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Abstract— The active contour/snake model is one of the most
successfulariational modelsin image segmentation It consistsof
evolving a contour in imagestoward the boundariesof objects.Its
succesds basedon strong mathematical properties and ef cient
numerical schemesbased on the level set method. The only
drawback of this model is the existence of local minima in
the active contour energy, which makesthe initial guesscritical
to get satisfactory results. In this paper, we proposeto solve
this problem by determining a global minimum of the active
contour model. Our approachis basedon the uni cation of image
segmentationand image denoisingtasks into a global minimiza-
tion framework. Mor e precisely we proposeto unify threewell-
known image variational models, namely the snake model, the
Rudin-Osher-Fatemi denoising model and the Mumford-Shah's
segmentation model. We will establish theorems with proofs
to determine the existenceof a global minimum of the active
contour model. From a numerical point of view, we propose
a new practical way to solve the active contour propagation
problem toward object boundaries through a dual formulation
of the minimization problem. The dual formulation, easy to
implement, allows us a fast global minimization of the snake
enemy. It avoidsthe usualdrawback in the level setapproachthat
consistsof initializing the active contour in a distance function
and re-initializing it periodically during the evolution, which
is time-consuming We apply our segmentation algorithms on
synthetic and real-world images, such as texture images and
medical images, to emphasizethe performances of our model
compared with other segmentationmodels.

Index Terms— active contour, global minimization, variational
model, weighted total variation norm, ROF model, Mumford-
Shah enemgy, dual formulation of TV.

I. INTRODUCTION AND MOTIVATIONS

The image segmentationproblem is fundamentalin the
eld of computervision. It is a core componenttoward
e.g. automatedvision systemsand medical applications.lts
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aim is to nd a partition of an imageinto a nite number
of semanticallyimportant regions. Various variational and
partial differentialequationg PDES)-basednethodshave been
proposedto extract objects of interestin imagessuch as
the well-known and successfulactive contour/sna& model,
initially proposedy Kass,Witkin andTerzopoulosn [1]. The
numberof applicationsof this methodis numerousn various
image processingapplicationssuchasin medicalimaging to
extract anatomicalstructureq?2], [3], [4].

Following the rst model of active contours, Caselles,
Kimmel and Sapiroin [5] and KichenassamyKumar, Olver,
Tannenbaumand Yezzi in [6] proposeda new enhanced
version of the snale model called the geodesic/geometric
active contour (GAC) model. This new formulation is said
geometricallyintrinsic becausehe proposedsnale enegy is
invariantwith respecto (w.r.t.) the curve parametrizationThe
modelis de ned by the following minimization problem:

( Z Lo )

min - Ecac (C) = g(ir 1o(C(s))j) ds ; 1)
whereds is the Euclideanelementof Iengtlh’:md L(C) is the
length of the curve C de ned by L(C) = OL(C) ds. Hence,
the enegy functional (1) is actuallya new length obtainedby
weightingthe Euclideanelementof lengthds by the function
g which containsinformation concerningthe boundariesof
objects[5]. The function g is an edgeindicator function that
vanishesat object boundariessuchas g(jr 1oj) = W
wherel is the original imageand is an arbitrary positve
constant.The calculus of variations provides us the Euler
Lagrangeequationof the functional Egac and the gradient
descentmethod gives us the ow that minimizes as fast as
possibleEgac (see[5]):

@c = (g
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where @C = @=@, t being an arti cial time parameter
and , N are respectiely the curvature and the normal
to the curve C. The evolution equationof active contours,
de ned in Equation (2), is well-de ned becausea unique
viscosity solution [5], [7] associatedo the PDE (2) exists.
Osherand Sethianintroducedin [8] the level set methodto
efciently solve the contourpropagtion problemandto deal
with topologicalchangesEquation(2) can be written in the
level setform asfollows:

@= g+hrg_—i jr j: ©)

ro
where is thelevel setfunctionembeddinghe evolving active
contourC suchthat C(t) = fx 2 RN j (x;t) = 0g. The
PDE (3) is implementedwith numerical schemeshasedon
hyperbolicconserationlaws, seeOsherSethian[8], [9], [10],
which canbe highly accuratg11], [12] to give very ne/sub-
pixel sggmentations.

Despite the mary good numerical results obtained with
this sggmentationmodeland strongtheoreticalproperties the
snale/GAC modelis highly sensitve to the initial condition.
Actually, the quality of the segmentationresultdependsa lot
on the choice of the initial contour which meansthat a bad
initial contourcangive an unsatiséctory result. The problem
of a goodinitial conditionis relatedto the noncorvexity of
the enegy functional, Egac , to be minimized and then the
existenceof local minima. This dravback is not speci c to
this variationalmodel becausét is a widespreadssuewhen
dealing with variational modelsin image processingwhich
also suffer from local minima. In the caseof the active con-
tours, the existenceof local minimain Egac canpreventthe
segmentationof meaningfulobjectslying in imagesA simple
exampleis givenon Figure 1. Theinitial GAC (embeddedn a
level setfunctionin orderto allow naturaltopology changes)
on Figure 1(a) can not fully segment both objects, Figure
1(b), becauset getsstuckin a local minimum. Hencelocal
minima are undesirablen optimizationproblemsand one of
the objectves of this paperis to getrid of local minima so
thatthe standardsnale modelmay becomeindependenof the
initial contourposition.

(a) Initial Snale/GAC. (b) Final Snale/GAC.

Fig. 1. The standardsnale model, de®nedin Equations(1)-(3), fails to
segmentboth objects.

In a recentwork, Chan, Esed@lu and Nikolova [13] pro-
poseda new approachto overcomethe limitation of local
minima. In their paper they relatedimage segmentationto
image denoisingin orderto nd global minimizers of two
denoisingandsegmentatiormodels.The rst modelis abinary

imagedenoisingmodelwhich removesthe geometricnoisein
a given shapeand the secondmodel is the active contous
without edges (ACWE) model of Chanand Vese[14].

In this paper we develop threetheoreticalglobal minimiza-
tion modelsfor the active contour model inspired by [13].
The rst modelis basedon the standardsnale segmentation
model[1], [5], [6] andthe well-known imagedenoisingmodel
of Rudin, Osher and Fatemi (ROF) de ned in [15]. We
remindthatimagedenoisingaimsatremaoving noisein images
while keeping main featuressuch as edgesand textures. It
is interestingto notice that a unied approachof image
segmentationand image denoisingprovides us with a global
minimization solutionfor the active contourmodel subjectto
an intensity homogeneityconstraint. Then the secondmodel
is basedon the standardactive contour model [1], [5], [6]
and the piecavise-constanMumford and Shahs model[16],
which is relatedto the ACWE model of Chanand Vese[14].
Our model will “reconcile” the classicalGAC model, based
on the detectionof edges,and the ACWE model, basedon
the detectionof homogeneousegions,in a single framevork
to globally minimize the active contour model subject to
intensity homogeneityconstraints.Finally, the third model
usesthe piecavise-smoothapproximationof the Mumford-
Shahs modelto nd aglobalactive contoursubjectto smooth
intensity constraints.

