Decomp osition of Images by the Anisotropic
Rudin{Osher{F atemi Mo del

Selim Esedalu
University of California Los Angeles

AND

Stanley J. Osher
University of California Los Angeles

Abstract

The total variation based image de-noising model of Rudin, Osher, and Fatemi can
be generalized in a natural way to privilege certain edge directions. We consider the
resulting anisotropic energiesand study properties of their minimizers.

1 Intro duction

We intro duce and study anisotropic versionsof the total variation based
noise-remoal model developed by Rudin, Osher, and Fatemi (ROF) in
[6]. Recall that the goal of the original ROF model is to remove noise
from a corrupted digital image without blurring object boundaries (i.e.
\edges"). If the corrupted imageis denotedf (x), onetries to recover the
cleanimage asthe minimizer of the following energy:

zZ z
(1.1) E(u:= jruj+ (f  u)?dx
D D
Our goalin this paper is to study the energy
Z VA
(1.2) E (u):= . (ru)+ D(f u)? dx

where is an anisotropic function with suitable properties explained in
the next section. In particular, we will generalizeto minimizers of (1.2)
someof the interesting results that Y. Meyer shows in [4] for minimizers
of (1.1).

From an applied point of view, our main results are of interest for
restoring characteristic functions of convex regionshaving desiredshapes.
Standard total variation model (1.1) prefers convex shapeswith smaooth
boundaries. Anisotropic, or Wul, total variation model (1.2) prefers
shapeswhich are compatible, in a senseexplained below, with the Wul
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shape (seee.g. [8]) assaiated with  (x). For example,if (r u) = jr uj,
the characteristic function of an N -sphereis admissableas a minimizer,
but not till_,e characteristic function of an N-cube. On the other hand, if
(ru)= , 1 juyx; ], the situation is reversed: the characteristic function
of an N -cube is admissable,while that of an N -sphereis not.
Note that for any asde ned below, we have

ctE(u) E (u) cE(U)

hereO < c1;C; depend on  but not on u. For instance, if (r u) =

, 1 jux;jthency = landc, = N. This meansthat the \equivalernt"
variational models give quite di erent results. Moreover, one can tailor
the image restoration (or other applied variational problem) to obtain
the desired result, using the appropriate choice among an in nitude of
equivalent cornvex variational problems.

Our approad to studying minimizers of (1.2) is based,like Meyer's ar-
gumerts in [4], on constructing vector elds that have certain properties.
These techniques appear also in the motion by crystalline mean curva-
ture literature; the vector elds z(x) we considerin Section 4.2.1 seem
very closelyrelated to what are called Cahn-Ho man vector elds in that
context. The paper [2] by Bellettini, Novaga, and Paolini dewelopsthese
and further ideasfor that setting.

2 Notation and De nitions

Let (x):RN ! R bea convex, positively 1-homogeneousunction suc
that (x) > Ofor x 6 0.

Definition 2.1 The Wul shape W assaiated with (x) is de ned to
ke the set:
n )

(2.1) W = y2RV:y x (x)forall x2RN

W thus de ned is a closed,bounded, and cornvex set that corntains the
origin in its interior. If (x) is an evenfunction, asit in many applications
is, then W is certrally symmetric, i.e.

XxX2W ) x2W

The convex function (x) canberecoveredfrom its assaiated Wul shape
W accordingto the following formula:

(2.2) (X)= supy x
y2WwW
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which, in case (x) is not convex, yields instead the corvexi cation of
(x). Let us note that by compactnessof W , the supremum in (2.2) is
attained at some(possibly more than one)y 2 @V .
It is also useful to introduce the following notation: we de ne the
functon w :RN nfOg! R* as
)
fy:xy>0g X Y
This function canbe usedto characterizethe setW asfollows: For > 0

and x 6 0, we have x 2 W if and only if w (X). In other words,
x2W nfOgif andonly if w (x) 1.

w (X) :=

Definition 2.2 Givenp;v2 RN, let H(p;v) denotethe closel half space
Hp;v)= x2RN:(x p v O0:

Definition 2.3 Given a convex domain RN andapoint p2 @,

we de ne the collection of outer normalsto at p as
n )
N (pp= v2RN: H(p;v) :
SeeFigure 2.1 for an illustration. Since is convex, the set N (p) is
non-empty for eahh p 2 @ If @ happensto be dierentiable at p,
then N (p) contains a single direction. Using this notation, we can now

state the following relation between (x) and the normalsto its assaiated
Wul shapeW :

Lemma2.4 If x2RN,x60,andy2 W , theny x = (x) if and only
if y2 @V andx 2 Nw (Y).

