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Abstract

We proposea very ef�cient numericalalgorithmfor minimizing certaincurvaturede-
pendentfunctionalsthatappearin a varietyof well known variationalmodelsof image
processingand computervision. It hasmany applications,suchas imageinpainting,
imagesegmentation,andsurfacefairing in computergraphics.Theproposedalgorithm
is generalizedto a level setalgorithmthathasbetterresolutionwhile keepingthesame
formal complexity. As an example,we apply our techniqueto a shapereconstruction
problembasedonEuler's elastica.

1 Intr oduction
Many importantmodelsof imageprocessingandcomputervision involve curvaturede-
pendentfunctionals. In segmentation,the Kass,Witkin, Terzopoulosmethod[17] of
snakesoriginally callsfor minimizing anactive contourenergy thatinvolvesintegrating
curvaturesquaredalongthecurve. In segmentationwith depth,the2.1DSketchmodelof
Nitzberg, Mumford, andShiota[24] involvesthe integral of a functionof thecurvature
alongthefreediscontinuityset. In theimageinpaintingapplicationof Bertalmioet. al.
[4], Chanet. al. [7] proposedgeneratingthemissingimageinformationin theinpainting
domainby minimizing Euler's elasticaenergy alongimageisophotes;seealso[1, 3, 5]
on imageinpaintingand[6, 12] for othercurvaturedependentfunctionalapproachesto
this problem.Finally, in computergraphics,curvaturedependentfunctionalshave been
proposedfor surfacedenoisingandsmoothing[9, 28, 29].
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2 Background
Oneof themostsuccessfultechniquesfor minimizing variationalmodelsin imagepro-
cessingthat involve unknown contourshas beenthe level set methodof Osherand
Sethian[26]. Oncethe energies in questionarewritten in termsof a level set repre-
sentationfor theunknown curves,optimalityconditions(Euler-Lagrangeequations)can
be obtainedin termsof the level setfunction,anda gradientdescentprocedurecanbe
carriedout. This involves solving non-linear, degenerate,fourth orderparabolicPDE
andcanbecomputationallyvery expensive. Anotherpopularapproachis generallyre-
ferredto asthephase�eld method,in which theunknown curve will becomputedand
identi�ed asthesmoothtransitionregionbetweentwo orderparameter. Typically in this
formulation,astiff potentialappearsaspartof theenergy functional.Thestiffnessof the
systemandtheneedto resolve thenarrow transitionlayer resultin a stringentstability
conditionfor thecorrespondingnumericalalgorithms.

In this paperwe proposean ef�cient algorithmbasedon thresholddynamics(also
known as diffusion generatedmotion) that seemsto bypassthe computationalbottle-
necksof theaforementionedapproaches.Theideais to alternatethesolutionof a linear
parabolicPDE,suchastheheatequation,andthresholdingto generategeometricmotion
of interfaces.Theoriginal ideais dueto Merriman,Bence,andOsher[20, 21, 22], who
proposeda techniquefor approximatingthe motion by meancurvatureof an interface
by alternatingthesolutionof theheatequation(i.e. convolution by theGaussiankernel)
andthresholding.Convergencewasprovedby Evans[14], andby BarlesandGeorgelin
[2]. Therehave beenvariousgeneralizationsof their method[19, 30, 31, 32], including
to othercurvaturedependentvelocities,anda highly accurateversionwasdevelopedby
Ruuthin [27]. Theseoffer an alternative to level setbasedtechniquesthat requirethe
solutionof nonlinearsecondorderequations.

Motivatedby the Merriman,Bence,Osherscheme,andalsopartially by [15, 33],
recentlyEsedogluand Tsai proposeda techniquefor minimizing the piecewise con-
stantversionsof the Mumford-Shahsegmentationfunctional that were introducedby
ChanandVese[8, 35]. This new algorithminvolvesalternatingthesolutionof a linear
parabolicPDEandsimplethresholding.It leadsto averyef�cient minimizationof Chan
andVese's Mumford-Shahenergies.

In this paper, we proposea ef�cient thresholdingalgorithmfor minimizing theEu-
ler's elasticaenergy [7]. Theenergy is of theform:

Z

C
� 2 + � d� : (1)

whereC is a curve, d� is the lengthelement,and� is thecurvatureof thecurve. This
typeof termtypically appearsin moreelaboratemodelssuchasthe2.1Dsketchmodel
of [24].

Centralto our approachis the recentresultsof Grzibovskis andHeintz [16], who
havediscoveredaconvolution-thresholding schemefor Willmore �o w. Willmore �o w is
gradientdescentfor thefollowing energy:

W (�) =
Z

@�
H 2 d� (2)
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where@� is theboundaryof � � R N (i.e. a closedhypersurface)andH is its mean
curvature. When� is a region in theplane,energy (2) reducesto (1) with � = 0 and
C = @� .

