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Abstract

We explain a classical construction of a del Pezzo surface of degree d = 4

or 5 as a smooth order 2 congruence of lines in P
3 whose focal surface is a

quartic surface X20−d with 20− d ordinary double points. We also show

that X15 can be realized as a hyperplane section of the Castelnuovo–

Richmond–Igusa quartic hypersurface in P
4. This leads to the proof of

rationality of the moduli space of 15-nodal quartic surfaces. We discuss

some other birational models of X15: quartic symmetroids, 5-nodal quar-

tic surfaces, 10-nodal sextic surfaces in P
4 and nonsingular surfaces of

degree 10 in P
6. Finally we study some birational involutions of a 15-

nodal quartic surface which, as it is shown in Part II of the paper jointly

with I. Shimada [DS20], belong to a finite set of generators of the group

of birational automorphisms of a general 15 nodal quartic surface.

1 Introduction

The geometry of 16-nodal Kummer quartic surfaces is widely discussed

in classical as well as in modern literature. This paper addresses less

known but nevertheless very rich geometry of 15-nodal quartic surfaces.

What unites the two classes of nodal quartic surfaces is the fact that sur-

faces from both classes are realized in 6 different ways as focal surfaces

of smooth congruences of lines in P
3, congruences of bidegree (2, 2) in

the former case and bidegree (2, 3) in the latter case. The line geometry
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realization of the quartic surfaces brings an unexpected dividend: it de-

fines a certain involution on a smooth K3 model of such surface with

quotient a del Pezzo surface of degree 4 in the Kummer case and degree

5 in the other case. Other interesting involutions come from a realization

of the surface as a quartic symmetroid, the discriminant surface of a web

of quadrics in P
3. The quotient by these involutions is a Coble surface

with the bi-anticanonical divisor consisting of six disjoint smooth ratio-

nal curves in the Kummer case and five such curves in the other case.

Of course, a Kummer surface comes as a specialization of a 15-nodal

quartic surface by smoothing one of its 16 ordinary nodes. Explicitly, it

can be seen by realizing any 15-nodal quartic surface as a hyperplane

section of the notorious Castelnuovo–Richmond–Igusa quartic hypersur-

face in P
4 with 15 double lines, the tangent hyperplanes give a Kummer

surface. The fact that such realization is always possible (but not gener-

ically possible as it is well known) which we prove here (also proved

independently by A. Avilov in [Avi19]) is used to prove the rationality

of the moduli space of 15-nodal quartic surfaces. The relationship be-

tween 15-nodal quartic surfaces X15 and the beautiful geometry of the

Castelnuovo–Richmond–Igusa quartic hypersurface and its dual Segre

cubic hypersurface goes back to H. F. Baker [Bak10, Chapter V]. We

employ this relationship to describe some other interesting birational

models of X15 such as a 5-nodal quartic surface with 20 lines, a sextic

model with 10 nodes, a smooth model as a quadric section of the Fano

threefold of genus 5 and index 2.

The first half of the paper is devoted to summarizing some classical

results about congruences of lines in P
3, and especially congruences of

order 2 from [Jes69, Stu92]. Following the classical approach, we do not

use the assumption of smoothness of the congruence assuming only iso-

lated non-normal singularities leaving a possibility to extend some of our

results to quartic surfaces with less than 15 number of nodes.

The group of birational automorphisms of a general 16-nodal Kummer

quartic surface was described by S. Kondo [Kon98]. In Part II [DS20],

we find a finite set of generators that contains some of the involutions

discussed in the paper.

We work over C, however most of the results which we discuss here

are valid when the ground field is an algebraically closed field of charac-

teristic p �= 2, 3.

The paper originates from an attempt to answer some questions of

S. Mukai related to 15-nodal quartic surfaces. I am thankful to him for

many discussions, questions and insights on this and on other closely
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related questions about geometry of Enriques and Coble surfaces. I am

also grateful to A. Verra and I. Shimada for helpful consultations.

2 Generalities on Congruences of Lines

2.1. Following classical terminology, a congruence of lines is a complete

irreducible 2-dimensional family of lines in P
3. It is parameterized by a

surface S in the Grassmannian variety G = Gr1(P
3) of lines in P

3. The

lines �s corresponding to points s ∈ S are called rays to distinguish them

from any line in P
3.

The cohomology class [S] in H4(G,Z) ∼= Z
2 is equal to m[σx] + n[σπ],

where σx is a plane in G of rays containing a point x ∈ P
3 and σπ is a

plane in G parametrizing lines in a plane π ⊂ P
3. The number m (resp.

n) is called the order (resp. class) of S and the pair (m,n) is referred to

as the bidegree of S. The sum m + n is the degree of S in the Plücker

space P5. The natural duality between lines in P
3 and lines in the dual P3

defines an isomorphism between the Grassmannians of lines, the image

S∗ of S under this isomorphism is called the dual congruence. Its bidegree

is (n,m). For brevity, we will assume that m,n �= 1 (a modern treatment

of other cases can be found in [Ran86]).

The universal family of lines ZS = {(x, s) ∈ P
3 × S : x ∈ �s} comes

with two projections:

P
3 ZS

p�� q �� S.

The restriction of p to a fiber q−1(s) is an isomorphism onto the ray �s.

This allows us to identify the fibers of q with the rays of the congruence.

A confusing classical terminology defines a singular point of S as a point

x ∈ P
3 such that the fiber p−1(x) consists of infinitely many rays. A

one-dimensional irreducible component of the set of singular points is

called a fundamental curve of S.

We will assume that S has no fundamental curves and it is smooth

or has only isolated singular points such that the normalization S′ of S
is smooth. The rays corresponding to singular points of S are called

multi-rays. This kind of singularities arise from projections of smooth

surfaces S′ in P
6 from a point that is contained in a finitely many secant

lines to S′. If S is not smooth and φ : S′ → S is the normalization map,

we replace ZS with the base change ZS′ , and get the following diagram
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ZS′

p′

����
��
��
��

q′ ��

��

S′

φ

��
P
3 ZS

p�� q �� S

Under these assumptions, ZS′ is smooth and the map p′ is a generically

finite map of degree m of smooth 3-dimensional varieties. The ramifica-

tion divisor of p′

RS′ := Ram(p′) ⊂ ZS′

is a closed subscheme of ZS′ equal to the support of Ω1
ZS′/P3 . The usual

Hurwitz type formula gives

ωZS′
∼= p′∗ωP3 ⊗OZS′ (RS′) ∼= p′∗OP3(−4)⊗OZS′ (RS′).

The projection q′ : ZS′ → S′ is the projectivization of the pre-image of

the universal rank 2 tautological vector bundle over G under the map

φ′ : S′ φ→ S ↪→ G. Its first Chern class is equal to h := c1(OS′(1)), where

OS′(1) is the pre-image of OG(1) under the map φ′. The usual formula

for the canonical class of a projective bundle gives another formula for

the canonical sheaf of ZS′

ωZS′
∼= q′∗(ωS′ ⊗OS′(−1))⊗ p′∗(OP3(−2)). (2.1)

Comparing the two formulas, we find

[RS′ ] = p′∗(2H) + q′∗(h+KS′) (2.2)

where H = c1(OP3(1)). The image of RS′ under the projection to P
3 is

the branch divisor of p′. It is called the focal surface of S and will be

denoted by Foc(S). Intersecting RS′ with a general fiber of q′, we deduce
from (2.2) that

deg q′|RS′ = 2. (2.3)

If the fiber q′−1(s′) is contained in RS′ , its image �s in P
3 lies in Foc(S).

Otherwise q′−1(s′) contains two critical points in RS′ and the ray �s
intersects Foc(S) at the images of these points with multiplicity ≥ 2. It

follows from (2.3) that the focal surface Foc(S) consists of at most two

irreducible components. We will assume that it is irreducible. We will

also assume that Foc(S) contains only finitely many rays of S, so that

the surface RS′ is irreducible too. Hence:
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(1) S is an irreducible component of the surface of bitangents of Foc(S).

For any curve C on S, the image of q−1(C) under the map p : ZS → P
3

is a ruled surface. Its degree is equal to the degree of C in the Plücker

embedding. For any line l in P
3, the set of rays intersecting l is a (special)

hyperplane section R(l) = Tl(G)∩S of S. Following the classical notation

we denote by (l) the corresponding ruled surface in P
3.

Let Pl ∼= P
1 be the pencil of planes containing a general line l in P

3.

Consider a map

f : R(l) −→ Pl × l ∼= P
1 × P

1

that assigns to a point s ∈ R(l), the pair (〈l, �s〉, �s∩l) that consists of the
plane 〈l, �s〉 generated by the line l and the ray �s and the intersection

point �s ∩ l. The composition of f with the first projection (resp. the

second projection) is a map of degree n (resp. m). For a general line l,

the curve R(l) is smooth and its genus is called the sectional genus of S.

The image of the map f is a curve of bidegree (m,n) on P
1 × P

1 and

arithmetic genus (m − 1)(n − 1). The map f is not an isomorphism in

general. In fact, two rays �1, �2 in R(l) go to the same point (π, x) ∈ Pl×l
if and only if π = 〈�1, l) = 〈�2, l〉 and �1 ∩ �2 = {x}. Hence the Schubert

line σx,π := σx∩σπ is a secant line of S passing through the point x ∈ G.

Let r be the number of secant lines of S in G passing through a general

point x ∈ G. It is called the rank of S. Note that, since G is a quadric

hypersurface in P
5, a secant line of S through a general point in G is

contained in G. Obviously r = 0 if S is degenerate as a subvariety of P5.

It is shown in [Ver88] that, if S is nondegenerate, then r = 0 if and only

if it is a Veronese surface in P
5 realized as the congruence of lines of

bidegree (1, 3), the congruence of secant lines of a twisted cubic.

It follows from above that R(l) is the normalization of a curve of

arithmetic genus (m − 1)(n − 1) with r double points. Therefore its

genus g is given by the formula

g = (m− 1)(n− 1)− r. (2.4)

The composition of f and the second projection is a degree m cover

of P1 of a curve of genus g with deg(Foc(S)) ordinary branch points.

Applying Hurwitz formula and (2.4), we obtain

(2) The degree of the focal surface is given by the formula

deg Foc(S) = 2m+ 2g − 2 = 2n(m− 1)− 2r, (2.5)

where g is the sectional genus of S and r is the rank of S.
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2.2. Let σx,π ⊂ G be a secant line of S. The plane π contains two

rays of S intersecting at the point x. It is called the null-plane of the

congruence and the point x is its center. Let Sec(S) ⊂ Gr1(P
5) be the

variety of secant lines of S. The projection α : Sec(S) → P
3, σx,π → x, is

a map of degree m(m− 1)/2, the projection β : Sec(S) → P̌
3, σx,π → π,

is a map of degree n(n− 1)/2:

Sec(S)

β

����
��
��
�� α

���
��

��
��

�

P̌
3

P
3

Note that, if m = 2, the map α (resp. β) is an isomorphism over the set

of nonsingular points of Foc(S).

A general plane π in the pencil Pl contains n(n − 1)/2 intersection

points of n rays in this plane. The locus of such points when π moves in Pl
is a curve, denoted in classical literature by |l|. A plane π containing l

contains n(n − 1)/2 points equal to the pre-image of the corresponding

point π∗ ∈ l∗ under β and also r = rankS points on l that are the centers

of null-planes containing l. In other words, the planes through l define a

pencil in |l| with n(n− 1)/2 moving points and r fixed point. Thus

deg (|l|) = 1
2n(n− 1) + r. (2.6)

Let x ∈ Foc(S) be a singular point. We denote by K(x) the cone of

rays through x. Its degree is equal to h(x).

Obviously, K(x) is an irreducible component of the ruled surface (l)

when x ∈ l. The residual part is of degree m+n−h(x). Let C(x) be the
curve in S parameterizing the lines in the ruling ofK(x). Its degree in the

Plücker embedding is equal to h(x). Since R(l) is a hyperplane section of

S, it intersects C(x) with multiplicity h(x). Thus (l) and K(x) intersect

in S with multiplicity h(x). If h(x) > 1, then each pair of common

rays lies in the same plane 〈l, x〉, hence x ∈ |l|. This shows that x is a
1
2h(x)(h(x) − 1)-multiple point of |l|. It is also a point of multiplicity

h(x) on (l).

As each point of |l| lies on a ray intersecting l, the curve |l| is contained
in the ruled surface (l). Under the normalization map q′−1(C(l)) → (l)

the pre-image of a general point on |l| consists of 1
2n(n− 1) points.

(3) The curve |l| passes through singular points x with multiplicity
1
2h(x)(h(x) − 1). It is contained in the locus of singular points of

multiplicity 1
2n(n− 1) on (l).
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Next we take a plane P ∗ dual to a point P ∈ P
3 and define the

surface (P ) = α(β−1(P ∗)) in P
3. It follows from the definition, that the

surface (P ) is the locus of points on some line through P which are

centers of null-planes containing the line. The duality argument of the

proof of (2.6) shows that

deg(P ) = 1
2m(m− 1) + r. (2.7)

For any singular point x of Foc(S) with h(x) = 1, the plane-cone

K(x) does not contain a general point P . Thus1 the surface (P ) does

not contain x. On the other hand, if h(x) > 1, the plane π spanned

by P and a ray � passing through x contains h(x)− 1 additional rays �′

through x, hence x lies in (P ). The null planes spanned by � and the

remaining n − h(x) rays in π have centers belonging to (P ). Since a

general � intersects (P ) at deg(P ) points, we obtain the following.

(4) Each singular point x ∈ Foc(S) is a singular point of (P ) of multi-

plicity 1
2m(m− 1) + r − n+ h(x).

2.3. Let B be the branch curve of the degree 2 map q′ : RS′ → S′. Let
degB = h · [B] be the degree of the image of B on S in the Plücker

embedding. Using (2.1) and (2.2) and applying the adjunction formula,

we get

KRS′ = (KZS′ +RS′) ·RS′ = q′∗(2KS′ + 2h). (2.8)

The Hurwitz type formula now gives 2KRS′ = q′∗(2KS′ +B), hence

[B] = 2KS′ + 4h. (2.9)

A ray �s may be tangent to Foc(S) with multiplicity 4 at a nonsingular

point. It is clear that in this case q′−1(φ−1(s)) intersects RS′ at one

point, hence s′ = φ−1(s) belongs to B. Conversely, if s′ belongs to B,

then the ray �φ(s′) intersects Foc(S) at one point with multiplicity 4. Let

Foc(S)0 be the set of such points in Foc(S). The pre-image of Foc(S)0
under the projection p′ : RS′ → Foc(S) is equal to the ramification locus

of q′ : RS′ → S′. Since q′∗p′∗OP3(1) = OS′(1), the projection formula

shows that the degree of Foc(S)0 is equal to degB. Now (2.9) gives

degB = 2KS′ · h+ 4h2 = 2(KS′ + h) · h+ 2h2 = 2(2g − 2) + 2(m+ n).

