
GlobalMinimizersof
The Active Contour/Snake Model

X. Bresson� , S. Esedo�gluy, P. Vandergheynst� , J.P. Thiran � and S. Oshery

� Signal ProcessingInstitute,
SwissFederal Institute of Technology (EPFL)

1015Lausanne,Switzerland
f xavier.bresson,pierre.vandergheynst,jp.thiran g@epfl.ch

y Department of Mathematics,
University of California,

90095-1555Los Angeles,CA, United States
f esedoglu,sjo g@math.ucla.edu

January 18, 2005

Abstract
The active contour/snak e model [9, 2, 10] is one of the most well-

known segmentation variational models in image processing.However
this model su�ers from the existence of local minima which makes
the initial guesscritical for getting satisfactory results. In this paper,
we proposeto solve this problem by �nding global minimizers of the
activecontour model following the original work of Chan, Esedo�glu and
Nikolova [4]. Our approach usesthe weighted total variation norm to
link the standard activecontour segmentation model with the denoising
model of Rudin-Osher-Fatemi [15] and the Chan-Veseactive contour
segmentation models [5, 18] based on the Mumford-Shah functional
[12].

1 In tro duction

The segmentation problem is fundamental in the computer vision and im-
age processing�elds since it is a core component towards e.g. automated
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vision systemsand medical applications. Its aim is to �nd a partition of
an image into a �nite number of semantically important regions. Various
variational and partial di�eren tial equations(PDEs) methodshavebeenpro-
posedto extract objects of interest in imagessuch as the well-known active
contour/snak e model de�ned by Kass et al. in [9]. This method has been
widely used in di�eren t image processingapplications such as in medical
imaging to extract anatomical structures [11, 20, 8].

Following this �rst model of active contours, Caselleset al. in [2] and
Kichenassamy et al. in [10] have proposedthe following minimization prob-
lem invariant w.r.t. the curve parametrization:

min
C

Egac(C) =
I L (C)

0
g ds; (1)

whereds is the Euclidean element of length, L (C) is the length of the curve
C and g is an edgedetecting function that vanishesat object boundaries
such as:

g =
1

1 + � jr f � j2
; (2)

where f is the original image, f � is a smoothed versionof the original image
and � is an arbitrary positive constant.

The calculus of variations provides the Euler-Lagrange equation of the
functional Egac and the gradient descent method gives the 
o w that mini-
mizesEgac (see[2]):

@t C = (�g � hr g; N i )N ; (3)

where � is the curvature and N the normal to the curve. Osherand Sethian
have intro duced in [14] the implicit and intrinsic level set representation of
contours to e�cien tly solve the contour propogation problem and to deal
with topological changes.Equation (3) can be written in the level set form:

@t � =
�

�g + hr g;
r �

jr � j
i
�

jr � j; (4)

where � is the level set function embedding the active contour C.

The main drawback of this variational segmentation model, as many
other variational modelsin imageprocessing,is the existenceof local minima
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in the energyEgac. Local minima are undesirable in optimization problems
since they provide unsatisfactory results. For example, the initial active
contour (embedded in a level set function) on Figure 1(a) can not fully
segment both objects, Figure 1(b), becauseit getsstuck in a local minimum.

(a) Initial Activ e
Contour.

(b) Final Activ e
Contour.

Figure 1: Standard active contour fails to segment both objects.

The approach de�ned by Chan, Esedo�glu and Nikolova in [4] proposes
a solution to overcomethis limitation. In their paper, image segmentation
and image denoising are closely related. Image denoising aims at remov-
ing noisein imageswhile keepingmain featuressuch as edgesand textures.
Two important variational models of image denoisingare the Rudin-Osher-
Fatemi (ROF) model [15] and the Mumford-Shah model [12] (even if the
Mumford-Shah model is primarily a segmentation model). In [19, 13], Vese
and Osher have shown that the level set method links the ROF and the
Mumford-Shah models.

The authors in [4] proposeda method to �nd global minimizers of two
well-known denoisingand segmentation models. The �rst model is a binary
image denoisingmodel which removesthe geometric noisein a given shape.
And the secondexample is the powerful model of active contours without
edgesof Chan and Vese[5].

