The structure theory of complete local rings

Introduction

In the study of commutative Noetherian rings, localization at a prime followed by com-
pletion at the resulting maximal ideal is a way of life. Many problems, even some that
seem “global,” can be attacked by first reducing to the local case and then to the complete
case. Complete local rings turn out to have extremely good behavior in many respects. A
key ingredient in this type of reduction is that when R is local, R is local and faithfully
flat over R.

We shall study the structure of complete local rings. A complete local ring that contains
a field always contains a field that maps onto its residue class field: thus, if (R, m, K)
contains a field, it contains a field Ky such that the composite map Ko C R - R/m = K
is an isomorphism. Then R = Ky ® g, m, and we may identify K with Ky. Such a field
Ky is called a coefficient field for R.

The choice of a coefficient field Ky is not unique in general, although in positive prime
characteristic p it is unique if K is perfect, which is a bit surprising. The existence of
a coefficient field is a rather hard theorem. Once it is known, one can show that every
complete local ring that contains a field is a homomorphic image of a formal power series
ring over a field. It is also a module-finite extension of a formal power series ring over a
field. This situation is analogous to what is true for finitely generated algebras over a field,
where one can make the same statements using polynomial rings instead of formal power
series rings. The statement about being a module-finite extension of a power series ring is
an analogue of the Noether normalization theorem. A local ring (R, m, K) that contains a
field is called equicharacteristic, because R contains a field if and only if R and K have the
same characteristic. (It is clear that if K C R they must have the same characteristic. If
K has characteristic 0, it is clear that R does, and contains a copy of Z. Since no nonzero
integer vanishes in R/m, every nonzero integer is a unit in R, which gives a unique map of
Q = (Z—{0})7'Z into R by the universal mapping property of localization. On the other
hand, if R has positive prime characteristic p > 0, it clearly contains a copy of Z/pZ.)

Local rings that are not equicharacteristic are called mized characteristic. The charac-
teristic of the residue class field of such a ring is always a positive prime integer p. The
characteristic of the ring is either 0, which is what it will be in the domain case, or else a
power of p, p*, with k > 1.

The term discrete valuation ring, abbreviated DVR, will be used for a local domain V,
not a field, whose maximal ideal is principal, say tV, ¢t # 0. It is then the case that every
nonzero element of V' is uniquely expressible in the form ut™, where u is a unit, and every
ideal is consequently principal. (Technically, these rings should be called rank one discrete
valuation domains or Noetherian discrete valuation domains.)

A local domain of mixed characteristic will have characteristic 0, while its residue class

field has positive prime characteristic p. An example is the ring of p-adic integers, which
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is the completion of the localization of the integers at the prime ideal generated by the
positive prime integer p. A formal power series ring over the p-adic integers also has mixed
characteristic.

The structure of complete local rings in mixed characteristic is more complicated, but
the theory has been fully worked out: if (R, m) has mixed characteristic, it is a homomor-
phic image of a formal power series ring over a complete discrete valuation ring (V,pV')
whose maximal ideal is generated by a positive prime integer p. If a mixed characteristic
local ring is a domain, it is module-finite over a formal power series ring over such a ring
V' C R such that the induced map of residue class fields V/pV — R/m is an isomorphism.
V is called a coefficient ring for R. When R is not a domain the statements are more
complicated, but the situation is completely understood.

A local ring is regular if and only if its completion is regular: completing does not change
the Krull dimension and does not change the embedding dimension. The associated graded
ring of the maximal ideal is also unchanged. These facts are discussed in greater detail
in the sequel. Complete regular local rings can be classified. A complete regular local
ring that contains a field is simply the formal power series ring in finitely many variables
over a field. The situation in mixed characteristic is more complicated, but also well
understood. If V' is a coefficient ring, the complete regular ring R of Krull dimension d
is either a formal power series ring V[[z1, ... ,z4—1]], or it will have the form T'/(p — f),
where T' = V{[z1, ... ,z4]] has maximal ideal mz = (p, z1, ... ,24)T, and f € m%.

An important property of complete local rings is that they satisfy Hensel’s lemma. Let
(R, m, K) be complete local and let f be a monic polynomial over R. If u € R[z], we write
u for the polynomial in K[z]| obtained by taking residue classes of coefficients of © modulo
m. Suppose that f factors f = GH in K|z], where G and H are relatively prime monic
polynomials. Hensel’s lemma asserts that this factorization lifts uniquely to R[x]|. That is,
there are monic polynomials g, h € R[x] such that f = gh and § = G while h=H.

This is a very powerful result. For example, consider the formal power series ring C[[z]]
in one variable over the complex numbers, and consider the polynomial equation 22 —(1+z).
Mod the maximal ideal 2C/[[z]], this equation becomes 22 — 1 = (z — 1)(x + 1). Hensel’s
lemma now implies that 2% —(1+2) factors as (z—a(z)) (z—B(z)) where a(z), 8(z) € C[[2]].
Of course, these must be square roots of 1+ z, so that § = —a. Hensel’s lemma also implies
that their constant terms must be 1 and —1. Lifting the factorization yields the existence
of power series square roots for 1 4+ z. Of course, we know this from Newton’s binomial
theorem, which gives an explicit formula for (1 4+ z)*/2. But Hensel’s lemma provides
solutions to much more complicated problems for which no formula is readily available.
This result is closely related to the implicit function theorem.

Here is a simple example of a local ring that contains a field but does not have a
coefficient field. Let V' be the localization of the polynomial ring R[t] in one variable over
the real numbers R at the prime ideal P = (* + 1), and let m = PV. Then V/PV is the
fraction field of R[t]/(t? + 1) = C, which is C. But S C R(¢) does not contain any element
whose square is —1: the square of a non-constant rational function is non-constant, and
the square of a real scalar cannot be —1. Note that V' is a DVR.
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The completion of V of V is also a DVR with residue class field C, and so it must
contain a square root of —1. Can you see what it is?

Hensel’s Lemma and coefficient fields in equal characteristic 0
We begin our analysis of the structure of complete local rings by proving Hensel’s lemma.

Theorem (Hensel’s lemma). Let (R, m, K) be a complete local ring and let f be a
monic polynomial of degree d in R[z]. Suppose that @ denotes the image of u € R[x| under
the ring homomorphism R[x] — K[z] induced by R — K. If f = GH where G, H € K|[x]
are monic of degrees s and t, respectively, and G and H are relatively prime in K|x], then
there are unique monic polynomials g, h € R[z] such that f = gh and § = g while h=h.

Proof. Let F,, denote the image of f in (R/m"™)[x]. We recursively construct monic poly-
nomials G,, € (R/m™)[z], H,, € (R/m")|z] such that F,, = G,,H,, for all n > 1, where G,,
and H,, reduce to G and H, respectively, mod m, and show that F,, and G,, are unique.
Note that it will follow that for all n, GG,, has the same degree as G, namely s, and H,, has
the same degree as H, namely ¢, where s +¢ = d. The uniqueness implies that mod m" ™!,
G, H,, become G,,_1, H,_1, respectively. This yields that the sequence of coefficients of

2" in the G,, is an element of lim ,, (R/m™) = R, since R is complete. Using the coefficients

determined in this way, we get a polynomial g in R[z], monic of degree s. Similarly, we
get a polynomial h € R[z], monic of degree t. It is clear that § = G and h = H, and
that f = gh, since this holds mod m™ for all n: thus, every coefficient of f — gh is in

M, m"™ = (0).

It remains to carry through the recursion, and we have G; = G and H; = H from
the hypothesis of the theorem. Now assume that G,, and H, have been constructed and
shown unique for a certain n > 1. We must construct G,,+1 and H, 11 and show that they
are unique as well. It will be convenient to work mod m™*! in the rest of the argument:
replace R by R/m"™*!. Construct G*, H* in R[z] by lifting each coefficient of G,, and H,,
respectively, but such that the two leading coefficients occur in degrees s and ¢ respectively
and are both 1. Then, mod m"™, FF = G*H*, i.e., A=F — G*H* € m"R|[x]. We want to
show that there are unique choices of 6 € m"™ R[z] of degree at most s—1 and € € m" R[] of
degree at most ¢t —1 such that F'— (G*+0)(H* +¢) = 0, i.e., such that A = eG*+IH"* + Je.
Since §,e € m"R[x], n > 1, their product is in m?>"R[x] = 0, since 2n > n + 1. Thus, our
problem is to find such € and § with A = eG* + 0H*. Now, G and H generate the unit
ideal in K[z], and R[x],eq = K[z]. It follows that G* and H* generate the unit ideal in
R[z], and so we can write 1 = aG* + SH*. Multiplying by A, we get A = AaG* + AGH*.
Then Aa and AS are in m™R|x], but do not yet satisfy our degree requirements. Since H*
is monic, we can divide A« by H* to get a quotient v and remainder ¢, i.e., Ao = yH" +¢,
where the degree of € is <t — 1. If we consider this mod m™, we have 0 = vH,, + ¢, from
which it follows that 7, ¢ € m™R[z|. Then A = eG* + 0H* where 6 = yG* + Af. Since A
and eG* both have degree < n, so does d H*, which implies that the degree of § is < s — 1.