Taking into account (2.4), we obtain

1 Jessop on p. 262 of [Jes69] apparently mistakenly says that (P ) passes through
all singular points.
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(5) The degree of the locus of points Foc(S)0 on Foc(S) where a ray

touches S with multiplicity 4 is equal to degB.

For any singular point x of Foc(S), the fiber q−1(x) is a connected

curve equal to the intersection C(x) = σx ∩ S. Thus K(x) is a cone

over C(x) of degree h(x). Its pre-image under p : ZS → P
3 is equal to

the ruled surface q−1(C(x)) with base curve C(x) ⊂ S. Its pre-image in

ZS′ is the ruled surface q′−1(C̃(l)), where C̃(l) ⊂ S′ is the pre-image of

C(l) under the normalization map φ : S′ → S. Assuming that a singular

point of Foc(S) is an ordinary node, then the exceptional curve Ex =

p′−1(x) ⊂ RS′ must be a smooth rational curve and, under the projection

q′ : ZS′ → S′, it is mapped isomorphically onto C̃(x) and defines the

normalization map Ex ∼= C̃(x) → C(x). Since C(x) is a rational plane

curve of degree h(x), it is singular if h(x) > 2, and hence φ : S′ → S is

not an isomorphism over singular points of C(x).

(6) Suppose S is smooth and x is an ordinary node of Foc(S). Then

h(x) ≤ 2.

In fact, under the generality assumption that all singular points of the

curve C(x) = σx ∩ S are ordinary nodes, we obtain that the number of

singular points of S is equal to

s =
1

2

∑

x∈Foc(S)

(h(x)− 1)(h(x)− 2). (2.10)

3 Congruences of Degree 2 and Class n

3.1. We specialize assuming that m = 2, n ≥ 2. We also assume that

the congruence does not have fundamental curves. This excludes only

one case when (m,n) = (2, 2) and S is a quartic scroll (see [AG93]). We

have in this case r = 1, g = 0 and deg Foc(S) = 2. So, we may assume

that deg Foc(S) ≥ 4.

(7) deg Foc(S) = 4 and g = 1, r = n− 2.

Let us see that deg Foc(S) = 4, the rest follows from (2.5). Suppose

the degree is larger. Then a general ray � is tangent to the focal surface

at two points, hence � intersects it at some other (nonsingular) point x.

Sincem = 2 and x belongs to Foc(S), there will be another ray �′ tangent
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to Foc(S) at the point x. Thus there are two different rays through x

contradicting the definition of the focal surface.

Since g = 1, a general hyperplane section H of S is an elliptic curve.

By the adjunction formula, the anti-canonical sheaf ω−1
S′ ∼= OS′(1) is

ample. By definition, S′ is a del Pezzo surface. The anti-canonical linear

system |−KS′ | embeds S′ into P
d, where d = K2

S′ is equal to the degree

of the image. It follows from (5 ) that B ∈ |−2KS′ | and degB = 2K2
S′ =

2(2 + n), hence we obtain the following.

(8) The normalization S′ of S is a del Pezzo surface of degree d = 2+n.

The normalization map φ : S′ →S is an isomorphism if n=2, 3 and

is the projection of the surface S′ anti-canonically embedded in P
2+n

to a surface of degree 2 + n in G ⊂ P
5. The branch curve B of

q′ : RS′ → S′ belongs to |−2KS′ |.
Collecting the previous formulas, we obtain the following.

(9) The degree of the curve |l| is equal to 1
2 (n

2 + n− 4). The degree of

the surface (P ) is equal to n− 1.

(10) The surface (P ) is the locus of centers of null-planes that contain

the point P . It passes through singular points x of Foc(S) with mul-

tiplicity h(x)− 1.

Since the degree d of a del Pezzo surface in P
d satisfies d ≤ 9, we see

that n ≤ 7. Moreover, there are two different types of congruences of

class 6. They correspond to two types of del Pezzo surfaces of degree 8:

re-embedded quadrics and blow-ups of one point in P
2.

We know from (2.8) that ωRS′
∼= ORS′ . Since Foc(S) is a quartic sur-

face in P
3, we have ωFoc(S)

∼= OFoc(S), hence p
′∗ωFoc(S) = ωRS′ , hence all

singular points of the quartic surface Foc(S) are rational double points.

Since ZS′ is smooth, all singular points of Foc(S) are singular points

of the congruence S. Also, no ray � is contained in Foc(S) (otherwise,

each x ∈ � is contained in two rays, � and another ray from C(�) passing

through x). This implies that the map q′ : RS′ → S′ is a finite morphism

of degree 2, and hence the branch curve B is smooth.

(11) The surface RS′ is a K3 surface. All singular points of Foc(S) are

double rational points and the map p′ : RS′ → Foc(S) is a minimal

resolution of singularities. The double cover q′ : RS′ → S′ is a finite

morphism of degree 2 with smooth branch curve B ∈ |−2KS′ |.
Since a ray �s is tangent to Foc(S) at two points, p−1(�) splits into the

union of two smooth rational curves in ZS , one of them is the fiber q−1(s).
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Table 4.1 Singular points of congruences of bidegree (2, n)

(2, 2) (2, 3) (2, 4) (2, 5) (2, 6)I (2, 6)II (2, 7)

α1 16 10 6 3 1 0 0
α2 5 6 6 4 8 0
α3 2 3 6 0 10
α4 1 0 4 0
α5 1
α6 1

∑
αi 16 15 14 13 12 12 11

The other component parametrizes rays that intersect �s. It is projected

to a hyperplane section of S with a singular point at x. This curve is cut

out by a hyperplane tangent to G at the point s ∈ S.

From now on we assume that Foc(S) has only ordinary nodes as sin-

gularities.

Two ruled surfaces (l) and (l′) intersect at n + m = n + 2 common

rays. Thus the two surfaces residually intersect along a curve of degree

(n + 2)2 − (n + 2) = n2 + 3n + 2. If x is a point on the intersection

curve not lying on the common rays, then it is the intersection point of

two different rays, hence no other ray passes through it. This shows that

three ruled surfaces can intersect only at singular points of Foc(S) and

at 3(n+2)2 points on the common rays (a ray common to two must meet

the third). Since each singular point x ∈ Foc(S) has multiplicity h(x)

on (l), the intersection curve has multiplicity h(x)2 at x. Intersecting

with the third ruled surface (l′′), we get

(n+ 2)3 = 3(n+ 2)2 +
∑

i3αi,

where αi is the number of singular points x with h(x) = i. The Table

4.1 of possible solutions can be found in [Jes69, p. 280].

Applying (2.10), we see that all congruences S are singular if n > 3,

and the number of singular points is equal to 1
2 (n− 2)(n− 3).

3.2. Let x be a singular point of Foc(S). Then a general ray of the

cone K(x) is tangent to Foc(S) at some point outside x. The closure of

the locus of the tangency points is a trope-curve T (x) on Foc(S) of degree

2h(x). It is cut out in Foc(S) with multiplicity 2 by the cone K(x). If

h(x) = 1 (resp. h(x) = 2), it is a conic (resp. quartic curve) called a

trope-conic (resp. trope-quartic) of Foc(S). Since by (11 ) the projection
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RS′ → S′ is a finite morphism, no ray lies in Foc(S). This implies the

the trope-curves are irreducible.

The orbits of the birational involution of Foc(S) corresponding to the

deck transformation σ of the cover q′ : RS′ → S′ are pairs of tangency

points of a ray of the congruence. If x ∈ Sing(Foc(S)), then the excep-

tional curve Ex ⊂ RS′ is mapped under the involution to some other

curve σ(Ex). The curve Ex + σ(Ex) is equal to the pre-image of the

curve C̃(x) = φ−1(C(x)) ⊂ S′ under the covering map q′. This shows

that the curve C̃(x) splits under the cover, and hence is everywhere tan-

gent to the branch curve B. The degree of C̃(x) in the anti-canonical

embedding of S′ is equal to h(x).
Two singular points of Foc(S) are called conjugate if the line joining

these points is a ray from the congruence. Suppose x, x′ are two conjugate
singular points. Then the ray � = 〈x, x′〉 is contained in the intersection

of the cones K(x) and K(x′) and joins their vertices. A general plane π

containing � intersects K(x) along h(x) rays and intersects K(x′) along
h(x′) rays. Since π contains n rays, we see that the points x and x′ are
conjugate if h(x) + h(x′) > n. In this case, the ray 〈x, x′〉 must have

multiplicity h(x) + h(x′)− n. Note that the inequality h(x) + h(x′) > n

is only a sufficient condition for the conjugacy.

(12) Suppose h(x) + h(x′) > n, then the points x, x′ are conjugate and

the ray joining the two points has multiplicity h(x) + h(x′)− n.

The conjugacy graph of S is a graph whose vertices are singular points

of Foc(S) and two conjugate vertices x, x′ are joined by an edge. We also

mark a vertex x with the integer equal to h(x) (if its larger than 1) and

mark the edge with (h(x) + h(x′)− n if h(x) + h(x′)− n > 1.

(13) Let C̃(x) be the pre-image in S′ of the curve C(x) on S, where x is

a singular point of Foc(S). Then C̃(x) is everywhere tangent to the

branch curve B and has degree h(x) in the anti-canonical embedding

of S′. The conjugacy graph of S is the dual intersection graph of

the curves C̃(x) on S′.

Example 3.1. Assume n = 4. The surface Foc(S) has two singular

points x1, x2 with h(xi) = 3. Thus C(x1) and C(x2) are irreducible

singular cubic curves and S is singular with one singular point corre-

sponding to the multi-ray that passes through the points x1 and x2. It

is a common line of the cones K(x1) and K(x2). The normalization S′

of S is a del Pezzo surface of degree 6 anti-canonically embedded in P
6.

The normalization map φ : S′ → S is the projection from a general point

https://doi.org/10.1017/9781009180849.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009180849.004


15-Nodal Quartic Surfaces 77

on the secant hypersurface of S′. The projection from a general point

of P6 is a smooth del Pezzo surface of degree 6 that is contained in a

smooth quadric. If we realize this quadric as the Klein quadric G, we ob-

tain a realization of a smooth del Pezzo surface of degree 6 as a smooth

congruence of lines if bidegree (3, 3).

4 Congruences of Bidegree (2, 3)

4.1. Let us now summarize what we have found in the case n = 3.

We assume that S is general enough so that all singularities of the focal

surface are ordinary nodes.

(14) The surface S is a smooth quintic del Pezzo surface anti-canonically

embedded in G ⊂ P
5.

(15) The focal surface Foc(S) is a quartic surface with 15 nodes, ten of

them with h(x) = 1 and remaining ones with h(x) = 2.

(16) The surfaces (l) are quintic elliptic ruled surfaces. A curve |l| is
a singular curve of multiplicity 3 on (l), it coincides with the base

curve of the pencil of quadrics generated by (P ) and (P ′).
(17) The surface Y = RS′ is a K3 surface. The morphism p′ = p : Y →

Foc(S) is a minimal resolution of singularities and the morphism

q′ = q : Y → S′ = S is a finite morphism of degree 2 with a smooth

branch curve B ∈ |−2KS |.
Let us denote the set of nodes x of Foc(S) with h(x) = 1 (resp. h(x) =

2) by L (resp. C). The curves C(x), x ∈ L, are lines on S tangent to B at

one point. The curves C(x), x ∈ C, are conics in S tangent to B at two

points. The curves T (x) = (K(x) ∩ Foc(S))red are trope-conics if x ∈ L
and trope-quartics if x ∈ C.
Since σ(Ex)·Ex = h(x), we see that x is a simple point of T (x) if x ∈ L

and a double point if x ∈ C. We know that two singular points x, x′

with h(x) = h(x′) = 2 are conjugate, i.e. the cones K(x) and K(x′)
have a common ray. This implies that T (x) and T (x′) intersect and the

corresponding conics C(x) and C(x′) belong to different pencils of conics

on S.

Let us recall that a quintic del Pezzo surface S is isomorphic to the

blow-up of four points p1, p2, p3, p4 in the plane, in general linear posi-

tion. Let e0 be the class of the pre-image of a line and e1, . . . , e4 be the

classes of the exceptional curves over the points pi. The anti-canonical
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(12)

(34)

(25)

(35)

(45)

(15)

(24)

(13)

(23)

(14)

Figure 4.1 The Petersen graph

embedding is given by the linear system |3e0 − e1 − e2 − e3 − e4| repre-
sented in the plane by the linear system of cubic curves passing through

the points p1, . . . , p4. In the anti-canonical embedding, the surface has 10

lines with the classes e1, . . . , e4 and e0−ei−ej . It has 5 pencils of conics

with classes e0 − ei and 2e0 − e1 − e2 − e3 − e4.

We denote by φLL : L → 2L the map that assigns to a point x ∈ L
the set of points from L contained in σ(Ex) \ {x}. We have similar maps

φCC : C → 2C , φLC : L → 2C and φCL : C → 2L. It follows that

#φLL(x) = 3, #φCL(x) = 4, #φLC(x) = 2, #φCL(x) = 4.

In the sequel we will be indexing the set C by the set {16, 26, 36, 46, 56}
and the set L by subsets of {1, 2, 3, 4, 5} of cardinality 2 as in the Petersen

graph in Figure 4.1. We find that

φLL(xab) = {xcd : (cd) ∩ (ab) = ∅},
φCC(xa6) = {xb6 : a �= b},
φLC(xab) = {xa6, xb6},
φCL(xa6) = {xab : b �= a, 6}.

