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PREFACE 

The Solomon Lefschetz Centennial Conference was held in the Centro de Inves-
tigacion y de Estudios Avanzados in Mexico City from 10 to 14, December 1984. The 
topics of the conference were Algebraic Geometry, Algebraic Topology and Differen-
tial Equations, the three areas to which the late S. Lefschetz had made significant 
contributions. Besides the mathematicians in Mexico, experts from many countries 
participated actively and enthusiastically resulting in the very successful confe-
rence. 

This volume contains the proceedings of the conference corresponding to the 
general area of Algebraic Geometry. It also contains Solomon Lefschetz' article 
"A Page of Mathematical Autobiography", which is reproduced, with permission, from 
the Bulletin of the American Mathematical Society and William Hodge's article 
"Solomon Lefschetz", which is reproduced, with permission, from the Bulletin of the 
London Mathematical Society. 

Financial support to the conference came from CONACyT and SEP of Mexico, and 
the NSF of U.S.A. cosponsored and supported the conference through their Cooperati-
ve Science Programs with Latin America and the Caribbean. 

The Organizing Conlllittee of the Conference and the Editorial Con111ittee of 
the Proceedings would like to thank all the participants in the conference and to 
all the contributors to this volume. 

D. Sundararaman. 

CINVESTAV, Mexico City, April 1986. 
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Contemporary Mathematics 
Volume 58, Part I, 1986 

A PAGE OF MATHEMATICAL AUTOBIOGRAPHY 

BY SOLOMON LEFSCHETZ 

INTRODUCTION 

As my natural taste has always been to look forward rather 
than backward this is a task which I did not care to undertake. Now, 
however, I feel most grateful to my friend Mauricio Peixoto for 
having coaxed me into accepting it. For it has provided me with my 
first opportunity to cast an objective glance at my early mathemati-
cal work, my algebro-geometric phase. As I see it at last it was my 
-lot to plant the harpoon of algebraic topology into the body of the 
whale of algebraic geometry. But I must not push the metaphor 
too far. 

The time which I mean to cover runs from 1911 to 1924, from my 
doctorate to my research on fixed points. At the time I was on the 
faculties of the Universities of Nebraska (two years) and Kansas 
(eleven years). As was the case for almost all our scientists of that day 
my mathematical isolation was complete. This circumstance was 
most valuable in that it enabled me to develop my ideas in com-
plete mathematical calm. Thus I made use most uncritically of early 
topology a la Poincar~, and even of my own later developments. 
Fortunately someone at the Acad~mie des Sciences (I always sus-
pected :£mile Picard) seems to have discerned "the harpoon for the 
whale" with pleasant enough consequences for me. 

To close personal recollections, let me tell you what made me turn 
with all possible vigor to topology. From the Po formula of Picard, 
applied to a hyperelliptic surface 4} (topologically the product of 4 
circles) I had come to believe that the second Betti number R2(4}) = 5, 
whereas clearly Rt(4}) = 6. What was wrong? After considerable time 
it dawned upon me that Picard only dealt with finite 2-cycles, the 
only useful cycles for calculating periods of certain double integrals. 
Missing link? The cycle at infinity, that is the plane section of the 
surface at infinity. This drew my attention to cycles carried by an 
algebraic curve, that is to algebraic cycles, and · · · the harpoon was 
in! 

An address delivered at Brown University on April 14, 1967. Submitted by 
invitation of the editors; received by the editors September 7, 1967. 

Reproduced with permission from Bulletin of the American Mathematical 
Society 74 (1968), 854-879, copyright © American Mathematical Society 
1968. 

http://dx.doi.org/10.1090/conm/058.1/860401
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2 SOLOMON LEFSCHETZ 

My general plan is to present the first concepts of algebraic ge-
ometry, then follow up with the early algebraic topology of Poincare 
plus some of my own results on intersections of cycles. I will then 
discuss the topology of an algebraic surface. The next step will be a 
summary presentation of the analytical contributions of Picard, 
Severi and Poincare leading to my work, application of topology to 
complex algebraic geometry concluding with a rapid consideration 
of the effect on the theory of abelian varieties. 

This is not however a cold recital of results achieved duly mod-
ernized. To do this would be to lose the "autobiographical flavor" 
of my tale. I have therefore endeavored to place myself back in time 
to the period described and to describe everything as if I were telling 
it a half century ago. From the point of view of rigor there is no real 
loss. Analytically the story is fairly satisfactory and to make it so in 
the topology all that is needed is to accept the results amply described 
in my Colloquium Lectures [10 ]. 

To place the story into focus I must say something about what we 
knew and accepted in days gone by. That is I must describe our early 
background. 

In its early phase (Abel, Riemann, Weierstrass), algebraic geometry 
was just a chapter in analytic function theory. The later development 
in this direction will be fully described in the following chapters. A 
new current appeared however (1870) under the powerful influence 
of Max Noether who really put "geometry" and more "birational 
geometry" into algebraic geometry. In the classical memoire of Brill-
Noether (Math. Ann., 1874), the foundations of "geometry on an 
algebraic curve" were laid down centered upon the study of linear 
series cut out by linear systems of curves upon a fixed curvef(x, y) = 0. 
This produced birational invariance (for example of the genus p) 
by essentially algebraic methods. 

The next step in the same direction was taken by Castelnuovo 
(1892) and Enriques (1893). They applied analogous methods to the 
creation of an entirely new theory of algebraic surfaces. Their basic 
instrument was the study of linear systems of curves on a surface. 
Many new birationally invariant properties were discovered and an 
entirely new and beautiful chapter of geometry was opened. In 1902 
the Castelnuovo-Enriques team was enriched by the brilliant per-
sonality of Severi. More than his associates he was interested in the 
contacts with the analytic theory developed since 1882 by tmile 
Picard. The most important contribution of Severi, his theory of the 
base (see §12) was in fact obtained by utilizing the Picard number 
p (see §11). 

The theory of the great Italian geometers was essentially, like 
Noether's, of algebraic nature. Curiously enough this holds in good 
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A PAGE OF MATHEMATICAL AUTOBIOGRAPHY 3 

part regarding the work of Picard. This was natural since in his 
time Poincare's creation of algebraic topology was in its infancy. 
Indeed when I arrived on the scene (1915) it was hardly further along. 

About 1923 I turned my attention to "fixed points" which took me 
away from algebraic geometry and into the more rarefied air of topol-
ogy. I cannot therefore refer even remotely to more recent doings in 
algebraic geometry. I cannot refrain, however, from mention of the 
following noteworthy activities: 

I. The very significant work of W. V. D. Hodge. I refer more 
particularly to his remarkable proof that ann-form of V11 which is 
of the first kind cannot have all periods zero (see Hodge [13 ]). 

II. The systematic algebraic attack on algebraic geometry by 
Oscar Zariski and his school, and beyond that of Andre Weiland 
Grothendieck. I do feel however that while we wrote algebraic 
GEOMETRY they make it ALGEBRAIC geometry with all that 
it implies. 

References. For a considerable time my major reference was the 
Picard-Simart treatise [2 ]. In general however except for the writings 
of Poincare on topology my Borel series monograph [9] is a central 
reference. The best all around reference not only to the topics of this 
report but to closely related material is the excellent Ergebnisse 
monograph of Zariski [11]. Its bibliography is so comprehensive 
that I have found it unnecessary to provide an extensive one of 
my own. 

TABLE OF CONTENTS 
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4 SOLOMON LEFSCHETZ 

l. GENERAL REMARKS ON ALGEBRAIC VARIETIES 

1. Definition. Function field. It was the general implicit or ex-
plicit understanding among algebraic geometers of my day that an 
algebraic n-variety V" (n dimensional variety) is the partial or com-
plete irreducible intersection of several complex polynomials or "hy-
persurfaces" of a projective space SnH, in which V" had no singular-
ities (it was homogeneous). Thus Vn was a compact real 2n-manifold 
M 2" (complex dimension n). It could therefore be considered as its 
own Riemann manifold as I shall do throughout. 

For convenience in analytical operations one customarily repre-
sents ll" by a general projection in cartesian Sn+i 

(1.1) 

where F is an irreducible complex polynomial of degree m. In this 
representation, the variety, now called F, occupies no special position 
relative to the axes. 1 As a consequence (1.1) possesses the simplest 
singularities. For a curve they consist of double points with distinct 
tangents, for a surface: double curve with generally distinct tangent 
planes along this curve. 

Incidentally, the recent brilliant reduction of singularities by 
Hironaka [12] has shown that the varieties as just described are 
really entirely general. 

Returning to our Vn the study of its topology will lean heavily 
upon the properties of the pencil of hypersurfaces { H 11 } cut out by 
the hyperplanes y =con st. The particular element of the pencil cut 
out by y =cis written H •. As my discourse will be mostly on surfaces 
I will only describe (later) certain pecularities for varieties. 

Function field. Let the complex rational functions R(x1, • • • , x,., y) 
be identified mod F. As a consequence they constitute an algebraic 
extension of the complex field K written K(F), called the function 
field of F. 

Let F* be the nonsingular predecessor of F in Sn+k and let 
{u1, • • • , u,.+k) be cartesian coordinates for SnH. On F* they de-
termine elements ~h, h;;ain+k of K(F). The system 

is a parametric representation of F*. F* is a model of K(F). 
Any two models F1*, F2* are birationally equivalent: birationally 

transformable into one another. The properties that will mainly 

'That is, F has only those singularities which arise from a general projection on 
s~+l of a nonsingular V"CSnH. 
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A PAGE OF MATHEMATICAL AUTOBIOGRAPHY 5 

interest us are those possessing a certain degree of birational invari-
ance (details in §17). 

Terminology. Since only algebraic curves, surfaces, varieties will be 
dealt with, I drop the mention "algebraic" and merely say curve, .... 

The symbol 'U" represents a (usually complex) n dimensional vector 
space. 

2. D~erential forms. Let a, {3, · • • , denote elements of the func-
tion field K(F). I shall refer to various differentials: zero, one, two, 
. · · forms w0, w1, w2, • • • , in the sense of tlie Cartan of type 

every a in K(F), as zero, one, two, · · · , forms. They are calculated 
by the rules of calculus, remembering that the dai are skew-sym-
metric, that is d{jda = -dad{j. 

Note that dw" is an cJ=H called exact and that if 461' = 0 one says that 
cJ= is closed. 

Special terms are: cJ= is of the first kind when it is holomorphic 
everywhere on F; of the second kind when it is holomorphic at any 
point ofF mod some da; of the third kind if neither of the first nor of 
the second kind. 

The evaluation of the number of kinds one or two constitutes one 
of the main problems to be discussed. 

3. Differential forms en a curve. Let the curve be 

(3.1) f(x, y) = 0 

and let m be its degree. We refer to it as "the curve f.'' Under our 
convention, f has no other singularities than double points with dis-
tinct tangents and is identified in a well-known sense with its Rie-
mann surface. Its one-forms are said to be abelian. An adjflint to f is 
a polynomial q, .. (x, y) (n is its degree) vanishing at all double points. 

The following are classical properties: · 
One-forms of the first kind. They are all reducible to the type 

._adx 
{3.2) 

J: 
They form a 'UP, where 2p = R1, the first Betti number of the Riemann 
surface f. Of course the collection { q,-a} forms likewise a 'UP. 

One-forms of the second kind. Same type of reduction to (3.2) 
mod a ®J0, save that q,,._.a is replaced by some q, •. Their vector space 
mod dK(J) is a 'l)2P, 
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6 SOLOMON LEFSCHETZ 

One-forms of the third kind. They have a finite number of logarith-
mic points with residues whose sum is zero. 

Some special properties of one-forms of the first kind. Let 

• 
(3.3) t/1 = L a~&t/IA(x, y) = 0 

11-o 
be a linear system of polynomials linearly independent mod f and of 
common degree. Let the general t/1 intersect f in a set of points 
P 1, • • • , P. which includes all the variable points and perhaps some 
fixed points. The collection of all such sets is a linear series of degree 
nand dimension r. The series is complete when its sets do not belong 
to an amplified series of the same degree: designation g~ (concepts 
and terminology of Brill and Noether). 

(3.4) THEOREM OF ABEL. Let du be any one-form of the first kind; 
let { P11} be any element of a g~ and let A be a fixed point of f. Then with 
integration along paths on f: 

L JAP-du = v 

is a constant independent of the element { P 11} of fn. 
Still another classic, a sort of inverse of Abel's theorem is this: 

(3.5) THEOREM OF JACOBI. Let { du 11 } be a base for the one-forms of 
the first kind. Then for general values of the constants VA (exceptions 
noted) the system 

in the p unknowns Pk, k ~p. has a unique solution. 

Periodic properties. Let { du 11 } be as just stated and let { 'Y!}, 
p. ~2p be an integral homology base (see (5.4)) for the module of 
one-cycles of f. The expression 

1r~~p = J du11 
'l'l ,. 

is the period of jdu11 as to the cycle 'Y!· Let the matrix 

II= ['ll"~~p]; h, J.l. ~ 2p; 'lr/o+p,,. = iA,., h ~ p. 

By means of integration on the Riemann surface f, Riemann has 
obtained the following comprehensive result (formulation of Scorza): 
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(3.6) THEOREM OF RIEMANN. There exists an integral skew-sym-
metric 2p X 2p matrix M with invariant factors unity such that 

(3.7) iiiMIT' = [ O A]. 
A* 0 

(A* = A') 

is a positive definite hermitian matrix. 

Riemann matrices. This is the name given by Scorza to a matrix 
like II satisfying a relation (3. 7) except that M is merely rational 
skew-symmetric. 'I:he theory of such matrices has been extensively 
developed by Scorza [6]. He called M: principal matrix of II. 

It may very well happen that there is more than one rational skew-
symmetric matrix M satisfying a relation (3. 7) but without neces-
sarily the positive definite property. These matrices are called singu-
larity matrices. They form a rational vector space whose dimension k 
is the singularity index of the Riemann matrix (Scorza). 

II. ToPOLOGY 

4. Results of Poincare. Let M" be a compact orientable n-manifold 
which admits a cellular subdivision with at k-cells (well-known prop-
erty for varieties). The characteristic is the expression 

(4.1) x(M") = :E ( -l)tat. 

The following two relations were proved by Poincare: 

(4.2) 

(4.3) 

where Rt is the kth integral Betti number of M": maximum number 
of linearly independent k-cycles with respect to homology (=with 
respect to bounding). 

5. Intersections. In my work on algebraic geometry I freely used 
the intersection properties described below; they were actually justi-
fied and proved topologically invariant a couple of years later in my 
paper in the 1926 Transactions and much more fully in [10]. 

Let M" be as before and let 'Y' and -y« be integral p- and q-cycles of 
M". One may define the intersection -r'·-r« and it is a (p+q-n)-cycle. 

(5.1) If 'Y' or 'Yq"'O (bounds), then also 'Y' ·-y«.-0. 
The more important situation arises when P+q=n. The intersec-

tion (geometric approximation) is then a zero-cycle 

co- E SJAi 
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8 SOLOMON LEFSCHETZ 

where the Sj are integers. The intersection number 

('Y~', 'Yn-JO) = :E Sj 

is independent of the approximation. One proves readily 

(5.2) 

A basic result is: 

(5.3) THEOREM. A n.a.s.c. in order that X'Y"---0, x~o is that 

('Y", 'Y"-") = 0 

for every 'Y"-" [9, p. 15], [10, p. 78 ]. 

(5.4) HoMOLOGY BAsE. The collection {'Y:}. h~R, is a homology 
base for the p-cycles when the ~ are independent and every 'Y" 
satisfies a relation 

x~o. 

