A cusp singularity with no Galois cover by a complete
intersection

David E. Anderson

ABsTRACT. With an explicit example, we confirm a conjecture by Neumann
and Wahl that there exist cusps with no Galois cover by a complete intersec-
tion. Some computational techniques are reviewed, and a method for deciding
whether a given cusp has a complete intersection Galois cover is developed.

1. Introduction

In [7], Neumann and Wahl prove that the universal abelian cover of every
quotient-cusp is a complete intersection, and conjecture generally that a similar
result holds for any Q-Gorenstein normal surface singularity whose link is a rational
homology sphere. (For discussions of these singularities and others known to have
complete intersection abelian covers, see [5, 6, 7]. By a cover of a complex surface
singularity we mean a finite cover of a germ of the singularity, branched only at
the singular point.) Cusps are not included in the scope of this conjecture, as their
links are not Q-homology spheres, so one might ask whether similar results hold in
their case. In the same article (Proposition 4.1), it is proved that every cusp has
a cover by a complete intersection, but there exist cusps with no abelian cover by
a complete intersection. The authors go on to conjecture that some cusps do not
even have a Galois cover by a complete intersection.

In the present paper, we exhibit a cusp confirming this latter conjecture: We
show that the cusp classified by the cycle (8,2,4,3,12) provides the desired exam-
ple. The existence of such a singularity precludes a natural generalization of the
main theorem of [7] from the case of quotient-cusps to a statement about cusps.
More generally, Conjecture 1.1 of [7] does not naturally generalize to the case of
singularities whose links are not rational homology spheres.

We begin with a brief review of singularity links and cusps; for more details,
see [4, 7].

Consider a germ of a normal complex suface singularity (V,p). A good resolution
of the singularity is a map 7 : V — V such that V is non-singular, 7 : 7= 1(V —
{p}) — V — {p} is an isomorphism, and 7~1(p) is a complex curve whose only
singularities are normal crossings and all of whose components (the exzceptional
curves) are nonsingular. The good resolution with fewest exceptional curves is
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unique and is called the minimal good resolution. The resolution graph is the
weighted graph whose vertices stand for the exceptional curves weighted according
to their self-intersection numbers, and whose edges correspond to intersections of
exceptional curves. A link of the singularity (V,p) is the oriented 3-manifold M
that forms the boundary of a closed regular neighborhood of p. Using the plumbing
procedure described in [4], the singularity link M can be reconstructed from the
resolution graph. The topology of the minimal good resolution V is determined by
the oriented manifold M (see [4]).

The cusp singularities are those whose resolution graphs are cyclic and all of
whose exceptional curves are rational. Equivalently, the link of a cusp is a torus
bundle over the circle, with monodromy A having trace > 3. A cusp singularity also
has a dual cusp whose link is —M (M with reversed orientation), a torus bundle
with monodromy A~!. (In this we follow the orientation convention of [4].)

The plumbing calculus of [4] reconstructs the monodromy A of a cusp’s link as
follows: Up to conjugation, the classifying matrix is

—er 1 —e; 1
A_( - 0)( = O),
where e1, ..., e, are the weights of the vertices of the resolution cycle. We shall call
(—e1,...,—eg) the resolution cycle of the link determined by A, or more concisely,
the cycle of A.

Finally, a germ of a complex surface is a complete intersection (abbreviated
“CI”) if there exists an imbedding (V,p) < (C™,0) such that V is given by (n — 2)
equations. It follows from Karras [2] that a cusp is a CI if and only if the resolution
cycle of the dual cusp has length < 4 (see [7]).

A useful tool in examining Galois covers of a cusp is the fact, Proposition 2.3,
that if a cusp is a Galois cover of a given cusp, then the cusp dual to the covering
cusp is also a Galois cover. Thus a cusp has no Galois cover by a CI if and only if
it has no Galois cover by a cusp with cycle of length at most 4.

