.

1 ifp=2M\Y;
opp\  _ ;
{ox, T ) = { 0 otherwise.

(Note that this statement has more content than classical Poincaré dual-
ity, since degree considerations alone do not guarantee (oy,o;/") = 0 when

Al |pl > r(n —r).)

Proof. For |A| + |u| < r(n—7), ps(ox - 0,) € A has negative degree, and is
therefore 0.

For [A| + |u| > r(n — r), we have Q)\(Fy) N Qu(FS™) = 0 unless A =
w1, in which case the intersection is transversal in the T-invariant point
L = (ei;,...,e;,). (We saw this in the proof of Lemma 1.9.) Therefore
ox- o = 0if [N +[p| > r(n—r) and p # A, and (ox,0%) = p.([pt]") =
1. U

Remark 2.2. We can generalize this Poincaré duality statement as follows.
Consider any vector bundle F on a nonsingular variety Z, with £ = L &
.-~ @ L, a sum of line bundles. On X = Gr(r,E) & Z, we have the
tautological sequence

0—-S5S—>FEx—Q—0,

with S of rank r, and @) of rank n — r. Writing E; = L1 ® --- & L;, and
EPP =L,® - ® L,.1_;, there are degeneracy loci on X:

O\(Ee) ={rk(E;, = Q) <n—1r— A}

and
QA(EPP) = {tk(E;" — Q) <n —17 — A4,

for where 1 < a <r,and i, =n —r +a— A,. These define classes o) and
o in H*X, and we have

o 1 if p=M\Y;
(8) G { 0 otherwise.

The proof of Lemma 1.9 works to establish the case p # \V; indeed, the
intersection is empty.

When g = AV, the intersection of these loci in X is the image of the
section s : Z — X corresponding to the vector bundle L;, & --- & L;, — Z.
Therefore p,([Qx(Ee) N Q,(ES?)]) = pi(s(1)) = 1.

The equivariant case is a consequence of this more general relative state-
ment.

We now address the Giambelli problem: we seek formulas for o(?.
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The geometry is given by the following setup. Taking approximation
spaces, we have diagrams

o o
- >
Mg, , x X Mg, .,

l l

Mg, xp X ——= My, /B

I |
Gr(r,U) — FI(1,...,n;C™).

Here U is the rank-n bundle in the tautological sequence U; C Us C
- C U, = U C Cg on Fl. The horizontal maps are locally trivial
fiber bundles, with fiber X; the map My, , x X — Gr(r,U) is given by
(A, L) — ([A], A(L)), where [A] is the flag determined by A. On Gr(r,U),
there is the universal sequence 0 — S — U — Q — 0; the Chern classes
¢i(S) and ¢;(Q) are the equivariant Chern classes ¢! (S) and ¢! (Q).

We want to understand My, , x pQx(Fs), since the classes of these varieties

in H*(Gr(r,U)) are the classes o) € prwX.

Exercise 2.3. The Schubert variety My, , xp Qx(Fe) is the locus where

dim(S N Ey—rti—y,) > @ for 1 < i < r. Equivalently, it is the locus where
the map E,,_,4;—x, — @ has rank at most n —r — \;, for 1 <i <.

The class of such a degeneracy locus is given by the Kempf-Laksov formula
[Kempf-Laksov]. For vector bundles E' and F', let ¢;(F' — E) denote the
coefficient of #* in the formal quotient

1+ e (F)t+co(F)t> + -+
1+ (E)t+co(E)2+--7

i.e., in
L+ (c1(F) — c1(ENt + (c2(F) 4 e1(E)? — c2(E) — c1(E)ey (F)t2 + - .
The formula is the following:

(9) o\ = det(c)\a-l—b—a(Q - En—r—i—a—)\a))lga,bgr-

If the bundles Ej; are trivial (as is the case for the classical Grassmannian),
then this is the usual Giambelli formula: o) = det(cx,+5—q). This is just a
Schur polynomial, when the ¢;’s are elementary or complete homogeneous
symmetric functions. The Kempf-Laksov formula therefore gives polyno-
mials which generalize Schur polynomials — the variables in the defining
determinant change from row to row. If we write

i

() = [J(1+1)).

i=1



12 §5: EQUIVARIANT SCHUBERT CALCULUS

the corresponding polynomials are called “multi-Schur polynomials” or “fac-
torial Schur polynomials.” (Perhaps a more natural name would have been
“Kempf-Laksov polynomials,” though.)

For proofs, see [Kempf-Laksov| or [Fulton 1984, §14.3].

3. SCHUBERT POLYNOMIALS AND CLASSICAL SCHUBERT CALCULUS ON
Fl(n)

Now let X = Fl(n). If S; C --- C S, = C% is the tautological sequence
of subbundles on X, and C% = Q,, — --- — @1 is the tautological sequence
of quotient bundles (so Q; = C"/S,—;), let x; = ci(ker(Q; — Qi—1) =
c1(Sn—i+1/Sn—i); recall that H*X = Z[x1,...,z,]/(€1,...,€,). (We have
changed notation from §3.) We now develop a more geometric description
of this cohomology ring, along the lines of our treatment of H*Gr(r,n).