Proof: Letx2 RN, x6 0.1fy2 @V andx 2 Nw (y), then by
de nition of Ny , we have W H (y;x). The de nition of H(y;x) in
return reads

( y) x Oforal 2W:
so that
(X)= sup Xx y X
2W

which impliesy x = (x). Conversely if y2 W andy x = (x) =
SUp 5wy X, then owing to the fact that x 6 0 and ! X is a linear
function, y 2 @V . Moreover,

( y) x Oforal 2W =) x2Nw (y)

which provesthe lemma. |
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The dual characterization of (x) in terms of its Wul shape given
in (2.2) motivates the following de nition of anisotropic total variation

enemy:

Definition 2.5 For a domain RN with Lipschitz boundary, we
de ne
Z
(2.3) (ru):= sup u(x)divg(x) dx:
g()2Ce(; RN)
g(x)2W 8x2

This de nition diers from that of standard (isotropic) total variation
only in that the test vector elds g(x) take their valuesin the set W
instead of the unit ball fx :jxj 1g.

When (x) is ewven, (2.3) de nes a semi-norm on L (), which we
will denotek kgy . If in additon = RN, thenin fact k kgy isa

norm on L%(RN ).

Definition 2.6 When (x) is even, we de ne the Banach space BV

as
y4

(2.4) BV := u(x)2LVI(RV): (ru)< 1
RN

and equip it with the norm k Kkgy

We repeat that the spacesBV are all equivalent, in other words, there
exist constarts C ¢ > 0 sudh that

ckukgy  kukgy Ckukgy forallu2 LL (RN):

As BV is a Banad space,it naturally has a dual, whose norm,
following Y. Meyer, will be denotedk k . Recall that by the Sobolev
inequality for functions of boundedvariation, the standard total variation

norm cortrols the L ¥ T-norm on RN . By our previousremark concerning
the equivalenceof norms, sodoesk kgy . It follows (from an application
of Holder inequality) that any function g 2 LN(RN) de nes a bounded
linear functional on BV , under the standard L2 inner product; its dual

norm is then given by
Z VA

kgk := sup y g(x)u(x)dx :u2 L%(RN) and | (ru 1
R R

In keepingwith the spirit of Meyer's work, in this paper we will assume
that (x) is even sothat (2.3) de nes a norm. Howewer, let us point out
that most of our results can berephrased,and their proofseasily adapted,
for general (x).
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H(p.v)

Figure 2.1. |lllustration of some of the de nitions in Section 2. is a
convex domain, and p is a point on its boundary @. The half space
H (p;v) contains  and \touc hes" @ at p; therefore, v belongsto N (p),
the set of outward normal directions to at p. When @ has a corner at
p, asin the illustration, then N (p) can contain more than one direction,
asindicated with the arrows.

3 Basic facts
In this section we state somefundamertal facts that follow from (2.3).

Claim 3.1 Let u(x) 2 CYRN). Then the anisotropic total variation
enemgy of u(x) as de ned in (2.3) agrees with the natural senseof the
integral in the left hand side of that formula.

Claim 3.2 Let beanopensetin RN, with Lipschitz boundary @ . Let
n denotethe inward unit normal to  (which existsHN !-a.e. on @ ).
Then, 7 7

(r1 ()= o (n (x)dHN *(x)

The following proposition is the anisotropic analogue of one of Y.
Meyer's results (his Proposition 5 on page38in AMS Lecture Notes [4]);
we state a restricted version so as to minimize technical details, and in-
clude its proof for the sake of completeness:

Pr oposition 3.3 Letf (x) 2 L%(RN) be the given original image. Then
u(x) 2 BV (RN)\ L%(RN) is the solution of the minimization problem

3.1 min E (w
( ) w(x)2BV (RN) ( )



6 S. ESEDO GLU AND S. J. OSHER

where E is dened as in (1.2), if there exists a vector eld z(x) 2
Lt (RN:RN) suchthat

1. z(x) 2 W for all almosteveryx 2 RN,

2. div z(x) 2 L%(RN),
Z

3. u(x) div z(x) dx = (r u),
RN RN

4. divz(x) =2 (u f).