(5.5) A n.a.s.c. in order that the { ~}, h ~ R, be a homology base for 
p-cycles is the existence of a set of R, cycles {'Y:-"} such that the de-
terminant 

I <'Y~. 'Y:-> I ~ o. 
Then {'Y:-"} is likewise a homology base for (n-p)-cycles. 

6. The surface F. Orientation. Let P be a point of F and let 
u=u'+iu", tl=tl'+iv" be local coordinates for P. Orient F by 
naming the real coordinates in the order u', u", v', v". There results 
a unique and consistent orientation throughout the surface F. Hence 
F is an orientable M'. 

Similarly if Cis a curve of F and u is a local coordinate at a non-
singular point Q of C. The resulting orientation turns C into a definite 
two-cycle, still written C. 

Let D be a second curve through Q, for which Q is nonsingular and 
not a point of contact of the two curves. Then Q contributes +1 to 
both the intersection number (C, D) and to the number [CD] of 
geometric intersections of C and D. This holds also, through certain 
approximations when Q is a multiple intersection. Hence always 

(6.1) (C, D) = [CD]. 

I will return to these questions later. 
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7. Certain properties of the surface F. Its characteristic. To be a 
little precise let for a moment F* denote the nonsingular predecessor 
of F in projective SH2• One may always choose a model F* of the 
function field K(F) whose hyperplane sections are in general of a 
fixed genus p>O. We pass now to a cartesian representation of 
degree m: 

(7.1) F(x, y, s) = 0 

which is a general projection of F* and in particular in general posi-
tion relative to the axes. The general scheme that follows is due to 
Picard. Let {H11 } be the pencil cut out by the planes y=const., and 
let a,., h~N, be the values for which the planes y=a• are tangent to 
F. Then the following properties hold: 

I. Every H 11 , y not an at, is of fixed genus p. 
II. Every H 11 is irreducible. 
Ill. The plane y=at has a unique point of contact A., with F and 

A., is a double point of H., with distinct tangents. Hence the genus of 
H., is p-1. 

IV. Among the branch points of the function s(x) taken on H 11 

exactly two -+AJ. as y-+at. 
V. The fixed points P1, · · · , P .. of H 11 are all distinct. 
I denote by S11 the sphere of the complex variable y. 
Characteristic. Cover H 11 with a cellular decomposition among 

whose vertices are the fixed points P,. of the curve. 
Then if H,*=H11 - :EP,., x(H11*) =2-2p-m. Decompose also S11 

into cells with the at as vertices. Were it not for these points, and 
since a sphere has characteristic two, H: promenading over S11 would 
generate a set E = S11 X H: of characteristic 

x(E*) = 2{2 - 2p - m). 

Now in comparison with H,*, H., has lost two one-cycles, and has 
two points replaced by one. Hence 

• • x(H.J - x(H,) + 1. 

Upon remembering to add the missing points p,. we have then 

(7 .2) x(F) = x(E*) + N + m = (N - m - 4p) + 4 = I + 4 

a formula due to J. W. Alexander (different proof). The number 
I= N -m -4p is the well-known inrJariant of Zeuthen-Segre. 
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10 SOLOMON LEFSCHETZ 

8. One-cycles of F. The first step was taken by Picard who proved 
this noteworthy result: 

(8.1) THEOREM. Every (lne-cycle -y 1 of F is "' a cycle -y1 contained in 
anH11• 

The next important observation made by Picard was that H 11 con-
tained a certain number r of one-cycles which are invariant as y 
varies. That is such a cycle -y1 situated say in H .. (a not an a.) has 
the property that as y describes any closed path from a to a on the 
sphere S11 the cycle -y1 returns to a position -y1""'Y1 in H,. This draws 
attention to the nature of the variation 'O-y1 of any cycle -y1 under the 
same conditions. 

Draw lacets aa~o on S,. Owing to (7, IV) as y describes aa. a certain 
cycle 8~ of H 11 tends to the point of con tact A • of the plane y =a, 
and hence is --o on H .. ,. This is the vanishing cycle as y-at. A simple 
lacet consideration shows that as y turns once positively around a. 
the variation 'lJ-y1 of the cycle -y 1 is given by 

(8.2) 

Hence 

(8.3) THEOREM. N.a.s.c. for invariance of the cycle -y1 is that every 

1 1 h, a,)= o. 

A noteworthy generalization is obtained when -y1 is replaced by a 
one-chain L uniquely determined in term of y provided that y crosses 
no lacet.2 As y turns as above around a, the variation of Lis 

(8.4) 

Noteworthy special cases are 
I. L is an oriented arc joining in H, two fixed points of H 11 • 

II. Let C be an algebraic curve of F and let M1, · · · , M,. be its 
intersections with H11 • Then L is a set of paths from a P; to every 
point M, in H 11• 

(8.5) THEOREM. The number of invariant cycles of H, is equal to the 
Betti number R 1(F) and both are even: r=R1 =2q. 

1 In modern terminology, L will be a relative cycle. 
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This property was first proved in [7], although it was often ad-
mitted before. I give here an outline of the proof (not too different 
from the proof of [7]).1 

To make the proof clearer I will use the following special notations: 
r a 3-cycle ofF; {r,.} base for the r's; "f=rH11 : (one-cycle of H 11); 

{ ~} , h:!! 2p, base for one-cycles of H 11 ; . 

{P 1 },j~2p-r, base for the one cycles of H 11, none invariant; fJ any 
linear combination of the {J1; 

Matrices such as [(.8,., r.) ]r will be .written [fJr],. 
Proof that r=R1. "f=rH11 is invariant; conversely 'Y invariant is a 

r H 11• Moreover 'Y"'O in H 11 and r--o in Fare equivalent. Hence { 'YA}, 
h ~ R1, is a base for invariant cycles and therefore r = R1. 

Proof that r is even. Since no fJ is invariant, [fJ3] is of rank 2p-r. 
Hence there exist 2p-r cycles 8 which are independent in H11• Denote 
them by a,., h~2p-r. Since ("'(,3,.) =0 for every k, the 3,. depend on 
the {J, in H •. Hence one may take {'YAi a,} as base for the one-cycles 
of H11• Hence 

(8.6) [ a] = [ h'Y] o J 
'Y 0 (H) 

is nonsingular. It follows that [n] is likewise nonsingular. Since it iS 
skew-symmetric, a well-known theorem of algebra states that r 
is even. 

9. The two-cycles of F. From the expression (7.2) of the charac-
teristic we have 

x(F) - I + 4 = R, - 2Rl + 2. 

Hence 

(9.1) R, - I + 2Rl + 2. 

Besides this formula it is of interest to give an analysis of the 2-cycles. 
Given a 'Y' one may assume it such that it meets every H 11 in at 

most a finite set of points. Let Q be one of these and let P, Q be a 
directed path from the fixed point P to the point Q in H11• Call L the 
sum of these paths. As y describes S11 - L lacets aa.., L generates a 
3-chain C' whose boundary aca consists of these chains: 

(a) As y describes aa" the vanishing one-cycle 8~ of H11 generates 
a 2-chain ~. whose boundary 

1 The point here is to prove that an invariant cycle, which is also a vanishing cycle, 
is neceuarily zero. 
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12 SOLOMON LEFSCHETZ 

The corresponding contribution to aca is p.,.A,., where (Zariski) 

1 1 1 1 
(9.2) JJ1 = (L, ch), JJ" = (L + JJ1a2 + · · · + /JIJ-la,._h a,.). 

(b) A part (H,.) of H ... 

(c) -'Y2 itself. 

Hence 

and so 

{9.3) 

Since the right side is a cycle, and y =a is arbitrary we have 

{9.4) in H11• 

Conversely when (9.4) holds, (9.3) is a 2-cycle. Thus to obtain R2 it is 
merely necessary to compute the number of linearly independent 
relations (9.4) and add to them one unit for all fJ.k zero, that is for the 
cycle H,. itself. This yields again (9.1). 

For purposes of counting certain double integrals Picard required 
the number of finite 2-cycles independent relative to homologies in 
F-H ... This is the number R2(F-H) and he found effectively 

(9.5) 

10. Topology of algebraic varieties. I have dealt with it at length 
in both [8] and [9 ]. Questions of orientation and intersection are 
easily apprehended from the case of surfaces. I shall only recall here 
a few properties that are not immediate derivatives from the case 
of a surface. 

The designations V", H 11 are the same as in Chapter I. The follow-
ing properties are taken from [9, Chapter V]. The symbol 'Y" will 
represent a k-cycle of V". 

I. Every 'Y", k < n -1, of H 11 is invariant. 
II. Every 'Y", k<n, of V" is "''Y"' in H 11 • 

III. When k~n-2, 'Y""'O in V" and 'Y"'--0 in H 11 are equivalent 
relations. 

IV. Under the same conditions Rk(V") =R,.(H11). 
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III. ANALYSIS WITH LITTLE TOPOLOGY 

This is a rapid resume of the extensive contributions of Picard, 
Severi and Poincare upon which I applied topology (see IV). I will 
continue to consider the same surface- F and all notations of II. 

11. tmile Picard and differentials on a surface. During the period 
1882-1906 Picard developed almost single-handedly the foundations 
of this theory. His evident purpose was to extend the- Abe-l-Riemann 
theory and this he accomplished in large measure. Reference: Picard-
Simart [2]. 

Picard studied particularly closed wt, that is 

w1 = adx + {!Jdy, aajiJy = a{!J/iJx 

and w2• The choice of closed w1 is very appropriate since then fw 1 is an 
element of K(F), and analytic function theory plus topology are 
fairly readily available.' 

For closed one-forms the same three kinds as for abelian differen-
. tials are distinguished, save that for the third kind logarithmic curves 
replace logarithmic points. 

Significant results are 
I. Closed one-forms of the first kind make up a '0" (Castelnuovo) 

(q = iR1 as I have shown). 
II. For the second kind same property save that they form a '02• 

mod dK(F). (Picard) 
III. Regarding the third kind Picard obtained this noteworthy 

result: There exists a least number pi:;:; 1 such that any set of p+l 
curves are logarithmic for some closed w1 having no other poles. 

The 2-forms admit again three kinds: (a) first kind: holomorphic 
everywhere; (b) second kind: holomorphic to within a dw1 about each 
point; (c) the rest. The third kind is characterized by the possession 
of periods: residues over some 2-cycle 'Y2 bounding an arbitrarily small 
neighborhood of a one-cycle on a curve. 

The 2-forms of the first kind were already found by Max Noether. 
They are of the type 

Q(x, y, z)dxdy 
(112 = _ ____;. __ ~ 

F: 
where Q is an adjoint polynomial of degree m-4. These wl (or the 
associated Q) make up a '0~'11, where p, is the geometric genus of F, 
studied at length by Italian geometers. · 

'Strictly speaking, jw1 is in K(F) only if w1 has no residues or periods, but since 
dw1-0, fw1 is invariant under a continuous variation in the path of integration. 
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14 SOLOMON LEFSCHETZ 

Let \)Po be the vector space of the w2 of the second kind mod ®J1• 

Picard utilized his topological description of finite 2-cycles to arrive 
at the following formula: 

(11.1) Po = 1 + 4q - p + 2. 

12. Severi and the theory of the base. The central idea here is a 
notion of algebraic dependence between curves on the surface F. I must 
first describe this concept. 

Let the nonsingular surface F be in an S"H. A linear system of 
hypersurfaces of the space cuts out on Fa linear system of curves I Cl. 
This system is complete if its curves are not curves of an amplified 
linear system. 

We owe to the Italian School the following property: Every suffi-
ciently ample complete system I Cl is part of a collection { C} of 
ac" such systems. The elements I Cl of the collection are in an 
algebraic one-one correspondence with the points of an abelian vari-
ety V", unique for F and called sometimes the Picard variety of F 
(see § 18). 

A system f C J, ac 2 at least, without fixed points and with irreduci-
ble generic curve is said to be effective. Its curves are also called 
e.ffectiTJe. 

Note the following properties: 
(a) An effective system is fully individualized by any one of its 

curves. 
(b) The generic curves of an effective system have the same genus, 

written [C]. 
(c) The curves C, D of two effective systems intersect in a set of 

distinct points whose number is denoted by [CD]. In particular we 
write [C2 ] for [CC] and [C2 ] is the degree of C.' 

(d) With C, D as before let two curves C, D taken together be 
individuals of an effective system {A}. This system is unique and 
we write 

(12.1) A= B+ C. 

(e) Any two curves At, A2 of an effective system fA J may be 
joined in {A J by a continuous system act of curves of {A J, whose 
genus, except for those of At and A2, is fixed and equal to [A]. 

As an application of (e) let A, B, C be effective and A =B+C. 
Following Enriques, connect A to B+C as indicated in (e). There 
follows a relation 

1 This degree should not be confused with the degree of Cas an algebraic curve in 
projective space. 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



A PAGE OF MATHEMATICAL AUTOBIOGRAPHY 15 

x(A) + [BC] == x(B) + x(C) - [BCJ. 

Hence if we define 

ct~(A) == x{A) + (A2] == 2- 2[A] + [A 2], 

we verify at once that 

That is 4>(A) is an additive function on effectiJJe systems. 
When (12.1) holds between effective systems we set 

C•A-B 

and we have 

cfi(C) == cfi(A - B) ""' cfi(A) - cfi(B). 

Note also that as regards the symbols [BC] we may operate as with 
. numbers, that is 

((B ± C)D] == [BD] ± (CD]. 

Virtual systems: Let {A}, { B} · be effective systems. Without 
imposing any further condition define a virtual system { C} == {A - B } 
as the pair of symbols {4>(A) -4>(B)}. [(A -B)1 ]. This defines 
automatically [C] and [C"]. It is also clear that they are the same for 
A - B and A + D- (B +D) whatever D effective. In other words { C} 
depends only upon the difference A -B. The symbol { C} is called a 
virtual algebraic system of curves and [ C], [ C'] are the related virtual 
genus and degree. 

It may very well happen that while A, B are effective there exist 
curves C, not necessarily effective such that B + C (B together with C) 
is a member of {A } . If so C is considered as a curve of the virtual 
system { C} and has virtual characters (C] and [C"], not necessarily 
its actual characters. 

If we define { 0} - {A -A }. as a virtual curve 0 is unique. One 
readily finds that {o] = 1, [01] -o. 

To sum up, the totality of effective and virtual curves form a 
module Ms over the integers: the Severi module. Within M, a relation 

(12.2) 

has a definite meaning. It is a relation of algebraic dependence between 
curves of F in the sense of Severi. 

The following remarkable result was proved by Severi: 
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16 SOLOMON LEFSCHETZ 

(12.3) THEOREM OF SEVERI. The module of curves of F has a base 
consisting of p effective curves C1, C2, · · · , Cp, where p is the Picard 
number relative to closed w1 of the third kind. 

That is any curve C satisfies a relation 

"A.C = "A1C1 + · · · + "A.pCp 

where X and the >.11 are integers and X¢0. 
Severi also proved 
(12.4) The base may be chosen minimal, that is such that 

Moreover there exist effective curves D1, D2, • • • , D,_1 such that actually 

C = :E "A.,.C,. + :E JJiDi. 

One assumes, as one may that u is the least possible. 
Severi also proved the following criteria: 
(12.5) A n.a.s.c. in order that the curves C1, C2, · · · , C, be algebrai-

cally independent is that, with H a plane section, the matrix 

be of ranks. 
(12.6) N.a.s.c. in order that { C,.}, h ~p, be a base is that the determi-

nant I [C,.C&]I ¢0 and that its order p be the highest order for which this 
holds. Moreover, p is the Picard number. 

13. Poincare and normal functions. Through an ingenious applica-
tion of the theorems of Abel and Jacobi Poincare arrived at a rapid 
derivation of some of the major results of Picard and the Italian 
geometers. I shall mainly deal with the part referring to Severi's 
theory of the base. 