This paper besidesdeveloping new theoreticalmodelsto
carry out the global minimizationof the active contourmodel,
also proposesnen numericalschemeso perform the snale
evolution in an efcient and fast way. Thus, the traditional
contourpropagtion problemis solvedwith a dualformulation
of the total variation (TV) norm introducedand developed
in [17], [18], [19], [20], [21]. Theseoriginal implementation
schemesare easyto implementand very fast comparedwith
usual schemes,based on the level set approachsuch as
Equation (3). Indeed, standardcontour tracking algorithms
use a distance function (DF), as a level set function, to
implicitly and intrinsically representthe active contour The
main problemis thatthe DF is not a solutionof Equation(3),
which meansthat the level setfunction doesnot remaina DF
during the contourevolution processThis requiresthe userto
periodically re-initialize the level setfunction asa DF, which
is time-consumingto ensurecorrectnumericalcomputations
of the cunvature and the normal to the contour Finally, the
initial actve contourhasalsoto be embeddedn a DF in the
standardapproachwhich alsorequiresspecialtechniques.
Thusthe main contributions of this paperare asfollows:

1) introduction of three theoreticalmodelsto carry out
the global minimization of the active contour/sna&
segmentationmodel basedon the Rudin-OshefFatemi
denoisingmodel and the Mumford-Shahs model,
de nition of an enhancedsementationmodel by uni-
fying into a global minimization framework the com-
plementaryapproachesf the geodesic/geometriactive
contoursmodel, basedon the detectionof edgepoints,
andthe active contourswithout edgesmodel, basedon
the detectionof homogeneousegions,
presentationof new numericalschemespasedon the
dual formulation of the TV-norm, to solve the global

2)

3)



minimization problem of the snale propagtion in an
efcient, easyandfastway.

The next section de nes the global minimization model
basedon the snale method and the ROF model, which
provides a uni ed way to perform image segmentationand
image denoising. Then Section Il introducesthe second
global minimization model basedon the piecavise-constant
approximatiorof the Mumford-Shahs model,whichis knovn
asthe ACWE model of Chan-\ése.We shaw that our model
improvesthe performancesf the ACWE. SectionlV presents
the globalminimizationmodelbasedon the piecavise-smooth
approximatiorof the Mumford-Shahs model.We comparethe
proposedmodel in this paperto other works in SectionV.
Finally, we concludein SectionVI andgive in Appendixthe
proofs of the introducedtheorems.

[I. GLOBAL MINIMIZATION OF THE ACTIVE CONTOUR

MODEL BASED ON THE ROF MODEL

A. Theoetical Model

In this section,we unify the snale segmentatiormodelwith
the denoisingRudin, Osherand Fatemimodelde ned in [15].
The ROF model is one of the most famousand in uential
variationaland PDE-basedmage denoisingmodelsin image
processingThis denoisingtechniqueremovesthe noisewhile
preservingthe edgesin images.The minimization problem
associatedvith the ROE modelis asfgllows:

min  Eror(u; )= jr uidx+  (u f)2dx ; (4)
| —{z—}
=TV (u)

where RN is anopensetrepresentingheimagedomain,

f is a given (possibly noisy) image, TV (u) is the total
variation norm of the functionu, and > 0 is an arbitrary
parameterrelatedto the scaleof obsenration of the solution.
Basedon the approachof Chan, Esed@iu and Nikolova in
[13], we proposethe following (nonstrictly) corvex enegy
de ned for ary given obsered imagef 2 L() andary
positive parametezr :

z
Ei(u; ):= g(x)jr ujdx + ju  fjdx: (5)
I {z }
= TVg(u)

The differencesdetweenEnegy (5) andthe ROF model(4)
arethe introductionof the weightedTV-norm, TVy(u) with a
weight function g(x) andthe replacemenbf the L 2-norm by
the L1-norm as a delity measurew.r.t. the given imagef .
Thesemodi cations have two importantconsequencegirst,
the L1-norm, which hasbeenintroducedand well studiedin
[22], [23], [24], [25], [26], [27], [28], [25], [29], outperforms
the standardROF regularizationmodel with the L ?-norm for
someapplicationsandpresentsmportantgeometricproperties
concerningglobal minimizers of functionals, which will be
used for the active contour global minimization problem.
Secondthe introductionof a weight function, g, in the TV-
normgivesusthelink betweerthe snale/GAC modelandthe
proposedunctional,E 1, becausehe snale enegy, de ned in
Equation(1), is equalto the weightedTV-norm wheng is an
edgeindicator function and the function u is a characteristic

function,1 ., of a closedset ¢ which C denoteshe

(non-connectedy)oundarizea)f c:
TVeu=1 )= g()jr 1 .jdx
Z (6)
= g(x)ds= Egac (C):
C

Before establishingthe global minimization theorem for
the active contourmodel, let us develop herethe comparison
betweenthe standardROF model, the ROF model with the
L1-norm andthe proposedmodelin Equation(5). Chanand
Eseddjlu studiedin [29] the differencesbetweenthe ROF
modelandthe ROF modelthat usesthe L *-normasa delity
measure.They shaved that the L-norm better preseres
the contrastthan the L?-norm and the order in which the
featuresdisappearin the regularizationprocessjs completely
determinedn termsof the geometry(suchasareaandlength)
of the featuresand not in terms of the contrastsuch as in
the standardmodel. Figure 2 presentghe differencebetween
the ROF model using the L *-norm and our model using the
L!-normandthe weightfunctiong. The parameter for both
modelsis the largestvalue suchthat the four small circlesin
the original image,Figure 2(a), areremoved. We canseethat
our model, usingan edgeindicatorfunction, givesus a better
quality result becausethe edgefunction better preseres the
geometryof the original featuressuchasthe cornersand the
largestdisk.

Besidesimproving the regularization processof the ROF
model, the Enegy (5) provides a global minimization of the
snale model. The global minimization resultis basedon the
following theorem:

Theorem 1. Supposehat g(x) 2 [0; 1] and f (x), the given
image, is the characteristic function of a boundeddomain

f , for any given > 0O, if u(x) is any minimizer of
E1(:; ), thenfor almostevery 2 [0; 1] we havethat the
characteristic function

()

wheee C is theboundaryof theset ¢, is a global minimizer
of E1(;; ).
Proof. SeeAppendix.2

1 =txums> g (X);

Theoreml is relatedto the globalminimizationof the active
contour model. Indeed, when function u is a characteristic
function of a set ¢, whose boundaryis denotedC, the
expressionof Enegy E; is equalto:

Z
fjdx; (8)

Ei(u=1 ;)= gr 1 _jdx+

Z z
= gds +
C

i1

i1 . fjdx 9)

Hence,minimizing Enegy (9) is equialentto

minimize gds= Egac (C) (Thesnale/GAC enegy (1));
C

while

approximatingthe givenimagef (in theL! sense)
by a binary function of a set/rgion .



(a) Original Image
f 2 [0;1].

(b) Level Set@x :
f (x) > 0:5g.

(c) Final u with
TV L.

(d) Level Set@x :
u(x) > 0:5g.

(e) Final u with

(f) Level Set@x :

Ei1=TVy LL u(x) > 0:5g.

Fig. 2. Comparisonbetweenthe ROF model using L 1-norm as a ®delity
measurefigures(c-d), and our model using the weighted TV-norm and the
L 1-norm, Figures (e-f). The differencebetweenboth modelsis clear The
result generatecby our model better preseres the geometryof the original
featuressuchasthe cornersandthe largestcircle.

Finally, sinceEnegy E; is corvex but not strictly corvex,
it doesnot possesdocal minima that are not global minima.
Hence any minimizer of Enegy E; is a global minimizer.
Thus, accordingto Theorem1, for ary minimizer u of Eq,
the contourC of the setfx : u(x) > gforary 2 [0;1]
is a global minimizer of the active contour/sna& enegy for
binary images suchasFigure 1.

