GlobalMinimizersof
The Active Cortour/Snake Model

X. Bresson, S. Esed@lw’, P. Vandergheynst, J.P. Thiran and S. Oshe¥

Signal Processinginstitute,
SwissFederalInstitute of Tednology (EPFL)
1015Lausanne,Switzerland
f xavier.bresson,pierre.vandergheynst,jp.thiran g@epfl.ch

Y Departmert of Mathematics,
University of California,
90095-15583 0s Angeles,CA, United States
fesedoglu,sjo g@math.ucla.edu

January 18, 2005

Abstract

The active contour/snak e model [9, 2, 10] is one of the most well-
known segmetation variational modelsin image processing.However
this model suers from the existence of local minima which makes
the initial guesscritical for getting satisfactory results. In this paper,
we proposeto solve this problem by nding global minimizers of the
active contour model following the original work of Chan, Esedalu and
Nikolova [4]. Our approac usesthe weighted total variation norm to
link the standard active contour segmetation model with the denoising
model of Rudin-Osher-Fatemi [15] and the Chan-Veseactive corntour
segmetation models [5, 18] based on the Mumford-Shah functional

[12].

1 Intro duction

The segmemation problem is fundamertal in the computer vision and im-
age processing elds sinceit is a core componert towards e.g. automated



vision systemsand medical applications. Its aim is to nd a partition of
an image into a nite number of semartically important regions. Various
variational and partial di erential equations(PDEs) methods have beenpro-
posedto extract objects of interest in imagessuc asthe well-known active
contour/snak e model de ned by Kass et al. in [9]. This method has been
widely usedin dierent image processingapplications suc as in medical
imaging to extract anatomical structures [11, 20, §].

Following this rst model of active contours, Caselleset al. in [2] and
Kichenassary et al. in [10] have proposedthe following minimization prob-
lem invariant w.r.t. the curve parametrization:

Lo
min Egac(C) = g ds; (1)
c 0
whereds is the Euclidean elemen of length, L(C) is the length of the curve
C and g is an edgedetecting function that vanishesat object boundaries
sudh as:
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wheref isthe original image,f is a smoothed versionof the original image
and is an arbitrary positive constart.

The calculus of variations provides the Euler-Lagrange equation of the
functional Egsc and the gradient descem method givesthe ow that mini-
mizesEgac (see[2]):

@C=(g hrgNi)N; 3)

where is the curvature and N the normal to the curve. Osherand Sethian
have introduced in [14] the implicit and intrinsic level set represertation of
contours to e cien tly solve the contour propogation problem and to deal
with topological changes. Equation (3) can be written in the level set form:

;
@ = +hrg —i jr j; 4
g gJr J irj 4)

where is the level set function embedding the active contour C.

The main drawbadk of this variational segmemation model, as many
other variational modelsin imageprocessing,s the existenceof local minima



in the energy Egqc. Local minima are undesirablein optimization problems
since they provide unsatisfactory results. For example, the initial active
contour (embedded in a level set function) on Figure 1(a) can not fully
segmen both objects, Figure 1(b), becausdt getsstuck in alocal minimum.

(@ Initial Active (b) Final Active
Contour. Contour.

Figure 1: Standard active cortour fails to segmen both objects.

The approact de ned by Chan, Esedalu and Nikolova in [4] proposes
a solution to overcomethis limitation. In their paper, image segmemation
and image denoising are closely related. Image denoising aims at remov-
ing noisein imageswhile keepingmain features such as edgesand textures.
Two important variational models of image denoisingare the Rudin-Osher-
Fatemi (ROF) model [15] and the Mumford-Shah model [12] (even if the
Mumford-Shah model is primarily a segmemation model). In [19, 13], Vese
and Osher have shown that the level set method links the ROF and the
Mumford-Shah models.

The authors in [4] proposeda method to nd global minimizers of two
well-known denoisingand segmemation models. The rst model is a binary
image denoisingmodel which remaovesthe geometric noisein a given shape.
And the secondexample is the powerful model of active contours without
edgesof Chan and Vese[5].