Let me first put in a most convenient form due to Picard and 
Castelnuovo the w1 of the first kind of the curve H 11• A base for them 
may be chosen of type 

(13.1) 
Q,(x, y, z)dx 

du, = , F: 
where Q, is an adjoint polynomial of degree m-3 in x and z. For the 
first p-q the polynomial is of degree m-3 in x, y and z. For s=p-q 
+1, · · ·, p, it is of degree m-2 in x, y, z. Actually within this last 
range one may choose the Q,. so that the du,. only have constant pe-

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



A PAGE OF MATHEMATICAL AUTOBIOGRAPHY 17 

riods relative to the invariant cycles and zero relative to the rest. 
As for the first p -q they will have zero periods relative to the invari-
ant cycles. 

Let C be a curve on F and Mt, · · · , M., its intersections with H 11• 

The sums from a fixed point Pt of H11 to the M~c 

s ~ p, 

(integration in H,) are Poincare's normal functions. 
Let L be the set of integration paths and with 6~ as in (8) let 

o._ = Jau,. 
11 

(13.2) 
/c 

Then with the JJ• as in (9.2) we find 

P.• f• Ou(Y)dY 
v" = L -. 

(13.3) 2n • Y - y 
" = 1, 2, ... ' p - q 

~'.-t+i - ai(constant) j- 1, 2, ... , q. 

REMARK. The only condition imposed upon the points M., is that 
they be rationally defined together on H,. They may represent for 
example the following special cases: (a) any sum of multiples of the 
fixed points P. of H,, in particular they may represent just JJP"; (b) if 
Cis reducible say C= Ct+Cs with Ma and Mu. as respective intersec-
tions one might have any set t1 :EMu +It :EM", and similarly for 
several reducible curves; (c) any combination of the preceding two 
cases. In what follows, "curve" must be understood to include all 
these special cases. 

As usual when dealing with abelian sums the "• are only determined 
mod periods of the related u,. 

(13.4) THEOREM OF POINCARE. N.a.s.c. to have a set of f11 gir1en by 
(13.3) represent a curve by means of Jacobi's inr1ersion theorem are 

(13.4a) L ""O,..(a) = 0, 

" 
s = 1, 2, ... , p. 

(13.4b) Let P(x, y, .s) be any linear combination of the P,(x, y, .s) 
divisible by y-a and let 

P(x, y, z)dx 
du = , F: P.~c(y) = f du. 

11 

" 
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18 SOLOMON LEFSCHETZ 

Then one must have 

(13.4c) 2: P.• J. ~ n.(y)dy = o. 

(13.5) Comparison with Severi's results. Let the collection {~.} 
of the~. occurring in any set of normal functions be designated by~· 
The collection { ~} is a module U. Let U0 be the submodule of all 
the elements ~ 0 corresponding to the ~),.PA, t,. an integer. The quo-
tient U1 = U I Uo is the factor-module corresponding to all the curves 
which are not a plane section or more generally a 'L.t;P;. The U1 

module has a base made up of p-1 algebraically independent curves 
and a minimum base consisting of p+cr-2 curves. By adding the 
~(H) one has respectively p and p +cr -1 for base and minimum base. 

The quotient module U1 = U I Uo is the module of all ~ of curves 
none a plane section H. The module U1 +H = MP is the Poincar~ 
module and it is isomorphic with the Severi module M,. 

(13.6) REMARK. In order to get rapidly to the "heart of the matter" 
I have assumed at the outset that in (13.1) the polynomials QP-'I+I 

were of degree m- 2 in x, y, s. This was based upon rather deep 
results of Picard and Castelnuovo. Poincare however merely assumed 
that the degree of QP-'I+i was m- 2 +v;. As a consequence in (13.3) 
the constants a; must be replaced by polynomials a;(y) of degree 11;. 

Then Poincare shows that on the strength of the theorems of Abel and 
Jacobi every II;= 0 hence the a;(y) must be constants and one has in 
fact the form (13.3). 

Notice also that from the form of the Q.,.-H; one may find another 
adjoint polynomial Rm-Hi of degree m-3 in y, sand m-2 in x, y, s 
such that 

Q,.-a.r;dx + Rm-l+idy 
dw· = --------

' F1 

is a closed w1 of the first kind. The set { dw;} is then shown to be a 
base for such differentials. This proves rapidly that their "indepen-
dent number" is q. Finally since the a; are arbitrary constants the 
form of (13.3) shows implicitly that a complete (maximal) algebraic 
system of curves consists of aot linear systems in one-one correspon-
dence with the points of an abelian q dimensional variety (see IV, §17). 

In outline this shows how normal functions enabled Poincare to 
obtain with ease a number of the major results of Picard and the 
Italian geometers. 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



A PAGE OF MATHEMATICAL AUTOBIOGRAPHY 19 

IV. ANALYSIS WITH TOPOLOGY 

14. On the Betti number R1. In II I recalled my proof that R1 is 
even and R1 = 2q, the number of invariant cycles of the curve H 11• 

This gave incidentally a direct topological proof that the number of 
independent one-cycles in any curve of a sufficiently general system 
was fixed and equal toRt. It showed also that the irregularity q of a 
surface, in the sense of Castelnuovo and Enriques was actually a 
topological character. As I will show in §17, a topological proof that 
q is an "absolute invariant" is immediate. Notice also that the dis-
tribution of complete algebraic systems in ao 9Jinear systems, referred 
to in (13.6) is also shown to have topological character. 

(14.1) Let { du,.}, k ~ q, be a base for the closed w1 of the first kind 
of F. On H 11 they coincide with the u,_""" of §13. Let 1r"'" p.~2q, 
be the periods of u,. relative to a homology base h!}. p.~2q, for 
the one-cycles of F. From the fact that the periods of the differentials 
of the first kind of H 11 form a Riemann matrix, we infer: 

(14.2) THEOREM. The matrix 1r of the periods of the u,. and their con-
jugates a,. as to the 1'! is a Riemann 2q X 2q matrix. 

15. On algebraic two-cycles. A collection of mutually homologous 
2-cycles is a homology class. In this manner algebraic cycles yield 
algebraic homology classes. Through addition they generate a module 
M L· Thus in relation to the collection of curves on a surface F there 
are three definite modules: Ms (Severi module), Mp (Poincare 
module) and ML (Lefschetz module). 

(15.1) THEOREM. The three modules Ms, Mp and M L are identical. 

This property will be a final consequence of an extensive argument. 
Returning to Poincare's normal functions (Ill, §13) a glance at 

his two conditions for a set of normal functions to represent an alge-
braic curve reveals immediately that Poincare's first condition simply 
means that 

{15.2) {
'Y2 = L p.,tl, + (H.) 

:E p.,a!,...., 0 in H11 

is a cycle. As to the second condition it says merely that if 

Q(x, y, s)dxdy 
w2=-----

F,' 
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20 SOLOMON LEFSCHETZ 

is of the first kind, that is if Q is adjoint of order m -4, then 

f w2 = 0. 
T2 

Hence Poincare's conditions are equivalent to the following result: 

(15.3) THEOREM. A n.a.s.c. for a cycle 'Y 2 to be algebraic is that the 
period of every 2-form of the first kind relative to 'Y 2 be zero. 

(15.4) REMARK. Among all the "algebraic" curves there were in-
cluded all the sums 'L.m;Pit where the P; are the fixed points of H11• 

It is evident that for these special "2-cycles" fw 2 is zero. 

(15.5) CoROLLARY. Severi's number rr is merely the order of the tor-
sion group of the two-cycles (or equally of the torsion group of the one-
cycles). 

For if 'Y 2 is a torsion 2-cycle we have X'Y 2"'0, ).~0, and hence 

for every w2 of the first kind. 

(15.6) THEORE::-1. The number p is the Betti number of algebraic 
cycles. 

This is a consequence of the following property: 
(15. 7) Let C1, • • • , C. be a set of curves and let C~o be the cycle of CA. 

Then 
P.: algebraic independence of the Ch 
Ph: homology independence of the C,. 

are equivalent properties. 
From obvious considerations P. implies Ph. Conversely let Ph 

hold. We must show that C"'O implies XC=O, >..~0. Here I follow 
Albanese's rapid argument. Let C=A -B, A and B effective. Since 
A"'B and [CD]= (C, D) we have 

[AH] = [BH] 

where H is a plane section. Hence Severi's independence criterion 
is violated between A and B. Consequently >.A =JJ.B, X~t~O. From 
[A H] = [ BH] follows ). = Jl. and therefore ).(A -B) = 0 =XC, ). ~ 0. 
This proves (15. 7). 

It follows that Ms=ML and as Mp=Ms, (15.1) is proved. 
Notice that we may now give the following very simple definition 
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of virtual curve: it is merely an algebraic 2-cycle. Simplicity is even 
augmentable by replacing everywhere the symbol == of algebraic 
dependence ( ==) by the homology symbol "'· 

16. On 2-forms of the second kind. The basic result is the proof 
of the formula 

(16.1) Po== Rs- p. 

I shall just indicate an outline of my proof. I shall also show that the 
process outlined obtains incidentally Picard's fundamental result 
for p concerning logarithmic curves of a closed w1 of third kind. The 
steps follow closely an analogous outline in my monograph [9 ]. 

For convenience I call w1 and w1 regular when 

Pdy- Qd:x: 
(ojl == I 

q,(y)F: 

Pd:x:dy 
"'2=--, 

q,(y)F: 

where P and Q are adjoint polynomials and f/l(y) is a polynomial. 
If w2 ==dw1, wt is said to be improper. Thus p0 is the dimension of 

the vector space of the w2 of the second kind mod those which are 
improper. 

By reduction of w1 I understand the subtraction of an improper w2• 

I. The periods and residues of a normal2{orm are arbitrary. 
II. One may reduce any w2 of the second kind to the regular type. 
III. A regular w1 such that fw' has neither residues nor periods is 

reducible to a regular dw1• 

Except for the presence of the polynomial f/l(y) the proofs of the 
preceding propositions are very close to those of Picard. It is true 
that allowing f/l(y) in regular w1 and w2 considerably simplifies every 
step (see [9, Note I]). 

IV. Let C be a curve of orders. We may choose coordinates such that 
C does not pass through any of the fixed points P1 of H 11, nor through the 
points of contact of the planes y ==at. One may form an w1 == Rdx, 
REK(F) possessing on H 11 the s-logarithmic points of CH11 with logarith· 
mic period 2ri and say P1 with logarithmic period - 2ris. One may even 
select R so that (oR/oy)dx has no periods. From this foUows that there is 
an S(x, y, .s) EK (F) such that 

"'2 == d(Rdx + Sdy) 

is regular. 
Take now cl, c2, ... I c, and the axes so chosen that they all 

behave like C. Let W: be analagous to w2 for C,.. 
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22 SOLOMON LEFSCHETZ 

Owing to III it is now readily shown that n.a.s.c. in order that some 
linear combination 

be without periods is that the C, and H be logarithmic curves of a 
closed w1• 

Since Rs is finite there is a least p -1 such that for s = p the curve 
c,., Hare logarithmic curves of a closed w1 of the third kind. Hence 

(16.2) Picard's fundamental property for p is a consequence of the 
finiteness of the Betti number R2. 

V. To proceed one may form p-1 linearly independent w2 which are 
improper. Since the total number of distinct periods is equal to R2(F-H) 
== Rs -1 we have then Po= Rz-p, as asserted. 

(16.3) On Picard's treatment of Po and p. Owing to lack of topological 
technique Picard proved directly that Po was finite by showing 
through strong algebraic operations that if 

Q(x, y, z)dxdy 
w2=-----F: 

where Q is adjoint, is of the second kind, the degree of Q was bounded. 
Although Picard did not observe it, his later treatment of w2 of the 

second kind contained implicitly (argument of 16.2) the proof that 
p had the property by which he defined it relative to closed w1 of the 
third kind. 

17. Absolute and relative birational invariance. Take again a gen-
eral n-variety 

(17.1) F(x1, · · · , x,., y) = 0. 

Let { ~o. · · • , ~.} be a homogeneous base for the function field K(F). 
Then the system 

h = 0, 1, 2, · · ·, r > n 

represents a model F1 ofF in the-projective space 5', with homogene-
ous coordinates y,.. If { 7Jo, • • • , 71,}, s> n, is a second homogeneous 
base for K(F), the system 

ITS,. = 71lr, k = o, 1, ... 's 

represents a second model F2 of F in a projective space S•. Since 
{~A} and { 11-d are homogE'neous bases for K (F) F1 and F2 are bira-
tionally transformable into one another. The simple example of two 
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elliptic curves of degrees 3 and 4 show however that the corresponding 
structures need not be homeomorphic. The difficulty is caused by the 
presence of singularities. A standard device for curves enables one 
to "forget" singularities and restore homeomorphism. No such device 
is known for a V•, n> 1. 

For simplicity let me limit the argument to surfaces. I have really 
considered a surface as a nonsingular model in some projective space. 
Let Fs, Fa be two such distinct models and suppose that the field 
K(F) is not that of tJ ruled surja,u. Then according to Castf'lnuovo 
and Enriques a birational transformation T: Fs-Fa may take a finite 
number 3ta of uceptionfll points of F into disjoint nonsingular rational 
curves. There exists an analogous 8u for T-1• Let a point P of Fs be 
sent by T into a curve C of F,. Since Cis rational and nonsingular it is 
topologically a sphere. Hence its characteristic x(C) -2. Hence the 
gain in x(FJ) through 3u exceptional points is 811. Therefore 

(17.2) x(F J + '•• - x(F.) + a ••. 
Now a character, numerical or other of F is said to be an tJbsolu" 

invariant if it is unchanged under all transformations such as T. 
A reltlm11 int~t~riant is one that may change under certain transforma-
tions T. 

Let me examine 10me of the characters that have been introduced. 
It is readily shown that under T both R1 and p are increased by 

the same amount 3u-3u. Hence both are relative invariants and 
po-Ra-p is an absolute invariant. 

Since 

x(F) - Ra - 2R1 + 2 

and both x and Rt vary in the same way, xis a relative invariant 
and Rt is an absolute invariant. 

Therefore: 
(17 .3) The dimensions of the spa.ces of closed CaJ1 of the firs# t~ntl second 

llinds t~nd of CaJ1 of the second kind t~re tJbsolu" int~t~riants. 

18. AppUcation to abelian nrietiu. Let II and M be a Riemann 
matrix and its principal matrix (see §3). 

Introduce the following vectors: 

• - (u1, • • • , u.,), 

T~ - (TJ,it • • • t TIJt,.), p. - 1, 2, ... ' 21; 

Through the hyperplanes 
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s,. an integer, real 2p-space is partitioned in a familiar way into 
paralellotopes. A suitable fundamental domain D is 

u = :I:t,.r,., O~t,.<l. 

The identification of congruent boundary points turns this domain 
into a 2p-ring Rb (product of 2p circles): 

Corresponding to II and M there may be defined a whole family 
of functions 8 of various orders. Each such function rf> is a holomorphic 
function in the domain D. Those of a given order, say n, are character-
ized by the property that rf>,.(u+r,.) =rf>,.(u) times a fixed linear ex-
ponential function of u. I have shown that one may find an n such 
that if { ~(u +a)}, a a fixed p-vector, j = 0, 1, · · · , r, is a finite linear 
base for the O,.(u+a) then the system 

represents a nonsingular p-variety V• in projective S•, and this V• 
is in analytic homeomorphism with the ring R2•. This is an abelian 
p-variety (see [8]) 

The topological relation V•+-+R2• assigns an exceptionally simple 
topology to V•. Let the edges of D oriented from the origin out be 
designated by 1, 2, · · · , 2p. Any i,. defines a one-cycle represented 
by (i,.); any two edges i,., i~r define a 2-cycle represented by (i~t, i~r), 
etc. The (i,., i~c), i,. < i~c form a base for the 2-cycles of V•, etc. 

