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Historical roots

Canonical bases and total positivity.

Example 1: Grassmannian Gr2,n+3(C)

Let z be a 2× (n+3) matrix with generic entries:

z =

[
z11 z12 · · · z1,n+3

z21 z22 · · · z2,n+3

]

(One can view z as representing a subspace in Gr2,n+3(C).)
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Plücker coordinates

The Plücker coordinates Pij, for 1≤ i<j≤n+3, are defined by

Pij =

[
z1i z1j
z2i z2j

]
.

They satisfy the Grassmann-Plücker relations

Pik Pjl = Pij Pkl + Pil Pjk (i < j < k < l).
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The Plücker ring

The Plücker ring An is the commutative ring generated over C

by the
(
n+3
2

)
Plücker coordinates Pij.

Intrinsically, An is the homogeneous coordinate ring of Gr2,n+3(C)

with respect to the Plücker embedding.

The Plücker ring An is our first example of a cluster algebra.
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Cluster monomials

We say that two Plücker coordinates Pik and Pjl are compatible

unless i<j<k<l.

Any product of pairwise compatible (not necessarily distinct)

Plücker coordinates is called a cluster monomial.

The following result can be traced back to classical 19th-century

literature on invariant theory.

Theorem 1 Cluster monomials form a linear basis of An .

To work with this basis, one needs to understand the combina-

torics of the compatibility relation.
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Clusters

Each of the n+3 Plücker coordinates

P12, P23, P34, . . . , Pn+2,n+3, P1,n+3

is compatible with any Pij. These n+3 Plücker coordinates are

the coefficient variables.

The remaining generators Pij are the cluster variables.

A maximal (by inclusion) collection of pairwise compatible cluster

variables is called a cluster.

Fact: Each cluster has cardinality n.
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Extended clusters

A maximal collection of pairwise compatible Plücker coordinates

is called an extended cluster. Equivalently, an extended cluster

is a cluster together with the n+3 coefficient variables.

With this terminology, a cluster monomial is a monomial in the

elements of some extended cluster.
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Ptolemy relations

The
(
n+3
2

)
generators of the algebra An can be alternatively

labeled by the sides and diagonals of a convex (n+3)-gon:

a

i

j

xa = Pij

The defining relations of An become the Ptolemy relations:

a

e
e′

b

c

d

xe xe′ = xa xc + xb xd
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Triangulations

Now, the picture becomes clear:

• coefficient variables correspond to the sides of the polygon;

• cluster variables correspond to its diagonals;

• compatible means do not intersect;

• clusters correspond to triangulations;

• exchanges correspond to flips.
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Flips

The 3-dimensional associahedron
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Clusters and exchange relations in C[Ĝr2,6]

faces ←→ cluster variables
vertices ←→ clusters

edges ←→ Plücker relations

P46 P26

P36

P15

P24

P13 P35

P14 P25

vertex at ∞

P13 P25 = P12 P35 + P23 P15

P35 P14 = P34 P15 + P45 P13

P15 P36 = P56 P13 + P16 P35
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Example 2: Basic affine space for SL4

Our second example of a cluster algebra is a certain subring

A ⊂ C[x11, . . . , x44]/〈det(xij)− 1〉

of the ring of polynomials in the matrix entries of a 4×4 matrix

(xij) ∈ SL4(C). Specifically, A consists of those polynomials

which are invariant under the natural action of the subgroup

U =








1 0 0 0
∗ 1 0 0
∗ ∗ 1 0
∗ ∗ ∗ 1







⊂ SL4(C)

of unipotent lower-triangular matrices. (U acts on SL4(C) by

multiplication on the left.)

This algebra—with SL4(C) replaced by an arbitrary semisimple

Lie group—plays an important role in representation theory.

12



Flag minors

The algebra A = C[SL4]
U is generated by the 14 “flag minors”

∆J : (xij) 7→ det(xij|i ≤ |J |, j ∈ J),

for J ( {1,2,3,4}, J 6= ∅.

They satisfy the following 3-term Grassmann–Plücker relations:

∆2∆13 = ∆12∆3 +∆1∆23

∆2∆14 = ∆12∆4 +∆1∆24

∆3∆14 = ∆4∆13 +∆34∆1

∆3∆24 = ∆4∆23 +∆34∆2

∆24∆134 = ∆34∆124 +∆234∆14

∆23∆134 = ∆123∆34 +∆234∆13

∆23∆124 = ∆123∆24 +∆234∆12

∆13∆124 = ∆123∆14 +∆12∆134

∆13∆24 = ∆12∆34 +∆14∆23
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The extra generator

Define

Ω = −∆1∆234 +∆2∆134 = ∆3∆124 −∆4∆123 .