Finally, suppose that we also have A = ¢ G* + § ' H* where ¢’ has degree <t — 1 and ¢’
has degree < s — 1. Subtracting, we get an equation 0 = uG* + vH* where the degree of
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iw=¢e—¢c is <t—1 and the degree of v = — ¢’ is < s — 1. Since G* is a unit considered
mod H*, it follows that p € (H*), i.e., that H* divides p. But H* is monic, and so this
cannot happen unless o = 0: the degree of u is too small. Similarly, v =0. O

Remark. This result does not need that R be Noetherian. The same proof, verbatim,
shows that if (R, m) is a quasilocal ring that is m-adically separated and complete (so
that R = lim,, R/m™), the same result holds.

We can now deduce:

Theorem. Let (R, m, K) be a complete local ring that contains a field of characteristic
0. Then R has a coefficient field. In fact, R will contain a maximal subfield, and any such
subfield is a coefficient field.

Proof. Let S be the set of all subrings of R that happen to be fields. By hypothesis, this
set is nonempty. Given a chain of elements of §, the union is again a subring of R that is
a field. By Zorn’s lemma, § will have a maximal element Ky. To complete the proof of
the theorem, we shall show that Ky maps isomorphically onto K. Obviously, we have a
map Ko C R - R/m = K, and so we have a map Ky — K. This map is automatically
injective: call the image K. To complete the proof, it suffices to show that it is surjective.

If not, let 6 be an element of K not in the image of Ky. We consider two cases: the first
is that 6 is transcendental over K. Let ¢ denote an element of R that maps to 6. Then
Ky[t] is a polynomial subring of R, and every nonzero element is a unit: if some element
were in m, then working mod m we would get an equation of algebraic dependence for 6
over K|, in K. By the universal mapping property of localization, the inclusion Ky[t] C R
extends to a map Ky(t) C R, which is necessarily an inclusion. This yields a subfield of R
larger than K, a contradiction.

We now consider the case where 6 is algebraic over the image of K. Consider the
minimal polynomial of § over K|}, and let f be the corresponding polynomial with coeffi-
cients in Ky[z] C R[z]. Modulo m, this polynomial factors as (z — 0)H (z), where these
are relatively prime because 6 is separable over K{: this is the only place in the argument
where we use that the field has characteristic 0. The factorization lifts uniquely: we have
f = (x —t)h(x) where t € R is such that ¢t = 6 mod m. That is, f(t) = 0. We claim that
the map Ky[t] € R — R/m, whose image is K{[f], gives an isomorphism of Ky[t] with
K{[0]: we only need to show injectivity. But if P(x) € Kp[z] is a polynomial such that
P(t) maps to 0, then f divides P(x), which implies that P(t) = 0. Since Ky[t] = K|[0]
(both are = K[t]/(f(t)) ), Ko[t] is a field contained in R that is strictly larger than Ky,
a contradiction. [

Remark. If R is a complete local domain of positive prime characteristic p > 0, the same
argument shows that R contains a maximal subfield K, and that K is purely inseparable
and algebraic over the image of K.

Coefficient fields in characteristic p when the residue class field is perfect

We can get a similar result easily in characteristic p > 0 if K = R/m is perfect, although
the proof is completely different.



Theorem. Let (R, m, K) be a complete local ring of positive prime characteristic p. Sup-
pose that K is perfect. Let RP" = {rP" :r € R} for everyn € N. Then Ko =)o, RP" is
a coefficient field for R, and it is the only coefficient field for R.

Proof. Consider any coefficient field L for R, assuming for the moment that one exists.
Then L = K, and so L is perfect. Then

L:LP:---:LP":...,

and so for all n,
LCLP C R,

Therefore, L C Ky. If we know that K, is a field, it follows that L = Kj, proving
uniqueness.

It therefore suffices to show that K is a coefficient field for K. We first observe that
K, meets m only in 0. For if u € Ky N'm, then w is a p™ th power for all n. But if u = v?"
then v € m, so u € N,m?" = (0).

Thus, every element of Ky — {0} is a unit of R. Now if u = v?", then 1/u = (1/v)P".
Therefore, the inverse of every nonzero element of Ky is in K. Since Ky is clearly a ring,
it is a subfield of R.

Finally, we want to show that given # € K some element of Ky maps to 6. Let r,, denote
an element of R that maps to 0'/?" € K. Then 72" maps to 6. We claim that {r2"}, is a
Cauchy sequence in R, and so has a limit r. To see this, note that 7, and 7% 41 both map
to 0Y/P" in K, and so r,, — TfLH is in m. Taking p™ powers, we find that

n n+1 n
b —rh oemP .
Therefore, the sequence is Cauchy, and has a limit » € R. It is clear that » maps to 6.

Therefore, it suffices to show that r € RP" for every k. But

h
p p
Tk,T’k+1,...,T’k+h...

is a sequence of the same sort for the element 6%/ pk, and so is Cauchy and has a limit s
k
in R. But s, =randsore R forall k. O



Coefficient fields and structure theorems

Before pursuing the issue of the existence of coefficient fields and coefficient rings further,
we show that the existence of a coefficient field implies that the ring is a homomorphic
image of a power series ring in finitely many variables over a field, and is also a module-
finite extension of such a ring.

We begin as follows:

Proposition. Let R be separated and complete in the I-adic topology, where I is a finitely
generated ideal of R, and let M be an I-adically separated R-module. Let uq, ... ,up € M
have images that span M/IM over R/I. Then uy, ... ,up span M over R.

Proof. Since M = Ruy + - -+ + Ruyp + IM, we find that for all n,
(x)  I"M =TI+ +1"u, + """ M.

Let u € M be given. Then u can be written in the form rgiu; + - -+ + ropup + v1 Where
vy € IM. Therefore vi = r11u1 + - - - T1pup + v2 Where the r; € IM and vy € I’ M. Then

u=(ro1 +r11)ur + -+ (Ton + r10)up + vo,
where vy € I?M. By a straightforward induction on n we obtain, for every n, that
uw=(ro1 +ru+---+rp)ur+---+ (Ton +rin + -+ Ton)un + Vnga

where every r;, € I 7 and v, 41 € I""1M. In the recursive step, the formula (*) is applied
to the element v,4; € [ "+1)M. For every k, Z;io rj, represents an element s of the
complete ring R. We claim that

U= S1U1 + -+ SpUAK.
The point is that if we subtract

(ro1 + 711+ -+ rp)ur + -+ (Top + TR+ Ton)Un
from u we get v, € I"T1 M, and if we subtract it from
S1u1 + -+ Spup

we also get an element of 1"t M. Therefore,

u— (syuy + -+ spup) € ﬂI"JrlM: 0,

since M is I-adically separated. [



Remark. We tacitly used in the argument above that if rj; € I/ for j > n+ 1 then
Tntlk T Tnyok + -+ Tyt + - € RS

This actually requires an argument. If I is finitely generated, then I™*! is finitely generated

by the monomials of degree n 4+ 1 in the generators of I, say, g1, ... ,gq. Then
d
n4+l+t,k = Z qtv v,
v=1

with every g, € I, and

0o d o)
Z Tn+l+t.k = Z(Z Qtu)gu-

We also note:

Proposition. Let f: R — S be a ring homomorphism, and supposed that S is J-adically
complete and separated for an ideal J C S and that I C R maps into J. Then there is a
unique induced homomorphism RT — S that is continuous (i.e., preserves limits of Cauchy
sequences in the appropriate ideal-adic topology).

Proof. RI is the ring of I-adic Cauchy sequences mod the ideal of sequences that converge
to 0. The continuity condition forces the element represented by {r;,}, to map to

lim f(ry,)

n—oo

(Cauchy sequences map to Cauchy sequences: if r,,, — r,, € IV, then f(ry,) — f(r,) € JV,
since f(I) C J). It is trivial to check that this is a ring homomorphism that kills the ideal
of Cauchy sequences that converge to 0, which gives the required map R! — S. O

A homomorphism of quasilocal rings h : (A, u,k) — (R, m, K) is called a local ho-
momorphism if h(u) € m. If A is a local domain, not a field, the inclusion of A in its
fraction field is not local. If A is a local domain, any quotient map arising from killing
a proper ideal is local. A local homomorphism induces a homomorphism of residue class
fields k = A/u — R/m = K.

Proposition. Let (A, p, k) and (R, m, K) be complete local rings, and h : A — R a local

homomorphism. Suppose that f1, ..., f. € m together with uR generate an m-primary
tdeal. Then:
(a) There is a unique continuous homomorphism h : A[[X1, ..., X,]] — R extending the

A-algebra map A[X, ..., X,] taking X; to f; for alli.

(b) If K is a finite algebraic extension of k, then R is module-finite over the image of
Al[Xq, ..., X))

(c) If Kk — K is an isomorphism, and pR+ (fi, ..., fn)R = m, then the map h described
in (a) is surjective.
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Proof. (a) This is immediate from the preceding Proposition, since (X, ..., X,) maps
into m.

(b) The expansion of the maximal ideal M = (u, X1, ..., X,,) of A[[X1, ..., X,]] to R is
uR + (f1, ..., fu)R, which contains a power of m, say m”. Thus, R/MR is a quotient

of R/m”~ and has finite length: the latter has a filtration whose factors are the finite-
dimensional K-vector spaces m’/m‘*!, 0 <i < N—1. Since K is finite-dimensional over &,
it follows that R/ MR is finite-dimensional over A[[X1, ..., X,,]]/M = k. Choose elements
of R whose images in R/ MR span it over k. By the earlier Theorem, these elements span
R as an A[[Xy, ..., X,]]-module. We are using that R is M-adically separated, but this
follows because MR C m, and R is m-adically separated.

