LECTURE 5: GABRIEL’S THEOREM

HARM DERKSEN

1. THE REPRESENTATION SPACE

Let Q be a quiver and K be a field. Suppose that V is a representation of ()
of dimension «. In each vector space V(x) we can choose a basis. In this way,
we can identify V(z) 2 K*®). In other words, we can view V as an element in

Repy (@, @) := @) Hom(Kt), fgotha)),
a€Q1

(We will often omit the subscript K.) Suppose V,W € Repg(Q, o) and suppose
¢ : V. — W is an isomorphism. Then for each arrow a we have ¢(ha)V(a) =
W (a)¢(ta) or equivalently ¢(ha)V (a)d(ta)™ = W (a). Let us define

GL(e) = [] GL((x)).
z€Qo
Now GL(«) acts on Rep(Q, ). An element

é={o(z) € GL(a(z)) | z € Qo} € GL()
acts on V € Rep(Q, ) by

(¢ V)(a) == ¢p(ha)V (a)p(ta)™".

The discussion above shows that V, W € Rep(Q, «) are isomorphic, if and only if
they lie in the same GL(«)-orbit. Indeed, there is a 1-1 correspondance between
GL(«) orbits in Rep(Q, @) and isomorphy classes of a-dimensional representa-
tions of Q).

Let us do some dimension counting. First of all

dimg Rep(Q, o) = Z a(ta)a(ha)
a€Q1
and
dimg GL(a) = ) _ a(z)”.
T€Qo
Let us look at the difference:
dim GL(«) — dim Rep(Q, ) = Z a(z)? — Z a(ta)a(ha) = {a, a).
z€Qo TEQ1L
1
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Remark 1. Note that Aid = {Aidy) | # € Qo} acts trivially on Rep(Q, o).
If the GL(«a)-orbit of V' € Rep(Q, ) is Zariski dense in Rep(Q, «), then we
must have dim(GL(a)) > Rep(Q, ) (since there is at least a one-dimensional
stabilizer) so (o, ) > 0.

2. ROOT SYSTEMS

Suppose that £ = R® is an R-vector space equipped with a positive definite
symmetric bilinear form (-,-). If « € E'\ {0} then the the reflection s, : E — E
in the hyperplane orthogonal to « is defined by

_ o 2(B9)
Sa(/B) - /6 - (O[, Oé) «
We often use the following notation
_ 2(6,0)
[/Ba 01] T (a’ (l/) .

Definition 1. A root system is a subset A C F such that

1. A is finite, A spans the vector space F and 0 ¢ A.
2. If @ € A then Rae N A = {£a}.

3. If « € A then s, A = A.

4. If o, B € A then [«, §] € Z.

The Weyl group W is the group generated by all s,, a € A. This is clearly a
finite group since it permutes A, and A is finite and spans F.

Definition 2. A subset IT C A is called a basis if

1. II is a vector space basis for F,
2. for all # € A we can write
p= 3 huo

a€ll

where either all k£, are nonnegative integers, or all k£, are nonpositive inte-
gers.

The following facts can be found for example in J.E. Humpreys, Introduction
to Lie Algebras and Representation Theory, Springer-Verlag, 1980, although the
notation there is slightly different (e.g., root systems are denoted by ® and its
bases is denoted by A).

Theorem 1. (a). Every root system A has a base.
(b). If o, B € T1 and o # B3, then («, 5) < 0.

(c). The base II C A is unique up to the action of W.
(d). WII = A.
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Let us fix a basis Il of A. The elements of II are called simple roots. If
B € A is a nonnegative integral combination of simple roots, then [ is called a
positive root. Otherwise 3 is a nonpositive integral combination of simple roots
and in that case it is called a negative root. The set of positive roots is denoted
by A*T and the set of negative roots is denoted by A~. We have a disjoint union
A=ATUA".

Note also that s,s3s, = sg where ' = s,(5). In particular, since WII = A,
the Weyl group W is generated by all s, with « € II.