For each w € S, define ry(¢,p) = #{j < q|w(j) < p}. Define a 01-
matrix A, so that A, has 1’s in positions (w(7),?) and 0’s elsewhere. Equiv-
alently, w — A, is a homomorphism S, — GL,, — that is, Ay(e;) = ey )-
Thus 74(q, p) is the rank of the upper-left p x ¢ submatrix of A,,.
Caution: Beware that these conventions may be changed later in the notes.
In particular, the main issues concern transposing these matrices, and the
resulting confusion between r,,(q, p) and 7, (p, ¢), w and w™!, wow and wwy,
etc. The current version should be consistent, but double-checking is in
progress. Look for caveats in the text.

Now fix a flag Fs — we will take the standard flag E; = (eq,...,e;). With
respect to this flag, the Schubert cell corresponding to w is

X9 = X(B) = {We € X | dim(W, N B,) = ru(a,9)},

and one sees that X is the set of flags W, such that W; is spanned by the
first 4 columns of a matrix with 1’s in positions (w(i),7) and 0’s below and
to the right of these 1’s. In fact, this sets up a one-to-one correspondence
between X and the set of such matrices: each flag in X, has a unique such
matrix representative. Moreover, the entries not required to be 1 or 0 are free
to vary, and there are £(w) of them, where ¢(w) = #{i < j|w(i) > w(j)} is
the length of the permutation w. Thus X, = Atw),

For example, writing the permutation w = w(1) w(2) -+ w(n) (in “one-
line notation”), take w = 2 4 3 1. The corresponding Schubert cell is the
set of matrices of the form

S O = %
— % O %
O = O *
SO O

S0 Xgp5; = ALW) = A%,
One way to verify these statements is to notice that the Schubert cells
are exactly the B-orbits, where the group B of upper-triangular matrices
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acts by multiplication on the left on X = GL,(C)/B. Indeed, requiring
that dim(W, N E,) = ry(g,p) is the same as asking that a matrix repre-
sentative for W, has upper-left p x ¢ submatrix of rank r(q,p). Now GL,
acts transitively on X (on the left), and B is the largest subgroup which
preserves the rank of every upper-left p x ¢ submatrix. If p,, € X is the flag
({ew()) C (ew),ew(2)) C -+ ), then certainly p,, € Xg; thus X2 = B - py.
Since p,, is represented by the matrix A,,, we can find matrix representatives
for points in X by filling in arbitrary entries above the 1’s in A,,, and rescal-
ing columns by the right-action of B to get the form described above. For the
dimension count, simply note that a free entry (‘«’) appears exactly when
w(i) > w(j), with ¢ < j. Here some trouble with the conventions
shows up, as mentioned in the above ‘‘caution.’’ Should be fixed
now, though!
The Schubert varieties are X,, = Xg. It is not hard to check that

(10) Xy = {We | dim(Wy N Ep) > 14(q,p) };

in fact, X,, is the disjoint union of all Schubert cells X contained in the clo-
sure X¢. Therefore (10) can be checked by finding those points p, which lie
in X,,. (We will see several alternate descriptions of this condition shortly.)
As for the Grassmannian — and for the same reasons — the classes [X,]
form a basis for Hyp,)X. We write Qy = Qy(Fe) = Xy (Fe), where
wg=mn(n—1) --- 21 is the “longest permutation,” and set

Ow = aflf = [Qy].
The classes o, form a basis for H2/(w) X

Exercise 3.1. For permutations w,v € Sy, the following are equivalent:

2)

3) Q, C Q.

4) 1w(q,p) < 14(g,p) for all ¢, p.

5) For 1 < p <n, {w(l),...,w(p)} < {v(l),...,v(p)}; that is, when
these sets are sorted in increasing order, the first is termwise less
than or equal to the second.

(6) For some (or equivalently, any) description of v as a reduced product

of simple transpositions v = s;, - s;, - -+ 5;, (where [ = £(v)), w can

be written as a subword — that is, remove some of the s;,’s.

Any of these conditions defines a partial order on S, called the Bruhat
order; one writes w < v. This poset is graded by the length of permutations.
(See [Fulton 1997, pp. 173-177].)

A major open problem here is the “structure constant problem”: writing

(11) Oy Oy = Z C%Uw,

’LUES'!L
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the problem is to find a (positive) combinatorial formula for the coefficients
cye

On the other hand, the “Giambelli problem” — to write o, as a polynomial
in the Chern roots x1,...,x, — has been solved. Of course, there is no
unique answer, but a “best” solution is given by the Schubert polynomials
of Lascoux-Schiitzenberger.

The recipe for computing these is the following. For wg € S,, we have

Qu, = Xid = Did, the standard flag.

Exercise 3.2. Show that 27 'z5 ™2z} | represents the class of a point

in H*X. [Hint/solution: Show p,(z7 tab~2---2} ) = 11in H(pt) = Z,

n—1
using the construction of X as a sequence of projective bundles.]