(18) The conjugacy graph of the congruence S is equal to the dual inter-

section graph of 10 lines lab on S and 5 conics Ci, each taken from

one of the five pencils of conics. It is equal to the union of the Pe-

tersen graph and the complete graph K(5) on the set {1, 2, 3, 4, 5}.
Each vertex (ab) of the Petersen graph is connected to two ver-

tices a, b of K(5) and each vertex a of K(5) is connected to 4 ver-

tices (ab), b �= a, of the Petersen graph.
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4.2. The planeK(x), x ∈ L, that cuts out a trope-conic passes through x
and the nodes from φL(x) and φLC(x). This shows that, for any x ∈ L,

2σ(Ex) ∈
∣∣∣ηH − Ex −

∑

x′∈φl(x)

Ex′ −
∑

y∈φlc(x)

Ey

∣∣∣ (4.1)

where ηH = c1(p
∗OP3(1)).

Similarly, we find, that for any Ey, y ∈ C,

2σ(Ey) ∈
∣∣∣2ηH − 2Ey −

∑

y′∈C,y′ �=y
Ey′ −

∑

x∈φcl(y)

Ex

∣∣∣. (4.2)

Applying (4.1) and (4.2), we find that

σ(ηH) ∈
∣∣∣4ηH −

∑

x∈L
Ex − 2

∑

y∈C
Ey

∣∣∣.

The linear system |σ(ηH)| is the restriction to Foc(S) of the 4-dimen-

sional linear system of quartic surfaces with nodes on C and simple points

at L. By choosing an appropriate basis of the linear system, it defines a

birational self-map of Foc(S) that blows down σ(Ex), x ∈ L ∪ C, to the

nodes.

Let B̃ ∼= B be the ramification curve of q : Y → S. We know that

its image Foc(S)0 in Foc(S) is equal to the locus of points where a ray

is touching Foc(S) with multiplicity 4. It follows from (5 ) that it is a

curve in P
3 of degree 4(mn − r) − 2(m + n) = 10. Since B̃ intersects

each Ex, x ∈ C, at two points and intersects the curves Ey, y ∈ L, at
one point, we see that it passes through all singular points of Foc(S). If

we assume that the congruence is moduli general in the sense that the

rational Picard group Pic(S)Q is generated by the curves Ex, x ∈ L ∪ C,
and ηH (see the explanation of this assumption in section 8), we obtain

B̃ ∼ 1

2

(
5ηH − 2

∑

x∈C
Ex −

∑

x∈L
Ex

)
∼ 1

2

(
∑

x∈L
(Ex + σ(Ex))

)

∼ 1

2

(
∑

x∈C
(Ex + σ(Ex))

)
. (4.3)

Applying (4.1), we see that B̃ is a curve of degree 10 cut out with multi-

plicity 2 by a quintic surface with nodes at y, y ∈ C, that passes through
the remaining nodes with multiplicity 1.

The linear system |B̃| defines a σ-equivariant map from Y to a surface

of degree 10 in P
6. We will study this birational model in Section 7.

https://doi.org/10.1017/9781009180849.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009180849.004


80 Igor V. Dolgachev

4.3. Let (P ) be the quadric surface corresponding to a nonsingular

point P on Foc(S) and � be the unique ray passing through P . Since a

general point x on � intersects another ray, � is contained in a null-plane.

Since P ∈ �, we see that � is contained in (P ). Conversely, if l is a line on

(P ), a general point on � is the intersection point of two rays, hence l lies

on an infinite set of secants of S. This shows that l is a ray. So, we obtain

that the quadric surface (P ) contains only one line passing through P ,

hence it must be a quadric cone. Since the degree of the discriminant

surface of a web of quadrics is equal to 4, we obtain that Foc(S) coincides

with this surface.

Also observe that, if P is a singular point P with h(P ) = 1, then any

ray through P is contained in (P ), hence the plane 〈T (x)〉 = K(x) is

contained in (P ). Thus the quadric (P ) is reducible. The singular line of

the quadric (P ) is the tangent line to the trope-conic at the point P .

(19) The web W of quadrics (P ), P ∈ P
3, has base locus equal to the

set C of singular points of Foc(S) with h(x) = 2. The surface Foc(S)

coincides with the discriminant surface DW of W , i.e. the locus of

singular quadrics in W . The 10 quadrics (x), x ∈ L, are reducible

quadrics, one of the irreducible components is the plane K(x).

We will return to the discussion of the geometry related to the web of

quadrics W in Section 6.

5 The Segre Cubic and
Castelnuovo–Richmond–Igusa Quartic

5.1. Let us recall some known facts about the Segre cubic primal and the

Castelnuovo–Richmond–Igusa quartic hypersurface that can be found,

for example, in [Dol12, 9.4]. Let |L| be the linear system of quadrics

through the singular points p1, . . . , p5 ∈ P
3 in general linear position.

The linear system |L| defines a rational map

Φ: P3 ��� P
4 (5.1)

with the image a cubic threefold in P
4 projectively isomorphic to the

Segre cubic primal S3 given by equations

6∑

i=1

z3i =

6∑

i=1

zi = 0,
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where we identify P
4 with the hyperplane V (

∑6
i=1 zi) in P

5. The permu-

tation group S6 acts naturally on S3 via permuting the coordinates. We

denote this action by IS6. There is a natural isomorphism between S3
and the GIT-quotient of (P1)6 by PGL(2). It follows from an explicit map

from (P1)6 to S3 given by the Joubert functions [Dol12, Theorem 9.4.10]

that the action of S6 on S3 via permuting the factors of (P1)6 differs

from the previous action by an outer automorphism of S6. We denote

this action by IIS6. The linear action of S5 in P
3 leaving invariant the

set of points p1, . . . , p5 embeds S5 onto a transitive subgroup of IS6

and onto a non-transitive subgroup of IIS6 (recall that there are two

conjugacy classes of subgroups of S6 isomorphic to S5.)

Recall that a duad is a subset of the set [1, 6] = {1, . . . , 6} of cardinality
2. A syntheme is a set of three complementary duads. A total is a set of

5 synthemes that contains all duads. A subgroup of S6 fixing a total is

isomorphic to S5 and acts transitively on the set [1, 6].

The images Pij of 10 lines 〈pi, pj〉 are singular points of S3, all ordinary
nodes. The images Πi of the exceptional divisors of the blow-up of P3

at the points pi and the planes 〈pi, pj , pk〉 are planes contained in S3.

The 15 planes and 10 nodes form an abstract configuration (154, 106).

It is also known that the projectively dual hypersurface of S3 is pro-

jectively isomorphic to the Castelnuovo–Richmond–Igusa quartic hyper-

surface CR4. The equations of CR4 are

4

6∑

i=1

y4i −
6∑

i=1

y2i =

6∑

i=1

yi = 0.

The projective duality map

Ψ: S3 ��� CR4

is given by the choice of a basis in the linear system of polar quadrics of

S3. The map Ψ is equivariant with respect to the action IIS6 on S3 and

the action of S6 on CR4 via permuting the coordinates yi.

The images of planes in S3 under Ψ are 15 double lines of CR4. Each

line intersects three other lines, and three lines pass through each of 15

intersection points forming a symmetric abstract configuration (153), the

Cremona—Richmond configuration. The images of the tangent cones at

singular points of S3 are quadric surfaces in CR4 cut out by hyperplanes

everywhere tangent to CR4 (cardinal hyperplanes).

The Segre cubic S3 is characterized by the property that it contains 10

singular points, the maximal number for a normal cubic hypersurface

in P
4. The singular points are ordinary nodes forming a IS6-orbit of the
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point [1, 1, 1,−1,−1,−1]. They are indexed by subsets (abc) of cardinal-

ity 3 of the set [1, 6], up to a complementary sets. The set of planes is the

S6-orbit of the plane π12,34,56 : z1 + z2 = z3 + z4 = 0. They are indexed

by synthemes (ab, cd, ef). Two planes intersect along a line if and only if

the synthemes share a duad. Otherwise they intersect at a singular point

of S3.

Dually, we have 15 double lines in CR4 forming a S6-orbit of the line

given by equations y1 − y2 = y3 − y4 = y5 − y6 = 0. They are also

indexed by synthemes. The intersection points of the double lines form a

S6-orbit of the point [−2, 2, 1, 1, 1, 1]. They are indexed by duads. Two

double lines intersect if they share a duad.

A cardinal hyperplane is dual to a singular point of S3. The set of

cardinal planes form one S6-orbit of the hyperplane y1 + y2 + y3 − y4 −
y5 − y6 = 0. They are indexed by subsets of [1, 6] of cardinality 3 up to

complementary set.

The cardinal hyperplane H(123) intersects CR4 along the quadric

given by equation y1y2 + y1y3 + y2y3 − y4y5 − y4y6 − y5y6 = 0. A car-

dinal hyperplane H(abc) contains 6 double lines corresponding to the

synthemes (ai)(bj)(ck), where {i, j, k} is the complementary set to the

set {a, b, c}.
We will denote by P

4
Seg the projective space |L|∗, where S3 lies, and

denote by P
4
CR the dual space |L|, where CR4 lies,

A general hyperplane H in P
4
CR cuts out CR4 along a 15-nodal quartic

surface XH . Its pre-image under Ψ is cut out in S3 by a quadric QH . It

is the polar quadric of S3 with the pole h corresponding to H via the

projective duality.

The pre-image of XH
Seg = S3∩QH under the rational map Φ from (5.1)

is a quartic surface KH with nodes at the points p1, . . . , p5. The linear

system of such surfaces defines the composition map

Ψ ◦ Φ: P3 ��� P
4
CR.

The surface KH contains two sets of 10 lines, ten of them are the

lines 〈pi, pj〉 and the other ten are the residual lines in the sections ofKH

by the planes 〈pi, pj , pk〉. In a minimal resolution of KH we get two sets

of disjoint (−2)-curves, each one from one set intersects three members

of the second set.

(20) A 15-nodal quartic surface XH is birationally isomorphic to a quar-

tic surface KH in P
3 with 5 nodes and two sets of disjoint lines

forming a symmetric configuration (103).
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5.2. It is known that the Fano variety F (S3) of lines in S3 consists of 21

irreducible components. Fifteen of them parameterize lines in 15 planes.

The remaining six components are isomorphic to the quintic del Pezzo

surface dP5 [Dol16]. We denote them by F (S3)1, . . . , F (S3)6. The six

components are transitively permuted by IIS6. The stabilizer subgroup

of F (S3)i in
IIS6 is isomorphic to S5 = Aut(dP5). The five del Pezzo

components F (S3)i, i = 1, . . . , 5, parameterize lines in S3 that meet the

planes Πi. Under the map Φ: P3 ��� S3 from (5.1), they are realized

as the blow-ups of 4 points on the plane Πi equal to the images of

lines 〈pi, pj〉, j �= i. The component F (S3)6 parameterizes lines that

meet five planes Π1, . . . ,Π5. By the Theorem on the fifth associated plane

(see [SR85, Chapter X, Theorem XXIV], or [Dol12, Theorem 8.5.3]) this

is a quintic del Pezzo surface.

Thus the choice of a non-transitive subgroupS5 of
IIS6 or a transitive

subgroup of IS6 defines the choice of 5 planes among the 15 planes

contained in S3. As we noted earlier, this choice is equivalent to the

choice of a total.

(21) The choice of a total in the set [1, 6] defines the choice of 5 planes in

S3, or, equivalently, 5 double lines in CR4, or equivalently, 5 nodes

of a 15-nodal quartic XH . There are six such choices.

The intersection of the quadric QH with a general line on S3 cor-

responding to a point in F (S3)i consists of two points. This defines a

birational involution on XH
Seg (or XH) and hence a biregular involution

on the K3-surface Y H birationally isomorphic to XH
Seg and X

H . Its orbits

correspond to points in F (S3)i.

(22) The choice of a total defines a birational involution on XH and a

biregular involution on Y H with quotient isomorphic to the quintic

del Pezzo surface dP5.

5.3. Let us recall some known facts about a geometric interpretation of

irreducible representations of S5 (see, for example, [CKS20, DFL18]).

Let D be the union of 10 lines on a quintic del Pezzo surface dP5

and ΩdP5(logD) be the rank 2 vector bundle of logarithmic 1-forms. It

is invariant with respect to the group of automorphisms of dP5 isomor-

phic to S5. The linear space H0(dP5,ΩdP5
(logD)) of global sections is

an irreducible 5-dimensional linear representationW5 of S5. It generates

the vector bundle and defines aS5-equivariant anti-canonical embedding

of dP5 into the Grassmannian G(3,W5) ∼= G(2,W∨
5 ) by taking the ker-

nels (or cokernels) of the evaluation maps. The composition of this map
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with the Plücker embedding defines an embedding dP5 ↪→ P(
∧2

W∨
5 )

which is contained in the projectivization of a 6-dimensional irreducible

summand of
∧2

W∨
5 .

The linear system |OP(W∨
5 )(2)| = P(S2(

∧2
W5)) of quadrics in P(W∨

5 )

contains the subspace |IdP5
(2)| of quadrics with base locus dP5. It cor-

responds to an irreducible summand of dimension 5 of the linear rep-

resentation S2(
∧2

W5) isomorphic to W5. We will use that the repre-

sentation W5 of S5 is self-dual so that we may identify G(2,W∨
5 ) with

G(2,W5). The embedding dP5 ↪→ G(2,W5) is now defined by assign-

ing to a point x ∈ dP5 the pencil of quadrics from |IdP5(2)| with sin-

gular point at x. Under the projection map of dP5 to P
4 with center

at x, this pencil is the pre-image of the pencil of quadrics containing

the quartic del Pezzo surface equal to the image of the projection map

(see [KV19]).

