LECTURE 9: SCHOFIELD SEMI-INVARIANTS

HARM DERKSEN

In this lecture we will intrmduce semi-invariants which were defined by Schsfield.
The nice thing abmsut these semi-invariants is that we can ass®ciate semi-invariants
t® representatimns. Alss vanishing ®f such a semi-invariants has an interesting
interpretatimn in terms H®m and Ext. It will turn wut that these particular
Schsfield semi-invariants span the space ®f semi-invariants. This will then later
have interesting censequences, such as the saturatimn sf Littlewwsd-Richardssn
cmefficients (i.e., if ¢}f 4, > 0 for seme pesitive integer M, then ¢§ , > 0).

1. DEFINITION AND BASIC PROPERTIES OF SCHOFIELD SEMI-INVARIANTS

Let @@ be a quiver withsut wriented cycles. Let us new first intreduce the
Schefield semi-invariants. Remember the Ringel resslutimn:

0— @Pha®V(ta)—>@Pz®V(x)—>V—>0.

acQ1 TEQ
If we apply Hemg(-, W) we get (as we have seen befwre) the exact sequence
(1)
dV
0 — Hemg(V, W) — @D Hem(V (z), W (z)) —% @) Hem(V (ta), W (ha)) — Extq(V, W) — 0.
T€EQo a€Q1

The map d}, is defined by
{¢(z) | z € Qo} = {W(a)o(ta) — ¢(ha)V(a) | a € Qu}.

Suppsse that V' has dimensisn vectsr oz and W is sf dimensisn 3. Let us assume

that
(o, ) = Y a(2)B(x) = ) o(ta)B(ha) =0.
z€Qo a€Q1

Then d}, is a square matrix. We nsw define ¢(V,W) := detd},. Nate that
¢ € K[Rep(Q, o) x Rep(Q, 3)] is invariant under SL(«) and under SL(5). We
new define ¢” := ¢(V,-) € K[Rep(Q, 3)]*"®) = SI(Q, B) and cy = c(-,W) €
K[Rep(Q, a)]?®) = SI(Q, ). The semi-invariants ¢ and ¢y are called Schofield
semi-invariants.

Let us campute the weights f ¢V and c;. Let A = {A(z) | x € Qo} € GL(f).

We first view the actimn of A wn Hem (V' (z), W(z)). The actimn sf A is given by
1
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the bleckmatrix

A(z)

where there are exactly dim(V'(z)) = a(z) blecks ®n the diagmsnal. Similarly, the

actimn of A wn Hem(V (ta), W (ha)) is given by a bleck matrix with dim(V (ta)) =

a(ta) blecks A(ha) ®n the diagenal. We nsw new the actisn sf Awn P, ., Hem(V (z), W(z))
and en @, Hem(V (ta), W (ha)), s® we new the actien of A sn the matrix dy;

and wn the determinant ¢ (W) := ¢(V,W) = det(d};). Als®s nste that since

det(d};,) is a functisn, the actisn of A wn det(dy;) is defined by A - det(d),) =

det(A™! - dYj;). Taking this inte acceunt, we get

[Locq, det(A(z)*®
HGEQ? det(A(ha))eta) © (W)

A-cYW)=c"(AT1-W) =

This shews that ¢” has weight ¢ where
o(z) =a(z) — Z a(ta) = {(a, €g),
a€Q1,ha=x

where €, is the dimensimn vectwr given by €,(z) = 1 and €,(y) = 0 if y # =x.
Remember that fer any dimensisn vectsr v we defined o(y) = > o, o(2)7(2).
In this way we cwuld view o as a functisn ®n dimensisn vectwrs. S® weights
and dimensisn vect®rs can be viewed as being dual tw each wther. New we have
o(eg) =o0(x) = {a,€,) for all z € Qy. In particular we can write

o={a,").

Corollary 1. The semi-invariant ¢ lies in SI(Q, B)(a,y for every V € Rep(Q, @)
and the semi-invariant cy lies in SI(Q, ). g for every W € Rep(Q, f).

Proof. The first statement fallews fram the discussimn ab®ve and the secwnd state-
ment is a similar cemputatisn. O

Suppw®se that o = («, -) where « is a dimensisn vectesr and o is a weight. It may
be useful t® campute o if o is given ®r t® campute « if ¢ is given. Assume that
() is a quiver withwut sriented cycles, and define b, , t® be the number sf arrsws
between x and y, i.e.,

bcc,y = #{a € Q: | ta = z,ha = y}
Define p,, t® be the number »f paths between z and y.