The following relations hold:

∆2∆134 = Ω+∆1∆234

∆3∆124 = Ω+∆4∆123

∆14 Ω = ∆4∆12∆134 +∆1∆34∆124

∆23 Ω = ∆34∆123∆2 +∆12∆234∆3

∆13 Ω = ∆12∆3∆134 +∆1∆34∆123

∆24 Ω = ∆34∆2∆124 +∆4∆12∆234
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Dual canonical basis

The 15 generators (the flag minors and Ω) satisfy 15 three-term

relations of the form XY = · · ·+ · · · .

As before, call two generators X and Y compatible unless they

appear together on the left-hand side of one of our relations.

A cluster monomial is a product of pairwise compatible (not

necessarily distinct) generators.

Fact: Cluster monomials form a linear basis of A.

This basis is a particular instance of the dual canonical basis of

G. Lusztig and M. Kashiwara.
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Cluster structure in C[SL4]
U

To understand the structure of the dual canonical basis in C[SL4]
U ,

we look at the combinatorics of the compatibility relation.

The 15 generators split into 6 coefficient variables (those com-

patible with every generator)

∆1, ∆12, ∆123, ∆4, ∆34, ∆234

and 9 cluster variables:

∆2, ∆3, ∆13, ∆14, ∆23, ∆24, ∆124, ∆134, Ω.

Again, clusters are defined as maximal colections of pairwise

compatible cluster variables.

As before, all clusters turn out to have the same cardinality.

Moreover, their underlying combinatorics exactly parallels the

case of Gr2,6—even though the algebraic relations are different.
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Clusters and exchange relations in C[SL4]
U

∆124 ∆134

Ω

∆23

∆14

∆2 ∆3

∆24 ∆13

∆2∆13 = ∆12∆3 +∆1∆23

∆3∆24 = ∆4∆23 +∆34∆2

∆23 Ω = ∆123∆34∆2 +∆12∆234∆3
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Towards a cluster structure in C[SLn]U

1

2

3

4

5

6

6

5

4

3

2

1

pseudoline arrangement
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Braid moves

Any two pseudoline arrangements are related by braid moves:

←→

19



Chamber minors

1

2

3

4

4

3

2

1

∆1 ∆2 ∆3 ∆4

∆12

∆23

∆34

∆123 ∆234
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Clusters associated with pseudoline arrangements

coefficient
variables

coefficient
variables

cluster variables

cluster = {cluster variables}

extended cluster = {coefficient variables, cluster variables}
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Braid moves and cluster exchanges

∆1 ∆2 ∆3 ∆4

∆12

∆23

∆34

∆123 ∆234

∆1

∆13

∆3 ∆4

∆12

∆23

∆34

∆123 ∆234

a

b c

de

←→

a

b c

d

f
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Exchange relations

a

b c

de

←→

a

b c

d

f

The chamber minors a, b, c, d, e, f satisfy the exchange relation

ef = ac+ bd.

(For example, ∆2∆13 = ∆12∆3 +∆1∆23 .)

Challenge: find the missing generators and (exchange) relations.
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Towards axiomatization

To build a general theory, we need to axiomatize

• the combinatorics of clusters and

• the algebra of exchange relations between them.

The above examples must fit into the axiomatic setup.

Many more examples: arbitrary Grassmannians and G/P ’s,

double Bruhat cells, classical rings of invariants...
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Main features of a general cluster algebra setup

(illustrated by the prototypical examples)

• a family of generators (Plücker coordinates, flag minors);

• a finite subset of “frozen” generators (coefficient variables);

• grouping of remaining generators into overlapping “clusters;”

• combinatorial data accompanying each cluster (triangulation,

pseudoline arrangement);

• “exchange relations” that can be written using those data;

• a “mutation rule” for producing new combinatorial data from

the given one (flips, braid moves).
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Total positivity in C[SLn]U

A point in G/U represented by a matrix x ∈ G is called (flag)

totally positive (resp., totally nonnegative) if all flag minors ∆I

take positive (resp., nonnegative) values at x.

Connection to the classical theory of total positivity in GLn.

Totally nonnegative Grassmannians.
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Total positivity testing

There are 2n − 2 flag minors. How many of them should be

tested to determine whether a given point is totally positive?

Answer: enough to check dim(G/U)= (n−1)(n+2)
2 flag minors.

Note that dim(G/U) = (n−1)(n+2)
2 .

Theorem 2 If the elements of a particular extended cluster

associated with a pseudoline arrangement evaluate positively at

a given point, then so do all flag minors.
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Total positivity and cluster exchanges

a

b c

de

←→

a

b c

d

f

ef = ac+ bd.

The rational expression f = ac+bd
e is subtraction-free.

Any flag minor can be written as a subtraction-free rational

expression in the initial extended cluster. The theorem follows. �

28