The next two sectionsde ne two numerical schemesto
computethe global minimum of the active contour model.
Section II-B gives a PDE to nd a global minimum and
Section lI-C introducesa new algorithm, basedon a dual
formulation of the TV-norm, to quickly computea global
minimizer

B. Standad Minimization basedon a PDE

As we previously said, ary minimizer u of E; provides
a global minimum to the active contour model. Hence,the
standarctalculusof variationmodelcanbe usedto determine
a PDE which is guaranteedo nd a global minimizer of the
segmentatiormodel. The minimization o w of FunctionalE ;

ru u f
+ )

jir uj ju  fj’ (10)

1
«Q
<

ru ru. u
—— +hrg; i+
Jruj

f
ir uj ju fj’(ll)

where the rst term of the right-hand side of (11) is the
cunature of the level setsof u, div J.rr 31' , multiplies by
the edgeindicatorfunction g, the secondermis a shockterm
which enhanceghe detectionof edgesand the third term of
the right-handside is a data delity term w.r.t. the obsenred

imagef . The evolution equation(11) canbe discritizedwith
the following explicit numericalscheme:

untl e q n .-
= o (DFNZ+ (0FND) DN+
Dy Nyt + (DRg)n Ny + (DRg)_ N+ (12)
0 n 0 +:n n un f .
(Dyg)» Ny.ii + (Dyg)_ Nyl + p . f)2+
whereDf = (fi 415, fi, 13,)72 DyuU = Ui+,

Ui, and D, u = uj, ui, 1, are respectiely the
central, forward and backward approximationsof the spatial
deriativesin the x-direction,N,.." = p b, u"

* (D un)2+(Dy un)2+ "
is the approximationof the normalto the level setsof u in
the x-direction, the sameapproximationsbeing held in the
y-direction, ()~ = max(;0);()_ := min(;0), t being
the temporalstep,and"1;", small positve constantsin all
our experiments,we choose t = 5:10 ®, "; = 10 12 and
", =10 4.

The numerical schemede ned in Equation (12), deter
mined from the classicalEulerLagrangeequationsmethod,
is actually a very slow segmentation method becauseof
the regularization processof the TV-norm. Indeed, Enegy
R1 is Fpot directly minipgbzed but the regularized version

g(x) jruj2+ "y + (u f)2+", where";;", are
very small parameter$o be faithful to the original enegy and
usefulto avoid numericalinstabilities. The directconsequence
of this regularization parameteris the obligation to use a
smalltemporalstepto ensurea correctminimization process.
Thus a large numberof iterationsto reachthe steadystate
minimizationsolutionis necessaryin otherwords,althoughit
is correct the sgmentatiorprocessemainsslow. For instance,
let us comebackto the rst image,Figure 1. This time, we
considera more challenginginitial actve contourbecauseve
choosea characteristidunction of a small disk outsideboth
objects, see Figure 3(a). Both objectsare now successfully
segmentedas we can seeon Figure 3(b) thanksto the global
minimization property of our model but the seggmentation
processtakes 5 minutes.In the next section, we introduce
a newv numericalmodel basedon a dual formulation of the
TV-norm which gives a fast segmentationalgorithm.




(a) Initial Active Con-
tour.

(b) Final Active Con-

tour.

(c) Initial u.

(d) Final u.

Fig. 3. Despitehaving aninitial contouroutsideboth objects,Figure(a), our
segmentation-denoisingnodel successfullyextractsboth meaningfulobjects,
Figure (b), in the given noisy image.On Figures(a-b), the active contouris
given by the boundaryof theset ¢( = 0:5) = fx : u(x) > 0:5g andthe
function u on Figure (d) is the minimizer of Enegy E 1, computedwith the
discritized ow (12). The parameter is arbitrary chosento 0:5, although
ary value between0 and 1 can be usedwithout changingthe segmentation

resultbecausdhe ®nal function u is very closeto a binary function. Hence,

our shale model,basedon a global minimizationapproachijs independenbf
theinitial condition. Thisimprovesthe standardactive contourresultobtained
on Figure 1 wherea goodinitial guessis necessaryo getthe sameresult.

C. FastMinimizationbasedon a Dual Formulationof the T\-
Norm

Basedon [17], [18], [19], [20] and more preciselyon [21],
We usea corvex re%ularizationof the vz%riationalmodel:

min - Ey(u; )= g(x)jr ujdx+ ju fjdx ; (13)
foll :
asftoliows 7
min Ei(uiv;; )= g(x)jr ujdx+
’ | {z }
7 =TVg(u) 7 (14)
= (u+v f)ldx+  jvjdx
| {z }oo |l {z—=}
ku+v fk?, kvk, 1

and the parameter > 0 is small so that we almost have
f = u+ v wherethe function u representshe geometricin-
formation,i.e. the piecavise-smoothregions,andthe function
v capturegshe texture informationlying in the givenimage.
Since the functional E] is corvex, its minimizer can be
computedby minimizing E} w.r.t. u andv separatelyanditer-
ating until corvergenceasin the referencesnentionedabove.
Thus, the following minimization problemsare considered:
1) v being x ed, we searchfor u asa solution of:

min - TVg(u) + Zi ku+v k& ; (15)

2) u being x ed, we searchfor v asa solution of:

min Ziku+ v fk+ kvky: ;  (16)
Proposition 1: Thesolution of (15) is givenby:
u=f v div p;
whee p = (p*; p?) is givenby
di f
g(x)r divp ( . v) (17)
r divp (f v) p=0:

Thepreviousequationcan be solvedby a xed point method:
p? = 0 and

"+ tr divp" (f v)=
pn+1 = P — : p ( ) . (18)
1+ goalr divp" (f wv)= |
Proof: SeeAppendix.2
Proposition82: The solutionof (16) is given by:
< f wu if f u
v=_f u+ if f u (29)
-0 if jfuj

Proof: SeeAppendix.2

The iterationscheme(18) is straightforvard to implement.
The discretedivergenceoperatordiv is given by [19]:

< pilx;iy P, 1, I 1<ix< Ny
(div i, = . PLy, if Q=L
pilX Liy if ix = Ny;
8 2. 2 if 1<i,<N
< pIX;Iy p|><;|y 1 I y Y
+ . PR iy if iy =1 (20)
' pizx;iy 1 if iy = Ny;
andthe discretegradientoperatoris asfollows [19]:
(r Wi, = ((r i, ruiy,) (21)
with .
1 — Ui, +1 ;i Ui, ;i I Ix < Nx;
(r Ll)ix;iy - 0 ! ! if iy = Ny;
2 _  Uiiy+1 Ui if iy < Ny;
Wi, = o™ Tt iy= N, @2

Finally, in all experiments,initial valuesare chosento be
Uo = Vo = p§ = p3 = 0, the temporalstepis equalto t =
1=16 andastoppingtestis max(jun+1  Unj;jVn+1 Vnj) "

D. Results

The new active contour model, given by the global mini-
mizationof Enegy (14),is appliedto Picturel. Thenumerical
enegy minimizationbasedon the dual formulationof the TV
enegy, and not on the classicaltechniqueof EulerLagrange
equationssuchasin Sectionll-B, givesusthe sameresult,see
Figure4(a),in lessthan5 secondsWe remindthe readerthat
5 minuteswas necessanjn the caseof the EulerLagrange
equationsmethod. Furthermore,the implementationof the
minimizationis straightforvard. Hence,our nenv snale model
providesnot only a globalminimumindependenof theinitial



contour position but also an easyand fastalgorithmto carry
out the segmentatiorprocessThis new way to solve the active
contourproblemis alsonumericallymuchfasterthanclassical
methodsusedin [5], [6] that consistsof embeddinghe snale
in a distancefunction and re-initializing it periodically to
insure correct numerical computationsof the curvature and
the normalto the level sets.