We will define the Schubert polynomial
Guo(X1,.., Xp) = X1 X072 X, g € Z[X1, ..., Xy,

and work up from the class of a point to define the other Schubert polyno-
mials S,,.}

For an arbitrary w, write w = woq - S;, - 84, - - - 54, Where s; is the simple
transposition interchanging i and i + 1, and where | = f(wg) — (w) =
(3) — £(w). (The requirement on the length means that s;, - s, -+ s;, is a
reduced word for wq - w.) Define the divided difference operators 0; on the
polynomial ring Z[X1, ..., X,] by

P—Si-P . P(...,XZ',XZ'_,_l,...)—P(...,XZ'+1,XZ',...)

0;(P) = = ,
) Xi — Xin Xi— Xin1

and define the Schubert polynomial &,,(X) to be

(12) Gu(X) =83, 005, 0+ 00 (XT7H - Xpy).

Theorem 3.3. The Schubert polynomial &,, represents the class oy, i.e.,
the natural map Z[ X1, ..., X, — H*X sends &y, to oy,.

In fact, the Schubert polynomials multiply with the same structure con-
stants as polynomials. That is,

(13) Gy Gy= Y b6y,
wesS>®
as an identity in a polynomial ring in sufficiently many variables. Note that
ff u,v € Sy, w need not be in S, for c;, to be nonzero. In particular, when
(u) + £(v) > dim(Fl(n)), oy -0, = 0 — but &, - &, is certainly not zero.
(In fact, this product of Schubert polynomials can be expanded as a sum of
Sy with w € So,—1.) However, when w € S,,, the coefficient ¢, in (13) is
the same as that in (11).
Before discussing the proof of Theorem 3.3, we give an example.

IThis is very strange from the geometric point of view, where one usually works down
from the classes of divisors! We will exploit the fact that X is a sequence of P*-bundles
and we know how to push forward cohomology classes across these bundles.
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Example 3.4. We compute the Schubert polynomials for n = 3. We have
G321 = 7379, and applying the divided difference operators, we get the
following:

2
G301 = 2772

P

Ga31 = 172 G319 = o7
82l 81l
Go13 =11 G132 = 71 + 22
o 0o
Gz = 1.

These are best understood by working out examples. In computations, the
main points to note are that w - s; swaps the entries in positions ¢ and 7 4+ 1
(s02314-s9=2134), and if Q is symmetric in z; and z;41, then
9%(Q-P) =Q-0i(P).

Exercise 3.5. Work out some (or all) of the Schubert polynomials &,, for
w e 54.

Remark 3.6. There are several formulas for writing &,, as a linear com-
bination of monomials :Ezf - xin with i; < n — j, including combinatorial
formulas showing that the coefficients are nonnegative. One does not have
to work from the definition to compute a given Schubert polynomial in Sg,
say, which would be somewhat inconvenient!

The definition apparently depends on the choice of a word for w, but it
is easily checked that &,, is independent of s;,,...,s;. In fact,
82'08]' = ajo&- for |’L—j| > 1;
0;00;4100; = 0j4100;00;41.
(We leave the verification as an exercise.)
This means that given u = s;, ---s;,, with [ = £(u), we can define 9, :=

0, o --- 0 0; unambiguously. (Indeed, all reduced words for u are related
by sequences of commutations and braid moves.) In this notation, &,, =

E?wflw()(x’f_l te xn—l)-
To begin the proof of Theorem 3.3, we need a Poincaré duality lemma:

Lemma 3.7. For o,,0, € H* X, we have

_ 1 ifv=wy- u;
(ou, 00) = { 0 otherwise.
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Proof. (See [Fulton 1997, p. 159], but beware of differing notation.) First
one shows that Qg yw, (Ee?) meets X, (F,) only if £(v) < l(u). If £(v) =
¢(u), then they meet only for v = u, and in that case they meet transver-
sally at the point p, = u - F,. (This is the flag corresponding to the basis
(€u(1), €u(2)s - - - s Cu(ny)-) In fact, one can see this directly from the matrix rep-
resentatives in the relevant Schubert cells, as in the Grassmannian case. [

Here again there is some convention trouble. Things should be
consistent as stated, though.

Example 3.8. In H*(FI(3)) = Z[z1,x2,23]/(e1, €2, e3), we have

(0231,0213) = (z122,21)
= p*(ﬂﬁﬂfg)
= 1,
and
(0312,0213> = <$%7$1>
= p*(ﬂji{’)
= 0.

(In fact, 23 = 0 in H*(F1(3)).)

4. DOUBLE SCHUBERT POLYNOMIALS AND EQUIVARIANT SCHUBERT
CALCULUS ON Fli(n)

We now turn to the problem of describing H;. X = H5X, for X = Fl(n).
We have the usual setup:

o o
- >
Mg, , x X Mg, .,

l l

Mg, xp X ——= My, /B

| |
FI(E) — FI(1,...,n;C™).

The vertical arrows are B-bundles, and the horizontal arrows are Fl(n)-
bundles; here E is the bundle in the tautological sequence on FI(1,...,n;C™),
Eic---CcE,=FECCq.

(In fact, for most of our discussion, the base Fi(1,...,n;C™) could be
replaced with any variety — the only requirement is that it have a flag of
vector bundles.)

