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Abstract

We extend the work of Milevsky et al. (2005) and Young (2006) by pricing life insurance
and pure endowments together. We assume that the company issuing the life insurance and
pure endowment contracts requires compensation for their mortality risk in the form of a
pre-specified instantaneous Sharpe ratio. We show that the price P™™ for m life insurances
and n pure endowments is less than the sum of the price P™? for m life insurances and
the price PO for n pure endowments. Thereby, pure endowment contracts serve as a hedge
against the (stochastic) mortality risk inherent in life insurance, and vice versa.

1 Introduction

Milevsky et al. (2005) present a framework for valuing (stochastic) mortality risk. They do
this by assuming that the company issuing a mortality-contingent claim requires compensa-
tion for this risk in the form of a pre-specified instantaneous Sharpe ratio. They apply their
method to price pure endowment contracts and show that the resulting price satisfies many
desirable properties. Young (2006) applies the same method to price life insurance that pays
at the moment of death of the insured.

We extend their work by pricing life insurance and pure endowments together. We show
that the price P™™ for m life insurances and n pure endowments is less than the sum of the
price P™° for m life insurances and the price P%™ for n pure endowments. Thereby, pure
endowment contracts serve as a hedge against the (stochastic) mortality risk inherent in life
insurance, and vice versa. In our framework the price of an additional life insurance contract
can be defined as the marginal price, P™*1" — P™" when the insurer already holds m life
insurances and n pure endowments. Similarly, one can marginally price an additional pure
endowment. Defining a price in this way is related to work of Stoikov (2005), in which he
uses the principle of equivalent utility to find the indifference price of an additional financial
contract.

The remainder of the paper is organized as follows: In Section 2, we present our modeling
framework and then show how to price a portfolio of life insurance and pure endowment
contracts via the instantaneous Sharpe ratio, the method proposed by Milevsky et al. (2005).
In Section 3, we show that the price P™™ for m life insurances and n pure endowments is
monotone in m and n. We also show that P™" < P™u"1 4 P™2:72 in which my +mos =m
and n1 + ne = n (subadditivity). Thus, life insurance and pure endowments are hedges
for each other. As a corollary of the subadditivity, we show that the marginal price of a
life insurance and pure endowment contract satisfy are in fact reasonable prices. Section 4
concludes the paper.
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2 Instantaneous Sharpe Ratio

2.1 Stochastic Mortality Model and Financial Market

In this section, we assume that an insurer has issued m life insurance and n pure endowment
contracts, for m,n € N. In the setting of this paper, a life insurance contract is an obligation
to pay $1 at time T if the insured dies before that time, and a pure endowment is an obligation
to pay $1 at time T if its holder is alive then. The insurer also trades in the bond market to
hedge its interest rate risk. First, we obtain the hedging strategy for the insurance company
and then describe how to use the instantaneous Sharpe ratio to find the price of a basket of
m life insurance and n pure endowment contracts.

We use the stochastic mortality modeling framework introduced in Milevsky et al. (2005).
We assume that the mortality of the individuals purchasing the contracts are independent
given the hazard rate, and we assume that the (common) hazard rate A follows

d)\t = /J/()\t,t)()\t — A)dt + O'(t)()\t — A)th (21)

Here, A > 0 and W is a Brownian motion on a filtered probability space (Q, F, P, {F:}i>0).
We need some technical assumptions on the coefficients of this diffusion.

Assumption 2.1 In the rest of the paper we assume that

1. The volatility function o is either identically zero, or it is a continuous function of t
such that o(t) > x>0, t € [0,T].

2. The drift function u is Lipschitz continuous function of A\ and t and there exits € > 0
such that if 0 <X — X <e, then u(\,t) >0, t € [0,T].

Under these assumptions a unique strong solution of (2.1) exists, and if the process starts at
Ao > A, then Ay > A\ for all t € [0, 7.

To determine the value of the basket of m life insurances and n pure endowments, we
create a portfolio composed of the obligation to pay these the pure endowments and life
insurances and of default-free zero-coupon bonds that pay $1 at time 7. This requires a
model for the bond prices, and we use a short rate model. The dynamics of the short rate
r, the rate at which the money market grows, are given by

d?"t = (l(’l"t, t)dt + b(Tt, t)dBt, (22)

in which a,b > 0 are deterministic functions, and B is a Brownian motion with respect to the
probability space (Q, F, P, {F;}+>0), that is independent of W, the Brownian motion driving
the hazard rate in (2.1).