3 The proposedalgorithms
As a �rst stepin bringingthresholddynamicsto bearuponhigherorderimageprocess-
ing andvision models,we useenergy (1) to reconstructmissing(or occluded)partsof
boundariesof shapes.Let D betheimageregion,andlet thegivenimagebebinary, i.e.
it is a shape:f (x) = 1
 (x), where
 � D . Let ~D be a subdomainof D with nice
boundarywhereimage(i.e. shape)informationis known to bemissing.To generatethe
(possibly)missingpartof theobservedshape
 in ~D , onecanusethefollowing model,
which is a muchsimpli�ed versionof theNitzberg-Mumford-Shiota(NMS) model:

min
� s.t. � \ ~D c=
 \ ~D c

Z

@�
� 2

� + � d� : (3)

A level setbasedimplementationof theNMS modelwascarriedoutin [36], andadiffuse
interface(i.e. phase�eld) implementationappearsin [11] following previous work by
MarchandDozio in [18].

To minimize(3) wealternatethedynamicsof GrzibovskisandHeintzthatdecreasesR
@� � 2 d� , and the standardMBO schemethat decreases

R
@� � d� . This involves, in

particular, deriving thetwo dimensionalanalogue(i.e theanaloguefor planarcurves)of
thealgorithmin [16], which is originally formulatedfor two dimensionalsurfacesin

� 3 .
Also, we keeppartof theboundary@� thatlies in ~D c �x ed.

The algorithm hasthe following form: Let Gt (x) be the Gaussiankernel in two
dimensions:

Gt (x) =
1

4� t
e� j x j 2

4t

. Fix a number� 2 (0; 1), anda � t > 0. Startingwith an initial guess� 0 � D with
� \ ~D c = 
 \ ~D c, repeatthefollowing stepsfor n = 1; 2; 3; : : ::

1. A stepof GrzibovskisandHeintz's algorithm:Set

� 1 =
n

x : 2�G p
� t � 1� n (x)

� 2G� 2
p

� t � 1� n (x) + 1 � � � 0
o

:

2. A stepof standardMBO algorithm:Set

� 2 =
n

x : G� � t � 1� 1 (x) �
1
2

o
:

3. Fidelity step:Set

� n+1 =
�

� 2 \ ~D
�

[
�


 n ~D
�

:
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where1S(x) denotesthe characteristic(i.e. indicator) function of a setS. Eachstep
of thealgorithmgivenabove canbegeneralizedsothat theconvolutionsareperformed
with any rotationallysymmetrickernel.In ourcomputations,weusea scaledversionof
thecompactlysupportedkernel

K (r ) = C0 � 1[� 1;1]e
1

1� r 2

in Step1 asanattemptto eliminatetheeffect of theexponentialtail of G t (x) whentwo
interfacesarecloseto eachother. Theconvolutionsareimplementedvia thefastFourier
transform.

It is actuallypossibleto generalizetheabove algorithmsothattheinterfaceis repre-
sentedby a continuousfunction,while maintainingits simplicity andef�ciency. Repre-
sentingtheinterfaceby acontinuous(orbetter)functionhastheimportantadvantagethat
thegeometryof theinterfaceis notdegradedafterthethresholdingstepis performed:the
characteristicfunctionof aset(e.g.onethatonly takesoneof thetwo values0 or 1 atev-
erygrid point)doesnotallow for interpolationandthuscannotattainsubgridresolution.
Theresultingalgorithmis moresimilarto but still verydistinctfrom aconventionallevel
setimplementationof thegeometricmotioninvolved. Weobserve thatif we usea Lips-
chitz continuouslevel setfunction� (x) suchthat 
 = f � � 0g; thenthecharacteristic
function1
 (x) canberepresentedasH (� ), whereH (� ) :

�

!
�

is theconventional
Heavisidefunction:

H (� ) =
�

0 if x � 0,
1 if x > 0.

Hence,in the convolution steps,the convolution of a kernelGt with 1
 is equivalent
to Gt � H (� ). Let u betheresultingfunction. We observe thatu is continuousandthe
thresholdingstepis to projectthevaluesof u ontothe0; 1; thatis u(x) = H (u(x) � 0:5).
Therefore,insteadof the projection,we canperforma fastreinitializationstepso that
u(x) � 1=2 is reshapedinto thesigneddistancefunctionto @
 . Thisenableusto perform
theconvolution stepasstatedagain. In summary, a continuousinterfaceversionof the
diffusiongeneratedmotioncanbewrittenas:

