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1. INTRODUCTION

Let @ be a quiver without oriented cycles and let a be a dimension vector. In
the paper [2] we proved some results about the set 3(Q, @) of weights occurring in
the ring SI(@, 8) of semi-invariants on the space of a-dimensional representations
Rep(Q, ). We showed that this set is given by one linear homogeneous equation
and a finite set of homogeneous linear inequalities. Thus it forms a rational poly-
hedral cone in the space of weights of ). Still, some of the inequalities given in
[2] are redundant. It is an interesting question to determine which inequalities are
really needed. In this paper we address this question. We give a description of all
the faces of arbitrary dimension of the cone X(Q, a).

An interesting special case is where () is a triple flag quiver. In that case the cone
¥(Q, ) corresponds to all triples of partitions (A, u, v) such that the corresponding
Littlewood-Richardson coefficient ¢ , is nonzero. Klyachko gave an explicit set of
inequalities for this cone. However, some of these inequalities are redundant. A
(yet) unpublished result of Knutson, Tao and Woodward gives the set of necessary
inequalities for the Klyachko cone. Our results applied to the triple flag quiver
give a similar result. Moreover, we find a description for all the faces of arbitrary
dimension of the Klyachko cone.

Our main tool is a generalization of the canonical decomposition of a dimension
vector (see [5]) to arbitrary orthogonal categories. It is based on the notion of
stability introduced in this context by King in [4]. For a given weight o where S,
we say that a = oy + az + ... + a; is a o-stable decomposition of « if o(a;) = 0
and q; is o-stable for ¢ = 1,...,s, and a generic representation of dimension «
has a composition series with factors of dimensions aq, ... ,a,s. The existence and
uniqueness of this decomposition follow from general stability results. We use the
approach of Rudakov from [7].

The o-stable decomposition turns out to be related to the faces of the cone
¥(Q, ) as follows. Let a be a dimension vector. Then o is in the relative interior
of the face of (@, ) of dimension n — k if and only if exactly k distinct dimension
vectors appear in the o-stable decomposition of 8. If 8 = ¢1-a1 +co-as+---Fcp-ap
is the o-stable decomposition with ¢; > 0 for all ¢, then the face containing o is
described by the linear equations 7(a;) = 0, 1 < ¢ < k. All the faces of the cone
¥(Q,a) can be obtained in this way.

The first author was supported by NSF, grant DMS 9970165 and the second author was
supported by NSF, grant DMS 9700884.
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2. PRELIMINARIES

2.1. Basic notions for quivers. A quiver @ is a pair Q = (Qo, Q1) consisting of
the set of vertices Q¢ and the set of arrows );. Each arrow a has its head ha and
tail ta, both in Qo;

ta——ha.
We fix an algebraically closed field K. A representation V of @ is a family of finite
dimensional vector spaces {V(z) | z € Qo} and of linear maps

{V(a): V(ta) = V(ha) | a € Q1}.

The dimension vector of a representation V' is the function dy, : Qo — Z defined
by dy (z) := dim V(z). The dimension vectors lie in the space I" of integer-valued
functions on Q9. A morphism ¢ : V. — W of two representations is the collection of
linear maps ¢(x) : V(x) — W (x) such that for each a € Q1 we have W(a)¢(ta) =
¢(ha)V (a). We denote the linear space of morphisms from V to W by Homg (V, W).

From now on we will assume that ) has no oriented cycles, i.e., there is no
sequence ai,az,...,a, € @1 of arrows such that ha; = ta;41 fori =1,2,...,n—1
and ha, = ta;.

The category Repg (Q)) of representations of () is hereditary, i.e., the subobject
of a projective object is projective. This means that every representation has pro-
jective dimension < 1. The spaces Homg(V, W) and Extg(V, W) can be calculated
as the kernel and cokernel of the following linear map

(1) dyy : @ Hom(V(z), W (z)) — €D Hom(V (ta), W (ha))

TEQo a€Q1
where the map dj, restricted to Hom(V (z), W (z)) is given by
{f(@):V(z) > W(z) |z € Qo} — {W(a)f(ta)—f(ha)V(a) : V(ta) » W(ha) | a € @1}
Let «, 8 be two elements of I'. We define the Euler inner product
) (@8) =) a@)B@) ) alta)f(ha).

zEQo a€Q1

It follows from (1) and (2) that

(dy,dw) = dimg Homg(V, W) — dimg Extg(V, W).