In this paper, we proposethree algorithms basedon the work of Chan,
Esedaglu and Nikolova [4] to nd global minimizers of the standard active
contour/snak e model. Our rst approad is basedon the ROF model where
the total variation (TV) norm of the unknown function is replaced by the
weighted TV-norm and the L2-norm for the delit y term is changedinto the
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L1-norm [6]. We will shaw that the global minimizers of this new energyare
the global minimizers of the active contour model subject to an intensity
homogeneiy constraint. Then, we will reconcile the standard active con-
tours and the Chan-Veseactive corntours de ned from the Mumford-Shah
functional in a global minimization framework.

2 Global Minimization of the Activ e Contour Mo del
based on the ROF Mo del

The Rudin-Osher-Fatemi model de ned in [15 is one of the most famous
and powerful variational and PDE based image denoising models. This
denoisingtechniqgue removesthe noisewhile preservingthe edgesin images.
The minimization problem of the convex ROF energyis as follows:

Z Z

min Eror (U; )= jr uj+ (u f)2dx; (5)

where RN is an open set, f is a given (possibly noisy) image and
is an arbitrary positive parameter related to the scaleof obsenation of the
solution.

Basedon the works [3, 4], we proposeto minimize the following cornvex
energy de ned for any given obsened imagef 2 L() and any positive
parameter :

z Z

Ei(u; )= gr uj+ ju  fjdx: (6)

The di erence betweenthe energy (6) and the ROF model (5) is the intro-
duction of the weightal TV-norm of u with the weight g and the L*-norm
as a delit y measure. The L1-norm, replacing the L?-norm square of the
original ROF model, has a big impact in the minimization processsinceit
will allow usto nd global minimizers of the snake model.

In [3], Chan and Esedalu have studied the di erences betweenthe stan-
dard ROF model and the ROF model that usesthe L1-norm asa delit y
measure. They have shavn that L*-norm better presenesthe cortrast than
L2-norm and the order in which the features disappear is completely deter-
mined in terms of the geometry (such as area and length) of the features
and not in terms of the contrast. Figure 2 preseris the di erence between
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the ROF model with L1-norm asa delit y measureand our model, de ned
by energy E;, that usesthe weighted TV-norm. The parameter for both
models is the largest value such that the four small circles in the original
image (Figure 2(a)) are removed. The dierence betweenboth models is
clear, the result generated by the weighted TV-norm and the L delity
term better presenesthe geometry of the original features sud asthe cor-
ners and the largest circle.

The weighted total variation norm of the function u with the weight
function g is de ned asthe following way:

De niton  1: Let RN beanopensetandu 2 L() andlet gbea
positive valued cortinuous and bounded function in . De ne the weighted
total variation norm of u with the weight function g by

z z
TVg(u) = gjr uj:= sup u(x)div (x) dx ; (7)
2 g

where

g =f 2CH :R)jj ()] g forallx2 g (8)

The coareaformula for the TVy-norm reads as follows (Strang [17]):

z z, z !
gir uj gds d; (9)

1
Zl

Perg(E = fx:u(x)> g d; (10)

where is tﬁe boundary of the setE on which u(x) > . Hence,the term
Perg(E ) = gdsis the perimeter of the setE weighted by the function g.

The relation between the minimization of enemy (6) and the active con-
tour/ snakemodel [2, 1Q] is as follows: If 1 _ is the characteristic function
of aset ¢ whoseboundary is denoted C, then
z z

gr1.j+ j1
Z Z

gds + 1 . fjdx (12)

C

Ei(u=1.;)

fjdx; (11)
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Hence, minimizing the energy (12) is equivalent to
z
minimize gds = Egac(C) (the active cortour energy (1)) ;
C

while

approximating f (in the L! sense)by
a binary function of a set/region .

