UNIVERSAL DENOMINATORS OF HILBERT SERIES

HARM DERKSEN

ABSTRACT. It is not always true that the denominator of the Hilbert series of a
finitely generated R-module M divides the denominator of the Hilbert series of R.
For this reason, we introduce the very useful notion of the universal denominator.
The universal denominator of a module M is defined as the least common multiple
of the denominators of the Hilbert series of all submodules of M. The universal de-
nominator behaves nicely with respect to short exact sequences and tensor products,
and has interesting geometric interpretations. Formula’s are given for the universal
denominator for rings of invariants. Dixmier gave a formula which he conjectured to
be the denominator of the Hilbert series of invariants of binary forms. We show that
the universal denominator is actually equal Dixmier’s formula.

1. DEFINITIONS AND BASIC PROPERTIES

Let N={0,1,2,...} be the set of natural numbers. Let K be a base field. Through-
out this section we will assume that R = @, Rq is a multi-graded ring such that
Ry is a finite dimensional K-vector space and R is finitely generated over K.

Definition 1. If M = @,.,. M, is a finitely generated multi-graded R-module then
we can define the Hilbert series of M by

H(M,t) =) dim(M,)t*
dezr

where t = (t1,...,t,), d = (di,...,d,) and t* = t{1¢3 .. . .

The Hilbert series H(M,t) is a Laurent series in t,t,...,¢,. The Hilbert series
H(R,t) of R itself is a power series in ty,...,t,.
Definition 2. We can uniquely write H(M,t) = A(t)/B(t) where A(t) is a Laurent
polynomial in ¢,...,%¢,, B(t) is a polynomial in ti,...,¢, with B(0) = 1 and A(¢)
and B(t) are relatively prime. We call B(¢) the denominator of H(M,t), and we will
denote it by denom (M, t).
Example 3. Let R = K|[zq,...,z,] be the multi-graded polynomial ring where the
variable x; has multidegree d; = (d;1,...,d;,) € N for i = 1,2,...,n. The Hilbert

series H (R, t) is equal to
1

(1_td1)...(1_tdn)'
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If M is a finitely generated graded R-module, then due to Hilbert (see [2]) M has a
finite resolution of finitely generated free R-modules. In particular, the Hilbert series
H(M,t) of M can be written as

A(t)
(1 —td)---(1 _tdn)'

where A(t) is a Laurent polynomial in ¢1,...,¢,. The denominator of H(M,t) must
divide

(1—t%). (1 =),

The argument in the previous e ample heavily uses the fact that finitely generated
modules over graded polynomial rings have finite free resolutions. In fact, the graded
polynomial rings are the only graded rings over K for which the module K has a
finite free resolution. or an arbitrary graded ring R there is no reason why the
denominator of the Hilbert series of a finitely generated graded module should divide
the denominator of the Hilbert series of R. This is indeed not always the case as the
following e ample shows.

Example . Hilbert series of submodules and quotient modules may have a larger
denominator. or e ample, ta e the graded ring R = K[z, ]/( ?) where z has degree

2 and has degree 1. We have
1t 1
H(R,1) SRRk denom(R, t)

ow ( ) is an ideal of R and R/( ) = K[z]. We get

o~

H(( ),t) = 1—p denom(( ),t) =1—¢*

and

H(K|z],t) = denom(K|[z],t) = 1 — %,

1— ¢
o the submodule ( ) and the quotient module K[z] both have Hilbert series with
larger denominator. lso note that the modules ( ) and K|z] cannot have finite free
resolutions.

Definition . Let B(t) be the unique smallest polynomial in t;,...,¢ such that
B(0) =1, and B(t)H( ,t)is a Laurent polynomial for every submodule M. We
call B(t) the ni e al enominato of H(M,t), and we denote it by udenom(M, t)
(or udenom (M, t) since it may depend on R if M is a finitely generated module for
several choices of R).

Rema . rom ample follows that the universal denominator is well defined,
i.e., there e ists a polynomial B(t) such that B(¢)H( ,t) is a Laurent polynomial for
all submodules  of M. Indeed, if R is generated by homogeneous 1,..., of degrees



dy,...,d € N respectively, then any finitely generated module of R can be viewed as

a finitely generated module of K|zy,...,z | by the sur ective ring homomorphism
K[xl,...,x] R:K[ 1g«=«) ],
where z; ; for all i. very submodule of M is a finitely generated K[xq,...,z |-

module, and therefore
(L—th)- (1=t ) H( 1),
is a Laurent polynomial.