A root system is called reducible if we can write £ = E; @& Es with E;, E
orthogonal subspace and 6 = (6 N Ey) U (6 N Ey).

Let A be a root system and II C A be a basis, say II = {a1,...,a,}. The
matrix

A = ([, a5]);

is called the Cartan Matrix of the root system.

To a Cartan matrix A we can associate a Dynkin diagram. as follows. The
vertices of this graph are labeled with 1,2,...,s. Between 7 and j there are
exactly A; ;A;; € {0,1,2,3} edges. If (o, ;) > (@, ;) then we orient the edges
and we put an arrow from ¢ to j. The Dynkin diagram characterizes the root
system up to isomorphy. The Dynkin diagram is connected if and only if the
corresponding root system in irreducible.

Theorem 2. Suppose that A is a irreducible root system. The only possible
Dynkin diagrams are
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,,,,,,, o o o
An T 2 3 4 n2 nl n
——————— R E——)
Bn 1 2 3 4 n-2 n-1 n
——————— o——a X0
Cn g 2 3 4 n2 nil :
n
D, 1 2 3 4 3 n2
n-1
2
Ee 1 3 4 5 6
T
E 1 3 q 5 [ 7
E81 3 4 5 6 7 8
E r o
41 2 3 4

If the Cartan matrix is symmetric (i.e., all roots have the same length), then
the only possibilities are A,, D,,, Eg¢, E7, Es.

This classification of root systems also plays an important role in the classifi-
cation of semisimple Lie algebras.

Suppose that @ is a quiver. If we forget thE orientation of the arrows, we get
a undirected graph which we will denote by (). We now can formulate the first
part of Gabriel’s theorem. Remember that a quiver @) is called of finite type if
there are finitely many indecomposable representations.

Theorem 3. A connected quiver Q) is of finite type if and only if@ 15 a Dynkin
diagram of type A,,, D,,, F¢, F7 or Eg.

Proof. For now we will prove only one direction. The other direction will follow
from the next part of Gabriel’s Theorem. Let us define

(o, ) = (e, B) + (B, ).

Suppose that @ is of finite representation type. We will show that (-, ) is positive
definite. For any dimension vector « there are only finitely many indecomposable
representations. In particular, it follows that GL(«) must have a dense orbit in
Rep(Q, o). We have seen before that from this follows that (o, ) = 2{a, ) > 2



LECTURE 5: GABRIEL’S THEOREM 5
for all o € N9 Note that

(o, ) = Z a(z)? — Z a(ta)a(ha).

z€Qo a€Q1

So in particular we have (o, a) > {|a|,|a|) > 0 for all o € Z%. It follows that
(o, ) > 0 for all & € Q9 and by continuity we get (a, ) > 0 for all « € R*. So
(+,-) is nonnegative definite. But we can prove something stronger. Suppose that
(a, ) = 0 for some o € R". The matrix corresponding to (-,-) is not invertible,
therefore there must be a vector a € Q" such that («, ) = 0 for all g € Q"
and in particular (o, &) = 0 but this is in contradiction with («, ) > 0 for all
ae Q.

Suppose that Qg = {1,2,...,n} and let €;,..., €, be the dimensions of the
simple representations. The matrix

(C? 6]'))2351
is a symmetric matrix with 2’s on the diagonal. Outside the diagonal we have
0’s or (-1)’s (—2 is not possible off the diagonal because then the matrix would
not be positive definite). It follows from the proof of the classification of root
systems that such a matrix must correspond to a Dynkin diagram. O

3. COXETER FUNCTORS

Let (Q be a quiver. Fix z € (). We will define the action of a reflection s, on
the quiver Q). If y € )y then we define

Sa(y) =y
and if a € ; is an arrow, then we define

sz(a) =a
if ta, ha # x and

sz(a) = a®

if ta = x or ha = z, where a°® is the arrow with the opposite orientation, i.e.,
ta®® = ha and ha®® = ta. By applying the reflection s, we obtain a different
quiver s,Q = (5,Qo, 5:Q1) = (Qo, $:Q1) which differs from @) by the orientation.
Note also that s2Q = Q.