We now state the Theorem 1:

Theorem 1: Supmsethat g(x) 2 [0; 1] and f (x) is the characteristic func-

tion of a boundad domain in ¢ , if u (x) is any minimizer of E1(:; ),
then for almost every 2 [0; 1] we have that the characteristic function
1 c()=txu x> g (X); (13)

whete C is the boundary of the set ¢, is a glokal minimizer of E1(:; ).

Pro of. The proof of Theorem 1 is basedon [16, 17, 3, 4] substituting the
TV-norm by the weighted TV-norm. It basically consistsof expressingthe
energy (6) in terms of the level setsof u and f :
Z,
Ei(u; )= Perg(fx 1 u(x) > g)+
0

ffx:u(x)> g4 fx:f(x)> gjd;
then minimizing energy (6) pointwisein by solving a geometry problem.

Following Theorem 1, we look for any minimizer of the energyE;. Since
the energyfunctional E is convex, it doesnot possessocal minima that are
not global minima. Therefore the gradient descem method is guaranteed to
nd a global minimizer of the segmemation model. The minimization ow
of the functional E; is:

ru u f

ur = div gjr % + L (14)
, ru ru. u f
= gdiv jr—Uj + hrg; it ujl + TEEAE (15)



wherethe rst term of the right-hand side is the curvature of the level sets
of u multiplies by the weight function g, the secondterm is a shock term
which enhanceghe edgesand the third term of the right-hand sideis a data
delit y term w.r.t. the obsened imagef .

Then, we discretize the ewolution equation (15) accordingto the numer-
ical stheme:

untloogn q
—= g( (D2f )2+ (D )?)
t 8 0

<

. D, @q D " A
(DX um?+ (DY U2+ "5
19
R =
+D, @q Dy v A
(DX un)?+ (Dyun?+ "y
+ max(DJg; 0)q Dy "
(D9u")? + (D)2 + 2
R
+ min(DJg; 0)¢q Dy "
(Du")2+ (DJu")? + "
D, u"
+ max(DJg; 0)q .
(D) + (Dgun)2 + 7
Dy u”

+ min(Dyg; 0)g
(DRuM)? + (Dgun)? + "2

u"  f
(un f)2+"3

+ P ; (16)

where"1;"»; "3 are small positive constarts. In all our experimerts, we have
chosen"; = 10 12, ", = 10 4and "3 = 10 4.

Let us comebadk to the rst image, Figure 1. However, our new initial
guessis more challenging since it is the characteristic function of a small
disk outside both objects, seeFigure 3. Both objects are now successfully
segmeted.

The secondexampleis the cameramanpicture, Figure 4. This example
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illustrates the limitation of the Theorem 1. Indeed, Theorem 1 makesthe
hypothesis that the given image f is a binary function. Unlike Figure 3
which is a noisy binary function, Figure 4 is very dierent from a charac-
teristic function. This explains the important di erences betweenthe level
contours = 0:4;0:5 and 0:6 (which are not global minimizers in this case)
obsened on Figure 5.

The global minimization of the active contour model is extendedto the
non-binary imagef with the Mumford-Shah model following [4].

3 Global Minimization of the Activ e Contour Mo del
based on the Mumford-Shah Mo del

3.1 The Piecewise-Constan t Case

In this sectionwe considerthe global minimization of the active corntour/snak e
model using the well-known Mumford-Shah functional [12]. Chan and Vese
have proposedin [5] the model of active contours without edgesbasedon the
detection of homogeneousegions. The name of their model underlines well
the di erence from the standard active contour model basedon the detection
of edges. We proposeto reconcile these two complemenary segmemation
modelsin a global minimization framework.