(c) We repeat the argument of the proof of part (b), noting that now R/MR = K 2 k,
so that 1 € R generates R as an A[[X1, ..., X,]] module. But this says that R is a

cyclic A[[X1, ..., X,]]-module spanned by 1, which is equivalent to the assertion that
Al[X1, ..., X,]] — R is surjective. [

We have now done all the real work needed to prove the following:

Theorem. Let (R, m, K) be a complete local ring with coefficient field Ky C K, so that

Ko € R - R/m = K is an isomorphism. Let fi, ..., f, be elements of m generating

an ideal primary to m. Let Ko[[X1, ... ,Xn]] — R be constructed as in the preceding

Proposition, with X; mapping to f; and with A = Ko. Then:

(a) R is module-finite over Ko[[X1, ..., Xl

(b) Suppose that fi, ..., fn generate m. Then the homomorphism Ky[[x1, ... ,z,]] = R
is surjective. (By Nakayama’s lemma, the least value of n that may be used is the
dimension as a K -vector space of m/m?.)

(¢) If d =dim (R) and fi, ..., fa is a system of parameters for R, the homomorphism

Ko[[z1, ... ,zq]] = R

s 1njective, and so R is a module-finite extension of a formal power series subring.

Proof. (a) and (b) are immediate from the preceding Proposition. For part (c), let A

denote the kernel of the map Ky[[z1, ... ,z4]] — R. Since R is a module-finite extension
of the ring Ko[[z1, ... ,z4]]/2A, d = dim (R) = dim (Ko[[z1, ... ,zq4]]/2A). But we know
that dim (Ko[[x1, ... ,xq4]]) = d. Killing a nonzero prime in a local domain must lower the

dimension. Therefore, we must have that 2 = (0). O

Thus, when R has a coefficient field Ko and fq, ..., fq are a system of parameters, we
may consider a formal power series
> et

veNd

where v = (v, ... ,vq) is a multi-index, the ¢, € Ko, and f” denotes f;* --- f/*. Because
R is complete, this expression represents an element of R. Part (c¢) of the preceding
Theorem implies that this element is not 0 unless all of the coefficients ¢, vanish. This
fact is sometimes referred to as the analytic independence of a system of parameters. The
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elements of a system of parameters behave like formal indeterminates over a coefficient
field. Formal indeterminates are also referred to as analytic indeterminates.

Regular rings in equal characteristic

We next want to prove that a local ring is regular if and only if its completion is regular,
and that a complete regular local ring containing a coefficient field is a formal power series
ring over a field. We first observe the following:

Lemma. Let R — S be a map of rings such that S is flat over R. Then:

(a) For every prime Q of S, if Q lies over P in R then Rp — Sg is faithfully flat.

(b) If S is faithfully flat over R, then for every prime P of R there exists a prime @ of S
lying over P.

(c¢) If S is faithfully flat over R and P, D --- D Py is a strictly decreasing chain of primes
of R then there exists Q,, lying over P, in S; moreover, for every choice of QQ,, there
is a (strictly decreasing) chain Qn D -+ D Qo such that Q; lies over P; for every i.

(d) If S is faithfully flat over R then dim (R) < dim (S5).

Proof. (a) We first show that Sq is flat over Rp. Recall that if W, M are Rp modules,
W ®r M — W ®g, M is an isomorphism. (Briefly, if s € R — P, in W ®p M we have
that (1/s)w @ u = (1/s)w ® s(1/s)u = (1/s)sw @ (1/s)u = w ® (1/s)u, so that inverses
of elements of R — P automatically pass through the tensor symbol in W @ M). Thus,
to show that if V < M is an injection of Rp-modules then Sg ®r, M — Sg @r, M is
injective, it suffices to show that Sg ®r N — Sg ®r M is injective. But since Sg is flat
over S and S is flat over R, we have that Sg is flat over R, and the needed injectivity
follows.

Thus Sq is flat over Rp. Since the maximal ideal PRp maps into Sq, faithful flatness
is then clear.

(b) When S is faithfully flat over R, R injects into S and the contraction of IS to R is
for every ideal I of R. (If 2 is the kernel of R — S, when we apply S ®r _ to A — R
we get an injection A ® S — S whose image is 2S5, which is (0). But then A ®z S = (0),
which implies that 2 = 0. By base change, (R/I) @ S = S/IS is faithfully flat over R/I
for every ideal I of R, and so R/I — S/IS is injective, which means that /SN R = I.)
Hence, for every prime P, the contraction of PS is disjoint from R — P, and so PS is
disjoint from the image of R — P in S. Thus, there is a prime ideal ) of S that contains
PS and is disjoint from the image of R — P, and this means that () lies over P in R.

(c) The existence of @, follows from part (b). By a straightforward induction on n, it
suffices to show the existence of (),,_1 C @,, and lying over P,,_1. Then, once we have found
Qi, ..., Qp, the problem of finding Q);_1 is of exactly the same sort. Consider the map
Rp, — R, , which is faithfully flat by part (a). Thus, there exists a prime Q,,_1 of Rg,
lying over P,_1Rp,. Let @,,—1 be the contraction of Q,,_; to R. Since Q,,—1 C @, Rq,,,
we have that Q,,—1 C @,. Since Q,,_; contracts to P,_;Rp,, it contracts to P,_; in R,
and so (Q,,_1 contracts to P,,_1 as well.
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(d) Given a finite strictly decreasing chain in R, there is a chain in S that lies over it,
by part (c), and the inclusions are strict for the chain in S since they are strict upon
contraction to R. It follows that dim (S) > dim (R). O

All of the completions referred to in the next result are m-adic completions.

Proposition. Let (R, m, K) be a local ring and let R be its completion.

(a) The mazximal mz ideal ofR is the expansion of m to R. Hence, mnR = mA for all
n.

(b) The completion I of any tdeal I of R may be identified with IR. In particular, meg
may be identified with m.

(¢) Ezpansion and contraction gives a bijection between m-primary ideals of R and m-
primary ideals of R. If A is an m-primary ideal of R, R/A = R\/QAl

(d) dim&R) = dim (R\), and every system of parameters for R is a system of parameters

for R.
(e) The embedding dimension of R, which is dim x(m/m?), is the same as the embedding

dimension of R.

Proof. Part (b) is a consequence of the fact that completion is an exact functor on finitely
generated R—modules that agrees Wlth R® R _: since we have an injection I — R, we
get aneCtIOHS I — R and I ®p R — R ®p R =~ R. The image of I ®g R is IR SO
that I ®p R~eIR~T < E as claimed. When I = m, the short exact sequence
0 - m — R — K — 0 remains exact upon completion, and IA( =~ K, which shows that
ms = m}A%, proving (a). When I = 2l is m-primary, we have that 0 — 24 — R — R/ is

R
exact, and so we get an exact sequence of completions

0—>§[—>]§—>}?/?2[—>0.

Because there is a power of m contained in 2, there is a power of m that kills R/, and
it follows that the natural map R/ — ]%/\Ql is an isomorphism. The bijection between
m-primary ideals of R and m-primary ideals of R may be seen as follows: the ideals of R
containing m"™ correspond bijectively to the ideals of R/m™, while the ideals of R containing
" = m" R correspond bijectively to the ideals of R containing m™. But R/m™ = R /m™.

We have that dim (R) > dim (R) since R is faithfully flat over R. But if z1, ... ,z, is
a system of parameters in R, so that m®™ C (21, ... ,2,)R, then m" C (z1, ... ,xn)ﬁ. It
follows that dim (R) < n = dim (R), and so dim (R) = dim (R) = n, and it is now clear
that the images of x1, ... ,x, in R form a system of parameters.

Now, m/m? = mR/m2R C R/m2R = R/m?2, and it follows that m/m2 = m/m?2, as
required. [

Remark. Let K be, for simplicity, an algebraically closed field, and let R be a finitely
generated K-algebra, so that the maximal spectrum of R can be thought of as an closed
algebraic set X in some AY. To get an embedding, one maps a polynomial ring over
K onto R: the least integer N such that K[z, ...,zy]| can be mapped onto on R as



11

a K-algebra is the smallest integer such that X can be embedded as a closed algebraic
set in A%. In this context it is natural to refer to N as the embedding dimension of X,
and by extension, of the ring R. We now let K be any field. It is natural to extend this
terminology to complete rings containing a field: the integer dim x (m/m?) gives the least
N such that K[[z1, ... ,z,]] can be mapped onto the complete local ring (R, m, K) when
R contains a field (in which case, as we shall soon see, it has a coefficient field). The term
embedding dimension, which is reasonably natural for complete equicharacteristic local
rings, has been extended to all local rings.

Corollary. A local ring R is reqular if and only if R is reqular.

Proof. By definition, R is regular if and only if it dimension and embedding dimension are
equal. The result is therefore clear from parts (d) and (e) of the preceding Proposition. [

We now prove the following characterization of equicharacteristic regular local rings,
modulo the final step of proving the existence of coefficient fields in general in characteristic
p > 0.