Example 1. If @) is the quiver

|8<«—— 0
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then s,@ is the quiver

O

O > O « T > O « O

We simply replace every arrow adjacent to x by its opposite.

Example 2. If @) is the quiver

(@) > O >~ T > O > O

then s,@ is the quiver

@] > O =« €T = @] > O,
Let (-,-) be the symmetrized Euler form:
(o, B) = (@, B) + (8, )
Let ¢, be the dimension of the simple representation E, corresponding to the

vertex x, so €;(y) = 0 for all y € Qo \ {2} and €,(z) = 1. The reflection in the
plane orthogonal to the dimension vector €, is given by

Sx(ﬂ) = ﬂ - (ﬂ: em)ez-
It is easy to check that

if y # x and
(1) sz(8)(x) = Y Blha)+ Y Blta) — B(x).
=

A vertex zx is called a sink if ta # x for all arrows a € ); and it is called a
source if ha # z for all arrows a € Q).

For each sink vertex = we define a functor C;f : Rep(Q)) — Rep(s,Q). Suppose
that V' is a representation of Q). The object C;f (V) is defined as follows. If y #
then CF (V) =V (x). If ta, ha # = then we define C;F(V)(a) = V(a). The vector
space C.f (V) is defined as the kernel of the morphism

P vita) — V(z)

a€Q1
ha=x

defined by @,,_, V(a). If ha = z, then C/ (a’?) : CfV (z) — V(ta) = CFV (ta)
is defined as the projection onto the summand V' (ta). For a morphism ¢ : V' — V'
it is clear how to define C(#) and this will make C; a functor.

For each source vertex z we define a functor C, : Rep(Q) — Rep(s.Q).
Suppose that V' is a representation of ). The object C (V) is defined as follows.
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If y # z then C, (V) = V(z). If ta, ha # = then we define C (V)(a) = V(a).
The vector space C; (V) is defined as the cokernel of the morphism

V(z) > @ Vita)

ac@Q
ta=x

defined by €p,,_, V(a). If ta = z, then CJ (a’®) : V(ha) = CV (ha) — C;V (x)
is defined as the inclusion into the summand V'(ha). For a morphism ¢ : V' — V'
it is clear how to define C (¢) and this will make C, a functor.

Theorem 4 (Bernstein/Gelfand). 1. Let z be a sink, and let V' be an inde-
composable representation of Q. There are two cases:
(a) V=E; and CIV = 0.
(b) Cp+V is nonzero and indecomposable, C; CFV 2V and sydy = dg+y, .

2. Let x be a source, and let V' be an indecomposable representation of A. Again

there are two cases:
(a) V=E, and C;V = 0.
(b) Cp+V is nonzero and indecomposable, CFC-V =V and s,dy = do-v-

Proof. We will define a natural transformation * : C,C; — id of functors
Rep(®) — Rep(Q). For every representation V' we define ¥ : C,C}V — V
by

iv(y) : V(y) = V(y)

is the identity if y # z and i, (z) is defined as follows. We have the following
commuting diagram

0

CiV(z) — @ V(ta) — V(z)

ha=zx

C,CrV(x)

Since by definition C;C;V(z) is the cokernel of the kernel, there is an injective

linear map C; C;rV(z) — V(z) making the diagram commutative. This will be
We will also define a natural transformation *:id — CJC, — id of functors

Rep(@) — Rep(QR). For every representation V' we define i{, : V. — CFC_V by

vy V(y) = Viy)
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is the identity if y # z and §{(z) is defined as follows. We have the following
commuting diagram

V(z) —— @ V(ha) — C, V(z)

ta=x

0

CrC.V(x)

