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Abstract

Stochastic differential games are considered in a non-Markovian setting. Typi-
cally, in stochastic differential games the modulating process of the diffusion equa-
tion describing the state flow is taken to be Markovian. Then Nash equilibria or
other types of solution such as Pareto equilibria are constructed using Hamilton-
Jacobi-Bellman (HJB) equations. But in a non-Markovian setting the HJB method
is not applicable. To examine the non-Markovian case, this paper considers the
situation in which the modulating process is a fractional Brownian motion. Frac-
tional noise calculus is used for such models to find the Nash equilibria explicitly.
Although fractional Brownian motion is taken as the modulating process because of
its versatility in modeling in the fields of finance and networks, the approach in this
paper has the merit of being applicable to more general Gaussian stochastic differ-
ential games with only slight conceptual modifications. This work has applications
in finance to stock price modeling which incorporates the effect of institutional in-
vestors, and to stochastic differential portfolio games in markets in which the stock
prices follow diffusions modulated with fractional Brownian motion.
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1 Introduction

The study of stochastic differential games with controls is a part of game theory that
is relatively unknown, even though it has significant potential for application as noted
by Oksendal and Reikvam [34]. Prior work in this area has focused on the examination
of such games in a Markovian setting (see below). In this paper we will study a type
of non-Markovian stochastic differential game. In particular, we will consider a game in
which the n-dimensional state X; follows the following stochastic differential equation:

dX; = p(t, Xy, 01, ..., oy)dt + o(t, Xy, v, ..., vy )dBID, (1)
[0, 7] x R x T x ... x Ty = RY, (2)
o:[0,T]x R* x Ty x ... x Ty = R" x R™, (3)

where v; € T; C IR" is the control of ith player over the state and is adapted to the
natural filtration of B, Here T is the expiration date of the game, and B is an
m-dimensional fractional Brownian motion (fBm) having independent components, with
H = (H,, ..., H,) denoting the vector of Hurst parameters of the components with H; €
(3,1). That is, B is an almost surely (a.s.) continuous zero mean Gaussian process
having the autocorrelation structure given by

. 1
E{BIB} = S {|s" + [t — |t = s/} oy, 1<ij<m, (4)
where
0 ifi#j,
0ij = e (5)
1 if7=7.

Each agent wants to maximize its own pay-off (with this feature the problem differs
from the usual optimal control problem):

Ji(z) = E° { /0 U X o)t 4 KT, XT)} | (6)

where E*{-} denotes conditional expectation given Xy = .

Typically in this type of setting the modulating process in (1) is taken to be Brownian
motion, i.e., H = (%, s %) and the controls of the players are Markovian. Then Nash
equilibria or other types of solution such as Pareto equilibria are constructed using the
Hamilton-Jacobi-Bellman (HJB) equations. (See e.g. Friedman [11], Gaidov [12], [13],
[14] Nilakantan [30], Qksendal and Reikvam [34], and Pravin [39].) However, fBm is not
a Markov process for any H other than %, and therefore this approach does not work
for the general case of (1). Here we will develop a quasi-martingale approach to the
solution of this problem using the fractional noise calculus developed by Duncan et al.
[9], and Oksendal and Hu [35] which generalizes White noise calculus (see [1]) to develop
an integration theory with respect to fBm. The key to our solution will be the fractional

Clark-Ocone formula developed by Oksendal and Hu [35]. The integrals in (1) are Wick
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type integrals (see Definition 3.4) rather than Stieltjes integrals (defined pathwise see e.g.
[40]). The motivation for using Wick type integrals is as follows: The pathwise integral
fot [0 B with respect to fBm does not in general have a zero mean, i.e.

E{/OtfséBf};AO. (7)

However the Wick type integral fot f+dB! has zero mean, i.e.

E{/OtfsdBf}:O. (8)

Therefore in a stochastic differential equation (SDE) of the form
dX; = b(X,)dt + o(X;)dB/, (9)

the volatility term o(X;)dB} does not contribute to the mean rate of change, as it does
with SDE’s with pathwise integrals. Since seperating the random fluctuations from the
mean rate of change is desirable for our purposes, we prefer to use Wick type integrals
for defining the integrals with respect to fBm. (See [9].) (Note also that only in the
Wick type calculus the standard tools of It6 calculus such as Clark-Ocone formula are
available.) See [8] for applications of Wick calculus to pricing weather derivatives, [10]
and [35] for further applications of Wick type calculus particularly in finance.

Fractional noise calculus reduces to White noise calculus when H is replaced by 1/2.
Moreover the integrals of adapted processes in this framework are equal to the It6 integrals
of these procesess with respect to Brownian motion. Hence our results hold in particular
for the standard framework, i.e. when the modulator is a Brownian motion, and the
integrals in (1) are taken to be Ito integrals.

This work has an immediate application in finance, to stock price modeling when the
long-range dependence is accounted for in the model. The stock prices are considered to
be states in this setting while the agents are not price takers, i.e. their trading change the
price level. This models a market with institutional investors who make large transactions
and therefore influence the prices of the stocks. These investors find themselves in a
random environment due to the existence of small investors. The small investors are
typically inert, i.e. that is they do not trade for long time intervals. A micro-structure
model taking the inertness of the agents into account is constructed in [5]. It is shown
that the prices arising fron the interaction of the small agents can be approximated by
geometric fractional Brownian motion. The game theoretic setting in this paper is an
extension to the results of [5] in the sense that, we start by assuming that the noise in the
environment can be modeled by an fBm differential in the controlled stochastic differential
equation (1), which is the noise due to the trades of the small investors.

Another possible application is stochastic differential portfolio games, which are stud-
ied by Browne in a Brownian motion setting in [6]. This formulation is applicable to
the analysis of traders who are competing for a bonus, or to fund managers whose funds



are invested in different markets, and who achieve rewards based on the relative perfor-
mance of their funds. Yet another possible application is the stochastic goodwill problems
(finding the optimal advertising policy for the maximization of the product image) in ad-
vertising when there are more than one good of the same kind in competition. (See [29]
for stochastic goodwill problems in a stochastic optimal control setting.)

The rest of the paper is organized as follows. In Section 2 we give two Nash-equilibrium
theorems, the first theorem is in a one-dimensional setting while the second one represents
a more general type of setting where the states observed by the players and the source
of randomness are multi-dimensional. In Section 3 we give a brief overview of fractional
noise calculus. In Section 4 we give a proof of our first theorem, and in Section 5 we give
a proof of our second theorem. Finally in Section 6 we give a sketch of how to extend the
fractional noise machinery to more general Gaussian modulation processes.

2 Main Results

In this section we introduce two theorems which give explicitly the Nash-equilibrium
strategies in two NN player games. In the first game there is only one source of randomness
and there is a common state observed by all players. The second game is a more general
game where there are m sources of randomness and there are n states which are observed
by all the players.

2.1 Nash Equilibrium in a Linear Game of N players

For the ease of exposition we consider first a one dimensional state equation, with the
drift and diffusion coefficients controlled linearly by the players:

dX, = rXpdt + Y oq(Hu(t)dt + C Y Bi(t)vi(t)dt + > Bi(t)vi(t)dB" (2), (10)

where B denotes the one-dimensional version of B) with H; = H. The initial state
will be denoted by X, = x. The pay-off function of player ¢ will be of the form:

Teali(t)  bXy
Ji(:r):E;’j{/U MdH—T}; (11)

Vi ’Yz'-

that is, players are constant relative risk averse (CRRA). Here y is the measure on the
sample space under which the canonical process is an fBm. Player ¢ controls the state
by its choice of actions (u;,v;). We assume that «; : [0,7] — R is bounded for each
i € {1,..., N}. The coefficients functions 3; : [0,7] — IR will appear in the definition of
admissible strategies.

