PART I

1. Categories
Definition A category C is a set of objects Ob(C) and for each A, B € Ob(C) a set of morphisms C(A, B) (or
Morc(A, B)) and for each A, B,C a map C(A, B) x C(B,C) — C(A,C) (the image of this mapat (f,g) is
denoted by f o g and is called the composition of f and g) such that the following properties hold:
(i) there exists 14 € C(A, A) such that folsq = f,14 0 f = f whenever the compositions are defined;
(ii) Morc(A,B)N Morc(A',B") #0if A=A" B= B
(iii) the composition is associative.

We shall denote More the union of the sets Morc(A, B). The set Ob(C) can be identified with the
subset of this set by assigning to A the morphism 1 4.

To avoid some logical problems in the future we shall assume that all sets Ob(C) and Morc(A, B) are
subsets of a fixed set (a universum). A universum is a set U satisfying certain natural axioms (e.g.with each
subset X the set of its parts P(X) is also a subset of U). In this case say that C is a U-category. We shall
always assume that we are dealing with some U-categories taking U large enough. Another way to solve
logical problems is to admit classes (e.g. the set of all sets is a class but not a set). Then we define Ob(C) to
be a class, and in the case when Ob(C) and Morc are sets we say that C is a small category. The problem
here is that, even when Ob(C) is a set, the union of Morc(A, B) may not be a set. We stick to universums.

There are some natural definitions:

a subcatageory: Ob(C) C Ob(C"), C(A,B) C C'(A, B). A subcategory is full if C(A, B) = C'(4, B).

The dual category C°: Ob(C°) = Ob(C), C°(A,B) =C(B, A).

A morphism f : A — B is called monomorphism or injective if the map Morc(C,A) — Morc(C,B)
defined by the composition is injective. A map is an epimorphism or surjective if it is injective when
considered to be a morphism in the dual category. A morphism which is a mono and epi is called bijective.

One may also define a monomorphism u : A — B as a morphism admitting a left inverse morphism
v : B — A such that v ou = 14. Dually we get the notion of a epimorphism. A morphism which is a mono
and epi in this sense is called an isomorphism. However, the new notions are not equaivalent to the previous
ones and very rarely used in the theory of general categories.

The set of morphisms Mor¢(A, B) has a natural quasi-order f < g if g = ho f for some h : B — B.
We say that two morphisms are equivalent if f < g and g < f. A subobject of an object A is an equivalence
class of monomorphims B — A. Dually one defines a notion of a factor-object.

Examples 1. (Sets) : objects = sets, morphisms = maps, compositions = compositions of maps, 14 = id 4.
Note that each subobject of a set S contains a unique representative which is a subset of S. A factor-object is
an equivalence class of surjections A — B. There is no a natural choice of a representative for a factor-object.
2. Various subcategories of (Sets) defined by putting some structures on the sets and taking morphisms to
be maps compatible with these structures:

Modgr = modules over a ring R with linear maps as morphims

In particular, we have the category Vecty of vector spaces over a field k.

Rings = associative rings, Com = commutative rings.

Top = topological spaces, morphisms = continuos maps, so on.

Diff = differential manifolds. The notion of a subobject has a natural meaning: a submodule, a
subring, a subspace.
3. Let I be an oriented graph. Define the category Cr as follows. Its objects are the vertices, its morphims
are paths. It is not a subcategory of (Sets). The dual category of Cr is Cr:, where I is obtained from the
graph I' by inversing the orientation of arcs in T'.
4. Let M be a semigroup with the unity e (a monoid). It defines a category < M > with one object e and
morphisms are elemensts from M. The composition is the multiplication. For example, if M is a group,
then each morphism in < M > is an isomorphism. A category with this property is called a groupoid.
5 For experts: the category of affine schemes is dual to the category of commutative rings.

2. Functors



A (covariant) functor F': C — C' is a map of sets F' : Mor¢c — More: which preserves the compositions
and maps Ob(C) to Ob(C’'). It is called faithfull if it is injective and fully faithfull if it is surjective on each
Morc (A, B). A functor F : C° — (' is called a contravariant functor from C to C'. From now when we say
a functor we mean a covariant functor. Note that when both C and D are U-categories the class of functors
Funct(C,D) is a set belonging to U. Very often we define a functor on objects only leaving to the reader to
extend it to morphims in a natural way.

Examples 1. C is from examples 2. F : C — (Sets) is the forgetful functor, it forgets about the aditional
structure and sends a morphism to the corresponding map with less structure. It is always faithfull but
rarely fully faithfull.

2. Let T be a graph. A functor F' : Cr — C is called a graph in a category. For example, a graph in Vecty,
is called a quiver.

3. A functor F : C° — (Sets) is called a presheaf of sets on C. For example, assigning to a topological space
the set of continuous functions on it is a presheaf on T'op. Here, for u : X — Y, we have F(u) = u* is defined
by composition with u. If f : ¢’ — C is a functor, composing F with f we obtain a presehaf on C’. It is
denoted by f*(F). For example, let X be a topological space and Op(X) be the category of open subsets
of X with Morop,x)(V,Y)) consisting of the identity map if V' is a subset of U and empty otherwise. Then
Op(X) is a subcategory of Top, and restricting a pre-sheaf F to Op(X) we get a definition of a presheaf of
sets on X. If F : C° — (Sets) factors through a subcategory C' of (Sets) we have the notion of a C'-presheaf
on C. for example, we can speak about the category of sheaves of abelian groups, of topological space and
SO On.

We can make the set of functors Funct(C,C') into a category by defining a morphism between functors
u: F — F' as a collection of morphisms w4 : F(A) — F'(A) in C' such that for any f : A — B in C we have

up o F(f) =ua o F'(f).

There is the identity functor I defined in the obvious way. In particular, we have the notion of isomorphic
functors.

Example 4. Let (F;)scs be a subset of the ring of polynomials Z[T1,...,T,] in n variables with integer
coefficients. It defines a functor X : (Com) — (Sets) by assigning to a commutative ring R the set of
solutions of the system of algebraic equations Fs(T') = 0in R. If ¢ : R — R' is a homomorphism of rings and
(r1,--.,mn) € X(R), then (¢(r1),...,9(rn)) € X(R'). This defines X(¢). Two sets of polynomials define
the same functors if and only if the ideals generated by the sets are equal. Let F' be another functor which
assigns to R the set of homomorphisms Z[T1,...,T,]/(Fs,s € S) = R. For every r € X(R) we define an
element from F(R) by sending the coset of T; tor;. This defines an isomorphism of functors X(R) — F.
Two systems (in different number of variables) define isomorphic functors if and only of the giotients rings
Z[Ty,...,Ty)/(Fs,s € S) and Z[Tx,...,Tn]/(Fs,s' € S') are isomorphic.

One can define the notion of isomorphism of categories in the obvious way but this is rarely used. A weaker
notion is an equivalence of categories: F' : C — C' is an equivalence of categories if there exists a functor
G : ' — C and isomorphisms of functors (considered as objects of Funct(C,C')) u : F o G — Iz and
v:GoF — I such that the map More (F(A),G(A)) = Morc(A, B) defined by applying G is the inverse
to the map F': Morc(A, B) = Morc (F(A), F(B)).

Example 5. For any set S let Cs be the category with #More(A, B) =1 for any A, B € Ob(C). Then for
any S,S5" the categories Cs and Cgr are equivalent. They are isomorphic if and only if S and S’ have the
same cardinality.

3. Representable functors

Let C = Funct(C°,(Sets)). It is the category of presheaves on C. Note that C is not a U-category if
C is a U-category because the calss of sets is a set. So, to be rigorous we have to consider U-preseheaves
restricting ourselves by a subcategory of (Sets) formed by U-sets.

For every X € Ob(C) define the presheaf hx by

hx(A) = Morc(A,X), hx(A— B)=Mor¢(B,X) = Morc(A, X),
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where the latter map is defined by composing with A — B.
If f: X - Y is a morphism in C, then we a have a natural map hx(A4) = Mor¢(4,X) — Morc(A,Y)
defined by composition with f. This defines a functor

h:C—=C.

It is called the Yoneda functor.
Lemma (Yoneda). The Yoneda functor is fully faithfull.
Proof. We have to show that, for any X,Y € Ob(C), the map

hx,y : Mor¢(X,Y) = Mors(hx, hy)
is bijective. Notice that Mor¢(X,Y) = hy(X). For any F € C let us define a bijection
u:F(X)— Mors(hx,F)

such that u = hx,y if F = hy. Then we will be done. Take s € F(X), then u(s) must be a morphism from
hx to F. For any A € Ob(C) it must assign a map u(s)(A) : hx(A) — F(A). We define it by

u(s)(A)(A —» X) =F(A — X)(s) € F(A).

IfF=nhy,s: X oY, then hy(A = X)(s) = hx,v(s). It remains to show that u is bijective. We define the
inverse map
v:Mors(hx,F) = F(X)

as follows. Let F': hx — F be a morphism of functors. It sends the set hx(X) = Mor¢(X, X) to F(X).
Define v(F') to be equal to the image of 14.
Let us check that vou =id. Let s € F(X). Then vou(s) = u(s)(X)(1x) : F(id: X = X)(s) = s.
Let us check that uowv =id. Let f : hx — F be a morphism of functors. Consider the diagram

hx(X) — F(X)
{ i .
hx(Y) — F(Y)

corresponding to a : Y — X in th definition of functor morphisms. The image of 1x under the top arrow
is equal to v(f). Its image under the right vertical arrow is F(a)(v(f)) = u(v(f))(Y)(a). Now the image
of 1x under the left vertical arrow is the composition a o idx = «. Its image under the bottom horizontal
arrow is f(Y)(a). This shows that u o v(f) = f. This finishes the proof.

Corollary 1. Let u : F' — G is a morphism of presheaves. Then it is a monomorphism if and only if for
any A € Ob(C) the map of sets F(A) — G(A) is injective.

Proof. F(A) = F'(A) = Mors(ha,F) = Mors(ha,F'). So, if f(A) is not injective f is not injective,
by definition of injective morphisms. This proves the sufficiency. The converse easily follows from the
definitions.

Corollary 2. A morphism f: X — Y in C is an isomorphism iff h(f) : hx — hy Is an isomorphism in C.

Definition A functor F € C is called representable (by an object A € Ob(C)) if it is isomorphic to the
functor hy4.

Examples 1. The functor X from section 2, Example 4 is representable by the quotient ring k[T]/((Fs).

2. Let C = Mod$,. Consider the functor M — M®". It is representable by the free module R". Indeed
there is a natural isomorphism

fM : MOTC(RnaM) = HomR(RnaM) = Mnad) - (d)(el))'- -a¢(en))a
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where (e1,...,e,) is the standard basis of M™.

Let (X;)ier be a family of objects in C. Consider the functor F(Z) = [[,.; Morc(Z, X;). Here we use the
usual definition of cartesian products of sets. If this functor is representable by an object A, then we have,
for any Z a bijection
More(Z,A) = [[ Morc(2, X5).
iel
Thus any element (..., f;,..) of the RHS defines a unique morphism f : Z = A. The image of 14 defines the
maps p; : A = X; such that f; = p; o f. We denote in this case A by [[;.; X; and call it the direct product
of the family of objects X;. It is defined uniquely up to isomorphism. A category is called a category with
products (resp. with finite products) if products exist for any families (resp. finite families).
Dually one defines the notion of the direct sum [[;.; of objects.

Examples 3. The direct products in (Sets) coincide with cartesian products. The direct sum correspond
to disjoint unions.

4. The finite direct products and arbitrary direct sums in Modpg coincide with usual direct sums of modules.
5. In the category of k — algebras the tensor product is the direct sum. The finite direct products are the
direct products of algebras.

6. In C direct products and direct sums exist and are defined by taking the direct products and direct sums
of the value sets. This allows one to define the direct product of objects in any category as an object in C
by considering C as a full subcategory of C.

7. Let S be an object of C. Consider the category C/S whose objects are morphisms X — S in C and
morphisms (f : X - S) = (g9 : Y — S) are morphims u : X — Y such that gou = f. The object
lg : S — S is the final object of C, i.e. an object e of a category such that for any other object there
exists a unique morphism to e. Direct products in C/S are called fibred products over S. If C = (Sets),
the product of f; : X; — S is the pre-image of the diagonal Ag C [],.; S under the product of the maps
icr fi: Ilier Xi = Ilier S-

8. In category (Top) the direct products are usual cartesian products equipped with the product topology.

iel

5. Structures on objects of a category.

The Yoneda functor C — C allows one to define a structure on an object in C. Let C' be some subscategory
of (Sets) whose objects are sets with some additional structure. We say that X € Ob(C) is C'-object if hx
is a C'-preseheaf. For example, we may speak about a group object in C. It is an object such that all sets
hx(A) = Morc(A, X) are equipped with a group structure such that for any morphism A — B in C the
corresponding map of sets hx(B) — hx (A) is a homomorphism of groups. Here are some examples:

Example 1. Let C = Rings®. Consider the functor R — R*. Then it is represented by the ring Z[t,¢~!]
since
MOTC(Z[tat_lLR) - R*a d) - ¢(t)

is a functorial bijection. Thus Z[t,t 1] is a group-object in the category Rings°®.

Example 2 The ring Z[t] is a ring-object in the category (Rings). Indeed Morc(Z[t,t~'], R) = R.

If C admit finite products and contains a final object e then one can give an equivalent definition of
a group-object by requiring the existence of morphisms p: X x X —» X, 8: X —,a : e - X satisfying
some natural commutative diagrams expressing the properties of associativity, the existence of inverse and
the existence of the neutral element. In fact, the existence of group structure on each hx(A) defines a map
hx(A) x hx(A) = hx(A). Using the Yoneda theorem, it defines a morphism X x X — X.

6. Inductive and projective limits.

Let F : T — C be a functor. For any A € Ob(C) denote by F4 the constant functor Fa(i — j) = 14.
Consider the functor on C by I(A) = Morpypet(z,c(F, Fa). An element of I(A) is a set of maps f; : F((i) = A
defined for each ¢ € Ob(Z) such that f; = fjo¢, where ¢ : i — j is a morphism in Z. If I(A) is representable,
then the representing object is called the inductive limit of F. The dual notion is the projective limit.
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In many applications, Z is the category defined by a partially ordered set I identified with a graph with
arrows corresponding to ¢ < j. A functor F': 7 — C is called in this case an inductive system. The inductive
limit is denoted by

limind F; = lim F;.
el i€

The dual notion is a projective system. The projective limit is denoted by

limproj F; = )im F;.
ier vel Z

Here are examples:

Example 1. I with the trivial order ¢ < j iff ¢ = j. Then F is defined by the set X; = F(¢) of objects in
C. The inductive limit is the direct sum, the projective limit is the direct product. By definition the direct
sum (resp. direct product) of the empty set I is the cofinal or initial (resp. final) object of the category, i.e.
#C(e,X) =1 for any X € Ob(C), (resp. #C(X, f) =1 for any X € Ob(C)).

Example 2. Take I with a minimal element g and no other elements are comparable by order. Then we
get the notion of fibred products and fibred sums. Another special case is when 7 consists of two elements
with two morphisms. The functor FZ — C is defined by two arrows in C: A= B. The projective limit is
called the equalizer of the pair of morphisms. The dual notion is the co-equalizer.

Example 3. Let I = N with the usual order. Let C = Com. Fix a prime number p. Consider the functor
F(n) = Z/p™ with F(n) — F(m),m < n, equal to the natural factor map Z /p"™ — Z/p™. The direct limit
is the ring Z, of p-adic number. The inductive limit is the p-torsion subgroup of Q/Z.

Example 4. Inductive and projective limits of inductive systems exist if C = (Sets). To construct the
projective limit we define limz F' as the subset of [[,.; F'(i) which consists of string (...,a;,..) such that
(F(j) = F(i))(a;) = a; if j <i. The inductive limit is defined as the quotient of the set U;c7F (i) by the
minimal equivalence relation containing the relation (a;,a;) € R if the previous equality holds.

Theorem 1. The following properties of a category C are equivalent:
(i) C has projective limits;

(ii) C has direct products and equalizers;

(iii) C has direct products and fibred products of two objects.

Proof. Assume direct products exist. First notice that equalizers of a pair A= B is the fibred product
A X axp A, where the two morphisms A -+ A x B are 14 x f and 14 X g. To show that lim proj; d exists if
(ii) holds we construct a pair of morphisms

Hd(z) = H d(end(u)),

iel uEMor(C)

where the first arrow is defined by the projections [[ — d(end(u)) and the second one by the composition of
projection to d(source(u)) and the morphism d(u) : d(source(u)) — d(end(u)). It is immediately seen that
the the projective limit is isomorphic to the equalizer of this pair.

We leave to the reader to state the dual statement about the inductive limits.

Definition We say a F' : C — (' is left exact (resp.right exact) if it commutes with finite projective (resp.
inductive) limits. A functor which is left and right exact is called ezact.

If F:C° = (C'is a contravariant functor. Then it is left exact if it transforms inductive limits in C into
projective limits.



Corollary. A functor F : C — C' is left exact if and only if it commutes with direct products and equalizers.
In other words, if
F(I] x:) = [[ F(x0),
iel iel

F(Ker(A=3B)) = Ker(F(A)=3F(B)).

Example 5. Let F be a presheaf on the category Open(X). Let us add to Open(X) direct sums (for
example, by embedding it into the category of presheafs where direct sums exist). Let U; — U be an open
covering of an open set U. Then U is the co-equalizer of the pair

H UiﬂUj :;HUZ—)U

(6.5)eIxI icl

Here we embed U; N Uj in U; and Uj to define the two arrows. A presheaf is called a sheaf if it is left exact.
This means that it defines an exact sequence of sets

FU) = Ker([[F(i) = [ FW:inUy).

i€l (4,5)€IxXI

The exactness means that F(U) is the equalizer of the the pair of maps. For example, the presheaf U — C(U)
of continuous functions is a sheaf.

Remark 1. Commute with the direct sums of empty set of indices means that the functor sends the cofinal
object to the cofinal object.

We leave to the reader to state the dual statement about the right exactnedness.

Corollary. Suppose that C has inductive limits. Then hx : C — (Sets) is right exact.
Proof. Tt is enough to check that hx commutes with direct sums and fibred sums. We have, by definition
of the direct sum,
hx(JTve) = [[ rx(¥3),
icl i

and similarly
hx(AJ] B) = hx(A) xny(c) hx(B).
C

This gives a necessary condition for representability of a presheaf of sets:
Theorem 2. Suppose F € C is a representable functor and C has inductive limits. Then F is right exact.

Let us see how to reconstruct a presheaf by its values using inductive limit. For any F' € C consider teh
category C/F of objects of C over F' (here we identify C with C using the Yoneda functor). Let d: C/F — C
be the forgetful of the arrow functor C/F — C.

Proposition 1.
limindd = F.
C/F
(or symbolically:
F =limind hx.)
X—-F

Proof. By definition, for any (u: X — F') € Ob(C/F) there is a unique morphism d(u) — F'. The set of
such morphisms defines a morphism ¢ from the inductive limit to F'. Suppose G is an object of C such that
for any u as above there is a morphism d(u) = hx — G (of course satifying the functoriality condition). Let
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xz € F(X) correspond to some u : X — F and let y € G(X) corresponds to d(u). It is easy to check that the
family of maps of sets fx : x — y defines a morphism of presheaves F' — G. Taking G to be the inductive
limit, we get a morphism f from G to the inductive limit. It is easy to see that this is the inverse of ¢.

7. Adjoint functors.
Let F : C — C’' be a functor. For any B’ € Ob(C') consider the functor X — Morc (F(A), B'). Suppose
this functor is representable. Denote the representing object by G(B'). Then we have a bijection

Morc(A,G(B")) = Morc(F(A), B)

which must be ”functorial” in 4 and B’. It is easy to see that the correspondence B' — G(B') is functor
on C'. Tt is called the right adjoint functor of F. The functor F is called the left adjoint of G. To say
more symmetrically, we introduce the product of the categories C x C’. Suppose that we have two functors
F:C—C and G:C" — C. Consider the functors C x C' — (Sets) defined by

Morc(?,G(?)) : (A, B") = Morc(A,G(B")), Mory(F(?),?): (A,B') - Mor;(F(A),B’).
We require that there exists an isomorphism of these functors:
u: More(?,G(?)) = Morp(F(?),7?).

In particular, taking B’ = F(A) we have a bijective map Morc(A,G o F(A) - Morp(F(A),F(A). The
pre-image of 1p(4) defines a morphism A — G o F((A). Similarly, we get a morphism F o G(B') — B'. It is
easy to see that, varying A and B’ we get the morphisms of functors

GoF — Ide, FoG — Ide
The pair of such morphisms is called the adjunction morphisms. Here are some examples.

Examples 1. Let C = Modg. The functor A - M ® A is adjoint to B — Hom(B, M).

2. Let HT op bethe subcategory of T'op which consists of Hausdorff spaces. Let F' be the inclusion functor.
The adjoint functor assigns to any topological space the maximal Hausdorff factor-object (see exercise).

