ON THE ¢-STABLE DECOMPOSITION OF QUIVER
REPRESENTATIONS
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1. INTRODUCTION

Let @ be a quiver without oriented cycles and let a be a dimension vector. In
the paper [2] we proved some results about the set 3(Q, @) of weights occurring in
the ring SI(@, 8) of semi-invariants on the space of a-dimensional representations
Rep(Q, ). We showed that this set is given by one linear homogeneous equation
and a finite set of homogeneous linear inequalities. Thus it forms a rational poly-
hedral cone in the space of weights of ). Still, some of the inequalities given in
[2] are redundant. It is an interesting question to determine which inequalities are
really needed. In this paper we address this question. We give a description of all
the faces of arbitrary dimension of the cone X(Q, a).

An interesting special case is where () is a triple flag quiver. In that case the cone
¥(Q, ) corresponds to all triples of partitions (A, u, v) such that the corresponding
Littlewood-Richardson coefficient ¢ , is nonzero. Klyachko gave an explicit set of
inequalities for this cone. However, some of these inequalities are redundant. A
(yet) unpublished result of Knutson, Tao and Woodward gives the set of necessary
inequalities for the Klyachko cone. Our results applied to the triple flag quiver
give a similar result. Moreover, we find a description for all the faces of arbitrary
dimension of the Klyachko cone.

Our main tool is a generalization of the canonical decomposition of a dimension
vector (see [5]) to arbitrary orthogonal categories. It is based on the notion of
stability introduced in this context by King in [4]. For a given weight o where S,
we say that a = oy + az + ... + a; is a o-stable decomposition of « if o(a;) = 0
and q; is o-stable for ¢ = 1,...,s, and a generic representation of dimension «
has a composition series with factors of dimensions aq, ... ,a,s. The existence and
uniqueness of this decomposition follow from general stability results. We use the
approach of Rudakov from [7].

The o-stable decomposition turns out to be related to the faces of the cone
¥(Q, ) as follows. Let a be a dimension vector. Then o is in the relative interior
of the face of (@, ) of dimension n — k if and only if exactly k distinct dimension
vectors appear in the o-stable decomposition of 8. If 8 = ¢1-a1 +co-as+---Fcp-ap
is the o-stable decomposition with ¢; > 0 for all ¢, then the face containing o is
described by the linear equations 7(a;) = 0, 1 < ¢ < k. All the faces of the cone
¥(Q,a) can be obtained in this way.

The first author was supported by NSF, grant DMS 9970165 and the second author was
supported by NSF, grant DMS 9700884.
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2. PRELIMINARIES

2.1. Basic notions for quivers. A quiver @ is a pair Q = (Qo, Q1) consisting of
the set of vertices Q¢ and the set of arrows );. Each arrow a has its head ha and
tail ta, both in Qo;

ta——ha.
We fix an algebraically closed field K. A representation V of @ is a family of finite
dimensional vector spaces {V(z) | z € Qo} and of linear maps

{V(a): V(ta) = V(ha) | a € Q1}.

The dimension vector of a representation V' is the function dy, : Qo — Z defined
by dy (z) := dim V(z). The dimension vectors lie in the space I" of integer-valued
functions on Q9. A morphism ¢ : V. — W of two representations is the collection of
linear maps ¢(x) : V(x) — W (x) such that for each a € Q1 we have W(a)¢(ta) =
¢(ha)V (a). We denote the linear space of morphisms from V to W by Homg (V, W).

From now on we will assume that ) has no oriented cycles, i.e., there is no
sequence ai,az,...,a, € @1 of arrows such that ha; = ta;41 fori =1,2,...,n—1
and ha, = ta;.

The category Repg (Q)) of representations of () is hereditary, i.e., the subobject
of a projective object is projective. This means that every representation has pro-
jective dimension < 1. The spaces Homg(V, W) and Extg(V, W) can be calculated
as the kernel and cokernel of the following linear map

(1) dyy : @ Hom(V(z), W (z)) — €D Hom(V (ta), W (ha))

TEQo a€Q1
where the map dj, restricted to Hom(V (z), W (z)) is given by
{f(@):V(z) > W(z) |z € Qo} — {W(a)f(ta)—f(ha)V(a) : V(ta) » W(ha) | a € @1}
Let «, 8 be two elements of I'. We define the Euler inner product
) (@8) =) a@)B@) ) alta)f(ha).

zEQo a€Q1

It follows from (1) and (2) that

(dy,dw) = dimg Homg(V, W) — dimg Extg(V, W).

2.2. Semi-invariants for quiver representations. For a dimension vector § we
denote by

Rep(Q, 8) := @) Hom(KP(), kA"
a€Q1
the vector space of representations of @) of dimension vector 5. The groups

GL(Q,B) == J] GL(B(

z€Qo

= ]I sL@)

zE€EQo
act on Rep(Q, B) in an obvious way. We are interested in the rings of semi-invariants

SI(Q, B) = K[Rep(Q, B)]SH(@5).

and its subgroup
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The ring SI(Q, 8) has a weight space decomposition
S1(Q, 8) = P SUQ, B),

where o runs through the characters of GL(Q, ) and

SHQ,B)s = {f € K[Rep(Q,8)] | g(f) = o(9)f Vg € GL(Q, B)}
A character or weight of GL(3) has the form

{A(z) |z € Qo} = [ (det Az))"™

zE€Qo

with o(z) € Z for all z € Qg. If @ € T" is a dimension vector then we define

o(a) = Z o(z)a(z).

z€Qo

In this way, we will identify weights with I'* = Homz(T', Z).

Let us choose the dimension vectors a = dy,, f = dyy of V, W in such way that
(o, B) = 0. Then the matrix of d}}, in (1) is a square matrix. Following [8] we can
therefore define the semi-invariant

c(V,W) := det dY,

of the action of GL(Q,a) x GL(Q, ) on Rep(Q,a) x Rep(Q,3). For a fixed V
the restriction of ¢ to {V} x Rep(Q, 3) defines a semi-invariant ¢" in SI(Q, dy,)-
Schofield proved ([8, Lemma 1.4.]) that the weight of ¢V equals (a,-). Similarly,
for a fixed W the restriction of ¢ to Rep(Q,a) x {w} defines a semi-invariant cy
in SI(@, dy,) of weight —(-,dy,) ([8, Lemma 1.4.]). The main result of [2] is that
the semi-invariants of type ¢V (resp. cw) span all the weight spaces in the rings
SI(@, B8). Of course the analogous result is true for the semi-invariants cyy .

Remark 1. If (dy,,dy) = 0 then we have ¢(V,W) = V(W) = ew (V) = 0 if and
only if Homg(V, W) # 0 which is equivalent to Extg(V, W) # 0.

It was also shown in [2] that dim SI(Q, §) 4,y = dim SI(Q, a)_. gy. For conve-
nience, we make the following definition.

Definition 2. For dimension vectors «, 8 with {(a, 8) = 0 we define
o ﬂ := dim SI(Q, B)(a,-) = dim SI(Q, a)_(_’ﬂ).

2.3. Representations in general position. A representation V is called in gen-
eral position of dimension «a if V € Rep(Q,a) lies in a sufficiently small Zariski
open subset (“sufficient” here depends on the context). A dimension vector « is
called a Schur root if a general representation of dimension « is indecomposable,
i.e., not the direct sum of smaller nonzero representations. If « is a Schur root
then either {(a,a) = 1 and « is called a real Schur root, or {(@,a) < 0 and « is
called imaginary. We define homg (e, 3) is the minimum of all dim yx Homg(V, W)
with V and W of dimension « and J respectively. Since this dimension depends
semicontinously on V' and W, we have that dimx Homg(V, W) = homg(«, 8) for
V', W general of dimension o and 8 respectively. Similary we define extg(a, ). If
homg(a, B) = extg(a, f) we write a L B and we way say that « is left perpendic-
ular to 8. By Remark 1 we have a L § if and only if a0 8 # 0.