The variational segmemation model of the active contours without edges,
i.e. the two-phasepiecewiseconstart Mumford-Shah segmemation model,
is as follows:

min ~ Eacwe( c;C15C2) = Per( c)+
c,C1;C2 7 7
(17)
(e f(x)%dx+ (c2 f(x)Zdx;
¢} n c

where the region ¢ andc;c 2 R.
The variational model (17) determines the best approximation, in the L2
senseof the imagef asa setof regionswith only two di erent values,c; and
c. If ¢ is xed, the valuesof ¢; and ¢, which minimize the energyE 4cwe are
the mean valuesinside and outside . Finally the term Per( ¢) imposes
a smoothnessconstraint on the geometry of the set ¢ which separatesthe
piecewiseconstart regions.
The minimization problem (17) is non-convex since minimization is carried
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over functions that take only the valuesc; and ¢, which is a non-corvex
collection. Hence,the optimization problem can have local minima, which
implies solutions with wrong scalesof details. Despite the non-corvex nature
of (17), a natural way to determine a solution ( ¢;Ci;Cp) iS a two-step
algorithm wherec; and c; are rstly computed, then region ¢ is updated to
decreasehe energyE 5cwe. Chan and Vesehave proposedin [5] a solution to
determine an ewlution equation for the region ¢ basedon a level setbased
approach. They represent the regions ¢ and n ¢ with the Heaviside
function of a level set function (which models a characteristic function).
Henceenergy E ;cwe €an be written accordingto a level set function
z
Ecv(; cic) = jr H ()j+
z (18)
H() o) +H () (e f))?dx;

where H is a regularization of the Heaviside function.
The ow minimizing energy (18) is the following one:

8 9
3 2
SHY ) div f(x))? Fx)2
= HY )_S v T I(Cl (x)) i (cc f(x)) 3 (19)

ri(x)

Chan and Vese[5] have chosena non-compactly supported smooth strictly
monotone approximation of the Heaviside function. As a result, the steady
state solution of the gradient ow (19) is the sameas:

. r .
t = div JI’—] r1(x); (20)
and this equation is the gradient descem ow of the energy:
Z z

rogj+ r1(x) dx: (21)

As explainedin [4], this energyis homogeneou®f degreelin . This means
that this ewolution equation doesnot have a stationary solution if we do not
restrict the minimization to sud asO (x) 1.

Basedon the work [4], we proposeto minimize the following constrained
minimization problem for any given obsened imagef 2 L() and any



positive parameter
z z

Omin1 Eo(u; )= gr uj+ r1(x)udx: (22)
u

The relation betweesn the standard active contour model [2, 10] and the
model of active contours without edges[5] is as follows: If 1 . is the char-
acteristic function of a set ¢ whoseboundary is denoted C, then
Z Z

gr 1.+ ()1 cdx (23)
Z

gds +

Z

Ea(u=1 ;)

(c f(x)? (e f(X)? 1 .dx: (24)

Hence, minimizing the energy (24) is equivalent to
z
minimize gds = Egac(C) (the active cortour energy (1)) ;
C

while

approximating f (in the L? sense)by
two regions ¢ and n ¢ with two valuesc; and c;.

We state the Theorem 2:

Theorem 2: Supmsethat f (x);g(x) 2 [0;1], for any givenci;c; 2 R, if
u (x) is any minimizer of E»(:; ), then for almost every 2 [0; 1] we have
that the characteristic function

1 c()=fxu (X)> g (X); (25)

whete C is the boundary of the set ¢, is a glokal minimizer of E»(:; ).

Pro of. The proof of Theorem 2 is in [4] with the weighted TV-norm re-
placing the TV-norm.

10



Finally, the constrained problem (22) becomesan unconstrained mini-
mization problem accordingto the following theorem givenin [4]:

Theorem 3: Letr(x) 2 L' () . Then the following convex constrained
minimization problem
z z

min gr uj+ r(x)udx (26)
Ou 1l

has the same set of minimizers as the following convex and unconstrained
minimization problem:
z z
muin gir uj + (u) + r (X)udx 27)

where () := maxf0; 2 %j 1g provided that > 5 kr(x) k.1 ) .

Pro of. The proof is in [4] with the weighted TV-norm replacing the TV-
norm.