In this framework, the price of a default-free zero-coupon bond (at time ¢) that pays $1

at time T is given by
T
exp | — / rsds
t

in which Q is the risk-neutral pricing measure in the bond market. If the bond market’s
price of risk ¢ is a deterministic function of the short rate and time, say q: = q(r,t), then Q

is defined by its Radon-Nikodym derivative dQ/dP = exp (f fOT ¢sdBs — % fOT qfds). Under

F(r,t;T) =E®

ry = 7’] , (2.3)

this new measure Q, B;Q 2 B+ fg gsds is a standard Brownian motion.
(From the Feynman-Kac representation (see e.g. Karatzas and Shreve (1991)), it follows
that the price of the T-bond satisfies the following linear partial differential equation (PDE):

1
Fy +a®(r, t)F, + §b2(r,t)F,.r —rF =0, F(rtT)=1, (2.4)

where a? = a — gb. By using this PDE, we can obtain the dynamics of F(rs,s), t < s < T,
given F(ry,t) = F(r,t) as

dF (rs,8) = (rsF(rs, 8) + qsb(rs, 8)Fy(rs, 8))ds + b(rs, 8)Fy-(rs, s)dBs. (2.5)



2.2  Pricing using the Instantaneous Sharpe Ratio

Denote the value (price) of m life insurances and n pure endowments by P™"™ = P™"(r A, t),
in which we explicitly recognize that the price of the basket of life insurances and pure
endowments depends on the short rate r and hazard rate A at time ¢. Suppose the insurer
creates a portfolio II that contains the obligation to underwrite the basket of contracts
and holds m; T-bonds. Therefore, the value of the portfolio at time ¢ is given by II, =
—P™"(ry, A, t) + m F (e, t). The insurer, by choosing the appropriate portfolio, can hedge
against the interest rate risk; however, the mortality risk cannot be hedged. Note that there
are two sources of mortality risk, the jump risk itself and the risk from the intensity of the
jumps being stochastic. (The death of the individual is modeled as the first jump time of a
doubly-stochastic Poisson process.)

Assume that m,n > 1. By using It6’s formula (see e.g. Cont and Tankov (2004)) we
obtain

t+h t+h
My =10 — / DAP"™™(rg, As, 8)ds —|—/ b(rs, 8)(msFy(rs,s) — P (rs, As, ))dBs
t t
t+h t+h
— / a(s)(As = APy (15, As, 8)dW —|—/ Ts(rs F(rs,8) + qsb(rs, 8)Fr(rs, 8))ds
t t
t+h
+ / (Pm’”(rs, As,8) — P E (g Ny, 8) — F(rs, s)) (stl — mAsds)
t

t+h
+/ (P™™(rg, As, 8) — P™" " (ry, Ag, 8)) (ANZ — n)qds),
¢
(2.6)

in which D¢ is the operator defined on Ry x (A, 00) x [0,T] by its action on a test function

f as
c 1 2 1 2 2
Def = fetcfr+ b frr + pA = 2 fx+ 507(A = A)"fax
_ m)\(Pm,n o mel,n _ F) o n)\(Pm,n _ Pm,nfl)v

2.7)

for any ¢ = ¢(r,t) that is a deterministic function of the short rate and time. In (2.6), N'!
and N? denote two independent Poisson process with intensities mA and n)\, respectively.
Next, we calculate the expectation and variance of Il conditional on the information
available at time, namely F;:
T't, At]

t+h
/ s (rs F(rs, 8) 4+ qsb(rs, 8)Fr(rs, 8))ds
t

t+h
E(Mipn|F) =1 — E l DEP™™(rg, As, 8)ds

' (2.8)