Corollary. Suppose that (R, m, K) be an equicharacteristic local ring. Then R is reg-

ular of Krull dimension n if and only if R is isomorphic to a formal power series ring
K[ X1, ..., X,]]

Proof. We assume the existence of coefficient fields in general for equicharacteristic com-
plete local rings: we give the proof of the remaining case immediately following. By the
preceding Corollary, we may assume that R is complete. It is clear that a formal power
series ring is regular: we want to prove the converse. We have a field Ky C R such that
Ky C R — R/m = K is an isomorphism. Let x1, ... ,z, be a minimal set of generators of
m. By the final Theorem of the preceding lecture, we have a map Ko[[X1, ..., X,]] = R
sending X; to x;. By part (b) of the theorem, since the X; generate m the map is surjec-
tive. By part (c) of the theorem, since x1, ... ,z, is a system of parameters the map is
injective. Thus, the map is an isomorphism. [J

Coefficient fields in characteristic p and p-bases

We now discuss the construction of coefficient fields in local rings (R, m, K) of prime
characteristic p > 0 that contain a field when K need not be perfect, which is needed to
complete the proof of the result given at the end of the previous section.

Let K be a field of characteristic p > 0. Finitely many elements 64, ... ,6, in K — KP
are called p-independent if [KP[0y, ... ,60,] : KP] = p™. This is equivalent to the assertion
that

K? C K[0,] C KP[0q, 02] C--- C KP[0y, 02, ... ,0,]

is a strictly increasing tower of fields. At each stage there are two possibilities: either 6,1
is already in KP[0y, ... ,6;], or it has degree p over it, since 6,1 is purely inseparable of
degree p over KP. Every subset of a p-independent set is p-independent. An infinite subset
of K — KP is called p-independent if every finite subset is p-independent.
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A maximal p-independent subset of K — KP is called a p-base for K. Zorn’s Lemma
guarantees the existence of a p-base, since the union of a chain of p-independent sets is
p-independent. If © is a p-base, then K = KP?[0], for an element of K — K?[0O] could be
used to enlarge the p-base. The empty set is a p-base for K if and only if K is perfect.

It is easy to see that © is a p-base for K if and only if every element of K is uniquely
expressible as a polynomial in the elements of © with coefficients in K? such that the
exponent on every 6 is at most p — 1, i.e., the monomials in the elements of © of degree at
most p — 1 in each element are a basis for K over KP.

Now for ¢ = p”, the elements of ©7 = {07 : § € O} are a p-base for K7 over KP%: in
fact we have a commutative diagram:

K . g

T T

KP — , KP4
Fra

where the vertical arrows are inclusions and the horizontal arrows are isomorphisms: here,
Fi(c) = ¢4. In particular, ©P is a p-base for KP, and it follows by multiplying the two
bases together that the monomials in the elements of © of degree at most p? — 1 are a
basis for K over KP. By a straightforward induction, the monomials in the elements of
O of degree at most p” — 1 in each element are a basis for K over K?" for every n € N.

Theorem. Let (R, m, K) be a complete local ring of positive prime characteristic p, and
let © be a p-base for K. Let T be a subset of R that maps bijectively onto ©, i.e., a lifting
of the p-base to R. Then there is a unique coefficient field for R that contains T, namely,
Ko =, Rn, where R, = RP"[T]. Thus, there is a bijection between liftings of the p-base
© and the coefficient fields of R.

Proof. Note that any coefficient field must contain some lifting of ©. Observe also that
Ky is clearly a subring of R that contains T'. It will suffice to show that K is a coefficient
field and that any coefficient field L containing 7' is contained in Ky. The latter is easy:
the isomorphism L — K takes T to ©, and so T is a p-base for L. Every element of L
is therefore in LP"[T] C RP"[T]. Notice also that every element of RP"[T] can be written
as a polynomial in the elements of T' of degree at most p” — 1 in each element, with
coefficients in RP". The reason is that any N € N can be written as ap”™ + b with a,b € N
and b < p” — 1. So tV can be rewritten as (t*)P"t*, and thus if t¥ occurs in a term we
can rewrite that term so that it only involves t® by absorbing (t“)pn into the coefficient
from RP". Let us call a polynomial in the elements of T with coefficients in RP" special if
the exponents are all at most p™ — 1. Thus, every element of RP" [T] is represented by a
special polynomial. We shall also say that a polynomial in elements of © with coefficients
in KP" is special if all exponents on elements of T are at most p” — 1. Note that special
polynomials in elements of T with coefficients in R?" map mod m onto special polynomials
in elements of © with coefficients in KP".
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We next observe that
RP [ TINm Cm? .
Write the element of uw € RP'[T] Nm as a special polynomial in elements of 7" with
coefficients in RP". Then its image in K, which is 0, is a special polynomial in the
elements of © with coefficients in K?", and so cannot vanish unless every coefficient is

0. This means that each coefficient of the special polynomial representing u must have
been in m N RP" C mP". Thus,

Konm=(\R"[T)nm) C(m"" = (0).

We can therefore conclude that Ky injects into K. It will suffice to show that Ky — K is
surjective to complete the proof.

Let A € K be given. Since K = K?"[0], for every n we can choose an element of RP" [T]
that maps to A: call it r,,. Then r,11 € R [T] C RP" [T], and so r,, —rp41 € RP"Nm C
mP" (the difference r,, — r,11 is in m because both r, and r,;1 map to A in K). This
shows that {r,}, is Cauchy, and has a limit ry. It is clear that ry = A mod m, since that
is true for every r,. Moreover, ry is independent of the choices of the r,: given another
sequence 7/, with the same property, 7, —r/, € RP" [T]Nm C m?", and so {r,}, and {r},,
have the same limit. It remains only to show that for every n, ry € RP" [T]. To see this,
write A as a polynomial in the elements of © with coefficients of the form ¢?". Explicitly,

A= Zcﬁn,u

neF

where F is some finite set of monomials in the elements of 8. If u = 67 ... §% let
W= t]fl -« thswhere t; is the element of 7' that maps to 6;. For every p € F and every
n € N, choose ¢, , € R, such that ¢, , maps to ¢, mod m. Thus, {c,,}n is a Cauchy

sequence converging to 7, . Let
Wn = Z Cz,n:u/
HneF
for every n € N. Then w,, € R,, and w,, = X mod m. It follows that

lim w, = 7y,
n—oo

Z re, W € Ry,
neF

but this limit is also

O

Remark. This result shows that if (R, m, K) is a complete local ring that is not a field
and K is not perfect, then the choice of a coefficient field is never unique. Given a lifting
of a p-base T, where T # () because K is not perfect, we can always change it by adding a
nonzero element of m to one or more of the elements in the p-base.
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The Weierstrass preparation theorem

Before proceeding further with the investigation of coefficient rings in mixed character-
istic, we explore several consequences of the theory that we already have.

Theorem (Weierstrass preparation theorem). Let (A, m, K) be a complete local
ring and let  be a formal indeterminate over A. Let f = > 7" ja,z™ € Alz]], where
ap, € A—m is a unit and a, € m for n < h. (Such an element f is said to be regular
in x of order h.) Then the images of 1, x, ..., 2"~ are a free basis over A for the ring
Allz]]/ fA[[z]], and every element g € A[[z]] can be written uniquely in the form qf + r
where g € Al[z]], and r € Alx] is a polynomial of degree < h — 1.

Proof. Let M = Al[z]]/(f), which is a finitely generated A[[x]]-module, and so will be sep-
arated in the M-adic topology, where M = (m, z)A[[z]]. Hence, it is certainly separated
in the m-adic topology. Then M/mM = K|[[z]]/(f), where f is the image of f under the
map Al[z]] - K[[z]] induced by A — K: it is the result of reducing coefficients of f mod
m. It follows that the lowest nonzero term of f has the form cz”, where ¢ € K, and so
f = x"y where v is a unit in K[[z]]. Thus,

M/mM = K[[2])/(f) = K[[z]]/(z"),

which is a K-vector space for which the images of 1, z, ..., 2"~! form a K-basis. By the
Proposition on p. 6, 1, z, ..., "% span A[[z]]/(f) as an A-module. This means precisely
that every g € A[[x]] can be written g = ¢f + r where r € A[z] has degree at most h — 1.

Suppose that ¢’ f + 7’ is another such representation. Then ' —r = (¢ — ¢') f. Thus, it
will suffice to show if » = ¢f is a polynomial in x of degree at most h — 1, then ¢ = 0 (and
r = 0 follows). Suppose otherwise. Since some coefficient of ¢ is not 0, we can choose t
such that ¢ is not 0 when considered mod m!A[[x]]. Choose such a t as small as possible,
and let d be the least degree such that the coefficient of 2¢ is not in m?. Pass to R/m!.
Then ¢ has lowest degree term az?, and both a and all higher coefficients are in m‘~!, or
we could have chosen a smaller value of t. When we multiply by f (still thinking mod m?),
note that all terms of f of degree smaller than A kill g, because their coefficients are in m.
There is at most one nonzero term of degree h 4 d, and its coefficient is not zero, because
the coefficient of 2" in f is a unit. Thus, ¢f has a nonzero term of degree > h+d > h —1,
a contradiction. This completes the proof of the existence and uniqueness of ¢ and r. [

Corollary. Let A[[z]] and f be as in the statement of the Weierstrass Preparation The-
orem, with f reqular of order h in x. Then f has a unique multiple fq which is a monic
polynomial in Alx] of degree h. The multiplier q is a unit, and qf has all non-leading
coefficients in m. The polynomial qf called the unique monic associate of f.