Lemma 1. Suppose that o0 = (o, -). Then we have

o(z)=alx)— Y by.a).

¥€Qo\{z}
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and

a(x) = Z py,wa(y)'

YEQo

Proof. This is an exercise. O

Remark 1. Suppsse that V' is of dimensisn o and W is ®f dimensisn § such
that (o, 3) = 0. Then frem (1) fellsws that

c¢'(W) =0« Hemg(V,W) # 0 < Exto(V,W) # 0.

Remark 2. One shwuld alss nste that if we view V as a representatimn wf di-
mensimn « rather than an element of Rep(Q, «), (i.e., we den’t have a fixed basis
for V(z) for every z € Qp), then the semi-invariants ¢' are snly determined up
t® a censtant.

Example 1. Let () be the quiver

1 2.
A representatisn W € Rep(Q, (n,n)) 1wmks like
K A [ K"
Let V be the representatisn
K 0

Then ¢" is the determinant ®f the map
Hem(K, K") — Hem(K, K")

given by cempwsitisn with A. Se ¢” = det(A). Indeed, it is als® easy t® see that
Hem (V, W) # 0 if and wnly if det(A) = 0. Nwte that ¢” is a semi-invariant &f

Example 2. Let ) be the quiver

O > O = O.

and let 3 be the dimensimn vectmr (4,9,5). A general representatisn sf Rep(Q, )
is wf the farm

K' A K B | K°
Let V be the representatisn

K 1 k. 1 K.

New d}, is the map
Hem(K, K*) @ Hem(K, K°) ® Hem(K, K°) — Hem(K, K’) ® Hem(K, K*)

which is given by the matrix



4 HARM DERKSEN

By wiping in this matrix, it is easy t® see that ¢ = det(d};;) = +det(A | B).
The weight »f the semiinvariant is ((1,1,1),-) = (1,—1,1).

Example 3. Let (Q be the quiver

O O

and let 3 be the dimensisn vectmr (n,n). A representatimn in Rep(Q, () is

A
K" ———— K"
B

Suppw®se that V' is the representatimn

K K.

A
Then d}, : Hem(K, K") ® Hem(K, K™) — Hem(K, K") ® Hem(K, K™) is given

by the matrix
A —id
B -)\id)~

Again by wiping it is clear that ¢ = det(d};;) = +det(B — AA). The weight sf

Vis ((1,1),-) = (1,-1).

2. SCHOFIELD-SEMIINVARIANTS SPAN THE RING OF SEMIINVARIANTS

The Schefield semi-invariants alss behave nicely with respect t® exact sequences
as the fellswing prepssitisn shews.

Lemma 2. Suppose that

0=V =2V -V">0
and

0->W W ->W"—=0

are two exact sequences. Let a, o, o, 3, 3, 3" be the dimensions of V,V' V" W, W' W"
respectively. Assume that {c, 5) = 0.

(a). Suppose that (o, 3) > 0, then ¢V (W) =
(

(b). Suppose that (!, ) =0, then V(W) = (W)CV” (W).
(c). Suppose that (o, f') <0 then cw (V) = ( ) =0.
(d). Suppose that (v, 3') =0 then cw (V) = ew (V')ew (V).
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Proof. Censider the fallswing diagram with exact cslumns.
0 0

@D Hom(V"(z), W (z)) B, D) Hom (V" (ta), W (ha))

zE€Qo a€Q

| |

@D Hem(V(z), W(z)) v, @D Hem(V (ta), W (ha))

TEQo acQ1

| |

@ Hem(V'(x), W (x)) D, @) Hom(V'(ta), W (ha))
ZEQo a€Q1

0 0
(a) If (o/, ) > 0 then dy; is n®t surjective, hence dj; is n®t surjective. (b) If
(o, ) = 0 then alsw (", 3) = 0 and d},, dY;, and d};, are all square matrices.
New d}, is equal t® the blsckmatrix

d%’ *
0 d'w

where * stands fer seme n@nzers blsck. Clearly new det(d};,) = det(d};) det(d}y ).
(c) and (d) are preven similarly tw (a) and (b). O

Theorem 1. Suppose that Q) is a quiver without oriented cycles, B is a dimension
vector and o is a weight. Then SI(Q, 8), is spanned by ¢ ’s where V € Rep(Q, «)
and o = («, -).