It is interestingto note that our sggmentationframenork
uni es image segmentation(snale model), image denoising
(ROF model)andnow imagedecompositiorusingthe enegy
functional (14). Indeed, the introduction of the function v
in the minimization problem, naturally capturesthe textural
part lying in images.Image decomposition[30], [31], [20],
[21] consistsof separatingan imageinto its structuralparts,
representingyy the geometric/piecgise-smoothregions, and
textural parts, containingtextures and noise. Thus the mini-
mization of Enegy (14), leadingto the global minimum of
the sgmentationmodel, simultaneouslyperforms an image
decompositiorwhich improvesthe sggmentationtask.Indeed,
considerFigure 5. The standardGAC fails to segment the
rectangleFigure5(b), becausé getsstuckin textureswhereas
our model,thanksto the separatiorbetweengeometricregions
and textures, is able to capturethe black rectangle,Figure
5(c). Finally, performingimage sggmentationand image de-
compositionat the sametime can be useful for otherimage
processingaskssuchas patternrecognition.

We also apply our model on a real-world image, Figure
6(a), corruptedwith a salt-and-peppenoise unlike Figure 1
which is distortedby a Gaussianadditive noise. Our model
successfullyextractsthe meaningfulpart of the given image
correspondingdo the original text.

(a) Final Active (b) Final u. (c) Final v.
Contour
Fig. 4.  Global minimization of the actve contour/sna& model with a

dual formulation of the TV-norm proposedin Propositions1l and 2. Our

segmentatiorsuccessfullyextractsboth meaningfulobjects,Figure(a), in less

than 5 seconds!Figures (b)-(c) presentthe ®nal functionsu and v which

minimize the regularizedenegy E] de®nedin (14). The minimization of

FunctionalE] carriesout theimagedecompositioriaskbecauses represents
the geometricinformation, i.e. the piecavise-smoothregions,andv captures
the texture informationlying in the givenimage.Of course,this modelalso

improves the standardactive contour result obtainedon Figure 1 where a

goodinitial guessis neededo getthe sameresult. Herethe initial condition

iSUp = vo = p§ = p3 = 0. Wealsohare = 0:1; = 1.

I1l. GLOBAL MINIMIZATION OF THE ACTIVE CONTOUR
MODEL BASED ON THE MUMFORD-SHAH'S MODEL: THE
PiecewIse ConstantCASE

The previous sectionde ned a nev image segmentation
method based on the ROF model to determinea global
minimum of the standardgeodesic/geometriactive contour

(a) Initial Stan-
dard GAC.

(b) Final Stan-
dard GAC.

(c) “Global”
Active Contour

Fig. 5. The image decompositionusedby the active contour/sna& model
improves the segmentationtask. We mixed a black rectanglewith a texture
pattern.Figure (a) shavs the sggmentationobtainedwith a standardGAC
de®nedin Equations(1)-(3). The standardsnale fails to segmentthe black
rectanglebecausat getsstuckin the textures. However, our model is able
to able to capture the black rectangle, Figure (c), thanksto the image
decompositiorwhich separatethe geometricpart, Figure (d), andthe texture
part, Figure (e), from the given image.We have ug = vg = pé = pg =0

(d) Final u. (e) Final v.

and = 0:001; = 0:05.
(a) Original imagecor (b) Final Active Con-
rupted by a salt-and- tour.
papernoise.
(c) Final u. (d) Final v.
Fig. 6. Application of our sggmentationmodel to a real-world image.

The global minimization of the snale model extracts the text, Figure (b)-
(c), initially corruptedby a salt-and-papenoise.The sggmentation-denoising
modelallows usto denoisethe givenimageandrecover the original text. The
adwantageof the proposedsnale model comparedwith the standardactive
contourmodelis ohvious on this picture. We have = 0:0001, = 1.

model. This nev model is thus independentof the initial
contourposition. However, it is designedfor (noised)binary
imagessuchasPicturesl, 5 and6. In this section,we propose
to extend the previous techniqueto grey-scaleimages



A. Theoetical Model

We considerthe global minimization problem of the ac-
tive contour/sna& model [1], [5], [6] using the well-known
Mumford and Shahs (MS) functional [16] and the Chan
and Veses model of active contous without edges (ACWE)
[14]. The MS modelis one of the mostin uential variational
modelto solve the image segmentationproblem. This model
determineghe optimal piecavise smoothapproximationof a
given image, which is equivalent to partition an image into
distincthomogeneougegionswhich boundariesare sharpand
piecavise regular The ACWE model is also an important
segmentationmodel basedon curve evolution techniquesthe
level set approachand the MS model. This model detects
boundarieof objectsbasedon the detectionof homogeneous
regions, like in the MS model, and not on the detectionof
large image gradientssuch as in the classicalsnale model.
The efciency of the ACWE modelis presentedn [14] on
various experimental results for which the classical snale
model, basedon the image gradient,is not applicable.Chan
andVesealsonoticedon experimentalresultsthat their model
hasthetendeng to computea globalminimizer. Finally, Chan,
Eseddjlu andNikolova provedin [13] thata global minimum
to the ACWE model exists.

In our approach,we proposeto determinea global mini-
mum of the snale model by enhancingthe standardACWE
method.The enhancemeris realizedby unifying the classical
GAC modelwith the ACWE modelin a global minimization
framework to detectat the sametime object edges,based
on the detectionof large image gradientsand homogeneous
intensitiesregions. Hence,we unify the complementaryap-
proachesf the geodesic/geometriactive contoursmodeland
the active contourswithout edgesmodelto createanimproved
segmentationmodel. We will shov that our model, besides
beingindependenof theinitial condition,improvesthe model
of Chan and Vese when the contrast betweenmeaningful
objects and the backgroundis low. Then, we will propose
a fast numericalmodel, easyto implement,to carry out the
image segmentation.

The variationalmodel of ACWE, which correspondso the
two-phasepiecavise constantapproximationof the Mumford
and Shahs model, is asfollows:

min

cC1 ﬁz

Eacwe( c:Ci;C; )= Pe( c)+
z (23)

(cp  f(x))%dx+ f(x))%dx ;

c n c

wheref is the given image, ¢ is a closedsubsetof the
image domain , Pe( ) is the perimeterof the set ¢,
is an arbitrary positive parametemwhich controlsthe trade-
off betweenthe regularizationprocessandthe delity of the
solution w.r.t. the original imagef andc;;c; 2 R. The
variationalmodel (23) determineghe bestapproximation,in
theL? senseof theimagef asa setof (non-connectedegions
with only two differentvalues,c; andc,. If ¢ is x ed, the
valuesof ¢; andc, whichminimizetheenegy Eac we arethe
meanvaluesinsideandoutside ¢ . Finally thetermPel ¢)
imposesa smoothnesgonstrainton the geometryof the set

¢ Which separateshe piecavise constantregions.