The topology of the minimal good resolution of a cusp singularity is determined
(up to orientation reversal, i.e., replacing the cusp by its dual) by the fundamental
group of the singularity link M [1, 4], so the topological question of whether no CI
Galois cover exists reduces to an algebraic problem. The fundamental group w1 (M)
is isomorphic to the semidirect product Z2 x4 Z; Galois coverings correspond to
normal subgroups of m1(M). The question now becomes “Is there a normal sub-
group of Z? x 4 Z whose classifying matrix is conjugate to B = ( - (1)) e (_ff (1)),
for some ey, ..., e, with k£ < 4 and each ¢; < —17”

To find and verify an example which answers this question negatively, we pro-
ceed as follows. In Section 2, we state and prove some algebraic facts about normal
subgroups of m1 (M), and arrive at a condition on the factorization of the trace of
the monodromy that reduces the number of candidates for normal subgroups. In
Section 3, we discuss the algorithms developed in [4] for calculating the plumbing
cycle of a cusp given the monodromy of its link, and for determining the cycle of
the dual cusp given the cycle of the original. Guided by conditions on the trace,
we then posit a matrix to serve as a candidate for the monodromy of the link of a
cusp with no Galois cover by a CI. Finally, in Section 4, we systematically examine
the normal subgroups of the fundamental group of this link; that is, we compute
the monodromy matrix for each subgroup and verify that its cycle is longer than 4.



A CUSP SINGULARITY WITH NO GALOIS COVER BY A COMPLETE INTERSECTION 3

2. Algebraic Preliminaries

The fundamental group of the torus bundle M with monodromy A is Z? x4 Z,
where the group operation in the semidirect product is given by (z,n)(y,m) =
(x + A™y,n + m). Throughout this paper, we shall denote the monodromy matrix
of M by A, and the group 71(M) by G. The subgroup Z? C G is a characteristic
subgroup of G, since it is the kernel of the abelianization of G modulo torsion.

In discussing subgroups of 1 (M), we follow the terminology of [7]: a proper
subgroup of Z? x Z that surjects onto Z is called a covering in the fiber (or a
fiberwise cover), and a subgroup that contains Z? is a covering in the base. Also,
an isomorphism of covers will mean an isomorphism of the corresponding subgroups
as groups, not necessarily by an isomorphism induced by an automorphism of G.

PROPOSITION 2.1. Fvery covering is
(a) a (Galois) covering in the base followed by a covering in the fiber, and
(b) up to isomorphism, a covering in the fiber followed by a covering in the base.

PRrROOF. (a) Let G be the fundamental group of M, and let N be the subgroup
corresponding to the covering (i.e., the fundamental group of the cover), let L =
NNZ2% and let n = [Z : m(N)], where 7 is the projection of G onto Z. We can
construct the following diagram of short exact sequences:

1 L N nz 1
L
1 7? G Z 1.

We want an N to satisfy N C N C G, with a fiber factor equal to that of G and
base factor equal to that of N:

1 L N nZ 1
N N [

1 72 N nZ 1
| N N

1 72 G Z 1.

The diagram is satisfied by taking N to be the kernel of the natural homomorphism
from G to Z/n given by (z,y) — y (mod n). Note that N is normal in G; thus if
N is normal in G (i.e., the original cover is Galois), then N is normal in N and the
fiberwise cover is also Galois.

(b) Now we want N’ to satisfy

1 L N nZ 1
[ N

1 L N/ Z 1
N N I
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N is generated by L and (z,n) for some x € Z2. Any subgroup N’ that fits in the
above horizontal exact sequence will be generated by L and (z',1) for some 2’ € Z2.
This N’ will contain N only if (x,n) is in the group generated by L and (z/,1)",
and an x’ with this property cannot always be found. However, N is isomorphic
to the subgroup of Z? x 4 Z generated by L and (0,n), and if we replace N by this
subgroup then we may take N’ as the subgroup generated by L and (0,1). O

Using Proposition 2.1(b), we can restrict our search to covers of degree at most
four in the base: If N’ has monodromy B, then N = L xgpnZ = L Xpn Z has
monodromy B", which has cycle of length n times that of B. Covers of degree
greater than four thus have cycles of length at least 5. (This is easy to see, since a
covering of degree n in the base just makes the cycle repeat n times.)