Tt7)\t‘|

[ rt+h
+E / mA(P™ " (rg, As, 8) — mel’"(rs, As, 8) — F(rs, s))st T4, )\t]
t

+E

Tt, )\t‘| )

t+h
Var(Il; | F:) = E [(Yh —EY;)? —|—/ 1)2(7“57 $)(msF(rs,s) — P (rg, As, s))2ds
t

and

t+h
+E / o?(5)(\s — A)? (P;”’”(TS,AS,S))QdH T, A\t
t

[ rt+h
+E / nAs(P™ "™ (rs, As, 8) — Pm’"*l(rs, As, s))2ds Ty, )\t] ,
t

(2.9)



in which Y} is defined by

t+h t+h
Y, =11, — DP™"™(rg, Xs, 8)ds + / 7s(rs F(rs, 8) + qsb(rs, 8)Fr(rs, 8))ds. (2.10)
t t
We choose 7; in order to minimize the local variance limy, .o Var(Il;4,|F:)/h and thereby
obtain m = P™"(r, A, t)/Fr(re,t). With this choice, the drift and local variance of the
portfolio II, respectively, become

: 1 a@ m,n m,n F(T.7t)
lim (B[l 4p| 7] = I0,) = =D P™"(r, A ) +rP™ (r,)\,t)Fr(r,t), (2.11)

and

1
lim - Var (Tl | 7) = 0(A = A)° (PY™")? +mA(P™" — Pt _ F) fp (P Pl
11—

(2.12)

Now, we introduce the pricing mechanism via instantaneous Sharpe ratio. Because the

local variance in (2.12) is positive, the insurer is unable to completely hedge the mortality

risk in the basket of contracts. When we want to determine a price, the preferences of the

insurance company come into play. We specify these preferences in terms of a Sharpe ratio.
The instantaneous Sharpe ratio of portfolio II is defined as

2 limp_o F(E[Meqn | Fe] — ILy) — 7L

O[(T’t, )\ta t)
\/hmh*,() %Var(HtJthE)

(2.13)

We assume that the insurance company selects a constant « € [0, \/X] and sets the price of
the basket of contracts so that the instantaneous Sharpe ratio a(r, A, t) = a.. The prices can
then be obtained from the equation

F
— D P P =TI
r (2.14)

+ay/o2(A = A2 (P[™)? + mA(Pmon — Pm=in — )2 4 pA(Prn — pma-1)2,

Because Il = —P™" 4+ «nF, it follows that P™"™, for m,n > 1, satisfies the non-linear PDE
given by

1 1
B 4 a®PI 4 SRPIT 4 p(h = DPY 4 50?3 = 02 PR
_ m)\(Pm,n _ mel,n _ F) _ n)\(Pm,n _ Pm,nfl)

= P Oé\/0'2(>\ _ A)2(P;nvn)2 + m)\(Pm,n — pm—1n _ F)Q + n)\(Pm,n _ Pm,nfl)Q’
(2.15)
with P™n(r, A, T) = n.

Similarly, we can derive the price P10 for a single life insurance policy and the price P!
for a single pure endowment to be the solutions, respectively, of

) 1
PO +a@P0 4+ S0P 4 p(h = NP+ 50 (A= AR - APV - F) (2.16)

= rPL0 — ay[o2(A = AR(PLOR £ A(PLO — F)?, PYO(rAT) =0,
and

1 1
P4 q2pol 4 EbQPTO;‘l + (A — A)PAO’1 + 502()\ - A)QPAOS\I — AP (2.17)

— PO —ayfo2(A = AR(PYR £ A(PO)2, PO(r A T) = L.

4



Note that the price P™", for m,n > 0 with at least one of m and n strictly greater than
0, can be written as P"™"(r, \,t) = F(r,t)e™™(\,t), in which ™™ solves

m,n m,n 1 m,n m,n m—1,n m,n m,n—
P A= )RR S0 A = AN — mA(PT = TR — 1) — A (™ — ™

= 704\/0—2()\ _ A)Q(wTvn)Q + m)\(sam,n _ sDmfl,n _ 1)2 + n)\(cpm,n _ ¢m7n71)2’
(2.18)

in which ™"(\,T) = n and ¢*° = 0.
Assumption 2.2 Throughout the paper, we assume that the Sharpe ratio satisfies

a € [0,/ (2.19)
Remark 2.1 To see the necessity of making the assumption in (2.19), consider the case

when X is deterministic, o = 0. Suppose A(t) is the solution of dX = (A, s)(A — A)ds with
X0) = X. Then the equation for %1 becomes a linear ordinary differential equation

et = () — ay/AD)™ (1) =0, "N(T) =1.