In this paper, we proposethree algorithms basedon the work of Chan,
Esedo�glu and Nikolova [4] to �nd global minimizers of the standard active
contour/snak e model. Our �rst approach is basedon the ROF model where
the total variation (TV) norm of the unknown function is replaced by the
weighted TV-norm and the L 2-norm for the �delit y term is changedinto the
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L 1-norm [6]. We will show that the global minimizers of this new energyare
the global minimizers of the active contour model subject to an intensity
homogeneity constraint. Then, we will reconcile the standard active con-
tours and the Chan-Veseactive contours de�ned from the Mumford-Shah
functional in a global minimization framework.

2 Global Minimization of the Activ e Con tour Mo del
based on the ROF Mo del

The Rudin-Osher-Fatemi model de�ned in [15] is one of the most famous
and powerful variational and PDE based image denoising models. This
denoisingtechnique removesthe noisewhile preservingthe edgesin images.
The minimization problem of the convex ROF energy is as follows:

min
u

EROF (u; � ) =
Z



jr uj + �

Z



(u � f )2 dx; (5)

where 
 � R N is an open set, f is a given (possibly noisy) image and �
is an arbitrary positive parameter related to the scaleof observation of the
solution.

Basedon the works [3, 4], we proposeto minimize the following convex
energy de�ned for any given observed image f 2 L 1(
) and any positive
parameter � :

E1(u; � ) =
Z



gjr uj + �

Z



ju � f jdx: (6)

The di�erence betweenthe energy (6) and the ROF model (5) is the intro-
duction of the weighted TV-norm of u with the weight g and the L 1-norm
as a �delit y measure. The L 1-norm, replacing the L 2-norm square of the
original ROF model, has a big impact in the minimization processsince it
will allow us to �nd global minimizers of the snake model.

In [3], Chan and Esedo�glu have studied the di�erences betweenthe stan-
dard ROF model and the ROF model that usesthe L 1-norm as a �delit y
measure.They have shown that L 1-norm better preservesthe contrast than
L 2-norm and the order in which the featuresdisappear is completely deter-
mined in terms of the geometry (such as area and length) of the features
and not in terms of the contrast. Figure 2 presents the di�erence between
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the ROF model with L 1-norm as a �delit y measureand our model, de�ned
by energy E1, that usesthe weighted TV-norm. The parameter � for both
models is the largest value such that the four small circles in the original
image (Figure 2(a)) are removed. The di�erence between both models is
clear, the result generated by the weighted TV-norm and the L 1 �delit y
term better preservesthe geometry of the original features such as the cor-
ners and the largest circle.

The weighted total variation norm of the function u with the weight
function g is de�ned as the following way:

De�nition 1: Let 
 � R N be an open set and u 2 L 1(
) and let g be a
positive valued continuous and bounded function in 
. De�ne the weighted
total variation norm of u with the weight function g by

TVg(u) =
Z



gjr uj := sup

� 2 � g

� Z



u(x)div � (x) dx

�
; (7)

where

� g := f � 2 C1(
 ; R ) j j� (x)j � g; for all x 2 
 g: (8)

The coareaformula for the TVg-norm readsas follows (Strang [17]):

Z



gjr uj =

Z 1

�1

 Z


 �

gds

!

d�; (9)

=
Z 1

�1
Perg(E � := f x : u(x) > � g) d�; (10)

where 
 � is the boundary of the set E � on which u(x) > � . Hence,the term
Perg(E � ) =

R

 �

gds is the perimeter of the setE � weighted by the function g.

The relation between the minimization of energy (6) and the active con-
tour/ snakemodel [2, 10] is as follows: If 1
 C is the characteristic function
of a set 
 C whoseboundary is denoted C, then

E1(u = 1
 C ; � ) =
Z



gjr 1
 C j + �

Z



j1
 C � f jdx; (11)

=
Z

C
gds + �

Z



j1
 C � f jdx: (12)
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Hence,minimizing the energy (12) is equivalent to

minimize
Z

C
gds = Egac(C) (the active contour energy (1)) ;

while

approximating f (in the L 1 sense)by

a binary function of a set/region 
 C .

We now state the Theorem 1:

Theorem 1: Supposethat g(x) 2 [0; 1] and f (x) is the characteristic func-
tion of a bounded domain in 
 f � 
 , if u� (x) is any minimizer of E1(:; � ),
then for almost every � 2 [0; 1] we have that the characteristic function

1
 C (� )= f x:u � (x)>� g (x); (13)

where C is the boundary of the set 
 C , is a global minimizer of E1(:; � ).