2.2. Semi-invariants for quiver representations. For a dimension vector § we
denote by

Rep(Q, 8) := @) Hom(KP(), kA"
a€Q1
the vector space of representations of @) of dimension vector 5. The groups

GL(Q,B) == J] GL(B(

z€Qo

= ]I sL@)

zE€EQo
act on Rep(Q, B) in an obvious way. We are interested in the rings of semi-invariants

SI(Q, B) = K[Rep(Q, B)]SH(@5).

and its subgroup
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The ring SI(Q, 8) has a weight space decomposition
S1(Q, 8) = P SUQ, B),

where o runs through the characters of GL(Q, ) and

SHQ,B)s = {f € K[Rep(Q,8)] | g(f) = o(9)f Vg € GL(Q, B)}
A character or weight of GL(3) has the form

{A(z) |z € Qo} = [ (det Az))"™

zE€Qo

with o(z) € Z for all z € Qg. If @ € T" is a dimension vector then we define

o(a) = Z o(z)a(z).

z€Qo

In this way, we will identify weights with I'* = Homz(T', Z).

Let us choose the dimension vectors a = dy,, f = dyy of V, W in such way that
(o, B) = 0. Then the matrix of d}}, in (1) is a square matrix. Following [8] we can
therefore define the semi-invariant

c(V,W) := det dY,

of the action of GL(Q,a) x GL(Q, ) on Rep(Q,a) x Rep(Q,3). For a fixed V
the restriction of ¢ to {V} x Rep(Q, 3) defines a semi-invariant ¢" in SI(Q, dy,)-
Schofield proved ([8, Lemma 1.4.]) that the weight of ¢V equals (a,-). Similarly,
for a fixed W the restriction of ¢ to Rep(Q,a) x {w} defines a semi-invariant cy
in SI(@, dy,) of weight —(-,dy,) ([8, Lemma 1.4.]). The main result of [2] is that
the semi-invariants of type ¢V (resp. cw) span all the weight spaces in the rings
SI(@, B8). Of course the analogous result is true for the semi-invariants cyy .

Remark 1. If (dy,,dy) = 0 then we have ¢(V,W) = V(W) = ew (V) = 0 if and
only if Homg(V, W) # 0 which is equivalent to Extg(V, W) # 0.

It was also shown in [2] that dim SI(Q, §) 4,y = dim SI(Q, a)_. gy. For conve-
nience, we make the following definition.

Definition 2. For dimension vectors «, 8 with {(a, 8) = 0 we define
o ﬂ := dim SI(Q, B)(a,-) = dim SI(Q, a)_(_’ﬂ).

2.3. Representations in general position. A representation V is called in gen-
eral position of dimension «a if V € Rep(Q,a) lies in a sufficiently small Zariski
open subset (“sufficient” here depends on the context). A dimension vector « is
called a Schur root if a general representation of dimension « is indecomposable,
i.e., not the direct sum of smaller nonzero representations. If « is a Schur root
then either {(a,a) = 1 and « is called a real Schur root, or {(@,a) < 0 and « is
called imaginary. We define homg (e, 3) is the minimum of all dim yx Homg(V, W)
with V and W of dimension « and J respectively. Since this dimension depends
semicontinously on V' and W, we have that dimx Homg(V, W) = homg(«, 8) for
V', W general of dimension o and 8 respectively. Similary we define extg(a, ). If
homg(a, B) = extg(a, f) we write a L B and we way say that « is left perpendic-
ular to 8. By Remark 1 we have a L § if and only if a0 8 # 0.
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We write a < f if a general representation of dimension £ contains a subrepre-
sentation of dimension a. We write a — f if a general representation of dimension
o has a factor of dimension 3. The following lemma was proven in [9].