I am mainly concerned with the 2-cycles. In view of (v, p.) =- (p., v) 
a general2-cycle is represented by a homology 

m,.. = - m.,.. 
On the other hand 

w!,. = duidu,.; j, k ~ p; j < k 

is a closed 2-form of the first kind of V• and { du~tdU~r} is a base for 
all such forms. 

(18.2) REMARKS. On a general n-rJariety V", n!1:;2. Considerations 
of the same type as in §12 may be extended automatically to algebraic 
dependence of hypersurfaces of V" (its V•-1), and also to their 
(2n- 2)-cycles. Algebraic and homology dependence give rise to a 
number p( V"). I single out especially the following proposition from 
[9, p. 104] (Corollary): 
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(18.3) THEOREM. Let~ be a fixed surface of V" (general intersection 
of hyperplane sections of V•) and let C1, • · • , C, be hypersurfaces which 
cut ~ in curves C:, h ~ s. Then the following relations are all equivalent: 
relations of algebraic dependence between the C11 in V", the same between 
the C: in ~; relations of homology between the standard oriented cycles 
~~~. C, in V"; the same for the C: in~. 

Returning now to the abelian variety V" let ~. C, c• be this time 
the same as above but for V". Now the~ taken on~ become Cd2 of the 
first kind for~. If { C,}, s ~p( V"), is a base as to =,or equivalently 
as to ,...., and algebraic (2p- 2)-cycles of V", then the same holds for 
the curves C,* in ~. Hence by theorem (15.2): 

(18.4) f du1-dur = 0; j, l ~ p. c: 
On the other hand since the (p., v) are cycles in~ we have in~ . ""' , C,,...., £J m,.,(l£, P), m,., = -m,.. 

Hence (18.4) yields 

(18.5) j, k ~ ;. 

This really means that the p matrices [m:..,] are linearly independent 
singularity matrices for the Riemann matrix II. If the singularity 
index of II is k, then one must have 

(18.6) p ~ k. 

The possible inequality is due to the fact that an algebraic 2-cycle 
of~ must satisfy a relation such as (18.4} not merely with respect to 
the closed Cd2 of the first kind of V" in~. but also with respect to all 
Cd2 of the first kind of~. and one cannot exclude the possible existence 
of such "'2 other than the closed taken on~. However, the following 
two properties hold: 

(a) There is a base for the forms M made up of principal forms. 
(b) Each principal M gives rise to a particular system of functions 

t/J lla 8. These functions are said to be intermediary. 
(c) If { M1 }. j~l::, is a base for the matrices M, and </11 is an 

intermediary function relative to M1 then </11=0 represents a hyper-
surface of V" and these hypersurfaces are algebraically independent. 

It follows that p ~ k and therefore 

(18.7) p = k. 
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This is the result that I was looking for. 
Actually the relations between the hypersurfaces as cycles and 

their Severi independence are the same as for their sections with the 
surface~. That is, 

(18.8) THEOREM. For hypef'surfaces of V' algebraic dependence and 
homology in VP are equif1alent relations. 
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Solomon Lefschetz, who died on 6 October, 1972 at the age of 88, was a dominant 
figure in the mathematical world, not only for his outstanding original contributions 
to at least three branches of mathematics, but also for his personal inft.uence in creating 
world famous centres of mathematics at Princeton, Mexico and elsewhere. All this 
was achieved in spite of a crippling-handicap caused by an accident in 1910 which 
forced him to abandon his chosen career as an engineer and begin again from scratch 
as a pure mathematician. 

Personal 

Solomon Lefschetz was born in Moscow on 3 September, 1884. His father's 
business required him to spend much time in Persia, and he decided to settle his 
family in Paris, where his children were brought up from a very early age. Young 
Sol's first ·language was French, and he only learned Russian as a teenager. 

There is little on record about his early years in Paris, and the first event that is 
known was the award of the degree of" lngenieur des arts et manufactures " in I 90S, 
after he had spent 3 years at the Ecole Centrale in Paris. Shortly after this he emigrated 
to the United States, and spent a few months at the Baldwin Locomotive works, 
before becoming an engineering apprentice, and later a member of the engineering 
staff, of the Westinghouse Electric and Manufacturing Co. of Pittsburg. He was with 
this firm from 1907 to 1910, but then what might well have become a highly successful 
career in industry was abruptly terminated by an accident at work in which Lefschetz 
lost both his hands. 

After a period in hospital, he faced up to the fact that his career as an engineer was 
finished. He decided to make his career in pure mathematics, and with this in view he 
became a graduate student at Clark University (Worcester, Mass.) where he took his 
Ph.D. degree in 1911. He then occupied a series of positions in mid-western univer-
sities: instructor at the University of Nebraska (1911-13); instructor (1913-16), 
assistant professor (1916-19), associate professor (1919-23), and professor (1923-25), 
at the University of Kansas. It was during these 14 years that he came to terms with 
his disability, and re-gaining his self-confidence laid the foundations of his new career 

t This Notice is reproduced from that prepared by Sir William Hodge for the Royal Society. 

(BULL. LoNDON MATH. Soc., 6 (1974), 198-217) 
Reproduced with permission from the Bulletin of the London Mathematical Society 

6(1974), 198-217, ©London Mathematical Society 1974. 
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He became an American citizen in June 1912, and in the following year he married 
Miss Alice Berg Hayes, whom he met while at Clark University, and who was to be a 
tower of strength to him for the rest of his life. Mrs Oswald Veblen once told me that 
she first met Lefschetz shortly after his accident: he then seemed a poor downcast 
creature, with only rudimentary artificial hands. Mrs. Lefschetz helped him to over-
come his despair and face up to life. Even after he had got over the initial difficulties 
she was an invaluable aid. When he had mastered the art of living with his disability, 
and had more efficient artificial limbs, he could still have accidents, and to see her 
comfort him and rally him was something never to be forgotten. Later still, his 
exuberance sometimes burst all bounds, and she was equally successful in quietening 
him down. She was, indeed, so successful with him that in later years his boundless 
energy was almost too much for her, and she found it too exhausting to accompany 
him on his many dashes by airplane about the world. 

The years spent in Nebraska and Kansas were one of the most important periods 
of Lefschetz's life; not only did he learn to overcome his physical disability then, 
but the main part of his massive contributions to algebraic geometry was completed 
before he left Kansas for Princeton. lt is not too much to say that he arrived in the 
middle-west an unknown person, and left 14 years later as one of the most outstanding 
geometers of the day. As he has said in A page of mathematical autobiography, his 
mathematical isolation was complete, and this circumstance was most valuable in that 
it enabled him to develop his ideas in complete mathematical calm. 

His earliest publications dealt mainly with properties of algebraic loci in projective 
spaces, but quite early (by 1915) he demonstrated his real interest in the intrinsic 
properties of algebraic loci. His attention was first turned in this direction by reading 
E. Picard's Traite d'analyse, and T luJorie des fonctions algebriques de deux variables 
independantes by E. Picard and G. Simart. In his Page of mathematical autobiography, 
Lefschetz explains how he came to apply topological methods to the theory of algebraic 
surfaces. Using Picard's number p0 which he had come to believe was equal to the 
second Betti number of a surface, he computed this Betti number for a hyperelliptic 
surface, obtaining the value 5; whereas a simple direct calculation gave the Betti 
number as 6. He puzzled over this discrepancy for some time before he realized that 
Picard only dealt with finite 2-cycles whereas the section at infinity was also a cycle of 
the surface. This led him to consider the cycles carried by algebraic curves on a surface, 
and he realized that a full topological study of the topology of a surface would yield 
a rich field of geometrical results. As he put it: "The harpoon of algebraic topology 
was planted in the body of the whale of algebraic geometry." 

In addition to the work of Picard referred to above, Lefschetz used a paper by 
H. Poincare, "Sur les courbes tracees sur une surface algebrique" (Ann. del' Ecole 
Norm. Sup. 27, 1910) to great effect, and he was able to produce an essentially complete 
topological theory of algebraic surfaces, a fundamental aspect of which was the relation 
of his theory to F. Severi's theory of the base. This work was published in a lengthy 
series of papers, but the delinitive account was published in the Transactions of the 
American Mathematical Society in 1921 [24]. For this he was awarded the 
B6cher Memorial Prize of the American Mathematical Society. This was, in fact, 
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a translation, slightly modified, of a memoir for which he received the Prix 
Bordin for 1919 from the Academie des Sciences, Paris. In 1924 he pub-
lished a tract: L'analyse situs et le geometrie algebrique [29) in the Borel Series 
which served to make his work known to a much wider audience. 

By this time Lefschetz was recognized as a powerful figure in the mathematical 
world, and he was receiving many invitations to visit other universities. In 1924 he 
was invited to spend a year as visiting professor at Princeton, at the end of which he 
was appointed to a permanent post there as associate -professor. Three years later, 
in 1928, he was made a full professor, and in 1932 he succeeded Oswald Veblen, who 
had gone to the Institute of Advaneed Study, as Henry B. Fine Research Professor, 
an office be held until his retirement in 1953. 

The move to Princeton was a landmark in Lefschetz's life. The isolation of Kansas 
was over and he found himself in close contact with a wide circle of mathematicians 
on the permanent staff at Princeton, among the many distinguished visitors who 
spent periods of leave there, and among the graduate students, many of whom were 
to go on to great achievements. It was also easier for him to travel and visit other 
universities. That be was able to take full advantage of these opportunities in spite 
of his physical handicap was due to his indomitable courage. His friends were, of 
course, watchful in trying to avoid a catastrophe, but the number of occasions when 
they had to take any positive action was very small. In fact, the only instance I am 
aware of in which the University made special arrangements for him was the provision 
of a special lock on his office so that he could lock or unlock it without having to use a 
key; the value of this provision was however somewhat reduced because he was so 
pleased with the device that he kept showing all and sundry how to operate the secret 
button. The way in which he could look after himself, and lead a normal life, never 
ceased to astound all who knew him. He could travel by himself, and live in hotels 
or with friends without calling for assistance, and although his sporting activities 
were necessarily limited, he was quite a powerful swimmer. Socially, he was an 
exuberant but entertaining companion, and the only occasions for embarrassment 
that sometimes arose were when one introduced him to a stranger who was not 
expecting artificial hands. 

When Lefschetz moved to Princeton he was nearly at the end of his main creative 
work on algebraic geometry. His main contribution to geometry after this was his 
paper [37] on correspondences between algebraic curves, but he kept in close touch 
with others who were working in the same field, and he frequently lectured on algebraic 
geometry and published improved and modernized accounts of his earlier work. But 
his activity now became centred on algebraic topology. Amongst the numerous 
distinguished mathematicians who were around Princeton when he arrived, the two 
with whom he was most closely associated were Oswald Veblen and J. W. Alexander. 
The interests of the latter were very close to those of Lefschetz, and although they 
never wrote a joint paper they frequently discussed such matters of common interest 
as fixed-point theory and duality theorems. Lefschetz was a great admirer of Alexander, 
and in later years was saddened when Alexander gradually withdrew from contact 
with mathematicians and became a recluse. 

Lefschetz's original contributions to topology continued until about 1940, and 
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will be described later. But possibly his main contribution to mathematics during 
the· thirties lay in his powerful influence: on others: he worked very hard to keep 
himself informed on what his students and associates were doing, and was a vigorous 
critic of anything he did not approve of. He asserted (with much truth) that " he 
made up his mind in a flash, and then found his reasons ". Naturally he made mistakes 
this way, but once he was really convinced that he was wrong he could be extremely 
generous. This can be illustrated from the occasion when I first met him. His paper 
[37J on correspondences between curves contained inter alia a vety simple proof of the 
Riemann inequalities for the integrals of the first kind on a curve. About the time it 
was written Severi and other Italian geometers were concerned with the question 
whether a double integral of the first kind could have all its periods zero, and I noticed 
that Lefschetz's method of dealing with the Riemann inequalities could answer this 
question at once; and I wrote a short paper on it. When this appeared Lefschetz 
"made up his mind in a flash "-I was wrong and I must withdraw the paper. A 
correspondence lasting for several months took place, and during this period Lefschetz 
was travelling round Europe visiting mathematicians in various countries to whom 
he voiced his criticisms of my paper. Eventually we reached a state of armed neutrality, 
and he extended an invitation to me to visit Princeton. When I arrived there I was 
immediately instructed to conduct a seminar on my paper (owing to his characteristic 
inter~ptions the seminar actually lasted for six sessions), at the end of which he stood 
up and publicly retracted all his criticisms, and then, despite his handicap, wrote 
to all his European correspondents admitting that I was right and he was wrong. 

This method of organizing seminars on topics in which he was interested and then 
continually heckling the speaker was typical of the way in which he got things done. 
It was somewhat harassing for a young man not accustomed to it, but it was kindly 
meant, and often helpful. Eventually it became so famous that it earned Lefschetz a 
verse in the song sung by Princeton students about members of the Faculty: 

Here's to Lefschetz (Solomon L.) 
Who's as argumentative as hell, 
When lie's at last beneath the sod, 
Then he'll start to heckle God. 

He employed equally drastic methods in his capacity as editor of the Annals of 
Mathematics over a period of 25 years. No leniency was shown towards any paper 
submitted to the journal which was not up to his standards, and anyone who disagreed 
with his judgement had to work very hard to make him change his mind. But once 
he had decided that man was worth helping there was no limit to the aid he would give 
him. By these methods he made the Annals one of the top mathematical journals in 
the world, and he and his colleagues made Princeton a world centre of mathematics. 
In the course of this vigorous programme he made very few enemies indeed: one felt 
that there was no personal animosity in his bark, and no self-seeking: he just wanted to 
serve mathematics as best he could. His contribution to mathematics was recognized 
by his election to the National Academy of Sciences in 1925, and to the Presidency 
of the American Mathematical Society for 1935-36. 
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He became Chairman of the Department of Mathematics at Princeton in 1945. 