3. Let F': C — (Sets)' is a forgetful functor. The adjoint functor gives a construction of a free object in the
category. For example, C = (Groups) is the category of groups. The adjoint of the forgetful functor assigns
to a set S the free group with tyhe set of generators S. If C = Com, the adjoint functor assigns toa set S
the polynomial ring in the set of variables indexed by S. If C = Top, then the adjoint functor assigns to a
set S the discrete topological space S.

4. Let C = HTop. be the category of compact Hausdorff topological spaces. The forgetful functor HT op. —
HTop has a right adjoint. This is the Stone-Chech compactification. It is defined as follows. One embeds
X in the space RC(X) by sending = to the map f — f(z). Then one compactifies X by taking the closure
of X in RE(X) | where the latter has the standard product topology.

5. Let F: C — C' be a functor. For any presheaf of sets F : C° — (Sets) we can define the inverse image
F*(F) € C as the composition F o F. For example, if f : X’ — X is a continuous map of topological spaces,
it defines the functor Open(X) — Open(X') by U — f~1(U). If F is a presheaf on X' (i.e. a presheaf of
sets on Open(X'), its inverse image is the presheaf f,(F) (called the direct image under f) defined by

This defines the functor: 3 .
Fo:C' = C:F = F.(F).

For example if Ox is the presheaf of continuous functions (i.e. Ox:(U') = C(U")), then we have a natural
morphism of presheaves Ox — f.(Ox) which is obtained by composing a continuous function ¢ : U — R
with f.



6. A presheaf F : C° — (Sets) has the right adjoint G if C(S,F(X)) = C o (G(S),X). Taking S to be a
singleton, we obtain F(X) = C(X,G(S)). This means that G(S) represents F. So, if F is not representable,
F does not have left adjoint.

The left adjoint of the functor F — u*(F) is the functor
w:C—=C:F = w(F)

In the example above, u;(F) is denoted by f~!(F) (the inverse image under f) and is constructed as follows.
Let V be an open set on X’. Consider the family of open subsets U in X such that V C f~1(U). Tt
is an inductive system with respect to inclusions. So, we can define the inductive limit lim F(U). We
set f~1(F)(V) equal to this limit. In the case of general categories, we do the same. Let C — C' be
a functor. For any X € C’' we consider the following subcategory I% of C. Its objects are morphisms
s: X = u(Y) € Ob(C'), where Y € Ob(C). The morphisms in this category are morphisms ¢ : Y — Y in C’
such that such s = u 0 §'(¢). Define a functor I% — (Sets) by (X = w(Y)) = F(Y). The inductive limit of
this functor is taken for u;(F)(X). In other words,
w(F)(X) = )lgr_rx?[]d) F(U).

The fact that it is a contravariant functor follows from the observation that for any morphism X — X’ in
C' one has a natural functor I%, — I% obtained by composition (X — X' — u(Y"). Note that the inductive
limit always exists, since in (Sets) inductive limits exist. Also observe that F(U) = @ if I% is the empty
category. This follows from understanding that the union of sets parametrized by the empty set is the empty
set. Let G be a presheaf on C. Suppose we have a morphism F — «*G. Then for any Y — F(X), we
have F(Y) = G(F(Y)) = v*(G)(Y) = G(X). By definition of inductive limits, there is a unique morphism
w(F)(Y) = G(Y). This shows that

C'(w(¥F),G) = C(F,u*(9)).

Hence u* is right adjoint to w.

Example 7. Let us compute ui(hx), where X € Ob(C). Let Z be an object of C' and Y — X be a morphism
in C. For any f:Z — u(Y) in I% we have the composition map

hx(¥) 5 oo @®)) O b (2)

This defines a map from wu(hx)(Z) to hy(x)(Z). Any morphism Z — u(X) can be considered as an object
of the category I%, so that we have the inverse map hy(x)(Z) — w(hx)(Z). Thus we have constructed a
bijection u1(hx)(Z) = hy(x)(Z) which as is easy to see defines an isomorphism of presheaves:

Ug(hx) = hu(X)-

Let us construct the right adjoint functor to v*. It is denoted by u, and must have the property

C(u™(F),9) = C'(F,uu(9))-

By setting F = hx, we get 3 3
C(u*(hx),G) = C'(hx, us(G)) = u(G)(X).

So, we take for the definition 5
uy(F)(X) = C(u”(hx), F).

In the example u = f~! : Open(Y) — Open(X) we have, for every U € Open(X), and any V' € Open(Y),
w*(hy)(V) = hy(w(V)) = by (f~1(V)) = Open(X)(f(V),U).

The latter is not empty if and only if U = f~1(V'), where V C V'. Thus, u.(F)(U) = 0 if U is not as above
and u,(F)(U) =limindycy F(V), if U = f71(V").



Theorem 1. Suppose F : C — C' admits a right adjoint functor G : C' — C. Then F is right exact and G
is left exact.

Proof. Let d : T — C be a functor and X = lim 7 d. By definition we have a morphism of functors
d — X. Applying F we get a morphism of functors F o d — F(X). Suppose we have another morphism
of functors F'od — Y. We have to show that there exists a morphism F(X) — Y making the diagram
commutative. Applying G we get morphisms d - GFd — G(Y). By definition of inductive limit, there is a
morphism X — G(Y). Hence we have F(X) - FG(Y) — Y. Similarly we prove the second assertion.

Corollary 1. The functor uy commutes with inductive limits and the functors u*, u, commute with projec-
tive limits.

8. Grothendieck topologies

Let C be a category. A sieve in C is a full subcategory D of C such that (X — Y) € C(X,Y), where
Y € 0b(C), implies X € Ob(D). A sieve of an object X of C is a sieve of the category C/X.

Equivalently, a sieve R of X is a subobject of hx, we have hx(Y") is the set of morphisms Y — X from
the sieve. Conversely, if R is a subobject of hx in C° we consider the subcategory C/R of all arrows Y — R.
This is a sieve of X and the two maps from sieves of X to subobjects of hx are inverse to each other.

If F:C — ('is a functor, and D is a subcategory of C' then its inverse image F*(D) is the full
subcategory of C which consists of objects A such that F(A) € Ob(D) is a morphism in D. If R is a sieve in
C', then its inverse image is obviously a sieve in C. If F/X : C/X — C'/F(X) the induced functor, then the
inverse image of a sieve of F(X) is a sieve of X.

We shall identify objects of C with presheaves on C which they represent.

Definition A topology in C is a set of sieves J(X) of X, for each object X of Ob(C). The following axioms
must satisfy:
(T1) If Y — X is a morphism in C and R € J(X), then the set of morphisms Z — Y such that the
composition Z =Y — X belongs to R forms a sieve in J(Y);
(T2) if R € J(X) and R’ is a sieve of X such that for any Y — X in R the set of morphisms Z — Y such
that the composition Z — Y — X belongs to R’ forms a sieve in J(Y) then R’ is a sieve in J(X);
(T3) Ix € J(X).

A category with a topology is called a site. A functor F': C — C' between two sites is called continious
or a morphism of sites if for every sieve R € J(X) in C the morphism Fi(R) — Fi(hx) = hp(x) factors
through an isomorphism Fi(R) — R', where R' € J(F(X)).

A way to define a topology is by considering for each X € Ob(C), a set of coverings U; — X,i € I. Each
covering defines a sieve, the subfunctor of hx equal to the union of the images of the subpresheaves hy;,.
Thus ¥ — X belongs the sieve if hy — hx through the union of hy,. To define a topology using families of
coverings Cov(X) of X we must require the following properties:

(PT1) Y — X and (U; =& X)ier € Cov(X), then U; xx Y — Y belongs to Cov(Y);

(PT2) if (U; = X)ser € Cov(X) and for each U; we have a covering (Vi; = U;) € Cov(U;), then (V;; = U; —

X) belongs to Cov(X);
(PT3) the morphism 1x belongs to Cov(X).

A topology defines a family of coverings, i.e. a family of morphisms U; — X such they span a crible from
J(X). If C has fibred products, then a topology can be defined by a pre-topology.

Example 1. If J(X) is the set of all sieves of X we get a discrete topology. If we take J(X) = {1x}, we
get the ”chaotique” topologie.

To give the next example we have to say a liitle more about inductive limits. Let Funct(I,C) be the category
of functors. Let J be another category together with a functor d : J — Funct(I,C) (equivalently, we have
a bifunctor D : I x J — C). Suppose that projective limits of the functors d; : J — C,j — D(i x j) are
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representable. Also assume that the functor I — C defined by ¢ — lim proj d; is representable. Then D has
projective limit and
lim proj D 22 lim projlim proj d;,
IxJ I J
and hence
lim projlim proj d; = lim proj I lim proj d;.
I J J I

We leave the proof to the reader. A special corollary of this is the following. Suppose A = Ker(4; = A,),
B = Ker(B; = B). Suppose we have two morphisms between these two pairs of arrows A; == B; and
As == B (think about them as two functors from ; =3 j to C). Then there are two morphisms from the
equalizers A =3 B and we have

Ker(A= B) = Ker(Ker(A1 =3 B1) = Ker (A2, B2)).
Now we are ready to give our next example:

Example 2. Any category C with fibred products can be equipped with a canonical topology TC, its covering
families (U; — U) are universal effective epimorphisms, i.e. families such that for any object X of C

hx(U) = Ker([[ hx (U)=3 [[(hx (Ui x Uy)).

We require that the restricted family (U; xy V' — V is also universal effective epimorphism. This checks
axiom (PT3) automatically. Axiom (PT2) follows from we have said before. Axiom (PT1) is obviously
checked.

One can also describe the canonical topology in terms of cribles. A canonical topology is the finest
topology such that all representable presheaves are sheaves. A crible in this topology is called a strict
universal epimorphism. For any covering crible of an object X in the canonical topology we must have a
canonical bijection hz(X) = C(R,hz). Also for any Y — X the crible Y x x R must be a covering crible
of Y so that there is a canonical bijection hz(Y) = C(Y xx R, hz). Let us show that the set of cribles R
satisfying these two properties form the canonical topology. For this we have to verify only axiom (T2) of
the topology. The other axioms are satisfied by definition. By taking the fibred product R x x R’ of two
cribles of X, we may assume that either R’ C R or R C R. So we have to check that

(i) f R CofR and R € J(X), and for any (Y — X) € R(Y) the crible R' xx Y € J(Y) then R € J(X);
(ii) if R CofR and R' € J(X) then R € J(X).

By Propostion 1 from section 4, R is equal to the inductive limit of representable functors hy which
admit a morphism to R. So, R’ is the inductive limit of R' X x Y. It is easy to see that in both cases, passing
to the limit we obtain a bijection

C(R,hz) = C(R',hz).

Since (i) and (ii) are preserved under fibres products ? xx Y, we obtain that hz(X) = C(R xx Y,hz)
C(R' xx Y,hz), and hence R and R' are covering cribles in both cases.
So we have shown that in the canonical topology covering cribles are characterized by the condition

1%

hz(Y) = C(Y xx R,hz)
are bijective for all Z € Ob(C) and (Y — X) € Morc.

Example 3. Let X be a topological space, C = Open(X). For every open set U let Cov(U) be the set of
open coverings of U. Clearly all the axioms of pre-topology are satisfied. Any continuous map f: X — Y
of topological spaces defines a morphism of the corresponding sites U — f~(U).

Example 4. Let us define a topology on a set X. First consider a subcategory C of the category of subsets
of X. It must contain X and (a final and initial object). It must be closed under finite products. As usually

we extend it in € to contain direct sums. Then we require that it contains co-equalizers. Then it is clear
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that its objects can be taken as open sets in a topology on X and also as direct sums of open sets. Now
if we take the canonical topology on this category, we see that the obtained topology is the same as in the
previous example.

Example 5. Let X be a topological space. Assume that X is linearly connected and each point has a
neighborhood with trivial fundamental group. A continuous map ¥ — X is called étale if for any point z in
the image ¥ z € X there exists a neighborhood U(z) such that f~'(U(z)) = [1,c; Vi, where the restriction
of f to each V; is a homeomorphism. It is easy to see that f(Y") is open in X. We define the étale topology
on X as a topology on the full subcategory Et(X) of Top/X formed by étale maps. This category has fibred
products, and we define the pre-topology by taking Cov(U) to be a set of morphisms f; : U; — U in Et(X)
such that [[,.; U; — U is surjective. Note that each f; is necessary etale. We leave to the reader to check
that this defines a pre-topology. It is called the étale topology of X. For any etale map U — V and any
continuous map Z — V the pull-back morphism U xy Z — Z is etale. This easily shows that a continuous
map [ : X — Y defines a morphism of the étale sites.

Example 6. Let G be a group and G — (Sets) be the category of G-sets. Equip it with the canonical
topology. Here Cou(U) are all surjective families of morphisms U; — U.

Consider the etale site Ft(X) of a topological space X. Define the following functor F : Et(X) —
m1(X) — (Sets). Here m1(X) is the fundamental group of X. Fix a point 2o € X. The functor F assigns to
an etale cover f : Y — X the fibre f~1(zp). If v :[0,1] = X is a loop with y(0) = v(1) = z, representing
an element g of m (X,z9). By the theorem of covering homotopy, for any y € f~!(zo) there is a path
4 :[0,1] = Y such that ¥(0) = y,7(1) = ¢’ € f1(x0). One can show that y' depends only on y and the
homotopy class of 4. This defines an action of m (X, z) on F(Y). If go f: Y' - Y — X is a composition
in Et(X) then (go f) !(zo) is mapped m-equivariantly to g~ 1(zo). So the functor is covariant. It is easy to
see that it maps covering families in Et(X) to covering families in m; — (Sets). The corresponding sites are
in fact isomorphic. Let X be the universal cover of X. Given a m1-set S we constsruct an etale cover as the
quotient topological space X xr, S = X x S/ ~, where (z,s) ~ (z/,5') if ' = gx,s' = gs or some g € 7.
We equip S with discrete topology and then put the quotient topology.

Example 7. Let k be a field, and Sep(k) be the full subcategory of the category of commutative k-algebras
which are finite separable extensions of k or their direct sums. Equip it with canonical topology. This site is
isomorphic to the canonical site of the category of finite sets on which the Galois group Aut(k/k) acts with
the kernel of the action of finite index.

Example 8. Let C be the category dual to the category of commutative rings. A homomorphism of rings
f + A — Biscalled flatif for any ideal I of A the natural homomorphism of B-modules I® 4B -+ AR B = B
is injective. It is called strictly flat if additionally M ® 4 B # 0 for any nonzero A-module M. Equivalently, a
sequence of A-modules N -+ M — L is exact in M if and only if the sequence N® 4B - M 4B - L4 B
is exact in M ® 4 B (show that that

For example any homomorphism of fields is strictly flat. I claim that a strictly flat homomorphism f
defines a strict epimorphism in the category Com®. In other words, if

A= Ker(B=3 B ®y B).
Recall that this means that for any ring C
Hom(C, A) = Ker(Hom(C, B) =3 Hom(C, B) X gom(c,4) Hom(C, B).
Consider the following sequence
0-A—3B—-B% 5. .. 5B% & ..,

where d, : B®" — B®"+1 ig defined as

T

dr(by®...9b,) = Z(—l)TJflbl ®...9bi_1®1®bi41 Q...b,.

=1
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It is immediately checked that this is a complex, i.e. d,41 od, = 0. Assume A — B admits a right
inverse, i.e. a homomorphism g : B — A such that g o f = id. Then we can construct the homomorphisms
k, : B8l — B®r guch that k,y1d,y1 + dr-k. = 1. Just set

kr(b1®®br+1):g(b1)b2®®1®b,®b,~+1

A standard argument (used for example in the calculus of differential forms) shows that the complex is exact
in this case. Now if if we extend the scalars to B (i.e. tensor the complex by B), we get the complex

0+B—-B®4B—+B® 5 ...5B% ...,

Since BQ B = B,b® b — bb' is the right inverse of B -+ B ® B,b — 1 ® b, we obtain an exact complex.
Since f : A — B is strictly flat, the original complex is exact.

Now A = ker(d; : B - B ®4 B) means exactly that A — B is a strict epimorphism in the category
Com®. This gives a description of canonical topology in Com®. Its covering families A — B; are flat
morphisms such that A — @;B; is strictly flat. This is called the flat topology. If A is a commutative ring
we can consider the category (Com/A)° and equip it with the induced flat topology. Abusing the language

one speaks about the flat topology of A.
9. Sheaves

Definition. A presheaf of sets F on a site (C,T) is called a sheaf if for any X € Ob(C) and any sieve
R € J(X) the canonical map § 3
F(X)=C(hx,F) > C(R,F)

is a bijection.

Recall that C(R, F is given by assigning to each (Y = X) € R(Y) C hx(Y) an element of sy € F(Y)
such that if f: (Y' — X) = (Y = X) € Mor¢,x the map F(f) : F(Y) = F(Y') sends sy to sy:. So the
condition of a sheaf requires that the family {sy} as above originates from a unique s € F(X).

Lemma 1. Let I and C be two categories. Suppose C has direct limits of families X,cry where U is the
chosen universe. Assume that I has a family of objects (iq)aca, where A is a small set, such that the
products i X ig are representable for each pair and each object of I has a morphism to some iy. Then for
any functor F : I° — C the projective limits exist and there is a functorial isomorphism

limprojF = Ker([[F() = [ F(ix3).

i€l (i,J)eIxJ

Proposition. Suppose C has fibred products and the topology is defined covering families Cov(U). Then a
presheaf is a sheaf if and only if for any (U; — U) € Cov(U) the sequence

FU) = [[Frw) =[] FU: xv Uy)
i (4,9)
is bijective.
Proof. By Proposition 1 from section 4 we have

F =lim hx.
C/F

We use the following generalization of Yoneda’s lemma: for any F,G in C

C(F,G) = limproj G(X).
(X,u)eC/F
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This follows from the fact

C(lim hx,G) = limprojC(hx,G) = lim proj G(X).
C/F C/F Cc/F

Notice that C/R consists of morphisms S — R which are elements of R(S), i.e. morphisms S — X from R.
This is our category I. It contains the objects U; — X satisfying the assumptions of the lemma. Thus

C(R,F) =limproj F(U;) = Ker(J[[ F() = [[ F(x4)).
UinU icl (irj)ETXJ

Examples 1. A representable presheaf on a canonical site is a sheaf.

2. A sheaf on a topological space is a sheaf on the site Open(X) with its canonical topology. By definition
of a canonical topology, U — C(U,Y) is a sheaf.

3. Since any representable pre-sheaf on the flat topology of Com® is a sheaf, the presheaf A — A* is a sheaf.
It is denoted by G,,. Similarly, we have the sheaf A — A1 denoted by G,.

4. Let C = G — (Sets) with canonical topology. We know that every representable presheaf is a sheaf. Con-
versely, let F be a sheaf, and A = F(G), where G is considered as a G-set with respect to left multiplications.
The set Ais a G-set, the action is by functoriality. I claim that A represents F in C, i.e. for every G-set
U we have a natural bijection F(U) = C(U, S) := Mapsg(U, A). For every point x € U let f, : G - U
be the map g — gz. Its image is the G-orbit of . Then we have a cover (f; : G = U)zer in Cov(U).
Observe that (f, : G = U) xu (fy : G = U) = {(g,9') : 9z = g'y}. Now [], ., F(G) can be identified with
the set of functions U — F(G). The group G acts on this product in two ways: (g o ¢)(u) = ¢(g~'z) and
Ip(x) = g o ¢(x). To say that ¢ commutes with the action is the same as g o ¢ = 9¢. But this can be also
expressed by saying that ¢ belongs to the kernel K of the pair of maps

[Hre= JI FGxuva).

zeU (z,y)eUXU

By definition of a sheaf there is unique bijective map F(U) — K.

Theorem 1. Let C be a site and C be the full subscategory of C formed by sheaves on C. Let i : ¢ —C be
the inclusion functor. Then there exists a left adjoint functor a : C — C. The functor a is left exact.

First we set for any F,G € Ob(C) }
F(G) =C(G,F).

By Yoneda’s lemma, there is a natural bijection:

Lemma 1. Let C/G be the full subcategory of C/ F which consists of arrows X = hx — G, where X € Ob(C).
For any F € C consider F as a functor on C/G defined by F(X — G) = F(X). Then

F(G) =limproj F = limproj F(X).
c/g (X—=9)

Proof. Let us show first that
G =limind hx.
X—G

We have to construct a functorial bijection from G(A) and limindx_,g hx(A) for any A € Ob(C). An
element u € G(A) defines a morphism A — G, an hence an element in the inductive limit of the sets
hx(A), X € Ob(C/G) corresponding to the equivalence class of the element 14 € ha(A). Conversely, any
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element from the inductive limit represented by some a € hx (A) defines a morphism A - X — G. It is easy
to see that the two constructed maps are inverse to each other. Now, by definition of projective limit,

F(G) =C(G,F) = C(limind hx, F) = lim projC(hx,F) = lim proj F(X).
(X—3G) (X—0) (X—=0)

The lemma, is proven.