We look for any minimizer of the corvex energyE». The Euler-Lagrange
technique and the gradient descen basedalgorithm are usedto give us the
minimization ow:

ru

U = gjr—uj r(x) qu); (28)
. ru ru. _

= gdiv U + hr g; U ujl r (x) Yuy; (29)

wherer(x) = (1 f(x))? (c2 f(x)2

Then, we discretize the ewlution equation (29) accordingto the numer-
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ical scheme:

untloogn q
— = g( (DYf )2+ (DI )?)
t 8 0
“b. @ D} u A
(DxuMZ+ (DyumZ+ "y
19
DJu" =
+D, @q y 4 A
xuh)e+ uhe+ "y
(Dxum2Z+ (Dyun)Z+ "
n
+ max(D%g; 0)q Dy !
(DRuM)Z+ (DuM)z + ",
+ 4N
+ min(D%g; 0)q Dy
(DRuM)2+ (DuM)2 + "5
D, u"
+ max(Dyg; 0)q !
(DRuM)2+ (DYuM)Z + ",
Dyum
+ min(Dyg; 0)g .
(DRuM2z+ (DJuM)2 + ",
r(x) 2 (u); (30)
where ? is aregularized versionof Owith () sud that:
()=
8 p_
f < = 2
3 T e — ;. P
@a+ 2 tan<(3 =8) ( 3) if 3= 2 < 3
0 if <1 ;
3 SR S o on o %p >
(l+ 2) tan (3 —8) ( 1+ 3) if 3= 2 < 3;
1 if 1 3 :

In all our experimerts, we have chosen"; = 10 12, "5, = 10 #and "3 = 0:01.

The minimization ow (29) is applied to the cameraman picture, Figure
6. The two constarts c; and ¢, are updated ewvery 50 iterations. The nal

solution (Figure 6(d)) is closeto a binary function which givesus, according
to Theorem 2, similar global minimizers as we can obsene on Figure 7.
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3.2 The Piecewise-Smo oth Case

We extend the result of Section 3.1 to the two-phase piecewise smaoth
Mumford-Shah segmetmation model. In this situation, the variational prob-
lem to solveis givenin [18] by:

MiN  EM Sypaee ( €381:82) = Per( ¢)+

c 51,52 7
(5100 fOD*+ Jr si(ffdx (39
Z C
(sa2(x)  f(x)2+ jr sp(x)j%dx;
n c
wherethe region ¢ and s; and s, aretwo C! functions on ¢ and on

n ¢ respectively.
The variational problem (32) determinesthe best approximation, in the L?2
senseof the imagef asa setof smooth regionsrepresenied by the function
s(x) such that

si(x) ifx2 ¢;

s() = so(X)ifx2 n ¢

(33)
and C = @ ¢ is the boundary betweenthe smooth regions.
As (17), the minimization problem (32) is alsonon-corvex, which implies the
existenceof local minima and possibleunsatisfactory segmemation results.
As in the previous section, both regions ¢ and n ¢ are represented by
the Heaviside function of a level set function. This leadsto the following
energy:
z
Ecv,( c;s1i;s2) = jr H ()j+
Z
H()(s1 )%+ jr si?)dx (34)
Z
H( sz )?+ Jr sp9)dx:

Minimizing Ecy, with respect to the functions s; and s, using the calculus
of variations givesus:

s; f= s1in ¢;

s, f Soin n ¢ (35)
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with the Neumann boundary conditions:

& -oon@c|[ @;
S =oomn@ n o)l @:

And the ow minimizing the energy (34) is asfollows:

(36)

r
= HY fdiv —
t () ]

(st F)2 (s2 )%+ jrsij?  jrsi® g (37)
| {z }
ra(x)

If a non-compactly supported smooth approximation of the Heavide function
is chosen,the steady state solution of the gradient ow (37) is the sameas:

. r
¢ = div jl’—j r »(x) (38)

and this equation is thezgradiert dezscem ow of the energy:
roj+ ro(x) dx: (39)

As a result, the following constrained minimization problem is proposed
for any givenimagef 2 L() and any positive parameter
Z Z

0minl Es(u; )= gjr uj + ro(x)udx: (40)
u

We point out that in formulation (34) of the piecewisesmooth functional the
two functions s; and s; needto be de ned only on their respective domains
(namely ¢ and n () becauseof the Heaviside function. However, in the
relaxed formulation given in (40), these functions needto be de ned in the
entire domain  (by a suitable extention).