Lemma 3. We have
a—=a+pf & exto(e,f)=0 (a+pf—>p).

For a dimension vector 8, ¥(Q, ) is the set of all weights ¢ € I'* such that
SI(Q,8)s # 0. From [2] follows that X(Q, ) is the set of all ¢ € I'* such that
o(f) = 0 and o(y) < 0 for all v — B. We will give a necessary and sufficient
criterion which v with v < £, correspond to necessary inequalities.

3. HARDER-NARASIMHAN AND JORDAN-HOLDER FILTRATIONS

Let us recall some general notions regarding stability. Let ) be a quiver with
no oriented cycles. Let us fix a weight o = —(-, ) where 3 is a dimension vector.
Let a be a dimension vector. A representation V of dimension « is o-semistable
if there exists a semiinvariant ¢ € SI(Q, @) of weight mo (m some positive integer)
such that ¢(V') # 0. It was proved in [2] that the space of semiinvariants of weight
mo is spanned by semiinvariants of the form ¢y, W € Rep(Q,mf3). Therefore the
representation V is o-semistable if and only if there exists a positive integer m and
a representation W of dimension mf such that Homg(V, W) = Extg(V,W) = 0
(see Remark 1). King proves in [4] that the representation V' is o-semistable if and
only if for every subrepresentation W C V' we have o(dy,) < 0.

This notion of stability was related in Section 3 of [7] to the stability defined
through a slope of two additive functions. Let us recall this notion of stability.

Definition 4. Let ¢ and r be two additive functions on the abelian category A such
that (V) # 0 for any nonzero object V in A. An object V is (c : r)-semistable if
for every subobject W of V we have

A

r(W) = r(V)’
An object V is (c¢: r)-stable if for every subobject W of V' we have

W) _ V)
r(W) ~r(V)

The (c : r)-slope of the object V is the ratio u(V) = ﬁg“;g Then Rudakov shows
that the order < defined by

VIWeulV)<uW)
and equivalence relation defined by
V=WeulV)=puW)

defines a stability order in the sense of [7], Section 1.
In our application we take A = Repg (@), ¢(V) = o(dy) and (V) = 7(dy,) with
7(a) # 0 for all nonzero dimension vectors « (for example 7(a) =3, o, a(®)).
The Theorems 2 and 3 from [7] give immediately the following results.

Proposition 5. With the assumptions of Definition 4 we have:
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1. (Harder-Narasimhan filtration) Every object V' has a filtration
V=Fy(V)DFLE(V)D...20FF(V)DFgt (V) =0
such that _
(a) each factor Gy (V) = Fy(V)/Fit' (V) is (c : r)-semistable;

(b)
G%(V) < Gy(V) < ... < GR(V).

The filtration with properties (a), (b) is unique,
2. (Jordan-Hélder filtration) Every (c : r)-semistable object V has a filtration

V=F)V)D>F;(V)D...DFrV)DF'(V)=0

such that '
(a) each factor G4 (V) = Fi(V)/Fit (V) is (c : r)-stable;
(b)

GS5(V) =< GL(V) =< ...xGT(V).
The set of factors {G%(V)} is uniquely determined by the properties (a), (b).

Remark 6. Of course, by taking the Harder-Narasimhan filtration and using the
Jordan-Holder filtration on each quotient, one obtains a unique filtration of an
object V such that every quotient is (¢ : r)-stable. This filtration we will call
Harder-Narasimhan-Jordan-Holder filtration or HNJH-filtration for short.

Lemma 7. Let Q) be a quiver and ag = g, Q1,Q2, - - .y Qm, A1 = 0 are dimension
vectors. The set of all V € Rep(Q, a) of representations which allow a filtration

V=F'V)>F'(V)D>---D>F" (V) =0
with C_iFi(V) = oy 18 Zariski closed.
Proof. The proof goes exactely as in [9, Section 3]. O

Proposition 8. Let ) be a quiver without oriented cycles, o, (T(a) > 0 for all
nonzero dimension vectors) be weights and a be a dimension vector.

1. There exists an nonempty open set U C Repy (Q, ) such that for V € U the
dimensions of the factors of the Harder-Narasimhan filtration with respect to
(o0 :7) of V are constant.