On FI1(F), we have the tautological bundles S; C --- C S,, = E. Let
Q; = E/S,—i, so we have a sequence (on F1(E))

Ey—FE < - —>E 1>F—>Q,1— - — Q1
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Set t;, = Cl(Ei/Ei_l), and Tr; = Cl(kel“(Qi — Qi—l)) = Cl(Sn—i—‘,-l/Sn—i)-
(When using subbundles instead of quotients, number the z’s top-down.)

We have classes o, = 0l = [Q,]% = Q)7 in H}X. Specifically, [Q,]7
is the class of My, , xp Q in H?(W)(F1(E)). This is the locus

{w € FI(E) | dim(S,(x) N Ep(2)) = Ty (a:p) for all p,q},
or equivalently,

{z e FI(E) | tk(Ep(z) — Qq(z)) < 1y(q,p) for all p, g}

Fiberwise, these are just the usual Schubert varieties, with FE, acting
as the reference flag, and Qe as the “moving flag.” That is, the fiber of
My, ,, X B Qy over a point z € FI is just Qy,(Ee()).

These equivariant classes are represented by the double Schubert polyomi-
als, which we now define.

Definition. Given w € Sy, write w = wq - s, - - - 5;,, where | = £(wp) — {(w).
The double Schubert polynomial &(x;t) is defined by

(14) 6(1’;t) :82 O oc‘)il H (Z’Z —tj) N
+j<n

where 0; = 07 is the usual divided difference operator, acting only on the z

variables. (That is,

P(x;t) = P(..., @1, 24,. .. ;t)

Ti — Ti4+1

Oy(P(x;t)) =

)

Notice that these specialize to the ordinary Schubert polynomials defined
above: G, (x;0) = G4 ().

Exercise 4.1. Write out the double Schubert polynomials for w € Ss.
(Notice that the specializations &,,(0;t) are £&,(t), for appropriate u!)

Eventually, we will prove the following fact, generalizing Theorem 3.3

Theorem 4.2. The double Schubert polynomial S,,(x;t) represents the equi-

variant class oy, = [Qw)” . That is, the natural map Z[ty, . .. tp)[z1,. .., xn] —
H7 X sends Gy (x;t) to oy.

For this, we will need “equivariant Poincaré duality,” as in the case of
H7(Gr(r,n)). We refine our notation, and write o,, = o,(std) for the
equivariant class taken with respect to the standard flag, and o (opp) =
[Qu(opp)]” for the class with respect to the opposite flag. (Note that
Qy(opp) is T-invariant, but not B-invariant.)

Lemma 4.3. We have

_ 1 ifv=wp-u;
(ou(std),ou(opp)) = { 0 otherwise.
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The proof is analogous to that of Lemma 2.1 (the Grassmannian case).
Check to make sure this is okay with our conventions!

Exercise 4.4. Expand all products S, (x,t) - S,(x,t) as polynomials in
Sy (z,t), for u,v € S3. For example,

G213-6213 = (w1 —t1) - (21 —t1)

= G312 + (t2 — t1)Go13;
G213 - G132 = Ga31 + G312;
G213 G312 = (t3 —11)G312 + G123

Remark 4.5. The ultimate goal in this setting would be to understand the
coefficients ¢, (t) for multiplication of double Schubert polynomials; setting
t = 0 would recover the coefficients cj,, for classical Schubert calculus.

5. PROPERTIES OF SCHUBERT POLYNOMIALS

Some basic references for Schubert polynomials are [Lascoux-Schiitzenberger]
and [Macdonald 1991]. We review some of them here.

The double Schubert polynomials can be expressed in terms of the ordi-
nary polynomials as follows:

(15) Sulz,y) =) (-1 &Su(z) - &,(y),

where the sum is over u,v such that £(u) + ¢(v) = w and v~ lu = w.
By reindexing, it follows from (15) that

(16) 611}*1(‘7:7?4) = (_1)Z(w) 6w(y,$).

Thus one can obtain &, (z,y) via divided difference operators “9¢” with
respect to the y-variables instead of the usual 07’s — a symmetry which is
not at all obvious from the definitions.

The Schubert polynomial &,,(x,y) is symmetric in x; and x;; if and only
if w(i) < w(i + 1), or equivalently, 9;6,,(z,y) = 0. This is easily checked
from the definition. Using (16), we also see that &, (z,y) is symmetric in
y; and y; 11 if and only if w=t(7) < w™ (i + 1).

Exercise 5.1. If w = s;, -+ s, - wo, with {(w) = (3) —{, then

Su(w,y) = (-1 o000 | ] @i—w)

i+j<n

We have 6,4 = 1, and for the simple transposition s = (k k + 1), we
have G, =21+ 2 —y1 — - — Y-
There is Monk’s formula for multiplication by a divisor class G, :

(17) Sy, () B (@) = Y 6y(2),

where the sum is over those v obtained from w as v = w - ¢ for some trans-
position t = (¢ j), with i < k < j and ¢(v) = ¢(w) 4+ 1. That is, v is obtained
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FIGURE 2. D(w) forw=425631.

from w by interchanging entries in positions ¢ and j, with ¢ < k < j, such
that w(i) < w(j) and for all s between i and j, w(s) is not between w(7)
and w(j). For example,

Gs, - Gui6523 = Gs16423 + Gusp123 + Sa26513 (+64175236)-

(Note that although the original polynomials are for w € Sg, one needs a
polynomial for S;7 to carry out the multiplication in Z[z]. Of course, in
H*(F1(6)), the last term would not appear.)