Lemma
0 M M M 0
R
udenom (M, t) = lem(udenom(M ,t), udenom(M ,t))
lem

It follows easily from the definition that udenom(M ,¢) and udenom(M ,t)
divide udenom(M,t). If  is a submodule of M then we have an e act sequence

0 M () o
ince H( ,t)=H(M ,t)  H( ( ),t) it follows that denom( ,t) divides
lem(denom (M ,t),denom( ( ),1)).

ince M M and () M for all submodules M, we have that
udenom(M, t) divides lem(udenom(M ,t), udenom(M ,t)). O
If d, € N then we say that d divides if there e ists a € Nsuch that = d. The
least common multiple lem(d, ) is the smallest vector  divisible by d and

if such a vector e ists. therwise lem(d, ) is defined to be the ero vector. or
e ample, we have lem(( ,2),( , )) = (12, ) and lem(( ,2),(2,2)) = (0,0).

Definition . ordéeN, let 4(¢t) € [t] be the unique (irreducible) polynomial with

2(0) = 1 and whose eroes are e actly the primitive d-th roots of unity (up to a
scalar 1 this is the usual d-th cyclotomic polynomial). If d = (dy,...,d,) € N' and
t = (t,...,t,), then we define 4(t) = (t¢ ) where = ged(dy,ds,...,d,) is the
greatest common divisor.

Definition . uppose now that R is a multi-graded ring of finite type over a field K.
Let ¢ be the ideal of R generated by all R for which d does not divide

Theo em 1 . M R
(a).
udenom (M, t) = a(t)
denr
d M/ M



(b). udenom (M, t)
(T—tm)(1—t®)---(1—1t")

1, 2,..., €R di,...,d
M K[q,..., |

efine

deN"
and let B(t) be the greatest common dividor of all

(1—t")(1 —t®)... (1 —t%)

for which there e ist homogeneous 1,..., € R such that M is a finitely generated
K[ 1,..., J]-module.
The ring R4 = R/ ¢ is graded, R4 =@ ,R. Let us define
M* = M
€Zd

ow M-% is a R-submodule of M @. ote that H(M.% ,¢)=¢ (%) where (¢%) is a
rational function in ¢¢. There is a finite decomposition

Me=m! M¢ o MY
o we have
HM* t)y=t* (¢ t> 0% - t (9.
ince ;— € dforalli= we getthat denom(M ¢,t) is the least common multiple
of the denominators of ,(t4),---, (t%). or somei, M has sdimensional sup-

port. Tt follows that (1 —¢?) devides the denominator of  (t?). o 4(t) divides
denom(M-2 ), denom(M ¢ ,¢) and udenom(M, ). We can conclude that A(t) divides
udenom (M, t).
rom emar follows that udenom(M,t) divides
(L—t™)(1—t®)- (111

whenever there e ist 1,..., € R as in the theorem. This shows that udenom(M, t)
divides B(t).

Let us write

B(t) = a(t)
deNr
hoose 1,..., € @ homogeneous generators. Let d; be the degree of ;. We may
assume that d does not divide d; for all i. ince M ¢ has ,-dimensional support, we
may choose 1,..., homogeneous of degrees 1, ..., (all non ero multiples of d)

such that
Md/( Lyeens )Md:M/( Tyeens 5 Leney M



is finite dimensional. It follows that M is a finite K| 1,..
the homogeneous a ayama Lemma. ow B(¢) divides

(1—tB)y (1=t 1—tY)---(1—t ).

It follows that 4 4- ince this holds for all d, we get that B(t) divides A(t).
inally we have proven that

udenom (M, t) = A(t) = B(t).

.y 'y 15---,  |]-module by

O
Definition 11. uppose that R = @, Ry and = @, « are both finitely
generated graded rings. Then we can define the graded tensor product
R = (R )d
deNr
where
(B )a= R 4

In a similar fashion we can define the tensor product of a graded R-module with a
graded -module.