(C2

The minimization problem(23) is non-comwex since mini-
mizationis carriedover functionsthat take only the valuesc;
andc,, whichis anon-cowex collection.Hence the optimiza-
tion problemcanhave local minima, which implies solutions
with wrong scalesof details. Despitethe non-cowex nature
of (23), a naturalway to determinea solution( ¢;¢c;;Cp) is
a two-stepalgorithmwherec; andc, are rst computedthen
the region ¢ is updatedto decreasehe enegy Eac we -
Chanand Veseproposedin [14] a solutionto determinean
evolution equationfor the region ¢ basedon a level set
basedapproach.They representhe regions ¢ and n ¢
with the Heaviside function of a level set function (which
modelsa characteristidunction). Hencethe enegy Eac we
canbe written accordingto a level setfunction

VA
Eicwe(: Cic; )= jr H ()j+
Z (24)
H()a fe)*+H( N F(x)? dx;
where is the imagedomainandH is a regularizationof

the Heaviside function. The ow minimizing Enegy (24) is
the following one:

(

@ =HY) dv —
) (25

P2 (2 f(X)?
iz }

= ri(x.c1;C2)

(a

In [14], authorschosea non-compactlysupportedsmooth
strictly monotoneapproximatiorof the Heaviside function. As
a result, the steadystatesolution of the gradient o w (25) is
the sameas:

@ = div

r 1(X; ¢1;C2); (26)

andthis equationis the gradientdescento w of the following
enegy:
Z

3 e ) —
Eaxcwe (s CuiCo; )=

z

jroj+ ri(x; ci; ) dx: (27)

Basedon the previousdevelopmentwe proposeo minimize
thefollowing enegy functional,for ary given obseredimage
f 2 LY() andary parameter > 0, to carry out the global
minimization of the segmentationtask:

z
r1(x; c; co)u dx:

Ea(u;criC; ) i= TVg(u) + (28)

The differencebetweenEnegy (28) and (27) is basedon
the weightedtotal variation enegy, TVy(u), of the function
u with a weight function g. This simple modi cation gives
usthelink betweenthe ACWE modelandthe standardsnale
model whenthe function g is an edgeindicator function and
thefunctionu is acharacteristidunction,1 . .IndeedEnegy



(28) is in the caseof characteristidunctionsequalto:

Eau=1 501565 )

= TVe(1 )+ ri(x;cp;c2)1 . dx; (29)
Z
= gds+
c z
(i fON? (2 f(x)? 1. dx: (30)

Hence,m}nimizing Enegy (30) is equivalentto

minimize gds= Egac (C) (Thesnale/GAC enegy (1));
C

while

approximatingf (in the L2 sense)y two regions
c and n ¢ with two valuesc; andc;.

The previous obseration, aboutthe enegy E, andthe char
acteristicfunctions of sets,emphasizeghe link betweenthe
standardactive contour model [1], [5], [6] and the ACWE
model [14]. Moreover, Enegy E, also provides us a global
minimumfor the active contourmodel. Thefollowing theorem
statesthe existenceof a global minimizer for Enegy E»:
Theorem 2: Supposehat f (x);g(x) 2 [0; 1], for any given
;2 2 R and 2 R, if u(x) is any minimizer of
E,(:;c1;¢0; ), thenfor almostevery 2 [0; 1] we havethat
the characteristic function

1 c( )=fxwux)> g (X); (31)

whee C is theboundaryof theset ¢, is a global minimizer
of Ex(:;¢1;C; ).
Proof. SeeAppendix.2

The interpretationof Theorem2 is asfollows: for ; ¢;;c
being x ed, ary minimizer u of E,, determinedwith ary
minimizationtechnigquesuchasthe EulerLagrangeequations
methodor anothemptimizationmethod the setof pointsin the
functionu suchasu is largerto anarbitrarypositive constant,
e.g. = 05, denesaset ¢ whoseboundaryC represents
a global minimum of the snale model subjectto intensity
homogeneityconstraints.

Like theenegy of ACWE [13], Enegy E, is homogeneous
of degreel in u. This meanghatthis evolution equationdoes
not have a stationarysolution if the minimization to u is
not restrictedsuchas0  u(x) 1. Thus, the constrained
minimizationproblemto carry out the segmentationtaskis in
factasfollows:

Ea(u;cisc; ) = TVg(u)+

omin1
u
4

(32)
r1(X; c1; c2)u dx

The constrainedproblem (32) is changedinto an uncon-
strained minimization problem accordingto the following
theorem[13]:

Theorem 3: Letr1(x; c1;¢) 2 LT () , for anygivency; ¢, 2
R and 2 R., then the following corvex constained

minimizationproblem
4
0minl TVy(u) + r1(x; ci;c)u dx (33)
u
has the same set of minimizes as the following corvex and
unconstained minimizationproblem:
z

muin TVy(u) + ri(x;cp;c)u+  (u) dx (34)
whee () = maxf0;2j %j 1g is an exact penalty
function provided that the constant is chosenlarge enough
compaedto sudhas > 5 kry(x) ks ) -

Proof. The proof is in [13] with the weighted TV-norm

replacingthe TV-norm. 2
Like in Sectionll-A, Enegy Eg3 given by:
Es(uiciicer s ) == JVg(u)+

r1(x; c1; C)u + (32)

(u) dx;

is corvex but not strictly corvex, which meanthat E; does
not possesdocal minima that are not global minima. Hence
any minimizer of Enegy E3 is a global minimizer As we
did in Sectionll-B, we could computea global minimizer
of E3 with the standardEulerLagrangeequationstechnique
and the explicit gradientdescentbasedalgorithm (see[32]

for numericaldetails).However, aswe explainedin II-B, this
numericalminimization methodis very slow becauseof the
regularizationof the TV-norm. Thus,we introducein the next

sectiona new numericalmodel,basedn a dualformulationof

the TV-norm,which will de ne afastsegmentatioralgorithm,
much fasterthan the standardsnale model.

B. FastMinimizationbasedon a Dual Formulationof the TV-
Norm

The variationalproblem:

Es(u;ci;ca; 5 ) = TVg(u)+
Z

min
) (36)

rax;c;cu+  (u) dx

is regularizedin the sameway as in Sectionll-C basedon
[17], [18], [19], [20], [21]:

EL(uvicscos s
z
r 1(X; c1; C)Vv +

min v ) = TV(u)+
uv

L (37)
5 ku vk, + (v) dx
where the parameter > 0 is chosento be small. Since
FunctionalE% is convex, its minimizer can be computedby
minimizing E5 w.r.t. u andv separatelyand to iterate until
corvergence.Thus, the following minimization problemsare

considered:
1) v being x ed, we searchfor u asa solution of:

. 1
min  TVg(u) + > ku vk ; (38)



2) u bein? x ed, we searchfor v asa solution of:

. 1
min -~ ku v kZ. +
Z ) (39)
ra(xcc)v+  (v) dx
Proposition 3: The solutionof (38) is givenby:
u=v div p;
whee p = (p*; p?) is givenby
x)r div Y
9(x) p (40)

r divp v p=0:

The previousequationcan be solvedby a xed point method:
p? = 0 and

"+ tr div(p") v=
oL = P . _(pn) _ (a1)
1+ go0l" div(p") v= |
Proof: The proof is the sameas Propositionl whenf v is
replacedby v. 2
Proposition 4: The solutionof (39) is givenby:
n n 0
v=min max u(x) ri(x; c;¢);0 ;1 : (42)