Pr oof: Let u(x) and z(x) satisfy the conditions of the claim. We
will show that E (u(x)) E (u(x) + h(x)) for any h(x) 2 BV (RN).
Note that sincef (x) 2 L2(RN) by hypothesis, we can restrict attention
to h(x) 2 BV (RN)\ L?(RN).

Let (x) : RN I R beasmooth cut-o function such that (x) = 1
in fx :jxj< 1g,and (x) = 0in fx :jxj > 29. Let (x) be a compactly
supported, radially symmetric, smooth, positive function of unit mass.
De ne the vector elds

zi(x) :=jN Ji z(x)  (x)

Then zj(x) 2 C (RN;RN), andvdivz ! vdivz forv2 L2\ LV T as
j ! 1. Also, by Condition 1 placed on z(x) in the hypothesis of the
proposition and the fact that W is a convexset, we have z; (x) 2 W for
allx2 RN andallj = 1,2:::.

It follows from de nition (2.3) and properties of zj (x) just mertioned
that

Z Z
(r (u(x) + h(x)) (u(x) + h(x)) div z; (x) dx
RN
for every j. Therefore,
4 Z
E (u(x)+h(x)) limsup u(x) div z; (x) dx h(x) div z; (x) dx
jn RN RN
4

+ (u+ h f)2dx
RN

By Condition 3 of the claim we have
z z z

1im u(x) div z; (x) dx = u(x) div z(x) dx = (r u);
i RN RN RN
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and by Condition 4 we have

Z Z 4
lim h(x) div z; (x) dx = h(x) div z(x) dx = 2h(u f)dx:
11 RN RN RN

The last thee formulae give
Z Z
E (u(x) + h(x)) (ru+ 2h(f u)+ (u+h f)%dx
RN 7z RN
= E (u(x)) + o h?(x)dx  E (u(x))

which provesthe claim. |

Another of Meyer's important propositions can alsobe adapted to the
anisotropic case. The following characterizesthe resulting image decom-
position via the anisotropic model (1.2) in terms of the dual norm of the
original imagef .

Pr oposition 3.4 The minimizer u of the anisotropic energy (1.2) sat-
isesu O0i kfk Zi Moreover, if u6 0, thenv f u satises
kvk = L.

2

Pr oof:  The proof follows word for word the one given by Meyer in

[4] (Lemma 4 and Theorem 3 on page 32) for the isotropic case. [ |

4 Prop erties of the decomp osition

In subsectionl, we exhibit someexact solutions. In subsection2, we in-
vestigate regionswhosecharacteristic functions canarise asthe minimizer
(i.e. asthe u-part of the decomposition).

4.1 Exact solutions

Theorem 4.1 Letf(x) = 1w (x). Then, for every large enough , the
minimizer u(x) of the variational problem (3.1) has the form

u(x) = clw (x)

for somec> 0.
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Pr oof: We construct a vector eld z(x), assaiated with the pro-
posedminimizer u(x), that satis es the conditions of Proposition 3.3. It
is a slight modi cation of Meyer's choice in the isotropic case:

__( X if x2 W,
2(x) = xw (x) "\ if x 2 WE.

We rst ched that z(x) 2 W for all x 2 RN. When x 2 W , this
is immediate from the de nition of z(x) and certral symmetry of W .
Recall that if x 6 0, then w (x) < 1 for x 62W , and that x 2 W
only if w (X), where > 0. Theseshaw that when x 62N we have
(w ()N w (x), and thus x(w (x))N 2 W . Therefore, z(x) 2 W for
all x 2 RN. That veri es Condition 1 of Proposition 3.3.

Next, let us compute div z(x). When x 2 W , we have

divz(x) = divx= N
On the other hand, when x 2 W€,

divzx)= div xw ()N = div j%w

=WN.X—.div% %rwNX

X X X X

Both terms on the right hand side vanish; the rst becausex=jxjN is

divergencefree, and the secondbecausew (x=jxj) is constart in the x-

direction. Hence,div z(x) = 0 for x 2 W°®. Noting that z(x) is globally

Lipschitz, we getin particular that div z(x) 2 L2, which veri es Condition

2 of Proposition 3.3.