4 HARM DERKSEN AND JERZY WEYMAN

We write a < f if a general representation of dimension £ contains a subrepre-
sentation of dimension a. We write a — f if a general representation of dimension
o has a factor of dimension 3. The following lemma was proven in [9].

Lemma 3. We have
a—=a+pf & exto(e,f)=0 (a+pf—>p).

For a dimension vector 8, ¥(Q, ) is the set of all weights ¢ € I'* such that
SI(Q,8)s # 0. From [2] follows that X(Q, ) is the set of all ¢ € I'* such that
o(f) = 0 and o(y) < 0 for all v — B. We will give a necessary and sufficient
criterion which v with v < £, correspond to necessary inequalities.

3. HARDER-NARASIMHAN AND JORDAN-HOLDER FILTRATIONS

Let us recall some general notions regarding stability. Let ) be a quiver with
no oriented cycles. Let us fix a weight o = —(-, ) where 3 is a dimension vector.
Let a be a dimension vector. A representation V of dimension « is o-semistable
if there exists a semiinvariant ¢ € SI(Q, @) of weight mo (m some positive integer)
such that ¢(V') # 0. It was proved in [2] that the space of semiinvariants of weight
mo is spanned by semiinvariants of the form ¢y, W € Rep(Q,mf3). Therefore the
representation V is o-semistable if and only if there exists a positive integer m and
a representation W of dimension mf such that Homg(V, W) = Extg(V,W) = 0
(see Remark 1). King proves in [4] that the representation V' is o-semistable if and
only if for every subrepresentation W C V' we have o(dy,) < 0.

This notion of stability was related in Section 3 of [7] to the stability defined
through a slope of two additive functions. Let us recall this notion of stability.

Definition 4. Let ¢ and r be two additive functions on the abelian category A such
that (V) # 0 for any nonzero object V in A. An object V is (c : r)-semistable if
for every subobject W of V we have

A

r(W) = r(V)’
An object V is (c¢: r)-stable if for every subobject W of V' we have

W) _ V)
r(W) ~r(V)

The (c : r)-slope of the object V is the ratio u(V) = ﬁg“;g Then Rudakov shows
that the order < defined by

VIWeulV)<uW)
and equivalence relation defined by
V=WeulV)=puW)

defines a stability order in the sense of [7], Section 1.
In our application we take A = Repg (@), ¢(V) = o(dy) and (V) = 7(dy,) with
7(a) # 0 for all nonzero dimension vectors « (for example 7(a) =3, o, a(®)).
The Theorems 2 and 3 from [7] give immediately the following results.

Proposition 5. With the assumptions of Definition 4 we have:
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1. (Harder-Narasimhan filtration) Every object V' has a filtration
V=Fy(V)DFLE(V)D...20FF(V)DFgt (V) =0
such that _
(a) each factor Gy (V) = Fy(V)/Fit' (V) is (c : r)-semistable;

(b)
G%(V) < Gy(V) < ... < GR(V).

The filtration with properties (a), (b) is unique,
2. (Jordan-Hélder filtration) Every (c : r)-semistable object V has a filtration

V=F)V)D>F;(V)D...DFrV)DF'(V)=0

such that '
(a) each factor G4 (V) = Fi(V)/Fit (V) is (c : r)-stable;
(b)

GS5(V) =< GL(V) =< ...xGT(V).
The set of factors {G%(V)} is uniquely determined by the properties (a), (b).

Remark 6. Of course, by taking the Harder-Narasimhan filtration and using the
Jordan-Holder filtration on each quotient, one obtains a unique filtration of an
object V such that every quotient is (¢ : r)-stable. This filtration we will call
Harder-Narasimhan-Jordan-Holder filtration or HNJH-filtration for short.

Lemma 7. Let Q) be a quiver and ag = g, Q1,Q2, - - .y Qm, A1 = 0 are dimension
vectors. The set of all V € Rep(Q, a) of representations which allow a filtration

V=F'V)>F'(V)D>---D>F" (V) =0
with C_iFi(V) = oy 18 Zariski closed.
Proof. The proof goes exactely as in [9, Section 3]. O

Proposition 8. Let ) be a quiver without oriented cycles, o, (T(a) > 0 for all
nonzero dimension vectors) be weights and a be a dimension vector.

1. There exists an nonempty open set U C Repy (Q, ) such that for V € U the
dimensions of the factors of the Harder-Narasimhan filtration with respect to
(o0 :7) of V are constant.

2. There exists an nonempty open set U C Repg (Q, @) such that for V € U the
dimensions of the factors of the HNJH-filtration with respect to (o : 7) of V
are constant.

3. If a general representation of dimension « is o-stable, then there ezists an
nonempty open set U C Repy (Q,a) such that for V € U the dimensions of
the factors of the Jordan-Hélder-filtration of V' are constant.

Proof. This is an obvious consequence of the definitions and of the previous lemma.
O

4. 0-STABLE DECOMPOSITION

Definition 9. Let @) be a quiver without oriented cycles, @ be a dimension vec-
tors and let 0,7 be weights We assume that 7 is positive on nonzero dimension
vectors. We call the dimension vector a o-stable (resp. (o : 7)-stable) if a general
representation of dimension a is o-stable (resp. (o : 7)-stable). The expression

a=a;+ay+...+a,
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is called the o-stable decomposition (resp. (o : 7)-stable decomposition) of a if
a general representation V of dimension a has a Jordan-Holder filtration (resp.
HNJH-filtration) with factors of dimension oy, as,...,as (in some order). We may
use the abbreviation ¢ - 3 instead of 8 + 3 +--- 4+ 8 (c copies).

Lemma 10. Suppose that o has (o : T7)-stable decomposition
a1 +as +---F a,.

For any r the (o : T)-stable decomposition of f = a1 + as + -+ + ay i
ar+ay+---F o

A similar statement is true for o-stable decomposition.

Proof. Suppose that the (o : 7)-stable decomposition of 3 is
B+ P2+ -+ B

Let V; be a (o : 7)-stable representation of dimension «; for all ¢ < s and let W be
a general representation of dimension §. The representation V3 & Vo & --- @ V. of
dimension § has a HNJH-filtration with r nonzero quotients (namely Vi,...,V;).
Since W is in general position its HNJH-filtration cannot be longer by Lemma 7,
therefore ¢t < r. Put

Z=WeoeV, & -V,

Any HNJH-filtration of Z has quotients of dimensions S1, ..., B, Qry1,- .., Qs.
By Lemma 7, Z also has a filtration

0CF(Z)CF'(2)c---CF*Z)=2

with quotients of dimensions @, @s, . . . , as in some order. The quotients F*(Z)/F¢ (Z)
are o-semistable. We can get a HNJH-filtration of Z by refining the filtration
{Fi(Z)}. Since any HNJH-filtration of Z has t + s — r > s nonzero quotients,
we must have that ¢t = r, and {F*(Z)} is a HNJH-filtration. We conclude that
Biy---y Bty g1, - -, a5 is a permutation of ay,...,as, so fi,...,5¢ is a permuta-
tion of ay, ..., a,.

Notice that if 7 is any weight with 7(a) > 0 for all nonzero dimension vectors,
and a is o-stable, then the o-stable decomposition of « is the same as the (o : 7)-
stable decomposition of a. O

In the next proposition we list the basic properties of o-stable decompositions.
Proposition 11. Let Q,o0,a be as above. Let
a=c -a;+tcyayt--Fes-a,

be the o-stable decomposition where the «; are distinct.

(a). All a; are Schur roots;

(b). if ¢; > 1 then a; must be a real or an isotropic root;

(c). homg(a;,a;) =0 if i # j;

(d). after rearranging one can assume that extg(a;, o) =0 for all i < j;

(e). under the assumptions of (d), (pa;) o (qa;) =1 for all i < j and all nonneg-

ative integers p,q.
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Proof. (a) If general representations of dimension «; are decomposable, then a
general representation of dimension «; is not o-stable. It follows that there are no
o-stable representations in dimension a;.

(b) If ¢; > 2, then by Lemma 10, the o-stable decomposition of 2a; is a; + ;.
In particular we have a; — 2a;, so extg(a;, ;) = 0 and (o, ;) > 0.

