Math. 513. Homework 1

1. Check whether the following set F' forms a field with respect to given operations.
(a) F={a+b/2 € R:a,bc Q} considered as a a subset of R with respect to the usual operations of

addition and multiplication.

=a+ 0 € ta,0,c € considered as a a subset o with respect to the usual operations o
b) F bi € C b Q idered b f C with h 1 i f
addition and multiplication.

¢ =a+ +c cER:a,bce considered as a a subset o with respect to the usual operations

(c) F={a+by/2+cV3ER:a,bccQ} idered bset of R with resp h 1 operati
of addition and multiplication.

(d) F is the set of matrices (fb Z), where a,b € R with respect to matrix multiplication and addition.

e et F7 an 5 be two fields. Let = I X Fy of pairs (a,b),a € F1,b € Fy with operations (a,b) +
Let F° d Fb b fields. Let F' = F; x Fy of pai b F1,b € Fs with i b
(@, V)= (a+d,b+V) and (a,b) - (a/,b') = (ad’,bD’).

(f) ) F = R? is the set of 2-vectors (a, b) with operations (a,b) + (a’,V’) = (a+a’,b+¥') and (a,b)-(a’, ') =

(aa’ — bb',ab’ + a'b).
2. Let F be a field. Deduce form the axioms that (—1)a = —a and 0-a =0 for any a € F.
3. Let F be a set consisting of 4 elements. Define operations + and - satisfying the axioms of a field.
4. What is the smallest subfield of R (i.e. a field contained in R but not containing any other filed)?
5. Solve the following system of linear equations over the given field F'.
T+ 20 —23=0

—x1+ 4z +23=0
{E2+(E3:0.

(a) F=R
(b) F=Fs