This marked another major change in his activities. In 1945-46, and again in 1947 
he was an exchange professor at the National University of Mexico, and subsequently 
he paid many visits, particularly after his retirement from Princeton, to Mexico City. 
His enthusiasm, drive and organizing ability contributed greatly to the establishment 
of a lively school of mathematics there. In recognition of his services the Mexican 
government bestowed on him the Order of the Aztec Eagle. 

During World War 11 Lefschetz served as a consultant to the U.S. Department of 
the Navy at the David Taylor Model Basin, where he came across the Russian research 
and writings on nonlinear oscillations and stability. He realized immediately the 
importance of the work of Poincare and Liapunov on the geometrical theory of 
differential equations, and saw that the subject had been " too long neglected " in the 
United States. With the support of the Office of Naval Research (and against the 
advice of some of his colleagues who felt that federal support would endanger the 
freedom of science in the country) he organized (in 1946) a differential equations 
project at Princeton University, which became the leading centre of research in 
ordinary differential equations in the United States. 

Lefschetz remained the director ofthis project until his retirement in 1953. During 
the next five years the Princeton project was gradually phased out, and he tried more 
than once unsuccessfully to have a research institution established in another American 
university. He became a consultant to R.I.A.S. (Research Institute for Advanced 
Studies) which was formed by the Martin Company in Baltimore as an experiment 
in the support of basic research by industry. In November 1957 the President and 
Board of Directors of the Martin company gave him carte blmiclze to establish at 
R.I.A.S. a centre for differential equations charging him to make "this centre an 
outstanding example of its kind in the world ". In three years the centre had gained 
an international reputation for its research on differential equations and on the: 
mathematical theory of optimal control and stability. In 1964 the major portion of 
the R.I.A.S. Centre for differential equations moved to Brown University in 
Providence, Rhode Island, where they established within the Division of Applied 
Mathematics the Lefschetz Centre for Dynamical Systems. Brown University made 
him a visiting Professor of Applied Mathematics, and for six years he commuted 
weekly by air from Princeton to Providence, where he lectured, discussed research, and 
spread his wit, enthusiasm, and love of life and mathematics. A colleague who was 
closely associated with him aptly sums him up in the sentences: " Lefschetz was not 
only a great mathematician: he was a research administrator of the highest 
order. He was direct, decisive, and persuasive. He saw it as his duty to provide the 
atmosphere, environment, and conditions conducive to the best research. He could 
encourage and cajole, and when necessary he could rebuke. He never procrastinated, 
and his decisions and judgements were often instantaneous. He recognized the 
organizational importance of good secretaries, and they loved him and were devoted 
to him." All this is equally true of him as a professor at Princeton. 

Lefschetz died after a short illness in Princeton on 6 October, 1972, leaving a 
widow in Princeton and a brother in Paris. 
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Many honours came to him. In addition to those already mentioned, he received 
the Antonio Feltrinelli International Prize of the Accademia Nazionale dei Lincei in 
1956. In 1954, his colleagues in Princeton, in order to mark his seventieth birthday, 
organized an international symposium on algebraic geometry and topology, and in 
1965 an international symposium on differential equations and dynamical systems 
was held at the University of Puerto Rico as a tribute to him. He received honorary 
degrees from the universities of Prague, Paris and Princeton, and Brown and Clark. 
In addition to the National Academy and the American Mathematical Society he 
was a member of the American Philosophical Society. He was an honorary member 
of many mathematical societies in Europe and America, and a foreign member of 
L' Academic des Sciences of Paris, the Academia Real de Ciencias in Madrid, the 
Reale Istituto Lombardo of Milan, of the Royal Society and of the London Mathe-
matical Society. And in 1964 he received from President Lyndon B. Johnson the 
National Medal of Science "for indomitable leadership in developing mathematics 
and training mathematicians, for fundamental publications in algebraic geometry and 
topology, and for stimulating needed research in nonlinear control processes ". 

Scientific work 

Lefschetz's contributions to mathematics were spread over 60 years, and his 

publications in one form or another number some 134 items. Most of his work was 
carried out in centres of almost feverish activity, and in order to give a complete 
account of his contributions to mathematics it would be necessary to write a history of 
pure mathematics over half a century. This is not possible within the scope of the 
present memoir, and we must confine ourselves to a general account of his work in 
three fields: algebraic geometry, algebraic topology, and differential equations. It is 
to be observed that his efforts in these fields were largely concentrated in different 
stages of his life, and overlapped very little. Thus his major contributions to algebraic 
geometry belong to the time he spent in Nebraska and Kansas (1911-25), his work in 
algebraic topology comes from the period stretching from his arrival in Princeton to 
the entry of the United States into World War Il, and from the end of the war until 
his death his main concern was with differential equations. These dates are, of course, 
only approximate; his major contributions to algebraic geometry continued until 
about 1929, whereas his first contribution to algebraic topology is dated 1923. The 
overlap of his interests in topology and differential equations is not so marked. But 
as he moved on from one field to another, he never forgot his earlier loves, and in his 
later periods he wrote a substantial number of books, review articles, and memoirs 
on algebraic geometry and topology in which he gave fresh interpretations of his early 
work and did much to bring it up to date. 

This tendency to channel his energies in one direction at a time can be explained 
as follows. He would discover in the wri1ings of a predecessor an idea which was 
capable of an expansion undreamt of by the originator, and, developing this to its 
full potential, he would use it to make a major breakthrough in geometry or topology. 
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The exploitation of the idea would occupy him over a long period, and after he had 
achieved the central new contribution he would consider its application to particular 
problems. But quite soon he would become impatient of minor applications, and a 
great new idea would catch his attention, and his ability to concentrate all his efforts 
on a single idea would drive everything else out of his mind. This did not, however, 
prevent him from taking an interest in what others were doing with his earlier 
discoveries; but while he would follow this, and refer to it in survey articles, he never 
returned to the front line of the battle. 

(a) Algebraic geometry 

Lefschetz's contributions to algebraic geometry began in 1912. His first papers 
dealt with a variety of problems covering loci in projective space. But it was not 
untill915 that he made contact with the field which he was destined to revolutionize. 
From 191 S onwards there appeared a succession of short papers recording the develop-
ment of his ideas. The main results recorded in the papers appeared, amended and 
improved, in 1921 [24] and 1924 [%9] (his Borel Tract), and these memoirs can be 
taken as the text of an account of this phase of his work. 

The early development of algebraic geometry, as we know it, goes back. to Abel, 
Riemann, and Weierstrass, who built up a theory of functions associated with an 
irreducible polynomial equation 

f(x,y) == 0. 

This was simply a branch of the theory of functions, and the outstanding feature of it 
was the introduction of the topological concept of the Riemann surface. About 
1870, Max Noether began developing an alternative theory by consideringf(x, y) == 0 
as the equation of a curve in a plane, and using geometrical methods to obtain the 
same results (see Brili-Noether, Math. Ann. J. 1874, 269-310). In 1892 and 1893 
G. Castelnuovo and F. Enriques began using the geomeQ"ical methods of Noether 
to construct a theory of algebraic surfaces: this was the foundation of the great 
"Italian" school of algebraic geometry. At the same time various French mathe-
maticians (and also Noether himself) began studying the transcendental theory of 
surfaces. The results of their researches are contained in the treatise of E. Picard & 
G. Simart Tlteorie des fonctions algebriques de deux variables independontes (Paris, 
1895, 1906). Unfortunately, the authors were severely handicapped by the absence 
of any powerful topological tools they could use, but in the face of this handicap 
their achievement was really remarkable. It was here that Lefschetz was able to make 
his great breakthrough; starting with the rather primitive topological work of Henri 
Poincare, he was able to develop this and apply it to Picard's work, and so pave the 
way to a further burst of activity. 

The origins of Lefschetz's ideas .on the transcendental theory of algebraic varieties 
are .scattered over a considerable number of papers, and as his investigations progressed 
he combined these with the other results due to Pica1d and others into an intricate 
pattern in such a.way that it is not possible to give here a strictly chronological account 
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of the work. References are therefore only given to publications of special significance. 
The authoritative account of his general theory of varieties is in [29 J, which contains 
numerous references to earlier work. 

The transcendental theory of surfaces with which Picard and Simart were concerned 
was a natural generalization of the theory of algebraic integrals on the Riemann surface 
of a curve. This requires as a preliminary step the construction of a four-dimensional 
manifold M(F) related to a surface F defined over the complex field as a Riemann 
surface is related to a curve. Certain preliminary difliculties arising from the 
singulmities ofF have to be overcome, but it is possible to construct a manifold M(F) 
which represents Fin the obvious way, which can be covered by a finite number of 
open sets U,., each of which can be fnapped by complex parameters onto a cell of the 
complex space (x,., y,.). The transformation equations of the local coordinates 
x,. = }~p(Xp, Yp). Yp = y,.p(xp. Yp) are analytic and non-singular. The functions with 
which Picard was concerned are defined at all points of M(F) and can be written in 
U,. as R(x,., y,.), a meromorphic function of (x,., y,.) whose singular locus is on an 
algebraic curve of M(F) and ·the simple and double integrals are integrals of forms 
ro1, ro2 defined globally on M(F), where in U,. 

ro 1 = A(x,., y,.) dx,.+B(x,., y,.) dy,., 

ro 2 = C(x,., y,.) dx,. dy,., 

where A and B, C are meromorphic functions with singularities on an algebraic 
curve of M(F). A 1-form ro 1 has associated uniquely with it a 2-form dro 1, where 
locally, 

1 (iJB iJA) 
dro = ax,. - oy,. dx,. dy,., 

and ro 1 is said to be closed if dro 1 = 0. 
The main problem investigated by Picard concerned the classification of integrals 

or differential forms according to the type of singularity they possessed. If ro 1 is 
closed 1-form on M (F) a singularity on a curve Cis said to be polar if, in the neighbour-
hood U,. of any point of C, there exists a me10morphic function R such that w1 - dR 
is holomorphic; otherwise the singularity is logarithmic. A closed form ro 1 is of the 
first kind if it has no singularities, and of the second kind if all its singularities are 
polar. Similarly, for the singularities of 2-forms ro2• A singular locus C of ro2 is 
polar if in the neighbourhood of any part of it (lying, say, in U,.) there exists a !-form 
v1 = Adx,.+Bdyp such that ro2 -dv1 has no singularities in U2 • A global 2-form 
is of the first kind if it has no singular locus, and of the second kind if all its singularities 
are polar. Finally, two !-forms ro 1 and v1 are said to be equil'alent if ro 1 - v1 = dR, 
where R is a globally defined meromorphic function on M(F), and two 2-forms ro2 and 
v2 are equivalent if there exists a globally defined !-formed JL such that ro2 - v2 = dp. 

Using only the most primitive notions of topology available to him, Picard 
succeeded in solving the classification problem completely by analytic means, but his 
reasoning is both very long and very involved. In the course of it, however, he did 
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obtain what amounts to a detailed knowledge of the topology of M(F), though the 
topological interpretation of some of his results was incomplete. It was at this point 
that Lefschetz made his great contribution. He recognized more fully than Picard 
had done the nature of the topology of M(F), and he was able to describe the topology 
of an algebraic surface without having to use the theory of functions at all. He was 
then able to use the topology in the study of functions and forms on M(F), so obtaining 
Picard's results in a form which yielded more information, and which made the 
extension of the results to varieties of more than two dimensions possible. 

In particular, his investigation of the )-cycles of M(F) led to a simple account 
of simple integrals of the first kind in M. He first showed that the 1-cycles of M(F) 
are homologous to cycles in a plane section of M(F}. By considering the automor-
phism& of the homology group of a section as the section varies he arrived at a sub-
group (the group of invariant cycles) which forms a basis for the R 1 1-cycles of M(F). 
Then from the invariance of these cycles he showed that R1 = 2q. From this, it is a 
short stop to show that there are q independent closed simple integrals of the first 
kind on M(F), and 2q integrals of the second kind. Picard had found a similar result, 
but did not connect q with the topology of M(F}; he obtained q as the geometrical 
invariant known as the irregularity. 

Lefschetz's account of the properties of double integrals follows in the main the 
work of Picard, but a knowledge of the topology of M makes the work much easier. 
A central problem concerns the period cycles of the double integrals, the difficulty 
arising from the fact that a 2-cycle of M(F) in general meets a singular locus of the 
integral. A first step is to show that every double integral of the second kind is 
equivalent to one whose singularities are all on a fixed curve (the section C0 of the 
surface by the plane at infinity). One can then discuss periods on the R2 -I independent 
2-cycles which do not meet the 2-cycle r 0 can:ied by C0 (R2 being the second Betti 
number of M). But although it is possible to construct integrals of the second kind 
having arbitrary periods on these cycles, some of these may themselves be equivalent 
to zero (in the sense defined above). The key result is that th::re exist p-1 curves 
C1, ••• , Cp- 1 on M carrying cycles r 1, ••• , rP_ 1 with the property that a necessary and 
sufficient condition that an integral of the second kind be equivalent to zero is that it 
has zero period on every 2-cycle of M (F) having zero intersection with r 0 , ••• , r p- 1• 

We then see that there are R2 - p independent integrals of the second kind on M. 
The set of curves C0, ••• , Cp- 1 on F occurs in other connections; in particular, 

they form a base in the sense of Severi. In connection with these curves Lefschetz 
made a major contribution. Using a theory due to Poincare, he showed that a 
necessary and sufficient condition that a 2-cycle r be homologous to the cycle carried 
by a curve is that every double integral of the first kind on M should have zero period 
on r. Thus the cycles carried by the curves of a Severi base form the sub-group of 