(¢) Let V; and V; be o-stable representations of dimensions «; and «; respectively.
From [7, Theorem 1] follows that any nonzero homomorphism between V; and Vj
must be an isomorphism. Since a; # a;, we have Homg(V;, V;) = 0 and therefore
homg(a;,a;) = 0.

(d) Assume that the statement in (d) is false. Then there exists an r > 2 such
that after rearranging we have an r-cycle:

extg(ag,az) # 0, extg(az,as) #0,..., extg(ar—1,a,) #0, extg(a,,a1) #0.
We assume that r > 2 is minimal such that an r-cycle exists, so extg(a;, ;) = 0
unless j =i or j =4+ 1 (modulo r). The o-stable decomposition of 8 = a3 + as +
st oy s

o Fag+---Fan
For some ¢ we have a; — [, and after reordering we may assume that a; < 3, so
extg(aq, —ai) = 0. Now for all i > 3 we have extg(a;, az) = 0. It follows that
extg(as + a4 + - - - + a,,a2) = 0 or equivalently, § — a; — a,. Consider an exact
sequence

(3) 0=V 2V -V"=0

with V'V, V" of dimension 8 —ay — as, B — a1, B2 respectively, and V is in general
position. Let W be a general representation of dimension a; and apply the functor
Homg (W, -) to (3) to obtain a long exact sequence

-+ = Exto(W, V') = Extq(W,V) = Exto(W, V") = 0.

Since Extg(W,V) = 0, we have Extg (W, V") = 0, so extg(ai,a2) = 0. Contradic-
tion.

(e) Let U C Rep(Q,pa;) be an open set of o-semistable representations whose
Jordan-Holder filtration has only factors whose dimension is proportional to «;. Let
U’ C Rep(Q, ga;) be the open set of o-semistable representations in dimension ga;
whose Jordan-Holder filtration has only factors whose dimension is proportional to
aj. Let V' be a generic representation of dimension ga;. Then the semiinvariant
¢V € SI(Q, go;) does not vanish on U'. Indeed, let W € U’ be a representation
such that ¢ (W) = 0. Then Homg(V, W) # 0 which contradicts Theorem 1 from
[7]. Thus for every V in U the zero set of ¢V is contained in the complement of
U'. Therefore this zero set does not depend on V' and the space of semiinvariants
SI(Q, 9j) (pa;,.) is one-dimensional as claimed. O

Corollary 12. Let Q, 0,7, be as above. Let
a=c-a;+tcy-ayt--Fes-a,
be the (o : T)-stable decomposition where the a; are distinct.

(a). All a; are Schur roots;

b). if ¢; > 1 then a; must be a real or an isotropic root;

c). after rearranging one can assume that a; L o for all i < j;

d). under the assumptions of (d), (poy;) o (qa;) =1 for all i < j and all nonneg-
ative integers p,q.

N~
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Proof. (a) and (b) follow immediately from Proposition 11 (a), (b). Let u = o/7.
We may assume that p(a;) > p(ay) for all i < j. We have Homg (e, ;) = 0 for
i < j. Suppose that p(a;) > pu(a;). The (o : 7)-stable decomposition of a; + o is
a; + aj. We have either a; = a; + o or aj = a; + aj, but because p(a;) > p(ay)
we have a; < a; + ;. This shows that extg(ay, o) for all 4, j with p(a;) > p(a;).
By Proposition 11 (d) we may assume that for all i < j we have extg(a;, ;). This
proves (¢). The prove of (d) is similar to the proof of Proposition 11 (e). O

Theorem 13. Suppose that o is an indivisible weight. If a« = ¢1 - a1 +¢2 - az +
.-+ ¢ - 18 the o-stable decomposition of o, then there exists an isomorphism

SI(Q, @) o = S (SHQ, 01)mo) ® S (U@, A2)mo) @ - - ® S (SHQ, A2 )mer)
Proof. Let
S := Rep(Q, a1)* ® Rep(Q,a2)®> ® --- ® Rep(Q, o).
We have a natural embedding
v :S <= Rep(Q,a).

Let G be the stabilizer of S within GL(«),. This group G is isomorphic to the
intersection of

(Se; X GL(a1)") X (S¢, X GL(a)?) X « -+ X (Se, X GL(a)")

and GL(a),. Here S, is the symmetric group on ¢ elements. Let 7g : S — S//G and
7 : Rep(Q, &) = Rep(Q, @) // GL(a), be the categorical quotients. The embedding
¢ induces a morphism between categorical quotients

¢ : 5//G — Rep(Q, ) // GL(e), -

We will show that ¢ is an isomorphism.
First we will show that 1 is dominant. Let V' € Rep(Q, ) be a general repre-
sentation and suppose V' is o-stable, i.e., 7(V) # 0. Let

0=F})V)CF;(V)C---CF;(V)=V

be a Jordan-Holder filtration with o-stable quotients G¥(V) = F{(V)/F=Y(V).
Now W := @, G{(V) € S lies in the GL(a),, closure of V. In particular ¢(rg(W)) =
(V). This proves that 1 is surjective.

Note that W € S is G-semistable if and only if all the summands in Rep(Q, a;)
are o-semistable. In particular, if W € S is G-semistable, then W o-semistable, so
W is GL(a),-stable. This shows that ¢~1(0) = {0}, so ¢ is a finite map.

For a general representation V' € Rep(Q, ), the quotients of the Jordan-Holder
filtration corresponding to o are unique up to permutation. This shows that a
generic fiber of ¢ consists of only one point. So ¥ is birational.

Because 1 is birational and finite, and Rep(Q, a)// GL(e), is normal, ¢ must
be an isomorphism. Now the graded coordinate ring of Rep(Q,a)// GL(a), is
D,,>0 SI(Q, @)ms and S//G has graded coordinate ring

@ SI(Q) a)mo’ = SCl (SI(Q; al)ma) & Scz (SI(Q7 a2)mo’) Q- SCT (SI(Q7 aT)ma)-

m>0

O
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5. SCHUR SEQUENCES

Proposition 11 motivates us for the definition of Schur sequences. The notion of
Schur sequences is closely related to the notion of exceptional sequences (see [1]).
Definition 14. A sequence € = (g1,€2,...,€5) is called an exceptional sequence if

1. ¢; is a real Schur root for every i;

2. €; J_Ej for all i < j.

A Schur sequence is similar to an exceptional sequence, but also imaginary Schur
roots are allowed.

Definition 15. A sequence v = (71,72, ..,7s) is called a Schur sequence if
1. ~y; is a Schur root for every i;
2. py;oqy; = 1for all i < j and all positive integers p, ¢ (in particular, v; L ;).

Lemma 16. IfRep(Q, a) has a dense GL(a)-orbit or Rep(Q, 3) has a dense GL(3)
orbit, then a0 8 < 1.

Proof. If Rep(Q,3) has a dense GL(f)-orbit, then there are no rational GL(3)-
invariants in K[Rep(@, 8)]- In particular, any quotient of two semiinvariants of the
same weight must be constant. This shows that

a0 B = dimg S(Q, B)ay < 1.
If Rep(Q, @) has a dense GL(a)-orbit then the proof is similar. O

Lemma 17. Suppose that a 1 v and § L ~.
1. If(a+B)oy=1, thenaoy=1and foy=1;
2. zfeXtQ(a;/B):]., aO’y:l andﬂO’y:l then (a+,8)0’y:1

Proof. (a) Choose f € SI(Q,7)(a,.y- Then we have

FSHQ,7)¢s,y € SHQ, V) (a+8,)-

This shows that 8o+ < (a + ) o~. Similarly we have a oy < (a+ ) o 7.
(b) Any (a + B)-dimensional representation V has an a-dimensional subrep-
resentation V'. If V" = V/V' then for any W € Rep(Q,7) we have ¢ (W) =

”

¢ (W)c"" (W). The lemma follows from the fact that SI(@,7) (a+5,)» SHQ,7)(a,)

and SI(Q, 7)(s,.) are spanned by ¢"’s, ¢V"’s and ¢"""’s respectively. O

Corollary 18. If v1,72,...,7s is a Schur sequence, and py; + qvi+1 s a Schur
root, then

V15255 Yi—1,PYi + @Yit 15 Vit2s - -5 Vs
is a Schur sequence.

