LECTURE 10: SOME MORE RESULTS ON SEMI-INVARIANTS

HARM DERKSEN

In the previous lecture we have proven the following theorem.

Theorem 1 (Derksen-Weyman). Suppose that Q is a quiver without oriented

cycles, ( is a dimension vector and o is a weight. Then SI(Q, ), is spanned by
¢V ’s where V € Rep(Q, @) and o = {«, -).

We now discuss some consequences of this theorem. We also will give an
alternative proof of the theorem, based on another theorem of Derksen-Schofield-
Weyman (which will not be proven here).

Corollary 1. (Reciprocity Property). Let «, 8 be two dimension vectors for the
quiver Q. Assume that (o, 3) = 0. Then

dimK SI(Q, ﬂ)(a,.) = dimK SI(Q, O,/)_<.,5>.

Proof. Let Vi, ...,V be the modules of dimension « such that ¢"*,...c"% form a
basis of SI(Q, 3)(a,)- These are linearly independent polynomials on Rep(@Q, 3) so
there exist s representations Wi, ... , W in Rep(Q, 3) such that det(c"i (W;))1<i j<s
is not zero. But ¢"{(W;) = cw,(Vi) and this means that the semi-invariants

Cw,, - - - , Cw, are linearly independent. This proves that
dimK SI(Q, ﬂ)(a,.> < dlmK SI(Q, Oz)_<.,g).
The other inequality is proven in exactly the same way. O

Definition 1. We define
Qo ﬂ = dim SI(Q, ﬂ)(a’.> = dim SI(Q, a)_(.”g).

We now give a sketch of an alternative proof of Theorem 1. For V' € Rep(Q, a+p),
let 74(V) € NU {oc} be the number of a-dimensional subrepresentations. It
can be shown that the function r, is constant £ on some dense open subset
U C Rep(Q, a+ ) for some k € NU {oo}. We say that a general representation
of dimension « + 3 has k subrepresentations.

Theorem 2 (Derksen-Schofield-Weyman). A general representation of dimen-
ston o+ (3 has exactly o o B a-dimensional subrepresentations.

Proof. We will not prove this here. The proof is based on comparing the com-
putation of the dimension SI(Q, 3)a, using the technique which we applied to
the triple flag quiver to the computation of the number of subrepresentations

of a general representation of dimension a + (8 using Schubert calculus. Both
1
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(complicated) computations are exactly analogous and therefore give the same
result. O

We also need the following Lemma which we will prove some time in the future.

Lemma 1. Suppose {(«,3) = 0, and let S C Rep(Q,a + B) be the set of all
V € Rep(Q, a + B) for which there exists an exact sequence

O—-W-—-=V-—->2-0

with W of dimension «, Z of dimension 3 and Homg(W, Z) # 0. Then S is a
proper subset of Rep(Q, o+ 3).

Proof of Theorem 1. Let V' be a general representation of dimension a + # and
let Vi, ..., V,, be its a-dimensional subrepresentations with m = a o 3. We have
exact sequences

0=Vi=V-=>W,—=0

for all 2 with W; of dimension . Since V' is general, we may assume that it lies
outside S and therefore Homg(V;, W;) = 0 and in particular ¢¥i(W;) # 0.
Let 7 # j and consider

0

Suppose that the composition V; — V — W; is equal to 0. Then V; — V lifts to
an injective morphism V; — V; and since V; and V; are both a-dimensional we get
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Vi 2 V; but we assumed that the V;’s are distinct. Therefore Homg(V;, W) # 0
which shows that ¢¥i(W;) = 0 if j # 1.