Since this game is in a non-Markovian setting, it cannot be solved via the HJB method.
Instead we will employ the recently developed fractional Wick calculus, which we describe
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briefly in Section 3 and the fractional Clark-Ocone formula (which is given along with the
proof of the equilibrium theorem) to find Nash equilibria for this game. Observe that w;
affects the drift of the state and also appears in the pay-off function. It can be interpreted
as a cost for the player, i.e. for gaining a certain amount of riskless increase the player
pays an associated cost. Whereas by choice of v; the player does not have to pay a cost
for an associated gain (since this action does not appear in the pay-off function), but it
is taking some risk (since v; affects the diffusion coefficient in addition to the drift).

Let us introduce the following notation that is necessary to define the admissible strate-
gies and for the statement of the theorem.

Define K as

B C(Tt—t2)z 1
K = SHer —Orer - 1@ — 2@ cwsm@ — Ty eI 12

and define ( by

(=A)"FE) (s) = (—A) VDK (s), 0<s<t,

13
G(s)=0 s<0 or s>t (13)
where the operator (—A)~(7=1/2) gperating of a test function f is defined by
1 o
_A)-T-172) _ / P2 p()d (14
where I' is the gamma function and is given by
[(x) :/ t*le7tdt x> 0. (15)
0
The existence of such ( is guaranteed by [18].
Define ji and n by
dji g Lo
o1) =i (- [ K9 - JKE). (16)
| K[ is given by
K5 = | K(s)K(t)¢(s, t)dsdt, (17)
RZ
where
P(s,t) = HQ2H — 1)|s — t]*"72;  s,t € Ry. (18)

Note that integrals of deterministic functions w.r.t fBm are well defined, as will become
clear in Section 3.

And finally define p by
plt, w) = B, {n(T)|7.}. (19)
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where F; is the o-algebra generated by {B, s < t}.

Now we will introduce the solution concept of Nash equilibrium in our context. We
consider a set A = A; X ... X Ay of admissible strategies for which the admissibility
conditions are adaptedness with respect to (w.r.t.) the filtration generated by fBm and
the following integrability condition

Bivi € Ly (), (20)

where E;’Q(ﬂ) denotes the completion of the set of all F; adapted processes f such that

1 o= Ea{ [ [ f(S)f(t)¢(S,t)d8dt}+Eﬁ{< /| fo<s)ds)2} <oo (1)

Here D¢F = [ ¢(s,t)D,Fdt, where D,F denotes the Hida-Malliavin derivative of F,
which will be introduced in Section 3.

Definition 2.1 The strategy z° = (u®,v°) € A is called a Nash-equilibrium strategy if,
for each i, player i’s action z§ = (u;,v;) € A; is a best response to its opponents, i.e.

JE(2], oy 215 2is 25415 0 2) < S (2°), (22)

for all =, for each player i and for all z; € A;.

Then we have the following Nash equilibrium theorem:

Theorem 2.1 Consider the game given by (10) and (11). Then the following conditions
((23), (24)) are necessary and sufficient for the existence of a Nash-equilibrium:

Vi=+" fori=1,.,N (23)

al T L : 1 ik rt 2 Vi
E mY=1b) T oy(t)ri—Te =T exp <7C )dt
i:l/o ool 21— 7

(24)
v 2v'| K|,
-1 -1 T =
+m~-1e " -1lexp <2(1 )2 x,
has a solution m* € IR.
Let ((u§,v), ..., (u§,v%)) denote the agents’ Nash-equilibrium strategies. The first
components of the equilibrium strategies uniquely determined by
*bio(t =
m 0;Q - i .
ui (t) = <7()e rtp(t,w)) , fori=1,...,N, (25)
&



while the second component of the players’ strategies will be any of adapted (to the filtration
of fBm) processes satisfying the following constraint:

N K t
—rt e *\ =7 (t) 1 / H C
.01€ — [ R S BY —
e ;1 Bivi(t) = (m*)7 T exp | 7 5/ K(s)dB, T

N
2—9 1 ) 0 /T o mh
7}—( [ — — i i—1 !l
+2(1—72)| o L—o e 0 ;MW (Ci
ut Ay t b
X C()e i 1exp( /(u(s)stH—
L= j
2 —
+ﬁ|@|¢ |Cu Ut|¢>du

(26)

where 1 stands for the indicator function. Finally, the state at time T at Nash equilibrium

18 given by
1 1 —rT

F* = (m*)7-n(T) 7T e

(27)

2.2 Multi-dimensional Games

In this section we will give the Nash equilibrium theorem for games with an arbitrary
number of states and multiple sources of randomness affecting the evolution of the states.
Here the sources will be independent fractional Brownian motions with different Hurst
parameters as in (1)-(5).

We again consider linear controls, so that the dynamics (1) of the states are of the form

dX| = (nXW—ZOz t) + vl (¢ )fl(t)+...+vfm(t)fm(t)>dt
(28)
(val (tYdBI + ...+ vl (¢ )dBth>, for +=1,...,n, and X, =ux.

Jj=1

Player i controls the state through the control inputs u; and (vf'gj) The pay-off function
for player 7 is given by

T
0
for some ¢g; : R — IR and h; : R® — R. We assume that
fi:[0,7] = R i=1,...,m are continuous, (30)

and
ai(t): [0, 7] = R t=1,..,n; i=1,...,N are bounded. (31)
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Each player is interested in maximizing its own pay-off function, and we will find the Nash
equilibrium of this game. To be able to give closed form solutions we will assume that

u)?
gi(u;)) = —, for i=1,..,N, (32)

Yi

- | F ]
i i F 7
h(F) = h(FY) = 2=

where || F* ||= \/(F})2 + ...+ (F)2,0 < s < L and 0 < 4" < 1 (CRRA utility functions).

, for i=1,...,N, (33)

We will now introduce some variables that are necessary to state the equilibrium theo-
rem in this multi-dimensional case.

Suppose that f; for i = 1,...,m is a solution to the integral equation
T A
| dootsnas = 0, 0<e<T. (34)
0

when ¢; is obtained from (18) by setting H = H; and set f= (fl, s fm) Note that we
can compute f; from f; using (201) in the Appendix. Also define {; = (¢/, ..., (™) by,

((-2) #2G) () = (8) @) (), o< s <t )
((s)=0 s<0 or s>t fori=1,..m,
where A is given by (14).

We will denote by 7 the following random variable

(T, w) = exp (— Z/Rﬁ-(t)dBf” - %If@) , (36)

where

=3 / Fi() Fu®)n(s, tydsdt = S il (37)
i—1 Y R? i=1

Finally let p(¢,w) denote the conditional expectation of n(7,w) given the past up to
time t, i.e.

p(t,w) = E{n(T)|F} . (38)

J
%3

We call a strategy profile ((u;), (v};)), admissible if each strategy is adapted to the

natural filtration generated by B(*), and the following integrability condition is satisfied:
Ufi € E;ZQ(,&) forj=1,..,N; v=1,..,n;i=1,...,m; (39)

where L;f(/l) is the completion of all F; adapted processes satisfying (21) with ¢ replaced
by ;.