Proof: SeeAppendix.2

The iteration scheme(41) is straightforvard to implement
asin Sectionll-C. Thus Equations(41) and (42) are iterated
in order to minimize Enegy (37). Of course,the constants
¢ andc, are updatedperiodically every 10 iterations.In all
experiments,initial valuesareup = Vo = p§ = pj = 0, the
temporalstepis equalto t = 1=16 andthe stoppingcriteria
is max(jun+r  Unj;jVasr  Vnj) "

C. Results

The new snale model,given by the global minimization of
Enegy (37), is appliedto the cameramarpicture, Figure 7.
The numericalminimizationbasedon the dual formulation of
the TV-norm, and not on the classicaltechniqueof the Euler
Lagrangeequations gives us the sameresult, Figure 7(a), in
lessthan10 secondsFurthermoreaswe noticedin Sectionll-
D, the implementatiorof the minimizationis straightforvard,
fastandindependenof theinitial condition (we simply chose
Up = Vo = p§ = p4 = 0 on Figure 7). Hence, this
nev way to solwe the actve contour propagtion problem
is numerically more efcient than classicalmethods,which
consistsof embeddingthe snale in a distancefunction and
re-initializing it periodicallyto insurecorrectcomputationf
the cunvatureandthe normalto the level sets.

Our sggmentatiormodelimprovesnot only the GAC model
but alsothe ACWE model when the contrastbetweenmean-
ingful objects and the backgroundis low. Indeed, let us
considerthe syntheticimage on Figure 8(a). At the right
edgeof therectangulaforegroundobject,the contrastchanges
are very low even thoughthereis still a clear discontinuity
delineatingthe edge. The result obtainedusing the standard
ACWE modelis shavn on Figure 8(b). No matterhow large

the delity constant is chosenthe modelwill alwaysprefer
to cut throughthe low contrastregion of the foregroundobject
(doesso exactly wherethe contrastis 0:5). Thereis no way to
avoid this by varying the parametersn the model, the active
contouralways missesthe correctboundaryat the right edge
of the rectangleby at leastthe amountshavn. However, the
solutionobtainedusingour sggmentatioralgorithm,shavn on
Figure 8(c), providesenoughof edgesensitvity, given by the
edgeindicatorfunctiong, for the active contourto stayfaithful
to the actualboundaryof the foregroundobject.

We showv the advantageof our model over the standard
ACWE modelon a real-world image,Figure 9(a). Our model
is ableto sgmentan importantpart of the liver, Figures9(b)
and 9(d), despiteof very low contrastchangeswhereasthe
standardACWE model can not sgmentaccuratelythe liver
aswe can seeon Figure 10 wheredifferentvaluesof was
tested.

(&) Final
Contour

Active (b) Final u.

Fig. 7. Global minimization of the active contour/sna& model using the
Mumford-Shahs modelandthe Chan-\éses model.Our segmentationmodel
“reconciles”in a consistentframevork the standardGAC model, basedon
the detectionof edgepointsde®nedby large imagegradientsandthe ACWE
model, basedon the detectionof homogeneousegions de®nedfrom the
Mumford-Shahs enegy. A minimization of E, realized with the Euler
Lagrangeequationstechniquetakes about 10 minutes.Here, the numerical
minimizationof E 2, givenon Figure(b), is carriedout with a dualformulation
of the TV-normin lessthan10 secondsAs in Sectionll, theactive contouron
Figure (a) is given by the boundaryof theset ¢ ( = 0:5) = fx : u(x) >
0:5g. The parameter is arbitrarychoserto 0:5, evenif ary valuebetweerD
and1 canbe usedwithout changingthe segmentatiornresultbecausehe ®nal
functionu is very closeto a binary function. We choose = 0:1; = 1.

IV. GLOBAL MINIMIZATION OF THE ACTIVE CONTOUR
MODEL BASED ON THE MUMFORD-SHAH'S MODEL: THE
PIECEWISE SmoothCASE

The previous sectionde ned animagesegmentationmodel
basedon the two-phasepiecavise constant approximation,
also known as the cartoon version, of the MS model to
determinea minimum of the snale model independentlyof
the initial contour position. In the following section, we
extendthe previous modelto the two-phasepiecavise smooth
approximationof the MS model. The variational problemto
solwe is given by Veseand Chan(VC) in [33] by:

min  Evc( c¢;S1;82; ;)= Pe( ¢)+
cS1:S2 Z
(s1(x) )+ jr si(x)j? dx (43)
Z C
(s2x) )+ jr s2(x)j? dx ;
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(a) Original image.

(b) Final Active Con- (c) Final Active Con-
tour given by the tour given by our
ACWE model. model.

Fig. 8. Sementationusing the Active ContoursWithout Edges(ACWE)
model of Chan-\ése, Figure (b), and our model which uni®es the ACWE
andthe geodesic/geometriactive contours(GAC), Figure(c). This synthetic
imageillustratesoneimportantadvantageof our sggmentatiormodelover the
standardACWE model.Indeed,whateser the value of the ®delity constant ,
the ACWE modelcannot fully segmentthe rectangulaforegroundobject. It
will always preferto cut throughthe low contrastregion of the foreground
object, seeFigure (b). However, our sggmentationalgorithmis ableto fully
capturethe boundaryof the foreground object, Figure (c), even thoughthe
contrastchangesare very low at the right edge of the rectangularobject,
becausethe model usesthe edgeindicator function g de®nedin the GAC
model. We choose = 0:01; = 1 for Figure(b) and = 0:0001; = 1
for Figure(c).

(b) Final Active Con-
tour.

(a) Original image.

(d) Final Active Con-
tour.

(c) Final u.

Fig. 9.  Our sggmentationmodel is able to sggment an important part
of the liver despiteof very low contrastchangesFigures(b)-(d). The ®ne
segmentationresultis obtainedby unifying the ACWE model and the GAC
model which accurately detects boundariesthanks to the edge indicator
functiong. The StandardACWE cannot segmentasaccuratelyasour model
asshavn on Figure 10. We choose = 0:5; = 0:1.

(a) Final ACWE with
= 0:0001.

(c) Final ACWE with
= 0:001.

(b) Final ACWE with
= 0:0001

(d) Final ACWE with
= 0:001.

(e) Final ACWE with (f) Final ACWE with
= 0:01. = 0:01.

Fig.10. Segmentatiorusingthe ACWE model.Whateserthe®delity constant
, the ACWE can not producethe sameresultobtainedon Figures9(b) and

9(d) becauset doesnot use an edgeindicator function g. Figures (a)-(f)

presentdifferentresultsgiven by differentvaluesof

where is the imagedomain,f is the givenimage,s; and
s, aretwo C! functionsdened on ¢ andon n ¢

respectrely, > 0 controlsthe regularizationof the length
of the boundary of smooth regions and > 0 controls
the regularization of the intensitiesof smoothregions. The
variational problem (43) determinesthe bestapproximation,
in the L? sense,of the given imagef as a set of smooth
regionsrepresentedby the function s(x) suchthat

s1(X) if x2 ¢;

so(X)if x2 n ¢ (44)

s(x) :=

andC = @c = @ n ) is the boundarybetweenthe
smoothregions. Like (23), the minimization problem (43) is
alsonon-corvex, which implies the existenceof local minima
andpossiblyunsatisctorysegmentatiorresults.As in Section
llI-A, both regions ¢ and n ¢ are representechy a
regularizedHeaviside function, H (:), of a level setfunction