The solution of this equation is ©%' = exp (— ftT ()\(s) — a«/A(s)) ds). In this case ©*! is

less than or equal to one only if a € [0,v/A]. If ¢®! is greater than one, than the price of
a pure endowment becomes greater than the price of a default-free zero-coupon bond, which
yields an arbitrage opportunity. Therefore, /A might be seen as a good deal bound on the
Sharpe ratio, see e.g. Bjork and Slinko (2005).

In the next section, we prove that holding a basket of m life insurance and n pure
endowment contracts is cheaper than holding them separately; that is, ™" is subadditive.
This confirms the intuition that pure endowments provide a partial hedge for life insurance,
and vice versa.

3 Properties of ¢™": Monotonicity and Subadditivity

To demonstrate the subadditivity property of ¢ ™ we will rely on a comparison theorem for
non-linear PDEs. We begin by stating a relevant one-sided Lipschitz condition.

Definition 3.1 We say that a function g : (A, 00) x [0,T] x R x R — R belongs to G if there
exist functions ¢ : (A, 00) x [0,T] = Ry and d : (A, 00) x [0,T] — Ry satisfying

c(A 1) < K14 (log(A=A)?), and d(At) < K(A—A)(1+ (log(A—A))), (3.1)
for some K >0 such that
gt 0,p) = g(A tw, q) < c(A ) (v —w) +d(A t)|p —ql, (32)

for v,w,p,q € R such that v > w.

We will rely on the following comparison principle, which we obtain from Walter (1970),
Section 28.

Theorem 3.1 Let D = (), 00) x [0,T], and denote by D the collection of functions on D
that are C? in their first variable and C' in their second. Define a differential operator L
on D by

1
Lv= vy + 502(15)()\ — N2 + g\t v,0), (3.3)
in which g € G. Suppose that v,w € D are such that there exists a constant K > 0 with
v(\ 1) < exp(K (log(A — A))?) and w(\,t) > —exp(K (log(A — \))?) for large X and for X

close to A and for all t > 0. Then, if (a) Lv > Lw on D, and if (b) v(\,T) < w(\,T) for
all X > A, then v <w on D.



PROOF: The proof of this theorem follows from the comparison theorem in Walter (1970),
Section 28, after we transform the variables A and ¢ in (3.3) to y = log(A—A) and 7 = T—t and
write 9(y, 7) = v(A,t). The logarithmic transformation eliminates the unbounded coefficient
(A — A)? of the second-order derivative vy in (3.3), and 7 = T — ¢ reverses time so that we
can apply the initial-valued comparison theorem for (non-linear) PDEs in Walter (1970).
O

Lemma 3.1 Define gp,n for m,n >1, by

Im.n(A, t,0,p) 2 (Nt = A)p —mA(v — pmTin _ 1) = nA(v — @m’”_l)
+ v/ (= AR T mA(w = gL~ A (u — g,

(3.4)

m—1,n m,n—1

in which ¢ and @ solve equation (2.18) when m is replaced by m — 1 and n is
replaced by n — 1, respectively. Then, gm n € G, if there exists K > 0 such that

O] < K (14 [log(A = Q). (3.5)
PROOF: Suppose v > w, then

gm,n()‘v t,’U,p) - gm,nOH t,w, Q) = :u()‘v t)()‘ - A)(p - q) - (n + m))\(v —w)
+ Oé\/0'2()\ —A)2p2 +mA(v — pm=bn —1)2 4+ (v — )2
— oz\/aQ()\ = A2+ mA(w — pm—bn — 1)2 4+ nA(w — pmn—1)2
< (Jp 1)+ ao (D)X = X)lp — g = (n+m)A — a(Var+ Vmd)) (v — w)
< (lu(X, 8)| + ao(t))(A = A)lp — |
S KA =21+ [log(A=A)])lp —ql.

(3.6)

The first inequality follows from the fact that ‘\/A2 +B24+C?2-VX24+Y2+ ZQ‘ < |A-
X|+|B-Y|+|C—-Z|, for any A, B,C,X,Y,Z € R. The second inequality follows from
a € (0,v/A) and A > \. The last inequality follows from the assumptions on the functions
L O

Assumption 3.1 In the rest of the paper, we assume that (3.5) holds.