When x 2 @V , we have z(x) = X. Let n(x) be the outward unit

normal to @V , which is well de ned at HN 1-a.e. point of @V . For
ewvery sud x, there is the following equality:

z(x) n(x)= x n(x)= (n(x))

which holds by virtue of Lemma 2.4. Recalling Claim 3.2, it follows that
Z Z 4

(r 1w (X)) = (n(x)) dHN 1= z(x) n(x)dHN 1t
av av

where we once more usedthe fact that W , being convex, is the closure
of a Lipschitz domain. Divergencetheoremis valid for such domains, and
when applied to the last formula it gives

Z Z

(r 1w (X)) = o 1w (X)div z(x) dx
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which veri es Condition 3 of Proposition 3.3.
Finally, remenberingthat divz(x) = N whenx 2 W anddiv z(x) =

0 when x 62W , we seethat wheneer N7 we can verify Condition 4
of Proposition 3.3 by choosingc = 1 2& That concludesthe proof of
the preser theorem. |

Remark: Theorem 4.1 of coursegeneralizesto given imagesof the form
f (X) = c1lw (Cox+ c3), wherec; 2 R, ¢, > 0,andcz 2 RN are constarts.

For a given , the conclusionof Theorem 4.1 may be true for regions
other than thoseidenti ed in the theorem and the remark that follows it;
in other words there can be regions that are distinct from scaledand
translated versionsof the corresppnding Wul shape W suc that when
the original imageis givenby f = 1 (x), the minimizer of (1.2) turns out
to be a constart multiple of f (and soin particular hasthe sameset of
\edges" as the original image). Indeed, in the isotropic case,Bellettini,
Caselles,and Novagaexhibited in [1] regionsother than the ball that have
this property. We would expect the sameto be true in the anisotropic
case.Tollustrate this point, we have the following simple example(more
generalresults can probably be obtained; [3] identi es a classof candidate
shapes). We let x = (x;y) in R?:

Claim 4.2 Let (x;y) = jxj+ jyj. Letf(x;y) = 1r(X;y) where R 2 R?
is a rectangle whosesides of length 2a and 2b are parallel to the (x;y)-
axis. Then for every > %, the minimizer of (1.2) is givenby u(x;y) =
clr(x;y) wheec=1 &b

Pr oof:  Without lossof generality wemay assumehat R = ( a;a)
( b;b) wherea;b> 0. De ne the vector eld z(x;y) as

Sy = X Y
z(x;y) = 3 1 vy (Y); b 1 aa)(X)
wherethe function ( ):R ! R isdened as
8
2 1 if < 1,
():= if 1 1,

> .
-1 if > 1.

Then z(x) satis es all the requiremerts of Proposition 3.3, provided that
u(x) is de ned as claimed. Then, Proposition 3.3 implies the desired
conclusion. [
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4.2 Prop erties of minimizers

In this section,we discussproperties of domainswhosecharacteristic func-
tions can arise as the minimizer of the anisotropic total variation model
(1.2). Our goal is to obtain anisotropic analoguesof the basic results
of Meyer in [4], where he shows that the characteristic function of any
smooth, bounded region can arise as the u-componernt of the standard
ROF model, but not that of a domain with a corner (such as a square).
When the correspnding Wul shape W of a given anisotropic energy
density (x) is smooth and strictly corvex, thesefacts have rather obvi-
ousanaloguesin the anisotropic setting. It is whenW either hascorners
or is non-strictly corvex that we get qualitativ e di erences. Therefore, we
subsequetly concenrate on the special caseof polygonal Wul shapes,
which have both of these characteristics, in order to bring out the di er-

ences.

General considerations

In this section we write down a simple condition that makesit easierto
identify certain domains for which a vector eld z(x) can be constructed
that satis es the hypothesisof Proposition 3.3

Lemma 4.3 Let RN be a non-empty, closal, convexset. Then the
projection map RN | de ned uniquely through the condition
jx (x)i = minjx ] for all x 2 RN
y

is glokally Lipschitz.