Proof. Let us fix @), # and a weight 0. We prmceed in three steps. In the first
step, we reduce the themrem tw the case that () is a quiver with exactely ®wne
swurce z_ and ®ne sink z, and o(z_) =1, o(z;) = —1 and o is zers wn all sther
vertices. In the secsnd step we reduce t® the case that there are n®m vertices x
with o(xz) = 0. The ®nly case left is the quiver ©,, with weight 7. In Step 3 we
will preve the Thesrem in this case.

Step 1.

We may assume that Qo = {z1,...,z,} such that there are n® arrsws frem =, t®
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x; with 7 > 4. Canstruct a quiver Q(o) as fullws.

Qo) =QoUr_Uz,

Qo) =Q1UQ UQy
where ()_ cwnsists of the set of arrsws fram z_ t® z;, with o(z;) arrews geing tm
the vertex x; for which o(z;) > 0 and n® arrews gwing te sther vertices. The set
Q)+ censists of the set of arrews fram z; te x,, with —o(x;) arrews geing frem
the vertex z; f@r which o(z;) < 0 and n® arrews gwing frem sther vertices t® x .

Example 4. Let () be the quiver

x

N\

I3 .

/

)
Let 0 = (1,1, —2). Then the quiver Q(o) is

x1

/ pY

T T3 = T4 .

N\ /!

T2

We will write Q@ = Q(o). Define the weight & of Q by 7(z_) = 1,
&(x;) = 0, 5(x4) = —1. The dimensisn vectsr 3 = 3(o) is defined by ((z;) =
B(xi), Blz-) = Z{i|a(mi)>0} o(z:)B(z:), Blzy) = Z{i\a(wi)<0} —o(z;)B(z;). Sup-
pese that W € Rep(Q, 3). The matrices of all maps W(a) with ¢ € Q_ ferm
a square matrix. Let D~ (I¥) be the determinant f this bleck matrix. Let
D* (W) be the determinant ®f all W(a) with a € Q. Then the cerrespsndance
¢ — D~eD™ gives the iswmmrphism sf weight spaces SI(Q, 8), — SI(Q, 3)5-

Let @ be the dimensisn vectsr sf QQ such that @ = (@, ). Let V be a represen-
tatin wf Q with dimensisn vectsr @ and let ¢ be the cerrespwnding n®n-zers
semi-invariant wn SI(Q, 3).

Proposition 1. The factor c in the decomposition ¢V = D~cD™ is of the form
cv for some V € Rep(Q, ).

Proof of proposition. Nwstice that the weight of D~ is equal t® (y_,-) where
v-(z-) =1, 7-(z;) =v-(z4+) =0.
Similarly, by Lemma 1, the weight af D equals t® (v, ,-) where
Yi(r) =0, 7yy(z;) =~ Z 3,0 (i),

i<j
o(x;)<0
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Vi(zy) =1+ Z Z pijo(zi)o(z;)

o(xr;)<0 o(z;)<0

It is easy tw see that (v, 3) = (v, 8) = 0.
Let V € Rep(Q,@). Then V has an sbvisus submmedule V; = V/ G\ y- We
have an exact sequence
0=V =V —=Vy—0

with the dimensisn »f V', equal tw v_.
Let M be the msdule defined by the exact sequence

0—>Pw+—i> EB Py — M — 0,
bhb=a 4

where the m®rphism i frem P,, t® a cepy P, maps the trivial path e(zy) t®
the path b. The dimensisn vectwr sf M is 7, and ¢ is the determinant D¥.
Cwmnsider the map

Y Vi) @ Valth) = Vilay)

b b,hb=1
hb=x

The dimensisn of the kernel is at least 1. Let (sp)pp=z, With s, € V(tb) be a

nen-trivial element in the kernel. We can define new a map @, ,y—,, P — vV,

by sending the generat®r e(tb) € Py(tb) tw s, for all b. Because (p)p,np=z, lies in

the kernel, this actually defines a m@rphism M — V. Let V3 be the image »f

this merphism.

New V3 is a submsdule of V; and ¢* # 0. By Lemma 2 a) we have
(d(V3),B8) > 0. We alss have ¢ = Dt # 0. If we apply Lemma 2 a) tw the
kernel N of M — V3, then we get (d(N), 3) = (74, —d(V3)) = —(d(V3),3) > 0.
We cenclude (d(V3),5) = 0. By Lemma 2 b) ¢"* divides the semi-invariant
¢ = D*. Because D7 is an irreducible semi-invariant we must have ¢'3 = DT,
74+ = dim V3 and V3 is issmmrphic te M.