Proof. Apply the Weierstrass Preparation Theorem to ¢ = 2. Then 2" = ¢f + r, which
says that 2" —r = ¢f. By the uniqueness part of the theorem, these are the only choices
of ¢, r that satisfy the equation, and so the uniqueness statement follows. It remains only
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to see that ¢ is a unit, and that r has coefficients in m. To this end, we may work mod
mA[[z]]. We use u for the class of u € A[[z]] mod mA[[z]], and think of @ as an element of
K]

Then 2" — 7 = Gf. Since f is a unit v times z”, we must have 7 = 0. It follows that
2" = 2"gy. We may cancel ", and so @ is a unit of of K[[z]]. It follows that ¢ is a unit

of Al[z]], as asserted. [

Discussion. This result is often applied to the formal power series ring in n-variables,
K[[x1, ... ,x,]]: one may take A = K[[z1, ... ,z,—1]] and z = z,,, for example, though,
obviously, one might make any of the variable play the role of . In this case, a power
series f is regular in z,, if it involves a term of the form cz” with ¢ € K — {0}, and if one
takes h as small as possible, f is regular of order h in x,. The regularity of f of order A
in x,, is equivalent to the assertion that under the unique continuous K|[x,]]-algebra map
K([z1, ... ,7,]] — K[[z,]] that kills 1, ... ,2,_1, the image of f is a unit times 2. A
logical notation for the image of f is f(0, ... ,0, x,). The Weierstrass preparation theorem
asserts that for any g, we can write f = qg + r uniquely, where ¢ € K{[[z1, ... ,z,]], and
r € Kl[[z1, ... ,Tn—1]][zn]. In this context, the unique monic associate of f is sometimes
call the distinguished pseudo-polynomial associated with f. If K = R or C one can consider
instead the ring of convergent (on a neighborhood of 0) power series. One can carry through
the proof of the Weierstrass preparation theorem completely constructively, and show that
when g and f are convergent, so are ¢ and r. See, for example, [O. Zariski and P. Samuel,
Commutative Algebra, Vol. I, D. Van Nostrand Co., Inc., Princeton, 1960], pp. 139-146.

Any nonzero element of the power series ring (convergent or formal) can be made regular
in x,, by a change of variables. The same applies to finitely many elements f1, ... , fs, since
it suffices to make the product fi--- fs regular in z,,, (if the image of f1--- fs in K[[x,]]
is nonzero, so is the image of every factor). If the field is infinite one may make use of a
K-automorphism that maps x1, ... ,x, to a different basis for Kz +---+ Kx,. One can
think of f as fo+ fi + fo +--- where every f; is a homogeneous polynomial of degree j in
Z1, ... ,%,. Any given form G occurring in f; # 0 can be made into a monic polynomial
by a suitable linear change of variables. ( Let d = deg(G). Make a change of variables
in which z,, — Az, and z; — x; + A\jz, for 1 < j < n — 1, where the )\; are scalars
in the field and )\, # 0. All we need is for z¢ to occur with nonzero coefficient in the

image of G, which is G(21 + M Tn, ... ,Tn_1 + An_1Zn, AnTy). But the coefficient of z¢ in
this homogeneous polynomial can be recovered by substituting 1 = --- = x,_1 = 0 and
xn, = 1, which gives G(A1,...,A,). Since the polynomial z,,G is not identically 0, and

since the field is infinite, there is a choice of the A; for which it does not vanish.)

If K is finite one can still get the image of f under an automorphism to be regular

. . N, _ . .
in x,, by mapping 1, ..., o, to o1 + 2, ... @, 1 +an" ", 1, respectively, as in the

proof of the Noether normalization theorem, although the details are somewhat more

difficult. Consider the monomials that occur in f (there is at least one, since f is not 0),

ky,
n

1<i<n, 1=k, jo=ks, ..., Ji_1 =ki_1, while j; < k;. Let x‘lh ---:L‘z” be the smallest
monomial that occurs with nonzero coefficient in f with respect to this ordering, and let

and totally order the monomials so that 7' ---zJr < 2% ... 25" means that for some i,
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d = max{dy, ... ,d,}. Let N; = (nd)"~%, and let § denote the continuous K-automorphism
of K[[x1, ... ,1,]] that sends z; — z; + 2, for 1 <i <n -1, and z,, — x,. We claim
that 6(f) is regular in z,,. The point is that the value of 0(f) after killing 1, ... ,x,_1 is
flaNy gz N g )
and the term /z{* - - - & where ¢ € K — {0} maps to
C/xelNl+32N2+"'+3n71Nn71+en
e :

In particular, there is a term in the image of 6(f) coming from the xill -z term in f,
and that term is a nonzero scalar multiple of

xlel+d2N2+"'+dn—1Nn—1+dn
n .

It suffices to show that no other term cancels it, and so it suffices to show that if for some
¢ with 1 <4 <n, we have that e; = d; for j < i and e; > d;, then

etN1 +eaNo+ -+ +ep_1Ny_1+e, >di Ny +doNo+ -+ +dp_1Np_1 +dp.
The left hand side minus the right hand side gives

(es = di)Ni + Y _(e; — dj)N;,
J>i
since d; = e; for j < 4. It will be enough to show that this difference is positive. Since
e; > d;, the leftmost term is at least N;. Some of the remaining terms are nonnegative,
and we omit these. The terms for those j such e; < d; are negative, but what is being
subtracted is bounded by d; N; < dN;. Since at most n — 1 terms are being subtracted,
the sum of the quantities being subtracted is strictly bounded by nd max;s;{dN,}. The
largest of the N; is N; 1, which is (dn)™= (1), Thus, the total quantity being subtracted
is strictly bounded by (dn)(dn)"~*~! = (dn)"~* = N;. This completes the proof that

e1N1 +eaNa+ -+ +ep1Np—1+ep > diN1 +doNa+ -+ + dp_1 N1 + dp,
and we see that 0(f) is regular in x,,, as required.

If the Weierstrass Preparation Theorem is proved directly for a formal or convergent
power series ring R over a field K (the constructive proofs do not use a priori knowledge
that the power series ring is Noetherian), the theorem can be used to prove that the ring
R is Noetherian by induction on n. The cases where n = 0 or n = 1 are obvious: the ring
is a field or a discrete valuation ring. Suppose the result is known for the power series ring
A in n — 1 variables, and let R be the power series ring in one variable x, over A. Let
I be an ideal of R. We must show that [ is finitely generated over R. If I = (0) this is
clear. If I # 0 choose f € I with f # 0. Make a change of variables such that f is regular
in x,, over A. Then I/fR C R/fR, which is a finitely generated module over A. By the
induction hypothesis, A is Noetherian, and so R/ f R is Noetherian over A, and hence I/fR
is a Noetherian A-module, and is finitely generated as an A-module. Lift these generators
to I. The resulting elements, together with f, give a finite set of generators for I.

Although we shall later give a quite different proof valid for all regular local rings,
we want to show how the Weierstrass preparation theorem can be used to prove unique
factorization in a formal power series ring.
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Theorem. Let K be a field and let R = K|[z1, ... ,z,]] be the formal power series ring
i n variables over K. Then R is a unique factorization domain.

Proof. We use induction on n. If n = 0 then R is a field, and if n = 1, R is a discrete val-
uation ring. In particular, R is a principal ideal domain and, hence, a unique factorization
domain.

Suppose that n > 1. It suffices to prove that if f € m is irreducible then f is prime.
Suppose that f divides gh, where it may be assumed without loss of generality that g, h €
m. Then we have an equation fw = gh, and since f is irreducible, we must have that
w € m as well. We may make a change of variables so that all of f, w, g and h are regular
in x,,. Moreover, we can replace f, g, and h by monic polynomials in x,, over

A= K[[.’L’l, ,:cn_l]]

whose non-leading coefficients are in Q) = (x1, ... ,z,—1)R: we multiply each by a suitable
unit. The equation will hold after we multiply w by a unit as well, although we do not
know a priori that w is a polynomial in z,. We can divide gh € Alz,] by f which is
monic in z,, to get a unique quotient and remainder, say gh = qf + r, where the degree
of r is less the degree d of f. The Weierstrass preparation theorem guarantees a unique
such representation in A[[z,]], and in the larger ring we know that » = 0. Therefore, the
equation gh = ¢f holds in A[z,], and this means that ¢ = w is a monic polynomial in x,,
as well.

By the induction hypothesis, A is a UFD, and so Alz,] is a UFD. If f is irreducible in
Alz,], we immediately obtain that f|g or f|h. But if f factors non-trivially f = fif2 in
Alz,], the factors fi, fo must be polynomials in x,, of lower degree which can be taken to
be monic. Mod Q, f1, fa give a factorization of 2%, and this must be into two powers of
of lower degree. Therefore, f; and fs both have all non-leading coefficients in (), and, in
particular their constant terms are in (). This implies that neither f; nor fs is a unit of
R, and this contradicts the irreducibility of f in R. Thus, f must be irreducible in A[z,]
as well. [

The mixed characteristic case

Consider a complete local ring (R, m, K). If K has characteristic 0, then Z — R — K
is injective, and Z C R. Moreover, no element of W = Z — {0} is in m, since no element of
W maps to 0 in R/m = K, and so every element of Z — {0} has an inverse in R. By the
universal mapping property of localization, we have a unique map of W~'Z = Q into R,
and so R is an equicharacteristic 0 ring. We already know that R has a coefficient field.
We also know this when R has prime characteristic p > 0, i.e., when Z/pZ C R.