Lemma 12. R M
R
udenom (M ,t) = udenom (M,t)udenom ( ,t).
ote that
M H)P=Mm*
ow it follows from Theorem 10(a). O

2. EO ETR OF T E NI ERSA DENO INATOR

Let us now give a geometric description of the universal denominator. Let  be the
a ne variety corresponding to R. The multigrading on R corresponds to the action of
an -dimensional torus on

Definition 13. To each d € N' we can associate the character of defined by ¢ 4.
Let @ be the ernel of this character and let ¢ be the ero set of the ideal <.

Lemma 1 . d=(di,...,d;) K
d; i a a

uppose x € ¢. Let € R be homogeneous of degree . If is not divisible
by dthen € ¢ so (z)= (t-x)=0.1If is divisible by d, then

(@)=t (2)=(t- )z)= (t ')



forallt € <. It follows that () = (t-z) for all € R, hence z = t -z for all
te 4andxe

onversely, if x € , € % is homogeneous of degree , and is not divisible
by d, then

(@)= (" x)=( )@)=t (2)
forallt € . We can choose t € ¢ such that ¢ = 1. It follows that (z) = 0. We
have that z € ¢, because ¢ is generated by such . O

. T E NI ERSA DENO INATOR IN N ARIANT EOR

The notion of the universal denominator is very useful for Hilbert series of invariant
rings. In fact, many of the results in this paper where inspired by some arguments in
the paper [1] where the Hilbert series of invariant rings of quiver representations were
studied.

uppose that = @, « is @ multi-graded ring of finite type over , = K and
suppose that a reductive linear algebraic group  acts regularly on  such that the
action respects the multi-grading. We now that the invariant ring R = is finitely
generated over K as well. s before we define ¢ R to be the ideal generated
by all R such that d does not divide . lso define ¢ = ¢ be the ideal of
generated by . eometrically, let  be the a ne variety corresponding to R and
let ~ be the a ne variety corresponding to . Let be the categorical
quotient map corresponding to the inclusion R = . The multigrading on R and

correspond to the action of a torus on  and on . The quotient map

is -equivariant. The eroset of ¢ isequalto ¢ which istheset of ¢ fi ed points
on . The erosetof 4= dis I( 9)

Definition 1 . Let € andlet € . Then we define
={e =1}

opo ition 1 . d K
e ¢ d

()e ¢ € €

uppose that  is closed. Then ()€ ¢ if and only if

(-)=-0=10)

very fiber of has only one closed orbit and and - have closed orbits. In
particular, ( - )= ( )ifandonlyif - = - forsome € . O
Theo em 1 . H

udenom( )
udenom( )



Let  be the variety corresponding to  and let /| be the cate-
gorical quotient with respect to  (so / is the variety corresponding to ) and let
J/H be the categorical quotient with respect to H. The inclusion
defines a morphism JH / . bviously (( JH)YY) (/) )¢ be-
cause is -equivariant (the inclusion R R respects the multi-grading). We
will prove that we have equality. uppose that z € ( / )¢. There e ists € ()
with a closed orbit, and therefore there must e ista € such that - = - where
generates a dense subgroup of <. We have a multiplicative ordan decomposition
= where  is semi-simple, is unipotent and , liein the aris i closure of
the subgroup of generated by . It follows that - € K- for some 7, but because
is unipotent we have in fact - = . It followsthat - = - . ow iscon u-
gate to an element in the ma imal torus of . Therefore, there e ists €  such that
= e H. Wegetthat (- )= -( - )andweget = (- )e( JH)?.
We also have ()= (- )= ( )=z In particular we have now that

dim( /H)* dim( / ).
ow this theorem follows from Theorem 10a). O

Rema 1 . We s etch an alternative proof of Theorem 1 in the case where H is
the ma imal torus. uppose that is an ideal of . Then = where =
ow from Weyl s character formula follows

H(,0)=) (-1) H(( ) 1)
€

where is the Weyl group, ( ) is the length of an element € | is the sum of
the fundamental weights and is the character corresponding to the weight ().

ince 1is a finitely generated -module, ( ) is afinitely generated  -module.
In particular, the denominator of H ( ) ,t) divides the universal denominator
of . It follows that the denominator of H( ,t) divides the universal denominator
of . ince can be an arbitrary ideal, the universal denominator of divides the
universal denominator of

uppose that is a linearly reductive group acting regularly on a ring and is a
irreducible representation of . Then ( ) is a finitely generated  -module and
it is called a . The universal denominator of an invariant ring has
the following interesting interpretation in terms of modules of covariants.

