Appendix to Lecture 4: Entropy Proofs.
1. Gibbs inequality:
To show: Y, p; log % > 0.
Let's show 3, p; Iogz% < 0. But

q;
sz log £ < 10g(> pi- ) = 1og(> ;) =log1 = 0.
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If equality holds, then % =1, all 3, SO p; = ¢;
all ¢, because log is strictly convex. Notice, I
am being a bit sloppy here: there are special
cases where some of the p; may be zero, for
example. These are left to the reader!

2. Entropy satisfies the three basic properties:

a) —> ;p;logp; is obviously continuous, since
each p;log p; is continuous.

) H((%,--.,7)) = —Y; x10g 1 = logk < log(k+
1) = H(G - i)



c) Let A ={x1,...,z;} be the set of possible
outcomes, partitioned into A;,5 =1,...,¢. Let

q4j = Xu;eA; Pis Where p; = p(z;). Then

H(P) = —3p;lodp;
= Yi1Yaea; —pilogp;
= Y14 2z €A, —% log p;
= Yj=19j Taea; —oH{l0g I — Filog ¢}
= Yi=1GHP) + Ti=1 45 Sagen; —2i 109 g;
= Yi_1¢;H(P)) + X5_1 —gjl09q;
= Yi_1¢H(P) + H(Q).

Here 25:1 ¢;H(P;) = H(P|Q) is the conditional
entropy in terms of the later notation in the
main lecture. Recapping: H(P) = H(Q) +

H(P|Q).



3. Uniqueness of H:

If H satisfies the three rules just demonstrated,
we will show that

k

H((pia - 7pk)) — - Z cp; 109 p;,
=1

where c is a positive constant. To see this, let’s
call F(k) = H((3,...,7)). We want to show
that F(k) = clogk. We are assuming F(k) <
F(k+1) < F(k+ 2) etc. Use the partition
identity to break up a uniform distribution of
r™ outcomes into m partitions of r outcomes:
Check that this gives

F(r™) = mF(r).

Now, let r,s,n be any whole numbers > 1. We
can choose m so that

P < g < pmtl
Then

mlogr <nlogs < (m-4 1)logr,



or

Similarly,
F(r™) < F(s") < F(r™Th),
or,
mF(r) <nF(s) < (m+ 1)F(r),

or,
m _ F(s)
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Thus,

|F(s) _log s| 1 1

F(r) logr —n

SInce n is arbitrary and this last inequality is

independent of m, we get that

F(s) logs
F(r) logr’

or,

F(s) = clogs,



where ¢ > 0 is a constant independent of s.

For a general distribution Q = (q1,...,qr) We
proceed in two steps. First, assume that all of
q; are rational numbers. Then there is a least
common denominator n so that ¢; = “4,j =
1,...,k. Now consider P = (;,...,+) the uni-
form distribution of n outcomes. We can bin
this into subsets Aq,..., Ag, with A; having n;
equally likely outcomes. The distribution for
the binning gives P(A;) = *1 = g;, that is, just
the distribution Q. So, using the partition for-
mula and what we just proved about uniform
distributions, we get

clogn = H(P) = H(Q) + ) ¢;H(F;)

= H(Q) +c¢) gjlogn,.

Solving, this gives

H(Q) =clogn — qulog n; = —chjlog q;-

This proves the result when all g; are rational.
The case of arbitrary g;'s follows by continuity.