Proof: If p;g2 , wesimply havej (p) (@j=jp ¢g. So
assumethat p62. Then, the corvexity of implies that

H:=H (p:p () :
Therefore, (qg) 2 H. Sincejq (@ iq (p)j, we have
(@2 x2H:jx q iq () :

The diameter of this set can be easily estimated from above by 3jp (¢,
and cortains both  (p) and (q). SeeFigure 4.1 for anillustration. |
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The real utilit y of the following statemert is that when f (x) is the
characteristic function ofadomain with reasonableboundary, it reduces
the conditions in Proposition 3.3, which involve constructing a vector eld
z(x) on RN, to a condition that involves constructing a vector eld on
only @. It showsthat such a vector eld canthen be suitably extended
to RN. This seemsto be very closelyrelated to the notion of a Lipschitz

-regular setintroduced and studied in [2].

Lemma 4.4 Let bea boundad domain with piecewise smaooth boundary
in RN . Assumethat there existsa Lipschitzmap (x): @ ! @V such
that

The outer unit normal n (x) 2 Nw ( (x)) forall x 2 @ at
which it is de ned.

Then 1 (x) can arise as the minimizer of the anisotropic ROF model for
a suitable choice of a compactly supprted given image f (x).

Remark: The condition placed on the normals by the hypothesisof the
claim above can imply additional smoothnesson the boundary of . For
example, if @V is itself smooth so that in particular Ny (X) corntains
a single direction at every x 2 @V , then @ hasto be C%! in order to
satisfy the hypothesis.

Pr oof: Since is Lipschitz from @ to @V by hypothesis, by a
standard result it can be extendedto a globally Lipschitz function ~ :
RN 1 RN, Let w (x):RN ! W bethe projection map onto the
corvexsetW , asde ned in Lemma4.3. By the conclusionof that lemma,

w (x) is Lipschitz. Let (x):RN! R beaC?! cut-o function, of the
following type: is compactly supported, (x) 2 [0;1] for all x 2 RN,
and (x)= 1forall x2 . Our proposedvector eld is:

z()= () w (X

It satis es the conditions of Proposition 3.3. Indeed, z(x) is compactly
supported and Lipschitz, sothat divz(x) 2 L! . Also, since (x) 2 [0;1]
andW iscorvex, z(x) 2 W (x) for all x. Moreover, z(x) = (x) 2 @V
forx 2 @ sothat if @ is smooth at a point x andn (x) is the outward
normal there, then by hypothesis and the certral symmetry of W , we
have n (x) 2 Nw (z(x)). By Lemma 2.4, that means

z(x) n (x)= (n (x))
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Figure 4.1. Setup usedin the proof of Lemma 4.3. The projections  (p)
and (q) of the two points p and g, respectively, haveto lie in the hatched
area, which is the intersection of the half spaceH ( (p);p (p)) with
the ball of radius jq (p)j and center g. The diameter of the hatched

area is easily seento be bounded from above by 3jp qj.

Therefore,
Z Z Z
(r1 (x)= . z(x) n (x)dHN 1= 1 (x)div z(x) dx:
RN

It remainsto verify the nal condition of Proposition 3.3. To that end,
we can simply setf (x) = 1 (x) 3 div z(x). [

Polygonal Wul Shapes

In this section, we consider two dimensional anisotropic energieswhose
corresponding Wul shapes are polygons. Let P be a closed, convex,
certrally symmetric k-gon in R? that contains the origin in its interior.

:R2! R™ as
(x) = sup  x y
y2f vi;iivkg

With  de ned as sud, we have that W = P. Moreover, hasall the
usual properties we require.

Let n; bethe outward unit normal to @ alongthe segmen [v;;Vj+1],
and let j := arg(nj) denote the angleit makeswith the positive x-axis.
The requiremerts for the characteristic function of a piecewisesmooth
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domain to be a possible minimizer of the anisotropic ROF model with
(x) asgiven above can be expressedcompletely in terms of n; .
The boundary @ of P consistsof the vertices v; and the open line
segmets (vj;Vj+1) that connectthem. The normal directions to @ at
ead one of its points can be listed as follows:

Forj =1;:::;;kwehave Np(vj) = n2R2: j 1 arg(n) |
Forany x 2 (vj;vj+1) wehaveNp(X)= nj: >0

Our theorem in this sectionwill apply to domainsthat, roughly speaking,
satisfy the following condition:

The boundary of is madeup of piecewisesmath arcs whose
normals remain in one of the \fans" Np(vj). Two such piece-
wise smaoth arcs whosenormals belongto neigh boring fans,
say Np(vj) and Np(v; 1), can be connected with a line seg-
ment parallel to the side (v;;v; 1) of the polygonP.