Corollary. Let R be a sieve of X considered as a subcategory of C/X. Then for any presheaf F,

F(R) = limproj F(Y).
(Y X )€Ob(R)

Proof. Consider R as a presheaf, a subpresheaf of hx. Then (Y — X) € Ob(R) if and only if there
exists a morphism hy — R. Then we apply the previous Lemma to G = R.

Let us consider the set of sieves J(X) as an ordered set, the order is the inclusion of pre-sheaves. Thus
we can consider inductive limits over the cofiltering category J(X) (the fact that it is cofiltering, in sense of
HW2, Problem 1, follows from the the fact that the set of covering sieves is closed under finite products).
For any presheaf F, set

F#(X) = limind (R, F) = limind F(R). (%)
ReEJ(X) ReJ(X)
If Y — X is a morphism in C, we have R — R xx Y maps J(X) to J(Y), hence we have a canonical map
of sets F#(X) — F#(Y). This makes F# a presheaf.

Let R € J(X). Consider the set of sieves R' of X such that each Z — X from R' factors Z - Y — X
through some (Y — X) € R and the set of such Z — Y forms a covering sieve of Y. By axiom (T2) of a
site, each such R' is covering sieve of X. We denote the set of such covering sieves of X by J(X; R'). Note
that R € J(X;R) and any R’ € J(X;R) is a subsieve of R. The following lemma generalizes the definition
(*):

Lemma 2. For any R € J(X)
F#(R) = limind F(R').
R'€J(X;R)
Proof. First we check that
lim ind lim proj R = lim proj P.
Y=R piecj(y) PeJ(X;P)
Since each P € J(X;R) defines a sieve R = P Xy X € Jy, the projection to R' defines a map from
lim projg/¢ j(yy R’ to P. This gives us a map from lim projg ¢ j(yy R' to improjpe ;(x;p) P, and hence the
map from the LHS to the RHS. By definition of J(X, P) this map is surjective. By Lemma 1 and (*),

F#(R) = lim proj F# (V) = lim proj limind F(R).
YSR YR ReJ(Y)

On the other hand, since C(?,T') transforms inductive limits to projective and projective to inductive, we
have
F(limproj P) = F(limindlim proj R') = lim proj F (lim proj R') =
PeJ(X;P) Y=R pRicjy) YR R'€J(Y)
lim proj limind F(R') = F#(R).
YBRJR'GJ(Y) (&) (7)

It is easy to see that
L:F—F#

is a functor. By definition of inductive limit, we have morphisms, for every sieve R € J(X),
Zgr : F(R) = F#(X).
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Taking the sieve hx € J(X), we get a map F(X) — F#(X). It is easy to see that the set of such maps
defines a morphism of functors
lp: F = F* = L(F).

Note that
br(X) = Zny-

Since any Y — X defines a functor J(X) — J(Y),R — R xx Y, we have a commutative diagram

F(R) —  F#(X)

! 1 (%)
F(RxxY) — FH#()

Lemma 3. Let u € F(R) be considered as a morphism of presheaves R — F and Zg(u) as a morphism
hx — F#. The following diagram is commutative:

F o5 F#
ut 1 Zr(u) .
R & hx

Proof. We have to check that two morphisms £ ou and Zg o4 from R to F# are equal. By Lemma 1, it
is enough to check that for any g : Y — R we have frouog = Zgoiog. Let f : Y — X be the composition
iog. We have (R xx Y)(Z) is the set of morphisms Z — X in R(Z) which factor through Z - Y — X.
The map R xx Y(Z) = hy(2),(Z - X) —» (Z - Y) is injective and has a section Z — Y — X. Thus it
is bijective, and we have an isomorphism of functors ¢’ : R xx ¥ — hy. Consider the diagram

F Lz, F#
u?t _ T Zr(u)
R SN hx
gt Ny Tf
RXXY Z—I) hy

The bottom arrow is an isomorphism. We have
Zrxxy(uog)=_Lrouog.
By commutativity of the diagram (**), we have
Zrxxy(uog')=Zgr(u)o f = Zg(u)oiog=_Lrouog.

This checks what we wanted.
Lemma 4. The sheaf F# is separated.

~ Proof. Suppose there are two different a,b € F#(X) which define the same element in F#(R) :=
C(R,F#). By definition of inductive limit, we can find o’ € F(R') and b’ € F(R") such that Zg (a') =
a, Zg:(b') = b. Since the set of covering sieves is cofiltering, we may assume that R’ = R” C R. By the
previous lemma (applied to R = R'), the composition
) F#(i
Fry %8m0y T mr Ry S FER)
is equal to the value of the morphism of the functors F — F# at R'. It sends a’ and ¥’ to the same element
¢ € F#(R'). By Lemma 2, the image of @’ in b’ in limind g e jx,r) F(R") is equal. This means that there
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exists some R" € J(X; R') such that the images of a’, b’ in F(R") are equal. But then a = b in the inductive
limit F(X) = limindge s(x) F(R). This proves that F# is separated.

Lemma 5. Assume F is separated. Then F# is a sheaf.

Proof. First of all, for any X € Ob(C), the canonical map £x(X) : F(X) — F#(X) is always injective.
From this it follows that for any G € Ob(C) the map F(G) — F#(G) is injective. In fact, each map
F(X) — F(R) is injective, so F(X) is mapped injectively into the inductive limit F#(X). We want to show
that F#(X) — F#(R) is surjective for any R € J(X). By Lemma 2, 7#(R) = limindg ¢ s(x;r) F(R'). For
each R' € J(X;R) the composition map F(R') — F#(R) — F#(R') is injective. Since F# is separated,
the map F#(R) — F#(R') is injective. Hence the map F(R') — F#(R) is injective. Let s € F#(R). Pick
u € F(R') representing s. By the above, the pair (u, R') is defined uniquely. We set s' = Zg/(u) € F#(X).
It is imeediately checked that s’ is a lift of s.

Proof Theorem 1. By Lemmas 4 and 5, if we apply L twice, we get a sheaf LL(F). If F is a sheaf, then
F# = F. In fact, F(R) = F(X) and the definiton (*) implies that F#(X) = F(X). If F — G, where G is a
sheaf, then LL(F) — LL(G) = G. This defines a morphism from LL(F) to G. Applying L to LL(F) - G
we obtain F — G. This easily checks the adjunction. The last assertion follows from the fact that, for any
sieve R, the functor F — C(R, F) commutes with projective limits (this follows from th definition) and the
functor F' — limindges(x) F(R) commutes with projective limits because the category J(X) is filtering.
Thus L is left exact and a = LL is left exact.

Lemma 6. Suppose a siet C has an initial object e. Then a(h.) is the initial object in the category C.
Proofj,

Lemma 6. Let (s; : U; = U)ser be a covering family in a site C. Suppose each s; : Uy — U is a

monomorphism and U; xy Uj is isomorphic to an initial object in C. Then

a(hy) = a(hy,).

Proof. Let s = (h(s;)ier : [[;c; hx; — hx be the canonical morphism. Sinc a commutes with inductive
limits, we have to show that a(s) is an isomorphism of sheaves.

Definition An initial object of a category C is called a strict initial object if any morphism X — e is an
isomorphism.

Proposition 1. Suppose a site C has a strict initial object e and the Grothendieck topology is finer than
the canonical topology. Then for any sheaf F' the set F(e) is a singleton.

Proof. We claim that the empty crible §) C h. of e belongs to J(e). By example 2 from section 8, we
have to check that, for any object Z and any Y — e we have a canonical bijection

hz(Y) = C(0 x. Y, hz).(x)

But Y — e is an isomorphism, so that § x, Y = § and C(0 x. Y, hz) = C(D, hz). If Z is not isomorphic to e,
then hz(e) = 0 so C(@, hz) = 0. So both sides of (*) are emptysets. If Z = e, then bith sides are singletons.
Thus, we have checked that § € J(e). But, then for any sheaf F' we must have a bijection F'(e) — F(0), the
latter is obviously a singleton.

Corollary. In the condotion of the previous proposition assume that (U; — U) is a covering family such
that U; xy Uj; is isomorphic to a strict initial object in C. Then for any sheaf F' there is a natural bijection
FU) = [Lier F(Us).

Example 5. Let cg be a constant pre-sheaf X — S, where S is a fixed set S. If S is not a singleton, and C
has an initial object then cg is not sheaf. In fact, if C is a canonical site with a strict initial object e, then
for any sheaf F' we have F'(e) must be a singleton. Let ¢s = a(cg). Assume that C has an initial object e
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and the empty crible @) of e is a covering crible. Then (0, ¢s) is a singleton, so, by definition of the functor
L:F — F# we must have L(cg)(e) is a singleton. This shows that cs is not even separated if S is not a
singleton. Now

L X) = limind C(R, ¢s).

(es)(X) lim ind (R, cs)

If R is generated by (U; — X);cr such that U; UU; = e for any i,j € I, then, for any Y the value of R on
Y consists of the set of morphims ¥ — X which factor through one of U; — X. By the asumption there is
only one 7 such that it could happen (unless Y = €). This shows that C(R,cs) is defined by an element of
SI. Assume that R be the minimal covering sieve of X with the property as above (if it exists). Then we
obtain L(cg)(X) = ST.

Let u : C — C' be a continious functor of sites. For every covering site R € J(X) in C the morphism
w(R) = u(X) is isomorphic to a covering sieve in C'. This implies that for every sheaf F in C', the natural
map of sets F(u(X)) = C(u(R), F) is bijective. By adjunction, this implies that the map C(a(u(R)), F) —
c (a(hy(x),F) is bijective. This implies that the associated sheaves a(ui(R) and a(h,(x)) are isomorphic.
Since u*(F)(X) = F(u(X), we see that for any covering sieve R of X, the natural map u*(F)(X) —
C(R,u*(F)) = C'(w(R),F) is bijective. This implies that u*(F) is a sheaf. The functor u* restricted to C’
is denoted by w.

Remark One can define a continuous functor by requiring that for any sheaf F on C' its inverse image
u*(F) is a sheaf on C. It can be shown that this is equaivalent to the condition that for any sieve R € J(X)
the associated sheaves a(ui(R)) and a(h,(x)) are isomorphic. This condition is weaker than the one we used
to define a continuous functor. If the topology in C and C’ is defined by a pre-topology and v : C — ('
commutes with fibred products the latter definition is equivalent to requiring that for any covering family
(U; = X) in C the family (u(U;) — u(X) is a covering family in C'.

It is not true, in general, that ui(F) is a sheaf if F is a sheaf. So one defines the functor
w =aou:C = C'.
Once can show that it is a left adjoint to u,.

Example 6. Let C = Open(Y),C' = Open(X) and u : C — C' corresponds to a continuous map f: X — y
of topological spaces. Recall that for any sheaf F on Y the presheaf ui(F) is defined by ui(F)(V) =
limy_, -1y F(U). Take F to be the sheaf associated to the constant pre-sheaf S. Assume U is connected
by f~1(U) = V1 [ V= where Vi, V2 are not-empty sets, then

w(F)(Vi UV2) = w(F)(V1) = w(F)(V2) = F(U) = S.

However, if ui(F) were a sheaf, we would have u;(F)(V1 NV,) =8 x S.
In the situation of this example, the sheaf u*(F) is denoted by f~!(F) and is called the inverse image
of the sheaf F.

10. Simplicial objects
Let ST be the category of simplicial types: its objects are natural numbers and morphisms n — m are
non-decreasing maps from the set [n] = {0,1,...,n} to [m]. The category ST/k is called the category of
k-truncated simplicial types.
The following are special morphisms from this category:
0% :[n — 1] = [n]: an injective increasing map with the image [n] \ {i};
ol :[n+1] = [n]: a non-decreasing surjective map with #(c?)~1(i) = 2.

Definition A simplicial object in a category C is a functor ST° — C. The category of simplicial objects is
denoted by ST(C). For every k € Ob(ST), the category of contravariant functors from ST'/k to C is denoted
by ST(C)/k. It is called the category of truncated simplicial objects in C.
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Example 1. Take C = (Sets). Then a simplicial object is a presheaf on ST. The representable preseheaf
hn i k — ST(k,n) is denoted by A[n]. Its value at k is the set of all non-decreasing maps [k] — [n]. Its
subfunctor of injective maps can be identified with ordered subsets of [n]. If X is a simplicial set, we denote
by X,, its value at n. Its elements are called n-simplices (0-simplices are vertices, 1-simplices are edges). In
particular, A[n], is the fundamental n-simplex corresponding to the identity map [n] — [n]. It is denoted
by I,,. By Yoneda’s Lemma,

X, = ST(A[n], X). (1)

In particular, for every z € X, there exists a unique morphism which sends I, to z.

Let A : ST — ST be the functor [n] — A[n].

We know that in the category ST all limits exist. For example, we can define the direct product of
simplicia sets, direct sums and so on. For example,

Coker(A(8?), A(8}) : A[0] —» A[1])

is called a simplicial circle. Let us explain why. We have A[0], are constant maps, A[l]; are defined by
s < k such that f(i) =0ifi < s, f(i) = 1 ifi > s. The map A(9}) sends A[0];, to A[l]; by composing with
the map 8¢ : [0] — [1]. Thus the first map sends the constant map to the constant map with value 0, and
the second sends the constant map to the constant map with value 1. Thus the value of the cokernel at k is
equal to the set of numbers s € [0, k] where 0 is identified with k.
2. Let C = Top. For each n € N let I" be the direct sum of the unit interval [0,1] C R equipped with the
topology induced from the Euclidean topology of R". We view I"™ as the set of maps I so that n — I"™
defines a contravariant functor from ST to Top. This is a simplicial object of Top.

More generally, take any category C with finite direct products, aand its object X. Then the functor
n — X™ is a simplicial object of the category C.
3. For each n € N let

n

Ap{(zo,...,zn) ER: 0 xi,z =1}
=0
For any X € Ob(Top) let
Xn =Top(A,, X).

Elements of this set are called singular simplices of X. If f : [n] = [m] is a morphism in ST, we define
A(f) : Ap = Ay, as the unique affine linear map sending the vertex e; € A, to the vertex ez(;) of Ay,. This
makes (A,,) a cosimplicial topological space. The composition map

Xm = Xp,a—= A(f)oa

defines the functor X : ST° — (Sets). It is easy to see that we get ourselves a functor from (T'op) to
ST((Sets)).

Let us construct the left adjoint functor ST ((Sets)) — (T'op). It is called the geometric realization of a
simplicial set. We define the geometric realization as follows. Let X = (X,,) be a simplicail set. Consider
X, as a topological space with discrete topology. The topological space

I1 An % X.)/R
n=0

where R is the minimal equivalence relation which identifies the points (s,z) € A, X X, and (t,y) € A x X,
if y = X(f)(z),s = Af(t) for some morphism f : m — n. The topology is the factor-topology. In other
words,
|X| = limind A x X,
STxST®

where A x X is considered as a functor on the category ST x ST° with values in (Top) which assigns to
[n] x [m] the topological space A, x X,,. The geometric realization provides a functor ST ((Sets)) — (Top).
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Theorem 1. The functor of geometric realization is left adjoint of the functor S : (T'op) — ST ((Sets)), X —
S(X) = (Top(An, X)). In particular, we have natural bijection

Top(|X|,Y) = ST(X,S(Y)).

Example 4 The geometric realization of A[n] is homeomeorphic to A,,. It follows from the previous theorem
that the functor of geometric realization commutes with inductive limits. This implies that

|Coker(A(8Y), A(01) = A[0] = A[1])| = Coker(|A(87)], |A(B:]) « |A[0]] — |A[1]]) =
Coker(|A(A)],|AB]) : Ag = Ay) = S
It is convenient to think about the set A, x X, as the set of n-simplices A,, indexed by the set X,
(Ap,z),z € X,. Then | X]| is obtained by gluing # X, 0-simplices, #X; 1-simplices, and so on together with
respect to the gluing defined by the morphisms X (f) : [n] = [m]. A topological space together with such
gluing is called a triangulated space. The gluing is the triangulation.

Example 5 Let us find a simplicial set X = (X,,) such that | X| = A, x A;. An element of X, is a sequence
of n + 1 distinct pairs of integers {(%0, o), - - -, (in, jn)}, where

0<ip<...ipn<p, 0<jo<...<jn<gq
If f: [m] = [n] is a morphism in (ST), then we define f({(io,70),- -, (in,Jn)} = {(ih;38), ..., (', 5" ), }
where i} = i(r),jk = Jrk)- Now we have a map

Ot Ap x X, = Ap x A

It assigns to (An, {(%0,J0),-- -, (in, jn)}) the subset of the RHS equal to the convex hull of the points (e;, , e;, €
RPHL x RITL. Tt is clear that this defines a map from |X| to A, x A,. We refer to [GM] to verify that the
map is bijective. Let us check in the case p = ¢ = 1. Then A; x A; is the square. It is easy to see that
Ag x Xg consists of 4 vertices, A; x X; consists of 5 copies of A;.They are mapped to the four sides and
one of the diagonals (joining (eg,eq) with (e1,e1). The set Ay x X5 consists of 2 2-dimensional simplices
corresponding to the sequences {(0,0), (0,1),(1,0)} and {(0,0),(1,0),(1,1)}. These are mapped to the two
triangles divided by the diagonal. The sets X,, with n > 2 are empty.

Let STy, be the full subcategory of ST whose objects are [n] with n < k. We have a natural inclusion
functor 4y, : STy — ST. If X € ST(C), the composition functor X o4y : STY — C is called the k-truncated
simplicial object. We have the trunctaion functor

iy : ST(C) = (ST/k)(C), X — ix(X).
The left (resp. the right) adjoint is denoted by sky, (resp. cosky). We also consider the compositions

Cosky : ST(C) — (ST/k)(C) “F* sT(0),
Sky : ST(C) — (ST/k)(C) 5% sT(0),

the adjointness properties give functorial morphisms:
skrX - X, X — coskiX.
If C = (Sets), then sky = (F}): (resp. cosky, = (Fy)') and is defined by
Skp(X)n = limind X,
[n]—[m],m<k
Cosky(X)n = STy (i3 (An]), i5(X)) =
ST (skr (i (A[n)]), X) = ST (skr(A[n]), X).
Here we used that the functor ¢}, is right adjoint to sk.
We have
ir(ske (X)) = in(X),
So that ski(X) has the same simplices as X up to dimension k£ and all simplices in the above dimension
are degenerations of n-simplices with n < k(i.e. each z € X,, with m > n is equal to X(f)(y) for some
y € X,,n < k and some surjective morphism m > n).
More precisely, we call an n-simpex z € X,, degenerate if there exists a surjection f : [n] = [m] from
ST such that = X (f)(y) for some y € X,,,. We have the following;:
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Lemma (Eilenberg-Zilber). For any z € X,, as above, there exists a non-degenerate m-simpex y € X,
and a surjective morphism f : [n] = [m] such that X (f)(y) = z. The pair (f,y) with this property is defined
uniquely.

Proof. The existence of (f,y) is obvious. Suppose we have another pair (f',y’) so that z = X (f)(y) =
X(f")(y"). Let o,0' be sections of f and f', respectfully. Then

X(f'o0)(¥) = X(a)(X(f)(y) = X(0)(z) = X (0)(X(f)v)) = v.

. Since y is non-degenerate, this is possible only if f’ o o is injective. This implies m' < m. Similarly, we
show that m < m' so that m = m' and f’ o ¢ is an increasing bijection, i.e. the identity. Thus y = 3’ and
also it follows that f = f'.

Corollary. Let |X| be the geometric realization of a simplicial set X = (X,,). Then each point of | X| can be
uniquely represented by (s,x) € A, x X,,, where x is a non-degenerate simplex. In particular, each element
of |sky(X)| is uniquely represented by (s,x) € Hi:o A, x X, wheren < k.

By eq(1), we have
Coshi(X)n = Mor(if(A[n]), i4(X)).

Thus the morphism
X, = ST(A[n], X) = (coskr X)n = ST(sky,(A[n]), X)

can be interpreted as follows: any simplicial map sk (A[n]) — X can be canonically extended to a simplicial
map Afn] = X.

Example 6 Let A be an object of C considered as a 0-truncated simplicial object STy — C. Then
cosko(A), = ST (skoA[n], A) = A1,

So, we obtain the example of a simplicail object in C from Example 3.

Generalizing the construction of geometric realization of a simplicial set, we can define a geometric
realization of a simplicial object in (T'op). It is defined in the same way, only now the topology in X, is not
necessary discrete.

Let us see what is a simplicial object in the category ST'((Sets)). By definition its set of m-simplices
is a simplicial sets (X, ). They can be interpreted as a contravariant functor on the category ST x ST.
Its morphims are direct products of non-deceasing pairs of maps (f,g) : [n] x [n'] = [m] x [m']. So, we
can view an object of ST(ST((Sets))) as bisimplicial set) (X;un). Any two simplicial sets (X,,) and (Y,,)
define a bisimplicial set (X,, x Y,;) with obvious morphisms. It is called the direct product, although the
terminology is a little confusisng, since the direct product in the category ST ((Sets)) is (X, x Y,. This is
called the diagonal of the bisimmplical set X = (Xp,,) and is denoted by DX. One can extend the notion
of geometric realization to bisimplicial sets. It can be done in three different ways:

L. Define | X|P as [DX]|.

I1. For each n we can define the geometric realization of the simplicial set (X,;,. This is a simplicial
object in (Top). Then we can take the geometric realization of this object. Denote it by |X| .