Remark 19. An exceptional sequence g = (€1,€2,...,€s) is a Schur sequence. The
space Rep(Q, ge;) has a dense GL(ge;)-orbit, so by Lemma 16

Remark 20. Suppose that a = o @ o™ @ --- @ a®% is the canonical de-
composition (notation as in [3]) with all «; distinct. It was proven in [6] that
extg(ag,a;) = 0 for all i # j. In [9], it was proven that after reordering we may

assume that homg(a;,a;) =0 for all i < j. We claim that in fact oy, as,..., a5 is
a Schur sequence. This follows from the algorithm in [3] for finding the canonical
decomposition and Corollary 18. In [3, Definition 5|, a sequence aj,...,q; was

called a compartment if
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1. all a; are Schur roots;

2. a; L aj for all i < j;

3. (aj,04) >0 foralli <j.
If all o; are distinct, then the canonical decomposition of a1 + as + -+ + a5 is
a1 Doy @ - ®as by [3, Proposition 7). This shows that compartments are Schur
sequences.

Corollary 21. Suppose that « =c¢1 - a1 +ca-as+---+ ¢ -, is a (0 : 7)-stable
decomposition. By Corollary 12 (¢) we may assume that o; L o for all i < j. By
Corollary 12 (a) and (d), a1,as,...,a, is a Schur sequence.

Definition 22. A Schur sequence v = (v1,72,---,7s) is called a quiver Schur se-
quence if (7y;,v;) <0 for all i < j.

Corollary 23. Suppose that a« = ¢; -0y +¢3 -ag + -+ ¢ - a, is a o-stable
decomposition. By Proposition 11 (d) we may assume that extg(a;, o) = 0 for all
i < j. By Proposition 11 (a), (c) and (e), a1,aa,. .., is a quiver Schur sequence.

Definition 24. Let v = (v1,...,7%), 8 = (B1,...,0s) be two sequences of di-
mension vectors. We say that 3 is a refinement of ~ if there exists a sequence
0=0by <b <...<byr_1 <s=b, such that for each j = 1,...,r the dimension
vector <y; is a positive linear combination of Bp,_, 11,-.- ,Bs;-

Theorem 25. Let v = (71,---,7:) be a Schur sequence. Then there ewists an
exceptional sequence € = (€1, ..,€5) such that ¢ is a refinement of .

Proof. For a dimension vector a we define p(a) = >° .o, @(z). We will prove the
theorem by induction on the number of vertices n in the quiver @), and by induction
on u(y1). If n = 1 there is nothing to prove. If u(y1) = 0 then there is nothing to
prove either since this is impossible.

Let us assume that in a Schur sequence the first dimension vector 7y; is a real
Schur root. Then the dimension vectors 7s,...,7, are Schur roots in the right
orthogonal category vi-. By [9, Theorem 2.3] the category 7i is equivalent to
the category of representations of a quiver Q' with no oriented cycles and n — 1

vertices. The sequence 7' = (v2,...,7,) will be a Schur sequence in this category.
By induction we can refine it to the exceptional sequence g’ = (e3,...,€5). Then
the sequence £ = (y1,€2,...,€,) is clearly an exceptional sequence for () which
refines 7.

Let us now assume that ; is an imaginary root. Notice that

exto (P, p(Yit1 + -+ 7)) =0

for all ¢. Since g1 opy; = 1for all j > 2, it follows by induction from Lemma 17 (a)
that gyrop(yi+---+.) =1foralli >1. Putd =v2+---+7-. Then gyyopd =1
for all positive integers p, gq.

Let 4i- be the set of all dimension vectors @ with ;3 L a. By Theorem 2 from
[2], 7i is a rational polyhedral cone in the space of all dimension vectors. Suppose
that § is in the interior of the cone. For each « € i there exists 3 € ;- such that
a + B = pé for some positive integer p. From Lemma 17 (b) follows that yoa = 1.
This shows that for all o, dimg SI(Q,v1), = 1. So there are no rational invariants
and 7; must be a real Schur root. Contradiction, so it follows that § is not in the
interior of .
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Let 0 = —(-,6) and let us study the o-stable decomposition of v;. By [2, The-
orem 2], there exists a § < 7 such that o(8) = 0. In particular, the o-stable
decomposition of 7; is nontrivial. Suppose that

n=c-Piter-fotFea B

is the o-stable decomposition of ;. We may assume that 3; L §; for ¢ < j. Then
it is easy to check that

(4) ’Y_I:(ﬂl;ﬂ?a"':ﬂlaﬁﬁa"')’)ﬁ‘)

is a Schur sequence using Lemma 17 (b). Notice that 8 is smaller than v;. Now
w(B1) < p(y1) so by induction there exists an exceptional sequence which is a
refinement of +'. O

Corollary 26. Lety = (71,.-- ,7r) be a Schur sequence. Then the vectors y1, ... ,7r
are linearly independent.

Proof. The vectors occurring in an exceptional sequence are linearly independent.
O

6. THE FACES OF THE CONE X(Q, @)

The Refinement Theorem allows us to obtain a beautiful description of the faces
of the cone X(Q,a). Let us denote by W,.(Q, a) the set of quiver Schur sequences
¥ = (15--- »7r) of length 7 such that o = Y}, ayy; with

1. a; a positive integer for all 4;

2. if ; is imaginary and not isotropic, then a; = 1.

If one quiver Schur sequence is a permutation of another quiver Schur sequence,

they are considered the same. Let F,.(Q,a) be the set of faces of dimension n — r
of X(Q, a).

Theorem 27. Let () be a quiver without oriented cycles and let o be a dimension
vector. For eachr, 1 <r <n —1 there is a natural bijection

’(p(T) : WT‘(QJO‘) - FT(Q,OZ)

which sends the quiver Schur sequence v = (v1,...,7) to the face
E(Q;’Yl) n...N E(QarYT)

The inverse bijection is obtained as follows. For a given face F' we take the weight
o in the relative interior of F' and associate to it the quiver Schur sequence coming
from the o-stable decomposition of a.

Proof. Let v = (v1,...,7,) be a quiver Schur sequence such that a = Y7, a;v
with a; > 0 and a; = 1 whenever ~; is imaginary and nonisotropic.

Let us prove first that X(Q,v1) N...NX(Q, ) is a face of codimension r in the
space of dimension vectors. By the Refinement Theorem there exists an exceptional

sequence £ = (€1,-..,£s) Which is a refinement of v, i.e., there exists a sequence
0=0by<b; <...<b. 1 <n =b, such that for each j = 1,...,r the dimension
vector «y; is a positive linear combination of €p;_,41,.-. ,€s;-

We proceed by induction on r. For r = 1 there is nothing to prove because ~; is
a Schur root and ¥(Q, 1) has dimension n — 1.

Suppose that » > 1. The category spanned by &1,...,&p, is the category of
representations of a quiver Q' with b; vertices and without oriented cycles. The
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right orthogonal category e1-N- - -ﬁe,}1 is the category of representations of a quiver
Q" with n — by vertices and without oriented cycles. Let us define I = Hom(Qj, Z)
and I' = Hom(Qg, Z) and notice that I' =T @ T and I'* = (I')* & (I'"')*.

By induction hypothesis, we can find linearly independent

1y 50,1 € X(Q,m) C (I)* CT*
and linearly independent
Oy 0l € D@ 72) N ND(Q",3,) C (T)* C T*
Now
0'17 R Ull)l—la 0-1117 LR U;{—bl—r—i-l € E(Qaryl) n---N E(Qa 77‘)

are n — r linearly independent weights. This shows that Z(Q,v1) N --- N X(Q,v:)
has dimension n — r.