The Schubert polynomials &,,(z) form a basis for Z[x1, 9, .. .|, with w €
Seo = ,, Sn- More precisely, those Schubert polynomials &,, with w(n +
1) <wn+2) <whn+3) <--- form a basis for Z[z1,...,z,], and when

w € S,, &, is a positive linear combination of monomials :E’f oo xin with
’ij <n-— j .
Remark 5.2. Schubert polynomials are very much a type A phenomenon.

It is not possible to find such wonderful polynomial representatives for Schu-
bert classes in flag varieties of other Lie types: see [Fomin-Kirillov 1996].

We now mention some combinatorial formulas for expressing Schubert
polynomials as sums of monomials. One of the most appealing is “Kohnert’s
formula,” described as follows. Given w € S, define the diagram of w to be
the configuration D(w) of ¢(w) boxes obtained by placing dots in positions
(w(i),i) of an n x n grid, and crossing out the boxes appearing below or to
the right of these dots. For example, with w =425 6 3 1, the diagram D(w)
is the unshaded region in Figure 2. There is a one-to-one correspondence
between such diagrams and permutations.

Kohnert’s recipe says to associate to each diagram D a monomial

l‘D — H w;#{boxes in row % of D}.

To compute &, (x), form D(w), and perform moves on the diagram of the
following type: Take a rightmost box in any row, and move it up to the next
empty space. The Schubert polynomial &, (x) is the sum over zP for the
diagrams obtained from D(w) in this way:

(18) Cu(z) = ZxD.
D
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Unfortunately, a proof that this formula works remains at large!
Another explicit formula is given in [Billey-Jockusch-Stanley]. Let | =
¢(w). Then

(19) Gu(r)= Y > wy-w,

A1 5ee Q] 15000

where the sum is over aq,...,a; such that w = s, -+ - 54, and 1 <4y <--- <
iy < n such that i; < a;, and i < ij41 if aj < aj41.

6. SCHUBERT POLYNOMIALS AND SCHUBERT CLASSES

We now turn to the task of proving that Schubert polynomials represent
the classes of Schubert varieties in Fl(n) (Theorems 3.3 and 4.2).

One way to characterize the polynomials &,,(z) is to say that they “stabi-
lize,” in two (compatible) senses. Algebraically, we can regard a permutation
w € S, as an element of S, 11, Sy12, etc., by considering S, C S,/ as the
subgroup that fixes the letters n+1,n+2,...,n' (for n’ > n). Then &, (z)
and &, (z,y) are independent of n. Indeed, start with w?xg_l -+ Tp, which
is Gy, for wg=(n+1)n---1€ Sp41. Then one computes

n—1_n-2

n,_ n—1
Opo---00p00(xfxy " - xy) =] 2} e Tp_1,

which is &, for wy € Sy,. (Thisis the sameasn (n—1) ---1 (n+1) € Sp41.)
The situation with double Schubert polynomials is similar.

Geometrically, the Schubert classes are also stable. There are natural
inclusions

Fi(n) C Fl(ln+1) C --- C Fl(n),
via
Sic---cS,=CtcCtlc...ccm.

The inclusion ¢ : Fl(n) — Fl(n') is equivariant with respect to the inclusion
GL, — GL,/,

A |0

0 I

The inclusion of tori T = (C*)" — T’ = (C*)" induces a map A’ — A
mapping t; — t; if i < n, and t; — 0 if ¢ > n. We obtain a map

o Hy(Fl(n')) — Hp(Fl(n))

by
N if 1 < n;
! 0 ifi>n,
which is a homomorphism over A’ — A.

Claim: For w € S, the class o), € Hy,(FIl(n')) maps to o, € H}.(Fl(n))
if w e S, C S5,s, and maps to 0 otherwise.
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It follows that the coefficients c}, are preserved — that is, they correspond
via the natural map A’ — A.

In fact, :71(2,) = Q, when w € S, and +71(Q,) = () otherwise. The
reason for this is the following. Restrict the tautological sequence of Fl(n’)
to Fl(n); it becomes

For w € S, the conditions imposed on the ranks of the maps E, ® C* —
E, @ CJ are trivial, so the locus €, is cut out by the same equations on
Fl(n) and Fl(n').

On the other hand, if w € S, then the condition on E, — @, is that this
map have rank at most #{i|7 < n,w(i) < n}, and this number is strictly
less than n. This is a contradiction, though, since the map F,, — @, is the
identity.

Lemma 6.1. &, is the only polynomial which represents o, € H*Fl(n’)
for alln’ > n.