. This leadsto the following enegy:
z

E2Z,( c;s1;S2; ; )= jr H ()j+
Z
H() (1 f)?+ jr sij? dx (45)
Z
2 . 2 .
H( ) (s2 )+ jr sy dx:

Minimizing E2,, w.r.t. the functionss; and s, using the
calculusof variationsgives us:

S1 s1in ¢;

f =
s, f = S in N o¢; (46)
with the Neumannboundaryconditions:
& =-0on@c| @;
' 47
E-om@ n ol @: “n
And the o w minimizing the enegy (45) is asfollows:
r
@ =HY) dv —
() ]
(50 1) (2 )2+ jrsi®  jrsi®  (48)

| {z

=ra2(xs1:82; )

If a non-compactlysupportedsmooth approximationof the
Heaviside function is chosen the steadystatesolution of the
gradient o w (48) is the sameas:

@ =dv — r 2(X; S1;S2; ) (49)
andthis equationis the gradientdescento w of the enegy:
z
ESy (i suses 5 )= jr j+
z (50)

ra(x; s1;82; ) dx:

As a result, the following constrainedminimization problem
is proposedor ary givenimagef 2 LY() andary positive
parameter > O:
z
min gjr uj+
out z (51)
ra(x; s1;s2; Judx :

Ea(u;si;se; 5 ) =

We point out that the two functionss; and s, in the
formulation (45) needto be de ned only on their respectie
domains(namely ¢ and n ) becausef the Heaviside
function. However, in the relaxed formulation given in (51),
thesefunctionsneedto be de ned in the entiredomain (by
a suitableextension).

The differencebetweenEnegy (51) and (50) is basedon
the weightedtotal variation enegy, TVy(u), which gives us
thelink betweenthe GAC modelandthe MS modelwhenthe
function g is an edgeindicator function andthe function u is

11

acharacteristidunction,1 . . IndeedEnegy (51)in thecase
of characteristidunctionsis equalto:

ES(U:]-Z;;Sl;SZ; ;) 7

= ng 1 cj + rZ(X)l cdx;
VA VA , , (52)
= gds+ (s1 )" (s2 f)°+
c
jr s1j®  jr )2 1 L dx

Hence,ny"nimizing Enegy (52) is equialentto
minimize gds= Egac (C) (Thesnalke/GAC enegy (1));
c

while

approximatingf (in the L2 sense)y
two piecavise smoothregions ¢ and n c.

The previous obsenration, aboutEnegy E 3 andcharacteristic
functionsof sets,emphasizetherelationbetweernthe standard
active contour model [1], [5], [6] and the VC model [33].
Besides,Enegy E3 also provides us a global minimum for
the active contourmodel.Indeed the following theoremstates
the existenceof a global minimizer for Enegy E3:

Theorem 4: Supposehat f (x); g(x) 2 [0; 1], for any given
$1;82 2 CY() and; 2 Ry, if u(x) is any minimizerof
Es(:;s1;S2; ; ), thenfor almostevery 2 [0; 1] we have
that the characteristic function

1 ()=txup)> g (X) (53)

whete C is theboundaryof theset ¢, is a global minimizer
of Ez(:;s1;82; & ).

Proof. The proof is similar to the proofs of Theorems2 and
3 whenthe functionr; is replacedby the functionr,. 2

Theinterpretatiorof Theoremd is asfollows: for s;;s; ;
being x ed, ary minimizer u of Eg3, determinedwith ary
minimizationtechniguesuchasthe EulerLagrangeequations
methodor anothemptimizationmethod the setof pointsin the
functionu suchasu is largerto anarbitrarypositive constant,
e.g. = 05, denesaset ¢ whoseboundaryC represents
a global minimum of the snale model.

Finally, a minimizer of the enegy E3 canbe found using
the EulerLagrangeequationstechniquelike in Section II-
B (see[32] for numerical details) or the dual formulation
of the TV-norm like in Sectionlll-B. Figure 11(b) presents
the sgmentationof the cameramarpicture carrying out by
the minimization of enegy E3 and Theorem4. Figure 11(d)
shaws the optimal two-phasepiecavise smoothapproximation
of the original image given by the MS model. Notice that
the two functionss;; s, areinitially chosento f andupdated
every 10 iterationsaccordingto Equation(46). Finally, Figure
12 presentthe segmentationand the denoisingof a smooth
foregroundobiject.

V. COMPARISON WITH RELATED WORKS

In this section,we considerthree works relatedwith our
approach.
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(a) Original Image. (b) Final Active

Contour

(c) Final u. (d) Smoothapproxi-

mation of (a).

Fig. 11. Sementationusingthe GAC model and the two-phasepiecavise
smoothapproximationof the MS modelde®nedby Vese-Charn [33]. Figure
(b) presentsthe ®nal active contour and Figure (d) the optimal two-phase
piecavise smoothapproximationof the givenimage.

(a) Original Image. (b) Final Active

Contour

(c) Initial u. (d) Denoised Im-
age.

Fig. 12. Segmentationusing the GAC model and the two-phasepiecavise
smoothapproximationof the MS model de®nedby Vese-Charin [33]. Our
segmentationmodel also performs at the sametime the image denoising
becausdrigure (d) presentghe regularizedversionof Figure (a).

The rst relatedapproachis naturally the work of Chan,
Esedd)lu and Nikolova [13] becauséhe global minimization
of the snale/GAC modelproposedn this paperis inspiredby
their work. However, our approachis more generalbecause
we proposea unied framevork to use the GAC model
and the ACWE model. Experimentalresultsin SectionllI-C

demonstratehe advantageof usingthe GAC modelwith the
ACWE modelwhenthe contrastchangedetweenmeaningful
objectsandthe backgroundare very low. Finally, we propose
a fast numericalschemeto perform the global minimization
of our variationalmodel, which is not the casein [13].

The secondrelatedwork is the paper[34] of Cohenand
Kimmel which also addressegshe problem of determining
a global minimum for the GAC enegy. Their approachis
different from ours sinceit is focusedon nding a minimal
path betweentwo given end points of an open curve. As
noticedin [35], objectsegmentationis not easyto carryoutin
their approachbecausdhe methodneedsa numberof points
on the boundaryof the objectto be extracted.Furthermore
the modelis naturally designedto captureopencurwes, such
as minimal paths on road images, but not directly closed
cunesbecauseét requiresa complementarynethodbasedon
a topology-basedaddlesearchroutine.

Finally, in [35], Appletonand Talbot proposeto determine
a globalminimumfor the GAC modelfor closedcurvesunder
therestrictionthatthe curve containsa speci edinternalpoint.
Authorspresentvery goodobjectsegmentatiorresultsin vari-
ousmedicalimages.However, the needof a speci ed internal
point canlimit the segmentatiorprocesdecausét meanghat
objectwith multiple closedcurvescannot be extractedwithout
a setof seedpoints. For example,the two objectspresented
on Figure 1 can not be directly sggmentedwith only one
internalpoint. Their modelneedgo detecttwo internalpoints,
which is not our case Finally, the extensionof their modelto
higherdimensionaimagesis not straightforvard whereaghe
extensionis naturalin our approach.

VI. CONCLUSION

As we saidat the beginning, the active contour/sna& model
is a well-knowvn image segmentationmodel which is more
and more usedin variousimage processingapplicationssuch
asin automatedsunweillance,graphicsanimation,roboticsor
medical imaging. Its successis basedon strong theoretical
propertiesandef cient numericalschemesTheonly dravback
of this sgmentatiormodelis the existenceof local minimain
its functional enegy, which malkes critical the initial contour
to extract meaningful objects lying in images. Hence we
proposedn this papera new approachto determinea global
minimum of the snale enegy in orderto becomeindependent
of the initial position of the contour We think that this
new approachcan have numerousapplicationsin the image
processingaskspreviously mentioned.