III. Using the second index we define | X|!/.

Theorem (Eilenberg-Zilber). There is a homeomorphism
17 = X7 = x|,

Proof. We refer for the proof to [GM]. Let us see the assertion in the case X, = A[n] x A[m]. First
we check that |X|P is homeomorphic to A, x A,,. For any (f,g) € X, set {(io,jo0),-- -, (ir,jx)}, where
is = f(5),Js = g(s). The simplex (f, g) is non-degenerate if and only if all pairs (is,js) are distinct. This
shows that | X| is homeomorphic to Ap] x A,.
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On the other hand, we know that |A,| = A,,. This implies that | X|! is the geometric realization of the
simplicial set A, x A,,. It is easy to see that it is homeomorphic to A, x A,,.

Let C be a category. Define a simplicial set N(C) = (N(C),) as follows: S(C)o = Ob(C), S(C); = Mor(C),
S(C),, are sequences of morphisms of lenghth n:

If f={io <i1...im}:[m] = [n] then X(f) sends (*) to

A, 4, Vi A,
where v, : A;, = A;,,, is the composition of ¢;,,, 1 0...0¢;,. If fis degenerate we insert the identity
morphisms. It is clear that non-degenerate simplices correspond to sequences of morphisms (*) such that no
morphism ¢; is the identity.

We call N(C) the nerv of C. Its geometric realization of B(C) = |N(C)| is called the classifying space of
the category C.

Example 6 Consider the category defined by the graph
B=C «+ A.

There are 3 non-degenerate simplices are in dimension 0 and 3 in dimension 1. The classifying space of the
category looks like a loop with an arm: On the othe hand if C is

A— B=C

we have additionally two 1-simplices and 2 2-simplices. The classifying space looks as follows.
If A is equal to the kernel of B == C, we have only one additional 1-simplex.

Example 7 Let C be the groupoid category define by a group G. Since C has only one object, its nerv nerv
has only one vertex. All 1-dimensional simplices are loops corresponding to elements of G. Nondegenerate
n-simplices correspond to ordered sets (gi,--.,9gn) of elements g; # 1 from G. The fundamental group of
the nerv is equal to G and its universal covering is contractable. Thus the classifying space of C is K (G, 1).

Here are some properties of the nerv of a category:

1) If #C(A, B) <1 for any pair of obejects, then the classifying space is contractible. For example, the
classifying space of Open(X) is a simplicial complex. Recall that a simplicial complex is a topological space
X together with a homeomorphism ¢ : X — |Y|, where |Y| is a geometric realization of a topological space
such that the intersection of the images of two simplices belongs to the triangulation, two simplices intersect
along their common face, and the set is closed if and only if its intersection with each simplex is closed. For
example, the nerv of the category B == C < A is not a simplicial complex.

2) If C has a final object f, then classifying space is contractible. This is because the nerv of C is
homeomorphic to the cone over the nerv of C \ f.

3) The classifying spaces of the category and the dual category coincide.

Since in many interesting cases the classifying space if a category is contractible, one proceeds differently,
using Grothendieck topology and the nervs of hyeprcoverings (see below).

11. Homotopy theory
Let f,g: X = Y be two morphisms of simplicial objects. A homotopy between f and g is a morphism
of functors h: A[1] x X - Y (from ST° to (Sets) x C and from ST° to C such that
F=ho(A(6)) x1:Al0] x X = A[l] x X =Y,
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g=ho(AMB]) x1:A[0]x X - All] x X - Y.

Here we identify A[0] x X with X. In general the homotopy is not an equivalence relation. To define the
equivalence relation we consider n-steps homotopies. Here we replace A[1] with the simplicial set

Ay LA am A
Alo] ' Al0]

Thus we can define the homotopy category of simplicial objects by taking for morphisms the step-homotopy
equivalence classes of morphisms of simplicial objects. They form the set [X,Y].

Example 1 Consider the category {0 < 1} of two objects and one morphism between them. A functor
C x {0 < 1} = D is just a morphism between two functors F =3 G from C to D. By Milnor’s theorem, for
any two simplicial sets

| X xY]|=|X|x|Y]|

We have |[N({0 < 1}|) = |A[1]| = |A1|. B(C) x B({0 < 1}) — B(D) defines a homotopy between two maps
of the classifying spaces of the categories B(F'), B(G) : B(C) — B(D).

In particular, suppose that F' : C — D has a left or right adjoint. Then B(F) : B(C) — B(D) is a
homotopy equivalence.

We shall consider only simplicial sets. Let AR,k =0,...,n + 1, denotes the smallest simplicial subset
of A[n + 1] which contains the simplices (07 : [n] = [n + 1]) € A[n + 1], where i # k. For example, AL
corresponds to the union of 1-faces of the 2-simplex containing the vertex k. It is easy to see that (A})m
consists of all non-decreasing maps [m] — [n + 1] whose image does not contain the set [n] \ {k}. The
geometric realization of A} is the union of n-dimensional faces of A, which contain the vertex ey.

A (k,n)-horn of X is a simplical map A} — X. A simplicial set X is called complete or a Kan complez
if each (k,n)-horn extends to a simplicial map A[n + 1] — X. Obviously, A[n] is a complete simplicial set.

Example 1 The singular simplicial set [n] — Top(A,, X) associated of a topological space X is always
complete.

Lemma. Let ST, be the full subcategory of the category of simplicial sets whose objects are complete
simplicial sets. Then the relation of homotopy on the set of morphisms is an equivalence relation.

The inclusion functor ST. — ST has the left adjoint in the homotopy categories Exz> : ST — ST..
By definition, any map of a simplicial set X to a complete simplicial set Y there exists a unique (up to
homotopy map) Ez>(X) — Y.

Now we define the simplicial category by defining morphisms

[X,Y] = [X, Ez®Y] = [Ez® X, Ez™Y].

The notion of a Kan complex admits a relativization. One defines the notion of a Kan fibration p : X —
Y. This is a simplicial map satisfying a certain property of homotopy lifting. Namely we require that for
any morphism f : A} — X such that fop: A} — X extends to a morphism g : A[n + 1] = Y there exists
an extension f : A[n 4+ 1] = X such that po f = g. Tt is clear that the fibres of a Kan fibration are Kan
complexes. Here by a fibre we mean the following. A point of a simplicial set ¥ is a morphism of simplicial
sets A[0] — Y. The fibre is the fibred product X xy A[0]. Each simpiclial map is homotopy equivalent to a
Kan fibration.

It follows from the definition that the k-coskeleton Cos(X) of a complete simplicial set can be defined
as follows. We say that z,y € X,, are equivalent and write = ~ y, if, considered as morphisms A[n] — X,
their composition with Ski(A) — A[n] are equal. Then Cosky(X)n, = X,/ .

One can introduce homotopy groups of simplicial sets. Two simplices z, 2’ € X,, are called comparable
if X(0%)(z) = X(8%)(z'") for all i € [n]. Two comparable simplices are called homotopy equivalent if there
exists y € Xpy1 such that X(9],,)(y) = x,X(Bﬁill)(y) =z’ and

X0 11) () = X (0)(X (077" (2) = X (0,)(X (977 ")(@"), 0<i<n.
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When X is complete this is an equivalence relation.

We say that X is pointed if there is given a simplicial map e : A[0] - X. If n > 1, the set of equivalence
classes of n-simplexes of X congruent to e, = e(A[0],) € X, forms a group, the n-homotopy group of X,
and is denoted by 7, (X). The operation of multiplication is defined by assigning to z,z’' € X,, the simplex
X (0n(z), where z € X,,41 extends the functik A? — X defined by sending the map ¢ : [n] = [n +1] €
Aln+1], toe, € X, fori =0,...,n — 2, sending 8" ! to z and sending 97! to z’. One can show that

T (X) =2 m (| X]).

Lemma.
mn(Coskr(X)) =0, n>k.

For each m > n, we have a natural surjective simplicial map
PP : Coskp (X) = ST(Sk,A[?), X) = ST(SknA[?], X) = Cosk,(X)

corresponding to inclusion of functors Sk, (Y) — Sk,(Y). It induces an isomorphism of homotopy groups
in dimension < m. In particular, the geometric realization fibre of p*_; : Cosk,(X) — Coskn—_1(X) is
K (7m,(|X]),n). Here we use the homotopy exact sequence for Kan fibrations.

The family of maps (p?,) defines a projective system functor n — Cosk,(X). This projective limit is
not representable in the homotopy category of simplicial sets. One has to enlarge the category by adding
projective limits. This leads to the definition of pro-simplicial objects and their morphisms using the extended
notion of homotopy. Then

A

X = limprojCosknp(X).

exists in the enlarged category and is called the profinite completion of X. The sequence
X = ... Coskn1(X) = Coskn(X) = Cosk,_1(X) = ... = Cosko(X)

defines a canonical morphism (in the extended category) X — X. We can also get the sequence of Kan
fibrations:
X = ... Coskpi1(X) = Coskn(X)' — Coskp_1(X) = ... = Cosko(X)'

Here we replace Y — Cosky(X) with Y' — Cosk,(X)' to apply the relative Ez*> transforming a map to a
Kan fibration. We use that f : Y — Cosk, gives

Coskny1(f) : Coskny1(Y) = Coskyy1(Cosk, (X)) = Cosk,(X).

This replaces X with homotopy equivalent X' admiting a Postnikov decomposition. Each fibre of the
morphism Cosk,1(X)" = Cosk,(X)' is an Eilenberg-Maclane space K (7,(X),n).

12. Hypercoverings
Let C be a site. We assume that C has finite fibred products, has an initial object § and the follow-
ing distributivity property is satisfied: For every family of objects X,Y;,i € I in C/S such that [[,Y; is
representable, the canonical morphism

[IX xsvi» X x(J[v3)

us an isomorphism. This allows to deduce that the decomposition of an object as a direct sum of connected
objexts is unique. Indeed, write A = [[ A; = [[ B;. Then A x4 B; = B; = [[(A; x4 B;) implies that for
OneiAi XAB]' ZB] and

For example, every topos satisfies this condition.

An object X is called connected if X # () and X has no non-trivial coproduct decompositions. A
category is locally connected if every object is a coproduct of contractible objects. It is connected if it is
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locally connected and its final object is connected. We have the functor which assigns to C the set of its
connected components:
7o : C — (Sets).

If K, is a simplicial object in C we can extend my by defining
mo(Ke) = (mo(K7))-

This is a simplicial set.

Every covering (U; — X) of an object X can be viewed as a morphism U = [[U; — X. We can define
the simplicial object cosko(U) = (U xx ...xx U). Then we can apply 7o to get a simplicial set 7o (cosko(U))
and then take its geometric realization as an object of the homotopy category. Denote it by |U|. If W is
a subcovering, i.e. W — X factors W — U — X, we get |W| — |U|, and we can take the projective limit
object {|U|}vecov(x)- This could be a definition of the homotopy type of X. If C has a final object, we can
define the homotopy type of C as the homotopy type of its final object. Unfortunately the definition is too
rude and does not give what we expect when taling for exampl C the category of CW-complexes or algebraic
varieties. We have to generate from U — X more refined coverings. They are called hypercoverings.

Definition A morphism X — Y is called a covering morphism if one of the equivalent conditions is satisfied
(i) for any A - Y € Mor(C) the image of X xy A — A is a covering sieve of A;
(ii) the morphism of associated sheaves a(hx) — a(hy) is an epimorphism in the category of sheaves;
(iii) for any sheaf F the canonical map F(Y) — F(X) is injective.
For example, if f: X =Y € Cov(Y), we know that, for any sheaf F, we have

FY)=Ker(F(X) =3 F(X xy X),

and hence f is a covering morphism.
Let C be a category with finite products. Let p > 0.

Definition A simplicial object K € ST'(C) is called a hypercovering in C of type p if the following properties
are satisfied:
(HR1) the canonical morphisms K,, — Cosky(K)y are isomorphisms;
(HR2) for each n > 0, the canonical morphism K41 — Coskn(K)n+1) is a covering morphism;
(HR3) the canonical morphism Ky — e, where e is the final object of C is a covering morphism. A hypercovering
is a hypercovering of some type p. A hypercovering of an object X is a hypercovering in C/X.

Notice that in the case when the site is canonical, (HR2) says that K,11 — Coskn(K)n+1) is an
epimorphism in the category of sheaves C™.

Let us make some comments about the definition of a hypercovering.

1) It follows from the definition of a coskeleton that

coskn(X)nt1 = {(Zo, - - -, Tni1) € coskn (X)) : X (82)(z;) = X(897 1) (24),i < 5}

For example, when n = 1 this means that (xg, z1,x2) are three 1-simplices which form a triangle with vertices
in X; This can be interpreted as cosk, (X ),41 fills all the simplicial holes in cosk,(X)

Thus the map K, 1 — (coskn,(Ke))ny1 2) Condition (HR2) means that 7, (K,) = 0 when n > p. For
example, if p = 0, |K,| is contractible.

3) The geometric realization of a hypercovering in (Sets) is always contractible. In fact K,41 —
coskp(K)py1 = ST (skyn(Apy1,X) is surjective implies that any map from the boundary of A, ;1 to X can
be extended to a map from A, ; to X. In fact, hypercoverings in (Sets) are characterized by this property.

We can define the category of hypercoverings of X.

Example 2 When C = (Sets) with canonical topology, the condition (HR2) implies that K is complete and
contractible. Indeed the natural map

Kny1 = ST(A[n + 1)), K) = Cosk,(K) i1 = ST(Sk,(Aln +1]), K)
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is surjective.

For example, Cosko(X) = X with X,, = X™*! is a hypercovering of X. Starting from a covering
Ky :U — X, we can take K1 = cosky(Kg);1 = U xx U, then Ky = cosk; (U Xy U= U)3 = U xy UyU and
so on. A general hypercovering allows one to refine such hypercoverings.

Definition A pointed site is a site together with a continuous morphism p : C(Sets) from a site C to the
canonical site (Sets). Recall that this means that it carries covering morphisms to surjective maps. We
shall also assume that p is exact, i.e. commutes with coproducts, finite fibred products and arbitrary direct
products. If X is a simplicial object in a poined site, then we call its a pointed simplicial object if we choose
a point in p(Xp).

An example of a pointed set is the functor from Et(X) to (Sets) which takes any étale covering 7 :
U — X to the fibre 7=1(x¢), where x¢ is a fixed points of X.

Now we take the category of hypercoverings in C and apply 7y to obtain
I(C) = {WO(K-)}K.EHR(C)-

This is an object in the homotopy category pro — ‘H of pro-simplicial sets. The functor I : C — pro — H is
called the Verdier functor.

If C is a pointed site we can consider pointed hypercoverings (i.e. they become pointed simplicial
objects). Then II(C) becomes an object of the homotopy theory of pointed simplicial sets. So, one can define
homology of C with coefficients in an abelian group

H,y(C, A) = Hy(II(C), A)

as weel as the homotopy groups

4 (C) = my(TL(C))-

Of course, here we have to develop the theory of homotopy groups and homology in the homotopy theory of
pro-objects. We refer for this to [Artin-Mazur].

There is another approach due to Saul Lubkin. Let ¢ = (U;);c1 be a covering of a topological space by
non-empty open sets. We define the category C(U) as a full subcategeory generated by U; and then take its
nerv and the classifying space. Let N be the nerv. We have Ng = I,N; = {i,j € I : U; C U;} and so on.
For each n € N consider the set N, of functions f : [n] — I such that

Uy = Uf(o) N ...ﬂUf(n) # 0.
Obviously [n] = N,, forms a simplicial set. It is (or its geometric realization) is often called the nerv of the
covering. Assume (U;) is closed under the non-empty intersections. Each Uy defines an n-simplex in the
nerv N of the covering by assigning to it the chain of morphisms
Uf(o) n... ﬂUf(n) — Uf(l) n...N Uf(n) — ... Uf(n).
Conversely, for any chain of inclusions among the members of the covering
U,CU; C...CU,
we define f : [n] = I by f(k) = iy, so that
U;, = Uf(n), Ui,_, =U;, N Uf(n,l), oy Uiy = Uf(o) n...N Uf(n).

get an isomorphism of simplicial sets N’ = N(U).

It is easy to see that if we start with a covering U = U;c;U;, and define the hypercovering K, =

cosko(]];c; Ui), then the simplicial set mo(K,) is isomorphic to the nerv of the covering (U;);er-
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When X is an algebraic variety with Zariski topology this simplicial set is contractible since K, = A,,,
where n = #1I. This leads to consider Grothendieck topologies different from the Zariski topology.

Consider the following example:

Example 1. Let X = P1(C), U; = X \ {0},Us = X \ {1}, U> is the universal cover of U N U. We
have 7 (U2) = Z and so any deck transformation U, — Us is a morphism in E¢(X). So our category can be
described as

e« 7Z—e€.

Here Z denotes the object Us. The nerv of the subcategory formed by U, is equivalent to S'. The nerv of
{e,Z} is a cone over a circle. So the nerv of the whole category is the gluing of two cones, hence S2.

More generally, let U = (U;);cr be a finite covering of X. Assume that for any z € U; N U; there exists
Uy such that x € Uy C U; NU;. Let J C I be the subset of j € I such that there exists a point = € U; such
that U; is a smallest open subset containing z. Let U’ be the subcover formed by such sets. Suppose that all
sets U; are spaces K (m,1). Then a theorem of Lubkin asserts that covering in Et(X) formed by universal
coverings of U; is defines the nerv whose geometric realization is homotopy equivalent to X.

Note that any algebraic variety over C admits a cover by such sets. The proof is by induction using
fibrations in curves. Use that if a base and a fibre are K (m,1)’s , then the space is K (7, 1).

PART 2

1. Abelian categories
A category is called additive if for any object A, the set C(B, A) has a structure of an abelian group
such that the composition map is bilinear. Moreover one assumes that finite products exist in C. Since we
always have morphisms A -+ A x B,B — A x B defined by i4 = (14,0),ip = (0,1p). If f : A — Z and
g: B — Z we define A x B — Z by the formula h = f o pg + g o pg. Clearly,

hoia= (fopa+gopp)oia= (fopa)oia=f.

Similarly we check that hoig = g.

We shall denote the direct sum by A & B.

Finally we require the existence of an object with C(A, A) = {0}. Obviously, a final or cofinal object
satisfies this property. We call such object a zero object. All of them are isomorphic and we choose one of
them and denote it by 0.

We define the kernel of a morphism f : A — B as the kernel ker(f) (if it exists) of the pair A= B,
where one arrow is f and another arrow is the zero morphism. By definition, for any object Z we have the
exact sequence of abelian groups

0 — Hom(Z, ker(f)) » Hom(Z,A) - Hom(Z, B).

We define the cokernel of f as the cokernel coker(f) of the pair A== B. By definiton, there is an exact
sequence of abelian groups

0 — Hom(coker(f),Z) - Hom(B,Z) — Hom(A, Z).

It follows from the definition that ker(f) — A is injective and B — coker(f) is a surjective morphism.
Note that the canonical morphism coim(f) — im(f) is always bijective but not necessary isomorphism.

Remark. Note that hy is an abelian presheaf, so the Yoneda functor embeds C into the category C% of
abelian presheaves on C. In particular we can speak about kernels and cokernels of morphisms hy — hg in
C. Tt follows from the definition that the kernel ker(f) represents ker(hy — hp. However, it is not true
that the cokernel coker(f) represents coker(hg — hg). For example, we may take C = (Ab) and f:Z — Z
to be the multiplication by d > 1. Then coker(f) = Z/d but T(Z/d) = coker(ha — hp)(Z/d)=0. If T
were representable, we would have T(Z) = Z /d = Hom(Z, A) = A and hence T'(Z /d) = Hom(Z /d,Z/d) # 0.
This shows that T is not representable.
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Example 1. Let A be an abelian group. Consider the additive category which consists of two objects 0 and
e and C(e,a) = End(A), where End(A) denotes the group of endomorphims of A. It is easy to see that, in
general, this category does not contain kernels or cokernels.

We can define the image im(f) as the kernel of B — coker(A — B) and the coimage as the cokernel of
ker(f) — A. There is a canonical morphism s : coim(f) — im(f) such that the morphism f decomposes

A5 coim(f) — im(f) 4 B.

The morphism s is not necessary an isomorphism, as the following example shows:

Example 2. Let C be the category of filtered vector spaces. Its object are vector spaces together with a
filtration V = Fo(V) D Fi(V) D ... D Fy(V) D ... D {0}. A morphism is a linear map which preserves the
filtrations. For example, suppose V has two filtrations (F;(V')) and (F}(V')) such that F;(V) C F;(V)' and
with strict inclusion for some ¢. Then the identity linear map is bijective but not an isomorphism.

Definition. An additive category is called preabelian if kernels and cokernels exist.