It now clearly follows that the matrix (¢*(W;))i%_, is invertible, so c*1, ..., c" €
SI(@, B)(a,y are linearly independent. Moreover m = oo 3 = dim SI(Q, ) a,, SO
"', ..., c" is a basis of SI(Q, 3)a,)- O

1. THE THEOREMS OF DOMOKOS-ZUBKOV AND LEBRUYN-PROCESI

We first derive a recent result of Domokos and Zubkov who described spanning
semi-invariants for arbitrary quivers (possibly with oriented cycles). Then we dis-
cuss a theorem of LeBruyn and Procesi about generators the ring of invariants for
arbitrary quivers. This theorem (proven in 1990, before the theorems of Domokos-
Zubkov and Derksen-Weyman) can easily be deduced from the Domokos-Zubkov
description.

Theorem 3 (Domokos-Zubkov). Let @ be an arbitrary quiver and let 5 be a
dimension vector. The ring SI(Q, B) is spanned by semiinvariants of the form
W € Rep(Q, B) — det(g) where

g: @W(x» o @W(yj)

with 1, ..., Tp, Y1, .., Ym € Qo such that Y, B(x;) = Zj B(y;) and where

gia G912 *°° GJin
92,1 022 92.n
Im1 Gm2 ' Gmn

with g;; a linear combination of W (p) where p is a path satisfying tp = z; and
hp = y;.
Proof. If Q has no oriented cycles then the Schofield semi-invariants ¢V are ac-

tually of this type as described in the Theorem. The semi-invariant ¢ is the
determinant of the map

(1)
g: @ Hom(V(2), W (2)) = @ W(2)*® — @ Hom(V (ta), W (ha)) = €D W (ha)*¢®),

T€Qo T€Qo a€Q1 a€Q1

where « is the dimension vector of V. Also, all blocks in the matrix of g are
equal to 0, identity or W (a) for some arrow a. This proves the case if ) has no
oriented cycles.

To prove the general case, we use the double quiver construction of Schofield.

We define a new quiver ) = (@0, @1) We define Qy = Qq X {0,1}, so for every
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vertex © € (Qy we get two vertices xg, x1 € @0. Then we define
le{a‘CLEQl}U{C;E|£EEQ0}.
We define ta = (ta)o, ha = (ha)i, tc, = xo and he, = 1.

Example 1. Suppose that () is the quiver

x -7 - Z
then @ is the quiver
Zo Yo 20
T1 Y1 21

Note that whatever () is, @ will be a quiver without orlented cycles (in fact
all paths have length 0 or 1). We define the dimension vector 3 by ﬁ(xz) = B(x)

for i = 0,1 and =z € Q. Let us define U(3) C Rep(Q,ﬂ) to be the set of all
representations W with W (c,) invertible for all z € Q9. We have an isomorphism

(2) U(B) — Rep(@Q, B) x GL(p)
defined by
W = {W(cha) ' W(a) |a € Q} x {W(z) | z € Qo}.

Note that GL(B\) = GL(fB) x GL(fB) acts on U(B) and there is also an action
of GL(3) x GL(3) on Rep(Q, 3) x GL(8) (one copy acts on Rep(Q, 3) and on
GL(f) on the right and the other copy acts on GL(/3) by left multiplication). The
isomorphism in (2) is GL(f) x GL()-equivariant (i.e., it respects the action). In
particular, is we take SL(3) x SL(f)-invariants on both sides in (2) then we get

(3) K[Uﬁ]SL(ﬂ)xSL(ﬁ) = K[Rep(Q, ) X GL(ﬂ)] L(8)xSL(8)

If we take ¢, : GL((x)) — K* to be the determinant function then K[GL(8)]5¥#) =
Klty, t; e, (here SL(3) acts on the left on GL(3). This shows that

K[Rep(Q, B) x GL(B)P"P*5H0) = (K [Rep(Q, B)][tz, t; Joeqo) ™

where SL(3) acts trivially on the variables t,, so

K[Rep(Q, B) xGL(B)]**®*SL®) = KRep(Q, B)S“P[t,, t; 1oeqs = SI(Q, B)* Pt 5 seqo-

Let D, : Rep(@,ﬁ) — K be the SL(3) x SL(f)-invariant function W
det(W(cg)). The coordinate ring K[U(/3)] is the localization of K[Rep(Q, )]
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with respect to all D,, x € ()y. Note that localization with respect to an invariant
commutes by taking invariants, i.e., if D = H;UEQ D,, then