The universal family ZdP5 of lines in P(W5) parameterized by dP5 ⊂
G(2,W5) can be identified now with the incidence variety

ZdP5
= {(Q, x) ∈ |IdP5

(2)| × dP5 : x ∈ Sing(Q)}
that comes with two projection maps

ZdP5

p1

�����
���

���
��� p2

���
��

��
��

�

P(W5) = |IdP5
(2)| dP5

The image of the first projection p1 consists of quadrics that have a singu-

lar point at some point in dP5. In fact, any singular quadric from |IdP5
(2)|

has this property. Otherwise, if we project from its singular point not

in dP5, the image of a quintic surface dP5 will be contained in a quadric

surface, obviously impossible (see [KV19, Lemma 5.2]). Thus the im-

age of p1 is the locus Δ of singular quadrics in |IdP5
(2)|. The scheme-

theoretical locus Δ̃ of a linear system quadrics in P
5 is given by vanishing

of the discriminant polynomial of degree 6. It is known that the projec-

tive tangent space to a quadric Q of corank 1 considered as a point

on the discriminant hypersurface of a linear system of quadrics is equal

to the linear subspace of quadrics that pass through the singular point

of Q [Dol12, (1.4.5)]. Since all quadrics in |IdP5
(2)| pass through dP5,

we see that a general quadric in Δ is a singular point of the discriminant

scheme. This shows that Δ̃ = 2Δ and

degΔ = 3.
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The restriction of the logarithmic bundle ΩdP5
(logD) to a line l on dP5

is a rank two vector bundle of determinant −KdP5
· l = 1. It follows

that the pre-image p−1(l) is the minimal ruled surface F1 and the pro-

jection p1 blows down its exceptional section to a singular point of the

image Δ of p1. Thus we see that Δ is an irreducible cubic hypersurface

in |IdP5
(2)| with 10 isolated singular points. It must be isomorphic to

the Segre cubic S3.

(23) There is a S5-equivariant isomorphism between the locus Δ of sin-

gular quadrics in |IdP5(2)| and the Segre cubic S3. The universal

family of lines in S3 parameterized by a del Pezzo component F (S3)i
is S5-equivariantly isomorphic to the P

1-bundle ZdP5 → dP5.

(24) The projection p1 : ZdP5 → S3 is a small projective resolution of the

Segre cubic.

Our proof is a slight modification of the proofs from [CKS20, Lemma

2.31] and [KV19, Theorem 5.6].

Remark 5.1. In [Fin87] Finkelnberg proves that the Segre cubic admits

six non-isomorphic small projective resolutions. Ours represents one iso-

morphism class. It is one of the two isomorphism classes of small resolu-

tions that have the property that its automorphism group is isomorphic

to S5.

We have already used the fact that a quintic del Pezzo surface has 5

pencils Qi of conics. Each one defines a conic fibration πi : S → P
1. In

the anti-canonical embedding the planes spanned by the members of the

pencil Qi sweep a scroll Zi. The scroll Zi is the image of the projective

rank 2-bundle P(Ei), where Ei = πi∗(OS(−KS)). Applying the relative

Riemann-Roch, we easily find that c1(Ei) ∼= OP1(1)⊕3, i.e. the projective

bundle is isomorphic to P
2 × P

1 → P
1. The map from this bundle to P

5

is given by |OP(Ei)(1)| and coincides with the Segre map P
2 × P

1 → P
5.

Let |OP5(2)| → |OZi
(2)| be the restriction map. Since h0(OZi

(2)) =

h0(S2(Ei)) = h0(P1,OP1(2)⊕6) = 18, each scroll Zi is contained in a

net of quadrics. After we identify the Segre variety s(P2 × P
1) with the

projective space of (2×3)-matrices of rank 1, we easily see that the space

of quadrics containing it consists of quadrics of rank 4.

(25) [KV19] The space |IS(2)| of quadrics containing an anti-canonical

quintic del Pezzo surface S contains 5 planes Πi of quadrics of

corank 2.

Using the projective duality, we can also embed dP5 ⊂ Gr(2,W5)

in the dual Grassmannian Gr(3,W∨
5 ) of planes in the dual space P

4
CR.
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The universal family of planes parameterized by dP5 now becomes a

P
2-bundle over dP5. Its projection to P

4
CR = P(W∨

5 ) is a double cover

branched along the Castelnuovo–Richmond–Igusa quartic CR4 [CKS20,

Proposition 2.4.5].

6 15-Nodal Quartic Surfaces

6.1. It is a natural guess from reading the previous section that the

choice of a total defines an isomorphism between the 15-nodal quartic

surface XH and the focal surface Foc(S) of a congruence of lines S of

bidegree (2, 3). Note that this is not quite obvious since the construction

gives a birational model of XH inside the universal family of lines in P
4

(not in P
3) parameterized by S considered as a surface of lines in Gr1(4)

(not in Gr1(3)).

Fix a component F (S3)i of F (S3) and let l be a line in it. We consider

the plane 〈l, h〉 spanned by this line and the point h ∈ P
4
Seg (dual to the

hyperplane H). The dual of this plane in P
4
CR is a line l∗ contained in

H ⊂ P
4
CR. The intersection S3 ∩ 〈l, h〉 consists of l and a conic C that

intersect l at two points. The intersection of the polar quadric QH with

the plane 〈l, h〉 is equal to the intersection of the polar conic of S3∩〈l, h〉
with respect to the point h. It passes through its singular points, i.e. the

intersection points of l and C. Since the image of QH under the duality

map Ψ is H, we obtain that the line l∗ intersects the quartic XH at two

points, the images of l ∩ C. In other words l∗ is a bitangent line of XH .

Thus we realize F (S3)i as an irreducible congruence of bitangent lines of

the quartic surface XH .

Take a general point x ∈ H. The set of lines l∗ ⊂ H containing x

corresponds to the set of planes 〈�, h〉 in the dual space that are contained

in the hyperplane x⊥ dual to the point x. This shows that the order m

of the congruence F (S3)i is equal to the number of lines in S3 that lie in

the hyperplane H. If we consider the map (5.1) and take i = 6 then this

number is equal to the number of twisted cubic curves parameterized

by F (S3)6 that lie in a quadric through the five points. This number is

equal to 2 and consists of the unique curves of bidegree (1, 2) and (2, 1)

that pass through general 5 points on the quadric. Similar count gives

m = 2 for other components F (S3)i (in fact, they all permuted by S6).

Now (2.4) and (2.5) give that the class n of F (S3)i is equal to 3.

Alternatively, we can compute n as follows. If we take a general plane

π contained in H, then its dual π⊥ will be a line passing through h.
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It intersects S3 at three points. Through each of these points passes a

unique line on S3 from the family F (S3)i. These define three planes 〈l, h〉
and give three lines l∗ contained in π.

(26) The choice of a total realizes XH as the focal surface of a congruence

of bidegree (2, 3) in Gr1(H).

The surface XH also contains 10 tropes, the intersections with 10

cardinal hyperplanes. This gives ten more components of bi-degree (0, 1).

The bidegree of the bitangent surface of a normal quartic surface is equal

to (12, 28) [Sal58, p. 281]. Since (12, 28) = 10(0, 1)+6(2, 3) we have found

all irreducible components.

6.2. Let X15 be any 15-nodal quartic surface in P
3. Let us see how it

arises as the focal surface of a congruence of bidegree (2, 3) and hence it

is isomorphic to a surface XH (another proof of this fact can be found

in [Avi19]). Projecting X15 from a node, we obtain a double cover of P2

branched along a curve of degree 6 with 14 nodes. The only way to

realize this curve is to take the union of four lines l1, l2, l3, l4 in general

linear position and a conic C intersecting each line transversally outside

the intersection points. The fifteenth node of X15 arises, in the usual

way, from a conic K which is everywhere tangent to the sextic curve.

The linear system on the double cover π : X15 ��� P
2 that maps it to a

quartic surface is equal to |π∗(l) +K ′|, where π−1(K) = K ′ +K ′′ and l
is a line on P

2.

The reduced pre-images of the line components of the branch curves

are conics passing through the fifteenth node P . These are our trope-

conics σ(Ex), x ∈ L, passing through the node. In this way we see the

configuration of 10 trope-conics and 15 nodes forming an abstract con-

figuration of type (154, 106). The pre-image of the conic component C of

the branch locus is a curve of degree 4 passing doubly through P and sim-

ply through 7 other nodes. Thus X15 contains 15 nodes, 10 trope-conics

passing through 6 nodes, and 5 quartic curves with a double point at

one of the nodes.

Consider the linear system of polar cubics of the 15-nodal quartic X15.

On a minimal resolution Y of X15 it is defined by the linear system

|D| = |3η−∑
Ei|, where Ei are the exceptional curves of the resolution

and η is the pre-image of the class of a hyperplane section of X15. We

check that its dimension is equal to 4 and its degree is equal to 6.

We have (D−Ei)
2 = 0, so that |D−Ei| is an elliptic pencil and Ei is

mapped under the map φD : Y → P
4 given by the linear system |D| to a
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plane conic. The members of |D−Ei| are curves of arithmetic genus one

and the map φ|D| maps these curves one-to-one to curves of arithmetic

genus one spanning a P
3 that contains the plane spanned by the conic

image of Ei. This shows that the map φ|D| is of degree 1 and its image Z

is a surface of degree 6, the intersection of a quadric Q and a cubic (not

uniquely defined). The quadric Q is tangent to a cubic at the points

q1, . . . , q10, the images of the 10 trope-conics on X15. Let us consider the

4-dimensional linear system of quadrics through q1, . . . , q10. It defines a

rational map f : P4 ��� P
4. Its restriction to Z is given by the linear

system |A| = |2ηZ − R1 − · · · − R10| on the minimal resolution Z̃ of Z,

where ηZ is the pre-image of the class of a hyperplane section of Z and Ri
are the exceptional curves over the points qi. Since A

2 = 4, it maps Z

(and Z̃) to a quartic surface in P
4 contained in the hyperplane H whose

pre-image under the map is the quadric Q. Thus the image Z ′ of Z is the

intersection of a quartic hypersurface V4 with the hyperplane H ′. The
preimage of V4 under f is a cubic hypersurface that contains 15 planes

spanned by the 15 conics on Z. The intersection points of the 15 planes

give 10 singular points of this hypersurface. By the projective uniqueness

of the Segre cubic, the cubic hypersurface must be projectively equivalent

to S3. Since CR4 is the image of S3 under the map f given by quadrics

through its nodes, we see that f(S3) is projectively equivalent to CR4

and Z ′ is projectively equivalent to XH = CR4 ∩H for some hyperplane

H projectively equivalent to H ′.
Let ηH be the class of a hyperplane section of XH . We have

ηZ = 3η −
∑

Ei and ηH = 2ηZ −
∑

Ri = 6η − 2
∑

Ei −
∑

Ri

in Pic(Y ). By expressing the classes Ri corresponding to 10 trope-conics

on X15 in terms of η and the classes of Ei, and substituting into ηH we

obtain ηH = η. Thus we have constructed a projective isomorphism from

X15 to XH .

(27) A 15-nodal quartic surface X15 is projectively isomorphic to a hy-

perplane section XH of the Castelnuovo–Richmond–Igusa quartic.

(28) The congruence Bit(X15) of bitangent lines of X15 consists of 16 ir-

reducible components, six of them are congruences of bidegree (2, 3)

and 10 are planes of bidegree (0, 1).

Remark 6.1. The last assertion should be compared with the similar

assertion that the congruence of bitangent lines of a quartic Kummer

surface with 16 nodes consists of 16 plane components and 6 components

of bidegree (2, 2). The minimal resolution RS of the Kummer surface
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Foc(S) is a double cover of a quartic del Pezzo surface with branch

curve B ∈ |−2KS |. In the isomorphic model of S as the blow-up of 5

points p1, . . . , p5 in the plane, the curve B is the proper transform of a

plane curve of degree 6 with cusps at the five points and tangent to all

lines 〈pi, pj〉 and the conic through the five points. The analog of the

linear system |B̃| from (4.3) defines a smooth octic model of the focal

surface Foc(S). It is equal to the intersection of three diagonal quadrics:

5∑

i=0

z2i =
5∑

i=0

aiz
2
i =

5∑

i=0

a2i z
2
i = 0.

The sections by the hyperplanes zi = 0 are the canonical models of

the curve B. The six choices of the hyperplane correspond to the six

realizations of the Kummer surface as the focal surface of a congruence of

bidegeree (2, 2). The curve B is a Humbert curve of genus 5 (see [Edg91]).

It has a special property that it contains a maximal number (= 10) of

vanishing even theta characteristics for a curve of genus 5 [Var86]. The

number of moduli of Humbert curves is equal to 2.

6.3. Let M4,k be the moduli space of projective equivalence classes

of k-nodal quartic surfaces in P
3. It is a locally closed subset of the

GIT-quotient of |OP3(4)|//SL(4). It is an interesting problem to find out

whether the irreducible components of M4,k are rational varieties. It

follows from the above that any 15-nodal quartic surface is birationally

isomorphic to XH = CR4 ∩H. It is known that the group of projective

automorphisms of S3 and CR4 is isomorphic toS6 (e.g. [Fin87, §3]). Thus
the stabilizer subgroup of XH in Aut(P4

CR)
∼= PGL(5) is isomorphic to

S6. This gives

P
4
Seg/S6 = P̌

4
CR/S6 ��� M4,15, H �→ H ∩ CR4,

admits the inverse. It is known [Dol12, 9.4.5] that

P
4
Seg/S6

∼= P(2, 3, 4, 5, 6).

Therefore we obtain the following.

(29) The moduli space M4,15 of 15-nodal quartic surfaces is a rational

4-fold.

Note that the moduli space of Kummer surfaces M4,16 is realized as

the hypersurface in M4,15 birationally isomorphic to the quotient

CR4 /S6
∼= P(2, 3, 5, 6).
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Of course, the rationality of M4,16 is a well-known fact.

6.4. Now we know that X15 is projectively isomorphic to a quartic

surface in P
4
CR equal to a hyperplane section XH of CR4. So, we can

identify the ambient space P
3 with a hyperplane H in P

4
CR. We can also

identify X15 with the focal surface Foc(S) of a congruence S of lines

in H of bidegree (2, 3) that defines a partition L+ C of its 15 nodes and

defines the involution σ such that σ(Ex), x ∈ L, are its trope-conics and
σ(Ex), x ∈ C, are its trope-quartics. There are six ways to do it and we

fix one of them. We will use the expressions of different linear systems

on X15 in terms of the divisor classes of Ex, σ(Ex), on the minimal

resolution Y of X15 given in subsection 4.2.

Recall from (19 ) that there is a web W of quadrics (P ) in H through

the nodes x ∈ C parameterized by points P in H. So, we can iden-

tify W with H and consider the map f : X15 ��� H∗ given by the linear

system W . It is a hyperplane in the linear system |2ηH − ∑
x∈C Ex|,

where ηH is a hyperplane section of X15 (lifted to Y , as usual). We know

from (17 ) that X15 coincides with the discriminant surface DW of W .