We have proven that the map 1 (r) defined above is well defined. Let us show
that the inverse map is well defined and that it is indeed an inverse. Let F be a face

of dimension n —r of X(Q, a). Take a dimension vector ¢ in the relative interior of
F. Let

a:c1-61 4—62'(524-'4'01-(51
be the o-stable decomposition of . Define F' = X(Q,d;) N --- N X(Q,d;). Since
o € F' we have F C F'.

Let v < a, o(y) = 0. Then + is a linear combination of §;’s by the definition
of o-stable decomposition. But the description of ¥(Q, ) given in [2, Theorem 1]
implies that

F= N {n)=0
¥y =a(y,8)=0
so we have F' C F. This concludes the proof of the Theorem. O

Let us state the meaning of Theorem 2 in two extreme cases: for the walls of
maximal dimension of ¥(Q, @) and for extremal rays.

Corollary 28. Let @Q be a quiver without oriented cycles and let o be a Schur
root. Then the walls of ¥(Q,a) (i.e., faces of dimension n — 1) are in one to one
correspondance with the ways of writing

a=c1y1 + ey

where (y1,72) is a quiver Schur sequence, c1,ca positive integers with ¢; = 1 when-
ever 7y; is imaginary and nonisotropic.
Let us consider an extremal ray o in 3(Q,a). It corresponds to the linear
combination
a=c1y1+...+Ch1Yn-1

where (v1,...,7vn—1) is a quiver Schur sequence. The Refinement Theorem implies
that n — 2 of the roots 7y1,... ,n—1 are real Schur roots. Consider the subring
SI(Q,a,0) = @D SUQ, ) mo
m>0

By peeling off real roots from the left and from the right we can reduce the calcu-
lation of this ring to the ring of semi-invariants for a quiver with two vertices.
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Corollary 29. Let Q be a quiver with no oriented cycles and let a be a Schur root.
Let o be an extremal ray. Then there ezists an n and a Schur root B for the quiver
0(n) such that

SKQ, a,0) = SI(6(n),7)-
The description of the walls has still one drawback. One would like to replace

the condition pv; o ¢y; = 1 for all positive integers p, g, just by «; oy; = 1. This
seems to be equivalent. Let us state it as a conjecture.

Conjecture 30. Let () be a quiver without oriented cycles. Let o be a dimension
vector and o be a weight. Assume that dim SI(Q,a), = 1. Then for all positive
integers p,q we have dim SI(Q, pa) s = 1.

For the triple flag quiver this is equivalent to a conjecture of Fulton. In that case
Knutson, Tao and Woodward announced that they could prove this conjecture.

FEzxample 31. Let (Q be the quiver

and let o be the dimension vector

—_
— N =
—

There are 8 walls of X(Q, ). They are given by the Schur sequences

0 1

121,000 (4 by symmetry)
1 0
1 0

010,111 (4 by symmetry).

1 0 0
010,110,001 (12 by symmetry).
0 1 0
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The set (@, a) is a cone over a regular octahedron.

Ezample 32. Let () be the quiver

and let o be the dimension vector

1
1 3 T

Now X(Q, ) has 6 walls corresponding to the Schur sequences

0 1
13100 0 (3 by symmetry)
1 0

02 0 1 1 1 (3 by symmetry)

The are also 6 extremal rays which correspond to the Schur sequences

1 0 0

020110001 (6 by symmetry).

The cone (@, ) is a cone over a hexagon.
2

1
-10 2-10

[N
o

N

R
P o
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7. THE SET OF o-STABLE DIMENSION VECTORS

In the previous section we studied, how the o-stable decomposition of a varies,
when ¢ varies and « is fixed. This led to the description of the faces of £(Q, a).
In this section, we will study how the o-stable decomposition looks like for a fixed
weight o. Let us define ¥(Q, o) as the set of all o-semistable dimension vectors.
Notice that

a€X(Q,0) & o0€X(Q,a).

Moreover, if we write 7 = (a,-) and o = —(-, 8), then

a€%(Q,0) & TEIQ,P),
so as a cone, %(Q,0) is the same as %(Q, 8) after a linear transformation.
Lemma 33. If the o-stable decomposition of a is
a=a;+ay+---+as
then the o-stable decomposition of ma is
ma = (may) + (maz) +--- + (mas)
where mpf is equal to B+ B+ ---+ B (m copies) if B is real or isotropic, or equal
to mpB otherwise.

Definition 34. For a sequence of dimension vectors a = (a1,...,as) (all a; dis-
tinct) with (o, ;) < 0 for @ # j, we define a quiver Q(a) as follows. The set of
vertices of Q(a)o is equal to {1,2,...,s}. For i # j there are —(a;, o;) arrows from
i to j. There are 1 — (@, «;) arrows (loops) from % to i.

Lemma 35. Suppose that a € ©(Q,0). There exists a sequence § = 1, . ..,085 such
that

1. a= Ele a;0; for some positive rational numbers aq,...,as;

2. 01,...,05 are linearly independent dimension vectors;

3. each §; lies in some extremal ray of the cone X(Q, o).
Proof. This is trivial. [l
Lemma 36. Suppose that o, 3,61,...,05 are o-stable, and B8 — «.

1. If a is a nonnegative integral combination of §1,...,8, then so is 3.

2. If a is a nonnegative rational combination of 8y,...,05 then so is [3.

Proof. Suppose that o = Y7, a;0; for some integers ay,...,a,. Let V; be o-stable
of dimension J;. Consider the representation

V=VreVle oV

Now V has a semi-stable subrepresentation of dimension 3, so f must be a non-
negative integral combination of 41, ..., ds.
The second statement follows from the fact that for each positive integer m we
have
f—=a <& mf—= mao.

O

Theorem 37. Under the assumptions of Lemma 35 above, « is o-stable if and
only if
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1. either a = §; and §; is a real Schur root for some i,
2. or (§;,a) < 0 and {(a,8;) < 0 for all i, Q(J) is path connected and « is
indivisible if o is isotropic.

Proof. First we prove that the conditions are necessary. Suppose that (a,d;) > 0.
This is only possible when §; is a real Schur root. In that case we have homg(a, d;) #
0, so a = ¢;. Similarly, if (§;,a) > 0 then a = §;.

Consider the quiver Q(J). Let S; be the set of all k where there is a path from
i to k and let So = S\ S;. Define

o = Z CiQ¢;, Qo = Z C;i Q.
= i€Ss
There are no arrows from S; to Sz. This show that (a1, as) = 0. Choose an integer
m such that mc; is a positive integer for all ;. We have ma; — ma. Since « is
o-stable, ma; must be proportional to ma. This can only happen if So = 0. We
have shown that the quiver Q(d) is path connected.

If « is isotropic, then o must be indivisible because otherwise it would have a
nontrivial canonical decomposition.

Clearly if condition (1) is satisfied, then « is o-stable. Suppose that (2) is
satisfied. Suppose that § < a and 3 is o-stable. We will show that § = a. By
Lemma 36, 8 = Zle b;0; such that the b;’s are nonnegative rational numbers.
Define

Supp(B) = {i | b # 0}
We will first prove that Supp(8) = Supp(a) = {1,2,...,s}. Let T = Supp(a) \
Supp(B) and assume that T # (. Define

a1 = Z ai(Si, Qg = Zazél
i€Supp(B) €T
Now a = a1 + az. Because (d;,6;) < 0 for all 4 # j, and because there must be at
least one arrow from Supp(f) to T, we get (8, a2) < 0. Since extg(8,a — 3) =0,
we get (B,a — 3) >0, s0 (B8,v) > 0 with

y=a1—p= Z (a; — b;)d;.
a;€ESp
If
T=ntrto+n
is the o-stable decomposition of v, then (8,v;) > 0 for some j. This means that
B = ~y; but then

</877j) = (/855) = <,8,0é) - (ﬂaa - 5) S 0.
Constradiction.

This shows that Supp(8) = Supp(a). Let v = a — 3, and assume that vy # 0.
Then we find a o-stable dimension vector v such that v —» 4’ and therefore a — +'.
By a similar argument as before we obtain Supp(a) = Supp(y') = Supp(vy). Write
v = Zle c;0; with ¢; a positive rational number for all i. We have

S
0=(8,7) = ci(B,5i).
i=1
Since (8, 8) < 0 and f is o-stable, we have that (8,d;) < 0 for all i. So we must
have that (3,4;) = 0 for all 4.