The coreof our modelswasto expressthe enegy function-
alsin termsof level setsas obsered by Strangin [36], [37]
andsolve geometricproblemsasproposecdy Chan-Esedélu-
Nikolova [13]. Thuswe de ned threenew variationalmodels
basedon the uni cation of the classicalsnale/GAC model
[1], [5], [6], the denoisingRudin-OsheiFatemi model [15],
the seggmentationMumford-Shahmodel [16] and the active
contourswithout edgesmodel [14]. In the caseof the ROF
model,we obtaineda global minimizationtheoremfor binary
images.It was interestingto notice that the computationof
the global minimum was done by decomposingan image
into a geometricpart, i.e. smooth part, and a texture part



asin [20], [21]. Experimentalresultsshaved that the image
decompositionimproves the segmentationtask. In the case
of the ACWE model of Chan-\ésefor grey-scaleimages,we
shovedthatour modelimprovesclassicaksegymentatiorresults
at the location of smoothtransitionshetweenobjectsand the
backgroundhanksto the edgeindicator function.

We establishedheoremsto prove the existenceof global
minimizers to our sgmentationvariationalmodels.We deter
minednot onebut several global minima of the active contour
model, which looks to be a drawvback. However, all global
solutionsare closeto eachotherbecausehe minimizersu are
very closeto binary functions.

We also proposedefcient and fast numericalschemego
globally minimize the variational sgmentationmodels. The
proposedalgorithms,basedon a dual formulation of the TV-
normproposednddevelopedin [17], [18], [19], [20], [21], are
easyto implement.This new way to solve the standarccontour
propagtion problemallows us to avoid the usual dravback
in the level setapproactthat consistsof initializing the active
contourin a distancgunctionandre-initializing it periodically
during the evolution to ensurea correct computationof the
cunature and the normal to the level sets, which is time-
consuming.

Future works will investicate the extensionof this global
minimization approachto otherimage processingvariational
models, which most of them suffers from the existence of
local minima. One applicationof our work hasbeendonein
[38] to unify imagesegmentationjmagedenoisingandimage
inpainting.
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APPENDIX |: PROOF OF THEOREM 1

De®nition 1: Let RN beanopenset,u2 LY() andg
a positive valuedcontinuousand boundedfunctionin . The
weightedtotal variationnorm of u with the weightfunctiong
is de ned by

TVg(u) = g(x)jr ujdx
Z (54)
= .SZUP u(x) div' (x) dx
[¢]
where
)
g:= "2CY ;R) 1 (X)j g forallx2 : (55)

Strangin [37] de nes the coarea formula for the TVy-norm

asfollows: |

z zZ, Z
gr uj = gds d; (56)
zh
= Peg(E = fx:u(x)> g)d; (57)
where is the boundaryof the setE on which u(x) >

Hence,the term Peg(E ) = gds is the perimeterof the
setE weightedby the function g.

Proof of Theorem 1. The proof is in [13], basedon [36],

[37], by replacingthe TV-norm by the weighted TV-norm
introducedin De nition 1. It basicallyconsistsof expressing
Enegy E1, de ned in (5), in termsof the level setsof u and
f andsolving a geometricproblempoint-wisein . 2

APPENDIX I1: PROOF OF PROPOSITIONS 1 AND 2

Proof of Proposition 1. The proofis basedon[17], [19]. The
u-minimizationin Ef is
(z L z )
T - 2
g(x)jr ujdx + 5 (u ff_{zﬁ) dx
= f2
We proceedexactly as in [17] and [19]. As shawn in
[17], Equation (58) can be written with the dual variable
p= (P1;P2):

min (58)

z

minmax  udivp+ zi(u f,)2 dx

u jpj 9
One can nowv switch the min and the max to obtain the
equivalent

(59)

z
max min
jnj g u
The inner minimizationin (60) is point-wisein u. Carryingit
out gives:

udiv p+ zi(u f,)2 dx (60)

divp+ }(u fo)=0) u=f v div p: (61)

Substituting the expression (61) for minimal u into the
max min problem(60) gives
z

max

m (f2 (62)
ol g

div p) div p+ i(div p)? dx

Simplifying a bit:
Z

max fodivp E(oliv p)? dx:

m (63)
Pl 9

Variationsof Enegy in (63) with respectto the vector eld p
give:

Z
(r fo+ r divp) pdx (64)
Along with the point-wiseconstraintjpj?> g®> 0, onegets
the optimality condition:
ro(divp f)+ (X)p=0; (65)

where the Lagrange multiplier (x) 0 for all x. As
Chambolleshavs in [19], it canbe determinedcandeliminated
asfollows: If the constraintis not active at a point x, i.e. if
ip(x)j? < g?(x), then (x) = 0. Otherwise,if the constraint
is active at a point x, i.e. if jp(x)j2 = g?(x), then

ir (divp f2)i®  ?¢°(x)=0; (66)
which leadsto the conclusionthatin eithercase the value of

(x) is given by:

1
= ——jr ( div fo)j: 67
L ( divp f2)j (67)
Substituting(67) into (65) gives:
. 1. . .
r(divp fy)+ mjr (divp fp)jp=0: (68)

We can use a semi-implicit gradient descentalgorithm, as
proposedby Chambollein [19], to solve (68):
f2: )
f2=)j

p" + tr (divp"
1+ ﬁjr (div p"

n+1

p =

(69)

Hence,the differenceof the iteration process(and the whole
calculation) from the standardwork of Chambolleis the
appearancef the factorg(x) in the denominatar2

Proof of Proposition 2. The proof is the sameas the one
proposedin [39], [21]. It is a simple 1-D minimization
problem, since all the equationsare independent,and the
computationis straightforvard. 2

APPENDIX Ill: PROOF OF THEOREM 2

Proof of Theorem 2. The proof is in [13], basedon [36],
[37], [29], by replacingthe TV-norm by the weighted TV-
normintroducedin De nition 1. Like in the proof of Theorem
1, it basicallyconsistsof expressingEnegy (28) in termsof
the level setsof u andf and solving a geometricproblem
point-wisein . 2



APPENDIX |V: PROOF OF PROPOSITION 4

Proof of Proposition 4: Assumethat hasbeenchosenlarge
enough(comparedto  and kf k_: ) so that exact penalty
formulat'E)n works. We now considerthe v-minimization:

mvin ri(x;c;c)v+  (v) + Zi(v u)2dx  (70)

The following claim helpswith this step:

Claim: If u(x) 2 [0;1] for all x, thensois v(x) after the
v-minimization. Corversely if v(x) 2 [0; 1] for all x, thenso
is u(x) afterthe u-minimization.

This claim allows us to ignore the (v) term: Its presence
in the enegy is equivalent to cutting off v(x) at 0 and at

1 (similar to what happensin [21]). On the other hand, if

v(x) 2 [0; 1], thenthe point-wiseoptimal v(x) is found as:

ro+ (v u)=0) v(x)=u(x) ri(x;ci;c): (71)

Thus,the v-minimizationcanbe achieved throughthe follow-

ing update:
n n 0 o

v=min max u(x) ri(x;c;;c);0 ;1 :2 (72)
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