Example 3. The category from Example 1 is preabelian. We take the kernel K of a linear map f and
define the filtration by F;(K) = K N F;(V). We take the cokernel C' and define the filtration by F;(C) =
Fi/Finim(f).

Lemma 1. Assume C is preabelian. Then finite projective and inductive limits exist.

Proof. Tt is enough to show that A x¢ B and A[[, B exist, where a : A = C,b: B = C (resp.
C — A,C — B) are morphisms. We define

AxgB=Ker(Ax B=3C)=Ker(A®B — (),
where A ® B — C is the difference of (a,0) and (0,b) and similarly

AHB = Coker(C - A® B).
c

Lemma 2. Assume C is preabelian. Let f : A — B. The canonical morphism s : I = coim(f) — I' = im(f)
is bijective.

Proof. Let Z = ker(s). Consider T' = A xg Z, where Z — B is the composition Z —+ I — I' — B.
There is a projection T — A such that its composition with f is zero. For any a : X — A such that the
composition X — A — B is zero, there is a morphism X — A xp Z defined by (a,0). Its composition with
the projection T — A is equal to a. Thus T satisfies the definition of the kernel of f and, by its uniqueness,
the projection T' — A factors through an isomorphism p : T — ker(f). But obviously, the composition of
the morphism (0,1%) : Z — T with p is zero. Since p is injective, the morphism 1z : Z — Z must be zero,
ie. Z=0.

Similarly, if Z = coker(s), we consider B @4 Z.

A category is called abelian if it is additive and two additional properties are satisfied:
(A1) kernel and cokernel exist,
(A2) the canonical morphism from coimage to the image is an isomorphism.

Proposition 1. A bijective morphism in an abelian category is an isomorphism.

Proof. By definition, a morphism f : A — B is bijective if for any Z the maps C(B,Z) — C(4, Z) and
C(Z,A) — C(Z,B) are injective. This implies that the kernel and cokernel of f are the zero objects. Thus
im(f) = A and coim(f) = B.

Examples 4. The category of Modg of modules over any ring R.
5. Let C be an abelian category, for any catgeory C’', the category of functors Funct(C',C) is an abelian

category. In fact, let F,G : C' — C be two functors and u, v : F' = G be two natural transformation. We can
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define (u+v)x = ux+vx : F(X) - G(X). Since F&G can be easily defined by (F&G)(X) = F(X)oG(X),
this makes Funct(C',C) an additive category. Now, if u : F — G we can define ker(u)(X) = ker(ux :
F(X) - G(X)) and coker(u)(X) = coker(ux : F(X) — G(X)). Let a : coim(u) — im(v). Then

ax : coim(ux) — im(ux) is bijective, so a is an isomorphism.
In particular, we see that the category C® of abelian presheaves (= presheaves F : C — (Sets) which
factor through the category of abelian groups) is abelian.

Let C be a site and C:ab be the full subcategory of Cv‘fb which consists of sheaves. If we restrict the
sheafification functor a : C — C, we obtain a functor a : C® — C which is left adjoint to the inclusion
functor 4 : C2® — C9®.

Lemma 3. Let u: F — G be a morphism in C*. Then
ker(u) = ker(i(u)), coker(u) = a(coker(i(u)).

Proof. Let K = ker(i(u)). For any covering sieve R of X € Ob(C), we have the following commutative
diagram:
K(X) - FX) - GX)
{ { 1
K(R) —» F(R) — G(R)
Since the vertical arrows F/(X) — F(R) and G(X) — G(R) are bijective, this implies that the vertical arrow
K(X) — K(R) is bijective. Thus K is a sheaf. Then it is immediately checked that K = ker(u).
Let C = coker(i(u)). The composition G — C — a(C) defines a morphism G — a(C) such that the
composition FF —+ G — a(C) is the zero morphism. By adjunction, for any sheaf Z, there is a canonical
bijection C*(a(C), Z) = C*(C,i(Z)). Thus if F — G — Z is the zero morphism of sheaves, the natural

morphism of presheaves C — i(Z) defines a morphism of sheaves a(C) — Z. This shows that a(C) =
coker(u).
Proposition 2. Let C be a site. Then the category of abelian sheaves is abelian.

Proof. By the previous lemma, we have kernels and cokernels. Let « : F — G be a morphism in C??. Let
C = coker(i(u)). By the same lemma, coim(u) = a(coim(u(i)) and im(u) = ker(G — a(C)) = ker(a(G) —
a(C)). Since a is left exact (see Theorem 1 in section 9), we obtain im(u) = a(im(u(i)) and thus canonical

morphism coim(u) — im(u) is equal to a(a), where « is the canononical morphism coim(i(u)) — im(i(u)).
Since C? is an abelian category, a is an isomorphism. Hence a(c) is an isomorphism.

We shall consider the following additional axioms which are often satisfied:

(A3) Arbitrary direct sums exist in A.

For example this implies that for any family of monomorphims U; : A; — A there exists the supremum
supu; : B - A. Tt is enough to take [] A; and consider the canonical monomorphism of the image of
11A4; = A. We will allways identify a subobject with a choice of a corresponding monomorphism. So we
can speak about the supremum of subobjects.

(A4) = (A3) and the direct sum of any family of monomorphisms is a monomorphism.

(A5) = (A3) and for any directed increasing family of subobjects (4;)

(sup 4;) N B = sup(A4; N B).
Here we define for two subobjects of an object X
ANB=ker(X —» (X/A) x (X/B)).
Here X/A denotes coker(A — X). Clearly AN B serves as inf(A, B).
The axiom (AB5) is equivalent to the following;:

(AB5)’ = (AB3) and for any increasing set of subobjects A4; of A

supA; » B = hmlndA
i€l
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Note that since for each A; there is a morphism to sup we have always a canonical morphism limind —
sup.

A set of objects G; of a category C is called a family of generators if for any object X and its subobject
Y not equal to X there exists a morphism G; — X which does not factor through the canonical morphism
Y — X. If C is abelian and has direct sums we can replace (G;) with G =[], G;.

Definition. An abelian category is called a Grothendieck category if (A3) is satisfied and it contains a
generator.

Examples 6. Consider the category of C where C is a small category, i.e. the class of objects is a set. Then
the set of representable functors is a set of generators. Note that the objects of C do not form a set. For this
we have to restrict ourselves with presheaves with values in a fixed universe.

7. Let A = (Ab) be the category of abelian groups. Take X = Z. Then for any object A we have a
homomorphism Z — A.

8. Let A = Modg, then we take M = R.

Lemma 4. Let .
!
BSA%B 50, cHatco o
be two exact sequences in an abelian category A. Suppose that the composition ' o a is an epimorphism.
Then o' o v is an epimorphism.

Proof. The exact sequences are equivalent to the exact sequences of abelian groups
00— AB',X)— A(A, X) = A(B, X),
0— AC', X) = A(A, X) - A(C, X),

where X is any object in A. The property that o o v is an epimorphism is equivalent to the injectivity of
the composition map
A(C', X) = A(A,X) = A(B, X)

and the property that o' oy is an epimorphism is equivalent to the injectiviy of the composition map
A(B', X) = A(A,X) = A(C, X).
Thus the assertion follows from the following easy fact: Let
0O-N—->M-—-N 0—-L-—>M-—=1L,
be exact sequences of abelian groups such that the composition N — M — L’ is injective. Then the

composition L = M — N' is injective.

Lemma 5. An epimorphism in an abelian category is a universal epimorphism.

Proof. Let f : A — B be an epimorphism and v : C' — B be a morphism. We have an exact sequence
0>AxpC—>A0C—B—0.
where A @ C' — B is defined as the difference f — v. Also we have an obvious exact sequence
0-A—-A@C—C.

Now the composition A - A®C — B is obviously epimorphism, hence the composition Ax gC — AdC — C
is an epimorphism as follows from the previous lemma.

We can consider presheaves with values in any category. They are just contravariant functors F': C° — D.
If C is a site, we say that F is a sheaf with values in D if for for any A € ObD) the presheaf of sets

Fa:X = D(A,F(X))

is a sheaf.
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Lemma 6. Let u : Dy — Co,v : Dy — C1 a pair of adjoint functors. Let F' : C — Dy be a presheaf with
values in Ds on a site C. If F' is a sheaf, then the presheaf G =vo F : X — v(F (X)) is a sheaf with values
in Dl.

Proof. By adjunction, for any A € D; we have D;(A,v(F(X))) = D2(u(A), F(X)). Thus G4 = Fy(a)
is a sheaf.

Example 9. Take Dy = (Ab), D1 = (Sets), let v be the forgetful functor. Then an abelian sheaf is a sheaf
of sets.

Now if we take Dy = (Sets),D; = (Ab) and v the adjoint of the forgetful functor, we obtain for any
sheaf of sets that the presheaf X — Z¥(X) is a sheaf of abelian groups.

Proposition 3. The category C* is an abelian category satisfying properties (A5) and has generators.

Proof. We already know that C? is an abelian category. Let us check (A3). Let (F});cr be an arbitrary
family of sheaves. Their direct sum @;c1F; obviously exists as a presheaf. Since the functor of sheafification
commutes with inductive limits (since it has the right adjoint) we obtain

a(®ierFi) = Gicra(F;) = @ierFi.
Thus for any sheaf G we have
éab(@iEIF‘hG) = é(®ZEIE7Z(G)) = HG(E7Z(G)) = Héab(a(Fi)7G) = Héab(in,G)_
icl icl icl

This proves that ®;crF; is a sheaf and is a direct sum in C%P.

Let (F;) be an increasing family of subobjects of F in €. Set A = U;cri(F;). This is a subpresheaf of
F. Clearly, A = im(®;c1F;) = F and since a is exact we obtain that a(A) = sup;c; F; in the category of
sheaves. But obviously A = limindi(F;). Since a is right exact, we are done.

Finally to get generators, we take the set Z x, X € Ob(C). Here the sheaf Z x is defined as follows. Let
v : (Sets) — (Ab) be the functor ”free abelian group generated by a set”. Then for any sheaf F' : C — (Sets)
the composition v o F' : C — (Ab) is an abelian sheaf. Applying this construction to F' = a(hx) we obtain
the sheaf Z x. We have, for any abelian sheaf F’

C®(Zx,F) =C(a(hx),F) = C(hx,F) = F(X).
This easily implies that the set of sheaves Z x is a set of generators.

Theorem 1 (Gabriel). For each abelian category C there exists a fully faithfully additive exact functor to
a Grothendieck category.

Proof. We consider C% with respect to the canonical Grothendieck topology described in Example 6.
Let R=aoh:C — C® be the composition of the Yoneda functor h and the sheafification functor a. Since
h and a are left exact, R is left exact. To prove that R is right exact, it suffices to show that it transforms
epimorphisms to epimorphisms. Let f : A — B be an epimorphism in C and let H = coker(h(f)). For any
X € Ob(C) we have an exact sequence
ha(X) = hp(X) > H(X) — 0.

Let a € H(X) and a : X — B be its pre-image in hg(X). Consider the fibred product ¥ = A xp X
corresponding to the morphisms f and a:
Y X
I
A B.

N
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By Lemma, 5, the projection p: Y = Axp X — X is an epimorphism. We want to show that the image
of @ in H(Y) under the map H(p) : H(X) — H(Y) is zero. Since p is a covering morphism in the canonical
site, this will imply that the associated sheaf a(H) is zero. Consider the diagram

ha(X) —— hp(X) —— HX) — 0
ha(p) he(p) H(p)

ha(Y) — hp(Y) ——s H(Y) —s 0.

Let ¢ : Y — A be the first projection. Since aop = f o g, we have hg(p)(a) =aop = foq=h(f)(Y)(q).
Since the bottom row is exact, the image of hg(p)(a) in H(Y) is equal to zero. But it is equal to H(p)(a).

Example 10. Consider the example from Remark 1. Then coker(Z — Z) = Z/d and hence the sheaf
associated to the presheaf coker(hz — hz) is isomorphic to a(hz/q) = hzsq¢ In particular, we see that
coker(hz — hz) in the category of presheaves is not isomorphic to a sheaf.

2. Cohomology
Let A be an additive category. A chain complez is a sequence of morphisms

d,_
K:...CLT#K" el I

such that d,,_1 o d,, = 0. We can define the homology by
H;(K) = coker(im(d,) — ker(d,_1).
One can show that
coker(im(d,) — ker(d,—1) = coker(K, — ker(d,—1) = ker(coker(d,) = K,_2).

More generally, if ST(A) is the category of simplicial objects in A. For any object K of this category, the
boundary maps di, = A¢ : K,, - K,,_1 belong to the abelian group A(K,, K,_1) hence we can form their
alternating sum

dn =Y (-1)'d,.
i=0
Since di, | od) = d’_, od!, (both of the compositions correspond to the maps [n — 2] — [n] such that the
image does not contain 7, j) and they occur in the sum d,,_; o d,, with opposite sign, we obtain
dn,1 o dn =0.
Now we can define the homology groups of a simplicial object
H;(K,) = coker(im(d,) — ker(d,_1))-

When we replace A with the dual category we obtain the notions of cochain complexes and cohomology
groups.

Let A be a category of abelian sheaves on a site C. Let K be a simplicial object in C. Then, for any
abelian sheaf from 4 we can define a cosimplicial abelian group (F(K,)). Then its cohomology are called
the Cech cohomology of F with respect to K, and denoted by

H"(K,F).
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For example, we may take C = Open(X) (as always with disjoint sum added). A simplicial object K =
cosko(U), where U = [[;.; U; corresponds to an open cover of X. Then we obtain the Cech cohomology of
an open cover with coefficients in a sheaf F.

Assume that (U; = U);ey is a covering family. We can define a hypercovering cosko (][ U;) with

K(]:HUZ', K1: H UiXUUJ‘,....

(i,5)ETXI

It follows from the definition of a sheaf
HO(K.,]-") = F(U).

More generally K, is a hypercovering in C. Then K; — coskq(Ko)1 = K X K is a covering morphism so
F (Ko x Ko) = F(K1) is injective. Since Koy — f is a covering morphism,

F(f) = ker(F(Ko) =3 F(Kq x Ko)) = ker(F(Ko) = F(K,) = H(K,, F).
One defines Cech cohomology of a sheaf F by

HY(F) = limind HY(K,,F).
K.cHR(C)

3. Injective objects

A functor F : C — (' of additive categories is called additive if it defines linear maps on the groups of
morphisms.

For example, the functor C(?,Y) and C(X,?) are additive functors from C to (Ab).

Another example C — (Ab), F — F(X).

An additive functor is called left exact if F(Ker(A — B)) = Ker(F(A) — F(B)). Dual definition for
right exactness. An additive functor which is left and right exact is called ezact.

For example, C(?, A) is left exact and C(X,?) is right exact. The functor F — F(X) is left exact but
not right exact.

Example 1. Consider the Grothendieck topology in an additive category A with Cov(X) equal to the set of
universal epimorphisms Y — X (i.e. epimorphisms such that for any Z — X the projection Y xx Z — Z is
an epimorphism). Let f : A — B be an epimorphism. Consider the fibred product Axp A — A and let py, po
be the projections. The morphism p; —ps : A xp A — A defines a morphism u : A xg A - Ker(A — B).
Since it admits a section s : B — A defined by (i4,0), where i : ker — A, we see that u is an epimorphism. It
is also an universal epimorphism. In fact, if ¢ : C — B is a morphism, we can define a section of AxgC — C
by s' = (so¢,1¢). By definition of a sheaf, the morphism F(u) : F(ker(f) — F(A xp A) is injective. Thus

(u)

ker(F(A) — F(ker(f)) = ker(F(A) — F(ker(f)) F—q)L F(Axp A) =

ker(F(A) TP P2 4 a) = her(F(4) =3 A x5 A).

This shows that F' is a sheaf if and only if it is left exact.
Since h 4 is left exact, we obtain that all representable presheaves are sheaves. Conversely, if (A — B) €
Cov(B) and not epimorphism, we find X such that hx is not a sheaf.

Example 2. Let C be an abelian category and R : C — " be the additive functor a o h. Then R is exact.
This follows from the proof of Gabriel’s theorem.

Definition. An object I of an abelian category A is called injective if the functor hj is exact. An injective
object in the dual category A° is called projective.
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It follows from the definition that X is injective if and only if for any monomorphism A — B and any
morphism A — X there exists an extension B — X.

Dually, X is projective if and only if for any epimorphism A — B and a morphism X — B there exists
an extension X — A. For example, a free R-module is a projective object in Modg.

The next result describes injective objects in any ”good” abelian category.

Theorem 1. Assume that A is a Grothendieck abelian category. Then an object I is injective if and only
if for any subobject V of a generator U in A any morphism V — I extends to a morphism U — 1.

Proof. The condition is obviously necessary. Let us prove its sufficiency. Let u : B — A be a
monomorphism and f : B — X be a morphism. Consider the set of subobjects of (B’, ') which dominate
such that f can be extended to B’. We can take the supremum and try to prove that it must be A. So,
we may assume that B # A is the supremum and f does not extend to A. Let U be a generator such that
there exists a morphism j : U — A with image not contained in B. Take V = U x 4 B — B. The projection
j' 'V = U makes it a subobject of U. Let B' = j(U) + B. By assumption on j, B # B'. Consider the
exact sequence V — U x B = B' — 0, where the first morphism ¢' : V' — U x B is equal to (i,—j') and
the second one ¢ : U x B — B’ is equal to j ® u. We claim that any morphism f : B — X can be extended
to f': B' = X. This will contradict the maximality of B. To define f', it suffices to define v : U x B = X
such that its composition with ¢’ is equal to 0 and the compostion with (0,15) : B — U x B is equal to f.
Let s be an extension of foj' : V — X to U. Define v = (s, f) : U - B — X. It is easy to see that it is
what we want.

Example 3. Let C = (Ab). A generator is Z. For any subobject nZ a morphism f : nZ — A is given by
the image a = f(n) € A. Let f' : Z — A be its extension and b = f/(1). Then f'(n) = nf'(1) = f(n) = b.
This shows that A is divisible group, i.e. any equation nz = a in the group has a non-zero solution. Since
this condition is sufficient, we see that an abelian group is injective if and only if it is a divisible group.

Example 4. Let A be the category of abelian sheaves on a canonical site C, where C is an abelian category.
We know that U = @ xcahx is a generator in A. In fact, it is a projective object in C. Let us prove it. Let
v : A — B be an epimorphism of sheaves and f : U — B be a morphism. The composition of f with the
canonical morphism hx — U is a morphism hx — B. By Yoneda’s Lemma it is defined by an element of
bx € B(X). In fact, we see that f is described by the famuily (bx)xcos(c)- Since v is an epimorphism of
sheaves, there is an extension f': U — A. In fact, let ux € U(X) and f(X)(ux) = bx € B(X). Since v is
an epimorphism in the category of sheaves, we can find an epimorphism Y — X such that the image by of
bx in B(Y) is equal to vy (ay) for some ay € A(Y).

Proposition 1. Let F: A — A’ be an additive functor of abelian categories and G : A" — A be its right
adjoint additive functor. Assume that F' is exact. Then for any injective object I of C' the object G(I) is
injective.

Proof. Let 0 = A - B — C — 0 be an exact sequence in A. We have to show that the sequence
0 — Hom(A,G(I)) » Hom(B,G(I)) - Hom(C,G(I)) = 0
is exact. By definition of the adjointeness this is equivalent to the exactness of the sequence
0 — Hom(F(A),I) - Hom(F(B),I) - Hom(F(C),I) = 0.
But it is exact since F' is exact.

Example 5. Let C be a site and X € Ob(C). Consider the subcategory {X } of C which consists of one object
X and the set of morphisms {1x}. Let A be the category of abelian presheaves on {X}. It is isomorphic
to the category of abelian groups. Let A’ be the category of abelian sheaves on C. Let i : {X} — C be the
inclusion. Consider the functor i* : A’ = A. We have i*(F) = F(A) € Ob(Ab). On the other hand, for any
sheaf A on {X} defined by an abelian group A we have

i(A)(Y) = limind A(X) = Ahx(Y),
Y—=X
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Here we use that the inductive system Y — X is discrete, i.e. no morphisms between different objects. The
functor 4, is obviously exact (since for any set S the functor A — A° in (Ab) is exact). Thus we obtain
that the functor F' — F(X) sends injective to injectives, in other words, the value of an an injective abelian
presheaf are injective abelian groups.

Similarly we get that the values of an injective sheaf are injective groups.

Definition. We say that A has enough injective objects if for any object X there exists a monomorphism
to an injective object u : X — I.

Let us remind some definitions from the set theory which we shall use in the proof of the next theorem.
Let (E,T) be a pair consisting of a set and an order relation I' C E x E on it. We say that (E,T) is
isomorphic to (E’,I") if there exists a bijection f : E — E’ such that f(i) < f(j) if and only if i < j. The
class of isomorphisms is called an ordinal number or just an ordinal. Using the axiom of choice we pick up a
representative (E,T") in each ordinal and denote it Ord(E). The cardinality of an ordinal is the cardinality
of the set E. There is a natural definition of sum and product of ordinals (using the definition of an order
on the sum or product of two sets). Also there is an order on the set of ordinals compatible with sums and
products. The supremum of a set of ordinals exists and is an ordinal.