The relation between the standard active contour model [2, 10] and the
maodel of active contours based on the 2-phaseMumford-Shahfunctional [18]

is as follows:
Z Z

gril.j+ ra(x)1 .dx;
Z
= gds+
ZC

Es(u=1 ;)

(s1 )2 (s2 )%+ jrsj?  jr s 1 . dx
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Hence, minimizing the energy (24) is equivalent to
z
minimize gds = Egac(C) (The active contour energy (1)) ;
C

while

approximating f (in the L? sense)by
two piecewisesmooth regions ¢ and n c.

We state Theorem 4:

Theorem 4: Supmse that f (x);g(x) 2 [0;1], for any givens; 2 C() ,
S, 2 CY() , if u (x) is any minimizer of E3(:; ), then for almost every
2 [0; 1] we havethat the characteristic function

1 c()=txu x> g (X); (43)
whete C is the boundary of the set ¢, is a glokal minimizer of E3(:; ).

Pro of. The proof of Theorem 4 is similar to the proof of Theorem 2.

And nally , the constrained problem (40) becomesan unconstrained
minimization problem accordingto the Theorem 3, Section 3.1.

A minimizer of the corvex energy E3 can be found using the following
minimization ow:
ru
ir uj

ug = div g r o(x) Yu): (44)

with > 5 kra(x) ki1 ) -

The previous minimization o w is applied to the cameramanpicture, Figure
8. The two functions s; and s; are initially chosento f and updated every
10 iterations accordingto Equation (35). The nal solution (Figure 8(e)) is
closeto a binary function which givesus, accordingto Theorem 4, similar
global minimizers.

We have also segmeted (Figure 9(f)) and denoised(Figure 9(b)) a piece-
wise smooth image (Figure 9(a)). And nally we have applied our segmen-
tation/denoising model to the galaxy picture on Figure 10.
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4 Conclusion

In this paper, we have proposedthree algorithms to nd global minimiz-
ers of the active contour/snak e variational model following the approacd of
Chan, Esedalu and Nikolova [4, 3]. The rst algorithm, de ned from the
ROF model, determines global minimizers of the snake model for any ob-
senedimagecloseto a binary function. The two other algorithms, basedon
the Chan-Veseversion of the Mumford-Shah model, nd global minimizers
(when parameterscy; ¢, or functions s1; s, are xed) for any type of images,
binary or non-binary.

It will not be surprising to seenew applications of the approad introduced
in [4, 3] to other image processingmodels to get global minima. The key
idea is to expressthe energy functionals in terms of level sets as obsened
by Strang [16, 17].

In this work, we have determined not one but seweral global minimizers of
the active contour model, which looksto be a drawbadk. Howewer, all global
solutions are reasonablesolutions and most of them are closeto ead other.
From a numerical point of view, the three algorithms are slov even if the
standard re-initialization processof the level set function is not used in
this approadh. The non-linear nature of our PDEs requires to use a very
small temporal step to guarantee a consistert ewvolution process. However,
fast numerical schemescan be usedto speedup the algorithms such as the
second-ordercone programming algorithm [1].

Let us nally mention the paper [7] of Cohen and Kimmel which also ad-
dresseghe problem of determining a global minimum for the active contour
model's energy Howewer, their approac is di erent from ours sinceit is
focusedon nding a minimal path betweentwo given end points of an open
curve. They have extended their method to closedcurvesbut a topology-
basedsaddle seart routine is needed.
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(a) Original image.

(c) Final u (TV-
LY.

(e) Final u
(weighted TV-L1).

(b) Initial @x
u(x) > 0:5g.