We have an exact sequence

0-Vs—=V, —-V,—0.

Nww it is clear that by multiplicative preperty that ¢V = ¢"2¢V4¢Vs with the
first factwr being prepertisnal t® D~ and the last wne t D*. Let us alss define
a submmdule V5 = V4 |(,,}, s® we have an exact sequence

0—)75—)74—)V6—)0.

Nwste that V¢ has suppsrt within Q. The restrictisn f Ve tm @ will be densted
by V. We will preve that the restrictimn of ¢ t® Rep(Q, ) is ¢V .
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Extend W € Rep(Q, B) t® the msdule W wf dimensisn B_by putting_W(a:,) =
D..roee. W(ha), W(z1) = Dy, W(tb) with the maps W(a) and W (b) being
the cempenents ®f the identity map. Define the cansnical submsedule W, =
W |(z,}- We have an exact sequence

0—=W, =W —= Wy —0.
Define the submmdule W3 = W, oy of W,. New we have an exact sequence
0—)W3—)W2—)W4—)0.

The representatisn W3 has suppsrt within @ and its restrictisn tw ) is just W.
We new have

(W) = "4 (W) = 1 (W1)e(Ws)c"* (W) = ¢V (Ws)
because ¢V4(W1) and ¢V4(W ) are censtant. Meresver,

V(W) = V2 (W3)eV* (W) = V(W) = /' (W)

because ¢"5(W,) is canstant. This cencludes the presf sf the prepssitisn. O
Step 2.

Let Q, §, 0 be as abmve. Let x € @y be a vertex such that o(z) = 0. Let
ai,...,as be the arrsws in @ with hay = =z (k = 1,...,s) and let by,... b

be the arrsws in Q; with th; = z (I = 1,... ,t). Let Q be the quiver such that
Qo= Qo \{z} and @, = (@1 \ {a,---,as,b1,...,b}) U{bar;}1<r<s,1<i<s, Where
t(bagy) = tag, h(bay,;) = hb,. Let (3,  be the restrictimns of 3,0 tw Qo \ {z}.

The Fundamental Thewrem sf Invariant Thesry (see C. DeCwncini, C. Pracesi,
Characteristic free approach to invariant theory, Adv. Math. 21 (1976), 330-354,
far a characteristic free versimn) says that every semi-invariant fram SI(Q, 3), can
be wbtained frem the semi-invariants frem SI(Q, 3)z by substituting fer the arrews
of type bay,; the actual cempssitisns b;ay,. Assuming Thesrem 1 far SI(Q, )5 t®
be true, we need t® shew that every semi-invariant c¢” frem SI(Q, 5)s pulls back
t® a semi-invariant ®f type c”. Fer given representatisn V »f () wf dimensisn @
we define the representatisn V = ind V as fellsws. We nstice that the cenditimn
o(x) = 0 means that we expect dim V(z) = >_;_; dim V (tay).

This means we put

Viy) = { V(y) if y # x;

D,_, V(tay) ify=uz.
We define the linear maps V (a) as fallaws
V(a) if a # A, blu
Via) =9 ilar) if a = ay;
leczl V(bak,l) if b= bl
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where i(ag) : V(tay) = D;_, V(tay) is the injectisn wn the k-th summand.
Then it is easy t® check directly frmm the definitisn sf semi-invariants ¢V that if
the representatisn W = res W of dimensimn [ is a restrictisn »f a representatisn
W of Q »f dimensisn § then ¢V (W) = ¢V (W).
Nwstice that the functer ind V is the left adjmint ®f the wbvisus restrictisn

functer res : Rep(Q) — Rep(Q), i.e., we have the natural isemmrphisms
Hemg(ind V, W) = Hemg(V, res W)

which explains why ¢" (W) and ¢" (W) vanish simultanesusly.

Step 3.