Proposition 2.1(a) tells us we need only look at normal covers in the fiber; this
condition on IV, together with the following, will also limit our search.

PROPOSITION 2.2. Let N be a subgroup of G, with L and n as above. Then N
is normal if and only if AL = L and (A™ — I)Z?> C L C Z2.

PROOF. N is generated by L and (x,n) for some z, and L is a characteristic
subgroup of N, so N is normal only if L is normal. L — (L,0), so conjugation by
(0,1) gives

(0,1)"*(L,0)(0,1) = (A~*L,0).
L is therefore preserved by conjugation if and only if it is preserved by A.

Next, conjugation of (z,n) by (b,0) for any b € Z? gives

(b,0)" (2, n)(b,0) = (=b+x + A"b,n),
so we must have
(A" - 1)Z* C L.
The converse is easily verified. 0
The above propositions let us give the proof of the following;:

PROPOSITION 2.3. If a cusp is a Galois cover of a given cusp then its dual cusp
is also such a Galois cover.

PROOF. Given a cusp with monodromy A, a covering in the fiber with fiber
group L = (A — I)Z? is called a discriminant cover (see [7]). Let us call a cover
of M a sub-discriminant cover if it lies between M and a discriminant cover (i.e.,
it is covered by a discriminant cover). Then Propositions 2.1 and 2.2 imply that
any Galois cover is the result of a cover in the base followed by a sub-discriminant
cover in the fiber, and that any such cover is a Galois cover. In Section 4 of [7] it is
shown that the collection of sub-discriminant covers of a given cusp is closed under
taking duals, so the proposition follows. 0

Assuming n < 4 in our desired example, Proposition 2.2 now says we must
consider subgroups of Z?2/(A™ — I)Z? for each n. To limit the number of subgroups
L satisfying the given conditions, then, we would like to keep Z2?/(A™ — I)Z? as
simple as possible. It is easy to see that

PROPOSITION 2.4. |Z2/(A™ — I)Z?| = |2 — P,(trA)|, where P, (trA) is a poly-
nomial in the trace of A.
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In particular, we have for n =1,2,3,4

[z?: (A'-DZ?] = =z-2

[2?: (A - 1DZ?] = (z—2)(z+2)

(22 (A*-DZ7*] = (z—2)(z+1)
(1) (22 (A" - DZ?] = 2*(z-2)(z+2),

where x is the trace of A. By Proposition 2.2, these are the maximal indices (in
the fiber) of normal subgroups. To minimize the number of potentially normal
subgroups, we minimize the number of factors of |Z2/(A™ — I)Z?|; let us require
that x and x — 2 be prime, x+ 2 be three times a prime, and x4+ 1 be twice a prime.
For convenience, let us denote the prime factors of |Z2/(A™ — I)Z?| as follows:

p = trA
q = p—2
3r = p+2
(2) 2s = p+1,
where p, ¢, r, and s are all prime.
3. Cycles

We now turn our attention to the cycle of a cover. Recall that the resolution
graph for the link of a cusp singularity is cyclic, and each vertex with weight e;
corresponds to a joining of trivial torus bundles by matrices of the form (__ef é)
The monodromy of the entire link, then, is

3) B:(f’fl é)(fll é)

where b; = —e;. Written this way, B classifies the link of a complete intersection
(up to orientation) iff k < 4. Now we need a method for expanding a given matrix
in this form and an algorithm for finding the corresponding dual matrix. The tools
for both are described in [4]; we summarize briefly here.

Given B = (2 %) with trace ¢, let

a—d++Vi2—4
2b '

To find the cycle, first compute the “continued fraction with minus signs” expansion
of w:

1

1
a1 — - T

W =ap —

and let [c1,. .., ¢ be the shortest period of this ultimately periodic continued frac-
tion. Put C = (fll (1)) . (fll (1)), with trace ¢/, and solve

t+ V24 (t’+\/(t')27—4>n
B 2

@ .

for n. Then the cycle of B is given by concatenating (c1, ..., ¢;) with itself n times.
Since this method depends on finding the period of a continued fraction, com-
putation will be greatly simplified if the continued fraction is purely periodic. The
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following proposition gives a condition for pure periodicity of a continued fraction
with minus signs. The proof is analogous to that of a similar statement about
ordinary continued fractions; see for example Theorem 11.5.2 in [3].