Pro of. The proof of Theorem 1 is basedon [16, 17, 3, 4] substituting the
TV-norm by the weighted TV-norm. It basically consistsof expressingthe
energy (6) in terms of the level setsof u and f :

E1(u; � ) =
Z 1

0
Perg(f x : u(x) > � g)+

� jf x : u(x) > � g 4 f x : f (x) > � gj d�;

then minimizing energy (6) pointwise in � by solving a geometry problem.

Following Theorem 1, we look for any minimizer of the energyE1. Since
the energyfunctional E1 is convex, it doesnot possesslocal minima that are
not global minima. Therefore the gradient descent method is guaranteed to
�nd a global minimizer of the segmentation model. The minimization 
o w
of the functional E1 is:

ut = div
�

g
r u

jr uj

�
+ �

u � f
ju � f j

; (14)

= g div
�

r u
jr uj

�
+ hr g;

r u
jr uj

i + �
u � f
ju � f j

; (15)
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where the �rst term of the right-hand side is the curvature of the level sets
of u multiplies by the weight function g, the secondterm is a shock term
which enhancesthe edgesand the third term of the right-hand side is a data
�delit y term w.r.t. the observed image f .

Then, we discretize the evolution equation (15) according to the numer-
ical scheme:

un+1 � un

� t
= g(

q
(D 0

x f � )2 + (D 0
y f � )2) �

8
<

:
D �

x

0

@ D +
x un

q
(D +

x un )2 + (D +
y un )2 + "1

1

A

+ D �
y

0

@ D +
y un

q
(D +

x un )2 + (D +
y un )2 + "1

1

A

9
=

;

+ max(D 0
xg; 0)

D �
x un

q
(D 0

xun )2 + (D 0
yun )2 + "2

+ min(D 0
xg; 0)

D +
x un

q
(D 0

xun )2 + (D 0
yun )2 + "2

+ max(D 0
yg; 0)

D �
y un

q
(D 0

xun )2 + (D 0
yun )2 + "2

+ min(D 0
yg; 0)

D +
y un

q
(D 0

xun )2 + (D 0
yun )2 + "2

+ �
un � f

p
(un � f )2 + "3

; (16)

where"1; "2; "3 are small positive constants. In all our experiments, we have
chosen"1 = 10� 12, "2 = 10� 4 and "3 = 10� 4.

Let us comeback to the �rst image, Figure 1. However, our new initial
guessis more challenging since it is the characteristic function of a small
disk outside both objects, seeFigure 3. Both objects are now successfully
segmented.

The secondexample is the cameramanpicture, Figure 4. This example
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illustrates the limitation of the Theorem 1. Indeed, Theorem 1 makes the
hypothesis that the given image f is a binary function. Unlike Figure 3
which is a noisy binary function, Figure 4 is very di�eren t from a charac-
teristic function. This explains the important di�erences between the level
contours � = 0:4; 0:5 and 0:6 (which are not global minimizers in this case)
observed on Figure 5.

The global minimization of the active contour model is extended to the
non-binary image f with the Mumford-Shah model following [4].

3 Global Minimization of the Activ e Con tour Mo del
based on the Mumford-Shah Mo del

3.1 The Piecewise-Constan t Case

In this sectionweconsiderthe global minimization of the activecontour/snak e
model using the well-known Mumford-Shah functional [12]. Chan and Vese
have proposedin [5] the model of active contours without edgesbasedon the
detection of homogeneousregions. The name of their model underlines well
the di�erence from the standard activecontour model basedon the detection
of edges. We propose to reconcile these two complementary segmentation
models in a global minimization framework.

The variational segmentation model of the activecontours without edges,
i.e. the two-phasepiecewiseconstant Mumford-Shah segmentation model,
is as follows:

min

 C ;c1 ;c2

Eacwe(
 C ; c1; c2) = Per(
 C )+

�
Z


 C

(c1 � f (x))2 dx+ �
Z


 n
 C

(c2 � f (x))2 dx;
(17)

where the region 
 C � 
 and c1; c2 2 R .
The variational model (17) determines the best approximation, in the L 2