Recall that the Steinerian surface (or the Jacobian surface) of W is the

locus of singular points of quadrics from W (see [Dol12, 1.1.7]). The

rational map

st : DW ��� St(W )

that assigns to a singular quadric from W its singular point is called the

Steinerian map. It is given by the linear system |ηst| such that

2ηst = 3ηH −
∑

x∈L
Ex.

Since η2st = 4, the Steinerian surface is a quartic surface in H. We see

that it has 5 nodes, the images of Ex, x ∈ C, and 20 lines, the images of

Ex, σ(Ex), x ∈ L. Thus it coincides with the 5-nodal quartic model KH

of X15 and we can identify the source space P
3 in the map Φ from (5.1)

with the space |ηst|∗. We have just described a Cremona transformation

of H that transforms a 15-nodal quartic to a 5-nodal quartic.

The map Φ is given now by the linear system
∣∣∣2ηst −

∑

x∈C
Ex

∣∣∣, (6.1)

so W is identified with a hyperplane in this linear system. It maps X15

to the projection of the sextic surface XH
Seg = S3 ∩ QH from the point
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h ∈ P
4
Seg corresponding to H via the projective duality. It is a sextic

surface in the dual space H∗.
Next we identify this sextic surface with the dual surface X∗

15 of X15.

The pre-image of a plane in H∗ through a point x∗ under the map f is a

quadric in H that contains the fiber f−1(x∗). Thus this fiber is the base

scheme of the net of quadrics in H defined by the point x∗ considered as

a plane in H. A general net of quadrics in P
3 has 8 distinct base points.

In our case all quadrics pass through 5 points from C. So, our map f

is of degree 3. A net of quadrics has less than 8 base points if one of

the quadrics in the net has a singular point at a base point. This shows

that the ramification divisor Ram(f) coincides with the set of singular

points of quadrics from W . This is the Steinerian surface St(W ). On the

other hand, a quadric is singular if it does not intersect transversally

the branch divisor f(Ram(f)). Considered as a point in H, the quadric

belongs to the discriminant surface DW of W . We know from fact (19 )

that DW coincides with our quartic surface X15. Thus the branch divisor

is the dual surface X15* of X15. The image of the Steinerian surface is

the branch divisor. This gives an identification of the sextic surface in H∗

with the dual surface of X15.

(30) If we identify a 15-nodal quartic surface X15 with XH , then its

projectively dual surface X∗
15 is a surface of degree 6 in H∗ obtained

by projection of its sextic model XH
Seg from the point h dual to H.

(31) The 5-nodal quartic model KH is identified with the Steinerian

quartic surface in H of the web of quadrics W whose discriminant

surface is equal to X15.

The degree of the dual surface agrees with the Plücker formula [Dol12,

Theorem 1.2.7], according to which the degree of the dual of a k-nodal

quartic surface is equal to 36 − 2k. We refer to [Bak10, page 160] for

another more explicit map from an X15 to its 5-nodal quartic model.

Remark 6.2. Note that f−1(f(Ram(f))) = 2Ram(f)+F , and compar-

ing the degrees, we obtain that the residual surface F is of degree 10.

The map f defines a birational isomorphism F ∼= X∗
15, so it realizes a

birational model of X15 of degree 10 in P
3. In the next section we will

study a nonsingular degree 10 model of X15 in P
6. The surface F is its

projection to P
3. The surfaces F and St(W ) = Ram(f) intersect along

a curve of degree 40. We believe (but no proof yet) that this curve is

birationally isomorphic to the curve Foc(S)0 when we identify X15 with

the focal surface of a congruence S of bidegree (2, 3).
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6.5. Recall that a web W of quadrics in P
3 defines a Reye congruence

Rey(W ) of lines in P
3 (reducible if W has base points). Its rays are

lines (called Reye lines) which are contained in a subpencil of the web

(see [Cos83], [Dol12, 1.1.7] and [DK, Chapter 2]). If W has no base

points, then Rey(W ) is irreducible and its bidegree is equal to (7, 3).

The lines through the base points are Reye lines, so, in our case, the

Reye congruence has 5 components of bidegree (1, 0). The remaining

irreducible component Rey(W )0 is of bidegree (2, 3).

Since m = 2, each quadric surface (P ) ∈ W is equal to the locus of

centers of null-planes containing P . Take a ray ls from S that does not

pass through the base points of W . Any general point x ∈ �s lies on

another ray �s′ such that x = �s ∩ �s′ becomes the center of the null-

plane 〈�s, �s′〉. This shows that the quadric (x) contains the line �s, and

hence �s is a Reye line. This implies that Rey(W )0 coincides with S.

A pencil P� of quadrics from W containing a Reye line � not through

a base point has the base locus equal to the union of the line and a

twisted cubic curve intersecting it at two points and passing through

the base points. We again see the congruence as a del Pezzo surface

parameterizing twisted cubics through the set C.
The pencil of quadrics containing a general Reye line � has exactly

two singular quadrics (P ) and (P ′) with singular points at the singular

points of the base curve of the pencil. This shows that � is tangent to

the discriminant surface X15 of W at two points P and P ′. But it also

intersects the Steinerian surface at two points. The first pair of points

is an orbit of the involution σ on X15 defined by the congruence. The

second pair of points is an orbit of an involution on St(W ) which we

denote by τRey and call the Reye involution. Note that they are different

involutions on a nonsingular model Y of both surfaces. As we know the

former involution has the fixed locus an irreducible curve Foc(S)0 of

degree 10. The latter involution has fixed locus consisting of 5 nodes of

St(S) which become the disjoint union of 5 smooth rational curves on Y .

The base locus of the pencil inW through a Reye line intersecting Foc(S)

at a point in Foc(S)0 consists of this line and a twisted cubic tangent to

the line. The base locus of the quadrics containing a Reye line passing

through a base point pi consists of this line and a twisted cubic passing

through all base points and tangent to the line at the point pi.

Finally, observe that the proper transforms σ(Ex), x ∈ L, of ten trope-

conics on Y are mapped under the Steinerian map to lines joining two

base points of W . They are Reye lines invariant under the Reye

involution.
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Let Z = Y/(τRey) be the quotient surface by the involution τRey. Since

its set of fixed points is the union of 5 smooth rational curves Ex, x ∈ C,
the usual formulas tell us that Z is a smooth rational surface with Euler–

Poincaré characteristic equal to 18. The branch curve of the quotient map

q : Y → Z is the disjoint union of smooth rational curves Ēx with self-

intersection −4. The Hurwitz type formula KY = q∗(KZ) +
∑
x∈C Ex

implies that
∑
x∈C Ēx ∈ |−2KY |. Since h0(−2KZ) = 1, we see that

h0(−KZ) = 0. Thus Z is a Coble surface, a smooth projective ratio-

nal surface with empty anti-canonical linear system and nonempty anti-

bicanonical linear system. As we observed in the previous paragraph,

the exceptional curves σ(Ex), x ∈ L, are invariant under τRey. They

intersect the ramification locus at two points from different irreducible

components. Their images on Z are 10 disjoint (−1)-curves. After we

blow down these curves we obtain a quintic del Pezzo surface Z̄. The

image of the branch locus is the union of 5 conics on it (in an anti-

canonical model). Since we identified Reye lines with rays of the congru-

ence S, the surface Z̄ can be identified with S and the conics with the

conics C(y), y ∈ C, corresponding to trope-conics on Foc(S) = X15. Fix

a realization of X15 as the focal surface Foc(S) of a quintic del Pezzo

congruence of lines in P
3.

(32) The blow up of 10 intersection points of 5 conics C(y), h(y) = 2,

on S is a Coble surface Z with K2
Z = −5. The double cover of Z

branched at the proper transforms of the conics is isomorphic to a

K3 model Y of X15. The covering involution coincides with the Reye

involution τRey associated to the web W of quadrics (P ), P ∈ P
3,

with discriminant surface X15.

Recall that any quintic del Pezzo surface S contains 5 pencils of conics.

If we choose one conic Ci from each pencil and blow up the ten intersec-

tion points we obtain a Coble surface Z with |−2KZ | represented by the

union of proper transforms C̄i of the conics. The double cover branched

along this divisor is a K3 surface with 5 isolated (−2)-curves, the reduced

pre-images of the curves C̄i. There are also 10 disjoint (−2)-curves, the

pre-images of the exceptional curves over the intersection points. The

construction depends on 5 parameters defined by a choice of a conic

from each pencil. The isomorphism classes of our K3 surfaces depend on

4 parameters, so they define a hypersurface in (P1)5/S5
∼= P

5, we do not

know its degree.
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Note that degenerating the five conics to the union of 5 reducible

conics, we obtain a ‘most algebraic’ K3 surface with Picard number 20

studied by E. Vinberg [Vin83].

Remark 6.3. It is known that in the case when a web W of quadrics

has no base points and its Steinerian surface is nonsingular, the Reye

congruence Rey(W ) is an Enriques surface realized as a congruence of

lines of bidegree (7, 3) and the discriminant surface DW is a Cayley

quartic symmetroid with 10 nodes. The map

ν : Rey(W ) −→ Bit(DW ),

from Rey(W ) to the surface Bit(DW ) of bitangents of DW that assigns

to a Reye line � the pencil of quadrics P� in W containing � is the

normalization map [DK, 7.4]. In our case, Rey(W ) and Bit(DW ) are

reducible surfaces. The former has 5 components isomorphic to a plane

and one component isomorphic to a quintic del Pezzo surface. They are

mapped isomorphically to irreducible components of Bit(DW ).

Remark 6.4. The fact that a 15-nodal quartic surface is a quartic sym-

metroid (i.e. equal to the determinant of a symmetric matrix with linear

forms as its entries) should be compared with the well known fact that

the Kummer surface X15 is also a quartic symmetroid with the Steiner-

ian surface equal to the 6-nodal Weddle quartic surface. However, in the

Kummer case the web of quadrics is not formed by surfaces (P ) because

it follows from (2.7) that, in this case they are planes but not quadrics.

Let us explain the relationship between the Weddle and the Kum-

mer surface. Recall that we have a map Φ: P3 ��� S3 given by the lin-

ear system of quadrics through 5 points p1, . . . , p5. If we add one more

point p6, then the web W of quadrics through the six points defines a

map φW : P3 ��� W ∗ ∼= P
3 and its image is equal to the projection of

the image S3 of the map Φ: P3 ��� S3 from the point Ψ(p6) ∈ S3. As

we explained in subsection 6.4, the Steinerian surface St(W ) is the ram-

ification divisor of the map φW . It is a quartic surface with 6 nodes at

p1, . . . , p6, classically called a Weddle surface. The branch divisor of the

map is the dual surface of the discriminant surface DW of W .

On the other hand, we know that, the image of the ramification divisor

under the map Ψ is the intersection Q∩S3, where Q is the polar quadric

with the pole at x = Φ(p6) that corresponds to the hyperplane H(y) that

is tangent to CR4 at the point y = Ψ(x) and cuts out our Kummer sur-

face X16. This identifiesW
∗ with H(y) and the branch divisor with X16,

hence the discriminant surface DW with X∗
16. Since X16 and X∗

16 are
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projectively isomorphic, we get a symmetric determinantal realization of

any Kummer surface. There are many classical sources that explain this

construction (see, for example, [Cob82, page 124]).

We have described the birational map from the Weddle surface St(W )

to the Kummer surface X16 as the map from the ramification divisor

of φW to the branch divisor of the degree two map given by the web W

quadrics through the nodes of St(W ). The inverse map from X16 to

St(W ) is given by cubic surfaces that pass through 10 nodes of X16

complementary to a set of nodes on one of the trope-conic that contains

the node y of X16 (a odd trope-conic). It maps the six nodes to the points

p1, . . . , p6 which are the six nodes of the Weddle surface St(W ). It maps

the trope-conic to the twisted cubic through the points p1, . . . , p6 and it

maps all other 15 trope-conics to lines 〈pi, pj〉 [Hud90, Chapter XI, §97].
The Reye involution is now the composition

τRey = σ ◦ py ◦ σ,

where σ is the switch involution corresponding to one of the six realiza-

tions of X16 as the focal surface of a congruence of lines of bidegree (2, 2)

and py is the projection involution of X16 from the point y. The locus

of fixed points of the Reye involution is the union of 6 tropes passing

through the node y. The quotient by the Reye involution is a Coble sur-

face obtained by blowing up 15 intersection points of six lines in general

position in the plane. The surface is birationally isomorphic to the dou-

ble cover of the plane branched along the six lines. This is of course a

familiar birational model of a Kummer surface [Dol12, Theorem 10.3.16].

Note that the Kummer surface admits another symmetric determinant

realizations as the Hessian surface of a nonsingular cubic surface (see

[DK02, Theorem 4.1]) which has no analog for a 15-nodal quartic surface.

6.6. Let us introduce some elliptic pencils on Y invariant with respect

to the Reye involution (recall that we have six of them corresponding to

a choice of an isomorphism X15
∼= Foc(S)).

Let

r = 2ηH −
∑

x∈L
Ex = 2ηst − ηH ∈ Pic(Y ),

where we use the definition of ηst from (6.1). It defines a reflection invo-

lution of Pic(Y )

sr : v �→ v +
x · r
2

r.
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One checks that τ∗Rey = sr [DK, 8.5]. In particular, we have

τ∗Rey(Ex) ∼ 2ηH −
∑

x′∈L,x′ �=x
Ex if x ∈ L,

τ∗Rey(Ey) = Ey if y ∈ C,
τ∗Rey(σ(Ex)) = σ(Ex) if x ∈ L,
τRey(σ(Ey)) ∼ σ(Ey) + 4ηH − 2

∑

x∈L
Ex if y ∈ C,

τ∗Rey(ηH) = 8ηst − 3ηH ,

τ∗Rey(ηst) = 3ηst − ηH .

For any line l on St(W ), the pencil of plane sections of St(W ) con-

taining l defines the residual pencil of cubic curves. It gives rise to an

elliptic pencil |ηst − L|, where L is the proper transform of l on Y .

Thus we have 10 elliptic pencils |Fx| = |ηst − Ex|, x ∈ L and 10 pencils

|F ′
x| = |ηst − σ(Ex)|. Using the formulas from the above, we verify that

τ∗Rey(Fx) = τ∗Rey(ηst − Ex) = ηst − Ex.

This shows that the pencils |Fx| are invariant with respect to the Reye in-

volution. We have
∑

x∈L
Fx = 10ηst −

∑

x∈L
Ex = 10ηst + 2ηst − 3ηH = 3(4ηst − ηH).

