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Abstract

We proposea very ef cient numericalalgorithmfor minimizing certaincunaturede-

pendenfunctionalsthatappeairin a variety of well known variationalmodelsof image
processingand computervision. It hasmary applications,suchasimageinpainting,

imagesementationandsurfacefairing in computergraphics.The proposedalgorithm

is generalizedo alevel setalgorithmthathasbetterresolutionwhile keepingthe same
formal complity. As an example,we apply our techniqueto a shapereconstruction
problembasedn Euler's elastica.

1 Intr oduction

Marny importantmodelsof imageprocessingandcomputervision involve cunaturede-
pendentfunctionals. In segmentationthe Kass, Witkin, Terzopoulosmethod[17] of
snalesoriginally callsfor minimizing anactive contourenegy thatinvolvesintegrating
cunvaturesquaredilongthecure. In sggmentatiorwith depth the2.1D Sketchmodelof
Nitzbeig, Mumford, and Shiota[24] involvestheintegral of a function of the cunature
alongthefreediscontinuityset. In the imageinpaintingapplicationof Bertalmioet. al.

[4], Chanet. al. [7] proposedjeneratinghe missingimageinformationin theinpainting
domainby minimizing Euler's elasticaenegy alongimageisophotesseealso[1, 3, 5]

onimageinpaintingand[6, 12] for othercunaturedependentunctionalapproacheo

this problem.Finally, in computergraphicscunaturedependentunctionalshave been
proposedor surfacedenoisingandsmoothing9, 28, 29.
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2 Background

Oneof the mostsuccessfutechniquesor minimizing variationalmodelsin imagepro-
cessingthat involve unknavn contourshas beenthe level set methodof Osherand
Sethian[26]. Oncethe enegiesin questionare written in termsof a level setrepre-
sentatiorfor theunknavn curves,optimality conditions(EulerLagrangesquationsan
be obtainedin termsof the level setfunction,anda gradientdescenprocedurecanbe
carriedout. This involves solving non-lineay degeneratefourth order parabolicPDE
andcanbe computationallyery expensve. Anotherpopularapproactis generallyre-
ferredto asthe phaseeld method,in which the unknavn curve will be computedand
identi ed asthe smoothtransitionregion betweertwo orderparameterTypically in this
formulation,astiff potentialappearsspartof theenegy functional. Thestiffnessof the
systemandthe needto resole the narrawv transitionlayerresultin a stringentstability
conditionfor the correspondingiumericalalgorithms.

In this paperwe proposean ef cient algorithmbasedon thresholddynamics(also
known as diffusion generatednotion) that seemsto bypassthe computationabottle-
necksof the aforementionedpproachesTheideais to alternatehe solutionof alinear
parabolicPDE,suchastheheatequationandthresholdingo generatggeometrianotion
of interfaces.Theoriginalideais dueto Merriman,Bence,andOsher{20, 21, 22|, who
proposeda techniquefor approximatingthe motion by meancunatureof aninterface
by alternatinghe solutionof the heatequation(i.e. convolution by the Gaussiarkernel)
andthresholding.Cornvergencewasproved by Evans[14], andby BarlesandGeogelin
[2]. Therehave beenvariousgeneralizationsf their method[19, 30, 31, 32], including
to othercunaturedependentelocities,anda highly accurateversionwasdevelopedby
Ruuthin [27]. Theseoffer an alternatve to level setbasedechniqueghatrequirethe
solutionof nonlinearsecondorderequations.

Motivatedby the Merriman, Bence,Osherscheme and also partially by [15, 33],
recently Esedogluand Tsai proposeda techniquefor minimizing the pieceavise con-
stantversionsof the Mumford-Shahsegmentationfunctional that were introducedby
ChanandVesg[8, 35]. This new algorithminvolvesalternatingthe solutionof alinear
parabolicPDEandsimplethresholdinglt leadsto avery ef cient minimizationof Chan
andVeses Mumford-Shatenegies.

In this paper we proposea ef cient thresholdingalgorithmfor minimizing the Eu-
ler's elasticaenegy [7]. Theenegy is of theform:
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whereC isacurwe,d isthelengthelementand is the curvatureof the cune. This
type of termtypically appearsn moreelaboratenodelssuchasthe 2.1D sketchmodel
of [24].

Centralto our approachis the recentresultsof Grzibovskis and Heintz [16], who
have discovereda corvolution-threddding schemedor Willmore o w. Willmore o w is
gradientdescenfor thefollowing enegy:
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where@ is the boundaryof RN (i.e. aclosedhypersurfice)andH is its mean
cunvature. When is aregion in the plane,enegy (2) reducedo (1) with = 0 and

C=@.