A more precisedescription of these domains can be given as follows:
Let R?2 be a bounded domain with piecewisesmooth boundary @.
In other words,

where C; are disjoint arcs of the form

n (0]
Ci:= p2R?:p= hi(t) for somet 2 (0; 1)

where eat h;(t) smoothly imbedsthe unit interval [0;1] into R2. The
C; are disjoint except for consequetie ones, which may touch at their
corresponding endpoints. We let n  denote the outer unit normal to
wherewer it is de ned. The arcs C; are assumedto satisfy the following
additional conditions:

Condition 1: Eadch C; is one of the following two types:

n (x):x2C  (Np(v)°= n2R?:; ;<arg(n)< j

to (vj;Vj+1), i.e. arg(n (x)) = j forall x 2 C;.
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y

Figure 4.2. The octagon on the left can arise asthe u componert (i.e. as
the minimizer) of anisotropic ROF model with  (x; y) = jxj+ jyj while the
triangle on the right cannot (for any reasonable original image). These
follow from our Theorems 4.5 and 4.6.

Condition 2: For ead point p2 @, thereexistsaj 2 f1;:::;kganda
neighborhood G of p in R? suc that

n (x):x2G6\ @ Np (vj)

Remark: Condition 2 says that if two Type A arcs, say Ci, and C;, are
connected,then their normals belongto the same\fan”, i.e.

n (x):x2Cj,[ Ci, (Np(vj))° for somej:

This meansthat any two Type A arcs on the boundary that belong to
di erent fans have a line segmem, also lying on the boundary, between
them.

Figure 4.2 givesan exampleof theseconditions in the special example
of (X;y) = jxj + jyj, whose corresppnding Wul shape is the square
P=1[ 1;1] [ 1;1]. The octagonshown on the left in the gure satis es
the conditions listed above, and hence by our Theorem 4.5 below, can
arise as the u-componert of the solution to the anisotropic ROF model.
The triangle shown to the right, on the other hand, fails to satisfy the
conditions listed above. In fact, the triangle (or even a disk) can never be
the u-componert of our decomposition for any reasonableoriginal image
f (x). This fact follows from the more general statemert of our Theorem
4.6.

Theorem 4.5 Any shage of the form descrited atove can be the u com-
ponent (i.e. the minimizer) of anisotropic ROF madel with the corre-
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sponding polygonal Wul  shage for an appropriate choice of the original
imagef (x) and delity constant

Proof: Wewill dene avector eld (xX):@ ! @ that satises
the conditions of Lemma 4.4. We do soin two steps.

Step 1. We rst de ne the vector eld (x) along Type A arcs. By def-
inition, for ead Type A arc C; there existsaj such that fn (x) : x 2
Cig (Np(vj))°. Welet

(x) :==v; forall x 2 Cj:

Step 2: Next, we de ne the vector eld on Type B arcs. By de nition,
eah Type B arc C; is a line segmen of the form (p;q) wherep;q2 R?2
such that (p;q) is parallel to one of the sides, say (vj ;Vv; +1), of the
polygon P. Therefore,n (x) = n; along C;. By Condition 2, there exist
j (p) and j (g) and two neighborhoods Gy, and G of the two end points p
and q of C;, respectively, suc that

n (x):x2Gp\ @ Np (Vi) and n (x) 1 X2 Gg\ @ Np (V) ()

It followsthat nj 2 Np (Vj )\ Np(Vj(q). Therefore,j(p);j(a) 2 fj ;j +
1g, sothat v;, and v, are ead either vj orvj .;. Todene (x) on
Ci, rst divide the segmen [p;q] into three equal subsegmets along its
length. On the subsegmen that cortains p, let (x) = vj (. And on the
subsegmen that cortains g, let (x) = Vvjg. On the middle subinterval,
we canthereforede ne (x) by smoothly interpolating between (p) and

(g) sothat for all x 2 C; the resulting vector eld (x) takesits values
on the edgelv; ;v; +1] of the polygonP.