senseof the imagef asa set of regionswith only two di�eren t values,c1 and
c2. If 
 C is �xed, the valuesof c1 and c2 which minimize the energyEacwe are
the mean values inside and outside 
 C . Finally the term Per(
 C ) imposes
a smoothnessconstraint on the geometry of the set 
 C which separatesthe
piecewiseconstant regions.
The minimization problem (17) is non-convex sinceminimization is carried
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over functions that take only the values c1 and c2, which is a non-convex
collection. Hence, the optimization problem can have local minima, which
implies solutionswith wrong scalesof details. Despite the non-convex nature
of (17), a natural way to determine a solution (
 C ; c1; c2) is a two-step
algorithm wherec1 and c2 are �rstly computed, then region 
 C is updated to
decreasethe energyEacwe. Chan and Vesehave proposedin [5] a solution to
determine an evolution equation for the region 
 C basedon a level set based
approach. They represent the regions 
 C and 
 n 
 C with the Heaviside
function of a level set function (which models a characteristic function).
HenceenergyEacwe can be written according to a level set function � :

ECV (�; c1; c2) =
Z



jr H � (� )j+

�
Z



H � (� ) (c1 � f (x))2 + H � (� � ) (c2 � f (x))2 dx;

(18)

where H � is a regularization of the Heaviside function.
The 
o w minimizing energy (18) is the following one:

� t = H 0
� (� )

8
>><

>>:
div

�
r �
jr � j

�
� �

�
(c1 � f (x))2 � (c2 � f (x))2

�

| {z }
r 1 (x)

9
>>=

>>;
: (19)

Chan and Vese[5] have chosena non-compactly supported smooth strictly
monotone approximation of the Heaviside function. As a result, the steady
state solution of the gradient 
o w (19) is the sameas:

� t = div
�

r �
jr � j

�
� �r 1(x); (20)

and this equation is the gradient descent 
o w of the energy:
Z



jr � j + �

Z



r1(x)�dx: (21)

As explained in [4], this energyis homogeneousof degree1 in � . This means
that this evolution equation doesnot have a stationary solution if we do not
restrict the minimization to � such as 0 � � (x) � 1.

Basedon the work [4], we proposeto minimize the following constrained
minimization problem for any given observed image f 2 L 1(
) and any
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positive parameter � :

min
0� u� 1

E2(u; � ) =
Z



gjr uj + �

Z



r1(x)udx: (22)

The relation between the standard active contour model [2, 10] and the
model of active contours without edges[5] is as follows: If 1
 C is the char-
acteristic function of a set 
 C whoseboundary is denoted C, then

E2(u = 1
 C ; � ) =
Z



gjr 1
 C j + �

Z



r1(x)1
 C dx; (23)

=
Z

C
gds +

�
Z




�
(c1 � f (x))2 � (c2 � f (x))2

�
1
 C dx: (24)

Hence,minimizing the energy (24) is equivalent to

minimize
Z

C
gds = Egac(C) (the active contour energy (1)) ;

while

approximating f (in the L 2 sense)by

two regions 
 C and 
 n 
 C with two valuesc1 and c2.

We state the Theorem 2:

Theorem 2: Suppose that f (x); g(x) 2 [0; 1], for any given c1; c2 2 R , if
u� (x) is any minimizer of E2(:; � ), then for almost every � 2 [0; 1] we have
that the characteristic function

1
 C (� )= f x:u � (x)>� g (x); (25)

where C is the boundary of the set 
 C , is a global minimizer of E2(:; � ).

Pro of. The proof of Theorem 2 is in [4] with the weighted TV-norm re-
placing the TV-norm.
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Finally, the constrained problem (22) becomesan unconstrained mini-
mization problem according to the following theorem given in [4]:

Theorem 3: Let r (x) 2 L 1 (
) . Then the following convex constrained
minimization problem

min
0� u� 1

Z



gjr uj + �

Z



r (x)udx (26)

has the same set of minimizers as the following convex and unconstrained
minimization problem:

min
u

Z



gjr uj + �

Z



� � (u) + �r (x)udx (27)

where � (� ) := maxf 0; 2j� � 1
2 j � 1g provided that � > �

2 k r (x) kL 1 (
) .

Pro of. The proof is in [4] with the weighted TV-norm replacing the TV-
norm.

We look for any minimizer of the convex energyE2. The Euler-Lagrange
technique and the gradient descent basedalgorithm are usedto give us the
minimization 
o w:

ut = div
�

g
r u

jr uj

�
� �r (x) � � � 0(u); (28)

= g div
�

r u
jr uj

�
+ hr g;

r u
jr uj

i � �r (x) � � � 0(u); (29)

where r (x) = (c1 � f (x))2 � (c2 � f (x))2.