2. There exists an nonempty open set U C Repg (Q, @) such that for V € U the
dimensions of the factors of the HNJH-filtration with respect to (o : 7) of V
are constant.

3. If a general representation of dimension « is o-stable, then there ezists an
nonempty open set U C Repy (Q,a) such that for V € U the dimensions of
the factors of the Jordan-Hélder-filtration of V' are constant.

Proof. This is an obvious consequence of the definitions and of the previous lemma.
O

4. 0-STABLE DECOMPOSITION

Definition 9. Let @) be a quiver without oriented cycles, @ be a dimension vec-
tors and let 0,7 be weights We assume that 7 is positive on nonzero dimension
vectors. We call the dimension vector a o-stable (resp. (o : 7)-stable) if a general
representation of dimension a is o-stable (resp. (o : 7)-stable). The expression

a=a;+ay+...+a,



6 HARM DERKSEN AND JERZY WEYMAN

is called the o-stable decomposition (resp. (o : 7)-stable decomposition) of a if
a general representation V of dimension a has a Jordan-Holder filtration (resp.
HNJH-filtration) with factors of dimension oy, as,...,as (in some order). We may
use the abbreviation ¢ - 3 instead of 8 + 3 +--- 4+ 8 (c copies).

Lemma 10. Suppose that o has (o : T7)-stable decomposition
a1 +as +---F a,.

For any r the (o : T)-stable decomposition of f = a1 + as + -+ + ay i
ar+ay+---F o

A similar statement is true for o-stable decomposition.

Proof. Suppose that the (o : 7)-stable decomposition of 3 is
B+ P2+ -+ B

Let V; be a (o : 7)-stable representation of dimension «; for all ¢ < s and let W be
a general representation of dimension §. The representation V3 & Vo & --- @ V. of
dimension § has a HNJH-filtration with r nonzero quotients (namely Vi,...,V;).
Since W is in general position its HNJH-filtration cannot be longer by Lemma 7,
therefore ¢t < r. Put

Z=WeoeV, & -V,

Any HNJH-filtration of Z has quotients of dimensions S1, ..., B, Qry1,- .., Qs.
By Lemma 7, Z also has a filtration

0CF(Z)CF'(2)c---CF*Z)=2

with quotients of dimensions @, @s, . . . , as in some order. The quotients F*(Z)/F¢ (Z)
are o-semistable. We can get a HNJH-filtration of Z by refining the filtration
{Fi(Z)}. Since any HNJH-filtration of Z has t + s — r > s nonzero quotients,
we must have that ¢t = r, and {F*(Z)} is a HNJH-filtration. We conclude that
Biy---y Bty g1, - -, a5 is a permutation of ay,...,as, so fi,...,5¢ is a permuta-
tion of ay, ..., a,.

Notice that if 7 is any weight with 7(a) > 0 for all nonzero dimension vectors,
and a is o-stable, then the o-stable decomposition of « is the same as the (o : 7)-
stable decomposition of a. O

In the next proposition we list the basic properties of o-stable decompositions.
Proposition 11. Let Q,o0,a be as above. Let
a=c -a;+tcyayt--Fes-a,

be the o-stable decomposition where the «; are distinct.

(a). All a; are Schur roots;

(b). if ¢; > 1 then a; must be a real or an isotropic root;

(c). homg(a;,a;) =0 if i # j;

(d). after rearranging one can assume that extg(a;, o) =0 for all i < j;

(e). under the assumptions of (d), (pa;) o (qa;) =1 for all i < j and all nonneg-

ative integers p,q.
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Proof. (a) If general representations of dimension «; are decomposable, then a
general representation of dimension «; is not o-stable. It follows that there are no
o-stable representations in dimension a;.

(b) If ¢; > 2, then by Lemma 10, the o-stable decomposition of 2a; is a; + ;.
In particular we have a; — 2a;, so extg(a;, ;) = 0 and (o, ;) > 0.