We can now state our multi-dimensional equilibrium theorem.
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Theorem 2.2 Consider the game given by (28) and (29). Then the following conditions
given by (40) is necessary and sufficient for the existence of a Nash-equilibrium:

T .1_1 Tt’}/z Vi 2
/Zal )\az )z exp(1_%—|—2(1_%)2|Q|¢>dt

(40)
29/ T 04
AN
SN e (125 4 5l ) =
has a solution \* € R®, where o; = (a}, ..., aM)T.

Let ui and ((Ufk)e),l =1,...,nand k =1,...,m denote the equilibrium strateqy of player
1. Then ui s uniquely determined by

1

ui () = (W) ai(t)e ™ p(t, w)) ", (41)

and (v},) are any adapted (to the filtration generated by fBm) processes satisfying the

following constraints:
7,fk<t)exp<1 e /f

mzvlk =\ |)\*||”' 2
1 =T
_W|f10t|¢ 21— )|f|¢) / Z@z Ta(s))™
1 T5%; 1 & i (\d B
- Zs<t)exp<1_%+1_%;/ocs<u> u

1 2 —7;
(u)du — —————|Cslign]? + ——
u) fj(u)du 2(1 — ;)2 IS [O’ﬂ|¢ + 2(1 — ;)2

u)]@(u)du) ds

forl=1,..,n,andk =1,....,m andt € [0,T]. The final state at time T at the equilibrium
15 given by

1G5

(42)

Fe = p(T) 77 e7 | A*]| 71 A" (43)

Before proving Theorems 2.1 2.2 we will, in the next section, give a brief introduction
to fractional noise calculus, and introduce other essential background, mostly following
the treatment by Hu and Oksendal [35]. (Although the original name given by Hu and
(Oksendal in [35] to this kind of calculus was fractional white noise calculus, we prefer to
omit 'white’ from the name since white suggests independence at each point in time, and
here the noise considered is far from it.)



3 Fractional Noise Calculus

Following the traditional white noise calculus formulation [16], [17], and [23], we will
take the probability space in the first game (10)-(11) (where there is only one source of
randomness) be 2 = §'(R), i.e. the space of tempered distributions (the dual space of
S(R), the Schwartz space of rapidly decreasing functions) equipped with the weak-star
topology. Then we will take the events to be Borel subsets of S’(R). In what follows
LZ(IR) will denote the completion of the set of measurable functions satisfying

1= [ 100005, ndsdt < o (44
R

Remark: Tt is shown by Taqqu and Pipiras [36] that the set of functions satisfying (44) is
not a complete space.

For any f,g € L3(IR) their inner product is given by
(o= [ 16 0(s, s (15)

We can state the following result (see:[16]):

Theorem 3.1 (The Bochner-Minlos Theorem)([16]) There exists a unique probability
measure j on §2 such that

/ <> du(w) = e 2V, for all f € S(R), (46)
Q
where < w, f > denotes the action of w on f.

Remark: The proof of this theorem uses the fact that the map f — exp(—%|f|§5) is positive
definite on S(R).

In our setting ¢ is taken as (see (18))
#(s,t) = H2H — 1)|s —t|*" % s, teR. (47)

Remark: By adapting the white noise machinery presented in this chapter, Theorems 2.1
and 2.2 can be shown to hold for more general Gaussian modulators in the state flow
dynamics. However we state the results in terms of fBm to emphasize the fact that the
game under consideration becomes non-Markovian, and also because this case admits an
explicit equilibrium. Another motivation for this model is the fact that fBm is frequently
used in modeling in finance ([3], [4], [28], and [35]), networks ([25] and [31]), and other
applications([2], [32] and [33]).

Let us define a random process on €2 by

BH(t) =< w, X[0,t] > t> O, (48)
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where x is given by

1 ifo<s<t
Xo,q(s) =4 -1 ift <s<0,except fort=s=0 (49)

0 otherwise.

From (46) we see that By is a zero mean Gaussian process with autocorrelation given
by
< 1
B{BIBIY = 5 (P + | — |t = s"). (50)
Due to the Kolmogorov-Centsov Theorem ([22]) there is a modification B of B? whose
sample paths are Holder continuous of order less than H, and therefore B¥ is an fBm.

The stochastic integral of deterministic functions w.r.t. fBm are well defined by the
following theorem.

Theorem 3.2 ([15]) If f,g € LL(R), then [, fdB™ and [, gdB™ are well defined zero-
mean Gaussian random variables, with variances |f|35 and |g|§> respectively, covariance
< f,9 >, i.e. the integral operator is a Hilbert space isomorphism.

Note that
<w, f >:/ f)dBf" for f € L3(R). (51)
R

For Wiener chaos expansion of random variables in L?(x) one first has to find the or-
thonormal basis for L7 (IR). Let

20 A" —a?
ha(z) = (—1)e’/2 2 (eT) . forn =0,1,.. (52)

dam

be the Hermite polynomials. Then the Hermite functions defined as

- 1 a2
ho(z) =777 ((n = 1)) 2hyy (V22)e™, n=1,2,.. (53)
form an orthonormal basis for L*(RR) ([23]).

Define the map from the space of functions satisfying (44) into L?(IR) by

1)) =en [ 0= 0" fio) 54

where

CH:¢H@H—DN%—H) (55)

I'H—-3)I(2-2H)

(here I denotes the Gamma function). This map preserves the inner product, and the
Hermite functions are in the range of this map. Let I ! denote the inverse map of I,. (For

11



summable functions this inverse exists and is proportional to the Liouville differential of
order H — 1 [38], since I4(f) is proportional to the fractional integral of f of order H — 1.)

The set (e, = Iqjl(ﬁn))nzl,z,._. constitutes an orthonormal basis for L7 (IR). Let J denote
the set of all (finite) multi-indices of non-negative integers. Then for

a=(ay, 09, ...,0p) € J, (56)

define
Hy(w) :=ha, (< w,e1 >).hg,, (< w, e >). (57)

Note that

E{HHs} =0 ifa# b,

E{H2} =l (58)

Now we are ready to state the fractional Wiener-chaos expansion theorem.

Theorem 3.3 ([35]) Every F € L*(u) has a unique representation

F(w) = coHa(w), (59)

acJ

where ¢, € R for all « € J. The norm of F' is given by

Fliag =Y olch, (60)
aeJ

where a! = aql...ap,! for a = (aq, ..., ).

The more familiar Wiener-chaos expansion theorem follows from Thm. 3.3 by using the
following identity due to [9]

Ho(w) = / €201 @elon (dBT)on, (61)

where n = ay + ... + a4y, and ® denotes the symmetrized tensor product.

Define ii(]R“) as the space of functions f : R® — R such that

[y ®s,) = fx1, ..y T0) (62)
for all permutations o of (1,2,...,n), and that
|f|Lé(Rn) = A1, 01) (U, V) f (U, oy ) f (V1 ooy V) duy .. dtiydvy ...dvy, < 00.