By using the above comparison principle, it is not hard to prove that ™" > 0, for
m,n € N, or equivalently that P"" > 0. Also, it follows from the comparison principle that
the price P™" increases if the Sharpe ratio « increases. We now prove the monotonicity of
™™ with respect to m and n.

Theorem 3.2 For a fired m € N and (A, t) € (A, 00) x [0,T], ¢"™™(\,t) is an increasing
sequence in n. Similarly, for a fired n € N, ©"™™(\,t) is an increasing sequence in m.

PrOOF: We will only prove the first assertion of the theorem; the second assertion can be
proved in a similar fashion. To prove the first assertion, we apply an induction argument in
three steps. First, note that Lemma 4.3 of Milevsky et al. (2005) implies that (%" (), ))nen
is an increasing sequence.

Second, for m > 0, we require that ¢! > ™0 implies that ™+l > om+1.0 Since
the proof of this step is similar to the derivation below, we omit it.

In the third, and final, step for m > 1 and n > 2, we assume that ™"~ > ©™"=2 and
that @™~ 1" > m=Ln=1 and show that ¢™™ > ™"~ !, Define the differential operator £
on D by (3.3) with g = gm,» in (3.4). Since ™" solves (2.18), we have that L™ = 0. On



the other hand,
Ecpm,nfl _ (n o 1))\(80m,n71 o sDm,an) + m)\(cpmfl,n o cpmfl,nfl)

4 Oé\/0‘2()\ _ A)(@T’nil)Q 4 m)\((p'm,n—l _ (pm—l,n _ 1)2

— Oé\/0‘2()\ — A)((p;’w—ly + mA(pmn—l — pm=1ln=1 _1)2 4 (n — 1)\(pm:n—1 — pmn—2)2

> (A — aVmA) (g™ = ") 4 (0= DA = a/{m - DA™ - )
> 0.
(3.7)

Here the first inequality follows since |V/A2 + B2+ C? — VX2 + Y2 + 22| < |[A- X|+|B -
Y|+1|C—Z|, for any A, B,C, X,Y,Z € R. The second inequality follows from the induction
hypothesis and from a € (0,1/2) and A > A\. We also have that ¢"™"(\,T) = ™"~ (X, T).
From Theorem 3.1, we conclude that ™" > pmn—1 (I

Theorem 3.2 agrees with our intuition that as we add more policyholders to our portfolio,
then the price increases.

Next, we show that the price P™" is subadditive, or equivalently, that """ is subaddi-
tive. To this end, we require the following technical lemma.

Lemma 3.2 Suppose A, B, A1, Ay, B1, By, By,C) € R are such that A > A, A > A,
B > By, and B > By. Then for any nonnegative integers my, mo,ny, No,

VB + a2 + (1 + 12) A% + (my + ma) B2 < /B 4 my A3 + my B}
+\/C,%+n2A§+mgB§+w/n1(A—A1)+1/n2(A_A2) (3.8)
+ /mi(B — By) + /m2(B — Ba).

PROOF: Square both sides of (3.8) to get

(Bx + C\)? + (n1 +n2) A% + (my +ma)B? < B + nyA? + myB? + C} + no A% + mo B3
+n1(A = A1) +ng(A — A2)? +my (B — B1)? + ma(B — By)? + 2K,
which simplifies to
BrCy\ 4+ n1A1(A— Ay) + ngAs(A — As) + m1B1(B — B1) + maBa(B — Bs) < K, (3.9)
in which K > 0 is defined by

K = \/Bi + nlA% + mlB% |:\/C§ + HQA% + mQBg + \/ml(B - Bl) + \/mQ(B - Bg)

VLA — A1)+ is(A — Ag)

+J@+HM%HM%PﬁﬂBBﬂ+ﬁEBBﬂ+WHMAﬂ+ﬁaA&)

+vmi(B = By) [yVma(B — Ba) + vni(A — A1) + /n2(A — Ay)]
(B — By) [ViT(A — Av) + /ia(A — As)] + VAT(A — Ar)y/iiz(A - As)
If the left-hand side of (3.9) is negative, then we are done. Otherwise, by squaring both
sides of (3.9), we obtain the equivalent expression
B3C} +njAT(A — A1)? + n3A3(A — A2)* + miBi(B — B1)* + m3B3(B — By)?
+2B)\Cx[n1A1(A — A1) + n2As(A — As) + m1B1(B — By) + maBa(B — Bs)]
+2n1A1(A — Ay) [neAs(A — A) + m1B1(B — By) + maBa(B — Bs))
+ 2n9A2(A — Ag) [m1B1(B — By) + maBa(B — Bs)| 4+ 2m1 By (B — B1)maBa(B — Bs)
< K2



