Problem 1 1
(a) (10 pts.) At which points (xo,yo) the level curves of the functions f(z,y) = 3 In(1 4 2? +¢?) and g(z,y) = 22° + 3> — 1
are tangent to each other?

SOLUTION:
The tangent line to a level set f(x,y) = ¢ at a point (xg,yo) is perpendicular to the gradient vector V(f)(zo,y0) =

1
W(iﬂo,yo)- The tangent line to a level set g(z,y) = d at a point (zg,yo) is perpendicular to the gradient vec-
Zo * Yo
tor V(g9)(zo,v0) = 2(2x9,3y0). Thus two level sets are tangent at a point (xg,yo) if the gradients are parallel. Obvioulsy,
V(f)(xo,yo0) is parallel to (xg,yo). We must have (xg,y0) X (220, 3y0) = 2ZoYo — 3Zoyo = —ZoYo = 0. Thus either o = 0 or
yo = 0. In the first case f(0,y0) = In|yo| = ¢, 9(0,40) = 3y2 = d. Clearly, yo could be aribtrary, we can always choose ¢ and
d to satisfy this. Similarly, we see that any point (xg,0) could be a point where some level curves of f and g are tangent.

(b)(10 pts) (10 pts) At which points the function f(x,y) has extremum under the constraint defined by g(z,y) = 0, where f
and g as in (a)?

SOLUTION: The extremum is where V(f)(zo,y0) = AV (20, yo) for some A and g(zo,yo) = 0. The first condition is exactly
the condition that the level sets f(z,y) = f(x0,v0) and g(zo,yo) = 0 are tangent. By the previous problem (zg,yo) is either

(20,0) or (0,y0). Plugging in the contraint, we get zo = +£1/1/2,y0 = £+/1/3.
Problem 2 (a) (10 pts) Compute its length of the curve c(t) = (2¢3/2, cos 2t,sin 2¢),0 < t < 1.
1
2 2
SOLUTION: ¢(t)" = (3t*/2, —sin 2t,2 cos 2t), ||c(t)'|| = V9t + 4. Hence L = / VOt + ddt = 57 (Ot + 4)3/2) = 2—7(133/2 —8).
0
Problem 3

(a) (10 pts.) Find the flux of the vector field F = (z,y, —z) over the surface given parametrically by r(u,v) = (u
v?),0 < u,v < 1, oriented inward.

2—v2,uv,u2+

SOLUTION We have

rl, = (2u,v,2u), r=(=2v,u,2v), rl xr)=2w?—u? —duv,u® +v?).
Observe that
(u? —v?H)? 4+ 4(uv)? = (u? + 0?2
Thus the surface is contained in the cone z? + 4y®> = 2. The normal vector at the point r(1,1) = (0,1,2) is equal to
2(0,—4,2) and looks inward. Thus

1 1 1 1
Fluz = / / 2(u? — v%, uv, —u? —v?) - (vV? — u?, —duw, u? + v?)dudv = —4/ / (u* + 2u*v? + v*)dudv =
o Jo o Jo
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(b) (10 pts.) Show that the vector field F = (zsiny + 1, 51‘2 cosy, z) is potential and find a potential function.

SOLUTION: One checks immediately that curl(F) = 0. The potential can be found by integrating the first coordinate as as
a function in z to get f(z,y,2) = z?siny/2 + ¢(y,z). Then we get [y + 6y, 2), = 2% cosy/2, and hence ¢, = 0. Finally
¢, = z implies that

f(z,y,2) = (2®siny + 2%)/2 + ¢,
where ¢ is any constant.

Problem 4
a) (5 pts.) Without computation show that the line integral of the vector field F = (z®,4?, —2%) along the parametric curve
g g

r(t) = (Vcost, Vsint, 1),% <t< g, is equal to zero.

1
SOLUTION: We observe that F = ZV(ZA +y* — 2*). Since (Vcost)* + (Vsint)* — 1* = 0, the curve is contained in a level

set of the potential function f. Thus the integral must be equal to zero (since f is constant on its level set).
Note that you cannot apply Stokes’ theorem because the curve is not a boundary of any surface! It is not a closed curve.



2
(b) (10 pts.) Let B be a solid with boundary S = 0B, and let (zo, yo, 20) be a fixed point in space. Show that the volume of

B is equal to one third of the flux integral of the vector field F = (x — zo,y — yo, 2 — 20) over the surface S. Using this show
that the volume of a pyramid is equal to one third of its height times the area of the base.

SOLUTION: Applying the divergence theorem, we obtain that

//S = //Bdiv(F)dV :3//de=3v01(3),

By placing (zo, yo, 20) at the vertex of the pyramid, we find that the restriction of F to the faces is perpendicular to the
normal vector, hence the integral over the faces is equal to zero. The projection of the restriction of F to the normal vector
to the base is equal to the height of the pyramid. Thus the integral over the base is equal to the one third of the height
and the area of the base. The total integral over the surface is equal to the integral over the base. It remains to apply the
previous formula.

(c) (5 pts.) Prove the integration-by-parts formula:

//SngdS:///‘/Vf.ngVJr///vazng,

where S is the boundary of a solid region V', and V2 = div o V is the Laplacian operator. Suppose ¢ = 0 in S and V2(g) =0
on V. Show that g = ¢ for some constant ¢ in V.

SOLUTION: Applying the divergence theorem we obtain that the left-hand-side is equal to / div(fVg)dV. We have
v

div(fVg) = (f92) + (f9y)y + (F92). = (Fo9a + [0y + L92) + F(94s + 94y + 92.) = V- Vg + [V?g.
This proves the formula. For the second part, applying the formula to the case when f = g satisfies the assumptions, we get

/ Vg-VgdV :/ |Vg|?dV = 0.
v v
Since |Vg| > 0, this implies that |Vg| = 0. Thus g; = g, = g, = 0 everywhere in V. This implies that g is constant in V.

Problem 5(20 pts.)
(a) (10 pts.) (10 pts.) Compute the mass of the surface which is the part of the plane 22+ y+ 2 = 3 that lies above the region

1
in zy-plane given by the inequalities 0 < z < 3’ 0 <y <1-—3uz, if the density function is equal to p(x,y, 2) = y + zequalities
1
0<z< 5,0 <y <1 — 3z, if the density function is equal to p(z,y,2) =y + 2.

SOLUTION: The surface can be parametrized by z = u,y = v,2 =3 — 2u — v, where 0 <4 <1/3,0 < v <1 — 3u. We have
[| T x Ty|| = V6. Thus

M= /01 /01—3u(3 — 2u)V6dvdu = \/6/01(1 —3u)(3 — 2u)du = \/6/01(1 — 11u + 6u?)du = 5V6/2.

(b) (10 pts.) Using a change of variables compute the double integral / / \/36 — 922 — 4y2dxdy, where D is the area inside
D

2?2
the ellips T + 9= 1.
SOLUTION: Use z = 2rcosf,y = 3rsinf,0 <r < 1,0 < 0 < 27r. We have |g((i’z))| = 6r. We get

2 1
// V/36 — 922 — dy2dxdy = / / V36 — 36r26rdrdd = 7277/ (1 — )Y 2pdr = —247(1 — r?)|§ = 24n.
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