The linear system
∣∣∣
1

3

∑

x∈L
Fx

∣∣∣ = |4ηst − ηH | (6.2)

maps Y to a surface of degree 20 in P
11. The ramification divisor of the

projection Y → Z is equal to R =
∑
y∈C Ey. Since Fx · Ey = 0, each

pencil |Fx| descends to an elliptic pencil F̄x on the Coble surface Z. The

linear system (6.2) descends to a linear system

|Δ| =
∣∣∣
1

3

∑

x∈L
F̄x

∣∣∣

that maps Z to a rational surface of degree 10 in P
5, a Fano model of

the Coble surface Z (see [DK, Chapter 9]). It has 5 ordinary nodes, the

images of the curves Ey, y ∈ C.
Note that the involution σ defined by the congruence of lines S trans-

forms |Fx| to the pencil |F ′
x|. It is invariant with respect to the conjugate

involution σ ◦ τRey ◦ σ.
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Let us now consider other elliptic pencils invariant with respect to the

Reye involution. They are the pre-images |Fy|, y ∈ C, of the pencils of

conics on S under the composition map f : Y → Z = Y/(τRey) → S.

Recall that each pencil contains the curve C(y), y ∈ C, defined by the

trope-quartic on X15 = Foc(S).

Take one conic C(y), y ∈ C, from each of the five pencils. Since the map

ramifies over C(y), its pre-image on Y is the curve Ey, y ∈ C, that enters
in the fiber with multiplicity 2. The other components are the pre-images

of four curves σ(Ex), x ∈ L, that intersect σ(Ey) with multiplicity one.

This shows that the fiber is of type D̃4 (or type I
∗
0 in Kodaira’s notation).

In our duad notations of the curves Ex, x ∈ L ∪ C, we re-denote |Fy|
by |Fa|, where y = (a6). Using formula from subsection 4.2, we find that

Fa ∼ 1

2

(
4ηH −

∑

b�=6

Ey −
∑

b�=a
Eb6 − 2

∑

c,d �=a,6
Ecd

)

and Fa · Fb = 2. Adding up, we get a linear system

∣∣∣
1

2
(F1 + · · ·+ F5)

∣∣∣ =
∣∣∣5ηH −

∑

y∈C
Ey − 2

∑

x∈L
Ex

∣∣∣

=
∣∣∣
∑

x∈L
σ(Ex) +

∑

y∈C
Ey

∣∣∣ (6.3)

which defines a τRey-equivariant birational morphism to a degree 10 sur-

face in P
6. It blows down the curves σ(Ex), x ∈ L, to 10 singular points,

maps the curves Ex, x ∈ L, to rational quartic curves, maps the curves

Ey, y ∈ C, to conics and maps the curves σ(Ey), y ∈ C, to rational curves

of degree 6.

(33) The surface X15 admits 15 elliptic pencils |Fx|, x ∈ L ∪ C, in-
variant with respect to the Reye involution τRey. The linear sys-

tem | 13
∑
x∈L Fx| descends to a linear system on the Coble surface

Z = Y/(τRey) that defines a Fano model of Z as a rational 5-nodal

surface of degree 10 in P
5. The linear system | 12

∑
y∈C Fy| defines a

10-nodal degree 10 birational model of Y in P
6.

7 Degree 10 Model of a 15-Nodal Quartic Surface

7.1. We continue to identify a 15-nodal quartic surface X15 with the

focal surface Foc(S) of a quintic del Pezzo congruence of lines S. We
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have two linear systems |B̃| given by equation (4.3) and given by equa-

tion (6.3). The former linear system is σ-invariant and ample. It maps the

minimal resolution Y of X15 onto a nonsingular K3 surface of degree 10

in P
6. The latter is τRey-invariant and maps Y onto a 10-nodal degree 10

surface in P
6. In this section we will only consider the nonsingular degree

10 model Y10 of Y obtained in this way.

In the anti-canonical embedding of S the curve B ∈ |−2KS | is cut out
in S by a quadric. Since S is a linear intersection of the Grassmannian

Gr1(4), the curve B is a canonical curve in P
5 equal to the intersection of

quadrics. By Petri Theorem, it is neither hyperelliptic, nor trigonal, no

contains a g52 . It also embeds in S by global sections of the logarithmic

bundle on S. It follows from [Muk93] that it has only finitely many g14 ,

i.e. it is not a bielliptic curve. By another result of Mukai [Muk88], the

image of Y under the map defined by |B| is the intersection of the Fano

threefold V5 of genus 6 (degree 5) and index 2 in P
6 with a quadric Q.

The images of all curves Ex, σ(Ex), x ∈ L, are lines and the images of

Ex, σ(Ex), x ∈ L, are conics.

We know that, for any y ∈ C, we have Ey ·σ(Ey) = 2. This means that

Gy = Ey + σ(Ey) varies in an elliptic pencil |Gx| on Y . The curves Ex,

Ex′ , σ(Ex), σ(Ex′), x, x′ ∈ L, such that σ(Ex) · Ey = σ(Ex′) · Ey = 0

form a reducible fiber of |Gy| of type Ã3. There are 3 such fibers. The

curves Ex, x ∈ L, such that Ex · Ey = 1 define 4 sections of the elliptic

fibration.

We have Gy ·Gy′ = 2 and it follows from (4.3) that

2B̃ ∼
∑

y∈C
Gy.

The elliptic pencils descend to pencils of conics on the quotient S by the

involution σ. It follows that the curve B̃ passes through the intersection

points Ei ∩ E′
i and two opposite singular points in each reducible fiber

of the pencil. Since B̃ · Gy = 4, the image of each member of |Gy| in
the degree 10 model V5 ∩Q ⊂ P

6 of X15 is a quartic curve of arithmetic

genus one, and as such it spans a P
3 in P

6. Since Gy · Gy′ = 2, we see

that any pair of the P
3’s intersects along a subspace of dimension ≥ 1.

7.2. Consider the scroll Si swept by the 3-planes spanned by the images

of the members of the elliptic pencil |Gy|. It is the image of the projective

bundle P(Ei), where Ei = (fi)∗(OY (B̃)) is a rank 4 vector bundle on P
1.

We have already observed in section 5.4 that a quintic del Pezzo surface S

equipped with a conic bundle structure πi : S → P
1 embeds in the trivial
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projective bundle P
1 × P

2 = P(Ni) → P
1, where Ni = πi∗(ω−1

S ) ∼=
OP1(1)⊕3. The quotient projections q : Y → S show that

Ei ∼= πi∗(q∗(OY (B̃))) = πi∗(ω−1
S ⊕OS) = OP1(1)⊕3 ⊕OP1 .

The scroll Si is equal to the image of P(E∨
i ) under the map given by

the linear system |OP(E)(1)| (see also [JK04] for the confirmation of this

fact2).

The image of the section P
1 → P(Ei) given by the projection Ei → OP1

is blown down to a singular point si of Si which is contained in all rulings

of the scroll. The projections P6 ��� P
5 with center at si maps the scroll

to the scroll P(N ). Its restriction to Y10 is the projection q : Y10 → S.

The canonical sheaf of P = P(E∨) is equal to OP(−4)⊗π∗
i ωP1 , where πi

is the projection to the base. Using the adjunction formula, we see that

Y10 ⊂ Si is equal to a complete intersection of the images of two divisors

D1, D2 ∈ |OP(2) ⊗ π∗
iOP1(−1)| under the projection to P

6 [JK04, 9.2].

The linear system |OP(2)⊗π∗
iOP1(−1)| is cut out by quadrics in P

6 that

contain a ruling 3-plane of Si. Since a smooth quadric in P
6 does not

contain a 3-plane, all quadrics that cut out Y10 in Si must be singular.

They all pass through the singular points si of Si.
(34) The nonsingular σ-invariant degree 10 model Y10 of a 15-nodal

quartic Y is contained in five scrolls Si swept by 3-planes span-

ning a fiber of the elliptic fibrations fi : Y → P
1 given by the pen-

cil |Gy|, y ∈ C. Each scroll is the image of the projective bundle

P(E) = P(OP1(1)⊕3⊕OP1) in P
6 under the linear system |OP(E)(1)|.

The section defined by the surjection E → OP1 is blown down to a

singular points si of Si. The surface Y10 is cut out in Si by two

quadrics singular at the point si.

7.3. The Fano variety V5 is isomorphic to a transversal intersection of

the Grassmannian G = Gr1(P(V5)) of lines in P
4 = |V5| with a linear

subspace |W7| of dimension 6 in the Plücker space |∧2
V5|. The linear

system |IG(2)| of quadrics containing G is of dimension 4 and consists of

quadrics of rank 6. It can be identified with the projective space |V5| via
assigning to a vector v ∈ V5 the quadratic form q(x) = v ∧ x ∧ x. After
we choose a volume form on V5, this corresponds to an isomorphism

IG(2) ∼=
∧4

V ∨
5

∼= V5.

2 Note that there is a misprint in the inequality for c = Cliff(C) < [ g−1
2

| for the

Clifford index for a curve C of genus g in [JK04, Theorem 3.2]. According to

[GL87], it should be Cliff(C) ≤ [ g−1
2

]. In our case C = B̃ is a curve of genus 6,
and we get c = 2.
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Let Y be a transversal intersection of V5 with a quadric Q = V (q). It

is a smooth K3 surface of degree 10 and genus 6 in P
6 = |W7|. We have

IY (2) = IV5
(2)⊕ 〈q〉. (7.1)

Since a general quadric in IV5
(2) is of corank 1, we obtain that the

discriminant hypersurface of degree 7 of singular quadrics in |IY (2)| is
equal to the union of a hyperplane H = |IV5

(2)| and a hypersurface DY
of degree 6.

Now let Y = Y10. Consider the restriction of the linear system of

quadrics in P
6 to a scroll Si. We have

S2(E) = S2(OP1(1)⊕3)⊕ S2(OP1)⊕OP1(1)⊕3.

This implies that

dimH0(P(E),OP(E)(2)) = 6h0(OP1(2)) + 3h0(OP1(1) + 1 = 25.

This shows that dim |ISi
(2)| = 28 − 25 − 1 = 2, hence each scroll Si is

contained in a net of quadrics. Since each quadric containing Si contains
a pencil of 3-planes and also contains Y10, we obtain that the discriminant

hypersurface of the 5-dimensional hyperweb of quadrics |IY10
(2)| contains

5 planes of quadrics of codimension 2. In fact, projecting a quadric Q
containing Si from the singular point si of Si, we find that the fibers

contain P
3 as a codimension one subvariety, hence the corank of Q must

be greater than or equal to 2.

(35) The discriminant hypersurface of the linear system |IY10
(2)| of quad-

rics containing Y10 contains 5 planes in its singular locus parame-

terizing quadrics of corank ≥ 2.

This should be compared with an analogous fact for a quintic del Pezzo

surface S discussed in subsection 7.2.

7.4. Let Y be again any transversal intersection V5 ∩ Q. Using (7.1),

we obtain a decomposition

3∧
IY (2) =

3∧
IV5

(2)⊕( 2∧
IV5

(2)⊗ 〈q〉)=
3∧
V5⊕

( 2∧
V5 ⊗ 〈q〉).

If we viewG = Gr1(P
4) as Gr(2, V5) for some linear space V5 of dimension

5, then we have a natural (means SL(V5)-equivariant) isomorphism

V5 → IG(2), v �→ v ∧ x ∧ x.
We view the quadricQ = V (q) as a restriction of a quadric on the Plücker

space
∧2

V5, so, via polarization with respect to a vector v ∈ ∧2
V5, it
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defines a linear form Lv ∈
∧2

V ∨
5

∼= ∧3
V5. We associate to Q the linear

subspace

AQ := {(Lv, v ⊗ q), v ∈
2∧
V5} ⊂

3∧
IY (2).

One checks that AQ is a 10-dimensional Lagrangian subspace of
∧3

IY (2)

with respect to the wedge-product pairing, and as such defines an EPW-

sextic hypersurface in |IY (2)| isomorphic to the sextic hypersurface DY
[IM11, Proposition 2.1 and its proof].

It is known that the irreducible family of EPW-sextics coming from

a general degree 10 K3 surfaces via the construction from above form

a codimension 1 subvariety in the moduli space of EPW-sextics. The

dual EPW-sextics of those coming from K3’s have a singular point of

multiplicity 3 [O’G08, Proposition 3.4].

Let Y [2] be the Hilbert scheme of 0-cycles ξ on Y of length 2. For any

such cycle ξ, its span 〈ξ〉 in P
6 is a line. The linear subspace of quadrics

in |IY (2)| containing this line is a hyperplane, defining a rational map

α : Y [2] ��� |IY (2)|∗. (7.2)

It is clear that it is not defined on the set of cycles ξ that are contained

in a line in Y . This set is the union of planes Pl = l[2], where l is a line

in Y . Obviously any line on Y is contained in V5. The Hilbert scheme

Fano1(V5) of lines in V5 is isomorphic to P
2 [Isk77, Corollary (6.6)]. Each

line l ∈ Fano1(V5) either intersects Y at a 0-cycle ξ ∈ Y [2] or is contained

in Y . Thus Fano1(V5)
0 = Fano1(V5) \ {lines in Y } embeds in Y [2]. Let

Ỹ [2] be the blow-up of the planes Pl and P̃ be the closure in Ỹ [2] of

Fano1(V5)
0.

It is known that the Hilbert scheme of conics Fano2(V5) is isomorphic

to P
4 [Ili94]. By [O’G05, Lemma 4.20], for any ξ ∈ Y [2] not contained

in a line in V5, there is a unique conic Cξ on V5 that contains ξ. The

intersection of Cξ ∩ Y is cut out by the quadric Q, thus one can define

the residual set 0-cycle ξ′ of length 2 (O’Grady shows that the residual

0-cycle is well defined for a non-reduced Z). This defines a birational

involution ι of Y [2].

Since Cξ is contained in V5, the set of quadrics in IY (2) containing

the plane 〈Cξ〉 is a hyperplane. Thus α(ξ) = α(ι(ξ)) is the same point in

W . This shows that the degree of α is at least 2.

The following results can be found in [O’G08].