Theo em 1 .

R=
lem {denom(( ) L)}



learly denom( ) ,t) divides udenom(R, t) because the module ( )
of covariants is a finitely generated R-module. or any multi-graded R-module M,
there e ists a finite free -equivariant graded minimal resolution of -modules

0 1 0 M 0.

where ; = Tor(K, M) is a multi-graded representation of  for all i. Ta ing
-invariants (which is an e act functor, since is linearly reductive) we get a free
resolution

0 ) ) o) M) =M 0.
It follows that

HMt) =Y (-1'H(( ) ).
i 0
This shows that udenom(R,t) divides
lem;{denom( ) )},

and the theorem follows. O

NI ERSA DENO INATORS FOR INITE RO PS N ARIANTS

uppose now that is a finite group. We use the same notation as in the previous
section.

oolla 2. d K c ¢

€
This follows from roposition 1 because every -orbit is closed. O
Theo em 21. H(R,t)
a(t)
denr
K d
4« =ma {dim € }
y orollary 22 we have that
1( d) —
€
ince is finite,
¢=dim % =dim ' ?)=ma {dim e }



o olla 22. K

id —t t H( 1)

lem{det(id—t ) € }
lem
Let be a d-th root of unity. The multiplicity of (1 — ¢) in det(id —¢ ) is eactly
dim . It follows that the multiplicity of (1 — ¢) in
lem{det(id—t ) € }
is e actly
¢« = ma {dim € }
U

Rema 23. orollary 22 e tends to the case that the characteristic of the field K
does not divide the group order. In this more general case det(id —¢ ) has coe cients
in K, not in , and is not necessarily a subring of K. ince det(id —¢ ) is a product
of cyclotomic polynomials, we can lift each cyclotomic polynomial with coe cients in
K to a cyclotomic polynomial with coe cients in . In this way we can lift det(id —t )
to a polynomial with coe cientsin , and orollary 22.

Rema 2 . Let usrecall olien s formula
1
H t) = - .
€9 ;det(id—t )

olien s formula also holds when the characteristic of K is positive, but does not
divide the order of . s in the previous remar , det(id —t ) should be lifted to a
polynomial with integer coe cients in that case. It follows from olien s formula that
the denominator of H( ,t) divides

lem{det(id—t ) € }.

ur result here is stronger the denominator is always equal to this e pres-
sion. However, it may happen that the denominator of H( ,t) is smaller than the
universal denominator of H( ,¢) (see ample 2 ).

Example 2 . onsider the action of the symmetric group , on = K" where K
is an algebraically closed field of characteristic 0. The coordinate ring = K| |
is graded =@, , 4 wupoose € , has cycle structure ( 1, 2,..., ) with
1 9 ot » land 1 9 v r=mn,ie, 1, 2,..., ,are the lengths of

the cycles of the permutation . If is a d-th root of unity, then
dim = {i d dividesd;}.



We have
ma {dim } =

o IS

The ma imum is reached if has n/d d-cycles. o the universal denominator of =

is
dO =1 =t)(1 =) (1—1t").
d o

We can directly verify this. It is well nown that =K[1, 2,-.., n) where ;is

the i-th elementary symmetric function of degree i. The Hilbert series of is
1

1-t)(1—122)---(1—1tn)
Ince is a polynomial ring, we also have that the denominator of any finitely

generated  -module has a denominator dividing (1 —¢)(1 —¢2)--- (1 —¢"). o indeed,
(1—1)(1 —¢t*)---(1 —t") is the universal denominator of  ~.

H( 1)=

Example 2 . Let A, n be the alternating group acting on K™ as in the previous
e ample. We have
udenom( ", t) = a(t)
deN

where

¢« = ma {dim € A}
for any primitive d-th root of unity . We now have that

n/d if dis odd, n/d isevenord n/d n-—2,

4=  n/d —1 otherwise.
If dis odd or n/d is even, then this ma imum is reached by ta ing for a product
of n/d dis oint d-cycles (this indeed gives an even permutation). uppose now that
diseven and n/d isodd. Ifd n/d  n—2, then the ma imum is reached by ta ing
for a product of n/d d-cycles and a 2-cycle. In any other case, the ma imum is
achieved by ta ing n/d —1 d-cycles.