The reason for this is that for n’ > n, the monomials a:lf i with ij <N,
are linearly independent in Z[x1,...,z,]/(e1,...,ey). In fact, we have seen

that this ring has a basis of monomials xlfl e :L"I:L?', with k; < n' —j, and
the monomials in question are among these for large enough n'. (Taking
n’ >n+ N will do.)

The basic geometry involved in proving Theorem 4.2 is the following
setup. Let Z be a variety (or scheme), with a rank-n vector bundle F and a
complete flag of subbundles Fy C --- C E,, = E, and let y; = ¢1(E;/E;—1).
(For us, Z will be the mixing space FI(1,2,...,n;C™) = My, , xp Fl(n),
with its tautological sequence of bundles, and y; = ¢;.) Consider X =
FI(F) — Z, with the tautological bundles S; C --- C S,, = Fx, and let
Q; = E/S,—1, so there is a sequence £ — Q-1 — -+ — @1 — 0. On X,
then, there is a sequence

EyC-CE,=E—Qn1— - — Q1.

Let Z; = cy(ker(Q; — Qi—1)) = c1(Sn—i+1/Sn-1). (We use a tilde to distin-
guish the Chern classes belonging on X from those which are pulled back
from Z.)

The general statement we will prove is the following;:

Theorem 6.2. For w € Sy, let
Qp ={z € X | 1k(Ep(z) = Qq(2)) < 71y(q,p) for 1 <p,q <n}.
This is an irreducible subvariety of X, of codimension (w), and
[Qu] = 6u(Z,y).

(Recall that r(q,p) = #{i < q|w(i) < p}.) Applying this to the case
Z = FI(1,...,n;C™), we obtain oy = & (x,t), as in Theorem 4.2.
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In fact, €2, has a very explicit local description: where the flag F; C
-+« C Ey, is trivial on Z, the bundle X — Z looks like Z x Fl(n), and here
Q,, looks like Z x §,,, where ,, C Fl(n) is the classical Schubert variety.

We need a lemma describing the tangent bundle.

Lemma 6.3. With notation as above, the relative tangent bundle to X — Z
18

n—1 n—1
K = ker @Hom(Sp,Qn_p) — @Hom(Sp,Qn_p_l) )
p=1 p=1

where the map takes (S, — Qn—p) to (Sp = Qn—p — Qn—p-1) — (Sp—1 —
Sp = Qn—p)-

Exercise 6.4. The map described in the lemma is surjective, so K has rank
(3)-

Proof. The relative tangent bundle T’ is the normal bundle to the diag-
onal § : X — X xz X. On X xz X, one has

R e @ Homtr15,1501,) D015 1501 )
P P
This comes with a section s, coming from the defining sequence

p1S1 C o CpiSp—1 CpiE=p3E — p5Qn-1 — -+ — p3Q1.
(That is, the maps in @p Hom(p} Sy, p5Qn—p) are to be those appearing in

this sequence.)
Notice that Zeroes(s) = 6(X), and therefore

Tx/z = Nsxy)xx,x = 0K = K.

We now prove Theorem 6.2.

Proof. Case 1: w = wy (“a point”). We show that
[Qwo] = Gwo(jay) = H (i‘z - yj)'

i+j<n
In fact, Qy, is s(Z), where s : Z — X is the section of the flag bundle given
by the flag F1 C --- C E,, = E on Z. It is also the zero locus of a section of
the bundle K on X, where

K = ker <@ Hom(E,, Qn—p) — @Hom(Ep,Qn_p_1)> .
P P
Therefore [Q2y,] = cop(K) = Hi—i—jgn(ji —Yj)-

For the general case, we work up from the “class of a point.” Write
v =w - 8. Our strategy will be to show that [€2,] = 0x([Q2,]) in the case
L(v) < L(w).
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The geometry is as follows. Let Zp C X x z X be the set of pairs (W, W)
of flags in the same fiber over Z, such that W; = W/ for all i # n — k. Let
Y;. be the partial flag bundle

Y. =FI(1,....n—k—1,n—k+1,...,n E).

Then we have a diagram:

k
%
X
e
Yy

|

Z,

and we claim that the diamond at top is a fiber square, where all the maps
are Pl-bundles. Indeed, if

UhC--CUpp1 CUppn C--- CU=E

Xyz
N

is the tautological sequence of bundles on Yj, then 7 : X — Y} is just the
bundle P(U,,_k+1/Up—k—1) — Yi. One checks that Zj is precisely the fiber
product over Y.

The theorem follows from Lemmas 6.5(1) and 6.6 below:

Lemma 6.5. (1) Ifw(k) > w(k+1), then py maps py* () birationally
onto y = Q... Thus

(P1)«(p2)"[2] = [$20].

(2) Ifw(k) < w(k+1), then p1 maps py* (Qu) into Ry, so by dimension
considerations,

(p1)+(p2)*[Q] = 0.

Recall that H*X = H*Z[z1,...,%,]/(e;(Z) —¢;(E) |1 < i < n). Thus the
operator Ji, acting with respect to the variables Z; (and regarding elements
of H*Z as scalars), induces an operator dy : H*X — H*X that reduces
degrees by 2. Our second lemma relates this to geometry:

Lemma 6.6. (p1). o (p2)* = 0.