SeeFigure 4.3 for an illustration of how the construction described
above proceeds.

This completesthe construction of the vector eld (x) on ead of the
smooth arcs C; of @. It remainsto verify that (x) is well-de ned and
satis es the conditions of Claim 4.4. By construction, and by Condition
2that satises, it canbe seenthat (x) is constart in a neighborhood
of every point p of the boundary at which two distinct arcs C; meet.
In particular, the construction de nes (x) unambiguously on all of @.
Also by construction, (x) is Lipschitz (in fact smooth) on eah C;. It
follows that  (x) is Lipschitz on @.

Moreover, (x) takesits valuesin W = P, and
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Figure 4.3. lllustration of how the construction of Theorem 4.5 pro-
ceeds,in the special casewhen (x;y) = jxj+ jyj. Horizontal and vertical
intervals on the boundary can be used to interpolate between the val-
ues(1;1);(1; 1);( 1;1);( 1, 1)that the vector eld might take on
other parts (Type A arcs, in our terminology) of the boundary. It then
becomespossibleto extend such a vector eld to a neighborhood of @
appropriately .

Hence (x) satis es the hypothesisof Claim 4.4. The conclusion of the
presen theorem now follows from this claim. |

In Theorem 4.5, roughly speaking, we required the boundary of the
domain to contain a line segmem whene\er its tangert becomesparallel
to oneof the sidesof the polygonal Wul shape. Our next theorem shows
that such a condition is in fact necessaryeven for domains with smooth
boundaries. To be more precise, we shav that at any point p 2 @
at which @ is locally either strictly convexor strictly concave a plane
parallel to one of the sidesof W cannot be a tangent hyperplane. Any
domain  whosecharacteristic function 1 (x) appearsasthe minimizer
of energy (1.2) for someoriginal imagef (x) 2 L* (R?) hasto satisfy this
condition. SeeFigure 4.2 for an example.

Theorem 4.6 Let bea boundal domainin R? with Lipschitz boundary
@ . Assumethere existsapoint p2 @, anr > 0, andaj 2 f1;2;:::;kg
such that

1. @(p;nj)\ @ \ B((p) = fpg, and
2. Either \ By(p) H(p;nj)or ©\ Bi(p) H(p; nj).

Then u(x) = 1 (x) cannot arise as the minimizer of the anisotropic ROF
madel (1.2) for any choice of original imagef (x) 2 L (R?).

We now give a couple of lemmasthat will help us prove this statemert.
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Lemma 4.7 Letq-= %(Vj + Vj+1). Then, there exists a constant > 0
such that

(N an jnn/j

for all n 2 R? with jnj = 1. Here, n/ denotesone of the unit perpendic-
ular directions to n;.

Proof: RecallLemma2.4: Forq2 @V andn 2 R? with jnj = 1
we have (n) = q nonly whenn 2 Ny (g). Due to our choice of q asthe
midpoint of one of the sidesof the polygon W , this condition holds only
if n = n;. Basedon this obsenation, and formula (2.2), it follows that

(n) g n for all unit vectors n, with equality holding only if n = nj.
Let G be a small enoughneighborhood of n; sud that

Ifn2Gthenn2 Nw (vj)[ Nw (Vj+1):

(Note: here we usedthe fact that W has corners at v; and vj+1.) By
the cortinuity of , and our remarks above, we have

4.1 min n n> 0
( ) jnj:1;|r12GC ( ) 9

On the other hand, if n 2 G, then

(n) gn2 (v g n(vjsa Q) n:
But (v a);(vj+1 ) ? nj. Therefore, there existsa ~> 0 sud that
4.2) j(n) gnj ~n n’jforaln2G:

Combining (4.1) with (4.2), we concludeit is possibleto choosea > 0
that satis es the conditions of the lemma. |

We also needthe following rather obvious lemma.