Let us compute the denominator of H( ~,t). We have

n —

where
= (x; —z)
14 n
is an A,-invariant of degree n(n — 1)/2. In particular,

1 tnn12
1-t)(1—t)---(1—1tn)

H( n’t):



ote that
t
1 tnn12 nn 1() d(t)

nn 1 Q(t) d

where the product is over all d with d n(n—1) and d n(n—1)/2. These are e actly
all d such that n(n — 1)/d is an odd positive integer. o we have

denom( ", t) = a(t)
deN
where
_ ma {0, n/d —1} ifn(n—1)/dis an odd positive integer,
¢ n/d otherwise.
The reader may chec that 4 ¢ for all d. ote that in this e ample, the denomi-

nator is not always equal to the universal denominator. or e ample if we ta e n = 10,
we have

denom(R,t) = ()" 2(t) (1) (©° () () @) ().
and
udenom(R, 1) = (1) o(t) (1) (* @ @) @) (&) @)

ote that the universal denominator has an additional factor ~(¢) =1 —+¢ ¢*. This
means, although  (¢) does not appear in the denominator of H(R,t), it does appear
in the denominator H(M,t) for some finitely generated R-module. We will describe
such a module. efine the ideals

:( 1, 2, ) J ) ) ) ) 10)
and
= ()

of R. We claim that R/ is the polynomial ring generated by (the image of)

ote that  does not lie in the radical ideal of | since
1= 9g=---= g — ... = 10:0
does not imply that = (0. lIso note that does lie in the radical ideal of
(since the polynomial 1° has a multiple ero, namely 0). bviously, R/ is
generated by . 1so, no power of lies in . It follows that R/ is the polynomial
ring generated by the invariant  of degree . In particular,
1
HR/ ,t)= ——.
(R 1) =1

so (t) divides the denominator of the Hilbert series of the R-module R/ .



NI ERSA DENO INATORS FOR N ARIANTS OF ORI

Let K be an algebraically closed base field of characteristic 0. Let = (K ) be
an -dimensional torus acting on = K" diagonally. The coordinate ring of is

:K[ ]:K[ 1:---;77.]- If :(1,..., )E and :(1,..., )E then
we write = ;'--- . ince acts diagonally, there e ist 1, o,..., , € such
that - ;= - ;. We assume that K[ | is multi-graded such that ; is homogeneous
of degree d; for all ¢+ with dy,...,d, € N'. Let R = be the invariant ring. In
this section, we would li e to describe the universal denominator of the Hilbert series
H(R,t).

uppose that {1,2,...,n} is a subset. We define to be the -module gener-
ated by ;,72€ . Welet to be the polytope spanned by ;, 7 € inside 7
We let M " be the module generated by all ( ;,d;), i €

Theo em 2 .
udenom(R,t) = a(?)
deNr
¢=ma{ —ran }
{1,2,...,n} 0
M {0} " {0} d.
Let us define

={(1, 2,---, n) € ;=0forallie }.
Let ¢ be the closure of the (constructible) set of all closed orbits in ~ }( ¢).
We claim that ¢ is a union of sets of the form  with {1,2,...,n}.
Ta e a generator of a dense aris i dense subgroup of . ote that ¢ is
contained in the set of closed orbits in where  ranges over a subset of by
roposition 1 . ach is of the form  for some {1,2,...,n} and the closure
of the union of closed orbits in  is equal to  for some subset (namely, ta e

the largest face of  such that 0 lies in the interior of |, then let be the set of
all i with ; € ). This shows that ¢ is a finite union of sets of the form  with
{1,2,...,n} such that the general orbit of is closed.
ow it follows that

g=dim ¢ =dim ( %)

is the ma imum of all dim ( ) with ¢ and such that the general orbit of

is closed. If we restrict  to such a set , then for €  in general position ! ()
is the (closed) orbit of ~which has dimension ran . ince dim = this shows
that

dim ( )= —ran



ote that the general orbit of  is closed if and only if 0 lies in the interior of