Theorem 2. Every Grothendieck category A has enough injective objects.

Proof. Let A be an object of A. Let I(A) be the set of monomorphisms u; : V; = A, where V; is a
subobject of a generator U. Consider A x U®1(4) and define f : ®;¢ 1(4)Vi = M;(A) such that its restriction
to each V; is the morphism (u;,a;), where a; : V; = U is the canonical embedding of V; into a copy of U
corresponding to i. Set Mj(A) = coker(f). Then the composition f(A) of (14,0) : A = A x U®I4) and
AxU®IA) 5 My (A) is a monomorphism. This follows from the fact that the morphism ;¢ 1aVi—=U oI(4)
is a monomorphism (AB4). Also, any morphism u; : V; = A extends to a morphism U — A (take the
restriction of U®1(4) — M, (A) to the summand corresponding to i). Next we repeat the construction by
replacing A with M;(A). Let us use now the transfinite induction. For any ordinal number ¢ let us construct
an object M;(A) and, for any two ordinals ¢ < j, a monomorphism M;(A) — M;(A) such that M;(A) form
an inductive system for all i < ig (ig is a fixed ordinal). For ¢ = 0 we take My(A) = A and for i = 1 we
take M;(A) and the monomorphism My(A) — M;(A) as constructed in above. Suppose we have such a
construction for all ordinals j < ¢. If i = j+1 for some j, we set M;(A) = M;(M;(A)) and M;(A) = M;1(A)
equal to f(M;(A)), where f is as above (this also defines all morphisms My (A) — M;(A) for all k <4). If
i is the limit ordinal, we set M;(A) = limind;<; M;(A) and take the morphisms M;(A) — M;(A) to be the
inductive limit of the constructed monomorphims (the inductive limit of monomorphims is a monomorphim).
Let k be the smallest ordinal whose cardinality is strictly greater than the cardinality of the set of subobjects
of U. Set M(A) = My (A). It suffices to prove that M(A) is injective. By Theorem 1, it is enough to show
that for any subobject V' of U and a morphism v : V' — M (A) the image v(V) is contained in some M;(A)
where i < k. Since M} (A) = sup M;(A), we have V = sup, ., v~ (M;(A)) (here we use the axiom (AB5)).
The set of subobjects of V' has smaller cardinality than the cardinality of k. Also any set of ordinals < k
with k as its limit has cardinality equal to the cardinality of k& (because the cardinality of & is not equal to
the limit ordinal number). This implies that v~(M;(A)) becomes constant starting from some ig < k. Thus
V =v~!(M;,) and we are done.

Remark 1. Here is a direct proof of Theorem 2 in the case when A is the category of left R-modules. Let
ER = HomZ(R, @/Z)

It has a natural structure of an R-module. Let us see that it is an injective module. Let u : M — M' be an
injective homomorphism of R-modules. We have the following commutative diagram:

Homgp(M, Eg) Homu(u,1) Homp(M', Eg)
{ \
Homz(M,@/z) oY gm0, /2)
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Here the vertical arrows are defined naturally: if f : M — Homgz(R,N) then we define M — N by
m — f(m)(1). It is clear that it is an isomorphism. Since Q/Z is a divisible abelian group, it is an injective
module over Z. Hence the bottom arrow is surjective. Thus the top arrow is surjective.

For each R-module M we set
I°(M) = ByomeMER),

As a direct sum of injective modules it is an injective module. Let ep; : M — I°(M) be the homomorphism
defiuned by
e(m) = (¢(m))pe Homn (M, Er)-

I claim that ey is injective. Suppose epr(m) = 0. Then for any ¢ : M — E4 we have ¢(m) = 0. Notice
that for any abelian group G there exists a quotient isomorphic to Z /n, where n # 1. Hence there exists a
non-trivial homomorphism G — Q/Z. This easily implies that for any module M there exists a non-trivial
homomorphism from the submodule Rm C M to Homz(R,Q/Z) (since Homg(Rm,Homz(R,Q/Z) =
Homz(Rm,Q/Z)).

Theorem 3. For every abelian category A there is a fully faithful exact functor to a category of left modules
over an associative ring.

Proof. First of all, using Gabriel’s theorem we embed A into a Grothendieck category by using an
exact functor. Let U = ©xcopc)hx be its generator. Note that U is a projective object of A. Let
I' = UgconayMor4(U, A) and P = @;U. For any A € Ob(A) there is an epimorphism

Pp = ®pror 4 u,a)U = A.
For any morphism P4 — A there exists a unique morphism, and hence an epimorphism
sa: P — A
Note that the functor A — Mor 4(P, A) is exact. Let
R = Mor 4(P, P).

This is an associative ring. For every X € Ob(A) the group M (X) = Mor (P, X) is a left module over R.
Consider the functor M : X — M(X) from A to Modgr. By Example 4 from the previous section, P is a
projective object. Hence the functor M is exact. Also, since P is a generator, M is faithful.

Let us show that it is fully faithful. Suppose ¢ : M(A) - M(B) is a homomorphism of R-modules.
We want to find f : A — B such that M (f) = ¢. Let u : P — A be an epimorphism and K = ker(u). Let
v : P — B be an epimorphism. Applying M we get a commutative diagram

0 - MK) - R —- MA - 0

s 1o :
R - MB) — 0

Here the homomorphism s is defined by the projectivity of R as an object of Modg. Since any endomorphism
of a ring R is of the form z — x o r, where p : P — P is an endomorphism of P, we obtain a diagram

0 - K - P —-— A = 0

rl Lf :
P - B —= 0

Since the composition M(K) - R —- R — M(B) is zero, the composition K — P — P — B is zero
(because M is exact). Thus there exists a morphism f: A — B such that the diagram

P — A
T fi.
P —- B
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This implies the diagram
R —  M(A)

s L M(f).
P — B

is commutative. Since R — M (A) is epimorphic, M (f) = ¢.

4. Derived category
Let K (A) denote the category of cochain complexes

K®* = (K", dy: K" = K"),cz
in an abelian category A. It is a preabelian category. Its objects are cochain complexes.

We shall denote by K (A)T the full subcategory formed by complexes such that there exists N such that
K =0 for i < N. Similarly we define K(A)~ and K(A)? = K(A)tNK(A4)".
Let
H*: K(A) —» K(A),

be the functor which is defined by taking the cohomology of a cochain complex. We consider (H*(K*®,dk))
as a cochain complex with zero coboundary morphisms. We shall use the following notations:

. Kt ifi< ; .
T<n(K®); = {0 ifz;Z d_ (ko) = di,i <.

. Kt ifi> ; »
TZn(K )’L = {0 1f:22’ d:L"Sn(K.) :dZI(,ZZTL

In particular, we set
TH(K®) = m>0(K*®), 7-(K*) =7<0(K").

K*n)' = K™, dj = (-1)"dpt.
We define the dual complex K* as a complex in K (A°) defined by

(R*)i= K™, di = dg’.

Definition. A morphism f : (K°®,dg) — (L°®,dr) is called homotopy to zero if there exist morphisms
k' : K = L*~! such that

fr=ktdy +di 'k
Two morphisms are homotopy equivalent f ~ g if the difference is homotopy equivalent to zero. It is
clear that the homotopy to zero morphisms form a subgroup in the group Hompg4)(K*®,L®) (the corre-
sponding homotopy maps are the sums). Thus the homotopy equivalence is an equivalence relation. Let
Hompg(a)(K*®, L*) be the quotient group by the subgroup of morphisms which are homotopy to zero.

Lemma 1. Let f : K®* — L®,g: L* — M* be two morphisms of complexes. Assume that f is homotopy to
0. Then g o f is homotopy to zero.

Proof. Let (k) define a homotopy for f. Then g(k?) will define a homotopy for g o f.

Let HK (A) denote the category whose objects are compexes in A and morphisms are equivalence classes
of morphisms in K (A) modulo the homotopy equivalence relation. The previous lemma shows that this is
well-defined.

Lemma 2. If f ~ g then
H*(g) = H*(f).
Proof. It is enough to check that H*(f) = 0if f ~ 0. This is immediate.
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Corollary. The functor H® : K(A) - K(A) extends to a functor H® : HK(A) - HK(A).

We shall identify objects of C with complexes X*® such that X™ = 0,n # 0 and X° = X (ie. 7<_1 =
™>1 = 0)

Definition. Let A € Ob(A). A complex I* = (I"),>¢ together with a morphism e4 : A — I*® is called an
injective resolution of an object A if
(i) I* = 74 (I*);
(ii) each I™ is injective;
(iii) H™(I*) =0,n > 0;
(iv) e: A — I°is a kernel of d° : I® — I' (in particular, A = H(I*).)
A projective resolution is a complex such that its dual complex is an injective resolution in 4°.

Theorem 1. Let I®* be an injective resolution of A and J® be an injective resolution of B. Then any
morphism f : A — B can be extended to a morphism of complexes I* — J*®. Two different extensions are
homotopy equivalent.
Proof. We have
R N A S L

!

B 509t .l g,

Since e4 : A — IY is a monomorphism, and JO is injective, the composition eg o f : A = J° extends to
a morphism f° : I° — J9 such that f© od4 = dp o f. Assume that we can extend f to a morphism of
the truncated complexes 7<,(I®) = 7<n(J®). Let f' : I' — J* be the corresponding morphisms. Since
drofrody ™ =dtod} "o fr! =0 we see that f, defines a morphism from im(d}) to J"**. Since I"*!
is injective we can extend it to a morphism f7*! : It — Jn+l This extends f to a morphism of the
truncated complexes T<p41(I*) = T<n41(J*). This proves the existence of an extension.

Let us prove the second assertion. Obviously it is enough to show that an extension of the zero morphism
A — B is homotopy equivalent to zero. Since f® oes = 0, the morphism f° factors through coker(es) =
im(d%). Since I' is injective, the latter extends to a morphism k' : I' — JO. Clearly, f® = k' od® + k%0d ™!,
where k® = 0,d~! = 0. Assume we can construct a homotopy (k?),i < n + 1, for the truncated morphism
T<n : T<n(I®) = 7<n(J®). Thus f7 = k"t ody +di ' o k™. Let o= frH —k"Hlody : [+ — Jo+l Tt
is easy to see that d? o« = 0. Thus a factors through im(dx') and then extends to k"2 : [7+2 — jntti,
We have fnt2 = gn+2 o gt + d? o k™! and, by induction, we are done.

Corollary. For any object X there exists an injective resolution. For any two injective resolutions of X
there exists a morphism between the resolution which is defined uniquely up to homotopy.

We would like to identify objects with their injective resolutions. This would be possible if we build a
category where all injective resolutions of an object define the same object. This is an idea of the derived
category.

Theorem 2. Let C be a small category and S be a set of its morphisms. There exists a category C[S~!]
and a functor Q : C — C[S™1] satisfying the following properties:
(i) for any f € S, Q(f) is an isomorphism;
(i) if F : C — C' is a functor satisfying property (i), then there exists a unique functor G : C[S™1] — ('
such that FF = G o Q.

Proof. The idea is simple we have to add formally inverses of all s € S. Let us consider an oriented
graph IV whose vertices are objects of C and morphisms as edges. For each s € S add the edge from end(s)
to tail(s). Let T be the new graph. Now define the category C[S~!] as follows. Its objects are vertices of
I". Its morphisms correspond to paths with the same origin and the end modulo the following equivalence
relation: two paths are equivalent if they obtained from each other by the following elementary operations:

(a) two edges can be replaced by the edge corresponding to the composition with respect to

(b) the two path corresponding to the edges s and its inverse is equivalent to the loops corresponding
to the identity morphisms (of the origin and the end of the path).
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Remark 1. It is easy to see that the functor C — C[S~!] is universal with respect to morphisms F : C — D
such that F'(s) is invertible for any s € S.

Definition. The category C[S™!] is called the localization of C with respect to the set of morphisms S.

Now we take C = HK(A) and S is a set of morphisms f : K* — L® such that H*(f) is an isomorphism
(such morphisms are called quasi-isomorphims). The obtained category is called the derived category of A
and is denoted by D(A). Replacing HK(A) with HK(A)* or HK(A)® we obtain the derived categories
D*(A) ( of complexes bounded from below or above) and D(.A)® of bounded complexes.

Theorem 3. The inclusion A C K(A) extends to a a morphism
i: A— D(A).

The image I* of any injective resolution I* of X in D(A) is isomorphic to i(X). For each X € Ob(A) pick
one injective resolution 7(X) of X. Then X — 7(X) is an isomorphism from i(A) and the subcategory of
D(A) generated by 7(X).

Proof. This follows from the definitions.

Example 1. Let A is semi-simple, t.e. all short exact sequences split. Then D(.A) is isomoprhic to the
category of cyclic complexes, i.e. complexes with zero differentials.

Definition. A set S of morphisms in a category C is called localizable if it satisfies the following properties:

(FR1) S is closed under compositions;

(FR2) for any s : X — Y from S and a morphism f: Z — Y thereexists g: W — X and ¢t : W — Z
from S such that so g = f ot. Also the similar property holds when we reverse the arrows;

(FR3) for any f,g: A= B the existence of s € S such that so f = s o g is equivalent to the existence
of t € S such that fot=got.

1 —1

Condition (i) means that we can write each s~ f in C[S™!] in the form gt~! or can write each fs
in the form ¢t~!'g. Let f : X' = Y be a morphism in A and s : X’ — X belongs to S. If we denote the
morphism fs~!in C[S™!] as a "roof”

XI
sd N f-
X Y

Two roofs define the same morphism if they can be extended to a common roof

XI
sk NS
X X Y

s S

XII

To check that this is indeed an equivalence relation one has to use the third property of localizing sets.
If (X', s,t) : X = Y is equivalent to (X", ¢, g) by means of (Z',r, h) and (X", t, g) is equivalent to (X", u,e€)
by means of (Z", p, 1), then we first define sr : Z' — X, tp: Z" — X, then takev : W — Z',k : W — Z" such
that srv = tpk. Then fi; = hv, fo = pk satisfy tf; = tfs. Thus we find w : 2" — W such that fiw = fow.
If we take ¢ = row : Z"" — X' and j = ikw : Z"" — X" we get the equivalence (X', s,t) ~ (X" u,e).

The composition is defined by composing the roofs:

X
N N\
X! X" .
5/ N S v s NS
X Y A



Proposition 1. Let S be a localizing set of morphisms in an additive category C. Then C[S!] is an additive
category.

Proof. The idea is to reduce to common denominator. Suppose we have two morphisms X — Y
represented by two roofs fs=! = (s, f) and f's'™! = (s', f'). Let U = Z xx Z' with respect to s : Z —
X,s' : Z — X. Then the two projections r : U — Z,r' : U — Z' are quasi-isomorphisms. Then we have
t=sr=sr":U—= X. Let g = fr,g' = f'r; they are morphisms from U to Y. Then gt ! = fs~!,¢g't"! =
f's'~! and we define fs~! + f's'~! to be equal to t~1(g + ¢').

The notion of localization is closely related to the notion of a quotient-category.

A subcategory B of an abelian category A4 is called thick if any zero object of A belongs to B, B is closed
under taking a subobject or a quotient-object, and if u : B — A is a subobject of A and B and coker(u)
belong to B, then B belong to B.

Now the factor-category C/B is defined as follows. First of all its objects are are objects of A. For any
A € Ob(A) let C4 denote the full subcategory of A4/A which consists of monomorphims A’ — A such that
AJA" € B. Let C3 denotes the same thing for the dual category .A4°. We have a functor hom : C4 x C —
(Sets) defined by hom(A', B') = A(A', B"). For any A, B in A We set

Mor 4,5(A, B) = limind hom.
CaxCS

If we assume that A is small (or the class of subobjects is a set for any object) then this limit exists. For
example, if A,b belong to B, then C4 and CS contain 0 and hence any two elements in hom(A’, B') are
equivalent to the zero map. We define the composition of new morphisms as follows. Let 4 : A’ — B’ be a
representative of u : A — B and v : B" — C' is a representative of v : B — C. Let X =im(B" — B — B').
It is a subobject of B’ and a factor-object of B". Let C"" = C' — X [[g, C'. This is a quotient-object of C’.
Let A" = A" x’3 X — A’. This is a subobject of A’. We can replace A’ with A” and C' with C” and take
for the composition the morphism A" -+ X — C'. Notice that C4 is closed under taking an overobject of a
subobject of A. Similarly C9 is closed under passing from B’ to B” where A — B" — B' is a composition
of epimorphisms.

Notice that A(A, B) is mapped to the inductive limit (since A/A and ker(B — B belong to B). The
identity functor defines a functor F : A — A/B. Tt is easy to see that it is exact and F(A) = 0 iff A € B.
Also each object in the factor-category is of the form F(A).

5. Exact triangles

Before we show that the set of quasi-isomorphisms in HK (A) is a localizing set we have to introduce
some constructions familiar from homotopy theory.

Recall the cone construction from algebraic topology. Let f : X — Y be a continuous map of topological
spaces. We define the cone C of f as the topological space

Cf=YHX><[0,1]/~,

where (z,1) ~ f(z) and (2,0) ~ (20,0) for some fixed o € X. In the case Y is a point, Cy = £X is
the suspension of X. In the case when X — Y is an inclusion, Cy is homotopy equivalent to Y/X. So in
this case C'y is an analog of a cokernel. Also note that there is an inclusion Y — C and if we apply the
cone construction to this we get that Cy/Y is homotopy equivalent to ¥X. Thus we have a sequence of
morphisms in the homotopy category:

X =Y = Cf = XX

Recall that we have the suspension isomorphism:

Hp1 (X)) 2 Hopr (5X).

Also recall that ¥X = X x [0,1] with X x {0} and X x {1} identified with a point ( a double cone).
Since X x (0,1] and X x [0,1) are contractible and X x (0,1) is homotopy equivalent to X, we can use the
Mayer-Vietoris exact sequence:

H, 1 (X1 UXy) » Hy (XN Xy) = Hy(Xy) @ Hy(Xo) = Ho (X1 UXy) — .
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Thus, using the suspension isomorphism this gives, a long exact sequence

In the case when Y — X is an inclusion, H;(Cy) = H;(Y, X) and we get the exact sequence of a pair (X,Y).
Also, if f induces the isomorphism on homology and X,Y are simply-connected, we get H,(Cy) = 0. By
Hurevich’s theorem, 7,(C¢) = 0, and by Whitehead theorem Cy is homotopy to a point. This implies that
f is a homotopy equivalence.

There is an analogous construction for simplicial sets. Let f : (X,) = (¥,) be a morphism of simplicial
sets. Then Cfy is a simplicial set with B
(Cf)’l = Ytl U Xz'717

where X;_; = X;_; x * is the cone over X;_;. Passing to the cochain complexes this leads to the cochain

complex
o N dx[1] 0

This can be taken for the definition of the cone Cy for any morphism of cochain complexes f : X* — Y*® in

K(A).

Definition. Let f: X* — Y* be a morphism in K (A4). Define the cone of f as the complex

. ye dX[l] 0 )
f [ ] D ’ ( f dY

Define the cylinder Cyl(f) as the complex

dx -1 0
Cyl(fy=X*@X*[l]@Y*, d=| 0 dxy O
0 f dy

Example 1. Let f : X — Y considered as a morphism of complexes. Then (C;)™' = X,C? =Y and d = f.
Thus H°(Cy) = Ker(f) and H'(Cy) = Coker(f).

Example 2. Take f =id: X* — X*. Let k' : X" @ X — X?® X*~! defined by (z**+!,2%) — (2,0). This
defines the homotopy between 1¢, and Oc;, .
Lemma 1. Let f: X®* — Y*® be a morphism of complexes. There is a commutative diagram

0 —- Y = Cf = X°[1] —» 0

al I : (%)
0 - X* = Cyl(f) —» C;r — 0

The first vertical arrow is a quasi-isomorphism.

Proof. We define a by (k?, k*+1,1%) — (0,0,1%) and its inverse b : (k?,k+1,1") — f(k*)+1'. Now boa = id.
We define the homotopy h' : Cyl; — Cyl;_1 by (k% kiT1,1%) = (0, k%,0). We have

aob(k, k1, 1%) = (0,0, f(K™+) +1),
(g b+ Wiy ) (R R 1) = (k7 —dic (k7), F(K)) + (0, dic (k) — K™*1,0) =
(_kia _kH_l; f(kH_l)) = (CL ob— ]-Cyl(f))(ki: kH_la lz)
This checks that ao b ~ id.
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Corollary. Let f: X* — Y* be a morphism in HK (A). Then it can be extended to a sequence

x* iy s Cy K xey,

where the composition of any two morphisms is zero.

Proof. We define g : Y — Cy = X*[1]@Y* as the natural inclusion and the morphism C} — X[1] as the
natural projection. By the proof of the previous lemma, the composition go f : X* = Y* = C} is homotopy
equivalent to the composition X* — Cyl(f) = Cy which is zero. The composition hog:Y* = Cy — X°*[1]
is zero because the top row in Lemma 1 is an exact sequence.