Then, we discretize the evolution equation (29) according to the numer-
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ical scheme:

un+1 � un

� t
= g(

q
(D 0

x f � )2 + (D 0
y f � )2) �

8
<

:
D �

x

0

@ D +
x un

q
(D +

x un )2 + (D +
y un )2 + "1

1

A

+ D �
y

0

@ D +
y un

q
(D +

x un )2 + (D +
y un )2 + "1

1

A

9
=

;

+ max(D 0
xg; 0)

D �
x un

q
(D 0

xun )2 + (D 0
yun )2 + "2

+ min(D 0
xg; 0)

D +
x un

q
(D 0

xun )2 + (D 0
yun )2 + "2

+ max(D 0
yg; 0)

D �
y un

q
(D 0

xun )2 + (D 0
yun )2 + "2

+ min(D 0
yg; 0)

D +
y un

q
(D 0

xun )2 + (D 0
yun )2 + "2

� �r (x) � � � 0
" 3

(u); (30)

where � 0
" 3

is a regularized version of � 0 with � � 3 (� ) such that:

� � 3 (� ) =

8
>>>><

>>>>:

� � if � < � � 3=
p

2;
(1 +

p
2)� �

p
tan2(3� =8)� 2 � (� � � 3)2 if � � 3=

p
2 � � < � 3;

0 if � 3 � � < 1 � � 3;
(1 +

p
2)� �

p
tan2(3� =8)� 2 � (� � 1 + � 3)2 if � � 3=

p
2 � � < � 3;

� � 1 if 1 � � 3 � � :

(31)

In all our experiments, we have chosen" 1 = 10� 12, "2 = 10� 4 and "3 = 0:01.

The minimization 
o w (29) is applied to the cameraman picture, Figure
6. The two constants c1 and c2 are updated every 50 iterations. The �nal
solution (Figure 6(d)) is closeto a binary function which givesus, according
to Theorem 2, similar global minimizers as we can observe on Figure 7.
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3.2 The Piecewise-Smo oth Case

We extend the result of Section 3.1 to the two-phase piecewise smooth
Mumford-Shah segmentation model. In this situation, the variational prob-
lem to solve is given in [18] by:

min

 C ;s1 ;s2

EM S2phase (
 C ; s1; s2) = Per(
 C )+

�
Z


 C

(s1(x) � f (x))2 + � jr s1(x)j2dx

�
Z


 n
 C

(s2(x) � f (x))2 + � jr s2(x)j2dx;

(32)

where the region 
 C � 
 and s1 and s2 are two C1 functions on 
 C and on

 n 
 C respectively.
The variational problem (32) determinesthe best approximation, in the L 2

sense,of the image f as a set of smooth regionsrepresented by the function
s(x) such that

s(x) =
�

s1(x) if x 2 
 C ;
s2(x) if x 2 
 n 
 C ;

(33)

and C = @
 C is the boundary betweenthe smooth regions.
As (17), the minimization problem (32) is alsonon-convex, which implies the
existenceof local minima and possibleunsatisfactory segmentation results.
As in the previous section, both regions 
 C and 
 n 
 C are represented by
the Heaviside function of a level set function. This leads to the following
energy:

ECV 2 (
 C ; s1; s2) =
Z



jr H � (� )j+

�
Z



H � (� )(( s1 � f )2 + � jr s1j2)dx

�
Z



H � (� � )(( s2 � f )2 + � jr s2j2)dx:

(34)

Minimizing ECV 2 with respect to the functions s1 and s2 using the calculus
of variations givesus:

�
s1 � f = � � s1 in 
 C ;
s2 � f = � � s2 in 
 n 
 C ;

(35)
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with the Neumann boundary conditions:
� @s1

@N = 0 on @
 C [ @
 ;
@s2
@N = 0 on @(
 n 
 C ) [ @
 :

(36)

And the 
o w minimizing the energy (34) is as follows:

� t = H 0
� (� )f div

�
r �

jr � j

�
�

�
�

(s1 � f )2 � (s2 � f )2 + � jr s1j2 � � jr s2j2
�

| {z }
r 2 (x)

g (37)