ON THE ¢-STABLE DECOMPOSITION OF QUIVER REPRESENTATIONS 17

Let B = max{bl,...,bs}. Let S1 = {’L | bz = B} and let Sy = {1,2,...,8}\51.
Suppose So # 0. There must be an arrow from Ss to Si, say k — j with j € S;
and k € S3. Then

0= (B,0;) < b;(d;,0;) + br(dk, ;).
We know that b; > by, (d;,6;) < 1, and (dx, ;) < —1. This leads to a contradiction.

So Sy = ) and b; = B for all i. From (8, 6;) = 0 follows that for every 7 there is
exactly one arrow with tail 4. Since Q(9) is path connected, the quiver (d) has to
be a cycle. Now it easily follows from (a, d;) < 0 that @ must be proportional to 3
and (@, a) = 0. Since « is indivisible in that case, a = §. O

Remark 38. The previous theorem also provides us an inductive way of finding the
o-stable decomposition. If « is o-semistable, but not o-stable. There are two cases.

In the first case (§;,a) > 0 or {(a,d;) > 0 for some extremal dimension vector
d; € ¥(Q,0). If we know the o-stable decomposition of the smaller dimension
vector a — d;, we know the o-stable decomposition of a.

In the second case Q(J) is not path-connected, say there is no path from 4 to j.
Let S7 be the set of all k& such that there is a path from ¢ to k¥ and let Sy be the
complement. There are no arrows from S; to S2. If we define

ap = E CL,’&,’, Q9 = E azdl
i€S i€Sa

For some m, ma;, may are dimension vectors, and ma; < ma. If we know the
o-stable decomposition of ma; and mas then we know the o-stable decomposition
of ma and a. Now ma; and mas have smaller support than a.

Example 39. Let @ be the quiver

and let o be the weight

1 -1
1 -1
The extremal rays of the cone ¥(Q, o) are given by the dimension vectors
1 1 1 0 0 0 01
W=g ¢ 2= p BTy p M=y ¢

The quiver Q(9) is

] ——Mm 2

4— 3
Any o-stable dimension vector is a nonnegative rational combination of éy, d5, d4 or
anonnegative rational combination of ds, d3, d4. Suppose « is o-stable and not equal
to &1, 02, 93, d4. If v is a nonnegative rational combination d1, d2, 4, then because the
support has to be path connected, it is actually a nonnegative rational combination
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of d2,d4. Similarly, if & is a nonnegative rational combination of as, asz, a4, then it
must be in fact a nonnegative rational combination of as and ay.
Now it easily follows that the set of o-stable dimension vectors is

01, 02, 03, 04, ads + by (a,b>0,a,b€Z,a§2b,b§2a).

The cone (), a) is a cone over a square. In the diagram below, the coordinates
should be interpreted as projective coordinates.

11 10
00 01
12
127
21
01 00
10 i1

The fat line in the middle of the square corresponds to the imaginary o-stable
dimension vectors. The dashed lines distinguish the regions where the o-stable
decomposition looks different.

Some examples of ¢ stable decomposition are:

54_ 11,43
3400 3 4
54 1 0.1 2. 11
31710721720 0
7.1. o-stable decomposition for quivers with oriented cycles. Doubling of
the quiver, reduces the o-stable decomposition for quivers with oriented cycles, to
the case of quivers without orlented cycles Suppose that () is a quiver with oriented
cycles. We define a new quiver Q by Qo = Qo % {0,1}. For every a € Q)1 we define
an arrow @ € Q with #a = (ta,0) and ha = (ha,0) and for every x € ()¢ we define
an arrow T € ()1 with tZ = (x,0) and hZ = (hz,0). For example, if Q is the quiver

o] (o]
- —_

o o] o
For a @)-dimension vector a, we deﬁne a dlmenswn vector @ of Q by a(z,0) =
a(z,1) = a(zx) for all z € Q. Similarly, if o is a weight of @, we define a weight &

of Q by o(z,0) =a(x,1) = o(x). We define the weight 7 of Q by 7(x,0) =1 and
7(x,1) = —1 for all z € Qg. Note that for any o € Qo, & is 7-stable.

[e]

then @ is the quiver

Proposition 40. Suppose that o is a dimension vector and o is a weight for Q.
Then « is o-semistable (stable) if and only if for some large positive integer m, &
is 0 + mt-semistable (stable).
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Proof. Suppose that « is o-semistable. If v < @ for some @—dimension vector
v. Note that v(z,0) < v(z,1) for all z € Qo because a(z,0) = a(z,1), and for
a general representation V' of dimension & the map V(%) : V(z,0) — V(z,1) is
injective. If y(z,0) = v(=,1) for all z € Qo then ~ is of the form E and f < a.
Then we have o(y) = o(8) > 0. Also we have (¢ +m7)(vy) =o(y) <0.

Suppose that v(z,0) < v(z,1) for some z € Qo. Then 7(y) < 0 so in particular
for m large enough we will have (¢ +m7)(y) < 0.

Since there are only finitely many subdimension vectors 7y, we can choose m
large enough such that (¢ + m7)(y) < 0 for all v — @. This shows that & is
(0 + m7)-semistable.

R Conversely, assume that ais EA+ mr-semistable for some m and 8 < «. Then
B <= a,s00> (g +mr)(B) =0(8) =o(B). This shows that a is o-stable.
A similar statement with stable instead of semistable is easy to prove. O

Suppose now that () is quiver, possible with oriented cycles. Let us consider the
0-stable decomposition. Clearly, every representation of () is 0-semistable. A rep-
resentation V' is O-stable if the only subrepresentations are 0 and V itself. In other
words, O-stable representations are exactly simple representations. Notice that if
there exists an a-dimensional simple representation, then the general representation
of dimension a is simple. Such dimension vectors we will call simple.

Corollary 41. Suppose that Q) is an arbitrary quiver. For each x € Qo we define
a dimension vector §; by d;(y) = 0 for y # = and 0,(x) = 1. A dimension vector
a is simple if
1. either a = 6, and &, is real (i.e., {0z,0;) =1);
2. or (0z,0) < 0 and {(a,d,) < 0 for all x € Qo, the full subquiver of Q with
vertices

Supp(e) :={z € Qo | a(z) # 0}

is path connected, and if a is isotropic, then « is indivisible.

Ezample 42. Consider the quiver

Suppose « that is the dimension vector (ai,as,as). We will find necessary and
sufficient conditions for a to be a simple dimension vector. Of course a can be
equal to 01, da, d3. The conditions (J;,a) < 0 and {a, ;) < 0 give the inequalities

a1 <az+az, ax <ai, a3 < a; +az

(other inequalities turn out to be redundant). If a3 = 0 and a; = as, then « is
isotropic, so we must have that a; = ax = 1 in that case. The only support of «
which is not possible (because it is not path connected) is {2, 3}, but this is already
excluded by the inequalities.

From the inequalities and the remarks above it is easy to deduce that set of
simple dimension vectors is given by

(17070)7 (07170)7 (0707 1)7 (17070)7 (17170)7 a‘nd a’ll

{(a1,a2,a3) € Z*| a1 < as + a3, as < a1, a3 < a; + as,az > 0}
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In the picture shows how the simple decomposition looks like. We use projective
coordinates.

[1:0:0]

[(0:10] [(0:0:1]

Region A is defined by a1 < as + a3, as < a1, as < a1 + az. This will always
define a simple dimension vector except when a3 = 0 (and a1 = a2). In that case,
the simple decomposition is

(a,a,0) =a-(1,1,0).
Region B is defined by as + a3 < a;. The simple decomposition in this region is

(a1,az2,a3) = (a1 — a2z —a3) - (1,0,0) + (a2 + asz,as,as3) if cg > 0 and

(a17a270) = (al - a2) . (17070) + as - (17 170)
Region C is defined by as > a1, 2a; > ag. The simple decomposition is

(a1,az2,a3) = (a2 —a1) - (0,1,0) + (a1,a1,as3) if c3 > 0 and

(al,aQ,O) = (az - al) . (0,1,0) —i—al . (1,1,0).