PROPOSITION 3.1. The continued fraction (with minus signs) expansion of a
quadratic irrationality x = (P 4+ /n)/Q is purely periodic if and only if x > 1 and
0 < T < 1, where T is the conjugate of x in Q[/n].

In relation to the cycle of B, Proposition 3.1 requires

(a—d)+Vt2—4 2b

5 >1 and > 1,

5) 2b (a—d)—+t?—4

where t = a + d. For t > 3 and a,b,d € Z, this reduces to the condition
(6) a>b>—-d>0.

Since the dual to a Galois cover of a given cusp is also a Galois cover, we must
inspect the dual cycle as well. If (by,...,b;) is the cycle of B, then from [1] we
know b; > 2 for each ¢, and b; > 3 for some i. Write the cycle as

(b1,...,bk) =(m1+3,2,...,2,ma+3,...,ms+3,2,...,2);
—— —
ni Ns
the dual cycle is then given by
(diy...,d))=(ns+3,2,...,2,n5_1+3,...,n1+3,2,...,2).
—— —
n mi
As is well-known, the length of the dual cycle can be written simply in terms of the
entries of the original cycle as > (b; — 2).

For our example, we want to find a matrix whose trace satisfies the primality
condition (2), and whose entries satisfy the condition for immediate periodicity
given in (6).

First we choose a trace. The first three numbers satisfying (2) are 13, 1621,
and 6661. Computation time increases rapidly with the size of the trace, but 13 is
too small to yield a long enough cycle, so we use 1621.

Now we construct a matrix in SLo(Z) with trace 1621 whose entries satisfy
a >b> —d > 0. Some experimentation suggests

1640 221
(7) A= < —141 -19 )
as an example of a matrix that fails the test for a monodromy of a CI: the cycle of
Ais (8,2,4,3,12), and the cycle of its dual has length 19.

4. Classifying Galois covers

We now verify that the above choice for A does indeed classify a cusp with
no CI Galois cover. As mentioned in Section 2, we only need to consider covers
of degree 1, 2, 3, and 4 in the base. In the notation of (2), the maximal indices
in Z? for the fiber-subgroups of normal subgroups are ¢, 3rq, ¢(2s)?, and 3p?qr,
respectively. With our choice of A we have p = 1621, ¢ = 1619, r = 541, and
s = 811.

For each degree, we find a basis representation for the subgroups lying between
72 and (A™ — I)Z?; by Proposition 2.2 the normal subgroups are those preserved
by A. Once we have found such a subgroup, we need to know how a generator g of
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Z acts on it; the matrix of this action (raised to the nth power, for degree n) will
be the monodromy of the Galois cover. We can then use the machinery described
in Section 3 to compute the classifying cycle of the cover; for computation, the
algorithms were implemented in Mathematica. The action of g on the maximal-
index subgroup (A™ — I)Z? is always by A, since A commutes with (A" — I), so we
only need to check subgroups properly intermediate between Z? and (A™ — I)Z2.

In fact, we need to treat only half of the possible subgroups for each degree.
The other half represent dual cusps, and we know how to compute their cycles from
the original cusps. In general, if [Z%: (A" — I)Z?] = zy, and L is a subgroup of
index x, then a subgroup L’ of index y represents the fiber of the dual cusp. (This
is implied in Section 4 of [7].)

4.1. One-fold covers. This case is easy: If N = L xpg Z, then L = Z? or
L = (A—1)Z% Since [Z*: (A — I)Z?] = q is prime, there can be no intermediate
subgroups.

4.2. Two-fold covers. This case is also fairly simple: [Z?: (A2 —I)Z?] =
3rq, so the intermediate subgroups are of index 3, ¢, 3q, rq, 3r, and r. We will
treat the first three, and consider the rest as dual to these.