2-cycles on which the integrals of the first kind have zero periods. 

Although Lefschetz's main contribution to the general transcendental theory of 
varieties concerned algebraic surfaces, he made important contributions to the study 
of varieties of higher dimension, in particular in [24], [29], and [30]. 
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Special mention should be made of his work on Abelian varieties. An Abelian 
variety of p-dimensions is a locus V inN-space (x1, ... , xN) defined by equation 

x 1 = 01(u1, ••• ,up) (i = 1, ... , N), 

where the 01 are multiply periodic functions of p variables (u1, ••• , up) having 2p periods, 
with a periodic matrix n of p rows and 2p columns. The case p = 1 is of course just 
the elliptic curve. For general p, the Riemannian manifold of V is the direct product of 
2p circles, y1, ••• , y2P and the q-forms of the first kind on it form a vector space of 
PC4 dimensions, PC4 being the coefficient of xq in (I +x)P, a base for which consists 
of the forms dui> ... , du1q. The field is wide open for the exploitation of Lefschetz's 
topological methods, and 120 pages of his Prix Bordin memoir is devoted to this. 
We need only quote one property of Abelian varieties that follows most elegantly 
by Lefschetz's techniques. Since the variety is algebraic it contains a curve, which 
defines a 2-cycle, say, :LAIJy1 x l'i• where A = (Ali) is a skew-symmetric matrix of 
integers. The fact that every double integral oft he first kind has zero period on the cycle 
yields the matrix equation nAn' = 0, and a variation of this argument leads to the 
inequality inAri' > 0. The existence of a matrix A associated with the period. 
matrix in this way is fundamental in the theory of multiply periodic functions 
Lefschetz's techniques lead to a complete theory of all the matrixes A which can be 
associated with a given periodic matrix n in this way. 

lt may be remarked here that many of Lefschetz's ideas in the theory of algebraic 
varieties over the complex field have been applied in a suitably generalized form to 
make possible some remarkable advances in number theory, when this is treated by 
geometrical methods. Perhaps the most striking example concerns Weil's conjectures 
for surfaces over finite fields and in particular the recent work of Deligne. 

The period 1923 to about 1928 marks the shift of Lefschetz's interest from algebraic 
geometry to topology. The bridge was his concern with fixed-point theory, and his 
recognition that to exploit his ideas fully a rigorous theory of intersections on a 
topological manifold had to be developed. It will be convenient to leave discussion 
of the intersection theory to the next section of this memoir, and to describe here its 
application to geometrical problems including fixed-point problems. The extension 
of his methods to fixed-point problems on a more general manifold than the 
Riemannian of an algebraic variety will then be obvious. 

The basic idea of Lefschetz's fixed-point theory is due to the Italian school of 
geometers, who generalized the elementary theory of graphs to give an account of the 
theory of correspondences between algebraic varieties. If A and B are two algebraic 
varieties and an algebraic correspondence y is given between points of A and B, we get 
a geometrical representation of this correspondence by constructing the product Ax B 
and considering the aggregate r of points (a, b) for which a and b are corresponding 
points in y. r is an algebraic sub-variety of A x B and the theory of correspondences 
between A and B is equivalent to the theory of sub-varie1 ies of A x B. A case of 
particular importance is that in which A = B; if o is the identity correspondence, its 
graph ~ on Ax B is the diagonal of Ax B, and is a sub-variety of Ax B birationally 
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equivalent to A. The intersection of A with the graph of a correspondence y on A 
is the image on A x 8 of the locus of points on A which are self-corresponding in y. 

Lefschetz first considered the case in which A and B are curves of genus p .and q 
respectively, and y is an («, p) correspondence between them. Ax B is a surface, 
whose topology is determined by the topology of A and B [37]. If a, a,(i == 1, ... , 2p), 
A are an 0-cycle, a set of independent 1-cycles, and the carrier 2-cycle of A, and 
b,b1(i == 1, ... ,2q), Bare similarly defined forB, axB, a1xbJ(i == 1, ... ,2p,j == 1, ... , 
2q), A x b form a base for the 2-cycles of A x B. The graph is an algebraic 2-cycle r 
homologous to 

Pax B+«A x b+ L,r1Ja1 xb1, 

where the r 1J are integers. The double integrals of the second kind on Ax Bare easily 
determined from the simple integrals u11 ••• , u, and v11 ... , v, on A and B respectively. 
H the period matrices of these are co and v, the fact that the double integrals on A x B 
have zero periods on r leads to the matrix relation corv' == 0. Conversely, if there does 
exist such a relation between co and v, it follows from Lefschetz's general theorem 
about 2-cycles on a surface on which the double integrals of the first kind have zero. 
periods that there exists an algebraic curve on A x B homologous, as a cycle, to 

pax B+aAxb+D11 a1 xb1 

for any integers«, P (and that, by choosing these suitably, this curve is effective an 
irreducible). r thus defines an («, P) correspondence between A and B. 

Lefschetz exploited this method of studying the correspondences between curves 
fully. The case in which A== B is of particular importance. We may assume that 
b1 == a1, and denote by m1J the intersection number of a1, aJ on. A. If A is the diagonal 
of Ax B, Lefschetz showed that as a 2-cycle it was homologous to 

a x B +A x b + L,s11 a1 x b1 

where (a,J) is the transpose of the inverse of (m1J)· An immediate application of the 
result quoted above gives the Riemann equalilies COBco' == 0, and an argument on the 
same lines leads to the Riemann inequalities. If t is a rational transformation of A 
into itself (i.e. a(«, 1) correspondence) it is represented by its graph on Ax Band is 
an algebraic cycle 

T ==a xB+«A x b+ L,r1Ja1 x b1• 

The coefficients r 11 are determined by the action of 1 on the first homology group of A. 
The intersection number r. 4 is equal to I+«+ D 1Jm11, and this gives the number of 
fixed points of the transformation t. 

This method of determining the number of fixed points of t is purely topological, 
and does not depend on properties of the integrals on A or A x B. Hence it can be 
extended to the case in which A is any orientable manifold, and T is a continuous 
transformation of A into itself. The only new point to be noticed is that the points · 
common to r and 4 have a sign attached to them, and the intersection number r.A 
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is the sum of the signed intersection numbers. This number r .ll = L(T) is computed 
to be 

n 

L(T) = :L (- 1)' trace T, 
r=O 

where T, is the operation on the rth homology group H,(A) (rational coefficients) 
of A, a formula first given in [25]. 

While Lefschetz exploited his graphical method of dealing with correspondences 
fully in the case of curves, he did not pursue it as much as he might have done for 
algebraic varieties of higher dimensions. This may have been due to the fact that there 
was no condition available for determining whether a 2r-cycle on a variety of n 
dimensions belonged to the homology class defined by a sub-variety of complex 
dimension r, except when r == 1, n = 2, but one might hazard the guess that it was 
because he saw the significance of his methods in a purely topological situation and 
directed his attention to generalizations in this field with his usual single-mindedness. 

(b) Topology 

From the time of his appointment to the Faculty at Princeton in 1924 until 1938, 
Lefschetz's researches were very largely confined to topology. This period was in 
marked contrast with his time in Nebraska and Kansas, since a very great deal of 
his work in algebraic geometry was done in isolation, whereas his work in topology 
was done as a member of a flourishing school whose work was world-famous. The 
consequence was that although his personal contributions, particularly to fixed-point 
theory, duality, and intersections, are of the first magnitude, a great deal of his 
efforts went into setting out a comprehensive account of topological theory, as in his 
Colloquium Lectures (45, 79), and in his inspiration of the younger generation. In 
this he was so successful that it is no surprise to find so many of his pupils in leading 
positions in the mathematical world. 

Lefschetz's entry into the field of algebraic topology (he was in fact influential in 
introducing the modem use of this term) began as explained above, with the graphical 
representation of correspondences between algebraic varieties, which he took from the 
Italian geometers, but at the same time he was aware of the theorems of L. E. J. 
Brouwer on continuous mappings of an n-cell or an n-sphere into itself, and also of a 
theorem of J. W. Alexander on topological mappings of a two-dimensional manifold. 
What Lefschetz did was to put these earlier ideas together and establish a general 
form of these early results, and his genius was displayed in the way in which he 
unerringly selected the " right " generalization, and in the thoroughness and ingenuity 
with which he carried through the details of such a generalization. 

The essential steps in replacing the geometrical problem of fixed-points by a 
topological one are the recognition (I) that a non-singular algebraic variety V of 
dimension m over the complex field is an orientable topological manifold M(V) of 
dimension 2m, and (2) that any sub-variety of V of complex dimension r defines a 
2r-cycle of M(V). It has then to be shown that if r and r' are any two cycles of 
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dimension s and t of M(V) they can be replaced by homologous cycles rand r• 
whose intersection is a cycle of dimension 2m-s- t, whose homology class is completely 
determined by r and f'. When r and f' are the cycles carried by sub-varieties U and 
U' of complex dimension p, fJ which meet simply in a sub-variety of complex dimension 
p+f1-m, the intersection r. f' is homologous to the carrier of U .U'. In particular, 
when U, U' are effective algebraic sub-varieties, of dimensions p, m-p, the intersection 
number (f. f') is the actual number of points common to U and U', each counted 
with its proper multiplicity. 

The topological theory of intersection applies to any manifold M of dimension n. 
The fact that M is a manifold amounts to saying that it can be covered by a polyhedral 
complex K with the property that if£,' is any p-cell of K, the aggregate of E,' and all 
the cells of K which have £,1 on their face is an n-cell (the star of£,'). We construct a 
barycentric sub-division K' of K by introducing into each cell 

£,1(i =I, 2, ... ,p = 1, ... , n) 

a new vertex A/, and joining A11 to the 0-cells of K on the: boundary of £ 11, A2 1 to 
the I -cells so constructed on the boundary of £ 21, and so on. Then if we consider for 
any A111 the aggregate of all the ceJJs (A,' A,11' ... A,.'•) when p < p1 < ... < p. :~!;; n 
so constructed, it is shown from the manifold condition that these constitute a regular 
sub-division of an (n-p)-cell E:!, lying in the star of £,1• These cells E:!, (each 
with an arbitrarily assigned orientation) constitute a dual complex K* which also 
covers M. It can be shown that the cells £,1 and £, •i either have no point in common 
or meet in a cell of dimension p +q-n. To construct an intersection theory on M we 
use the fact and any r-cycle of M can be replaced by an r-cycle r of K, and any 
s-cycle by a cycle r• of K*. Then as a point set the points common tor and r' is 
an aggregate of ceJls in K. But to get a useful topological notion of intersection one 
must introduce the notion of the oriented intersection. What Lefschetz did fint was 
to assume that M is orientable. Then it is possible to give an intrinsic definition ofthe 
oriented dual of E:!, of£,' in terms of the orientations of E,' and of M and then 
define the oriented cell E,'.E, •J. It is then shown that if r- !;.a1E,', r• .. I)J1 E, •1, 

r. r• = I:a1 b1 E,'. E, *1 is a cycle of K' whose homology class is completely determined 
by the homology classes of r and r•. Of particular importance is the case in which 
q • n-p. Then the conventions regarding orientation lead to E,' .£:!., .. 811 A,'. 
The number!;., a, b, is then the number of signed intersections of rand r. 

As with all his contributions to mathematics, Lefschetz"s ideas on intersections 
sprang from an intuitive geometrical conception of the problem which he gradually 
developed in a series of papers, particularly [31], [3%J, [33], until he had a precision 
instrument at his disposal. But his applications of intersections did not wait until 
his intersection theory was complete: thus while his main work on intersections was 

· done in 1925-26 he had already, in 1923, used his more primitive notions of inter· 
sections to obtain his fixed-point formula for continuous self-transformations of an 
orientable manifold [%5]. 
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Lefschetz was not, however, satisfied to give this formula only for absolute orient-
able manifolds, and most of his later work in topology was concerned with the study 
of more general spaces for which he could obtain some kind of fixed-point theorem. 
First, consider a manifold which IS not orientable. Then if K is the covering complex 
there is no preferred way of orientating the (n-p)-cell E:~P dual to the oriented cell 
E,'. Dual cells intersect in an 0-cell, but there is no way of choosing between the two 
orientations of this cell. The consequence is that we can only show that the inter-
section of the graph of the correspondence T and the diagonal cycle of M x M is a 
set ofunoriented 0-cells. The parity of the number ofO-cells is equal to L(T) reduced 
modulo 2, and the only conclusion we can draw is that if L(T) is odd, then T must 
have at least one fixed point. 

Lefschetz's formula gave Brouwer's result for n-spheres, but failed to give the 
Brouwer theorem for n-cells; This is because ann-cell is not a manifold, since it has a 
boundary. To cover the Brouwer theorem and give a generalized version of it, Lefschetz 
considered relative manifolds. A relative manifold M of n dimensions is a complex K, 
with a sub-complex L, such that (a) L is a manifold, and (b) every cell of K- L has 
the property that its star is an ll-cell. Then we can, as in the absolute case, construct 
an (n- p)-cell E:~, dual to each cell E/ of K- L. Jt is possible to construct a theory 
of cycles of K modulo L in which any chain whose boundary lies in L is a relative 
cycle, and a theory of cycles formed from the cells Eq * i which lie in K- L. There 
then exists the same type of duality (omitting torsion) between the groups H,(K, 
mod L) and the group l/"_,(K-L), which is the group of (n-p)-cycles of K-L 
"with compact supports". Lefschetz's contribution to duality theory, for which 
Poincare and Alexander had laid the basis, was a major contribution. It also allows 
the development of fixed-point theory for relative manifolds. 

In the years 1936-39, Alexander, Cech and Whitney developed the theory of 
cohomology, which led Lefschetz to re-cast his intersection theory [79j. In this 
theory a p-cochain ~" on a manifold M is a linear functional of the p-chains ~, of 
the space, with a coboundary operator d which defines drC" as the (p+ 1)-cochain 
defined by dft"(C,+ 1) = ~"(oC,+ 1). The group of p-cocycles (cochains ~"such that 
d~" = 0) reduced modulo the p-cocycles which are coboundaries, is the cohomology 
group H"(M). On an orientable manifold M covered by a complex K we show that 
each p-cocycle f(f" can be represented as an (n-p)-cycle c:-p of the dual complex 
K*, and define the value of rc" on Cp as the intersection number C,.c:-,. In this 
way there is an isomorphismH"(M)-H"_,(M). Much flexibility is gained by replacing 
p-cocycles by their corresponding (n- p) cycles. Then we have to consider the 
(p+q)-cocycle which is dual to the cycle rn-p r,_q where rn-p• rn-q are dual to the 
cocycles P, rq. In this way the basic notion of the cup-product ofcocycles is obtained. 
Lefschetz's version of cohomology theory, with cup-products, did not appear in full 