Region D is defined by a; > as and az > a3 + az. The simple decomposition
here is

(a1,a2,a3) = (a3 —a; — az) - (0,0,1) + (a1, az,a1 + as).

Region E is defined by as > a1, ag > 2a;. The simple decomposition in this
region is

(a1,a2,a3) = (a2 — a1) - (1,0,0) + (a3 — 2a1) - (0,1,0) + (a1, a1,2a1).

Ezample 43. Let @ be the quiver with 3 vertices (labeled 1, 2 and 3), with a loop at
each vertex and with arrows 1 — 2, 2 — 3 and 3 — 1. The set of simple dimension
vectors is

(1,0,0), (0,1,0), (0,0,1), and all (a,b,c) with a,b,c > 0.

Notice that for example a dimension vector of the form (a,b,0) (a,b > 0) is not
simple because its support is not path connected.
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8. LITTLEWOOD-RICHARDSON COEFFICIENTS

8.1. The Klyachko cone. Irreducible representations of GL,, are parametrized by
nonincreasing integer sequences of length n. If A is such a sequence, then we denote
the corresponding representation by V). The Littlewood-Richardson coefficient
CA,p,v is defined by

e pr = dim(Vy @ V, @ V)=,
We would like to study the Klyachko cone
Kn={(\p,v) € (Z™? | A\, u, v are nonincreasing and c ,,, # 0}

Note that if ¢y, # 0, then |A| + | + |v| = 0. The Klyachko cone has dimension
3n — 1. Let T 4. be the quiver with p 4+ ¢+ r — 2 vertices:

Ty —> T2 - Tp_2 —> Tp—1
y1_>y2 ...yq_2—>yq_1—>,f(]p
21 — > 22 vt Zp—2 —> 21

We use the convention y, = 2z, = z,. In [2] we have seen that if we take the
dimension vector

1 2 n—1
B=1 2 --- n—-1 n,
1 2 n—1
for T}, n.n, then we can view dim SI(Q, 8), as a Littlewood-Richardson coefficient

as follows. If ¢ is given by

a; ay -+ Gp_i
g = bl b2 bn—l an+bn+cn,
¢4 Cy i+ Cpa
then
dim SK(Q, B)¢ = cauw
where

A=(a1+---+an, a2+ +an, - ,0p_1 + ap,an),
p=01+ - +bn,bo+ - +bp, - b1+ by, by)),
V:(cl+"'+cn702+"'+cn;"';cn71+cnacn))

We will describe this also in terms of o and  where o = (a,-). We will also

generalize the above to arbitrary T} 4, and arbitrary dimension vectors @ and f.
Let us define

Eapw = dim(Va ® V, ® V)3,
Soif |A| + |p| + |v| =0, then €y . = cxp,v- I Cxpup # 0, then |A| + |u| + |v| must
be a multiple of n, say mn. In that case €x 0 = Cx,ppr—ms Where § = (1,1,...,1).

Definition 44. Let z = (x1,Z2,...,2n), ¥ = (1,42, - --,¥Yn) be two nondecreasing
sequences of nonnegative integers. We define a partition P(z,y) by
P(z,y) = (zy "t oy TR w00,

n—1



22 HARM DERKSEN AND JERZY WEYMAN

Graphically, this partition can be found as follows. In the Euclidian plane we
draw a square with vertices (0,0), (zn,0), (0,yn), (Zn,¥r). and we plot the points
(z1,11), (Z2,¥Y2), - - -, (Tn,yn).- We take the region in the square above and left to
those points. Viewed in the unit grid, the corresponding partition P(z,y) can be
read off.

Ezample 45. If z = (2,4,5,6) and y = (1,3,3,4) then P(z,y) = (5,2,2,0) by the
diagram below:.

—eo (6,4)

%@

—

We consider the quiver T, ,,. Let a and § be dimension vectors. We write
a(z) = (afz1), - - -, a(zp)), aly) = (a(y1),- .- ,a(y,)) and in a similar way we define
a(z), B(x), B(y), B(2).

Lemma 46.
aofB =0
where

A= P(a(z), 8(x)), n=Plaly),By)), v =Pla(z2), B(2))-

Proof. This is an easy computation, see [2]. O

Remark 47. Note that if 1/p+ 1/g + 1/r > 1, then T}, 4 , is a quiver of finite type
and for all dimension vectors a, 3 we have ao f = 0 or @« o 8 = 1. For a partition
A= (\1,...,\n) we define

J()\) :#{Z | )\,’+1 #)\1,1 SZSTL—].}
If X is trivial then j(A) = 0, if X is a box then j(A) = 1 and if X is L-shaped (fat
hook) then j(A) = 2. A coefficient ¢y ,, can be obtained from the quiver T}, , .
with p=7(A) +1,¢=j(p) + 1 and r = j(v) + 1. In particular, if
1 1 1

iv+1t

+ - >1
) +1 g +1
then ¢y ,,, equals 0 or 1.

Ezample 48. Let us consider the quiver T5 3 »:

\

O —» 0 —» 0O

/

O —» 0O
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Let a, 8 be the dimension vectors

13 1 2
a=1 2 4, B=0 2 3.
2 1

Now a o3 is equal to the LR-coefficient ¢y ,, = 1 were A = (3,1), 4 = (2,1,1) and
v=(2,2).
A ] v

(3.1 (21,1) (2,2

8.2. Walls of the Klyachko cone. Let us consider the quiver Q = T}, ,, and
the dimension vector

1 2 n—1
=12 --- n—-1 n.
1 2 n—1

Lemma 49. The dimension vector B above is a Schur root.
We will study the cone X(Q, 8) which is essentially the Klaychko cone.

Proposition 50. For every pair (f1,52) with 8 = 1 + B2, B1, B2 nondecreasing
along arms, pB1 o qBs = 1 for all positive integers p and q, the inequality o(B1) <0
defines a wall of 3(Q, B). All nontrivial walls can be uniquely obtained this way.

Proof. Clearly 8, and 2 have at most jumps 1. It follows from Lemma 49 that
B1, B2 are Schurroots. Now either extg(f2, 1) = 0 or homg(B2, 1) = 0, but the
first would give a nontrivial decomposition of 3, therefore homg (8¢, 51) = 0 and
B1, B2 is a quiver Schur sequence. This shows that o(81) < 0 defines a wall.

For every wall, there exists a Schur sequence (81, 82) such that that 8 = ¢1 581 +
cof2 with ¢; positive integers and the wall is defined by o(81) < 0. Note that for
Ty,n,n & Schur root either has support on one arm (in which case it corresponds to
a positive root of A,_1), or it is nondecreasing along each arm. Because f; is a
subdimension vector of f, it is easy to see that $; must also be nondecreasing, but
B2 could have support on one arm. In that case it follows from (31, 32) = 0 that
B2 is simple. The inequalities following from such a quiver sequence are trivial,
they say that the partitions A, p and v must be decreasing. If 8, and 3 are both
nondecreasing along the arms, then it is easy to see that ¢; = ¢, = 1. O

Knutson, Tao and Woodward recently proved a similar result. Their result can be
translated to the same statement, but with the condition 8; o 85 = 1 instead of
pBrogqpPs =1 for all positive integers p and ¢. In particular for all dimension vectors
o, B for T, , ,, we have

aoff=1 = paogqf =1 for all positive integers p, q.
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In terms of Littewood-Richardson coefficients the results of Knutson, Tao and
Woodward imply that

Capup =1 = Cwnanpnve =1 for all positive integers N.
This was conjectured before by Fulton.