Let us assume that the general orbit in  is closed. We claim that 4 if and
only if
M {0} " {0} d.
irst note that 4 if and only if for some € . ow if and
only if the system of equations
(1) =4 e

has a solution € . Let A (K ) be the subgroup of all ( ,i€ ), with €
Let B (K ) be the subgroup of all (t¢,7 € ), witht € 4. ow the system of
equations 1 has a solution if and only if A B. The coordinate ring of the algebraic
group (K ) is
R=K[; ;i€ ]
The vanishing ideals (A), (B) R are generated by elements of the form  —1
where  is a Laurent monomial in ;,i € . ow A B if and only if (A) (B).
uppose that

1€

then —1¢€ (A)if and only if

for all €  which is equivalent to ; «=0. ntheotherhand —1¢€ (B)if

and only if
¢ d
i€
lies in the ideal generated by t —1. o —1¢€ (B)ifandonlyif , d;isa
multiple of d. This shows that (A) (B) if and only if
M {0} " {0} d.
O
Let us now consider the case that = 1, and that all variables 1, o,..., , have
degree 1. uppose that "isa -submodule and € ". Then we define
={ie{l,2,....,n} ;€ }.
oolla 2.
udenom (R, t) = a(t)
deN

¢=ma { —ran }



( ) = /d

If we apply the previous theorem, it is clear that we only need to consider subset
of the form out =
uppose that
( )= /d .

If .. =0, then ( ;) € and by the above isomorphism d must divide

i€ s

i i We have proven that
M {0} d.
onversely, suppose that for some subset {1,2,...,n}, 0 lies in the interior of
and
M {0} d.
ut = ;forsomei € . Let be the -module generated by all ; — i, €

and d . learly we have

( )/ = /d .

oW , 0 lies in the relative interior of and
M {0} d.
Iso, obviously
— ran = — ran —ran = — ran
O
Let us now again speciali e. Let us assume that = 1, ie., = K is the one-
dimensional torus.
oolla 2.
udenom(R,t) = a(t)
deN
i 0 ie{l,2,...,n} i 0 ie{l,2,...,n} 1={i =
0} 1=NnN— 1
d 2
«=ma{ {i ;€ d }}-1
d
( d ) { 1, ) n}
1 2
n ) d n— 1 1 d—1



We apply the previous corollary. or d =1, the ran of may be 0 or 1. If the

ran of is 0 then must be 0. Then —ran is the number of ero weights.
If hasran 1, then the ma imum is achieved if = . The condition that 0 is in
the interior of  means that there are positive and negative weights. In this case we
get — ran =n-—1

uppose that d 1. ow can only have ran 1. gain the condition that 0 is
in the interior of means that contains both positive and negative weights.
Write = for some nonnegative € . Then we have = d and =
with relatively prime to d. O
Example 3 . Let = K act on K with weights — ,—2,2, , . ince there are
positive and negative weights, we get ;= —1= . We compute

{ {i e d }}

for all , ,d with 1 d and 1 d — 1 with ,d relative prime and such that

( d ) {_ ’ _27 2: ) }
contains negative and positive integers.
d=2) 1 2 2 2 2 9 =2
d= 2 =
= 2 =
2

1
2

I

2 =
2 =1

QU &

NN N N NN
I

— N N e e N
|
|
ja)

The universal denominator of H(K[ | ,t) is therefore equal to
1) = @ © @ @ @)

Example 31. onsider the action of the multiplicative group K on , = K" ! with
weights

-n,—n 2,...,n—2,n.
We will describe the universal denominator.
Let us first assume that ni o . ut , = {-n,—n 2,...,n}. ote that
1= (TL 1) —1=n.
hoose d 2. If the cardinality of ( d n) is at most 1, then it cannot
contain both a positive and a negative element. If the cardinality of ( d n) 18

2, then this intersection will contain automatically a positive and a negative element.

If 2, then
( d) ( d) .

It is therefore clear that we only need to consider the case = 1. We now have to
ma imali e
( d) =



over all relatively prime to d.
Let us assume that d i o . If d divides n, then cannot be divisible by d. It
follows that

ma ( d) ,=n/d

If d does not divide n, then
( d) . n/d .