until 1942 [79], but it is characteristic of him that as early as 1930 he was feeling his 
way to the general theory with his notion of pseudo-cycles [48]. 

Finally, we must mention Lefschetz's contribution to the theory of local connected-
ness. The problem here is to find types of space more general than manifolds in which 
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one can construct a homology theory with duality theorems. P. Alexandroff, Cech 
and others investigated this problem in depth. Lefschetz's contribution [55, 64] dealt 
with local connectedness of a space X. X is said to be locally connected (in the sense 
of homology), JlLC11 in dimension q, if it has the property that given any point x of X, 
and any neighbourhood V of x, then there is a neighbourhood U11 of x such that any 
continuous image of a q-sphere in U 11 bounds in V. If X isH LC, for q = 0, 1, 2, ... and 
for any x and V we can choose the same u, = U for all q, X is HLC. He showed 
that the fixed-point theorem is valid for compact H LC spaces. 

(c) Differential equations 

Lefschetz virtually ceased making original contributions to algebraic geometry 
and topology after the publication of his Algebraic topology [79] in 1942, though he 
continued to lecture and write books and expository articles on these subjects for many 
years after that. But his main work for the last 25 years of his life was on the subject of 
differential equations and their applications. A number of circumstances combined to 
produce this major change in the role he played in mathematics. He was nearly 60 
years old, an age by which most research mathematicians are prepared to call it a day; 
and he had already squeezed as much out of the important ideas which he had introduced 
into geometry and topology as he was temperamentally capable of. Further, the 
United States was now in World War 11, during most of which he served as a consultant 
to the Department of the Navy. It was during this period that he was introduced by 
Nicholas Minorsky to the work done by Russian mathematicians in nonlinear 
oscillations and stability. He immediately realized the importance of the geometric 
theory of differential equations which had grown out of the work of Poincare and 
Liapunov. Feeling that this subject has been far too long neglected he set about 
remedying the situation with all his usual vigour and enthusiasm. His energy was such 
that in spite of his years he was able quickly to gather round him an active band of 
workers and for the rest of his life he was the leader of a vigorous and distinguished 
school (as described in the first part of this memoir). By making available translations 
of the leading Russian workers in the field, by lecturing, by writing textbooks and 
review articles, as well as by original papers of his won, he stirred up enthusiasm and 
created one of the leading schools in the country. Many younger men owe their 
introduction to the subject to his books. 

It was not to be expected that at his age he could bring the same wealth of original 
ideas to differential equations and control theory that he had earlier brought to 
geometry and topology. Nevertheless he made important original contributions, a 
few of which may be noted. 

Most noteworthy of his original papers are the ones concerned with the behaviour 
of the solutions of analytic differential equations near an isolated singular point. 
In this area, he brought to bear his tremendous knowledge of the theory of algebraic 
curves. In paper [129] he gave a complete characterization and a constructive 
procedure for obtaining all the solution curves of a two-dimensional system near an 
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isolated critical point which pass through this critical point. Relating this to the 
complete phase portrait, he made a significant improvement in the original work of 
Bendixson. 

For a two-dimensional analytic system for which the coefficient matrix of the linear 
variational equation of an isolated critical point has both roots zero but is not 
identically zero, he showed (in [106]) that there can be at most a single nested oval 
of orbits. 

Paper [111] is still one of the best treatments of the manner in which one determines 
stability of an isolated equilibrium point of an n-dimensional system for which the 
linear variational equation has some zero roots. In papers [83] and [97], Lefschetz 
also considered the existence of periodic solutions of second and higher order nonlinear 
systems of differential equations. 

I wish to acknowledge my indebtedness for the help I have received in writing 
this memoir from many sources. Professor W. Browder of Princeton University has 
supplied me with much useful information regarding the biographical details, besides 
sending me copies of numerous notices which appeared in America. He also obtained 
the portrait for me. The appreciation of Professor Lefschetz's work in algebraic 
geometry and topology is based on two articles, respectively by myself and the late 
Professor N. E. Steenrod, which were written for the symposium held in 1954 in 
honour of his seventieth birthday, and published by the Princeton University Press in 
1957. Finally, Professors J. K. Hale and J. P. LaSalle of Brown University have 
allowed me to make use of an article which they wrote on the life and work of Professor 
Lefschetz. during the last 25 years of his life. 
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MULTIPLICITY STRUCTURES ON SPACE CURVES 

C. B~nic~ and 0. Forster 

Introduction. Let Y be an analytic (resp. algebraic) curve in a 

3-dimensional complex analytic (resp. algebraic) manifold X. In 

several occasions one has to consider on Y not only the reduced 

structure, but a "multiplicity structure", which is defined by an 

ideal J C ~~ with zero set V(J) = Y but which does not necessari-

ly consist of all functions vanishing on Y. The structure sheaf 

~ 1 /J of the multiplicity structure may then contain nilpotent ele-

ments. For example let Y be a smooth (or more generally locally 

complete intersection) algebraic curve in affine 3-space ~ 3 . 
Ferrand/Szpiro (see (6}) have shown that Y is a set-theoretic 

complete intersection. The two polynomials f,g which describe Y 

set-theoretically generate an ideal J which defines a multiplici-

ty 2 structure on Y. For the proof of this theorem, the ideal J 
2 is constructed first in such a way that the conormal module J/J 

is globally free of rank 2 and then it follows from a theorem of 

Serre that J can be generated by 2 elements. 

Another instance where curves with multiplicity structures are 

useful is in the study of vector bundles of rank 2 on 3-manifolds. 

Here the curves occur as zero sets of sections of the bundle. 

These curves carry a natural multiplicity structure. Under some 

hypotheses one can reconstruct the bundles from the curvee (see 

e.g. ll), [2], (4), (5] ) . 

In this paper, after introducing some notations and conventions, 

we recall first the Ferrand construction for multiplicity 2 struc-

tures and procee.d then to a systematic study of structures of 

higher multiplicity, whose reduction is a smooth curve. Up to 

multiplicity 4 we obtain a complete descripton. 
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48 C. BANICA and O. FORSTER 

§ 0. Notations and generalities 

(0.1) Although most of the results are also valid in the algebraic 

case, we work here in the analytic category. By a manifold we mean 

always a complex-analytic manifold X. An analytic subspace Z c X 

may be non-reduced, i.e. is a pair Z = (\ZI .~Z)' where the struc-

ture sheaf is of the form ~Z = ~X/IZ, where IZ G ~X is a coherent 

ideal sheaf with zero-set I Z \. For two subspaces z 1 ,z 2 of X we 

write z 1 C z 2 if Iz ::> IZ . The intersection z 1 r"l z 2 is the sub-
1 2 

space defined by the Ideal I ·- I + IZ . 
z1nz2 .- z1 2 

~ In this paper we are mainly concerned with the following 

situation: There is given a smooth subspace (i.e. submanifold) 

Y c X and another subspace Z ~ Y of X with [zl = \Y(. In a neigh-

borhood of a point a ~ Y there exists a holomorphic retraction 

X---~ Y, hence also a retraction 

JT:Z-'/'"Y, 

which is the identity on the underlying topological spaces. 

(More precisely, one should write Tr: Z n U ---> Y n U, U neigh-

borhood of a. But we omit the indication of U for simplicity of 

notation.) 

Now the following conditions are equivalent: 

i) Z is Cohen-Macaulay (i.e. all local rings ~ are Cohen-
Z,z 

Macaulay). 

ii) n is a flat map. 

iii) The image sheaf IT*~z is locally free over ~y· 

If Y is connected, the rank of JT*~z is then constant and equal 

to the multiplicity of Z. 

If Z is Cohen-Macaulay, the multiplicity can be calculated also 

in the following 

be a submanifold 

H and y intersect 

z at a equals 

way: In a neighJ:>orhood of 

of X with dim y + dim H = a a 
transversally at a. Then 

a point a ~ Z let H 

dim X and such that 
a 

the multiplicity of 
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MULTIPLICITY STRUCTURES 

(0.3) The intersection H n Z defines the structure of a multiple 

point on {a}. If codimaY = 2, H can be considered as a 2-plane. 

Brianyon [3] has classified all multiplicity structures on 0 £ ~ 2 

up to multiplicity ~ = 6. We give the first cases of his list. 

For a suitable local coordinate system (x,y) at 0 ~ ~ 2 • thepossi-

ble ideals for multiplicity ~ 4 are 

fA- I 

1 (X ,y) 

2 2 
(X ,y ) 

3 
3 

(X ,y ) ' 
2 2 ( x ,xy ,y ) 

4 
4 (x,y ), 2 2 

(X ,y ) ' (x 2 3 ,xy,y ) 

(0.4) A subspace Z of a manifold X is called a locally complete 

intersection, if for every point a E Z the ideal IZ can be 
,a 

generated by r = codimaZ elements. Locally complete intersections 

are Cohen-Macaulay. 

In the sequel, we will often use the abbreviation CM for Cohen-

Macaulay and l.c.i. for locally complete intersection. 

§ 1. The Ferrand construction 

49 

In this section we recall the Ferrand construction (4] of the doub-

ling of a l.c.i., since this is the basis for our later studies 

of higher multiplicities. 

~ Let Y C X be a l.c.i. of codimension 2 in a manifold X. The 
2 

sheaf )) y : = Iy!Iy is then locally free of rank 2 over (!)y = (!)X/Iy, 

i.e. corresponds to a vector bundle of rank 2 on Y, which is by 

definition the conormal bundle of Y. (In the sequel we will iden-

tify vector bundles and locally free sheaves.) Now let there be 

given a line bundle Lon Y, i.e. a locally free sheaf of rank 1, 

and an epimorphism 

Then we can define an ideal Iz c (!)X with I; ~ Iz ~ Iy by the fol-

lowing exact sequence 

(1) 0 --yo 
__ ,.,.. 

L ---7- 0 • 
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50 C. BANICA and 0. FORSTER 

An easy calculation shows that IZ is again locally generated by 

two elements: In a neighborhood of a point y € Y we may choose 
2 

generators g 1 ,g 2 of IY,y such that their classes gi .- gi mod Iy 

€ VY,y satisfy: B(g 1 ) = 0 and B(g 2 ) is a generator of the stalk 

Ly. Therefore (IZ/I~)y is generated by the class g1 , hence 

The subspace Z = ( \Y(,~X/IZ) is called the Ferrand doubling of Y 

with respect to the epimorphism B: ).)y --'/' L. (The multiplicity 

of Z is twice the multiplicity of Y.) 

It is clear that two epimorphisms B: ~y --~Land B': ).)y -- L' 

define the same subspace Z iff there exists an isomorphism 

<f: L --> t' such that B' =<foB. 

~Since Z is again a l.c.i., the conormal sheaf 

is locally free, i.e. a vector bundle. We consider its restriction 

Yz\Y := VZ ~ ~y· We have 

Vzly = (Iz/I~) ® (~X/Iy) ~ Iz/IYIZ . 

On the other hand, by definition L = Iy/IZ' hence 

1 2 = (I /I {12 :' I 2/I I y z y y z 

Therefore we get an exact sequence 

which can be fitted together with (1) to yield the following 

exact sequence of vector bundles on Y: 

From this it follows in particular that 

This formula can be used to calculate the dualizing sheaf ~Z of 

Z. The dualizing sheaf, which is just the canonical line bundle in 

the case of a manifold, can be calculated for a l.c.i. Z in a 

manifold X by the formula 

cvz = (Wx I z) ® detO)z )*. 
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MULTIPLICITY STRUCTURES 

Since a similar formula holds for W y, we get from ( 2) 

-1 
= wy ® L • 

~ If Y c X is a submanifold and Z ~ Y a eM-subspace with 

jzl = IY! and multiplicity 2, one can conversely show that 
2 IY C Iz C Iy and L := Iy/IZ is locally free of rank 1, hence 

Z is obtained from Y by the Ferrand construction by means of the 

natural epimorphism 

§ 2. Primitive extensions 

(2.1) From now on, we consider always the following situation: 

Let Y be a smooth connected curve in a 3-dimensional manifold X. 

We are interested in Cohen-Macaulay subspaces Z of X with Z ~ Y 

and l z 1 = 1 Y 1. 

51 

Such a CM subspace Z is called a primitive extension of Y if Z is 

locally contained in a smooth surface F. 

Let us first s~dy the local structure of a primitive extension. 

We may assume that there is a coordinate system (t,x,y) around 

the considered point such that F is given by IF = (x) and Y is 

given by Ii = (x,y). Since Z is a CM codimension 1 subspace ofF, 

it is given in this coordinate system by IZ = (x,yk+1 ) for a 

certain natural number k. This shows that Z is even a l.c.i. (of 

multiplicity k+1). 

To study the global structure of Z, we define a filtration 

Y = z 0 c. z 1 c. • • • c. zk = z 

as follows: We denote by Y(j) the j-th infinitesimal neighborhood 

of Y in X, given by the ide~l IY(j) = I~+ 1 and set 

I I I j+1 
z. = z + y . 

J 

With respect to the local coordinates considered above, we have 

j+1 rz. = (x,y ). 
J 

Thus Z. is a l.c.i. of multiplicity j+1. 
J 
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52 C. BANICA and O. FORSTER 

Let us assume k ~ 1. Then we have in particular the extension 

Y c z1 of multiplicity 2, which can be obtained by the Ferrand 

construction with the line bundle 

We will say in this situation that Z ? Y is a primitive extension 

of~ L. 

(2.2) Proposition. Let Z? Y be a primitive extension of multi-

plicity k+l and type L. Then one has for j = 1, ... ,k exact 

sequences 

--'> 

where Z. = Z n Y(j). 
J 

one has isomorphisms 

~ --~ ~ --~ 0, z. z. 1 J J-

Further, with the abbreviation I. := 
J 

j ,.. '!o' j j-1 
L :I. /I. - Iy/I 1 Iy . 

J -1 J 

Proof. We remark first that I. 1 /I. is a locally free ~y-module 
J- J 

of rank 1. This is verified by a local calculation. (In the above 

coordinates, I. 1 /I. is generated by the class of yj.) On the 
J- J 

other hand, one has surjective ~y-morphisms 

< ('Yt Ij "'+' 
j 

I. 1 Lj 
q> y I 2 +Iy 

--1...:....:!:. --~ 
I Ij-l 

-:;.. 
I +Ij+l 

= 
'I 1 I . 1 y z y J 

Since Lj and I. 1/I. are locally free of rank 1, c..c and 'f have 
J- J 

to be isomorphisms. 

(2.3) Proposition. Let Z ? Y be a primitive extension of multi-

plicity k+l and type L. Then there is an exact sequence 

The dualizing sheaf of Z satisfies 

= Gt.J ® L-k. y 

Proof. We have 
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2 
L = Iy/! 1 = Iy/(IZ+Iy), 

Lk+1 ~ I~+1/I1I~. 

The inclusions 

I~+ 1 C. Iz C. Iy , 

I 1 I~ C Iyiz C::: r; C. I 1 

induce the sequence we are looking for: 

Ik+l 
rz Iy Iy 

0~ _Y_~ ~ -~ -~ o. k I2 I1 I 1 Iy Iyiz y 

The exactness is again verified by local calculation. Taking 

determinants, we get from it 

det(vziY) = det(Yy)® Lk. 

This implies Wz/ Y = Wy ~ L -k. 

Remark. The above formula for 'Vz gives this line bundle only 

after restriction toY. Thus one needes information about the 

restriction map Pic(Z) --~ Pic(Y). For this we refer to § 3.2. 

53 

Now we study the following problem: Let there be given a primitive 

extension Z' = Zk_ 1 J Y of multiplicity k ~ 1 and type L. Under 

what conditions can we extend further to a primitive extension 

Z ~ Z' ~ Y of multiplicity k+l? Here we have 

(2.4) Proposition. Let Z' J Y be a primitive extension of type L 

and multiplicity k and let 

be the natural injection (given by Proposition 2.3). Then there 

is a bijection between the set of primitive extensions Z ? Z'? Y 

of multiplicity k+1 and the set of retractions for~', i.e. the 

set of epimorphisms 

B: vz' I Y --'7 L k 

with B o ~' = id1k . 
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54 C. BANICA and O. FORSTER 

This correspondence is given by the sequence 

( 2) 0 __ ,.,. = ~ ..... Lk -- 0. 

Proof. a) Suppose first given a retraction B for T' and define 

I 2 by the exact sequence (2). That Z ? Z'? Y is a primitive ex-