To deduce the theorem, use descending induction on the length of per-
mutations. Assume we know that [2,] = 6,(Z,y). If v = w - sg, with
w(k) > w(k+1), then £(v) = £(w) — 1, and this is a reduced expression. We
have 0 (S,,) = &,; on the other hand, Lemmas 6.5 and 6.6 combine to show
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that Ok ([2y]) = [Qy]. (Additionally, Lemma 6.5(1) says that Ox[€2,] = 0
when w(k) < w(k + 1), and we see a geometric reason for 0,S,, =0.) O

It remains to prove the lemmas. For these, we give sketches, and refer to
[Fulton 1997, §10].

Lemma 6.5 is local on Z, so it suffices to treat the case where Z is a
point. Here one looks at the classical Schubert varieties €,,, which are B-
orbit-closures. In fact, the projection maps p; and ps are B-equivariant (for
the diagonal action of B on FI x F), so one can restrict attention to the
point p,, € Q. Now pi(py 1(pw)) is the T-invariant P! connecting p,, and
Doy 50 p1(py 1 (Q9)) = Q2 UQ2, and the lemma follows.

Lemma 6.6 comes from a general fact about P'-bundles. Let F be a
rank-2 vector bundle on a variety Y, and consider the diagram

P(F) xy P(F)

On P(F), there is the universal quotient bundle F' — @ — 0; set x = ¢1(Q).
Then H*(P(F)) = H*Y - 1® H*Y - x. In this setup, (p1)«(p2)*(a+b-z) =
b. That is, (p1)«(p2)*(1) = (p1)«(1) = 0 (by degree considerations), and
(p1)«(p2)*(z) = 1 € HO°(Y). To see this, restrict to a fiber of p;. Here
(p2)*(z) is the class of a point in P!, and (p1)«([pt]) = 1.

We apply this to the situation in the Lemma, with

m: X =P(Up_g+1/Un—k-1) — Y.

The universal quotient is ker(Qx — Qr_1), so © = Tx. H*X has a H*Z-
basis of monomials :i’f -+ @ (i; <n — j), but one can use the relations to
reindex and obtain a basis 5:?(1) e :%fy”(n) for any o € S,. In particular, one
can express any class in terms of monomials with at most a linear factor of Zy,
and no Zxy1. One checks that (p1).«(p2)* and 0y agree on such monomials.

Remark 6.7. The geometry described here also resolves singularities for
any Schubert variety. The idea is as follows: Start with the point €,,,, and
obtain a P!-bundle mapping birationally to all curves Qug-s,- (In fact, all
the Schubert curves are already isomorphic to P'.) Then, starting with a
(nonsingular) curve, obtain a P!-bundle mapping birationally to all surfaces
Qug-s,-5,- Continuing in this fashion, one constructs nonsingular models for
all Schubert varieties. The intermediate varieties arising in this construction
are called Bott-Samelson varieties.

Remark 6.8. Recall that the class [©2,,] actually comes from
Hodgima(Qw) = H* (X, X \ Q,) — H*WX,
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FIGURE 3. D(w) forw=1467235.

If f:Y — X is any map of varieties over Z, with f~!1(Q,) = ), then
f*gw(:i'>y) =0.

7. APPLICATIONS TO (GRASSMANNIANS

There is a natural map Fl(n) — Gr(r,n) taking a flag W, = (W; C
.-+ C W, = E) to the rth vector space W, C E; more generally, there is a
globalized map F1(F) — Gr(r, E) for a vector bundle E — Z. Given any
flag of bundles F; C --- C E, = E on Z, there are loci 2\ = Q)(F,) in
Gr(r,E). Here X is a partition inside the r x (n — r) rectangle. Setting
e =N — 1+ a— Aq, the locus is defined by

O ={x| rk(F;,(z) > Q) <n—r—X, for 1 <a<r}

where @ is the rank-(n—r) universal quotient bundle on Gr(r, E), appearing
in the sequence 0 - S — F —  — 0.

We would like to compare this locus with the loci on flag varieties (or
bundles), using the projection map f : FI(E) — Gr(r,E). To do this,
associate to A C r X (n — r) a permutation w(\) = ji Jo - Jn—r 01 G2+ ip,
where (j1 < -+ < jn—r) is the complement to (i; < --- < i,) in {1,...,n}.

Proposition 7.1. f71(Q,) = Qu(n)-

Example 7.2. Let r = 3 and n = 7. Consider Q) C Gr(3,7), for A =
(3,3,2). Here I = I(\) = {2,3,5}, so w(A\) =1467235. Look at the
diagram D(w), shown in Figure 3. The rank conditions coming from the
lower-right corners of the two pieces of D(w) suffice to define the Schubert
variety €,,; that is,

Qy = {z| tk(Ep(z) — Qq(z)) < ry(q,p) for (p,q) = (3,4) and (5,4)}.
Notice that exactly the same conditions define €2y, by Exercise 1.4.

Exercise 7.3. For any w € S, the rank conditions rk(E, — @Q4) < ru(q,p),
with (p,q) a lower-right corner of a piece of D(w), suffice to define Q,, C
Fl(n) scheme-theoretically.
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[Recall that we may change the definition of D(w) to have dots in (7, w(7));
the statement of the exercise should be changed accordingly.]