(¢) Let V; and V; be o-stable representations of dimensions «; and «; respectively.
From [7, Theorem 1] follows that any nonzero homomorphism between V; and Vj
must be an isomorphism. Since a; # a;, we have Homg(V;, V;) = 0 and therefore
homg(a;,a;) = 0.

(d) Assume that the statement in (d) is false. Then there exists an r > 2 such
that after rearranging we have an r-cycle:

extg(ag,az) # 0, extg(az,as) #0,..., extg(ar—1,a,) #0, extg(a,,a1) #0.
We assume that r > 2 is minimal such that an r-cycle exists, so extg(a;, ;) = 0
unless j =i or j =4+ 1 (modulo r). The o-stable decomposition of 8 = a3 + as +
st oy s

o Fag+---Fan
For some ¢ we have a; — [, and after reordering we may assume that a; < 3, so
extg(aq, —ai) = 0. Now for all i > 3 we have extg(a;, az) = 0. It follows that
extg(as + a4 + - - - + a,,a2) = 0 or equivalently, § — a; — a,. Consider an exact
sequence

(3) 0=V 2V -V"=0

with V'V, V" of dimension 8 —ay — as, B — a1, B2 respectively, and V is in general
position. Let W be a general representation of dimension a; and apply the functor
Homg (W, -) to (3) to obtain a long exact sequence

-+ = Exto(W, V') = Extq(W,V) = Exto(W, V") = 0.

Since Extg(W,V) = 0, we have Extg (W, V") = 0, so extg(ai,a2) = 0. Contradic-
tion.

(e) Let U C Rep(Q,pa;) be an open set of o-semistable representations whose
Jordan-Holder filtration has only factors whose dimension is proportional to «;. Let
U’ C Rep(Q, ga;) be the open set of o-semistable representations in dimension ga;
whose Jordan-Holder filtration has only factors whose dimension is proportional to
aj. Let V' be a generic representation of dimension ga;. Then the semiinvariant
¢V € SI(Q, go;) does not vanish on U'. Indeed, let W € U’ be a representation
such that ¢ (W) = 0. Then Homg(V, W) # 0 which contradicts Theorem 1 from
[7]. Thus for every V in U the zero set of ¢V is contained in the complement of
U'. Therefore this zero set does not depend on V' and the space of semiinvariants
SI(Q, 9j) (pa;,.) is one-dimensional as claimed. O

Corollary 12. Let Q, 0,7, be as above. Let
a=c-a;+tcy-ayt--Fes-a,
be the (o : T)-stable decomposition where the a; are distinct.

(a). All a; are Schur roots;

b). if ¢; > 1 then a; must be a real or an isotropic root;

c). after rearranging one can assume that a; L o for all i < j;

d). under the assumptions of (d), (poy;) o (qa;) =1 for all i < j and all nonneg-
ative integers p,q.

N~
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Proof. (a) and (b) follow immediately from Proposition 11 (a), (b). Let u = o/7.
We may assume that p(a;) > p(ay) for all i < j. We have Homg (e, ;) = 0 for
i < j. Suppose that p(a;) > pu(a;). The (o : 7)-stable decomposition of a; + o is
a; + aj. We have either a; = a; + o or aj = a; + aj, but because p(a;) > p(ay)
we have a; < a; + ;. This shows that extg(ay, o) for all 4, j with p(a;) > p(a;).
By Proposition 11 (d) we may assume that for all i < j we have extg(a;, ;). This
proves (¢). The prove of (d) is similar to the proof of Proposition 11 (e). O

Theorem 13. Suppose that o is an indivisible weight. If a« = ¢1 - a1 +¢2 - az +
.-+ ¢ - 18 the o-stable decomposition of o, then there exists an isomorphism

SI(Q, @) o = S (SHQ, 01)mo) ® S (U@, A2)mo) @ - - ® S (SHQ, A2 )mer)
Proof. Let
S := Rep(Q, a1)* ® Rep(Q,a2)®> ® --- ® Rep(Q, o).
We have a natural embedding
v :S <= Rep(Q,a).