If a non-compactly supported smooth approximation of the Heavide function
is chosen,the steady state solution of the gradient 
o w (37) is the sameas:

� t = div
�

r �
jr � j

�
� �r 2(x) (38)

and this equation is the gradient descent 
o w of the energy:
Z



jr � j + �

Z



r2(x)�dx: (39)

As a result, the following constrained minimization problem is proposed
for any given image f 2 L 1(
) and any positive parameter � :

min
0� u� 1

E3(u; � ) =
Z



gjr uj + �

Z



r2(x)udx: (40)

We point out that in formulation (34) of the piecewisesmooth functional the
two functions s1 and s2 needto be de�ned only on their respective domains
(namely 
 C and 
 n
 C ) becauseof the Heaviside function. However, in the
relaxed formulation given in (40), thesefunctions needto be de�ned in the
entire domain 
 (by a suitable extention).

The relation between the standard active contour model [2, 10] and the
model of active contours based on the 2-phaseMumford-Shahfunctional [18]
is as follows:

E3(u = 1
 C ; � ) =
Z



gjr 1
 C j + �

Z



r2(x)1
 C dx; (41)

=
Z

C
gds +

�
Z




�
(s1 � f )2 � (s2 � f )2 + � jr s1j2 � � jr s2j2

�
1
 C dx: (42)
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Hence,minimizing the energy (24) is equivalent to

minimize
Z

C
gds = Egac(C) (The active contour energy (1)) ;

while

approximating f (in the L 2 sense)by

two piecewisesmooth regions 
 C and 
 n 
 C .

We state Theorem 4:

Theorem 4: Suppose that f (x); g(x) 2 [0; 1], for any given s1 2 C1(
) ,
s2 2 C1(
) , if u� (x) is any minimizer of E3(:; � ), then for almost every
� 2 [0; 1] we have that the characteristic function

1
 C (� )= f x:u � (x)>� g (x); (43)

where C is the boundary of the set 
 C , is a global minimizer of E3(:; � ).

Pro of. The proof of Theorem 4 is similar to the proof of Theorem 2.

And �nally , the constrained problem (40) becomesan unconstrained
minimization problem according to the Theorem 3, Section 3.1.

A minimizer of the convex energy E3 can be found using the following
minimization 
o w:

ut = div
�

g
r u

jr uj

�
� �r 2(x) � � � 0(u); (44)

with � > �
2 k r2(x) kL 1 (
) .

The previous minimization 
o w is applied to the cameramanpicture, Figure
8. The two functions s1 and s2 are initially chosento f and updated every
10 iterations according to Equation (35). The �nal solution (Figure 8(e)) is
closeto a binary function which gives us, according to Theorem 4, similar
global minimizers.
We have also segmented (Figure 9(f)) and denoised(Figure 9(b)) a piece-
wise smooth image (Figure 9(a)). And �nally we have applied our segmen-
tation/denoising model to the galaxy picture on Figure 10.
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4 Conclusion

In this paper, we have proposed three algorithms to �nd global minimiz-
ers of the active contour/snak e variational model following the approach of
Chan, Esedo�glu and Nikolova [4, 3]. The �rst algorithm, de�ned from the
ROF model, determines global minimizers of the snake model for any ob-
served imagecloseto a binary function. The two other algorithms, basedon
the Chan-Veseversion of the Mumford-Shah model, �nd global minimizers
(when parametersc1; c2 or functions s1; s2 are �xed) for any type of images,
binary or non-binary.
It will not be surprising to seenew applications of the approach intro duced
in [4, 3] to other image processingmodels to get global minima. The key
idea is to expressthe energy functionals in terms of level sets as observed
by Strang [16, 17].
In this work, we have determined not one but several global minimizers of
the active contour model, which looks to be a drawback. However, all global
solutions are reasonablesolutions and most of them are closeto each other.
From a numerical point of view, the three algorithms are slow even if the
standard re-initialization processof the level set function is not used in
this approach. The non-linear nature of our PDEs requires to use a very
small temporal step to guarantee a consistent evolution process. However,
fast numerical schemescan be usedto speedup the algorithms such as the
second-orderconeprogramming algorithm [1].
Let us �nally mention the paper [7] of Cohen and Kimmel which also ad-
dressesthe problem of determining a global minimum for the active contour
model's energy. However, their approach is di�eren t from ours since it is
focusedon �nding a minimal path betweentwo given end points of an open
curve. They have extended their method to closedcurves but a topology-
basedsaddlesearch routine is needed.
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(a) Original image. (b) Initial @f x :
u(x) > 0:5g.