Definition. A triangle in K(A4) is a diagram of the form
K*—L*— M*— K°*[1].

A distinguished triangle is a triangle which is quasi-isomorphic to the part of the diagram from the previous
lemma

K* = Cyl(f)* 5 CF — K°[1].

Lemma 2. Any short exact sequence of complexes is quasi-isomorphic to the middle row of the diagram
(*)-
Proof. Let

0o K* 1o % e 5o

be an exact sequence in K(A). We define § : Cyl(f) — L*® to be equal to b from the previous lemma and
v : Cy — M*® by composing the natural projection Cy — L* with g. We have ker(y) = K°*[1]® Imf =
K*[1] ® K* = Ci,.. By Example 2, the latter complex has trivial cohomology. Thus, using the exact
sequence 0 — Ker(y) - Cy — M* — 0 we obtain that v is a quasi-isomorphism.

Theorem 1. Any distinguished triangle
K®* = L* - M*®* - K°*[1]
defines an exact sequence of cohomology:
co.— HY(K®*) = HY(L*) - H(M*) - H{(K°*[1]) = HTY(K®*) - ....
Proof. It is enough to prove it for the distinguished triangle:
K* = Cyl(f)* —» 3 % K*[1).

We have the exact sequence
0> K*®*— Cyl(f)* = Cy = 0.

It gives the exact sequence of cohomology
.= H(K®) = H (Cyl(f)) — H(Cy) 4 HYYK®) = ...

It remains to identify the coboundary morphism § with H'(g). We use that Cyl(f)’ = K* ® C} and check
the definitions.
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Theorem 2. In the category HK (A) quasi-isomorphims form a localizing set of morphisms.

Proof. Let s: K®* — L® and g : M*®* — L*®, where s is a q.i.. We have to find a q.i. t: N®* — M*, and a
morphism of complexes g : N®* — K*® making the square

Ne Lo
i lgs (%)
K* 5 e

commutative. Let 7 = (0,11) : L* — Cs = K*[1] & L®, Consider the following diagram in HK (A):
Crogl=1] 5 M ™39 €, 5 Cp,
hi Ly [ i
kK 35 5 ¢ - K[
where t = (1p7,0,0) : M® = Crog[—1] = M* & K*[-1] ® L*[-1] and h(m?, k,1i"1) = —k. We claim that
the left square in the diagram is quasi-isomorphic to the square (**). We have

t:(mi kLT = —md,
got—soh:(mt k1) = g(m?) + s(kY).
Let p' : Crog[—1]* — L~1 defined by the natural projection. We have

(PG g+ dip’)(m' LI = g(m) + s(kY) = di7 () + dpe g (1) = g(m?) + s(k).
This shows that got ~ s o h. Thus we see that got ~ s o h so that the square is indeed commutative in
HK(A)

Since s is a .., the complex Cy is acyclic (i.e. all cohomology are zero). Since the top row is a
distinguished triangle, ¢ must be a q.i..

Similarly,

cil-1 5 Kk 3 0 5 ¢
I Ly Lh |
ol B v b oo - o
is used to check the property about fibred products.

Finally we have to check the third propery of localizing sets. Let f : K* — L® be a morphism in H K (A).
Assume sf = 0 for some q.i. s : L* — M*®. We have to show that ft = 0 for some q.i. t: N* — K°.
Consider the following commutative diagram:

a1y % e & e
Il Tf
o1 & ko & oo

The morphism g is defined as follows
g K 5 G- =L'e MY, K - (1K), —h'(k)),

where h defines the homotopy sf ~ 0. We have tf = tgd = 0 (because tg = 0 in HK(A) as follows from
Corollary to Lemma 2). Since s is a q.i., t is a q.i..

6. Triangulated categories

Definition. An additive category C is called triangulated if it is equipped with the following data:
(i) An additive automorphism T' : C — C (the shift functor).
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(ii) A class of distinguished triangles (closed under a naturally defined isomorphism of triangles)

x3%v 3% z817x)

(we also write it as
Z

(1] N
X — Y

to justify the name). The following axioms must be satisfied:

(TR1) X 13 X - 0 - T(X) is distinguished;
(TR2) (extension aziom) any morphism f : X — Y can be completed to a distinguished triangle;
(TR3) (shift axiom) a triangle X Xy4bz% T(X) is distinguished if and only if

T
y 3 z8rx) =

is distinguished;
(TR4) Any commutative diagram

extends to a morphism of triangles

X R 4 5 z 5 TX)
f g h T(f)
X! v, LN U 0

(TR5) (octaedron aziom) Given three triangles

x8yLzorx), v3z2-x51w), xWZov - T(X)

there exist two morphisms f : Z' - Y', g: Y’ — X' such that (1x,v, f), (u, 1z, g) are morphisms of triangles
and (Z',Y', X', f,9,T(j) o i) is a distinguished triangle. One can illustrate it by the following diagrams:

X' — ———= 7 X! — —-——— Z
| [1] A | N v 7
| Y L v’ |
1 e N { / N |
VAR ] —— — X zZl - ] — X

Here the upper and the bottom triangle in the left diagram are distinguished triangles and the other two
triangles are commutative. In the right diagram, the upper and the bottom triangles are commutative and
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the other two are distinguished triangles. It is also required that the two possible morphisms ¥ — Y
(factored through Z and Z') are equal. The axiom says that the left diagram can be completed to the right
diagram.

Remark 1. It follows from Lemma 2 that the cone of a morphism A — B represented by an embedding
of morphisms of complexes 0 — K*® — L*® is isomorphic to an object represented by L°*/K*®. We denote it
by B/A. The octahedron axiom shows that if A — B and B — C are represented by monomorphisms of
complexes, then

C/B = (C/A)/(B/A).
Indeed, let X = C/B,Y = B/A. We have

C/B <« —-——- ——— C C/B + —-—-—— ——— C
| he VAN | N v 1
| B I C/A | -
\ v N | 1 s he |
B/JA ——— ——— — A BJA ——— ——— — A

Remark 2. Using the shift axiom (TR3) allows one to extend the commutative diagram formed by g and
h to a morphism of triangles by constructing a morphism f (we use the notation of (TR4)). Also it allows
one to extend a morphism f : X — Y to a distinguished triangle Z - X - Y — Z[1].

Proposition 1. Let
X23Y 5 Z 5 T(X)
be a distinguished triangle.
(i) The composition of any two consecutive morphisms is zero.
(ii) For any object M the sequences
oo = Home(M,T'(X)) = Home (M, T*(X)) = Home(M,T' (X)) = Home(M, T (X)) = ...,
eoo = Home(TH(X), M) = Home (THZ), M) = Home(TH(Y), M) = Home (T (X), M) — ...
are exact.

(iii) In axiom (TR4), if f and g are isomorphisms then h is also an isomorphism.
(iv) If u is zero, then there exists v : Z — Y such that vy ow = lp(x).

Proof. (i) and (ii) By axiom (TR2) it is enough to check the exactness at Y. Extend (1x : X - X) —
(u: X —Y) to a morphism of triangles

X 1x X

[en)
=
s

~

].x u h 1T(X)

X “ Y ¢ zZ —2 = T(X)

~
g

Since h : 0 — Z is the zero morphism we get vu = 0. Consider

v 25 o0 —2 5 TU) — 5 T

y —4— 7z — = T(X)
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Each arises from the triangles

— 2 5 TW

U 0 )
g fh 0‘ T(y)‘ .
Y Z e )

v

\
7

—Y 5 T(X

By (TR2) we can find the third arrow in the second diagram T'(g) : T'(U) — T(X) and then reconstruct the
first arrow g : U — X in the first diagram (by shifting and applying T~!). From the commutativity of the
first square we get f = ug.

(iii) Apply (ii) to Home(Z',7) to both sequences, use the five-lemma to deduce that the homomorphism
Hom(h) : Hom(Z',Z) — Hom(Z',Z') is an isomorphism. This implies that ther exists ¢ € Hom(Z', Z)
such that h o ¢ = 1. Similarly, using Hom¢(?,Z) we find the left inverse of h.

(iv) Assume u = 0. Apply (TR4) to

X —— 0 —— T(X) T(X)
1x 0 Y 1r(x)
X — —  Z —— T(X)

Here the top triangle is constructed by using (TR1) and (TR3).

Corollary 1. Let X 3 Vv % Z & T(X) extends u : X — Y. Then Z is defined uniquely modulo

isomorphism.

Definition. We shall call Z a cone over u and denote it by C,,.

Remark 3. In the cone notation the octahedron axiom shows that

where w:C, — T(C),) is the composition C,, = T(Y) = T(C,)-

Corollary 2. A morphism in a triangulated category is an isomorphism if and only if its cone is a zero
object.

Proof. Assume u : X — Y is an isomorphism. Applying (TR1) and (TR4) we get that X - Y — C, —
T(X) is isomorphic to X -+ X — 0 = T(X). Conversely, if C,, = 0 we apply (TR3) to get a distinguished
triangle 0 - X — Y — 0. By Proposition 1 (ii), we get that v is an isomorphism.
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Corollary 3. Let C be a triangulated abelian category. Then any monomorphism u : X — Y splits, i.e. u
is an isomorphism to a direct summand of Y.

Proof. Extend u to a distinguished triangle
X=3Y S5 Z 5 T(X)

Let a = T~'(w) : T~1(Z) — X. Applying (TR3) we get a distinguished triangle T-1(Z) 3 X -V — Z.
By Proposition 1 (i), we obtain that foa = 0 and hence a = 0 since u is a monomorphism. By Proposition
1 (iv) there exists v : Z — Y such that v oy = 1. It remains to prove that s =u®v: X & Z - YV is
an isomorphism. By Corollary 2 this is equivalent to Cy = 0. We shall apply the octahedron axiom. Let
i: X — X & Z be the natural inclusion and p : X & Z — Z be the natural projection. The triangle

x4xezbz51(X)

is distinguished. This follows from considering the triangle 0 — Z — Z — 0 and applying (TR3) to
f:X >0,g=p: X®Z — X to obtain a morphism C; — Z, and then applying (TR3) again to
f:0>X,9:Z — X @ Z to obtain its inverse Z — C;. Now apply (TR5). We have

Cs +— —-——-—— —-———Y (C +— —-——— ——=-Y
| ¢ A N v 1
| XoZ | z | .
\ v N (G / N |
Z ——— ——— — X Z ——— ——— — X

Here the upper and the bottom triangle in the left diagram are distinguished triangles (with vertical arrows
are of degree 1) and the other two triangles are commutative. In the right diagram, the upper and the
bottom triangles are commutative and the other two are distinguished triangles. It follows that Cs = C1,
and hence is zero.

Remark 4. The previous corollary says that an abelian triangulated category is semi-simple. In particular
the category of abelian groups is not triangulated. Let C be a semi-simple abelian category. Then it can be
triangulated and each distinguished triangle is isomorphic to the triangle

X =Y — Ker(f) ® Coker(f) = X[1].

Definition. A functor F': C — A from triangulated category C to an abelian category A is called cohomo-
logical if for any distinguished triangle

X=Y57Z3T(X)
the sequence ’ ’ ‘ .
... F(TY(X)) =» F(TY(Y)) =» F(TY(Z)) = F(T"(X)) = ...
is exact in A.
Example 1. The functors X = Hom¢ (U, X) and X — Hom(X,U) for a fixed U are cohomological. This
follows from Proposition 1.

It follows from Remark 2 that the category K(A) cannot be triangulated unless A is semi-simple.
Instead we consider the category HK (A). We use the same shift functor X* — X *[1] and consider the set of

distinguished triangles equal to the set of triangles isomorphic in HK(.A) to a triangle X i) Y = Cr —» X[1]
in K(A).
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Theorem 1. The category HK(A) is triangulated with respect to the functor T =?[1] and the set of

distinguished triangles is equal to the set of triangles isomorphic to a triangle X i) Y - C; - X[1] in
K(A).

Proof. We shall check each axiom.

(TR1) This follows from Example 3 since the identity morphism of C, is homotopy to the zero mor-
phism so that C1, =2 0in HK(A).

(TR2) We know that any morphism in H K (A) can be represented by a morphism in K(4). We extend
it to a distinguished triangle in K (A) and then consider the corresponding triangle in HK (.A).

(TR3) Let X Lyed 70 8 x °[1] be a distinguished triangle in HK(A). We may assume that
Z* = C,. It suffices to check that C, = X[1] and —T'(u) : X[1] — Y[1] is isomorphic to the canonical
morphism C, — Y[1] such that the triangle

Y* 5 Cy S Cy = Y[l

is isomorphic to the triangle
—u[l
v 3 70 8 xop M yepy

Define a : X*[1] = C, by the formula a(z*!) = (—ut1(2i*1), 271 0). To prove that (1,1,a,1) defines
a morphism of triangles, we have to check that s ~ a ow. The homotopy is defined by hi(zit!,y?) =
(y¢,0,0). Finally we need to show that the morphism we have just constructed is an isomorphism. Define
B : C, — X°[1] as the projection. Then foa = 1x and a o 3 is given by the formula (y*', 2! y¢) —
(—fi(zH1), 211, 0). The homotopy is given by A : (y+1, 2+ 4¢) — (y¢,0,0).

(TR4) We may assume that Z = C,, Z' = C,,. We take h = f[1] @ g.

(TR5) It suffices to find a distinguished triangle isomorphic to

cdende ko,

where

fce=xmey 2. = xpez,

g:Cou=X"[1]®2Z° (T, 1) C,=Y*1]® Z°,

(19

h:Cy=Y[l]® Z° Cull] = X*[2] ® Y*[1].

For this we have to find an isomorphism
a:Cr=Cy[l]@Chu =X*2]0Y* 1|0 X[1|® Z*=C, =Y"*[1]® Z°.

To check that this and the above morphisms are morphisms of complexes.
We have

(de,, [ (@™ y)) = dg,, (2™, 0(y) = (=d5H (@), (vu) (@) + di (v(y)))
fH e, (@, y9) = fHH(=d5 T (@), w1 (@) + i (y") = (=d¥ (@), (vu) @) + 0'(dy ().
This checks that f is a morphism of complexes. We have
(@, g) (@™, 27) = di, (u (21), 27) = —di @ @), (ou) @) + i (),
9'(de, (2, 2")) = g'(=d¥ (@), (vu) (@) + dy (29) = (W (@), (vu) ™+ (@) + dy (29).
This checks that g is a morphism of compexes. We have
(diC’u[l]hi)(yi+17 zi) = dzC’u[l](Oa yi+1) = (07 dz}j_l (yH_l)a
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hi(dog (y™*,2") = Bi(dy (y™), o't + dz(2%)) = (0,d3 (™).
This checks that h is a morphism of complexes. To construct an isomorphism a : Cy — C, we observe that

Cy = Cyl(¢), where ¢ : X[1] = Y[1] ® Z, where ¢(zit1) = (u't1(z?*1),0). It follows from Lemma 1 that
Cyl(¢) is isomorphic to C, = Y[1]® Z in HK(C).

Definition. Let A be a triangulated category and S be a localizing set. We say that S is compatible with
triangulation if

(FR4) s € Siff T(s) € S;

(FR5) in (TR4) if f,g € S we can find h € S.

Definition. A morphism between triangulated categories is called a 0-functor if it transforms distinguished
triangles to distinguished triangles and commutes with the shift functor.

Example 2. Any additive functor between abelian categories F' : A — B defines a 0-functor of the
corresponding categories H K (A) — HK (B). This follows from the fact that, for any morphism f: X — Y,

F(Cy) = Cr(py), F(CYl(F)) = Cyl(F(f)))
so that it transforms the standard triangles X — Cyl(f) - Cy — X[1] to a standard triangle. Since an
additive functor transforms isomorphisms to isomorphisms, it is a d-functor.

Theorem 2. Let C be a triangulated category and S be a localizing set compatible with the triangulation.
The localized category C[S™!] is a triangulated category such that the canonical functor Q : C — C[S™1] is
a O-functor.

Proof. Since objects do not change we take for 7' the shift in C. We define a distinguished triangle in
D = C[S7!] as a triangle isomorphic to the image of a distinguished triangle under the functor Q. We shall
check the axioms one by one. First recall that

Homp(X,Y) = limind Home(X',Y).
5: XY

(TR1) Obvious.
(TR2) We choose a representative f': X' - Y of f: X — Y for some s : X' - X from S. Extend f’

to a distinguished triangle X' - Y — Z L x [1] in C. Then it is isomorphic in D to the triangle

XY o2T9%yn

(TR3) Obvious.
(TR4)

u "

hy
LS
>
S
~
S
=

x Y,y Yoz Y, XY
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Here the morphism X — Y in the localized category is represented by a pair (s, f) and similar for the
morphism G : Y = Z, w: Z — T(X). We would like to construct the morphisms «”,v",w". We do it by
first replacing f and g with equivalent roofs.

First, by property (FR2) of localizing sets, we find a morphism # : X — X" from S and a morphism
@ : X — Y" making the diagram

X = vy

x"r % 5 v

commutative. It is easy to check that the compositions ' ff and §a from X to Y are equal in the localized
category but not in the original one. This easily implies that there exists a morphism ¢ : X’ — X from §
such that the compositions v’ fiq and jag define the same morphism X — Y’ in C. Now replace X" with
X' and f = (s,u) with (sfq, f,#g). We have a morphism u” : X" — Y" defined by the roof (§,q) which
makes the square

bd u” Y!"

X — 5 v

n 1 "
commutative. Extend u” to a distinguished triangle X" % v % 7 Y X"[1] in C. By Property (TR4)
we can find a morphism r : Z" — Z. By property (FR4), r € S. Again we apply (TR4) to the commutative
square

X Y,y

to obtain a morphism A : Y — Y. The pair h = (r, h) defines a morphism Z — Z' in the localized category
such that the triple (f, g, h) is a morphism of the distinguished triangles.

(TR5) We leave it as a homework exercise.

To apply the previous lemma, to our situation C = HK (A) we have to check that the localizing set of
quasi-isomorphisms satisfies (FR4) and (FR5). This follows from the following more general statement (we
apply it by taking the functor F = H*®).

Lemma 1. Let F': C — A be a cohomological functor from a triangulated category to an abelian category.
Let S be the set of morphisms in C such that F(T(s)) is an isomorphism for all i € Z. Then S is a localizing
set compatible with triangulations.

Proof. This is similar to the proof of Theorem 1 from the previous section. The first property is trivial.
To check the second one, assume that s : X — Y belongs to S and g : Y’ — Y is a morphism in C. Extend s
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to a distinguished triangle X S3v8 2z T(X) and extend v' = gow : Y' = Z to a distinguished triangle
why 575 T(W). Applying (TR4) (and Remark 1) we find a morphism of triangles

w o —t sy Y oz Y, TW)
f g 12‘ T(f)
— s Z —— T(X)

It remains to show that ¢t € S. Applying the long exact sequence to the image of the bottom triangle under
F we obtain that F(T¢(Z)) = 0 for all i. Applying the same to the top triangle, we see that F(T%(t)) =0
for all i. Thus t € S. We leave the proof of the dual statement in (FR2) to the reader.

Let us prove (FR3). Suppose f : X — Y is such that there exists a morphism s :Y — Y’ from S with
sof=0Let Z3V Sy > T(Z) be a distinguished triangle obtained by applying (TR2) and (TR3).
Under the canonical map Hom(X,Y) - Hom/(X,Y") the map f goes to zero. Since Hom is a cohomological

functor, there exists ¢ € Hom(X, Z) such that f = v og. Again we find a triangle W i) x4z T(W).
By Proposition 1 (i), got = 0, hence fot = vo (got) = 0. It remains to show that ¢t € S. Since s € S,
F(T%(Z)) = 0 for all i. From the second triangle we find that F(T(t)) = 0 for all i.

Property (FR4) is trivial and property (FR5) follows from the exact sequence of a cohomological functor
and the five-lemma.

Corollary 1. D(A) is a triangulated category.

Definition. A subcategory of a triangulated category is called a triangulated subcategory if two sides of a
triangle belongs to it implies that the third side belongs to it.

Corollary 2. The set of quasi-isomorphisms in any triangulated subcategory of HK (A) is a localizing set
compatible with triangulations.

Examples. 1. Let B be a thick subcategory of an abelian category .A. Consider the subcategory H K;(A) of
HEK(A) formed by complexes whose cohomology belong to B. Then HKp(A) is a triangulated subcategory.

2. Let HK(Z) be the subcategoryof HK (A) which consists of complexes whose objects are injective
objects of A. Then it is triangulated. This follows from the proof of Theorem 2 (since a direct sum of
injective complexes is injective).

7. Injective complexes
The main goal is to prove the following

Theorem 1. Assume A has enough injective objects. Then DY (A) is equivalent to the subcategory I (A)
of HK(A)* generated by complexes of injective objects bounded from below.

Lemma 1. Any morphism from an acyclic complex to an injective bounded from below complex is homotopic
to zero.

Proof. This proved it while proving Theorem 1 in section 6.
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Lemma 2. Any quasi-isomorphism of an injective bounded from below complex to another complex has a
homotopy inverse.