3 The proposedalgorithms

As a rst stepin bringingthresholddynamicsto bearuponhigherorderimageprocess-
ing andvision models,we useenegy (1) to reconstrucmissing(or occluded)partsof
boundarie®f shapesLet D betheimageregion, andlet the givenimagebebinary i.e.
it is ashape:f (x) = 1 (x), where D. Let D beasubdomairof D with nice
boundarywhereimage(i.e. shapejnformationis known to be missing.To generatehe
(possibly)missingpartof theobsered shape in D, onecanusethefollowing model,
whichis amuchsimpli ed versionof the Nitzbeig-Mumford-Shiota NMS) model:
z
min 2+ d: (3)
s.t. \pe= \D°c @
A level setbasedmplementatiorof theNMS modelwascarriedoutin [36], andadiffuse
interface(i.e. phaseeld) implementatiorappearsn [11] following previous work by
MarchandDozioin [18].
R 10 minimize (3) we alternatehe dynamicsof Grzibo/slf_'ks andHeintzthatdecreases
2d , andthe standardViBO schemethatdecreases; d . Thisinvolves, in
particular deriving thetwo dimensionabnalogudi.e theanalogudor planarcurves)of
thealgorithmin [16], whichis originally formulatedfor two dimensionabkurfacesn 3.
Also, we keeppartof theboundary@ thatliesin D¢ x ed.
The algorithm hasthe following form: Let G{(x) be the Gaussiarkernelin two
dimensions: 1w
1X]

Gt(X) = ﬂe At

. Fix anumber 2 (0;1), anda t > 0. Startingwith aninitial guess ¢ D with
\ D¢= \ D¢ repeathefollowing stepsforn = 1;2;3;::::

1. A stepof GrzibovskisandHeintz's algorithm: Set
n

1= X:2G P51 1 (x)

2G P4 1 (x)+1 0 :

2. A stepof standardViBO algorithm: Set

n 10
2= x:G ¢ 1 ,(x) 5
3. Fidelity step:Set
n+1 = 2\D [ nD




wherels(x) denoteghe characteristidi.e. indicator)function of a setS. Eachstep
of the algorithmgiven above canbe generalizego thatthe convolutionsare performed
with ary rotationallysymmetrickernel. In our computationswe usea scaledversionof
thecompactlysupporteckernel

1
K(r) = Co 1[ 1;1]eﬁ

in Stepl asanattemptto eliminatethe effect of the exponentialtail of G¢(x) whentwo
interfacesarecloseto eachother Theconvolutionsareimplementedria the fastFourier
transform.

It is actuallypossibleto generalizehe above algorithmsothattheinterfaceis repre-
sentedby a continuoudunction,while maintainingits simplicity andef ciency. Repre-
sentingtheinterfaceby acontinuougor better)functionhastheimportantadvantagehat
thegeometryof theinterfaceis notdegradedafterthethresholdingstepis performedithe
characteristiéunctionof aset(e.g.onethatonly takesoneof thetwo valuesO or 1 atev-
ery grid point) doesnotallow for interpolationandthuscannotattainsubgridresolution.
Theresultingalgorithmis moresimilarto but still very distinctfrom a corventionallevel
setimplementatiorof the geometrianotioninvolved. We obsenre thatif we usea Lips-
chitz continuoudevel setfunction (x) suchthat = f 0Og; thenthe characteristic
function1l (x) canberepresentedsH( ), whereH( ) : ! is the conventional

Heaviside function:
0 ifx O

HO= 1 xso

Hence,in the corvolution steps,the convolution of a kernel G; with 1 is equivalent
toG; H( ). Letu betheresultingfunction. We obsenre thatu is continuousandthe
thresholdingstepis to projectthevaluesof u ontothe(; 1; thatisu(x) = H (u(x) 0:5).
Therefore,insteadof the projection,we canperforma fastreinitializationstepso that
u(x) 1=2isreshapedhtothesigneddistancdunctionto @ . Thisenableusto perform
the convolution stepasstatedagain. In summarya continuousinterfaceversionof the
diffusiongenerateanotioncanbewritten as:

1. Convolution:u(x) = K H( M (x))
2. Reinitialize: (" (x) = reinitu  =12):

Therealdifferencebetweerthetwo versionsof our algorithmliesin their discretiza-
tions on uniform Cartesiangrids. The orderof accurag of a typical quadratureon a
Cartesiangrid for the integration of a piecavise smoothfunctionis rst orderin the
meshsizeh. In [10], Engquistet al. investigateda regularizationtechniquerelatedto
theHeavisidefunctionH . Accordingto theirresult,it is possibleto obtainsecondborder
accurayg (O(h?)) in the quadraturdor the corvolution step,if oneregularizesH (x) by
H (h: (x)(X) with asuitablychosen (h; (x)) de nedin thepaperH (x) = H(x) for
jxj > =2andis1=2+ x= forjxj =2. Thereinitializationstepkeepsalocally O(h?)
approximatiorto @ ("*1 ; andformally keepsthe compleity of the original methodif
oneusesa fastreinitializationtechniquesuchasone of the fastsweepingschemessee
[34] andthe referencesherein. We point out, however, thatthis approachdoesnotim-
prove the formal analyticalerror that comesfrom the asymptotics:it doesnotimprove
onthe corvergenceratewith respecto thetime variableof standardhresholdinghased
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algorithmssuchasthe Merriman,Bence OsherschemeOn the otherhand,accurag in
time is lessof anissuefor the applicationsconsideredn this paper sincethe accurayg
of thedynamicss notimportantaslong asanaccuratestationarystateis attained.

4 Numerical Results

Numericalresultswith our proposedhlgorithmsarevery encouragingHerewe present
our resultson the two examplesthat have beenextensvely usedin the literature. In
our simulations,we useda compactlysupportedkernel and the continuousinterface
versionof our algorithm. In our simulations,the algorithm (andits level setversion)
requiresaboutl5 or 20 iterationsfor computationghattypically take tensof thousands
of iterationswith standardnethods.

Figurel shavs anexperimentwherethe missingpartof adiskis to bereconstructed.
The occludingregion (i.e. region D in model 3) is the upperleft quartersquare.The
left handimageshaws the recoveredboundarywhen only the length of the boundary
contouris minimized. The right handimage shavs the result obtainedwhen Euler's
elasticamodel(3) is used.In bothcasesthecomputatiorwasstartedwith randominitial
datain domainD, andtook only about20 iterationsto complete.

Figure2 shavs thesameexperimentasin Figurel, thistime usinga“brokenbar” as
the givenimage,andthe middle squareshavn with randominitial dataasthe occluding
regionD'. Onceagain theleft imageshavs the completionobtainedoy minimizing only
thelengthof the contour whereagheright handimageshaws the resultof minimizing
Euler's elasticamodel(3). As is well known, the elasticamodelprefersto connecfjunc-
tionson eithersideof the occludingregion, despitethe wide separationThe algorithm
proposedn this paperrequiresonly aboutl5 iterationsto reachthe x edpointsshavn,
startingfrom randominitial datain D'.

Thereis animportantpoint thatneedgo be discussedoncerninghe numericalex-
ampleof Figure2. Theinitial curve in this computatiorhastwo connectedomponents.
During the courseof the evolution thesetwo partsof the curve get closeto eachother
and at somepoint are obsered to mege into a single connectedcomponenet. This
meiger involves a topologicalchange. Exactly at the time of this topologicalchange,
therearesingularitiesn the curve thatfrom a naive point of view would suggesthatthe
con guration hasin nite enepgy. (The correctinterpretationwould be thatthe enegy
of this con guration is the limit of enegies of smoothapproximatingcon gurations,
whichwould be nite). Immediatelyafterthe topologicalchangeasthe curve — which
now consistsof one connecteccomponent- startsto straightenitself out, correspond-
ing enegies canbe arbitrarily high. This obseration raisesthe possibility thatin fact
the topologicalchangemight not take placeif the computationis repeatedisingmore
localized(i.e. narrawver) kernels.In otherwords,the megerthatwe obsered might be
dueto thefactthatthe computatiorwascarriedout with arelatvely wide kernel,giving
us ratherdiffuseinterfaces. Clearly this is a very importantissuethat deseresto be
investigatedurther



Figurel: Reconstructeddgecontourby minimizinglength(left image)andEuler's elasticabasednodel(3).
The upperleft handsquareis the occluding(or damagedyegion D in the model. About 20 iterationsof our
proposedalgorithmwererequired.

5 Conclusion

We introducedan ef cient algorithm for minimizing shapefunctionalsrelatedto the
Euler's Elasticamodel. Ouralgorithmusesconvolutionsof thecharacteristiédunction of

ashapeawith asmoothkernelto generataconsistenapproximatiorto thefront velocity.

We further proposeda continuousinterface algorithm for diffusion generatedmotion
thathasthe sameformal compleity in eachiterationasour rst algorithm. This level

setmethodpreseres moregeometricainformationof the shapeandthusimprovesthe
resolutionof the rst algorithm. Finally, we demonstratethat our proposedalgorithm
yieldsresultsresemblinghosecomputedby the exisiting level setmethods.A detailed
analysison the scalingand convergenceof our algorithm and generalizatiorwill be
reportedby theauthorsn aforthcomingpaper
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