(c) Final u (TV-
L 1).

(d) Final @f x :
u(x) > 0:5g (TV-
L 1).

(e) Final u
(weighted TV- L 1).

(f ) Final
@f x : u(x) > 0:5g
(weighted TV- L 1).

Figure 2: Comparison between the ROF model with L 1-norm as a �delit y
measureand our model de�ned by the weighted TV-norm and the L 1-norm.
The di�erence between both models is clear. The result generatedby our
model better preserves the geometry of the original features such as the
cornersand the largest circle.
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(a) Original image.

(b) Initial u. (c) Initial @
 C (� =
0:5).

(d) Final u. (e) Final @
 C (� =
0:5).

Figure 3: Our segmentation/denoising model hassuccessfullyextracted both
objects (Figure 3(e)) in the noisy image (Figure 3(a)) whereasthe initial
guess(Figure 3(c)) was a small circle outside both objects. This improves
the standard active contour result obtained on Figure 1 wherea good initial
guessis neededto get the sameresult.
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(a) Original image.

(b) Initial u. (c) Initial @
 C (� =
0:5).

(d) Final u. (e) Final @
 C (� =
0:5).

Figure 4: Figure 4(e) presents the result obtained by the minimization the
energy E1. This example illustrates the limitation of the Theorem 1 which
makesthe hypothesisthat the observed image f is a binary function. Since
this condition is not respected here, we get di�eren t level contours (which
are not global minimizers) as we can observe on Figure 5.
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(a) Final @
 C (� =
0:5).

(b) Final @
 C (� =
0:4).

(c) Final @
 C (� =
0:6).

Figure 5: Since the cameramanpicture is not a binary function, di�eren t
level contours (which are not global minimizers) are obtained for � = 0:4; 0:5
and 0:6.
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(a) Original image.

(b) Initial u. (c) Initial @
 C (� =
0:5).

(d) Final u. (e) Final @
 C (� =
0:5).

Figure 6: Figure 6(e) presents the contour obtained by the global mini-
mization of the active contour energy subject to an intensity homogeneity
constraint basedon the Mumford-Shah energy (the 2-phasepiecewisecon-
stant casede�ned in [5]). Our global minimization approach allows us to
reconcile the standard active contour model with the model of Activ e Con-
tours Without Edges.
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(a) Final @
 C (� =
0:5).

(b) Final @
 C (� =
0:4).

(c) Final @
 C (� =
0:6).

Figure 7: Unlike Figure 5 where level contours are di�eren t from each other
sincethe given image is not binary, the level lines of Figure 6(d) are similar
and correspond to global minimizers.
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(a) Original image. (b) Piecewise-smooth
approximation.

(c) Initial u. (d) Initial @
 C (� =
0:5).

(e) Final u. (f ) Final @
 C (� =
0:5).

Figure 8: Figure 8(f) presents the contour obtained by the global minimiza-
tion of the active contour energy subject to an intensity homogeneity con-
straint basedon the Mumford-Shah energy (the 2-phasepiecewisesmooth
casede�ned in [18]). Our global minimization approach allows us to recon-
cile the standard active contour model with the model of Activ e Contours
basedon the Mumford-Shah approach. Finally, Figure 8(b) shows the best
piecewisesmooth approximation of the original image (Figure 8(a))
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(a) Original image. (b) Piecewise-
smooth approxima-
tion.

(c) Initial u. (d) Initial @
 C (� =
0:5).

(e) Final u. (f ) Final @
 C (� =
0:5).

Figure 9: Figure 9(f) presents the contour obtained by the global mini-
mization of the active contour energy subject to an intensity homogeneity
constraint. Figure 9(b) shows the best piecewisesmooth approximation of
the original image (Figure 9(a)).
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(a) Original image. (b) Piecewise-smooth
approximation.

(c) Initial u. (d) Initial @
 C (� =
0:5).

(e) Final u. (f ) Final @
 C (� = 0:5).

Figure 10: Figure 10(f) presents the contour obtained by the global mini-
mization of the active contour energy subject to an intensity homogeneity
constraint. Figure 10(b) shows the best piecewisesmooth approximation of
the original image (Figure 10(a)).
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