Ezample 51. Consider the quiver T3 33 and

1 2
B=1 2 3.
12

The LR-coefficient ¢y, corresponds to dim SI(Q, §), where o is given by

Al =X X — A3
O=pr—p2 M2 — (3 A3+ p3+us.
V1, — Vg Vg — U3

For example the sequence
1 2 00
01 2,1 11
0 1 11

is a Schur sequence, because ¢ o, = 1. This Schur sequence corresponds to the
wall

AL+ A2+ p2 +pz +v2 +v3 <0
By permuting the arms, we obtain similar inequalities by permuting A, u, v. Other
walls are given by the Schur sequences

11 01
11201 1(51,1,0 =1), M+As+m+ps+v2+v3 <0, (3 by symmetry)
01 1 1

1 1 01

00 1,1 2 2(@00=1), M +ps+v3<0, (3bysymmetry)

0 0 1 2
01 11
01 1,1 1 2(?:?’170 =1), M+A3+ps +pus+vi+v2 <0, (3 by symmetry).
0 0 1 2

Besides these, there are 6 trivial walls corresponding to the inequalities A\; > A2 >
A3, 1 > po > p3 and vy > ve > v3. These are given by the Schur sequences

0 2 1 0
1 2 3,0 0 0, A& >X, (3bysymmetry)
1 2 00
11 01
1 2 3,0 0 0, A2 >X3, (3bysymmetry).
1 2 0 0

The Klyachko cone K,, can be found by induction on n. Let us consider again
the quiver () = T}, ,,,, and the dimension vector
1 2 -~ n-1
=12 --- n—1 n.
1 2 n—1
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We need to find all 81,82 such that 8 = 1 + 2 and 1 o f2 = 1. In that case
a(B1) <0 defines a wall of X(Q, 8). If we take

AL=A2 A=Az o A1 — A
O=p1—f2 P2 — M3 fn—1— Hn A3+ p3tvs.
vy —Vvy Vzy—V3 -+ Vp_1—Vp

then o(51) < 0 defines a wall of the Klyachko cone. However, note that if 8108, > 0
then o(51) < 0 still gives a true inequality. The fact that ; has jumps of at most
1, gives these inequalities a special form, namely, if we take

I'={i|Bi(zi—1) = (), 1 < i <n},
J={i|B1(yi-1) = L1(yi),1 <i < n},

K ={i| Bi(zi-1) = B1(2:),1 < i <n},
(by convention B (zg) = B1(yo) = B1(z0) = 0), then the inequality corresponding

to By is

DXi+d w4 vi<o.

iel icJ icK
Note that #I = #J = #K = 1 (x,). To find all inequalities for X,,, we need to find
all B1,B2 with 8 = 1 + B2 and B1 o B2 > 0. This again is given by a Littlewood-
Richardson coefficient for SLg,(,,). Since B2(zn) < n we know necessary and
sufficient inequalities for the corresponding LR-coefficient to be nonzero.

8.3. Faces of the Klyachko cone of arbitrary codimension.

Corollary 52. There is a 1-1 correspondence between Schur sequences (B1, ..., Bi+1)
such that B = c1B1+- - -+ci+1 8141 for some positive integerscy, ..., cr41, B1y-- -, Bi+1
are Schur roots, and B; 0 ; =1 for all ¢ < j.

However, If [ > 1 then the ¢; may be larger than 1, and it is also not so easy to
decide whether 3; is a Schur root. This makes it more difficult to find the faces of
higher codimension.

Corollary 53. Suppose that (A, u,v) lies in a face F of K, of codimension l. Let
J(N), (), 5 (v) be the number of jumps in A, p, v respectively.

1.

JN) +i(p) +j(v) <dn—4 -1,
2. if eap,p > 1 then

JN) +i(p) +j(v) <dn—6-1.

The cone ¥(@, L) has one 0-dimensional face, namely {0}. This corresponds
to the the 2-dimensional face of K, consisting of all (A, u,v), A = (a,...,a),
w=(b...,b), v =1_,...,c) with a+ b+ c = 0. Interesting is also to study
the extremal rays of the cone X(Q, 3) (or equivalently the 3-dimensional faces of
mathcal K ;). They span the cone X(Q, ) (or the Klyachko cone). The codimen-
sion of the extremal rays is 3n — 4. One interesting question is, whether cy .
whenever (A, u,v) is on an extremal ray of KC,,. We first give a positive result in
this direction:

Corollary 54. If (A, u,v) is in an extremal ray of Ky, andn <7, then ¢y, = 1.
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Proof. Suppose that ¢y, > 1. Then j(A) + j(p) +j(v) > 6. So
6<4n—-6—(3n—4)
and we deduce that n > 8. Contradiction. O

Ezample 55. We study Tg g g with the weight

100 0100
c=0 010 0 1 0 -2
001 0O0T10O0
The o-stable decomposition of
1 2 3 45 6 7
B=1 2 3 4 5 6 7 8
1 2 3 45 6 7
is
1111 2 2 2 0000111
00111223+00111111+
001112 2 000 O0O0OTP O
0000111 000 O0O0OTP O
0000O0O0OO0O1+000O0O0T1T1T1+
0011111 1111111
0 000O0O0OTP O 0000111
11111111+0000011 14
000 O0O0T11 000 0O0T11
Opy + 2005 +3: 05, + 055 +2-0p,+

Oy, +2-0y, + 6y, +2- 6y, +0,,+

0y +2:0,, +6,, +2-8,, +0.,.
In the o-stable decomposition of 8, there are 21 distinct Schur roots. The quiver
Tg 3,8 has 22 vertices, so this proves that o is in an extremal ray of (@, ). The
LR-Richardson coeflicient corresponding to 8 and o is €y, where

A = (271717171707070)7 I‘L = (272727171717070)7 v = (27 2727 171717070)'
The value of ¢y ., is 2. In fact, for any N we have ¢y nune = N + 1.

8.4. A multiplicative formula for Littlewood-Richardson coefficients. Let
B and Ty, p,n as before.

Proposition 56. Suppose 8 = 1 + B2 and (1 o f2 = 1. The inequality translates
to
IS WIED PR
iel icJ icK
where I, J, K are subsets of S ={1,2,...,n} of the same cardinality. Suppose that
A=(A1,-c05A), AL >A> > Ay,
o= (s lin), P12 2 2 2 i
V= (V1,yeoyVy), VI >Vg> - >y,
)‘*:(/\iu"':)‘ir)a I:{ilai%---air}a
M= 06, x4, S\T={kh, T},
p’*:(:u'jl:"'a:ujr)a J:{jI;jZ;---,jr},
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M#Z(MIJ...J J'n_—r)? S\JZ{Tlan)"-JIn—T}J
vt = Vku"'a’/jr): K:{klak27---:k7‘};

V#:(Vzla"'ayzn_r)a S\K:{k17k27---7kn—7‘}a

then we have
Cx\pv = CX* p* v O ity -

Example 57. For n =8, 8 = 1 + B2 with

11 2 2 3 3 4 0112 2 3 3

=11 2 2 3 3 4 5,8=011 2 2 3 3 3
0 01 2 3 3 4 12 2 2 2 3 3

Now f31 o B2 = €321,321,300 = 1, 50 (1,32 is a Schur sequence. The corresponding
inequality for the Klyachko cone is

MAXN+FA+ A+ A8+ +pus+pus+pr+us+vs+vat+vs+uvr+rvs <0
or equivalently
A2+ M+ X6+ po+ ps+ pg+vi +v2+vg > 0.

If now these inequalities are equalities, then

Cx\,p,v = COX* p* v Cx# # p#

where

Y= ()‘15)‘35)‘57)‘7:)‘8)5 = (N17N3a,u5a,u7a,u8)a vt = (V37V4>V57V75V8)
and
M = (A2, A4, A6), N# = (p2, 1, p6), v# = (v1,v2,V6).
For example, take A = . = (8,4,4,2,2,0,0,0),v = (-2,-3,-3,-3,—4,-7,-8,—10).
Then cx u,p = Ca+ p» v+ Cr# y# ,# Where \* = p* = (8,4,2,0,0), v* = (-3, -3, -4, -8, —-10),
M= p# = (4,2,0), v* = (—2,-3,-7). Indeed, cr+ o+ = 5, Cr# y# % = 2 and
C\,u,v = 10.
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