Proof. Extend f:I* — X* to a distinguished triangle I* — X*®* — Z* — I*[1]. Since f and f[1] are a
q.., we see that Z*® is acyclic. By the previous lemma, Z — I°®[1] is homotopic to zero. Thus, by Prop. 1
from §6, f has the inverse in H(A).

Lemma 3. Let B be a full subcategory of a category C and S is a localizing set in C. Assume that for any
morphism s : X — X' from S with X € Ob(B) there exists a morphism f : X' — Z with Z € Ob(B) such
that fos € S. Then S' = SN Mor(B) is a localizing set and the natural functor B[S'~'] — B[S™!] is fully
faithful.

Proof. A morphism of B — B’ of two objects in C[S~!] is defined by morphisms s : X — X', g: Y — X'
in C, where s € S. The morphisms fos: X' - Z and fog:Y — Z will represent this morphism by a
morphism from in B[S'!].

Corollary. Let I(A)* be the full subcategory of HK(A)* formed by injective complexes and Dt (I) its
derived category. Then the canonical functor DV (I) — D% (A) is fully faithful.

Proof. Apply Lemmas 2 and 3.

Lemma 4. Let A be an abelian category with enough injective objects. Then every X*® € HK*(A) admits
a quasi-isomorphism into an injective complex.

Proof. Without loss of generality we may assume that X? = 0,p < 0. Let f° : X° — I° be an
embedding of X into an injective object. We have 0 = I'm(dx') = Im(d;") = 0, where we consider f° as a
morphism of truncated complexes 7, X* — 7, I°*. Assume by induction that we have constructed I°,...,IP
and morphisms f* : X* — I* such that the morphism f* of the truncated complexes T<p-1X® = T<p_11*
is a quasi-isomorphism and f? : Im(d% ") — Im(d%™") is an isomorphism. Embed

(I /[ Im(IP~! = IP)) ©x» XPH!

in I7*! and define the morphisms df : IP — IP*! and fP+! : XP*! — [P in the obvious way. It is clear
that IP~! — JP — IP*1 is zero. Note that

Ker(I? — IP*Y) = Ker(I? — (I?/Im(IP™' = IP)) ©x» XPT).

The restriction of the morphism fP to Ker(X? — XP*!) defines a morphism to Ker(IP — I? @ x» XP*1.
This defines a morphism

Ker(X? — XPH) [Im(XP~! — XP) — Ker(I? — IP*!) [Im(IP~! — I?)
which as is easy to see must be an isomorphism.

Proof of Theorem 1: Since any quasi-isomorphism in It(A) is an isomorphism (Lemma 4), IT(A4) =
D™*(I). By the previous Corollary the functor I*(A) — DT (A) is fully faithful. Now we apply the previous
lemma to show that each complex is isomorphic in DT (I) to an injective complex.

PART 3

1. Derived functors
Let F : A — B be an additive functor. It extends to a d-functor F : HK(A) - HK(B). If it extends
to a functor from the derived category it should transform quasi-isomorphisms to quasi-isomorphisms. We
are seeking for the closest functor which does this job.

51



For any triangulated subcategory HK (A)* of HK (A) we shall denote by HK (A);, the localization of
HK(A)* with respect to the set of isomorphisms.

Definition. A subcategory HK(A)* of HK(A) is called localizing if the canonical functor HK(A)};, —
D(A) is fully faithful.

Definition Let HK (A)* be a localizing subcategory of HK (A). Let F' : HK(A)* — HK(B) be a 0-functor.
Let Q : HK(A)* — D*(A) be the localizing functor. The right derived functor of F' is a 0-functor

R*F : D*(A) — D(B)
together with a morphism of functors
E:QoF - R'FoQ

from HK*(A) to D(B). It must satisfy the following universal property: If G : D*(A) — D(B) is another
functor with ( : Q o F — G o ) then there is a morphism of functors 5 : R*F — G such that { — (no Q) o¢&.

Theorem 1. Let F' as above. Suppose there is a triangulated subcategory L of HK*(A) such that
(i) every object of HK*(A) admits a q.i. into an object of L, and
(ii) if I* € Ob(L) is acyclic, then F(I®) is also acyclic. Then F has a right derived functor (R*F,£).
Furthermore, for any I* € Ob(L), the morphism

E(I%): Qo F(I*) - R*FoQ(I*%
is an isomorphism in D(B).

Proof. First of all F' takes q.i. in L into q.i.. Indeed if s : I — I3 is a q.i. then we extend it to a
distinguished triangle with the third side J® € Ob(L). Since S is a q.i., we get F(J*) is acyclic. Then F(s)
is a q.i.. Hence F passes to the quotient to give a functor F : Lg;; — D(B) with the property FoQ = Qo F
on L. Now we use that the natural functor V : Lg;s — D*(A) is an equivalence of categories (here we use
property (i)). Let U : D*(A) = Lg;s be its quasi-inverse together with functorial isomorphisms

Oé:lL;Qis—)UOV, 1ﬂ:1D*(.A)_)VOU-

Then define
R*F 5 FoU.
We define a morphism of functors

E:QoF 5 R*FoQ=FoUoQ

as follows.
Let X*® € Ob(HK(A)* and I*® € Ob(L) such that Q(X®) = U(Q(I*)). There is an isomorphism

BR(X®)) : Q(X®) = Vo U(Q(X?)) =V (Q(I*)).

We represent it by a roof (¢, s), where ¢t : X®* — Y*® and s : I* — Y'® are quasi-isomorphisms. Using property
(i), we can find an equivalent roof such that Y* € Ob(L). Applying F, we get a diagram in HK (B):

F(X*) F(I*)
F(t) \ v F(s)
F(Y*) .

Since F'(I*) is acyclic, the argument from above shows that F'(s) is an isomorphism. This gives a morphism
in D(B)

E(X*):QoF(X®) 52 QoF(I*)=FoQ(*) =FoUoQ(X®*)=R*FoQ(X"*).
One checks that this morphism does not depend on the choice of a roof defining a morphism £(Q(X*)).
Finally, if X* € Ob(L) then F(t) is a quasi-isomorphism and £(X*®) is an isomorphism in D(B).
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Corollary. Let A,B be abelian categories and F : HK(A)™ — HK(B) be a d-functor (e.g. defined by an
additive functor A — B). Assume that A has enough injective objects, then the functor R*F : D(A)T —
D(B) exists.

Proof. We have to check only the second assumption in the theorem. For every acyclic injective complex
I* the identity morphism is homotopy equivalent to zero. Thus it is a zero object in HK (A) and hence its
image in HK (B) is zero. Thus F(I*) is acyclic.

Definition Let R*F : A — D(B) be composition of R*F and the natural functors A — D(A). Then the
functor ' .
RiF : A — Hi(R*F(A))

is called the i-th derived functor of F'.

Examples. 1. Consider the additive functor F' = Homa(X,?) : Y — Hom(X,Y) from A to (A4b). It
extends to a functor HK (A)* to HK (Ab). Let Y — I® be an injective resolution of an object Y of A. Then,

by definition, R*F(Q(X)) = F(I*) = (Homa(X,I"))n>0. Composing it with the cohomology functor we
obtain an abelian group

R"F(Q(X)) = Ker(HomHom (X, I™)) = Hom (X, I" V) / Im(HomHom 4(X,I™)) = Hom (X, I™)).

It is denoted by Ext',(X,Y’). More generally, we can define Ea:t}( 4)(X*,Y*) (this is called the hyperest).

For this we consider the functor from K(A) — K((Ab)) by setting Hom®*(X*,Y*) = (Hom™(X*,Y*)),
where
Hom™(X*,Y*) = [[ Homa(X?,Y?*")
PEZ

and
dr = [Jd% ' + (-n)mHdgtm).

Here we fix X* and consider Y'* as an argument. One can prove (see Exercises) that
H(R*(Hom*(X*,Y*) = Homp4)(Q(X*),Q(Y*[n])).
From this it follows that we can write long exact sequences of exts.

2. Let A= Modg and F(M) = M ®g N, where N is a fixed R-module. Then the derived functors R*F (M)
are denoted by Tor,(M,N). Note that we may take L in the proof of Theorem 1 to be the category of
complexes consisting of flat R-modules. So, we can compute the derived functor using flat resolutions.

3. Let C% be a category of abelian sheaves on a site C. We know that it has enough injective objects so the
derived functor exists for any additive functor F : C* — A to an abelian category. For example, for any
object X of C we may take the “global section functor” F : C®® — (Ab) defined by

By definition, the i-th cohomology of X with coefficients in F are defined by
HYR*F(X)) = H (X, F).

Note that, since F is left exact, we get
HY(X,F) = F(X).

Let Zx = i1(Z), where Z considered as a sheaf on the categeory defined by the object X and 4, is the direct
image functor. Then
F(X) = Homga(Zx,F)
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and hence

HYX,F) = Ext’

Cab(ZX3‘7)'

In particular, we can write long exact sequences associated with any short exact sequence of sheaves.

9. Spectral sequences.
They arise from considering the composition of derived functors.

Let F : A —» B and G : B — C be two additive functors. We want to compare R*(G o F') and
R*(G) o R*(F).

Theorem 1. Let HK (A)* be a localizing subcategory of HK (A) and HK (B)Jr be a localizing subcategory of
HK(B). Let F : HK(A)* - HK(B) and G : HK(B)T — HK(C) be 0-functors. Assume that F(HK (A)*) C
HK(B)Jr and R*(G o F), R*(G) and R*(F) exist. Then there is a unique morphism of functors

(:R*(GoF)— R*(G)o R*(F)
such that the diagram

QoGoF —% 4 RGoQoF
£GoF 32

R*(GoF)oQ —% 4 R*(G)oR*(F)

commutative. Moreover, if L C HK(A)* and M C HK (B)Jr subcategories satisfying the assumptions of
Theorem 1, and F (L) C M then ( is an isomorphism.

Proof. The existence of ( follows immediately from the universal property of the derived functor. The
secons property follows obviously from the construction of the derived functors (since the restriction of
R*(G - F) to Lgis is equal to the composition of the functors G o F.

Recall the definition of a spectral sequence. Let A be an abelian category. A spectral sequence in A is a
collection (E,,H™),r,n € Z, r > 1 of complexes (E, = (E,)",d,) and a collection of objects H™ (called the
limit of the spectral sequence) with filtration of subobjects (i.e. a family of subobjects FP(H™) such that
F¥ (H™) is a subobject of F*(H™) if k' > k). The following properties must be satisfied:

(SS1) each B = @y ez ptq=nFl7;

(S82) d,(EP7) C EEFraTH;

(SS3) there are isomorphisms a,. : H(E,) & E,41 of bigraded complexes. In other words

ab? ; ker(dP? Jim(de- 0T = ERY

(SS4) there exists ro such that d2? and d2~™7""~1 are equal to zero for r > rg, thus EP? = EP: for
r > rg. The objects are denoted by EP:¢
(SS5) for each p,q € Z, there is an isomorphism 8, , : ER? — Gr?(HPT?) = FP(HPT9)/FrHl(HPHY),

The spectral sequences form an additive category. Its morphisms are morphisms fP? : EP9 —' EP?
which commute with differentials d,.,' d, and isomorphisms §79.

Often one uses the following notation for a spectral sequence
EP? — H".
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Before we give examples of spectral sequence, let us observe some corollaries.

Proposition 1. Assume x : Ob(A) — Z is a function satisfying the following properties: for any short exact
sequence 0 + A — B —- C — 0 in A we have

x(B) = x(4) + x(C).

Then
D (1P (ERT) = x(EM).

p,q

provided all the sums contain only finitely many non-zero terms.

Remark. More generally for any additive category one can define the Grothendieck group K(A) as the
free abelian group generated by objects from 4 modulo the subgroup generated by elements A + C — B,
where A, B, C as in the statement of Proposition 2. Let us denote [A] the element of K (A) represented by

an object A. Then
D (F)PHER =Y (-1)"[E").

p,q nezZ

provided all the sums contain only finitely many non-zero terms.

Proposition 2. Assume that EY? = 0 unless p > 0,q = 0. Then
EY° = GP(HP).

Proof. This follows from the fact that all differentials ds are equal to zero.

Proposition 3. Assume that E}? = 0 when p,q < 0 and F{(H™) =0 for i > n, H" = F°(H™). Then the
exists the following five-term exact sequence:

o B 0B

0B H' - EY' 35 B2

Proof. Since d*° : E}? — E+"=m+1 = 0 and E}~""~1 = 0 for r > 2, we obtain o} : E}? — E}’ is
an isomorphism for » > 2. Thus,
1,0 o 71,0
EW =~ ELO,

Similarly, we get
E%! = Ker(dy' : Ey' — E3°).

E20 = Coker(dy" : ES" — E°).

Now pP¢ : EL0 — FY(H')/F?(H') = F'(H') is an isomorphism, so there is an injective homomorphism
B EyY — H'. Also, E%' = GO(H') = FO(HY)/F'(H') = H'/Im(B"?). Similarly, E2° ~ G?(H?) =
F?(H?)/F3(H?) = F?(H?) and hence there is an injective homomorphism 3% : E20 — H2. this proves
the proposition.

Example 1. Let (K,d) be a differential object in an abelian category, i.e. K € Ob(A) and d € End(K)
such that d> = 0. We also assume that K has a filtration (K,) such that

d(Kp) C K,

We set
H(K) = Ker(d)/Im(d).

Note that the differential d induces the differential on
Gr(K) = GBPEZK”/K”“.
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The object Gr(K) is a differential graded object, i.e. K = ®,eczK™ with d(K") C K"*l. Note that
G* = (KP/KP*1) is a cochain complex. Conversely, given a complex it defines a graded For any integer r
set

Z? = Ker(d: Kp - Kp/Kpi,),

BP = K, Nd(Kp_,).

Clearly, Z? > dZP~[™" and ZP > ZP*]. Set

B? = 78/(dZP + 204 = Z2)(BY_, + Z2YY), B, =Y L.
p

Let us see what the differential does. Obviously it sends Z? to ZPt" and dZP~[*" + ZP*] to dZP*]. Thus
it induces a morphism
d, : EP — EP¥T = Zp+r  BPtT o zpt i

Let us compute the cohomology
H?(E,) = ker(d, : E* — EP*™")/im(d, : E*"" — EP).

Let us assume that our category is a subcatgeory of the category of modules, so that we could operate with
elemenst of objects. If z € ker(d, : E? — EP*") then de € dZP] + ZPT1" so de = dy + 2, where y € ZP*]

and z € ZPH 11", Setting u = z — y we obtain du € Z¥X|"" C Ky, and u € Kpy1. Thus u € Z2,. This

shows that z = y + u, where y € Z"*|,u € Z?, .. This gives

ker(BY — EPYT) = (Z0, . + Z720) /(277 + 274,

Now
BY(E,) = im(d, : 2" — EY) = (dZ2~" + Z04) /(dZ8=] ™ + 204},

r—

This gives us

H(E,) = (2!

T+ Z0EDAZETT + 20 = 20 (20, N (dZETT + Z0E).

Since dZ?~" C ZF,, and ZP,, N ZP%} = ZP_|, we obtain

r—1»
HP(E,) = Z7,,/(dZ2~" + ZPY) = EY,,.

Define a filtration on H(K) by
FPH(K) =im(H(K,) - H(K)).

Now assume additionally that K is a graded differential module, i.e.

K:@K"

NEZL
with d(K™) c K™t!. Moreover, we assume that the grading is compatible with the filtration in the sense
Kp = @QEZKP ﬂ Kq.

Set
Zf’q — Zf N Kp-i-q, Bff’q — Bf N Kp-i-q’
BP0 = 720/ (BYS, + ZEH7)
Then d, induces a morphism

P9 . P:q p—7,q—7+1
db?: EPY1 — EPTT ,
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and
EPY = ker(dP? /im(dP~ 1T,

Set
FPHYK) = Ker(d: K,NK? - K,N K" /Im(d: K,N K" — K, N KY).

This defines a filtration in H™(K).
Assume now that there exist p;(n) and p_(n) such that

Fr+mgn = gn, pr-(MEn =,

Then for any (p,q) and 7o = max{py(p+q¢+1)—p_(p+q) + L,ps(p+q) —p_(p+qg-1)+1}
dPl = @@=t =0 > pq.
Thus we can define the groups EZ:?. We have
B = 2007 2
Since FP+7 KP+atl = 0, r > rq, we have
Zf’q — ker(F”K”'HI — Fpr+q+1/Fp+er+q+1) — ker(Fpr'HI — Fpr+q+1) — FPHPte

Similarly we get
ZP+11,(1—1 — ker(Fp-i-le-i-q F:D+1Kp+q+1) — prtipgprta
r— -

Thus
Egéq ~ GPHPta,

Example 2. Now let us use some special filtrations in the complex. For example, let us consider a double
complex K** = (KP?). Tt is equipped with two differentials:

di s KP9 — KPTLa g, . KP4 — KPatl

Let
K = @p K1 = Opez K",

where
n _ P,q
K" = ®pg—nKP1.

We equip K with the differential
d=d; +ds.

Clearly,
d(KP9) C KPtha 4 Kp,q+1,

d(K™) C K™

Thus (K,d) has a structure of a graded differential module.
Let us introduce the following two filtrations in K:

FI(K) = @p>, K1, F[(K) = ®g> K1,
This defines two spectral sequences
" — H", IIP? = H".
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Let us compute the first two ”pages” of these spectral sequences. First notice that for any differential module
K with filtration, we have
1
ZV =K, Z° =Kp, dZ°T' CK,.

Thus Ef = K,,/Kp41, and
B} = H(K,/Kpy1) = d H (Kpi1) N Kp/(dKy + Kpia).-
To compute the differfential E¥ — EF we use the exact sequence
0= Kpy1/Kpr2 = Kp/Kpio = Kp/Kpp1 — 0.
It gives the exact sequence of cohomology with coboundary morphism
6% : BY = H(Kp/Kp1) = B = H(Kpy1 [ Kpyo).
It is easy to see that this coincides with the differential d*. Thus
B} = Ker(6,)/Im(6"*) = H(@penH (Ky/Kpi1)).
Now assume that K = @, K™ is graded. Then
EP = K,N K" /K, N KPTI.
Consider the first spectral sequence. Then
Ef = Kp/Kp1 = @K™,

We see that the first differential d; defines the zero morphism on E}, hence

EV = H(®,K™" dy KPrth,
So
EPY = Ker(KP1 dj Kp,q-i-l)/Im(Kp,q—l dg KP9),

Let "H(K) denote the cohomology of the graded object ®,K?* with respect to the differential dy. It has
the grading by p and the differential induced by d;. We get

Ef ="HP("H(K)) = @qezE5",
EYY = Ker(dy : EP? — EVT9)/Im(d, : EP” 19 — EPY).
Similarly, we get for the second spectral sequence
11 ="H'(H(K)) = ®qezl}",
Both spectral sequences converge to H(K*®) but the filtrations are different.
Definition A double complex I** in an abelian category A is called a Cartan-Eilnberg resolution of a
complex K* if it satisfies the following conditions
(CE1) Each term I?*? is an injective object in A4;

(CE2) IP?=01if j <0ori<0;
(CE3) there is a morphism of complexes € : K* — I"© such that



is a resolution of K* in K(A);
(CEA4) the resolution from (CE3) induces the resolutions

(CE5) the short exact sequences
0— Bi(I'7) —» Zi(I'7) » Hi(I'7) -0,

0— Z{I'7) = K - BI*Y(I'7) = 0
split.
Note that the property (CE5) shows that the complexes
Bi(I**), Zj(I**), Hi(I**)
are injective and provide injective resolutions of the objects B{(K*®), Z!(K*®), H{(K*®). One can prove that

the complex (K*%); in K(A) is an injective object in the category of complexes.

Lemma 1. Consider the abelian category K(A)T of bounded from below complexes in an abelian category
A. Assume A has enough injective objects. Then K (A)T has enough injective objects, and any injective
resolution of an object in K(A)% is a Cartan-Eilenberg resolution.

Proof.

Lemma 2. Let € : K* — L** be a resolution of a complex K*® in K(A). Then the natural morphism of
complexes K®* — L® is a quasi-isomorphism.

Proof. We apply the spectral sequence of the double complex L**. Since H(LP9~1 — LP4 — [Patl) =
0 for ¢ > 0 the spectral sequence degenerates, and we get that the canonical morphism
K®* — L°.
is a quasi-isomorphism

Theorem 2. Keep the notation of Theorem 1. Assume that £ and M are the categories of injective
complexes, and A,B have enough injective objects. Then for any object X in A there exists a spectral

sequence functorial in X with
EP? = RPG(RYF (X))

which converges to R"(G o F)(X).

Proof. Recall that we replace X with its injective resolution I°® quasi-isomorphic to X and then consider
the complex F(I*). Now we have to replace it with an injective complex quasi-isomorphic to F'(I*). For this
we choose its Cartan-Eilenberg resolution L*:* and then obtain that RPG(RIF(X)) = HP(G(H}(L*"*)). On
the other hand, R"(G o F)(X) = H™(G(F(I*)).
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