K[U(@)P“?) = (K[Rep(Q, B)p)*™™P = (K[Rep(Q, B)*?)) = SI(Q, B)D; Treqy-
So we conclude that (3) leads to

(4) SI(Qa )[ 1]:66620 = SI(Qa )[twa Ql]weczo-
Under this isomorphism, D, maps to t,. Consider the diagram
Rep(Q, 5)
Y

Rep(@Q, ) x GL(B)=  U(p)
where Rep(Q, 3) — Rep(Q, B) x GL(p) is defined by W +— (W,id). Now this

induces
K[Rep(Q, 3)]
w*

K[Rep(Q, 8) x GL(p)] = K[U(p)]
So we get a surjective ring homomorphism ¢* : K[U(8)] — K[Rep(Q, 3)] and if
we take SL(3) x SL(f) invariants then this induces a surjective map of invariant
rings R
SI(Q, B)[D; zeqo = SUQ, B)[tas t; 'Joeqo — SU(Q, B),
where ¢, and D, map to 1. If W € Rep(Q, 3), then y(W)(a) =
a € @ and Yp(W)(c ) id for all z € Q)

We know that SI(Q, ﬁ) is spanned by invariants of the form W € Rep(Q, ﬂ)
det(g) where g = (g;;) and each g;; is a linear combination of W (p)’s with p
a path in @ It follows that SI(Q, 3) is generated by W € Rep(Q, ) — det(g)
where g = (g;,;) and each g; ; is a linear combination of (W)(p)’s with p a path
in @ But in fact ¢ (W)(p) = W (q) for some path ¢ in Q). (Note that either p
has length zero or length 1, and if p has length one then either p = @ for some
a € Q1 or p = ¢, for some = € Q)y).) We have proven the theorem for the quiver

0. 0

For an abitrary quiver, let Loop(Q) be the set of loops, i.e., the set of all paths
p with hp =

W (a) for all

Theorem 4 (LeBruyn-Procesi). The invariant ring 1(Q, ) is generated by { Trace(W (p)) |
p € Loop(Q)} (Trace is the trace).



6 HARM DERKSEN

Proof. Note that 1(Q, 8) = SI(Q, 5)o. In the Domokos-Zubkov Theorem, we only
get semi-invariants of weight 0 if the sequences x1,...,z, and y1,...,y,, are the
same after rearranging. So I(Q, ) is generated by invariants of the form det(g)

where . .
9: P W) = Pwix)
=1 =1

and g;; is a linear combination of W (p)’s with ¢tp =4 and hp = j. Now by the
Lemma below we have that det(g) is a polynomial in Trace(g*), k = 1,2,... (we
assume that char(K) = 0). If we write

(k) (k) (k)

9110 Y12 ' Gin

(k) (k)

| 921 G229 92.m
g = : -

k k k

gwh Owe e G

then Trace(g*) = ), Trace(ggﬁ)) and for each 1, gi(f? is a linear combination of
W(p)’s with tp = hp = i. In particular Trace(gg? is a linear combination of

Trace(W (p))’s with p a loop. O

2. EXERCISES

Exercise 1. (a). Prove the well-known result in symmetric functions that A, ... A,
is a polynomial in the power sums py := A + M + ... + )\ with k =
1,2,...,n. (Hint: In the formal power series ring Q[A1,..., A,][[t]], let
F(t) = (1 — Mt)(1 — Agt)---(1 — Aut) and let G(t) = log(F(t)). Show
that G(t) = — 32, BE and use F(t) = exp(G(t)).)

(b). Let A be a square n X n matrix with coefficients in a field K of characteristic
0. Show that det(A) is a polynomial in Trace(A*) for k =1,2,...,n.