The proof of Proposition 7.1 is a direct generalization of the above example,
using Exercise 7.3.

We obtain a formula for [Q,], for Q\ C Gr(r,E) — Z. Let y;, =
c1(Ei/Ei—1), for 1 < i < n, be Chern classes on Z. Let z1,...,2,_, be
the Chern roots of the universal quotient bundle @ on Gr(r, E), and let
Tp—ritl,---, Ty be the Chern roots of the tautological subbundle S. Then
we have

(20) [Q)\] = Gw()\) (Z’, y)

(More explicitly, one forms the flag bundle FI(E) — Z, with the sequence
of bundles

EyC--CE,=E—Qn-1—Qunyr=0Q— Quyr-1— Q1

where @ = @Q,,—, is pulled back from Gr(r,E). Then z; = ¢y (ker(Q; —
Qi—1) on F1(E), and we consider H* Gr(r, E) C H* F1(E) via the canonical
injection.)

Remark 7.4. The polynomial &) (z,y) is symmetric in z; and z;4+q for
1<i<n-—randr<i<n,so &y (r,y) can be written as a polynomial
in such elementary symmetric functions. In fact, we have given formulas
in Eq. (9). The above discussion shows the double Schubert polynomials
indexed by w(\) can be expressed as multi-Schur polynomials:

(21) 6u;()\) (ZE, y) = det(cn—r-i-b—ia (Q - Eia))lga,bgr-
For more formulas of this type, see [Macdonald 1991].

There is a notion of stability for Schubert classes in the Grassmannian,
but it is slightly different from the flag case. We want a map ¢ : Gr(r,n) —
Gr(r,n’) such that

_ Q) ifACT X (n—r);

1 _ A )

) = { () otherwise.

To do this, define ¢ by including C* ¢ C" as C" = C% @ C". (The other
choice would be C* = C" & C9.) This is equivariant with respect to the
inclusion GL,, — GL, given by

I 0

A=l a

The corresponding map A’ — A is given by

' ti_g ifi> d;
“H{ 0 ifi<d.
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If we write ip, = n—7r+a— Ag, i, =n' —r+a— Ay = iy + d, then
(i) - e(E;,) and (@) — €(@).

Exercise 7.5. Fill in the details of the above stability statements, and check
that they are false for the other choice of inclusion: C" < C" & C¢.

8. DOUBLE SCHUBERT POLYNOMIALS AND MATRIX SCHUBERT VARIETIES

The simplest — and most recent — realization of double Schubert polyno-
mials is in terms of matriz Schubert varieties. (Cf. [Knutson-Miller]. See
also [Fulton-Pragacz] and [Fulton 1991].) Let E and F be a n- and m-
dimensional vector spaces over C, and let H = Homc¢(E, F') = M, . Then
G = GL(E) x GL(F) acts on H by

(¢,9")-p=g"opold)".
Choose (complete) flags £y C --- C B, = Eand S; C --- C S, = F, and
put Q; = F/S,,—i, so there is a quotient flag F' = Qp, — Q-1 — -+ Q1.
Let B’ C GL(E) be the Borel subgroup preserving FE,, let B” C GL(F') be
the Borel subgroup preserving S, (or equivalently, preserving Q,), and let

T' € B" and T” C B” be the maximal tori. Write B = B’ x B” C G.
The orbits of B on H are exactly the loci

Q) ={peH|k(E, > E%F—Q,) =ruqp)}

Here w is a partial permutation, given by an m X n matrix M,, which has
at most one 1 in each row and column, and 0’s elsewhere. For example, M,
could be

M, =

S O O
— o O
o O O
o O O
S O =
S O O

The rank 7,(q, p) is defined to be the number of 1’s in the upper-left ¢ x p
submatrix of M,,. o

The closure ,, = 29 is a B-equivariant subvariety of the affine space
H = A™". Notice that

HE(H) = Hé(pt) = H;’xT”(pt) = Z[$17 ey Tms Yl - ayn]7

where the z’s and y’s are characters of 7" and T”, respectively.
Theorem 8.1. The class [Q,]" € Hzf(w) (H) is the double Schubert poly-
nomial Sy (T1, - s T Yty -y Yn)-

Proof. On H, there is a sequence of (trivial) vector bundles

BiCo CEy=E 5 F=Qp— - —Q,

where ® is the universal map, whose fiber over ¢ € H isjust ¢ : £ — F. We
apply the general degeneracy locus formula, with z; = ¢! (ker(Q; — Q;—1))
and y; = c{(Ei/Ei_l). Take £ = C™, with the standard flag £y C --- C E,,
E; = (e1,...,e;); and take FF = C™ with the opposite flag S; C --- C Sy,
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Si = (€mt1—is---s€m). Thus ker(Q; — Q;—1) = C-¢;, and E;/E;_1 = C-e;.
Notice that B’ = B, (upper-triangular matrices), while B” = B_ (lower-
triangular matrices).

This will probably be moved to a different section and completed
there. U
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