R2n
(63)
Then we have the following form of chaos expansion:
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Theorem 3.4 [9] For every F € L*(p) there exists f, € L3(R") for n = 0,1, ... such
that

F(w) = Zjn(fn)a

. (64)
|F|%;—1 = Zn!|fn|i§)(}{n)7
n=0
where
L) = [ faBmen = n!/ F (511 oo 5)dBY..dBY. (65)
R» 51<...<58n

For defining the integration w.r.t fBm of random functions we will make use of the fol-
lowing spaces of measurable functions:

Definition 3.1 a) The Hida test function space (S)y is defined to be the set of all

Y(w) = Z aoHy(w) € L?(1)  such that
acJ

66
W5y, =D alal(2N)¥ < oo for all k €N, (66)
acJ
where
N =[[@)% if B=(i,.. Bm) € T. (67)

J

b)The Hida distribution space (the dual of (S)m, see [41]) (S)}; is defined to be the set of
all random variables
G(w) = Z bgHa(w) such that
BeT

(68)
|G|(s);,,q D= Z ﬂ!b%(?N)’qB < oo for some q € N.
BeT
The action of G € (S)3; on ¢ € (S)g is given by
<< G h >>i= Z alayb,. (69)

acd

For defining the integral w.r.t fBm it is necessary to define (S)%-valued Pettis integrals
as follows.

Definition 3.2 A function Z : R — (S)}; is (S)3 integrable if
<< Z(t),y) >>€ L'(R) for all Y € (S)y. (70)

Then the (S)j integral of Z denoted by [ Z(t)dt, is the unique element in (S)} such
that

<< / Z(t)dt,p >>= / << Z(t), Y >>dt, forally € (S)g. (71)
R R
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Remark: t — B is differentiable in (S)%, i.e. fractional noise is a well-defined object
and we denote it by (W}/).

Below we describe the Wick product which is the last ingredient necessary for describing
the integration w.r.t fBm.

Definition 3.3 Suppose F,G € (S)3; are given by

Fw)=> aaHa(w) and G(w)=Y_ bsHs(w). (72)

acJ BeJ
Then the Wick product F'o G of F' and G is defined as
(Fo@)(w)= 3 aubsHaps(w) (73)
o,BET

Remark: (S)g, and (S)3; are closed under Wick product.

The Wick exponential exp® is defined as

exp(X) = 3 2, (74)

n=0

provided the series converges in (S)};, where X°" = X o ... o X (n factors). Using the
identity

exp (tx - %t2> = —h(z), (75)

one can show that

e’ (<. f ) =exp (< f>—3IfE). feLim) (76)

Definition 3.4 Suppose Y : R — (8)} is such that Y (t) o WH is integrable in (S)%.
Then [, Y (t)dB{ is defined by

/R Y (t)dB}l = / Y (t) o WHdt. (77)

R

Lemma 3.1 Let E;f(,u) denote the completion of the set of all F; adapted processes f
such that

1 =5 [ [ f(S)f(t)¢(S,t)dsdt}+Eu{< / fo<s>ds)2} <o (1)

IfY € E;’Q(u) then [, Y,dB[' exists as an element of L*() and its norm is given by
1Y ll e,
s ()
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For finding the equilibrium strategies we also make use of the Hida derivative (which is
called the Malliavin derivative in the context of Wiener space) which we will define below.
We first define the directional derivative:

Definition 3.5 Suppose that F : &' — R and v € §'. Then the directional (Gateauz)
deriwative of F in the direction of v is given by
F - F
D, F(w) = lim 100 €0 = F(w) (79)

e—0 €

if it exists in (S)7.

Definition 3.6 F : &’ — R is said to be differentiable if there is a map K : R — (S)%
such that

K(t,w)y(t) is (S)} integrable

80
and D,F(w /Ktw )y(t)dt for all v € L*(R). (80)
Then DiF(w) := K(t,w) is said to be the Hida derivative of F.

Below we introduce the Pothoff-Timpel test functions and distributions [37], since we will
make use of them to define quasi-conditional expectation in the following sections. Also
we will see that the Hida derivative of the random variables in these spaces exist.

Definition 3.7 a) f(w) =37 [ga fa(dBT)®" belongs to the space G (test space) if

12 =Sl ful2ageye®™ < 0o for allk € N, (81)

n=0

b) G =3 [an gn(dB™)E™ belongs to the distribution space G* if

Ilge_y: Zn |gn|Lo Ro)€ 2" < o0 for some q € N. (82)

Remark: We have the embeddings:
(S)*>G >L»)*=L*>GDS. (83)
Remark: Let FF =Y coHy(w) € G*. Then the Hida derivative exists and is given by

Fw)=> ca Z o H i (w)es(t), (84)

where £ = (0,...,0,1,0, ...,0) with the 1 in the ith component.

We proceed by defining the quasi-conditional expectation and then introducing the frac-
tional Clark-Ocone theorem which will be crucial in reducing the dynamic optimization
problems of the next section into static optimization problems.
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Definition 3.8 [35] If F € G*(u) has the following expansion

F(w) = z% /[0 - fa(dB™®™, (85)

then its quasi-conditional expectation is given by

BAFIFY =Y [ nanmy (56)

Note that EM{F‘}}} # EN{F‘]-}} in general. (Only for H = % is the quasi conditional

expectation operator the same as the conditional expectation operator on L?(u).) However
the following property holds,

E{F‘}"t} =F as.< F is F measurable. (87)

The following property of the quasi conditional expectation will be helpful in the compu-
tations: . . .
E{F o G|F;} = E{F|F} ¢ E{G|F} for F,G € G", (88)

We will also need the notion of a quasi martingale which is defined as follows:

Definition 3.9 Suppose M; is an (F;) adapted process in G*. It is called a quasi-
martingale if

E{M,|F,} = M,, forallt>s. (89)
Lemma 3.2 [19] Let F € E;’Q(u). Then
t
M, = / F.dBY, (90)
0
18 a quasi-martingale.

Now we will state the fractional Clark-Ocone theorem.

Theorem 3.5 [35] Suppose G(w) € L?(u) is Fr measurable. Define
P(t,w) = E,{DG|F}, (91)

where DG is the Hida derivative of G at t, which exists as an element of G*(u). Then
Y e £;;2(,u) and

G(w) = E,{G} + /0 Wt w)dBY. (92)
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For multi-dimensional games where there are multiple sources of randomness we will
need multi-dimensional fractional white noise theory, a treatment of which is given in [7].
Here we will give a short introduction.

Let p be the probability measure on S" as defined before. For a fixed m € N define a
new probability space by
Q:=8 x...x8 (m factors),

93
P, = X ... X p (m factors). (93)

The action of w = (wy, ..., wy,) € Qon f = (fi,..., fm) € S :=S(R) x...x S(R) is defined
tobe <w, f >=>"" < w;, f; >. Then we have

/Qei<w’f Zdpy, = 72V, (94)

where |f|? =0 | fz-|%2(R). m-dimensional fBm is given by the continuous modification
of
BtH = (< Wy, 1[0,t] > < Wiy, 1[0,t] >). (95)

The multi-dimensional fractional noise calculus goes through, and the main ingredient
of the generalization from the one dimensional case are the following random variables
which are the multi-dimensional versions of (57). Let J™ = J X ... x J (m factors) be
the set of m-tuples ' = (v!,...,4™) with 4* € J. Then we define

Hr =[] Hy. (96)
=1

and using it instead of (57) the multi-dimensional case goes through with only slight
modifications.

4 Proof of Theorem 2.1

Recall that in Theorem 2.1, we consider the one dimensional state equation (10). where
the pay-off function of player i is of the form (11).

As noted previously, we will employ the fractional Clark-Ocone formula and the Wick
calculus introduced in Section 3 to find Nash equilibria for this type of game. We begin
this development by stating a fractional version of Girsanov’s theorem, which is given by
[35].