(d) Final @x
u(x) > 0:5g (TV-
LY.

f) Final
@x : u(x) > 059
(weighted TV-L*Y).

Figure 2: Comparison betweenthe ROF model with L1-norm asa delit y
measureand our model de ned by the weighted TV-norm and the L-norm.
The di erence betweenboth modelsis clear. The result generatedby our
model better presenesthe geometry of the original features such as the

cornersand the largest circle.



(a) Original image.

(b) Initial u. (c) Inital @c( =
0:5).

(d) Final u. (e) Final @c( =
0:5).

Figure 3: Our segmemation/denoising model hassuccessfullyextracted both
objects (Figure 3(e)) in the noisy image (Figure 3(a)) whereasthe initial

guess(Figure 3(c)) was a small circle outside both objects. This improves
the standard active contour result obtained on Figure 1 where a good initial

guessis neededto get the sameresult.
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(a) Original image.

(b) Initial u. (c) Inital @c( =
0:5).

(d) Final u. (e) Final @ c( =
0:5).

Figure 4. Figure 4(e) preseris the result obtained by the minimization the
energy E;. This exampleillustrates the limitation of the Theorem 1 which
makesthe hypothesisthat the obsened imagef is a binary function. Since
this condition is not respected here, we get di erent level cortours (which
are not global minimizers) as we can obsene on Figure 5.
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(@ Final @c( =
0:5).

(b) Final @c( = (c) Final @c( =
0:4). 0:6).

Figure 5: Sincethe cameraman picture is not a binary function, dierent
level contours (which are not global minimizers) are obtained for = 0:4;0:5
and 0:6.

22



(a) Original image.

(b) Initial u. (c) Inital @c( =
0:5).

(d) Final u. (e) Final @c( =
0:5).

Figure 6: Figure 6(e) presens the cortour obtained by the global mini-
mization of the active contour energy subject to an intensity homogeneit/
constraint basedon the Mumford-Shah energy (the 2-phasepiecewisecon-
stant casede ned in [5]). Our global minimization approac allows us to

reconcilethe standard active contour model with the model of Active Con-
tours Without Edges. 23



(& Final @c( =
0:5).

(b) Final @c( = () Finah @c( =
0:4). 0:6).

Figure 7: Unlike Figure 5 wherelevel cortours are di erent from ead other
sincethe given imageis not binary, the level lines of Figure 6(d) are similar
and correspond to global minimizers.
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(a) Original image. (b) Piecewise-smmth
approximation.

(c) Initial u. (d) Initial @ c( =
0:5).

(e) Final u. (f) Final @c( =
0:5).

Figure 8: Figure 8(f) preseris the contour obtained by the global minimiza-
tion of the active contour energy subject to an intensity homogeneit con-
straint basedon the Mumford-Shah energy (the 2-phasepiecewisesmooth
casede ned in [18]). Our global minimization approac allows usto recon-
cile the standard active cortour model with the model of Active Contours
basedon the Mumford-Shah approad. Finally, Figure 8(b) shaws the best
piecewisesmooth approximation of the original image (Figure 8(a))
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(a) Original image. (b) Piecewise-
smooth approxima-

tion.

(c) Initial u. (d) Initial @ c( =
0:5).

(e) Final u. (f) Final @ c( =
0:5).

Figure 9: Figure 9(f) presens the cortour obtained by the global mini-
mization of the active contour energy subject to an intensity homogeneiy
constraint. Figure 9(b) shows the best piecewisesmooth approximation of

the original image (Figure 9(a)).
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(a) Original image. (b) Piecewise-smmth
approximation.

(c) Initial u. (d) Inital @c( =
0:5).
(e) Final u. (f) Final @ ¢ ( = 0:5).

Figure 10: Figure 10(f) presens the contour obtained by the global mini-
mization of the active contour energy subject to an intensity homogeneiy
constraint. Figure 10(b) shows the best piecewisesmooth approximation of

the original image (Figure 10(a)).
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