Since by definition C;7C, V (x) is the kernel of the cokernel, there is a surjective
linear map V(z) — CC;V (z) making the diagram commutative. This will be
:(2).
We list some properties of i{; and {.
1. Cf and C preserve direct sums.
2. { is an surjective and 7{, is injective.
3. If 4, is an isomorphism, then dg+y, = sydy and if §; is an isomorphism,
then dc;v = 8,dy.
4. The representations ker {, and coker {, are concentrated in z.
ItV = CHW for some representation W then { is an isomorphism. If
V = C W for some representation W, then 4, is an isomorphism.
. If z is a sink, then V is a direct sum of C;C}V and cokerif,. If z is a
source, then V' is the direct sum of C;fCV and ker {.

art 1 and 2 are clear. The first half of part 3 follows from the exact sequence:

0—->ClV — @ V(ta) = V(z) =C,CHV(x) — 0.

ha=x

and formula (1). The second half follows similarly. art 4 is clear from the
definition. art : If V = C;W, then @,, V (ta) — V(z) is surjective and it
follows that 7, is an isomorphism. The other half of part follows similarly. art
: Clearly, C, C}V is a subrepresentations of V. We can take a complement
V(z) to C;CrV(z) in V(z) and define a representation V by V(y) = 0 if y # z.
Then we have V = C,C, +V @& V. The other half of part follows similarly.
We are ready to finish the proof of the theorem. Suppose that x is a sink.
Then we have

V=C,CiveV.

Since V' is indecomposable, there are two possibilities, V =V or V = C;C}V.
Suppose that V = V. But V is concentrated in z, so we must have V = F,.
Suppose now that V = C_C;V. We have to show that C]V is indecompos-

able. Suppose that C;tV = Wy @ Ws. Since C, C,f'V =V is indecomposable, we

must have C,;W; = 0 or C; Wy = 0, say we have the latter. But then we get
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CrC Wy = 0. Since * is an isomorphism, we get that W5 = 0. This shows
that C;f'V is indecomposable. The case where z is a source goes similarly. O

Let @ be a quiver without oriented cycles. We may assume that Qg = {1,2,...,n}
and for every a € (J; we have ta  ha. We define

— + _
- = SpSpn—15pn—2"""951

and
T= =515 5p.
Note that @ = () because every arrow is reversed exactly twice.
We now define

Ct=Crct Cf,---Cf :Rep(Q) — Rep(Q)
Notice that this functor is well defined, i.e., for every ¢, 7 is a sink of 5;,_18;_o - - - 51Q).
Similarly we define a functor
C™=CyCyC---C, : Rep(Q) — Rep(Q)
Corollary 1. Suppose that V' is an indecomposable representation of Q).

(a). Either CtV is indecomposable or CTV = 0, and either C~V is indecom-
posable or C~V.

(b). CtV = 0 if and only if V is pro ective, and C~V = 0 if and only if V is
i ective.

(¢). If CTV #0 then dg+v = dv, and if C™V # 0 then dg-yv = ~dy.

Suppose that @ is a quiver such that @ is a Dynkin diagram of type A,,, D,,
Es, E; or Es. We can view €1, ...,€, as simple roots in £ = R¥ with the
positive definite bilinear form (-,-). We obtain a root system A C Z? and the
set of positive roots A, = N@ which is a set of dimension vectors.

Lemma 1. Suppose that @) is a quiver such that @ s a Dynkin diagram. Suppose
that a is a nonzero dimension vector. Let again the weyl group VW be the group
generated by the simple re ections sz, T € Q.

(a). «a#a.

(b). There e ists a k such that « is not nonnegative.
Proof. (a) We can use the formula
(o, B)=—(B )
Suppose that « = «, then
(o, @) = (o, a) = —(a, ).