Theorem 4.1 ([35]) Suppose T > 0 and u : [0,T] — R is continuous. Suppose further
that K : [0,T] — R satisfies the equation

/TK(S)¢(s,t)ds =u(t), 0<t<T, (97)
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where ¢ is given by (47). Extend K to R by putting K(s) = 0 outside [0,T]. Define the
probability measure 1 on Fr by

) (- [ " K(s)dBY 313 (98)

Then .
B! :/ u(s)ds + B/, (99)
0

15 an fBm with respect to [i.

The dynamics of the state (10) can be written as
d(e " X,) —e " Z ai(t)u;(t)dt = e Z Bi(t)vi(t)(Cdt + dB]"). (100)

Let n and j1 be defined as in (16); i.e

dii 4 P B
1) = = e (- [ (o - JIKE

= oo (- [ K@),

where K is from (12). Then since K solves (97) for u(t) = C (see Appendix Lemma 8.1)
and by the fractional Girsanov formula, the process

(101)

Bl = ct + BE, (102)

is an fBm with respect to ji having the same Hurst parameter as the modulating process
n (10). Thus, the differential equation describing the flow of the state is given in terms
of B as,

t N t N
e "X, — / e " Z a;(s)u;(s)dt = x + / e " Z Bi(s)vi(s)dBI. (103)
0 i=1 0 i=1

To be able to find a Nash equilibrium, we will use the quasi- martingale approach to
stochastic control in the proof. (For another application of this approach see [19].) We
first find the best response of a player to the given strategies of other players and for that
we will use the fractional Clark-Ocone Theorem (Thm 3.5).

First note that by Lemma 3.2 and (20),

/ —”Z@ s)vi(s)dB! (104)

18



is a quasi-martingale. Therefore we have
t N
E; {e_”Xt - / e’ Z ai(s)ui(s)dt} =z. (105)
0 i=1

Now let G be given by

T N
G=e¢"F, - /0 e " Z a;j(s)u;(s)ds. (106)
7=1

Assume G € L?(j1). Then if
E{G} ==, (107)

then by the fractional Clark-Ocone formula (92) we have
T ~ ~
G:x+/ E; {D,G|F,} dBL. (108)
0
If we choose v; such that

_ > iz Bi(s)vi(s) + ersEﬂ{DsG‘]‘—s}
Bi(s) ’

vi($) (109)

in (103), from (108) we see that X, = F;.

By the above argument we can change the dynamic optimization problem of maximizing
(11) under the dynamics (10) into a static optimization problem. In particular, given the
other players’ strategies, player ¢ wishes to solve the following maximization problem:

T equ(t) b
K;(x) = sup {Eu {/ ciui(t) dt + 7,1 ; given that
0 i

ug, Fi Vi

E, {—/0 e " Z a;j(s)u;(s)ds + eTTFi} = x}, (110)

=1

where the supremum is taken over F; and (u;) such that

e "TF — /0 e " Zaj(s)uj(s)ds € L*(f1). (111)

J=1

This optimization problem can be solved by first considering for each \; > 0 the fol-
lowing unconstrained problem,

T U 1 Yi sz’Y: T N
Ci(z,\) = sup { E, / citi(?) dt + —— ¢ + NiEp S — / e Z a;(s)u;(s)ds + e "TF; b b
ui, Fy 0 i Vi 0 =

(112)
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and then solving for )\; from the slackness condition:

E, {— /0 e " ; a;j(s)u;(s)ds + eTTFi} =z. (113)

Let us define, as before, the following random variable

p(t,w) = B {n(T)| 7}, (114)
where 7 is from (101). Using the fact that
Eu{n(T)ui(t)} = E{p(t)ui(t)}, (115)

we can solve (112) by maximizing pointwise, i.e. for each ¢ and w, the functions,

Vi N
CiU; —r
() = S = Xipltw)e S a0 (116)
7 =1
and ,
b F T
hi(F;) = —— = An(T,w)e "™ F;. (117)

Vi
Since 0 < ; < 1, these functions are concave, and therefore we can solve gi(u;) = 0 and
hi(F;) = 0 to find the maximum points, which are given by,

1

wi(t) = (A"p Y w)e_rto“(t)> - (118)

C;

and

. T —rT ﬁ
Fi:<Am( ,b@)e )” . (119)

Since «;(t) is bounded by assumption, (111) is satisfied. Note that at the Nash equilibrium
F; is independent from the player index 7, i.e. F; = F€¢ for all i. We will use this
condition to show that the Lagrange multipliers at the equilibrium are necessarily linear

in b; and then use the slackness condition to actually find their value. First we will find
1

E, {n(T)”i‘l} Note that

L 1 r 1
T)" ! = K(s)dB" + ———|K|?
i(T) eXp<1—%’-/o ()AB 5] |¢>

1 T 1 2 —
= K(s)dB?! — —— |K|? A
eXp<1—%/o B = s |¢> o (2(1—%‘)2| |¢>

E {exp° (/OT f(s)dBf) } =1, (121)

20
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for all f € L*(u) we thus have

R T e LA (12)
()" b = exp | gy
Hence L
A\ it 22—~ rT
EF;, = - SRR o | R —— 123
<b¢> - <2(1—%‘)2| o %‘—1> 129
Then

_1%4 /OTK(S)dBf> : (124)

From (124) we see that for a Nash-equilibrium to exist necessarily we have v/ = 4/, and
A¢ = mb;. From (4) we see that m is to be found from the slackness condition:

[ 0 s () (S

(125)

szwuww(l

Note that by (101) we have the following
S ’YI T o ’71
T)77 = K(s)dBY + —L _|K|2
o077 e (2 [ Kans 4 )
’YI T - ’7’
= ¢ K(s)dB — _|K]2).
o (1 - /0 (s)aP. ) o (2(1 — |¢)

E {n(T)J'I} — exp (ﬁm;). (127)

Using Thm. 3.2 of [18] p(t, w) can be written as

(126)

! 1
plt.u) =exp ([ Gl - Jlal). (125)
0
where (; is given by the following:

(=) T2 (s) = ((-A) " FVIK)(s), 0<s<t,

129
G(s)=0 s<0 or s>t, (129)

with the operator (—A)~=1/2) on L?(p) defined by (14).
Thus

i
E {pgil} = E{ exp <

from which we conclude that

E {p(t) } — exp <2(1j71'%)2|g|¢>, (131)

/ Ci(s)dBY — ﬁ|§t|¢ ﬁmb 21 — )|Ct|¢>}
(130)




so that m can be solved from (125), which leads to the following equation:

N T 1 1 v t Vi ’7
Z/ my b ()i Te T exp (s |Gilg) dt
i=1 70

2(1 = )?

2 [Kls ) _
2(1 —v')?
After solving for m using (132), then by (118) and (119) we have the final state at the
equilibrium and strategy u; for player 7 leading to that state, given respectively by,

(132)
-1 ,TT_’L <
+m-'-te -1 exp

1 —rT

Fe = m7-1y(T)7-1ev-1, (133)

and )

R e 0} R (134)

&

Observe that these controls are not Markovian. (In a Brownian motion setting the controls
were assumed to be Markovian at the outset so that the HJB equations for an equilibrium
solution can be developed [6], [12] and [34].) Note that

Now we will proceed to find (v;) at the equilibrium, which is the second component
of the players’ strategies. For this we will again make use of the fractional Clark-Ocone
formula.

Suppose G is given by

T N
G¢=e "TF® — / e " Z a;ug(s)ds. (135)
0 i=1
Since there is a unique adapted process (¢, w) such that
T
G* = E,{G} +/ Y(t,w)dB], (136)
0

which, from the Clark-Ocone formula, is given by

Wt w) = B { D}G| F}, (137)

it can now be seen immediately that any adapted (v§) that satisfies

N
E DG |F}=e) Bui(t), (138)
=1

is an equilibrium strategy.