It remains tw deal directly with the weight space SI(©,,,6(n)),. Writing the
representatisn VW ef dimensisn 6(n) as an m-tuple sf linear maps

Wi(ay),... ,Wapm): W_ — W,

we can intreduce the additisnal actisn sf the grsup GL(m) acting wn this space by
taking linear cambinatimns sf the linear maps W(a4), ..., W (ayn,). Using Cauchy
fermula (in its characteristic free versimn, say frem K. Akin, D. A. Buchsbaum,
J. Weyman, Schur functors and Schur complezes, Adv. Math. 44 (1982), 207
278.) we see that the space SI(0,,,(n)), ®f semi-invariants can be identified with
N'W_ A" Wi ® D,(K™). Here D, denstes the n-th divided pswer. Since the
divided pswer D, (K™) is generated as an GL(m)-mwmdule by its highest weight
vecter (which cerrespends t® the semi-invariant det W(a;)) and the set ®f semi-
invariants ®f the ferm c¢" is preserved by the actisn sf GL(m), it is ensugh t®
express det W (a;) as the semi-invariant sf the fsrm ¢". Nwtice that 7 = (a, -)
far the dimensimn vectar o = (1, m — 1). Taking the mmdule V' t® be the m-tuple
of linear maps V(a1),...,V(ay,) : K = K™ ! where V(a;) = 0 and V(a;) is
the embedding sending 1 t® the 7 — 1’st basis vect®r, for : = 2, ... ,m, we check
directly that ¢V = det W (ay). This cencludes the presf sf Thesrem 1. O

Corollary 2. (Reciprscity Praperty). Let «, 5 be two dimension vectors for the
quiver Q). Assume that (o, 5) = 0. Then

dimK SI(Q, ﬂ)(ay.) - dimK SI(Q, Oz),<.”3).

Proof. Let Vi, ...,V be the mmdules »f dimensimn « such that ¢"*,...c"% form a
basis ®f SI(Q, 3)a,). These are linearly independent pslynsmials ®n Rep(Q, 3) s®
there exist s representatisns Wi, ... , W in Rep(Q, 3) such that det(c":(W;))1<i j<s
is net zers. But c"(W;) = cw,(V;) and this means that the semi-invariants
Cw,,--- ,Cw, are linearly independent. This preves that

dimg SI(Q, 8)(a,y < dimg SI(Q, ) (5.

The wther inequality is pr®ven in exactly the same way. O
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3. EXERCISES

Exercise 1. Prwsf Lemma 1.

Exercise 2. (a). Supp®se that 0 — P — Pj — V — 0 is the Ringel resslutisn
and 0 - P, - Py — V — 0 is the minimal resslutimn. Shew that we have
the fwllswing diagram with exact rews and celumns

0 0
0 - P - P >0
0 . P . P v -0
0 . P, . P, -V . 0
6 0 0

(b). Suppwmse that V' is a dimensimnal and 3 is a dimensimn vectsr with («, 5) = 0.
Shew that ¢” can alse be defined in the fsllswing way: Take the minimal
resslutisn 0 — P, — Py — V — 0 and define ¢¥ (W) as the determinant sf

HUIIIQ(P(), W) — Hqu(Pl, W)
far every W € Rep(Q, ).

Exercise 3. (a). Let «, 8 be twe dimensisn vectmrs for a quiver () withsut ®ri-
ented cycles. Shew that SI(Q, 3) is generated by ¢"’s with V indecempums-
able.

(b). Suppmse that Vi and V, are representatimns wf a quiver Q withwut ®ri-
ented cycles of dimensimn «; and as respectively and assume that (a;, 3) =
(g, B) = 0 for smme dimensimn vectmr 3. Suppsse that the semi-invariants
c"1,c¢"2 € Rep(Q, 3) are nwnzers. Let ¢ : V; — V, a merphism sf quiver
representatimns let let V3 be its image. Prmve that ¢'® # 0 and ¢"* divides
c"t and c"2.



LECTURE 9: SCHOFIELD SEMI-INVARIANTS 11

(c). Shew that SI(Q, 3) is generated by c¢"’s satisfying Hemg(V,V) = K (this
actually implies (a)). Nwte: A representatisn V with Hemg(V,V) = K is
semetimes called a Schur representation (named after Schur’s Lemma).
(Hint: If Hemg(V,V) # K then we can find a merphism ¢ : V' — V which
is nenzers, but net an issmerphism).

Exercise 4. Find generatmrs of SI(Q, ) where @) is the quiver

O

O > O >

and the dimensisn vectwr

(0]
A
o

< o]

2
ﬂ_12321'

Use ¢V where V is indecempmsable. Find all rests o with (o, 3) = 0. Then
determine which f these rests o actually give nenzerm irreducible semi-invariants
¢V if we take V € Rep(Q, ). Then use the minimal resslutisns sf these V’s tw
cempute ¢¥ explicitly.