1. Convolution: u(x) = K � � H (� (n) (x))

2. Reinitialize:� (n+1) (x) = reinit(u � =12):

Therealdifferencebetweenthetwo versionsof ouralgorithmlies in theirdiscretiza-
tions on uniform Cartesiangrids. The orderof accuracy of a typical quadratureon a
Cartesiangrid for the integration of a piecewise smoothfunction is �rst order in the
meshsizeh. In [10], Engquistet al. investigateda regularizationtechniquerelatedto
theHeavisidefunctionH . Accordingto their result,it is possibleto obtainsecondorder
accuracy (O(h2)) in thequadraturefor theconvolution step,if oneregularizesH (x) by
H � (h;� (x)) (x) with asuitablychosen� (h; � (x)) de�ned in thepaper. H � (x) = H (x) for
jxj > �=2 andis 1=2+ x=� for jxj � �=2. Thereinitializationstepkeepsalocally O(h2)
approximationto @
 (n+1) ; andformally keepsthecomplexity of theoriginal methodif
oneusesa fastreinitializationtechniquesuchasoneof the fastsweepingschemes,see
[34] andthereferencestherein.We point out, however, that this approachdoesnot im-
prove the formal analyticalerror thatcomesfrom theasymptotics:it doesnot improve
on theconvergenceratewith respectto thetime variableof standardthresholdingbased
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algorithmssuchastheMerriman,Bence,Osherscheme.On theotherhand,accuracy in
time is lessof an issuefor theapplicationsconsideredin this paper, sincetheaccuracy
of thedynamicsis not importantaslongasanaccuratestationarystateis attained.

4 Numerical Results
Numericalresultswith our proposedalgorithmsarevery encouraging.Herewe present
our resultson the two examplesthat have beenextensively usedin the literature. In
our simulations,we useda compactlysupportedkernel and the continuousinterface
versionof our algorithm. In our simulations,the algorithm(and its level setversion)
requiresabout15 or 20 iterationsfor computationsthattypically take tensof thousands
of iterationswith standardmethods.

Figure1 showsanexperimentwherethemissingpartof adisk is to bereconstructed.
The occludingregion (i.e. region ~D in model3) is the upperleft quartersquare.The
left handimageshows the recoveredboundarywhenonly the lengthof the boundary
contouris minimized. The right handimageshows the result obtainedwhen Euler's
elasticamodel(3) is used.In bothcases,thecomputationwasstartedwith randominitial
datain domain ~D, andtookonly about20 iterationsto complete.

Figure2 shows thesameexperimentasin Figure1, this timeusinga“brokenbar” as
thegivenimage,andthemiddlesquareshown with randominitial dataastheoccluding
region ~D. Onceagain,theleft imageshowsthecompletionobtainedby minimizingonly
the lengthof thecontour, whereastheright handimageshows theresultof minimizing
Euler's elasticamodel(3). As is well known, theelasticamodelprefersto connectjunc-
tionson eithersideof theoccludingregion, despitethewide separation.Thealgorithm
proposedin this paperrequiresonly about15 iterationsto reachthe�x edpointsshown,
startingfrom randominitial datain ~D .

Thereis animportantpoint thatneedsto bediscussedconcerningthenumericalex-
ampleof Figure2. Theinitial curve in thiscomputationhastwo connectedcomponents.
During the courseof the evolution thesetwo partsof thecurve get closeto eachother
and at somepoint are observed to merge into a single connectedcomponenet.This
merger involves a topologicalchange.Exactly at the time of this topologicalchange,
therearesingularitiesin thecurve thatfrom anaivepointof view wouldsuggestthatthe
con�guration hasin�nite energy. (The correctinterpretationwould be that the energy
of this con�guration is the limit of energies of smoothapproximatingcon�gurations,
which would be�nite). Immediatelyafter thetopologicalchange,asthecurve – which
now consistsof oneconnectedcomponent– startsto straightenitself out, correspond-
ing energiescanbe arbitrarily high. This observation raisesthe possibility that in fact
the topologicalchangemight not take placeif the computationis repeatedusingmore
localized(i.e. narrower) kernels.In otherwords,themerger thatwe observedmight be
dueto thefactthatthecomputationwascarriedoutwith a relatively wide kernel,giving
us ratherdiffuse interfaces. Clearly, this is a very importantissuethat deserves to be
investigatedfurther.
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Figure1: Reconstructededgecontourby minimizing length(left image)andEuler'selasticabasedmodel(3).
The upperleft handsquareis the occluding(or damaged)region ~D in the model. About 20 iterationsof our
proposedalgorithmwererequired.

5 Conclusion
We introducedan ef�cient algorithm for minimizing shapefunctionalsrelatedto the
Euler'sElasticamodel.Ouralgorithmusesconvolutionsof thecharacteristicfunctionof
ashapewith asmoothkernelto generateaconsistentapproximationto thefront velocity.
We further proposeda continuousinterfacealgorithm for diffusion generatedmotion
thathasthesameformal complexity in eachiterationasour �rst algorithm. This level
setmethodpreservesmoregeometricalinformationof theshapeandthusimprovesthe
resolutionof the �rst algorithm. Finally, we demonstratedthatour proposedalgorithm
yieldsresultsresemblingthosecomputedby theexisiting level setmethods.A detailed
analysison the scalingand convergenceof our algorithm and generalizationwill be
reportedby theauthorsin a forthcomingpaper.
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