To obtain a more explicit expression, we will compute E;{D;G¢|F;}. Using (133) and
(134), G*° is given by

1 A 1 7 b\ vt i 1
G4(Tw) =7 s T () Y e (M) e )
0o C;
(139)

22



To calculate the quasi conditional expectation of the Hida derivative of G¢ we will first
find it for the stochastic part of the first term on the right-hand side of (139). Define R

as
22—~ 9 C T
Using the chain rule, (102) and (86), we have

£y { D1y 1|7} = B { %) |7 )

1—
K(t) = 1 g Al
= 1_fleEﬂ {exp<> <1_’7’/0 K(S)dBS ‘ft
K(t) o 1 ! HH
= K B 141
P rew (12 [ KB ()
K(t 1 T T
_ K exp / K(s)dBT — ¢ (s)ds
1= L=9"Jg L=9"J;
2—1y 2 1 2
K K1

Now we will find the quasi conditional expectation of the Hida derivative of the stochas-
tic part of second term on the right-hand side of (139) using (128). Le.,

Eﬂ{Dt (e—ru%p(u)ﬁ) ‘ft} =

<u (t) —'ru,ﬁil 1 t i C u
T %e i=T exp (1 =, /0 Cu(s)dB; T /t Cu(8)ds (142)
)

2= 2 1
G —— |Gl
i 2(1 = )? o L= [ulio
Using (138) and (139) we have the result for the second component for the players’
equilibrium strategies, and this concludes the proof of Theorem 2.1. 0

5 Proof of Theorem 2.2

We now turn to the multi-dimensional model (28)-(33), and prove Theorem 2.2. The
key tools in this pursuit are the multidimensional fractional Girsanov formula, and the

multidimensional fractional Clark-Ocone formula, both of which are given by Biagini and
Oksendal [7].

First we give the multidimensional fractional Girsanov formula.

Theorem 5.1 ([7]) Suppose v = (71, .., Ym) € (L*(R))™ and ¥ = (Y1, ..., im) € L7 are
related by

Ye(t) = /R’yk(s)qﬁk(s,t)ds; teR, k=1,..,m, (143)
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where ¢y, 1s given by
br(s,t) = H(2Hy, — 1)|s — t*+72 bk =1,2,....,m. (144)
Suppose further that G € L*(u1). Then

E(G(w+ ) = B{ Gloyexs'(< w3 2)} = {6z ( [ 30an™ )} ()

Corollary 5.1 Suppose g : R™ — R is bounded and v is given as in Thm. 5.1. Then
with ¢ defined as in (145) we have

t
E, {g (B(H) +/ 7(5)ds>} —E, {g(B(H))e (/ @(t)dBf”) } . (146)
0 R
PROOF:
If
G(w) = g(< W, 1[U,t] >7 LS < W, l[O,t} >) = g(B(H)(t))7 (]‘47)
then
Gw+7)=g(<w +7, 104 >,y < Wen + Yims Lo, >) (148)
= g(< Wi, 1[U,t] >+ < V15 1[0,t} >y ey < Wep,y 1[0,t} >4+ < Tm 1[0,t} >)
Then by (95) we have
t
Gw+v)=g (B(H) +/ 7(s)ds> : (149)
0
Using Thm. 5.1 the result follows. UJ
By Cor. 5.1 we conclude that
t t
B = (B{fl +/ fi(s)ds, ..., B +/ fm(s)ds>, (150)
0 0
is an fBm under the measure /i, whose Radon-Nikodym derivative with respect to pu is
given by
oTow) = = ( | dwan, ) (151)

where f = (fl, s fm), and f; for i = 1,...,m is a solution to the integral equation (34).

We can write

= exp’ (— Z/ fi(t)dBfIi> (152)



where . .
1= [ R f0ats Ddsit = 3|, (133)
i=1 /R i=1

The dynamics of the state equation in terms of BU) can be written as

N

dX; = ( r1XZ+Zau] ))dt + (O _vh (B + ...+ vl ()dB™),  for i=1,..n.
7j=1

(154)
On writing X; = (X}, ... X", r = diag(ry, ...,rn), a; = (o, ...,a™)T, and
vi, ..ol
S . (155)
vl vh

the state equation can be written as

t N t N
e "X, — / e Z a;(s)u;(s)ds =z + / e " Z vi(s)dBUD (156)
0 i=1 0 i=1

where x is the state at time 0. This form looks exactly like the one-dimensional case, and
to be able to solve the problem the same way we need a multi-dimensional version of the
Clark-Ocone formula. The following is a trivial extension of the Clark-Ocone formula for
multiple source of randomness given by [7] to incorporate the case of multiple states.

Theorem 5.2 Suppose G = (Gh, ..., Gy,) with G; € L*(p) for j =1,..,n. We can write
m T
G(w) = E,{G} + Z/ E,{D;,G|F}dB[", (157)
i=1 70

where Dy F' = 8—F( w) is the vector of Hida derivative of the components of F with
respect to wy, at (t,w

Suppose G' is given by
T N
G'=e"F — / e Zaj(s)uj(s)ds, i=1,..,N. (158)

If E,{G} = z, then, given the other players’ strategies, player i can choose v* (by the
Clark-Ocone formula) as

vl =T E Dy, GiFY =) ol j=1..n k=1..m, (159)
l#1

so that the final state F" is attained. (ZA)k,t denotes the Hida derivative under the measure
fi.) Here G; denotes the jth component of the n dimensional vector G*. Therefore,
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as in the one-dimensional case, instead of having a dynamic optimization problem of
maximizing the pay-off of the form (29) we have a static optimization problem:

() = sup Eu{ /OT gi ()t + h(Fi)}

u;, F

T N
+ )\iTEﬂ{ - / e’ Zozj(s)uj(s)ds + e_rTFi}, i=1,.,N.

(160)

A; 1s an n x 1 matrix which is to be found from the constraint condition

Eﬂ{ — /OT e“ZN;aj(s)uj(s)ds + eTTF’} = . (161)

The optimization (160) can be carried out pointwise and can be solved by maximizing

the functions:

k(ui) = gi(ug) —

and

B(F") = h(F") —

N

Mop(t,w)e ™™ Z a;(t)u;, (162)
j=1

MNn(T)e ™ F*. (163)

Note that g; and h; are given by (32) and (33), respectively. Solving for V3(F*) = 0 gives
Fl=n(T)e ™| F'|* .. (164)

At the Nash equilibrium the final state has to be independent of the player index i, i.e.
F' = F°. This immediately implies that the Lagrange multiplier vector at the Nash-
equilibrium has to be the same for each player which will be denoted by A. Then

/

Fe = wn(T)e ™™ (|AIn(t,w)e 7). (165)

Using (162) we have

(M ay(t)e " p(t,w)) =y (166)

The slackness condition (161) at the equilibrium is then given by

Tt T 1 7 Ty 2 s
/Zel ailt) (N aa(t) 7T B {p(t) 71 b+ eF T NNTIE (1) 7 b =

Y

We need to calculate E {n(T) -1

lowing expressions,

1T, w) 7 lzexp(

(i

], g
) g

(167)

} and E {p(t)%}, which is immediate from the fol-

Y
)

12

g ; Y g
= gl e ()
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Vi i ¢ 1 4
ot )T = exp (— 2 [Calan - —,Lm)

_ I m_ 1
= €xp ( =1 Ct(s)stH 2 (v — 1) |Ct|¢> exp <2(7 1)2 |Ct|¢>
(169)

since the stochastic terms in (168) and (169) have unit mean. Therefore we conclude that
A has to satisfy (40).