We now want to develop the structure theory of complete local rings when R need not
contain a field. From the remarks above, we only need to consider the case where K
has prime characteristic p > 0, and we shall assume this in the further development of
the theory. The coefficient rings that we are about to describe also exist in the complete
separated quasi-local case, but, for simplicity, we only treat the Noetherian case.
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We shall say that V' is a coefficient ring if it is a field or if it is complete local of the
form (V, pV, K), where K has characteristic p > 0. If R is complete local we shall say
that V is a coefficient ring for R if V is a coefficient ring, V' C R is local, and the induced
map of residue fields is an isomorphism. We shall prove that coefficient rings always exist.

In the case where the characteristic of K is p > 0, there are three possibilities. It may
be that p =0 in R (and V), in which case V is a field: we have already handled this case.
It may be that p is not nilpotent in V: in this case it turns out that V is a Noetherian
discrete valuation domain (DVR), like the p-adic integers. Finally, it may turn out that p
is not zero, but is nilpotent. Although it is not obvious, we will prove that in this case,
and when V is a field of characteristic p > 0, V" has the form W /p"W where n > 1 and W
is a DVR with maximal ideal pW'.

We first note:

Lemma. Let (R, m, K) be local with K of prime characteristic p > 0. Ifr,s € R are such
that r = s mod m, and n > 1 is an integer, then for all N > n — 1, with ¢ = p~ we have
that r?1 = s9 mod m™.

Proof. This is clear if n = 1. We use induction. If n > 1, we know from the induction
hypothesis that r? = y? mod m® if N > n — 2, and it suffices to show that r?? = y?? mod
m™N L. Since 79 = 57 4+ u with u € m¥, we have that 777 = (59 + u)? = sP? + puw + uP,
where puw is a sum of terms from the binomial expansion each of which has the form
(qu) s/uP~J for some j, 1 < j < p — 1, and in each of these terms the binomial coefficient
is divisible by p. Since u € m”™ and p- 15 € m, puw € m™+!, while u? € mN? C mN+1 as
well. O

Recall that a p-base for a field K of prime characteristic p > 0 is a maximal set of
elements A of K — KP such that for every finite subset of distinct elements A1, ... , Ay of
A, [K(A1, ..., M) : K] = p". K has a p-base by Zorn’s lemma. The empty set is a p-base
for K if and only if K is perfect. The set of monomials in the the elements of the p-base A
such that every exponent is at most p—1 is a KP-basis for K over K?, and, more generally,
(%) for every g = p", the set of monomials in the elements of A such that every exponent
is at most ¢ — 1 is a basis for K over K¢ = {a%:a € K}. See pp. 11 and 12.

The following Proposition, which constructs coefficient rings when the maximal ideal
of the ring is nilpotent, is the heart of the proof of the existence of coefficient rings.
Before giving the proof, we introduce the following notation, which we will use in another
argument later. Let z, y be indeterminates over Z. Let ¢ be a power of p, a prime.
Then (z 4+ y)? — 29 — y? is divisible by p in Z]z, y|, since the binomial coefficients that
occur are all divisible by p, and we write Gy(z, y) € Z[x, y| for the quotient, so that
(z+y)? =27+ y? + pGy(z, y).

Proposition. Suppose that (R, m, K) is local where K has characteristic p > 0, and that
m”™ = 0. Choose a p-base A for K, and a lifting of the p-base to R: that is, for every A\ € A
choose an element T\ € R with residue \. Let T = {1 : A € A}. Then R has a unique
coefficient ring V' that contains T. In fact, suppose that we fix any sufficiently large power
q = pY of p (in particular, N > n — 1 suffices) and let Sy be the set of all expressions
of the form ZueM rip, where the M is a finite set of mutually distinct monomials in
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the elements of T' such that the exponent on every element of T is < q — 1 and every
rl € RT={r?:r € R}. Then we may take

V =5y +pSn —l—pzSN + - —|—pn_1SN,
which will be the same as the smallest subring of R containing R? and T'.

Before giving the proof, we note that it is not true in general that RY is closed under
addition, and neither is Sy, but we will show that for large N, V is closed under addition

and multiplication, and this will imply at once that it is the smallest subring of R containing
R?and T.

Proof of the Proposition. We first note if r = s mod m then r? = s? mod m™ if N > n —1,
by the preceding Lemma. Therefore R? maps bijectively onto K9 = {a? : a € K} when we
take residue classes mod m. By the property (*) of p-bases, the residue class map R — K
sends Sy bijectively onto K.

Suppose that W is a coefficient ring containing 7. For each r € R, if w = r mod m,
then w? = r4. Thus, R? C W. Then Sy C W, and so V C W. Now consider any element
w € W. Since S,, contains a complete set of representatives of elements of K, every element
of W has the form oy + v where u € m N W = pW, and so w = o¢ + pw;. But we may
also write w; in this way and substitute, to get an expression w = og + poy + p?ws, where
09, 01 € 5, and wy € W. Continuing in this way, we find, by a straightforward induction,
that

W =SN+pSy+ -+ Sy

for every j > 1. We may apply this with 7 = n and note that p” = 0 to conclude that
W = V. Thus, if there is a coefficient ring, it must be V. However, at this point we do
not even know that V' is closed under addition.

We next claim that V' is a ring. Let V' be the closure of V under addition. Then we can
see that V' is a ring, since, by the distributive law, it suffices to show that the product of
two elements p'r?u and p/r'?u’ has the same form. The point is that uu’ can be rewritten
in the form v?u” where p” has all exponents < g — 1, and p**7 (rr'v)9y” has the correct
form. Thus, V' is the smallest ring that contains R? and T'.

We next prove that V itself is closed under addition. We shall prove by reverse induction
on j that p/V = p/V' for all j, 0 < j < n. The case that we are really aiming for is, of
course, where j = 0. The statement is obvious when j = n, since p"V’ = 0. Now suppose
that p/ 1V = p/*t1V’/. We shall show that p?V = p?V’, thereby completing the inductive
step. Since p?V’ is spanned over p? 1V’ = p/ TV by p/S,,, it will suffice to show that
given any two elements of p’S,,, their sum differs from an element of p’S,, by an element
of pP 11V’ = p/+1V. Call the two elements

v=p Y rin
pneM

and
/ ] /
o =p >,
neM
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where 7,7, u € R and M is a finite set of monomials in elements of 7', with exponents
< q—1, large enough to contain all those monomials that occur with nonzero coefficient in
the expressions for v and v’. Since S,, gives a complete set of representatives of K and r?
only depends on what 7 is mod m, we may assume that all of the r, and r:L are elements
of S,,. Let
V= Y ()
HeEM

Then

V' v =0 =p) Y pGa(ru, v =p" > Gylry, i) e ptV,
neEM HeEM

as required, since all the r,, 7“; € Sy and V' is a ring. This completes the proof that
V=V, and so V is a subring of R.

We have now shown that V' is a subring of R, and that it is the only possible coefficient
ring. It is clear that pV C m, while an element of V' — pV has nonzero image in K: its
constant term in Sy is nonzero, and Sy maps bijectively to K. Thus, m NV = pV, and
we know that V/pV = K| since Sy maps onto K. It follows that pV is a maximal ideal of
V generated by a nilpotent, and so pV is the only prime ideal of V. Any nonzero element
of the maximal ideal can be written as p'u with ¢ as large as possible (we must have that
t < n), and then v must be a unit. Thus, every nonzero element of V' is either a unit, or
a unit times a power of p. It follows that every nonzero proper ideal is generated by p”
for some positive integer k, where k is as small as possible such that p* is in the ideal. It
follows that V is a principal ideal ring. Thus, V is a Noetherian local ring, and, in fact,
an Artin local ring. [

Theorem. Let K, K’ be isomorphic fields of characteristic p > 0 and let g : K — K’
be the isomorphism. Let (V, pV, K) and (V', pV', K') be two coefficient rings of the same
characteristic, p™ > 0. We shall also write a’ for the image of a € K under g. Let A be
a p-base for K and let N' = g(A) be the corresponding p-base for K'. Let T be a lifting of
A toV and let T" be a lifting of A’ to T'. We have an obvious bijection g : T — T’ such
that if T € T lifts X € A then g(7) € T" lifts N = g(\). Then g extends uniquely to an
isomorphism of V. with V' that lifts g : K — K.

Proof. As in the proof of the Proposition on pp. 18-19 showing the existence of a coefficient
ring when m”™ = 0, we choose N > n — 1 and let ¢ = p”V. For every element a € K there
is a unique element p, € V7 that maps to a? € K9. Similarly, there is a unique element
pl, € V'Y that maps to a’? for every a’ € K'. If there is an isomorphism V = V"’ as stated,
it must map p, — p, for every a € K. Said otherwise, we have an obvious bijection
V4 — V' and g must extend it. Just as in the proof of the Proposition, we can define
Sy = S to consist of linear combinations of distinct monomials in 7" such that in every
monomial, every exponent is < ¢ — 1, and such that every coefficient is in V4. Then
S will map bijectively onto K. We define Sy = S’ C V' analogously. Since S’ maps
bijectively onto K’, we have an obvious bijection g : S — S’. We use ¢’ for the element of
S’ corresponding to o € S.
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Every element v € V must have the form oy + pv; where oy is the unique element of
S that has the same residue as v modulo pV'. Continuing this way, as in the proof of the
previous Proposition, we get a representation

v =00+po1+p’ogt - +p" o

for the element v € V, where the o; € S. We claim this is unique. Suppose we have
another such representation

n—1 _x

v=o0y+po]+---+p" o,
Suppose that o; = o7 for i < j. We want to show that o; = o7 as well. Working in
V/p' TV we have that o;p7 = 04197, i.e., that (o; — o) kills p/ working mod p’*!. By
part (a) of the Lemma that follows just below, we have that o; — o; € pV, and so 0; and
o represent the same element of K = V/pV, and therefore are equal.
Evidently, any isomorphism V' 22 V' satisfying the specified conditions must take
0o +por + -+ p o
to
00 +poy + -+ p" oy
To show that this map really does give an isomorphism of V' with V'’ one shows simul-
taneously, by induction on j, that addition is preserved in p’V, and that multiplication is
preserved when one multiplies elements in p"V and p'V such that h +i > j. For every
element a € K, let o, denote the unique element of S that maps to a. Note that we may
write p, as 0d, since o, has residue a mod pV'.