(36) For a general Y = V5 ∩ Q, the involution ι extends to a biregular

involution of the blow-up of Y [2] at the image of Fano1(V5) under
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the map l �→ l ∩ Y . The quotient by this involution is equal to the

image W of α. It is a EPW-sextic with a unique triple point equal to

the image of the exceptional divisor of the blow-up. The EPW-sextic

is dual to the EPW-sextic DY .
In our case, the situation is more complicated because Y contains lines

and conics. Note that if �s contains a singular point x of X15, then a line

passing through this point intersects X15 at a point on T (x), hence its

image is a cycle of two points (y, σ(y)) ∈ Ex∪σ(Ex). The surface α(Y [2])

must have other singularities.

It is known that the Picard group of Y [2] is generated by Pic(Y ) and
1
2 [Δ], where Δ is the exceptional divisor of π : Y [2] → Y (2), the pre-

image of the diagonal. Here Pic(Y ) is embedded in Pic(Y [2]) by D �→
π∗(p∗1(D) + p∗2(D)), where pi : Y × Y → Y are the projection maps. We

denote the image of D in Pic(Y [2]) by D2. Thus we see that α∗((Ex)2)
is the class of a line on S if x ∈ L and the class of a conic if x ∈ C.
Moreover, α∗( 12Δ) = B̃ = −KS .

The involution σ of Y
[2]
10 extends to an involution σ̃ of Y

[2]
10 with

fixed locus equal to the image of S in Y
[2]
10 defined by the isomorphism

Y10/(σ) = S. Composing the inclusion S in Y
[2]
10 , we get a map

f : S → Y
[2]
10 .

(37) The map α ◦ f : S → |IY10
(2)|∗ = P

5 coincides with the anti-

canonical map of the del Pezzo surface S.

Note that there is also a rational map Foc(S) ��� Δ = P(Ω1
Y10

) ⊂ Y
[2]
10

that assigns to a nonsingular point of Foc(S) the cycle ξ that consists

of the point and the infinitely near point corresponding to the tangent

direction defined by the ray passing through this point. We extend this

map to Y10 by assigning to a point y ∈ Ex the point (y, ty), where ty is

the tangent line to the line (conic) Ex at y. Composing this map with

the map (7.2), we obtain a rational map

Y10 → P(Ω1
Y10

) ��� |I2(Y10)|∗ ∼= P
5.

8 The Picard Group

8.1. In this section, we compute the Picard group of the minimal res-

olution Y of a moduli general 15-nodal quartic surface X15. Since X15
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varies in a 4-dimensional family, we expect that the rank of Pic(Y ) is

equal to 16. Obvious generators over Q are the classes of exceptional

curves Ei and the class of a hyperplane section ηH .

Recall that a subset N of the setN of nodes ofX15 is called even (resp.

weakly even) if the sum eN of the divisor classes of the exceptional curves

Ex, x ∈ N, is divisible by 2 (resp. is divisible by 2 after adding the class

ηH). Let N be the set of 15 nodes of X15 and N be the sublattice of

Pic(Y ) generated by the classes of the exceptional curves Ex, x ∈ N, and

ηH . We have V = N/2N ∼= F
16
2 and the kernel of the natural homomor-

phism V → Pic(Y )/2Pic(Y ) is a linear code C generated by the projec-

tions of the classes eN , ηH to V . It is known that for a 15-nodal quartic

surface the code C is of dimension 5 and it contains ten words of weight

6, six words of weight 10 and 15 words of weight 8 (see [End99, Theorem

3.3] and [Roh87, p.48]). After we fix a splitting N = L+C, (4.1) gives an
explicit description of 10 weakly even sets defining words of weight 6 and

(4.2) gives an expression of weakly even sets defining words of weight 8.

One chooses a basis of C consisting of 5 words of weight 6 from (4.1) by

taking BC =(σ(E12), σ(E23), σ(E34), σ(E45), σ(E15)) (modulo 2Pic(Y )).

Let Ñ be the even overlattice of N that corresponds to the isotropic

subgroup H of the discriminant group DN = N∨/N generated by the

basis BC of the code C. It contain N as a sublattice of finite index and

its discriminant group is isomorphic to A = H⊥/H [Nik79, Proposi-

tion 1.4.1]. It is generated by

1
4ηH − 1

2 (E14 + E25 + E35 + E56),
1
2 (E13 + E16 + E26 + E36),

1
2 (E13 + E25 + E34 + E56),

1
2 (E13 + E24 + E12 + E46),

1
2 (E13 + E35 + E16 + E56),

1
2 (E14 + E24 + E16 + E26).

Comparing this discriminant group and the quadratic form defined on it

with that of the lattice T = U(2)⊕U(2)⊕A1(2)⊕A1, we find that they

are isomorphic. It follows from [Nik79, Theorem 1.4.2] that the genus of

this lattice consists of one isomorphism class. It also follows from [Nik79,

Theorem 1.4.4] that the lattice T admits a primitive embedding into the

K3 lattice LK3 = U⊕3 ⊕ E⊕2
8 and all such embeddings are equivalent

with respect to the group of isometries of LK3. Let M be the orthogonal

complement of T in LK3. Then it is an even lattice of signature (1, 15).

Its discriminant group is isomorphic to the discriminant group of T (with

the quadratic form multiplied by −1). Again applying Nikulin’s result,

we find that Ñ ∼= M and M admits a unique (up to isometry of LK3)

primitive embedding into LK3. The theory of periods of lattice polarized

https://doi.org/10.1017/9781009180849.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009180849.004


104 Igor V. Dolgachev

K3 surfaces shows that there exists an irreducible 4 dimensional moduli

space of K3 surfaces containing the lattice M primitively embedded into

their Picard lattice. Moreover, the Picard lattice of a moduli general

surface isomorphic to M . Since the isomorphism class of Y belongs to

this moduli space, a general 15-nodal quartic surface has the Picard

lattice isomorphic to M .

(38) The transcendental lattice of a K3 surface Y birationally isomorphic

to a general 15-nodal quartic surface X15 is isomorphic to the lattice

U(2)⊕ U(2)⊕ A1(2)⊕ A1. The Picard lattice is isomorphic to the

orthogonal complement of this lattice in the K3-lattice U⊕3 ⊕E⊕2
8 .

(39) The Picard lattice Pic(Y ) is generated by 15 classes of the curves

Ex, x ∈ L∪ C, and 5 classes of the curves σ(E12), σ(E23), σ(E34),

σ(E45), σ(E15).

It is natural to embed Pic(Y ) into the Picard lattice of a minimal

resolution Y of the Kummer surface Kum(J(C)) of the Jacobian of a

general curve C of genus 2. It is known that the latter is generated

by the classes of a hyperplane section ηH , 16 exceptional curves Nα
and 16 classes of trope-conics Tβ indexed by subsets of cardinality 2 of

the set [1, 6] with two additional curves N0 and T0. We have Nα ·Tβ = 1

if and only if α+β ∈ {(0), (16), (26), (36), (46), (56)}, where the addition
of subsets is the symmetric sum modulo the complementary set.

We continue to index our curves Ex, x ∈ L, by 2-element subsets

of [1, 5] = {1, . . . , 5} and Ex, x ∈ C, by elements of [1, 5]. Then the

embedding is as follows:

ηH �→ ηH , [Eab] �→ [Nab], [Ea] �→ [Na6],

[σ(Eab)] �→ [Tab], [σ(Ea)] �→ [Ta6 + T0 +N0].

It is easy to see that under this embedding Pic(Y ) is equal to the orthog-

onal complement of r = [N0] with r
2 = −2. This embedding corresponds

to the fact that, under the specialization, the trope-quartic σ(Ea) splits

into the union of two trope-conics Ta6+T0 passing through the new node

with the exceptional curve N0.

Recall that the group of birational automorphisms of a general 16-nod-

al Kummer quartic surface contains 16 switch involutions which inter-

change nodes with tropes. One of these involutions defines a biregular

involution of Y that interchanges Nα with Tα [Kon98]. It follows that

the involution σ is equal to the composition of this switch involution and

the reflection with respect to the (−2)-vector α0 = [T0 + E0].
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8.2. We know that X15 contains 10 trope-conics and 5 trope-quartics.

They are realized as the images of the exceptional curves Ex under the

involution σ defined by the choice of a syntheme. Let us see that a gen-

eral 15-nodal quartic surface X15 has no more conics or quartic rational

curves lying on it.

Suppose we have an irreducible conic C on X15. Let C̄ be its proper

transform on Y . Then (ηH − C̄)2 = −2, (ηH − C̄) · ηH = 2, hence

ηH = C̄+C̄ ′ for some other conic C ′. Suppose C = C ′, then the plane 〈C〉
is tangent to X15 along C and hence 2[C̄] = ηH−∑

x∈AEx, where A is a

set of 6 exceptional curves (to make the self-intersection equal to −8). It

is easy to see that we can find a trope-conic that passes through 3 nodes

in A. Computing the intersection number, we conclude that C̄ coincides

with this conic. Suppose C �= C ′. Then [C̄] + [C̄ ′] = ηH − ∑
x∈B Ex.

Since Pic(Y )Q is generated by ηH , Ex, we see that

2[C̄] = H −
∑

x∈B′
Ex, 2[C̄ ′] = H −

∑

x∈B′′
Ex.

We find a contradiction by computing the intersection with some trope-

conic.

Suppose we have an irreducible rational quartic curve C with a node

at some singular point x0 on X15. Then C̄ ∼ ηH − Ex0
− 1

2

∑
i∈I Exi

,

where #I = 8, as above. Without loss of generality we may assume

that Ex0 = E16. Consider 4 trope-conics σ(E1a), a = 2, 3, 4, 5 pass-

ing through x0. Let Z(a) be the set of nodes contained in the conic

except the node x0. Let us identify nodes of X15 and the exceptional

curves on Y with their indices (ab). We have Z(a) ∩ Z(b) = {(cd)},
where {a, b, c, d} = [1, 4]. It is easy to see that the set I of 8 nodes

has at least 3 nodes in common with one of the subsets Z(a) unless

I = {(26), (36), (46), (56), (12), (13), (14), (15)}. In the latter case Q̄ co-

incides with the quartic curve σ(E16). So, we have proved the following.

(40) A general 15-nodal quartic surface contains 10 conics which coincide

with the trope-conics σ(Ex), x ∈ L. It also contains 15 rational

quartic curves with a double point at one of the nodes. They coincide

with the curves sσ(Ex), x ∈ C, where sσ is one of the six involutions

obtained from σ by conjugation by a permutation s ∈ S6.

(41) The surface does not contain curves of odd degree.

The last property follows from the fact that ηH intersects evenly any

divisor class on Y since this is true for generators of Pic(Y ).
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9 Admissible Pentads

9.1. So far, we have located the following birational involutions of X15:

• 6 involutions σi with quotient a del Pezzo surface of degree 5 with the

branch curve a nonsingular curve of genus 6;

• 6 Reye involutions τ iRey corresponding to the six structures of a quartic

symmetroid with quotient a Coble surface Z with K2
Z = −5 and the

branch curve equal to the union of five smooth rational curves.

Also, we have obvious involutions defined by the projections from

nodes. In this section, we will study a new set of involutions defined

by pentads of nodes, no four of the them are coplanar. Such a pentad

will be called admissible. For a general 15-nodal quartic surface this con-

dition is equivalent to the property that no four of the points lie on a

trope-conic.

Let P = {x1, . . . , x5} be an admissible pentad. For a general point

x ∈ X15, there exists a unique twisted cubic γ (maybe degenerate) that

passes through P ∪{x}. It intersects the surface at one more point (may

be equal to x). This defines a birational involution of X15 that extends

to a biregular involution τP of Y .

Note that if we drop the condition of admissibility of a pentad, then

a pentad with four nodes on a trope-conic will still define an involution

but it will coincide with the involution defined by the projection from

the remaining fifth node. If we put all 5 nodes on a trope-conic, the

involution is not defined.

Let C be a quartic curve on X15 cut out by a plane Π containing three

nodes, say p1, p2, p3, from the pentad. Any conic γ′ in H passing through

these nodes intersects C at two additional points x, x′. The union of γ′

and the line 〈p4, p5〉 is a degenerate twisted cubic γ intersecting X15 at

p1, . . . , p5 and x, x′. Thus the pair (x, x′) is an orbit of the involution τP
and hence C is invariant curve with respect to this involution.

In the special case when the plane H cuts out a trope-conic, we see

that any point on it must be fixed under the involution. Also, if there

is a trope-quartic C with a double point at x1 and passing through the

remaining points of P, then a twisted cubic γ passing through P and a

general point x on a trope-quartic C will be contained in the cone K(x1)

and hence it will intersect X15 at x with multiplicity two. This shows

that C is fixed pointwise too.

(42) The involution τP associated with an admissible pentad P leaves

any plane section H of X15 containing three nodes from the pentad
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invariant. A trope-conic through 3 points in P or a trope-quartic

passing through P with a double point at one of the points in P is

fixed pointwise.

One checks that the sublatticeM(P) spanned by the ten divisor classes

ηH−Exi
−Exj

−Exk
is of rank 5. Since τP obviously leaves invariant the

exceptional curves over the remaining 10 nodes, we see that it acts as a

reflection on the Picard lattice of Y . In fact, we check that the vector

rP := 3ηH − 2
∑

x∈P
Ex ∈ Pic(Y )

has r2P = −4 and it is orthogonal to the sublattice M(P), hence τ∗P
coincides with the reflection with respect to rP and acts as

τ∗P(v) = v + 1
2 (rP · v) · rP .

In particular, τ∗P leaves invariant the divisor class

FP
i = 2ηH − 2Exi

−
∑

j �=i
Exj

(9.1)

of self-intersection 0. Since we can write

FP
i = (ηH − Ex1

− Ex2
− Ex3

) + (ηH − Ex1
− Ex4

− Ex5
),

and each of the summand represents a nef class, we see that the divisor

class FP
i is nef and represents the class of a general fiber of an elliptic

pencil |FP
i | on Y .

We have FP
i · FP

j = 2 and

∣∣∣ 12 (F
P
1 + · · ·+ FP

5 )
∣∣∣ =

∣∣∣5ηH − 3
∑

x∈P
Ex

∣∣∣. (9.2)

It is clear that ten curves Ex, x �∈ P, are irreducible components of

fibers of |FP
i |.