This inequality simplifies to
ning [A%AQ (Al (A - Ag) AQ(A Al 2 (A A1)2(A — Ag)ﬂ

+nimy [ATB} 4 (A1(B — B1) — Bi(A— A1))* + (A— A)*(B — B1)”]
+nimg [A}B} 4+ (B2(A — A1) — A1(B — B2))* + (A — 41)*(B — B2)?]
+ namy [A3B} + (A2(B — By) — Bi(A— A2))? + (A — A3)*(B — By)?]
+ namy [A3B3 + (A2(B — Ba) — Ba(A — A2))* + (A — 42)*(B — B2)?]

+mimy [B{B3 + (B — B1)(B — B2) — B1B3)*> + (B — B1)*(B — B>)?]
+ny [(C/\Al Bx(A— A)))? +C3(A - Al)Q]
+ng [(BrAz — CA(A A))? 4+ BX(A — 45)?]
+my [(CABy — Bx(B — B1))? + C3(B — B1)?]
+ma [(BxBz — Cx(B — B2))* + B3(B — B)*] + &
>0,

in which k > 0 is a sum of nonnegative square-root terms. The last inequality always holds
because each term in the sum is nonnegative. (I

Theorem 3.3 For all my, ma,n1,ne € N, we have that
(pm,’ﬂ § Sﬁml’nl + ssz,nz (310)
on D, in which my +mo =m and n1 + ny = n.

PROOF: We prove the assertion by induction. First, ¢¥" < 0™ + %72 for all ny,ny €
N such that n = ny + ng, follows from Theorem 4.11 of Milevsky et al. (2005). Next,
gom’() < @mlvo + gom?’O, for all my, mo € N such that m = my + ms, can be proved similarly.

Next, we assume that for mq,mo,n1,no € N with m; + me = m and ny + ny = n, we
have

(pm,nfl < (pml,nl + spmz,anl (pm,nfl < (pml,nlfl T (me,nz
— b —

)

cpm—l,n < (pml_l’nl +<pm2,n2 cpm—l,n < (pml’nl +80m2—1,n2 (311)
— b — )

with the convention that if say m; = 0, then we do not consider the inequality ™ %" <
@b 4 p™m2m2 hecause 1™ is not defined. Under the assumption in (3.11), we now show
that ™™ < ™™ 4 M2 To this end, define the differential operator £ on D by (3.3)
with ¢ = gy, from (3.4). Because ¢"™™ solves (2.18), we have that Lo™™ = 0. Define
n & pmum 4 pm2n2 on D, Then, if mi, ma,n1,n2 > 1, we have

577 _ nlA(cpm,nfl . sDml,nlfl _ cpmg,nQ) 4 nQ}\(cpm,nfl . sDml,nl _ cpmg,ngfl)

+ ml)\((pm—l,n _ (pm1—1,m _ (pmmnz) + m2)\((pm—1,n _ (,Oml’m _ (,Om2_1’n2)

+ a\/UQ(A = A28 4 A (n = 9™ 4 mA (n — gl — 1)

\/02(A A2 (P51 4 g A (gmaom — pmim=1)2 4omy X (pmm — gmi—n — )2

\/0-2()\ )\) ( m2f”2) + n2>\ (samz,rw _ wmz,n271)2 + m2>\ (samg,ng _ @m2717n2 _ 1)2
§ (Tl1>\ —« nl)\)(cpm’”_l o sDml,nl—l o sDmg,ng)
+ (Tlg)\ —« 7@)\)(90"“”71 o sDml,nl _ cme,ngfl)

m—1n _  mi—1n, mz,n2)

¥ - ¥

mz—l,ng)

+ (maA — ayv/mi) (e

12

(
+ (m2>\ —a m2)\)( m—1,n mi,mn1
<0.