Finding A we can proceed by finding the second component of the players’ strategies,
i.e. (vj,) by using (159). Using (158) we can see that at the Nash equilibrium G* is
independent of 7. Denote it by G¢ which is then given by

2y T~ N
Ge — )\H)\H?Y/_1 €xXp <1r_,},/y/> 77(T ’U] ’Y 7-1 _/ ZO&L 61 Yi )\ Ckz( )) ( )’Yil—lds

(170)
At the Nash equilibrium the second component of the players’ strategies will be any
adapted strategy satisfying the constraint:

S vii(t) =€ E{DGEIEY, j=1,.m, k=1,..m. (171)

=1

Let us first calculate the quasi-conditional expectation of the Hida derivative of the
stochastic component of the first term of the equation (170). We first have to write
the relevant variable in terms of j-fBm.

1 1 T 1 £
S m, L
(T, w) exp </y, 1 /0 f(s)dB{™ + 2(1— ) |f|3ﬁ>
_ L (" rapm — L )
= exp (7’— 1 /0 f(s)dB; 21—~ ))|f|¢

where we have used (150) for the second equality.

(172)

Taking the Hida derivative lA)k’t of n(T,w)v’;—l is equivalent to multiplying it with

L - f(t) which is due to the chain rule, and
2!

m AT
Dk,t<;/0 fi(t)dBfIi> = fu(t), k=1,...,m, for f € L2, (173)

We proceed by taking the quasi conditional expectation. Using (86), (88) and the defini-
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tion of the Wick exponential we get

- 1

A 1 A t ~ ~ ~
Ej {Dk,t (U(T)m) |7t} = mfk(t) exp ( ! /0 f(s)aB{" — ﬁ”l[mt]

Y g
+ WU@)

_ ! fku)exp( L [ s+ [ o

1— 1—

N N
S— 2 2
2(1 _ 7/)2 |f [O’t}|¢ + 2(1 _ 7,)2 |f|¢>

(174)

Now let us proceed by finding the quasi-conditional expectation of the Hida derivative
of stochastic component of the second term of (170), viz.,

o {Dk,t (,0(8, w)#—l) \ft} . (175)

It will be convenient to write the relevant variable in terms of £ fBm,

1 n T . A~ m T .
p(s,ww:exp( = [ @wasl - ==Y [
j=1"0 j=1"0

L= L=

1
+ m@@)-

For the purpose of taking the conditional expectation it will be convenient to write (176)
as

p(s, w)"=T = exp ((u)dB,’ — —5|Gl5 | exp | =7——351¢s
(5,w) (1—%; , & STTREAE 2 — 1)l

1 ("
< exp (% &) | ¢ (U)fj(U)dU) -

(176)

(177)

A~ 1
Taking the Hida derivative Dy, of p(s, w)7-1 is equivalent to multiplying it with 1717, CE(t)
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which is due to the chain rule, and (173).

ol ST I 1 [ B H; 1 2
Ey { Diy (pls,w)77 ) |7} = =G e (1 — ;/ﬂ Gu)dB,> — 5o —y3lGloals

2 — 1 - T
X exp (mm@ + F;/o Cg(u)fj(u)du)

:exp< L v / (B +—— 3" / Ci(U)fj(U)dU>

e L= =
1 2 —;
x Gl — |G
€xXp ( 2(1 _ 71)2 |<s [0,t}|¢ + 2(1 _ /YZ)Q |<S|¢

+

—> Cﬁ(U)fj(U)du)-
B (178)

Using (170), (171), (174) and (178) we have (26) which concludes the proof of Theorem
2.2. 0

6 Extension of the Wick Calculus to Arbitrary Gaus-
sian Processes

Although the results of the preceding sections have considered the explicit case in which
the modulator in (1) is fBm, these results can be extended to the situation in which the
modulator is a more general Gaussian process within sufficient regularity. This requires
the extension of the Wick calculus to more general Gaussian processes. In this section,
we sketch how this extension can be accomplished. The first step in extending the frac-
tional noise machinery introduced in Section 3 to more general Gaussian processes is the
following theorem due to Loeve [27] for integrating deterministic functions with respect
to second order processes :

Theorem 6.1 (/27]) Suppose that X is a zero-mean process such that E{X}?} < oo for
all t, and denote its covariance function by R. Then, for —oo < a < b < 00,

/ Fax, (179)

exists as the L2-limit of Riemann sums if and only if
b b
/ / ft)f(s)d*R(s,t) < oc. (180)
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Henceforth X will denote a Gaussian process. By the Bochner-Minlos Theorem 3.1, there
exists a unique probability measure on the space of tempered distributions such that (46)

holds with | f]5 replaced by (180).

We will denote L?(p) by L?(X) and H(X) will denote the linear space of X, i.e. the
closed subspace of L?(X) spanned by X, for all ¢ € [a, b] (i.e. the first Wiener chaos.) As in
[20] we construct A(R), a Hilbert space of deterministic integrable ‘functions’ isomorphic
to H(X) by completing the pre-Hilbert space of step functions S with the following inner
product,

< frg>e= / / f(Dg(s)ER(1, 5). (181)

for any f,g € S. Then the integration operator defined on the set of step functions (the
integration with respect to X) can be extended to an isomorphism between H(X) and
A(R). (The elements of A(R) are generalized functions, i.e. distributions [36].)

As a second step we will define the Wick-integrability of a random process with respect
to a Gaussian process. This is done by utilizing the tensor product structure of the space
L*(X). Let us define the tensor product of Hilbert spaces.

Definition 6.1 The algebraic tensor product Hy ® Ho of Hilbert spaces Hy and Hs is a
pre-Hilbert space with the following inner product

<hi ®hg, 91 ® 92 > =< hi,91 >, < ha, 92 >m,, (182)

for gi,h; € H; and v = 1,2. The closure of this pre-Hilbert space is the tensor product of
Hilbert spaces, which will still be denoted by H, @ Hy. H,®H, will denote the symmetrized
tensor product.

Then we have the following Wiener chaos isomorphism theorem:

Theorem 6.2 ([21]) ®,>oH P (X) is isomorphic to L*(X) with the unique isomorphism
® defined by

~ - o= 1 k
D(EEMR.. RePar) = NG [ %) (183)
1L

where & € H(X) for all i are orthonormal; p = |a| = ay + ... + ap (« is given by (56)).
Here h,, is the Hermite polynomial of degree n which is defined by (52).

Note that for a random variable £ € H(X) with unit variance we have
: 1
o) = exp (6~ 3). (181)

where the exponential is defined by

~ ®p
et =) %. (185)
p>0
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We proceed as in [20], and in order to define the integral of a stochastic process with
respect to X, we first define a tensor product integral, denoted by [ F; ® dX;, and its
domain, denoted by A(R)r2(x).