Now,
P papi+p pop = p’ (08 + o)) = p? (0 + 00)? — pGy(aa, 0v)),
where Gy(x, y) € Z[z, y] is such that (x + y)? = 27 + y? + pG,(z, y). Since o, + 03 has
residue a + b mod pV, we have that (o, + 04)? = pa+s, and it follows that

P’ patt+ 0 popt = 1 payop — 0 Gy(0a, on)p.
We have similarly that
P o+ 1 py’ = oy i — P’ Gylon, o)
and it follows easily that addition is preserved by our map p’V — p/V’: note that

PG (04, op)p maps to pP?T1G (0’ o}, )i’ because all terms are multiples of p/ ™! (the
argument here needs the certain multiplications are preserved as well addition).

Once we have that our map preserves addition on terms in p’ V', the fact that it preserves
products of pairs of terms from p"V x p'V for h 4 i > j follows from the distributive law,
the fact that addition in p’V is preserved, and the fact that there is a unique way of writing
(12, where 1 and po are monomials in the elements of T with all exponents < ¢ — 1, in
the form v9u3 where all exponents in uz are < ¢ — 1, and

(P" patir) (P poiz) = p" T (oaopr) s
in V', while
!

M (o Y

(0" Pl 1) (0" Pty 1) =
inV’. O
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Lemma. Let K be a field of characteristic p > 0 and let (V, pV, K), (W, pW, K) and

Vi, PV, K), n € N, be coefficient rings.

(a) If p* = 0 while p'=! # 0 in V, which is equivalent to the statement that p' is the
characteristic of V., then Annyp’V = pt=IV, 0 < j < t. Moreover, if p* = 0 while
p* L #£0in W, and W — V is a surjection, then V.= W/ptW.

(b) Suppose that

Vo« Vi3 e one e Ve ene

is an inverse limit system of coefficient rings and surjective maps, and that the char-
acteristic of Vy, is p'™™) where t(n) > 1. Then either t(n) is eventually constant, in
which case the maps hy, : V11 — V,, are eventually all isomorphisms, and the inverse
limit is isomorphic with V,, for any sufficiently large n, or t(n) — 0o as n — oo, in
which case the inverse limit is a complete local principal ideal V with maximal ideal
pV and residue class field K. In particular, the inverse limit V is a coefficient ring.
Proof. (a) Every ideal of V (respectively, W) has the form p*V (respectively, p" )for a
unique integer k, 0 < k < t (respectively, 0 < k < s) The first statement follows because
k+j > niff k > n—j. The second statement follows because V must have the form S/p*S
for some k, 0 < k < S, and the characteristic of S/p*$ is p*, which must be equal to p.

(b) If t(n) is eventually constant it is clear that all the maps are eventually isomorphisms.
Therefore, we may assume that t(n) — oo as n — co. By passing to an infinite subsequence
of the V,, we may assume without loss of generality that ¢(n) is strictly increasing with n.
We may think of an element of the inverse limit as a sequence of elements v,, € V,, such
that v,, is the image of v,41 for every n. It is easy to see that one of the v, is a unit if
and only if all of them are. Suppose on the other hand that none of the v,, is a unit. Then
each v, can be written as pw, for w, € V,,. The problem is that while pw, 41 maps to
pwn,, for all n, it is not necessarily true that w,+; maps to w,.

Let h,, be the map V,,;1 — V,,. For all n, let w/, = h,,(wp+1). We will show that for all
n, vy, = pw,, and that h,(w;, ;) = w;, for all n. Note first that h, (pwn41) = pwp = v,
and it is also pw;,. This establishes the first statement. Since p(wp41 — w4 1) = 0, it
follows that wy,1 — w},,; = p®TY=15, by part (a). Then

wy, = hy(Wnt1) = hp(w;,, 1) +pt(n+1)_1hn(5) = hn(Wpi1),

as required, since p*("*t1 =1 is divisible by p*™, the characteristic of V,.

It follows that the inverse limit has a unique maximal ideal generated by p. No nonzero
element is divisible by arbitrarily high powers of p, since the element will have nonzero
image in V,, for some n, and its image in this ring is not divisible by arbitrarily high powers
of p. It follows that every nonzero element can be written as a power of p times a unit,
and no power of p is 0, because the ring maps onto V/p® for arbitrarily large values of t. It
is forced to be an a principal ideal domain in which every nonzero ideal is generated by a
power of p. The fact that the ring arises as an inverse limit implies that it is complete. [



23

Theorem. Let K be a field of characteristic p > 0. Then there exists a complete Noe-
therian valuation domain (V, pV, K) with residue class field K.

Proof. Tt suffices to prove that there exists a Noetherian valuation domain (V) pV, K): its
completion will then be complete with the required properties. Choose a well-ordering of
K in which 0 is the first element. We construct, by transfinite induction, a direct limit
system of Noetherian valuation domains {V,, pV,, K,} indexed by the well-ordered set K
and injections K, — K such that

(1) Ko = Z/pZ
(2) The image of K, in K contains a.

(3) The diagrams
Vo » Ky — K

) 1 |
Vo, » K, — K

commute for all a < b€ K.

Note the given a direct limit system of Noetherian valuation domains and injective local
maps such that the same element, say, ¢ (in our case t = p) generates all of their maximal
ideals, the direct limit, which may be thought of as a directed union, of all of them is a
Noetherian discrete valuation domain such that ¢ generates the maximal ideal, and such
that the residue class field is the directed union of the residue class fields. Every element of
any of these rings not divisible by ¢ is a unit (even in that ring): thus, if W is the directed
union, pW is the unique maximal ideal. Every nonzero element of the union is a power of
t times a unit, since that is true in any of the valuation domains that contain it, and it
follows that every nonzero ideal is generated by the smallest power of p that it contains.
The statement about residue class fields is then quite straightforward.

Once we have a direct limit system as described, the direct limit will be a discrete
Noetherian valuation domain in which p generates the maximal ideal and the residue class
field is isomorphic with K.

It will therefore suffice to construct the direct limit system.

We may take Vy = Zp where P = pZ. We next consider an element b € K which
is the immediate successor of a € K. We have a Noetherian discrete valuation domain
(Va, pVa, K,) and an embedding K, — K. We want to enlarge V, suitably to form V. If b
is transcendental over K, we simply let V} be the localization of the polynomial ring V,[z]
in one variable over V, at the expansion of pV,: the residue class field may be identified
with K, (x), and the embedding of K, — K may be extended to the simple transcendental
extension K,(z) so that z maps to b € K.

If b is already in the image of K, we may take V — b = V,. If instead b is algebraic
over the image of K, but not in the image, then it satisfies a minimal monic polynomial
g = g(x) of degree at least 2 with coefficients in the image of K,. Lift the coefficients to
V., so as to obtain a monic polynomial G = G(x) of the same degree over V,. We shall
show that Vj, = V,[2]/(G(z)) has the required properties. If G' were reducible over the
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fraction field of V,, by Gauss’ Lemma it would be reducible over V,, and then g would be
reducible over the image of K, in K. If follows that (G(x)) is prime in V,[z]m and so V,
is a domain that is a module-finite extension of V,. Consider a maximal ideal m of Vj.
Then the chain m D (0) in V, lies over a chain of distinct primes in V;: since V, has only
two distinct primes, we see that m lies over pV, and so p € m. But

Vo/pVa = T (Kq)[2]/g(x) = Tm (Kq)[b],

and so p must generate a unique maximal ideal in V;, and the residue class field behaves
as we require as well.

Finally, if b is a limit ordinal, we first take the direct limit of the system of Noetherian
discrete valuation domains indexed by the predecessors of b, and then enlarge this ring as
in the preceding paragraph so that the image of its residue class field contains b. [J

Corollary. If p is a positive prime integer and K is field of characteristic p, there is, up
to isomorphism, a unique coefficient ring of characteristic p > 0 with residue class field
K and characteristic pt, and it has the form V/p'V, where (V, pV,K) is a Noetherian
discrete valuation domain.

Proof. By the preceding Theorem, we can construct V so that it has residue field K. Then
V/p'V is a coefficient ring with residue class field K of characteristic p, and we already
know that such all rings are isomorphic, which establishes the uniqueness statement. [

Corollary. Let p be a positive prime integer, K a field of characteristic p, and suppose
that (V, pV, K) and (W, pW, K) are complete Noetherian discrete valuation domains with
residue class field K. Fiz a p-base A for K. Let T be a lifting of A to V and T" a lifting
to W. Then there is a unique isomorphism of V with W that maps each element of T to
the element with the same residue in A in T".