- ¥ - ¢

(3.12)



Note that the first inequality follows from an application of Lemma 3.2 by assigning By =
U()\ _A)(pml,m7 Cy = U()\ _A)(pmg,ng, A= \/X(n _ (pm,n—l)7 Ay = \/X((pml’"l _ (pml,m—l)7
Ay = \/X((pmg,nz _ (pmz,ng—l), B = \/X(77 _ (pm—l,n _ 1)7 B, = \/X((pml,nl _ (pml—l,nl _ 1),
and By = V(M2 — @m2=Lr2 _ 1), Tt follows from the induction hypothesis in (3.11)
that A > A1, A > As, B > By and B > By. The last inequality in (3.12) follows from
the induction hypothesis and from o < /A and A > ). If any of my, mo,ny, or ny is 0,
then the corresponding term in (3.12) is 0. We also have that @™"(\,T) =n =ny +ng =
MM (N, T) 4+ ¢™>"2, From Theorem 3.1, we conclude that ™" < ™1™ 4 pm2:n2 - [

Because P™™ = Fp™" it follows from (3.10) that P™" < P™1™ 4 P™2n2. that is; the
price P™™ is subadditive. Subadditivity is a reasonable property because if it did not hold,
then buyers of insurance could insure risks separately and thereby save money.

In our framework we define the relative price of a pure endowment at time t as the
difference P™" L (r X\, t) — P™"(r, N\, t) = F(r,t) (™" T\ t) — ™™(\,t)), for m,n € N,
given that the insurer already holds m life insurances and n pure endowments. This relative,
or marginal, price is nonnegative as a result of Theorem 3.2. The corollary below gives a
tight upper bound on the relative price of a pure endowment.

Corollary 3.1 Let us introduce
h(t) £ exp(—(A — a/A)(T - 1)), (3.13)
which solves the pde for ©%' when we set \y = A\ for all t > 0. Then for all m,n € N
@) — @A) < h(t), A > At >0, (3.14)
where h is as in (3.13).

PROOF: The proof of is a direct consequence of subadditivity (Theorem 3.3). Indeed
emontl < om0 and %1 < h as a result of Theorem 3.5 of Milevsky et al. (2005).
O

Note that the upper bound h in (3.14) is attained when A\; = A (and thereby A, = A for all
s>1).

The relative price of a life insurance contract when the insurer holds m life insurance
contracts and n pure endowment contracts is given by F (cpmﬂ’” — cpm’”). As a corollary
to Theorem 3.3, we have an upper bound for this relative price.

Corollary 3.2 For all m,n € N, pmtln — pmn <1,

Thus, it follows from Corollary 3.2 that the relative price for a life insurance contract is
bounded above by the price of a default-free zero-coupon bond. As A becomes arbitrarily
large, this upper bound is attained because the individual is very likely to die immediately.

4 Conclusion

In this paper, we developed a relative pricing methodology for pure endowments and life
insurances, assuming that the insurer has already sold a portfolio of these instruments. In
our model, we take the hazard rate and the interest rate to be stochastic. The market is
incomplete since the insurer can not fully hedge the against the stochastic mortality risk.
The insurer values a portfolio of pure endowment and insurance contracts by specifying the
instantaneous Sharpe ratio of the optimal local hedging portfolio.

We first show that the value of the portfolio with m life insurances and n pure endow-
ments, P™", satisfies subaddivity; that is, P™" < P™u" 4 P™2.72 for any my, Mo, N1, Ny €
N such that my + ms = m and n; + no = n. This property shows that for given market
prices for insurance and pure endowments, the insurer is better off selling both the pure



endowment and the life insurance instead of selling only one type of contract; that is, life
insurance and pure endowment hedge each other partially.
We also found that the relative price, P™"T1 — P™" for a pure endowment satisfies

0< pmontl _pmn < pp

Here F' is the price of a zero coupon bond and h < 1 is a risk-adjusted probability of survival,
see equation (3.13). Similarly, the relative price of a life insurance, P™+hm — P gatisfies

0 < pmtln _ pmn < p
In future work, we plan to investigate the limits,

lim lim (P™"*' — P™") and lim lim (P™*h" — pmn))

n—oo m—0o0 m—0o0 N—00

which are the relative prices of pure endowment and life insurance contracts, respectively,
given that the insurer has sold arbitrarily many of these contracts (the saturation prices).
We are also interested in determining the corresponding rates of convergence to see how well
these limits might approximate the prices of contracts in real life.
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