Since the index of each subgroup in this case is a prime or a product of distinct
primes, each subgroup is uniquely determined by its index. From the one-fold case,
we already know that the index ¢ subgroup is (A — I)Z? and does not change the
action of g. The dual subgroup is then (A + I)Z? and also does nothing to g.

Consider the index 3 subgroup as the kernel of a map Z? — Zs. There are four
distinct such mappings; their kernels are

{(z,9)€Z* | y=0 (mod3)},

{(z,y) €Z* | =0 (mod 3)},

{(z,y)€Z* | z4+y=0 (mod3)}, and
(8) {(z,y)€Z* | z—y=0 (mod3)}.

Modulo 3, our matrix A is (2 3), and it is easy to check that only the first subgroup
in (8) is preserved by A. The index 3 normal subgroup, then, is given by

3 = ((6):(3))

Conjugating A by (3 9) gives the action of g on this subgroup; it is

1640 663
A3“< —47 ——M))'

Knowing the subgroups of index 3 and ¢, one can find the subgroup of index 3¢
by acting on the index 3 subgroup with (A — I'). The action of g on this subgroup
is then given by [(A—1)(39)] 7" A[(A—1)(}9)], which is just As.

Calculating the cycle and dual cycle of Az, we find they have lengths 4 and 42,
so the monodromy (Az)? has cycle and dual cycle of lengths 8 and 84, well over
the limit for complete intersections.

The index 7 subgroup represents the cover dual to the one represented by the
3q subgroup, but later we will need a basis representation for it in calculating
four-fold covers. As in the index 3 case, the possible subgroups are generated by
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{(1,0), (0,7)} or {(¢,1), (r,0)}, for 0 < ¢ < r. Ounly the second of these is preserved
by A. Conjugating by (4 7) yields

—19 — 141¢ —141r
1(221 +1659¢ + 141%) 1640 + 141¢ )~

which suggests we solve
9) 221 4 1659t 4+ 141> =0 (mod r).

For r = 541, we find ¢t = 138 is the unique solution (modulo r), so the index r
subgroup is

ro= (%), (%)

4.3. Three-fold covers. Here we have [Z?: (A® —I)Z%] = q(2s)?, so the
group structure is somewhat more complicated: we have to contend with subgroups
of index s2, as well as subgroups of composite index. Here we will look at the
subgroups of index q, 2, s, 2s, 2q, sq, s2, and s2¢, the rest being dual to these. The
index ¢ subgroup is still (A — I)Z?, and we can use the same strategy employed in
the two-fold case to move from index x to index xq, i.e., multiply by (A —I). Thus
only the index 2, s, and s? cases require explicit calculation.

There are three mappings onto Zs, with kernels

{(wyy)€2® | y=0 (mod2)},
{(x,y) €Z* | =0 (mod 2)}, and
(10) {(z,y)€Z®> | z+y=0 (mod2)}.

But A= ({1) (mod 2), so none of these subgroups are preserved. Therefore there
is no normal cover of index 2 in the fiber.

Using the fact that there are no index 2 normal subgroups, a simple argument
eliminates the 2s and 2q cases as well: Suppose one of these latter is normal; let K
be this normal fiberwise subgroup of G. But then |G/K| = 2s or 2¢, and in either
case G/K has a characteristic subgroup of order 2, so there must be a normal index
2 subgroup of G. We already know this is not the case.

There are s + 1 possibilities for index s subgroups:

{(z,y) €Z* | y=0 (mod s)}, and
(11) {(z,9) €Z* | z—ty=0 (mods), 0 <t < s}.
The requirement that A preserve these subgroups is equivalent to asking that
P~YAP € SLy(Z), where P is a change of basis matrix. We can easily check

that (} 0)~! (1949 234) (§9) does not have integer entries, so the first subgroup is
ruled out. For the other s possibilities, conjugation by (4 ) gives

—19 — 141¢ —141s
1(221 4 1659t + 141¢2) 1640 + 141t )~
so as in (9), we solve 221 + 1659t + 141> = 0 (mod s). With s = 811, we find

t = 183 and t = 668 are the two solutions.
The two index s normal subgroups are then

sU= (CF), (3 s = (%), (3.
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and the action of g on each is

A o —25822 —114351 \
st 6197 27443 '

A o —94207 —114351
sz 78947 95828

We now calculate the relevant cycles, and find that the cycle and dual cycle of
(As, ) have lengths 3-149 and 3 -3, respectively; while the cycle and dual of (4s,)?
have lengths 3 - 14 and 3 - 12. None of these, then, is a complete intersection.