Write n = d with 0 d, then 1= n/d We have equality if =n— 2
if iseven,and =n-— 1if is odd. We have proven that

«= n/d —1, dodd,d

Let us assume that d i e en. If d = 2 then
1 2 n=n 1

and o=mn. ssumed . If d/2 divides n then d/2 cannot divide . It follows that
in this situation we have

( d) n=2n/d
therwise, we have that
( d) . 2n/d.
If we write n = (d/2) with 0 (d/2) then we have equality for =n— 1
if is odd and for =n— 2 if is even. It follows that
a= 2n/d —1, deven,d

Let us now assume that n i e en. gain we have ;=n—1.
hoose d 2. Write =  where =1if isodd and =2if iseven. Then it
is easy to chec that

( d) d) a

Therefore we only need to consider the cases =1 and = 2.
ssume that d i e en. In that case must be odd and therefore we must have
= 2 (otherwise the intersection is empty). ne can easily chec that we get o =n/2
ifn 2mod and 5, =n/2—-1in Omod , because is odd. uppose that

d . If d divides n then 4 =mn/d— 1 (by similar reasoning as before). therwise,
write n/2 = (d/2) with 0 d/2. We have
2( d) . n/d.
If n is not divisible by , then we have equality for = n/2 — 1if is odd, or
=n/2 — 2 if iseven. If =1, ie., n— 2 is not divisible by d, then we have
equality for =n/2— 2.

In the remaining case, n divisible by and d divides n — 2, one can easily see that
we cannot have equality. o if n and d are both even then,



n/d —2 if n,devenandd n—2
n/d —1 otherwise.

4=
ssume now that di1i o . 1ince
( d) o (2/2) 2d) =,

if is even and

( d) - @ 9/2) 2d) =

if is odd, we may only consider the case that = 2. imilar reasoning as before gives
us
d = n/d — 1.
The universal denominator of K| ,] is equal to
A-H(1—=t)---(1—#"2) n odd
Q-1 -1 —-¢t)1—-t)---1—t"1 n 2 mod

Q- -2Q—-t)1—-t)---1—t" YA—-t"?2H(1 -t ') n 0mod

NI ERSA DENO INATORS FOR INAR OR S

Let = L, act on where
:{Ozn 137”1 nn}
is the set of binary forms of degree n. Let = K| ¢, 1,.--., nJandlet R= 2. We
already computed the universal denominator
udenom( ,t) = a(t)
deN
where H is a ma imal torus. Let us write
udenom(  %,t) = a(t)
deN
We have { =n—1ifnisoddand ;= ,=n—1if niseven. uppose that d
and n is even or d 2 and n is odd. We will prove that ;= 4 We already now

that 4 4- Let us prove that 4 a- If 4 = 0 then there is nothing to prove.
We will assume that 4 1.
Let be a d-th primitive root of unity. There e ists an € H such that

The action of H on has both positive and negative weights.  general element of
has a closed orbit and a finite stabili er.
Let € a general element. Let

={ € - e L



Let  be the centrali er of in Ly. This centrali er has dimension 1. ote that
1 = .forall € . o ! |liesin the finite stabili er of forall € . This
shows that / is finite. ow also has dimension 1. onsider the map

The general fiber of this map has dimension 1 (since we can ta e for e ample the fiber
of € which has dimension 1). ince the morphism is dominant we obtain

dim - =dim —-1= (¢4 H=1= 4
ow it follows that dim ( - ) 4- We conclude that 4 « and therefore
¢ = 4. inally we obtain that the universal denominator of K[ ,] 2 is equal to
(1—t)(1—t)---(1—t> 2 if n is odd
1 A=) —t)---(1—1t" 1) ifn 2 mod

1 Ha-e)aQ—-t)---1—-t Y1—-t"?2 YA -t 1) ifn 0mod

These formulas for the universal denominators are the same as the formulas for the
denominators of the Hilbert series of binary forms as con ectured by i mier (see | |). It
could happen, of course, that the universal denominator is not equal to the denominator
due to some unfortunate accidental cancelling in the Hilbert series. The universal
denominator is more interesting than the denominator of the Hilbert series, since it
has a geometric interpretation and nice properties. Therefore, although i miers
con ecture is still unsettled, the formula for the universal denominator here may is ust
as satisfying as a positive answer to i mier s con ecture for the denominator of the
Hilbert series of binary forms.
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