Proof. By our results for the case where the maximal ideal is nilpotent, we get a unique
such isomorphism V/p™V = W/p"W for every n, and this gives an isomorphism of the
inverse limit systems

V/pV « V[PV oo e V[PV -
and
W/pW « W/p*W « - «= W/p"W « ---

that takes the image of T" in each V/p™V to the image of 7" in the corresponding W/p"W'.
This induces an isomorphism of the inverse limits, which are V and W, respectively. [

Theorem (I. S. Cohen). Every complete local ring (R, m, K) has a coefficient ring. If
the residue class field has characteristic p > 0, there is a unique coefficient ring containing
a giwen lifting T to R of a p-base A for K.

Proof. We may assume that K has characteristic p > 0: we already know that there is a
coefficient field if the characteristic of K is 0.
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Any coefficient ring for R containing 7" must map onto a coefficient ring for R/m"
containing the image of T'. Here, there is a unique coefficient ring V,,, which may be
described, for any sufficiently large ¢ = p’V, as the smallest subring containing all ¢th
powers and the image of 7. We may take ¢ large enough that it may be used in the
description of coefficient rings V.1 for R,11 and V,, for R,, and it is then clear that
R,+1 — R, induces V,11 — V,,. If we construct @n V,, and hinn R, as sequences of

elements {7, }, such that r,1 maps to r, for all n, it is clear that lim,, V,, C lim,, R,,. By
part (b) of the Lemma on p. 2, V =lim,, V,, is a coefficient ring, and so V is a coefficient
ring for R. [

Corollary. FEvery complete local ring (R, m, K) is a homomorphic image of a complete
reqular local ring. In the equicharacteristic case, this may be taken to be a formal power
series ring over a field. If R does not contain a field, we may take the regular ring to be
formal power series over a Noetherian discrete valuation ring that maps onto a coefficient
ring for R.

Proof. We already know this in the equicharacteristic case. In the remaining cases, K
has characteristic p and R has a coefficient ring which is either a Noetherian discrete

valuation ring (V, pV, K) or of the form V/p™V for such a ring V. Let p,uy, ... ,us be
generators for the maximal ideal of R, and map V[Xy, ..., X;] — R as a V-algebra such
that X; — wu;, 1 < j < s, which induces a map V[[Xy, ..., X]] — R. By part (c) of the

second Proposition on p. 7, this map is surjective. [

Corollary. Let (R, m, K) be a complete local ring of mized characteristic p > 0. Let
(V, pV, K) be a coefficient ring for R, and let x1, ... ,x4—1 € R have images that are a
system of parameters for R/pR. Map V[[X1, ..., X4—1]] — R as V-algebras by sending X
tox;, 1 <j <d—1. Then R is module-finite over the image of V[ X1, ... , Xq_1]], and if R
is a domain, or, more generally, if p is part of a system of parameters for R (equivalently, p
is not in any minimal prime of R such that dim (R/P) = dim (R) ), then V is a Noetherian
discrete valuation domain, and R is a module-finite extension of V[[ X1, ..., Xq_1]].

Proof. That R is module-finite over the image is immediate form part (b) of the second
Proposition on p. 7. If p is part of a system of parameters, then dim (R) = d. It follows
that the kernel of the map from the domain V[[X1, ..., X4_1]] to R is (0), or else R will
be module-finite over a domain of dimension d — 1. [

Note, however, that R = V[[z]]/pz is not module-finite over a formal power series ring
over a coefficient ring. V is a coefficient ring, but p is not part of a system of parameters.
R is one dimensional, and it is not module-finite over V.

A regular local ring (R, m, p) of mixed characteristic p is called unramified if, equiva-
lently:

(1) p ¢ m?.
(2) R/pR is also regular.

A quotient of a regular local ring by an ideal J is regular if and only if J is generated
by part of a minimal set of generators for the maximal ideal of the regular local ring.
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(The “if” direction is clear: we may kill the generators of J one at a time. Each time,
since the ring is a domain, the Krull dimension drops by exactly one, and so does the
imbedding dimension. For the “only if” direction, note that if J C m? in nonzero, killing
J decreases the Krull dimension without decrreasing the embedding dimension, and so the
quotient ring cannot be regular. If J ¢ m? then J contains an element z; that is part of
a minimal set of generators for m. The result know follows by induction on dim(R) by
passing to J/x1R C R/x1R. We have that R/z1R is still regular, and the new quotient
is still 2 R/J.) In particular, R/pR is regular if and only if p is part of a minimal set of
generators for m, and this holds if and only if p ¢ m2. Note that if Q is a prime ideal of
an unramified regular local ring of mixed characteristic, then if p ¢ @) we have that Rq
is an equicharacteristic 0 regular local ring, while if p € () then R¢ is again unramified,
because Rg/pR¢ is a localization of R/pR and therefore is again regular.

Theorem. Let (R, m, K) be a complete regular local ring of Krull dimension d. If R
is equicharacteristic then R = K[[X1, ..., Xq4]]. If R is mized characteristic with K of
characteristic p > 0 then R is unramified if and only if R =2 V[[ X1, ..., X4-1]], a formal
power series ring, where (V, pV, K) is a coefficient ring (and so is a complete Noetherian
discrete valuation domain). If R is mized characteristic with K of characteristic p > 0 then
R is ramified regular iff R =T /(p — G) where V is a coefficient ring that is a Noetherian
discrete valuation domain, T = V][x1, ... ,x4]] is a formal power series ring with maximal
ideal mr, and and G € m% — pT.

Proof. In the unramified case, p may be extended to a minimal set of generators for m,
say p, €1, ... ,Tq—1. We are now in the situation of both preceding corollaries: we get a
map V[[X1, ..., X4-1]] — R such that the residue field of V' maps onto that of R, while
the images of p, x1, ... ,x4_1 generate m. This implies that the map is onto. But, as
in preceding Corollary, the map is injective. Thus, R = V[[ Xy, ..., X4-1]]. Conversely,
with (V, pV, K) a Noetherian complete discrete valuation domain, V[[Xy, ..., X4-1]] is a
complete regular local ring of mixed characteristic and p ¢ m?.

Now suppose that p € m?. Choose a minimal set of generators 1, ... ,zq for m. The we
still get a surjection V[[ X1, ..., Xg4]] = R. Since R is regular it is a domain, and the kernel
must be a height one prime of T = V{[z1, ... ,z4]], since dim(R) = d. But V[z1, ... ,z4]]
is regular, and therefore a UFD, and so this height one prime P is principal. Since p € m?
and m2 maps onto m?, we get an element of Ker (T — R) of the form p — G, where
G € mZ%. The element G cannot be divisible by p: if it were, G = pGy with Gy € m, and
then p — G = p(1 — Gy) generates pT, since 1 — Gy is a unit, while p # 0 in R. Conversely,
if G € m% and G ¢ pT, then p — G € my — m?2, and so it is part of a minimal set of
generators for mp. Therefore R = T'/(p — G) is regular. Since G ¢ pT, p — G and p are
not associates, and, in particular, p is not a multiple of p — G. Since p is nonzero in R, R
is of mixed characteristic. Since G € m%., p is in the square of the maximal ideal of R, i.e.,
R is a ramified regular local ring. [J

Corollary. FEvery complete local ring (R, m, K) is a homomorphic image of a complete
reqular local ring. In the equicharacteristic case, this may be taken to be a formal power
series ring over a field. If R does not contain a field, we may take the reqular ring to be
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formal power series over a Noetherian discrete valuation ring that maps onto a coefficient
ring for R.

Proof. We already know this in the equicharacteristic case. In the remaining cases, K
has characteristic p and R has a coefficient ring which is either a Noetherian discrete

valuation ring (V| pV, K) or of the form V/p™V for such a ring V. Let p,uy, ... ,us be
generators for the maximal ideal of R, and map V[X, ..., X] — R as a V-algebra such
that X; — wu;, 1 < j < s, which induces a map V[[Xy, ..., X]] — R. By part (c) of the

second Proposition on p, 7, this map is surjective. [J

Corollary. Let (R, m, K) be a complete local ring of mized characteristic p > 0. Let
(V, pV, K) be a coefficient ring for R, and let x1, ... ,xq-1 € R have images that are a
system of parameters for R/pR. Map V[ X1, ... ,Xq-1]] = R as V-algebras by sending X
tox;, 1 <j <d—1. Then R is module-finite over the image of V[[X1, ... , Xq_1]], and if R
is a domain, or, more generally, if p is part of a system of parameters for R (equivalently, p
is not in any minimal prime of R such that dim (R/P) = dim (R) ), then V is a Noetherian
discrete valuation domain, and R is a module-finite extension of V[[ X1, ..., X4q—1]].

Proof. That R is module-finite over the image is immediate form part (b) of the second
Proposition on the third page of the Lecture Notes of January 12. If p is part of a system
of parameters, then dim (R) = d. It follows that the kernel of the map from the domain
VI[[X1, ..., Xa-1]] to R is (0), or else R will be module-finite over a domain of dimension
d—1. O

Note, however, that R = V[[z]]/(px) is not module-finite over a formal power series ring
over a coefficient ring. V' is a coefficient ring, but p is not part of a system of parameters.
R is one dimensional, and it is not module-finite over V.