Suppose x1, x2, x3 and x1, x3, x4 do not lie on a trope-conic. Then the

plane section of X15 containing the points x1, x2, x3 or x1, x4, x5 cut out

two smooth rational curve whose proper transform on Y are linearly

equivalent to ηH − Ex1
− Ex2

− Ex3
and ηH − Ex1

− Ex4
− Ex5

. Their

sum is linearly equivalent to FP
1 . This shows that the elliptic pencil |FP

1 |
acquires a reducible fiber of type Ã1 (or I2 in Kodaira’s notation) that

consists of two irreducible components (they may be tangent so the fiber

becomes of type III in Kodaira’s notation).
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On the other hand suppose that x1, x2, x3 lie on a trope-conic passing

through 3 more points y1, y2, y3 �∈ P, and x1, x4, x5 do not lie on a trope-

conic. Then FP
1 is linearly equivalent to the sum

2
(

1
2 (ηH − Ex1

− Ex2
− Ex3

− Ey1 − Ey2 − Ey3)

+ Ey1 + Ey2 + Ey3 + (ηH − Ex1
− Ex4

− Ex5
)
)
,

where each of the summands represents the divisor class of a (−2)-curve.

This shows that the elliptic pencil |FP
1 | contains a reducible fiber of

type D̃4 (or I∗0 in Kodaira’s notation).

Similar argument shows that if x1, x2, x3 and x1, x4, x5 lie on trope-

conics, then |FP
1 | acquires a fiber of type D̃6. Also, if

1

2

(
2ηH − 2Ex1

−
5∑

i=2

Exi
−

4∑

i=1

Eyi

)

represents a trope-quartic C, then 2C +
∑4
i=1Eyi ∈ |FP

1 | is a fiber

of type D̃4. One can check that no other types of reducible fibers are

possible because P is admissible.

Let Γ(P) be the graph with the set of vertices [1, 6] and the set of 5

edges corresponding to the indices (ab) of points from P. A trope-conic

passes through 6 points corresponding to a duad (ab), three duads in

[1, 6] \ {a, b, c} and two duads (ac), (bc). It can be represented by the

following graph

• • • • •
•

•
��

��
�

��
��
�

ac b c d e

f

By definition, a pentad is admissible if and only if Γ(P) does not contain

a subgraph of this graph with four edges. Also three nodes in P are on

a trope-conic if and only if Γ(P) contain a subgraph of this graph with

three edges.

Table 4.2 shows all possible graphs Γ(P), the number c of subsets of

three nodes on a trope-conic, possible types of reducible fibers of the

elliptic pencils |FP
i |, possible singularities of the branch curve of the

double plane realization of X15 defined by τP (see next subsection) and

the number of orbits of S6 on the set of pentads (the last two columns

were kindly provided by I. Shimada).

Note that an elliptic pencil |FP
i | has a section if and only if there

exists a trope-conic passing through the node xi and one other node

of P. Not all elliptic pencils have a section. In fact, one of the fibrations
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Table 4.2 Admissible pentads

Type Graph c Pencils Double planes #orbits

1 0 (9Ã1 + D̃4)× 5 (14A1)× 5 6

2 4
(5Ã1 + 2D̃4)× 4

(Ã1 + 2D̃6)× 1

(6A1 + 2D4)× 4
(14A1)× 1

45

3 5 (3Ã1 + D̃4 + D̃6)× 5 (6A1 + 2D4)× 5 72

4 2
(9Ã1 + D̃4)× 4

(3Ã1 + D̃4 + D̃6)× 1

(10A1 +D4)× 4
(14A1)× 1

90

5 3
(5Ã1 + 2D̃4)× 3

(Ã1 + 3D̃4)× 1

(9Ã1 + D̃4)× 1

(10A1 +D4)× 3
(14A1)× 1
(2A1 + 3D4)× 1

120

6 2
(5Ã1 + 2D̃4)× 2

(9Ã1 + D̃4)× 2

(7Ã1 + D̃6)× 1

(10A1 +D4)× 4
(14A1)× 1

180

7 3
(5Ã1 + 2D̃4)× 2

(9Ã1 + D̃4)× 2

(3Ã1 + D̃4 + D̃6)× 1

(6A1 + 2D4)× 2
(10A1 +D4)× 2
(14A1)× 1

360

8 3
(5Ã1 + 2D̃4)× 3

(7Ã1 + D̃6)× 2

(10A1 +D4)× 4
(6A1 + 2D4)× 1

360

9 4
(5Ã1 + 2D̃4)× 2

(7Ã1 + D̃6)× 2

(3Ã1 + D̃6 + D̃4)× 1

(10A1 +D4)× 3
(6A1 + 2D4)× 2

360

of types 2, 4 and 7 has no sections. Table 4.2 shows that the rank of the

sublattice of Pic(Y ) generated by irreducible components of each pencil

is equal to 14. Applying the Shioda–Tate formula gives

(43) The Mordell-Weyl group of sections of the Jacobian fibration of the

elliptic fibration defined by |FP
i | is of rank 1.

9.2. Consider the quotient Z of Y by the involution τP . Since any admis-

sible pentad P = {x1, . . . , x5} consists of 5 points in general linear posi-

tion in P
3, we can use them to define the map (5.1) and identify a twisted

cubic through P with a point on the irreducible component F (S3)6 of the

surface of lines on the Segre cubic. This defines a τP -equivariant degree
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2 regular map f : X15 → dP5 to a quintic del Pezzo surface dP5 that

factors through a birational morphism

f̃ : Y/(τP) −→ dP5 .

Let |Ci|, i = 1, . . . , 5, be the pencils of conics on dP5. It is easy to see that

in our identification of dP5 with F (S3)6, each pencil consists of twisted

cubics that are tangent to a ruling of a quadratic cone with vertex at

one of the points xi and passing through three remaining points xj . If

we compare this with our definition of the pencils |FP
i | in (9.1), we find

that the pre-image of the pencil of conics |Ci| on dP5 is the pencil |FP
i |.

Since C1 + · · · + C5 ∼ −2KdP5
, we see that the pre-image of a hyper-

plane section of dP5 in the anti-canonical embedding is a member of

the linear system |D| defined in (9.2). Comparing the dimensions of the

linear systems we find that the linear subsystem P(H0(Y,OY (D))τP )

of τP -invariant sections is a hyperplane and defines the τP -equivariant
map f̃ .

(44) The linear system (9.2) contains a hyperplane defining a τP -equi-
variant map Y → dP5. The pre-image of a pencil of conics on dP5

is an elliptic pencil |FP
i | on Y .

Suppose three of the nodes in P lie on a trope-conic. Then intersect-

ing the divisor class of its proper transfer on Y with the divisor class

defining the linear system (9.2), we obtain that its image on the quo-

tient del Pezzo surface is a line in the anti-canonical embedding. Since

the trope-conic is contained in the fixed locus of τP , we see that the in-

volutions defined by pentads of types 2–9 in Table 4.2 are different from

the Reye involutions (whose components of the fixed locus are mapped

to conics on the del Pezzo surface). Similar computation shows that the

image of a trope-quartic component of the fixed locus is a conic on the

del Pezzo surface.

(45) The image on dP5 of a component of the fixed locus of τP formed

by a trope-conic (resp. trope-quartic) is a line (resp. conic) on D5.

The quotient surface Z = Y/(τP) is a smooth rational surface and

the map f̃ : Z → dP5 is a birational morphism. Let R be an exceptional

curve that is blown down to a point in dP5. Then R intersects each FP
i

with multiplicity zero, hence is contained in a reducible fiber of each

elliptic pencil |FP
i |. Of course, the converse is also true. We have 10 such

curves Ex, x �∈ P. We can deduce from our description of reducible fibers
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of the elliptic pencils |FP
i | that there are no more such curves, hence Z

is obtained from dP5 by blowing up 10 points and K2
Z = −5.

Since the fixed locus Y τP contains a curve, for example a multiple

component of a fiber of type D̃4, the involution acts as the minus identity

on the transcendental part of H2(Y,C). This shows that the invariant

part of the involution τ∗P on H2(Y,C) coincides with the invariant part

on Pic(Y ). Since τP acts as a reflection on Pic(Y ), the dimension of

the invariant part Pic(Y )τP
C

is equal to 15, and therefore the Lefschetz

number Lef(τP) is equal to 15 − 7 + 2 = 10. Applying the Lefschetz

fixed-point-formula, we obtain that the Euler–Poincaré characteristic of

the fixed locus Y τP of τP is equal to 10. It follows that the fixed locus

contains at least 5 disjoint smooth rational curves R1, . . . , R5. Using the

Hurwitz formula, we also see that the Euler–Poincaré characteristic of

Z = Y/(τP) is equal to 17. This confirms our previous assertion that Z

is obtained from dP5 by blowing up 10 points.

(46) The quotient Z = Y/(τP) is a rational surface with K2
Z = −5.

The branch curve B of the cover Y → Z belongs to |−2KZ | and
contains 5 disjoint smooth rational curves with self-intersection −4.

The surface Z is isomorphic to the blow-up of 10 points on a quintic

del Pezzo surface, the points are the images of nodes on X15 which

do not belong to P. The image of B on Z belongs to |−2KdP5 |.

We will see in Example 9.4 that the fixed locus may contain other

non-rational component and the quotient surface Z may not be a Coble

surface as in the case of a Reye involution.

Remark 9.1. Recall that a quintic del Pezzo surface dP5 admits 5 non-

projectively equivalent blow-down morphism π : dP5 → P
2. They are

defined by the linear system |−KdP5
−Ci|, where |Ci| is pencil of conics.

Since we know that the pre-image of |−KdP5
| on Y is linear system (9.2)

and the pre-image of |Ci| is the elliptic pencil |FP
i |, we obtain that

∣∣∣3ηH − Exi
− 2

∑

j �=i
Exj

∣∣∣ (9.3)

defines a morphism Y → dP5 → P
2. Thus we have five double plane

realizations of Y corresponding to a choice of an admissible pentad. The

branch curve of these double planes are reducible plane sextics and the

possible types of their singularities are given in Table 4.2.

https://doi.org/10.1017/9781009180849.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009180849.004


112 Igor V. Dolgachev

We have to warn that, in general, the double plane with the branch

curve described in Table 4.2 is not isomorphic to a 15-nodal quartic

surface. In fact, (9.3) shows that the set of the images of the curves Exi
,

xi ∈ P, on the del Pezzo quotient surface are smooth rational curves

Ri of degree 6 not passing through the singular points of the branch

curve. We have R ·KdP5
= −6, hence R2

i = 4. In order that Ri be the

image of a (−2)-curve on Y , it must split under the cover. So we need

to find 6 such curves which are everywhere tangent to the branch curve

B. It is easy to see that a smooth rational sextic of dP5 is equal to

the proper transform under the blow-up dP5 → P
2 of either a smooth

conic not passing through the fundamental points or a quartic curve with

nodes at three of the fundamental points. In both cases the class of Ri is

divisible by 2. As soon as we have found such a set of curves R1, . . . , R5

everywhere tangent to the branch curve, we use (9.1) to define the linear

system |ηH | that will map the double cover to X15.

Example 9.2. Let P be an admissible pentad of type 1. This is the

only type such that all subsets of 3 nodes in P do not lie on a trope-conic.

We call such pentad a Göpel pentad (by analogy with a Göpel tetrad on

a Kummer surface [Hud90, Chapter VII, §53]). We may assume that it

coincides with the set C which we index by {(16), (26), (36), (46), (56)}.
The fixed locus of τP is equal to the union of the trope-quartics σ(Ex),

x ∈ C. The surface Y is the double cover of the blow-up of 10 intersection

points of the union of 5 conics on a quintic del Pezzo surface. The branch

curve is equal to the proper transform of these conics on the blow-up.

We recognize a similar construction of X15 from a Reye involution τRey.

In that case, the fixed locus was the union of the curves Ey, y ∈ C. The
six involutions defined by Göpel pentads are, in fact, conjugate to the

six Reye involutions

τPi
= σi ◦ τReyi

◦ σi, i = 1, . . . , 6.

Example 9.3. Assume P is of type 2. We can index its points by

(12), (13), and (24), (34), (56). There are 4 trope-conics passing through

three nodes from P. They are σ(E15), σ(E25), σ(E35), σ(E45). The

node (56) is contained in all trope-conics. Each pair of them passing

through two complementary pairs of the remaining nodes form a fiber

of type D̃6 of F56. The remaining fibers have two reducible fibers of

type D̃4.

Let us consider the images of the four trope-conics on dP5. We observe

that E14 and E23 are mapped to the intersection points of the two disjoint
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pairs of lines {�1, �2} and {�3, �4}, the images of σ(E25), σ(E35) and the

images of σ(E15), σ(E45). The remaining 8 exceptional curves are blown

down to 8 points, two on each of the lines. Since the image of the branch

curve B on Z belongs to |−2KdP5
|, we see that B has another compo-

nent C of degree 6 in the anti-canonical embedding. Let us consider a

dP5 as the blow-up of points p1, p2, p3, p4 in P
2. It is easy to see that the

images of the four lines �1, . . . , �4 are either two pairs of lines joining two

complementary pairs of points or two lines 〈pi, pj〉 and 〈pi, pk〉 intersect-
ing at one of the points pi. There will be 4 non-projectively equivalent

ways to blow down to obtain the first possibility and only one to ob-

tain the second possibility. In the first case, the remaining irreducible

component C of B is the proper transform of a nonsingular conic not

passing through p1, . . . , p4. In the second case, the curve C is the proper

transform of a quartic curve with three nodes at pj , pk and pl, where

{i, j, k, l} = {1, 2, 3, 4}. Thus we see that |−2KZ | consists of 5 disjoint

smooth rational curves and Z is a Coble surface.

Example 9.4. Let us consider a pentad of type 3. By (46 ), the im-

age of the fixed locus of τRey on dP5 contains five lines among its ir-

reducible components. They are represented by a pentagon subgraph of

the Petersen graph. There are five projective equivalence classes of blow-

ing down morphisms Z → dP5. The image of the pentagon of lines is

formed by three lines 〈pi, pj〉, 〈pi, pk〉, 〈pi, pl〉. The remaining component

of the image of the fixed locus is the proper transform of a cubic curve

through the four points. It is a quintic elliptic curve on dP5. Thus we

see that the fixed locus of τP may contain an elliptic curve besides the

five (−2)-curves. Since the pentagon of lines belongs to |−KdP5
| and

passes through all ten points which we blow-up to obtain Z, we see

that |−KZ | �= ∅ and Z is not a Coble surface.
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