Let G be the stabilizer of S within GL(«),. This group G is isomorphic to the
intersection of

(Se; X GL(a1)") X (S¢, X GL(a)?) X « -+ X (Se, X GL(a)")

and GL(a),. Here S, is the symmetric group on ¢ elements. Let 7g : S — S//G and
7 : Rep(Q, &) = Rep(Q, @) // GL(a), be the categorical quotients. The embedding
¢ induces a morphism between categorical quotients

¢ : 5//G — Rep(Q, ) // GL(e), -

We will show that ¢ is an isomorphism.
First we will show that 1 is dominant. Let V' € Rep(Q, ) be a general repre-
sentation and suppose V' is o-stable, i.e., 7(V) # 0. Let

0=F})V)CF;(V)C---CF;(V)=V

be a Jordan-Holder filtration with o-stable quotients G¥(V) = F{(V)/F=Y(V).
Now W := @, G{(V) € S lies in the GL(a),, closure of V. In particular ¢(rg(W)) =
(V). This proves that 1 is surjective.

Note that W € S is G-semistable if and only if all the summands in Rep(Q, a;)
are o-semistable. In particular, if W € S is G-semistable, then W o-semistable, so
W is GL(a),-stable. This shows that ¢~1(0) = {0}, so ¢ is a finite map.

For a general representation V' € Rep(Q, ), the quotients of the Jordan-Holder
filtration corresponding to o are unique up to permutation. This shows that a
generic fiber of ¢ consists of only one point. So ¥ is birational.

Because 1 is birational and finite, and Rep(Q, a)// GL(e), is normal, ¢ must
be an isomorphism. Now the graded coordinate ring of Rep(Q,a)// GL(a), is
D,,>0 SI(Q, @)ms and S//G has graded coordinate ring

@ SI(Q) a)mo’ = SCl (SI(Q; al)ma) & Scz (SI(Q7 a2)mo’) Q- SCT (SI(Q7 aT)ma)-

m>0

O
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5. SCHUR SEQUENCES
Proposition 11 motivates us for the definition of Schur sequences. The notion of
Schur sequences is closely related to the notion of exceptional sequences (see [1]).

Definition 14. A sequence € = (g1,€2,...,€5) is called an exceptional sequence if
1. ¢; is a real Schur root for every i;
2. Ei 1 €j for all 4

A Schur sequence is similar to an exceptional sequence ut also ima inary Schur
roots are allo ed.

Definition 1 . A sequence =( 1, 2,..., ) is called a Schur sequence if
1. ; is a Schur root for every i;
2. ; j=1foralli and all positive inte ers , (in particular ; L ;).
e 1. ep(,) () ep( , ) ()
1

f ep( , ) has a dense ( )or it then there are no rational ()
invariantsin [ ep( , )]. n particular any quotient of t o semiinvariants of the
same ei ht must e constant. This sho s that

=dim S( , ) 1.
f ep( , )hasadense () or it then the proof is similar. O
e 1. 1 1
. () =1 =1 =1
2. ext (, )=1 =1 =1 ( ) =1

(a) hoose S(, ) . Then ehave
SC,) S(C,)

This sho s that ( ) . Similarly e have ( )

() Any ( ) dimensional representation  has an  dimensional su rep
resentation . f = then for any ep( , ) ehave ( )=
() ( ). Thelemma follo sfrom the fact thatS ( , ) S(,)
andS ( , ) are spanned y s s and s respectively. O
oo 1. 1, 25---5 s i i1

1, 25---5 4 1, i i 1y 4 25---5 s

1 An exceptional sequence ¢ = (¢1,€2,...,&5) is a Schur sequence. The

space ep( , €;) hasadense (g;)or it so y emmal
& €5 = dim S ( 5 Ej) 1.

2 Suppose that = 9 , is the canonical de
composition (notation as in [ ]) ith all ; distinct. t as proven in [ ] that
ext (4, j)= foralli= . n[] it asproven that after reorderin e may
assume that hom ( ;, ;)= forallé . eclaim thatinfact 1, »,..., ,is
a Schur sequence. This follo s from the al orithm in [ ] for findin the canonical
decomposition and orollary 1 . n [ efinition 5] a sequence 1,..., 5 as

called a compartment if
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