From the Sylow theorems we know there is exactly one order s? subgroup of
Z2/(A3 — I)Z?, so there can be only one normal subgroup of Z? of index s?. We
can easily check that this subgroup is

s? = ((§).(9)-
Since s divides (4% —I) = (A—I)(A? + A+ 1), (A® = I)Z* C (§9)Z?. Also, this
subgroup is clearly preserved by A, since

1
s 0 s 0
b= (30) a3 0)=a

We are now left with the sq and s2q cases. These subgroups are found simply
by acting with (A — I) on the bases of the index s and index s? subgroups. If
P represents the change of basis from one of these to Z2, then (A — I)P is the
change of basis for the corresponding subgroup with the added factor of q. Then
(A—T)P " A[(A—T)P] = P~Y(A—I)"YA(A— I)P = P~1AP, so we have

A(sq)z = ASi (Z =1, 2);
A(qu) = A,
and we have already examined both of these matrices.

4.4. Four-fold covers. This case is similar to the three-fold case, but sim-
plified by the fact that we have already treated most of the relevant subgroups.
The index is now 3p%qr, and we can use the same duality argument to focus our
attention on half of the subgroups; of these, only those of index p, gp, rp, and 3p
have not been discussed above.

As in the three-fold case, the p + 1 subgroups of index p are

{(z,y)€Z* | y=0 (mod p)}and
(12) {(my) €22 | a—ty=0 (modp), 0<t<ph
Again, the first of these can be immediately eliminated, since it is not preserved
by A. We then solve as before for ¢ such that 221 + 1659t + 141t2 = 0 (mod p),

finding t = 139 or ¢t = 608.
Thus, the two index p normal covers are

pr=(("{"), ('F ) p2=((), ("F"),

and the action of g on each is

)

A _ —19618 —228561
P 1823 21239

—85747 —228561 )

Ap, = 32777 87368



10 DAVID E. ANDERSON

The cycle and dual cycle of (Ap,)* have lengths 4 - 12 and 4 - 10, respectively; the
cycle and dual of (Ap,)* have lengths 4 - 101 and 4 - 3. None of these is a CIL.

We can find the composite-index subgroups using a method similar to the one
used in the three-fold case. As in that case, the action does not change as we move
from the index p to the index ¢gp subgroups:

A(OIP)i = Ap,.

Using the representation of the index r subgroup found in Section 4.2, we can
calculate the normal index rp subgroups. Now we want

P 1AP, € SLy(Z),
where P, = (138 53) (1 7). This reduces to solving
(13) 1527 + 1571t + 109762 =0 (mod p).

We find that ¢ = 541 and ¢t = 653 solve this, so the actions of g on the two index
rp subgroups are

R (2935465 8732327
Awp) = P 541AP541_< —986243 —2933844 )’

I _( 3538809 8732327
A<rp>2_P653AP653_(—1433459 —3537188 )’

where Psqq = (138 531) (41 1621) and Pgsg = (138 °41) (693 1621). The classifying
matrix (Agp,))* has cycle length 4 - 8 and dual cycle length 4 - 10, and (A(p),)*
has cycle length 4 - 8 and dual cycle length 4 - 34; the index rp covers, then, are not
complete intersections.

Finally, we turn to the index 3p subgroups. In fact, we have already calculated
the monodromies and cycles for these. Recall that adding a factor of g to the
index leaves the monodromy unchanged; thus the index 3p covers have the same
monodromies as the index 3pg covers. But the index 3pg covers are dual to the
index rp covers, whose classifying matrices (and duals) were computed above. This
completes our verification that the cusp classified by A, with cycle (8,2,4,3,12),
has no Galois cover by a complete intersection.
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