Suppose Sp»x) is the pre-Hilbert space of the L?(X) valued step functions Fj,

N
Iy = Z il tigals (186)
i=1
for (t;,t;11] € [a,b], and F; € L?(X), equipped with the inner product

<F.G>= / / < F,,G, > 1000 PRIt 5). (187)

Let A(R)r2(x) denote the completion of Sy2(x). For the F' € Sp»xy given in (186) define
the integral I as

N
/Ft®dXt:ZFtl®(th+1 —th) (188)
=1

Since this integral is a norm preserving linear map, it has a unique extension to an
isomorphism from A(R);2x) into L?(X) ® H(X). We will construct a map ¥ from
L*(X)®H(X) into L?(X) and call the composition of the two maps, ¥ () the stochastic
integral. We start by defining the following linear map

U, : H(X) ® H(X) — H®*(X) (189)
b
Y ®a1 S S Ry, _ Le@ar g & e®ar S
v, (( FR..R8, ) ®§l) (p+1)267"Q...QE. " ®¢E, (190)

where (§;) € H(X) is an orthonormal set of random variables, oy +... +-ay, = p. ¥, can be
extended uniquely to a bounded linear map with norm (p 4+ 1)*/? from H*?(X) ® H(X)
onto H®P+1(X).

Now define U* as the map from @,,ZOH@”(X) ® H(z) onto @,5 HE(X), by ¥* =
@®p>0¥p, viz. the restriction of ¥* to H*P(X) ® H(X) is ¥,. The domain of the operator
U* is given by

D — {n € <H®‘“ X)®..0 H®O‘m(X)) ® H(X): ay + oo+ (< oo} . (191)

so that - o [[W,(n,)]|* < 0o, where 7, is the projection of 7 on H®(X)® H(X).

By Thm. 6.2, @,50H(X) is isomorphic to L2(X). Therefore (EBP20H®1’(X)) ® H(X)

is isomorphic to L?(X) ® H(X). Denote this isomorphism by ®y. Let D = ®4(D*), which
is a proper subset of L?(X) ® H(X). Then define ¥ by

U =0oU od;. (192)
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We define the Wick product of V € L?(X) and W € H(X) as
VoW = 0(VeW). (193)

Note that VoW isin L?*(X) if V@ W € D® H(X).
The integral [ F; o dX; is then defined by

b
/ FodX, = Vo I,(F) (194)

for all F such that I (F) = [ F;®dX,; € D. The set of all F’s in the domain of integration
is denoted by A(R)zz(x). Then we have the It6 representation formula as a result of the

Multiple Wiener Integral (MWI) representation of the random variables in L*(X) ([20]),
and the fact that each MWI can be written as an iterated integral:

Theorem 6.3 (/20]) Every 0 € L*(X) has the following representation

b
0 =FE{0} + / F, o dXy, (195)
or an I € 2 that 18 adaptea to the filtration generated by X .
F ARE(X)h s ad d he filtrat: dby X

Now let us define the Wick product of two elements in L?(X). As a first step we define
T

p,q» _ - -
Ty H?(X) ® HY(X) — H(X), (196)
as

fra (<€%al®"'®£%ak> @ (§%ﬁ1®"'®£%ﬂl>> - (pqu!Q)!

Rar S Se®ap S e@b1 S S 08
MR ®...Q8,
(197)
for any (&,) that is an orthonormal set in H(X).

Let T = @50 ®g>0 Yp,q then the we define the Wick-product of the W,V € L?(X) as
WoV:=0 (Y (2'(W)ed ' (V))). (198)

Note that L?(X) is not closed under o, since the tensor product of the random variables
may not be in the domain of Y. Then one can define the spaces of generalized random
variables as in Defn. 3.1 and Defn. 3.7, use (198) as the definition of the Wick-product
over these spaces, and see that the Wick product so defined is closed over these spaces.

The main machinery we use to develop strategies leading to a Nash equilibrium are the
Girsanov formula (the absolute continuity of the translated measure w.r.t. the original
measure), and the Clark-Ocone formula. These can be extended to more genreal Gaus-
sian modulator with regularity. The Girsanov theorem, Thm. 4.1 can be stated for an
sufficiently regular Gaussian processes.(The proof of the Girsanov thm. in [35] does not

32



make use of the explicit expression for ¢.) The derivation of the Clark-Ocone theorem
(Thm. 3.5) is done by using only the tensor product structure of the space L? (Thm.
6.2) and the spaces of generalized random variables. Defining the Hida derivative and
the quasi-conditional expectation operator (w.r.t. which X is a quasi-martingale) for the
Gaussian process X, we can restate the Clark-Ocone theorem. Now replacing ¢; in Thm.

2.1 by 9, such that
T t
E{/ K(s)dX, .7-}} :/ 9,(s)dX,, (199)
0 0

we have a Nash equilibrium theorem for a general Gaussian process. Note that, unlike the
case of fBm we cannot in general write ¥ explicitly in terms of K. Hence, we cannot give an
explicit solution for the Nash equilibrium. A general multi-dimensional theorem (Thm.
2.2) can also be restated for a multi-dimensional Gaussian process with independent
components (the components do not have to be identical) by making the conceptual
modifications as in the one-dimensional case.

7 Conclusion

In this paper we have explicitly found Nash equilibria for two stochastic differential games
in a non-Markovian setting. All the agents observe the states, and they control the state
through modifying the drift and the volatility. The agents are heterogeneous in their
controls and the utility functions. We took the modulating processes to be fractional
Brownian motions, because of fBm is versatile in modeling long-range dependence phe-
nomenon in finance and networks. In the first game there is only one source of randomness
and agents observe a single state, while in the second game there are multiple sources of
randomness (fBm’s with different Hurst parameters) and multiple states.

Since the diffusion is modulated by a non-Markovian process, the usual way of finding
the Nash equilibria via Hamilton-Jacobi-Bellman equations is not available. Therefore
we have made use of the fractional noise calculus to calculate the agents’ strategies in
the Nash-equilibrium. Although we took the modulating process of the diffusions to be
fBm, our results hold for a more general Gaussian modulating process with only slight
modifications to white noise machinery.

Our results are applicable to financial markets in which the stock price dynamics are
modulated with fractional Brownian motion. One of the candidate applications is stock
price modeling when each agent’s activities in the market affect the price flow (institutional
investors are such examples), or if there are transaction costs. Also it is applicable to
stochastic portfolio games, in which agents compete for a bonus.
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8 Appendix

Lemma 8.1 (/24]) Let f :[0,T] — R be a continuous function and introduce the follow-
ing integral equation:

T
| etstis =10y fort € 0.7, (200)
0

where ¢ is given by (18). The solution to this equation is given by

ft) = _Lgend wawQH_l(w - t)%—Hi /w dzz2 " (w—2)2""f(z), (201)
T Tdg ds ), dw J ’
where )
3 1

dgy =2H(2H — 1) <F(§ — H)) ['(2H — 1) cos(n(H — 5)) (202)

Corollary 8.1 If we take f(t)=C on [0,T] in the integral equation given by (200) then
the solution f(t) is given by

f(t)y = —t2" (T — )71, (203)

where
ko = 2H(2H — 1)T(2 — 2H)T(2H — 1) cos(r (H — %)). (204)

Proof: The proof can be found in [35], but we present it here for the sake of completeness.

~ ]. 1 d T 1 d w 1 1
f(t) = —@CtTH£ t dww* 1 (w — t)TH% /0 dzz2 H(w—z)2 71, (205)
Note that ) ) )
Yz (w — 2)27Hd INER
w2—2H 2°2’ ~ T(3-H)
where B(-,-) is the beta function given by
1
B(x,y) = / F=1(1— £, (207)
0
Hence )
d (Y 1 g 1g P(3-H) | .
L _)Hg, -t T ) . 208
o /. z2 " (w—2)2 "dz To—1) w (208)
Using (208) it is not hard to evaluate (205) to get (203). O
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