So we have (o, a) = (o, a) = 0. Since (+,-) is positive definite, this is impossible.
(b) Since the Weyl group is finite, has finite order, say . Now

at+ a+ *at+--+ o
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is invariant under , and therefore must be equal to 0. At least one of the vectors
‘o is not nonnegative. O

Theorem 5 (Gabriel). Let Q be a quiver such that Q is a Dynkin diagram of
type A, Dy, Eg, E; or Eg. Then « is the dimension of a unique indecomposable
representation if and only if a € AT,

Proof. Suppose that V' is an indecomposable representation of dimension a. For
every k, the dimension vector of (C*) V is «. For some k, « is not non-
negative, therefore (C*) V' = 0 for some k. Choose k¥ maximal such that
W = (C*) V #0. Since

CtW=Cf---Ctw =0
we must have

Ct.Ct,-CfW = E
for some . So we have

V=C")W=(C")C;Cy---C_|E
and
o= = 8189°°*8_1€

and this shows that « is a root.
Conversely, if « € AT we can find the smallest k& such that *!a is not a
nonnegative vector. Let 6 = «. Then [ is not nonnegative, and it follows that

871872"'81ﬂ:€
for some . But we already have found an indecomposable representation of
dimension
B =5189...5 _1€
namely
c,Cy---C |E.
Now there is also an a-dimensional indecomposable representation, namely
(cH) cicy---C_|E.

4. EXERCISES

Exercise 1. Suppose that V' € Rep(Q,a). Let GL(a)V be the orbit of V in
Rep(Q, ). Show that the codimension of this orbit is exactly dimy Extg(V, V).
(Hint: The stabilizer

GL(a)y ={¢ € GL(a) [ ¢-V =V}

is exactly the set of invertible elements in Homg(V,V) and dim(GL(a)v) +
dim(GL(a)V) = dim GL(«).)
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Exercise 2. Suppose that A is a symmetric n  n matrix with A;; = 2 for all
i and A;; € {—1,0} for ¢ # j. To this matrix we can draw a graph by drawing
and edge between ¢ and j (i # j) if and only if 4, ; = —1.

(a). Show that the graph cannot have a loop.

(b). Show that the graph cannot have a vertex with > 4 edges, or two distinct
vertices with each > 3 edges.

(c). The only possibility is A, or = where isthe graph with + + —2
vertices which has exactly one vertex with 3 edges and this vertex has 3
strings of length , , respectively. Suppose that our graphis forsome

, , - Let  bethe + 4+ —2 + 4+ — 2 matrix corresponding
to this graph (again 2’s on the diagonal and 0 or -1 off the diagonal). Show
that for ( , , )=1(2,3, ),(2,4,4),(3,3,3) the matrix is not positive
definite (in fact singular). Conclude that the graph must be equal to D,,
EG, E7 or Eg.

Exercise 3. Suppose that () is a quiver without oriented cycles with n vertices.
We can choose a bijection : {1,2,...,n} — Qo such that for every arrow a we
have

“(ta) > ~'(ha).
(a). Show that 7 + 1 is a sink of the quiver s;s;_1---$1Q.
(b). Define C* = CFCf | ---C}. Show that CT does not depend on the choice
of

(c). Define = * = s,8,_1---s;. Show that for every two dimension vectors
«, 3 we have

<aa ﬂ) = _<ﬁa a)'

(d). Show that a = a (o € R?) implies a = 0 if (-, -) is positive definite.
(e). Let , be the dimension vector of the projective , and let , be the dimen-
sion vector of the injective , for all x € ()y. Show that

r — xz-

(f). Show that C* , =0 for all x € Qp. Also show that if V' is indecomposable
and C*V =0, then V is projective. (of course, similarly we have C~V =0
if and only if V' is injective).

Exercise 4. Note that C" is a functor and the the map
HOHIQ(V, W) — HOHIQ (C+V, C+W)

is linear (and the same is true for C~). Suppose that V' and W are indecompos-
able. Show that Homg(CTV,C*W) = Homg(V,W) and Extq(CTV,CTW) =
Extq(V, W).
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Exercise 5. Find all indecomposable representations for the quivers

|

@] > - @]
and
]
@] > O = O = (@]
Exercise . consider the quiver
(@]
(@] > O > O = O = (@]

Write down the dimension vectors of the indecomposable injective representa-
tions. Find all dimension vectors of indecomposable representations (i.e., all
positive roots for Eg) by applying powers of the coxeter element