Lemma 4.8 Let E be a boundel set of nite perimeter in R?. Assume
there existsp;v 2 R?, andd 0 suchthat jvj = 1 and

E H(p;v)\ HS(p dv;v)

Then, 7
JEj d JD1g(x) vj
R2
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Pr oof: We may assumethat v = (1;0) and p = (d;0). There ex-
ists a sequencefu;g  Cl (R?) such that uj ! 1g(x) in LY(R?), and
kDujk(R?) ! kD1g(x)k(R?). Then, L! corvergenceof u; implies

z z,
lim jujj dx dy = JE]
mn R 0

We write z,
up (x;y) = . Qu;( ;y)d

Then,
z z, z42 Z,
jujjxdy = @u;( ;y)d dydx
0 (2 % 1

d j@u;j (x;y)j dx dy:
R R

SincekDujk(R?) ! kD 1g (x)k(R?), we have
Z
lim k@uik(R?) = jD1g(x) (L;0):
i R2

Consequetly, 7
iEj d RzJ'DlE(X) (1;0)j

which provesthe lemma. |

Pr oof of Theorem 4.6: We treat the casewhere the hypothesis
\ Bi(p) H(p;nj) holds (i.e. is locally strictly corvex at p); the

proof is very much the samefor the other case(i.e. when is locally
strictly concave at p). Furthermore, to simplify the notation we will
assumethat r > 0in the hypothesisis large enoughso that B, (p); it
is then easyto seehow to localizethe argumert presered below in order
to cover the generalcase.

For" > 0,let H-:= H(p "nj;nj). SeeFigure 4.4 for an illustration.
The idea of the proof is to compareE (1 (x)) with E (1 \ n.(x)), and
shaw that the latter is lessthan the former for small enough" > 0.

De ne d(") := diam( \ H¥f). Then, by hypothesison , we have
d(") > Oforall "> 0, and

(4.3) Jim_d() = 0
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Figure 4.4. The setup usedin the proof of Theorem 4.6, which is based

on a simple cut and paste argument.
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Let n(x) := n (x) denotethe outward unit normal to @ Fora.e." > 0

we have
(N vw(x)d = (nj)d + (n(x)) d
@ \H) 5 2@\ @\ H-
and (n(x))d = (n(x)d + (n(x))d :
@ @\ H¥f @\ H-

Setq

Using
(4.5)

Now,

(4.6)

= %(Vj + Vj+1). RecallLemma4.7:
(n) g n+ jn nljwith >0

this inequality, we have
zZ z z

(n(x)) d n(x) qd + in(x) nfjd
@\H¥¢ @\ HF¢

4 4 4

n(x) qd n(x)d =q
@\H¥f @\H¥f @\

(nj)d :

Il
o]

njd
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Combining (4.5) with (4.6) gives
Z Z Z
(n(x)) d (nj)d + in(x) n/jd
@\ H¢ @i\ @\ H¥f
This last formula, along with (4.4) implies
Z Z z
(4.7) (n(x)) d (N vh(x))d + in() njd :
@ @ \H-) @\ HS¢

On the other hand, we can apply Lemma4.8 with E = \ H¥f, d= d("),
andv = n? to get

Z
j \H o d() _infnvke()jd
(4.8) 7@ 19
=d(") inj n()jd
@\ Hf
Finally, (4.7) and (4.8) imply
(4.9) E@X X)) EQ@Q\pX)+ — C \ H

d(*)

where C = 1+ 2kfk 1. For small enough" > 0, by (4.3) we have
that (W C ) > 0. Therefore, (4.9) shavs that 1 (x) cannot be the
minimizer. |

Remark: We expect that more generalregularity results than Theorem
4.6 can be proved, for example by following the argumerts of [5] wherea
functional similar to (1.2) is considered.

5 Conclusion

We generalizedthe total variation basedimagede-noisingmodel of Rudin,
Osher, and Fatemi to favor certain edgedirections. We studied the re-
sulting anisotropic energiesby investigating properties of their possible
minimizers. Our results characterize the setswhoseindicator functions
can arise as solutions to the anisotropic models. They also exhibit some
exact solutions.

This line of resear® can be cortinued in seeral ways. Basedon the
results of [1]in the isotropic case we would expectit to be possibleto iden-
tify more general conditions under which the solution to the anisotropic
model turns out to be a constart multiple of the original image, when
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the latter is binary. Also, the improvemerts on the standard (isotropic)
Rudin, Osher, Fatemi model introduced by Meyer in [4] and studied fur-
ther in [9, 7] can be adapted in a very natural way to the anisotropic
setting.
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