tension of multiplicity k+l can be seen locally: In suitable 

coordinates, 

Iy = (x,y), 
k 

IZ' = (x,y ). 

In the considered neighborhood, a basis of the bundle vz,/Y is 
.. k k k 

constituted by the classes x,y of x,y modulo IYIZ' and L = 
k k-1 k k-1 

Iy!I 1 Iy is generated by e := y mod I 1 Iy . Since B is a re-

traction, we have 

= e~ B(~) = ce. 

Replacing x by x' = x- cyk, we have Iy = (x',y), IZ' = (x',yk) 

and B(~') = 0. Then KerB is generated by the class of x', hence 

I ( ' ) I I -- ( ' k+ 1) Z : X + y Z I X ,y ' 

which shows that Z is a primitive extension of multiplicity k+l. 

b) Conversely, if Z ::> Z' ::> Y is a primitive extension of multipli-

city k+l, we have IZ C IYIZ' and 

is a subline bundle of Vz,\Y, which is the complement of the 

subline bundle Im(~') C ~Z'\Y (this is verified by a local cal-

culation). Hence the epimorphism of Vz,[ Y to the cokernel of« 

can be identified with the projection of Vz,IY onto the summand 

Im(T') ~ Lk in the direct sum decomposition 'Yz,IY=Im(ol) E£l Im('C'). 

c) It is clear that different retractions B1 ,B 2 : ~Z'\Y ~ Lk 

define different ideals Iz ,IZ . 
1 2 
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Remark. For the sequence 

__ !-., Lk ~- I - )J --i> L --0 r Vz I y ' y 0 

-1 
let M : = Ker(Yy ---'!>- L). This is a line bundle with M = det(Vy) 8 L . 

The existence of a retraction for 1:" 1 is equivalent to the split-

ting of the sequence 

0 
k 

L --~ V \Y _,.. M-
Z' o. 

Therefore we obtain 

(2.5) Corollary. Let Z'? Y be a primitive extension of type L 

and multiplicity k ~ 2. 

a) A sufficient condition for the existence of a primitive exten-

sion Z :::> Z'-;, Y of multiplicity k+1 is 

b) If there exists one primitive extension Z0 ? Z' ? Y of multi-

plicity k+1, then the set of all primitive extensions Z ? Z' -;, Y 

of multiplicity k+1 is in bijective correspondence with 

§3. Cohen-Macaulay filtrations, quasi-primitive extensions 

(3.1) Let Y be a smooth connected curve in a 3-dimensional mani-

fold X and Z :::> Y a CM subspace of X with /zl = \YI. We will first 

define the Cohen-Macaulay filtration of the extension Z ? Y. If 

Y(j) denotes the j-th infinitesimal neighborhood of Y, the inter-

section Z n Y(j) will not be necessarily Cohen-Macaulay, since 

in the primary decomposition of IZnY(j) there might be embedded 

components. Throwing away all these embedded components, we get 

a well-defined largest CM subspace 

z. c z n y< j). 
J 

Let k t ~ be minimal with Z ~ Y(k), (since Y is connected, k exists). 

Then of course Z = Zk. The sequence 
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56 C. BANICA and O. FORSTER 

j+l 
is called the eM-filtration of Z. One has always IY C Iz. and 

there exists a a-dimensional subset S C Y such that J 

I =I + Ij+ 1 for ally E Y'-S and j = O, ... ,k. 
Zj,y Z,y Y,y 

For abbreviation let us write I. : = 
J Iz .. We assert that 

J 

This is trivially true in all points y E. Y' S, hence ( Iyi. 1 +I.) /I. 
J- J J 

is an ideal in OZ. with support contained in S. Since oz. is CM, 
J 

this ideal must be identically zero, which proves our 

Therefore 

LJ. : = I. 1 /I. 
J- J 

J 
assertion. 

are modules over OY, which are torsion-free (since Oz. is CM), 
h . J 

ence locally free. Thus Z = Zk can be obta1ned from Y = Z0 

by successive extensions 

(1) 0--:;> L. --)> 0 --> Oz --;;::> O, j = 1, ... ,k, 
J zj j-1 

by vector bundles 1 .. The multiplicity of Z is therefore 
J 

k 
~(Z) = 1 + ~ rank(L.) 
I ~ J 

j=1 

and we have 
k 

") 
y( y' L.), 

.,:_....1;\ J 
j=1 

(3.2) Since L. =I. 1 /I. is an ideal of square zero in 
--- J ]- J 
get from (1) exact sequences 

:'f" * o --:-... 1. --~ (')z --:> oz --::.> o, 
J j j-1 

hence exact sequences 

oz.' we 
J 

H1 (Y,L.) --~ Pic(Z.) --~ Pic(Z. 1 ) --~ H2 (Y,L.) 
J . J J- J 

from which one can read off sufficient cohomological conditions 

for the bijectivity of the restriction map Pic(Z) --~ Pic(Y). 
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MULTIPLICITY STRUCTURES 57 

~Analogously to the formula IYij-l C Ij one proves 

I.I. C I.+.+l for all i,j. This induces a natural multiplicative 
l. J l. J 

structure 

In particular, one has morphisms 

which are surjective over y, S. 

(3.4) We have always a surjective map 

Yy 
Iy 

--:;>-
Iy 

= Ll = ?" ~ y 

Hence rank(L 1 ) ~ rank(Vy) = 2. The case rank(L 1 ) = 0 is trivial, 

since this implies L. = 0 for all j > 0, hence Z = Y. So therere-
J 

main two non-trivial cases: 

i) rank(L 1 ) = 1, 

ii) rank(L 1 ) = 2. 

The second case occurs iff I 1 = I;, i.e. Y(l) ~ Z. 

In the first case we will call the extension Z J Y quasi-primitive. 

Since generically (i.e. over Y'S) we have I 1 = IZ +I;, the 

condition rank(L 1 ) = 1 is equivalent to the condition that gener-

ically emdim Z = 2. Thus Z J Y is a quasi-primitive extension iff 
y 

it is a primitive extension outside a zero-dimensional subset 

of Y. 

~ Let now Z ~ Y be a quasi-primitive extension with eM-fil-

tration 

and define the bundles L. = 
J 

abbreviation L := L1 . Since 

surjective, it follows that 

there are divisors D. ? 0 on 
J 

I. 1 /I. as above. We will use the 
J- J • 

the maps LJ ~ L. are generically 
J 

all L. are line bundles and that 
J 

Y such that 

From the multiplication Li ~ Lj L .. we get 
l.+J 
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58 C. BANICA and O. FORSTER 

D. + D. ~ D. . for all i, j ~ 1, 
~ J ~+] 

where D1 := 0. 

Thus to any quasi-primitive extension Z ~ Y we can associate as 

invariants a line bundle Land a sequence of divisors D2 , ... ,Dk 

on Y. We call (L,D 2 , ... ,Dk) the type of the quasi-primitive ex-

tension. 

(3.6) Note that the extension z 1 ~ Y is obtained by the Ferrand 

construction using the line bundle L. The other extensions have 

a more complicated structure. To study them consider the conor-

mal sheaves )) .. - ))Z = I. /I~ . We have ')). \Y = I. /IYI .. Since 
J j ]] J J J 

IYij C Ij+ 1 and Lj+ 1 = Ij/Ij+1 we have an exact sequence 

I. 
~ -L = v.\Y 

IYI j J 

Thus I. 1 is uniquely determined by I. and the epimorphism 
]+ J 

B.: v.IY ---~ L. 1 . However this epimorphism is not arbitrary, 
J J ]+ 

but satisfies a certain condition. To derive this condition, we 

consider the sequence 

0 -·--"> L j + 1 "t" j ,_ V . \ Y ~ Vy ---'> L ---:::>- 0 • J ' . 

As in § 2.3 we have Lj+ 1 = I~+ 1 ;I 1 I~, Vj\Y = Ij/IYij, ~y = Iy/I~, 
L = Iy/I 1 and the maps are induced by the natural inclusions. The 

sequence is a complex, but not necessarily exact at the places 

vjly and Yy· The composition 

. 1 T. B. 
LJ+ J \Y J ~ vj -----"-+ Lj+ 1 

is nothing else than the natural inclusion Lj+ 1 ~ Lj+ 1 (D. 1 ). 
]+ 

Thus B. is a "meromorphic" 
J 

the only condition that B. 
J 

proposition shows. 

retraction of .,;-.. In a sense, this is 
J 

has to fulfill, as the following 

(3.7) Proposition. Let Z' ~ Y be a quasi-primitive extension of 

type (L,D 2 , ... ,Dk_ 1 ) and multiplicity k and let 't': Lk ~)JZ,\Y 
be the natural map induced by the inclusion I~~ Iz,• Let Dk~ 0 

be another divisor on Y. Then there exists a natural bijective 

correspondence between the set of quasi-primitive extensions 

Z? Y of multiplicity k+1 and type (L,D 2 , ... ,Dk) with eM-filtra-

tion Y = Z0 C ... C Zk_ 1 =Z' C Z and the set of all epimorphisms 
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which make commutative the diagram 

l B k 
))z ' y ) L ( Dk ) 

-rlt ( 
k ~'t· 

L 

Proof. Of course, given B, the associated extension Z ~ Y is de-

fined by the exact sequence 

Iz \ 
0 ~ -I I ~ 'Yz, Y 

y Z' 

59 

By the above remarks it remains only to show that for this Z the 

maximal CM subspace of Z ~ Y(k- 1 ) coincides with Z'. This is true 

over Y' lJ Supp(D.), since there the extension is primitive. Hence 
] 

it is true everywhere. 

(3.8) Parametrization. Assume Y compact. Then, given one B satis-
o 

fying the conditions of Proposition 3.7, the set of all such B is 

in bijective coorespondence with an open subset of 

k 
Hom(K,L (Dk))' 

where K := (vz,\Y)/Im(Lk ~Vz,\Y). To determine this set consider 

the sequence 

Since this sequence is exact outside a set of dimension zero, 

K' := K/Tors(K) is isomorphic to 

It follows that K' = M(-Dk_ 1 ), where Dk_ 1 is the divisor deter-

mined by 

k k -1 Since Hom(K,L (Dk)) = Hom(K' ,L (Dk)) and M = det(Vy)e L , we see 

that the set of all B's is parametrized by an open subset of 
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60 C. BANICA and O. FORSTER 

(cf. Corollary 2.5). 

Note that D I = 0 and that 
1 

Coker( Lj 
I. 1 

on. = ~ L.) '= J-
J 

---j 
J Ij+Iy 

hence in particular D2 = D2 . 

(3.9) Local structure. Proposition 3.7 can also be used to deter-

mine the local structure of quasi-primitive extensions. As an 

example consider a quasi-primitive extension Z=Z 2 ) z 1 ') Y of 

multiplicity 3 in the neighborhood of a point a E Y where 

orda(D 2 ) = d > 0. Since z 1 ') Y is a Ferrand doubling, there exists 

a local coordinate system (t~x,y) around a such that Iy = (x,y), 

I 1 = (x,y 2 ) and t(a) = 0. Then v1 IY = I 1 /IYil is generated by 

the classes 

• 2 2 
y . -y mod Iyi 1 , 

2 2 •2 
and L = Iy/IYil is generated by y . In the diagram 

~0 

·2 .2 ·2 d 
~ maps y to y and t maps y to t e, where e is a local base 

of L2 (D 2 ). By the commutativity of the diagram B(y 2 ) = tde. Since 

B is surjective, we must have B(~) = ~e, where ~(0) t 0. Replacing 

x by rx, we may suppose B(x) = e. Then Ker(B) is generated by 
t d. .2 

x -y , hence 

d 2 2 (t x-y ,xy,x ). 

In a similar manner one calculates the local structure of a quasi-

primitive extension z = z3 ') z2 ') zl ') y of multiplicity 4 and 

type (L,D 2 ,D 3 ) around a. One gets: 

i) If orda(D 2 ) = orda(D 3 ) = d, then z 3 is a l.c.i. in a neigh-

borhood of a and 
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Iz 
3 

d 2 2 = ( t x-y , x ) • 

If globally n2 = n3 =: D, then z 3 is a l.c.i. everywhere and 

one calculates for the dualizing sheaf 

'- ' l y '·' IrA L- 3 ( -D) • ""Z = VVy "" 
3 

ii) If orda(D 2 ) = d < orda(D 3 ) = d + 6, then z 3 is not a l.c.i. 

and in suitable coordinates 

b d 2 d 2 2 = (t (t x-y )-xy, y(t x-y ), x ). 

§ 4. Thick extensions of multiplicity 4 

(4.1) As always, let Y be a smooth connected curve in a 3-dimen-

sional manifold X. A eM-extension Z J Y which is not quasi-

primitive contains by § 3.4 the full first infinitesimal neigh-

borhood Y( 1 ) of Y. Therefore we will call it a thick extension. 

In particular, if Z j Y is a thick eM-extension of multiplicity 

4, we have Y(l) C: Z C. Y(2), i.e. 

I~ c Iz c I; 

and L := I;/IZ is locally free of rank 1. Thus we have an exact 

sequence 

0~ L --...,... o. 

Conversely, let L be a given line bundle on Y and 

L 

3 an epimorphism. Then Ker(A) can be written in the form IZ/Iy 

and IZ defines a eM-extension Z J Y of multiplicity 4 with 
y(l) c:.. z. 

~ We study now the problem under what conditions on A the 

structure Z will be l.c.i. For this purpose we consider more 

generally a bundle F of rank 2 on Y. One has the squaring map 

2 
q: F ----+ S F. 

61 
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62 C. BANICA and O. FORSTER 

2 
Its image is a qudratic cone Q C S F. If e 1 ,e 2 is a local base 

2 2 
of F and e 1 ,e 1e 2 ,e 2 the associated base of the second symmetric 

power s 2r, then Q consists of all linear combinations 
2 2 2 

~ 1 e 1 + ~ 2 e 1 e 2 +~ 3 e 2 such that 4~ 1 ~ 3 - ~ 2 = 0. Let now 

\: s 2r--;::. L 

be an epimorphism of s 2r onto a line bundle Lon Y. We define 

a discriminant disc(~) as follows: Let e be a basis of L over 

some open subset U C Y and let e 1 ,e 2 be a basis of F over U as 

above. Then >. defines functions a, b, c on U by 

With respect to the given bases, disc(A) is given by ac- b 2 . 

The transformation behavior under base changes of F and L shows 

then, that disc(A) is a well defined element 

-2 2 
disc(),) E rCY,det(F) ®L ). 

The discriminant has the following significance: disc()) vanishes 

in a point p E Y if and only if in the fiber52F the kernel Ker(A) 
p p 

is tangent to the quadratic cone. Now we apply this to the 

bundle F = ))y. 

2 
(4.3) Proposition. Let): S Vy ----~ L be an epimorphism onto 

a line bu~e L on Y and let Z ~ Y be defined by the exact sequence 

0. 

Then Z is a l.c.i. at a point p E Y iff disc(~)(p) # 0. 

Proof. a) If disc(A)(p) # 0, then in the fiber (S 2VY)p the kernel 

Ker(~) intersects the quadratic cone in two different lines. . p 
Therefore there exist over some neighborhood of p two subline 

bundles M1 ,M 2 C Vy such that Q A Ker(~) = q(M 1 ) v q(M 2 ). Chose 

a basis e 11 e 2 ~f Vy s~ch that ei is a basis of Mi. Then Ker(A) is 

generated by e 1 and e 2 . We can choose local coordinates (t,x,y) 

in X around p such that e 1 = x mod I; and e 2 = y mod I;. Then 

it is easily verified that IZ = (x 2 ,y 2 ), so Z is a l.c.i. in a 

neighbohood of p. 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



MULTIPLICITY STRUCTURES 

b) If disc(A)(p) = 0, we have to distinguish two cases: 

i) disc(~) vanishes identically in a neighborhood of p. This 

implies Q n Ker(~) = q(M) for some subline bundle M of Yy over 

63 

a neighborhood of p. Then for some basis e 1 € M, e 2 of Yy, Ker()) 
2 is generated by e 1 , e 1e 2 . For a suitable coordinate system (t,x,y) 

around p we have then 

2 3 2 3 
Iz = (x ,xy) + (x,y) = (x ,xy,y ), 

which shows that Z is not a l.c.i. 

ii) disc()) vanishes at p of a certain finite order d > O. If 

(a,b,c) are the coordinates of~ with respect to some basis e 1 ,e 2 
of Vy and e of L over a neighborhood of p, we have therefore 

2 d ac -b = t , where t is a local coordinate on Y with t(p) = 0. 

Since a,b,c cannot simultaneously vanish at p, we have a(p) ~ 0 

or c(p) ~ 0. We may suppose a(p) ~ 0. Multiplying e 1 by an in-

vertible function, we may even assume a : 1. We replace now e 2 
by e2 = e 2 - be 1 • Then 

Hence we may also assume witiput loss of generality that b = 0. 

Then c = td and Ker(~) is generated by e 1e 2 , e~-tde~. For a suit-

able coordinate system (t,x,y) around p we have then 

2 d 2 3 2 d 2 3 
IZ = (xy,y -t x ) + (x,y) = (xy,y -t x ,x ), 

which shows again that Z is not a l.c.i. 

(4.4) Remark. From Proposition 4.3 it follws in particular: If Z 

is a locally complete intersection everywhere, then the bundle 

det(Vy) - 2 ~ L 2 must be trivial. 

As an example let us consider the case X = lP 3 , Y = lP 1 c:. lP 3 • Then 

'VY = (!)Y(-1) 67 (!)Y(-1). Thus for a thick l.c.i. structure Z ';) Y of 

multiplicity 4 we have L = (!)y(-2). The epimorphism 

is then given by a triple of constants a,b,c with ac -b 2 ~ 0 

and it is easy to see that there exist (global) homogeneous 

coordinates (u,v,x,y) on lP 3 such that 
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Iy = (x,y), 

C. BANICA and 0. FORSTER 

2 2 
Iz = (x ,y ). 

Thus Z is a global complete intersection. 

(4.5) Proposition. Let Z ;,y be a thick l.c.i. etension of multi-

plicity 4 given by an epimorphism ). : s 2yy ---7 L. Then we have 

for the dualizing bundle 41z I Y ~ fA.Jy ® L - 1 • 

Proof. There is an epimorphism 

which must be an isomorphism, since both sheaves are locally free 

OY-modules of rank 2. Thus we have an exact sequence 

0 ---~ VziY ---~ s2Yy ---~ L ---~ O, 

from which it follows tha~ 

. I 2 -1 "" 3 -1 det('Vz Y): det(S 'Vy)dDL = det('Yy)eL. 

Since Z is a l.c.i., we have det(Vy) 2 = L 2 , hence det(~ZIY) ~ 
det(Vy) ~ L, from which the assertion follows. 

Bibliography 

[1] C. B~nica and N. Manolache: Rank 2 stable vector bundles on 
P 3 (C) with Chern classes c 1 =1, c 2 =4. Math. Z. 190 (1985)315-339. 

[ 2] C. Banica and M. Putinar: On complex vector bundles on rational 
threefolds. Proc. Cambridge Math. Soc. 97 (1985)279-288. 

J. Briancon: Description of Hilbn~{x,yt. Invent. Math. 41(1977) 
45-89. 

D. Ferrand: Courbes gauches et fibres de rang 2. C.R. Acad. 
Sci. Paris 281 (1977) 345-347. 

[5J R. Hartshorne: Stable vector bundles of rank 2 on P3 . Math. 
Ann. 238 (1978) 229-280. 

[6] L. Szpiro: Equations defining space curves. Tata Institute 
Lecture Notes. Bombay 1979. 

c. Banidl 

Department of Mathematics 

INCREST 

bd. Pacii 220 

79622 Bucharest 

Roumania 

0 .. Forster 

Mathematisches Institut 

der LMU 

Theresienstr. 37 

D-8000 Miinchen 2 

West Germany 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



Contemporary Mathematics 
Volume 58, Part I, 1986 

ALGEBRAIC CYCLES AND THE BEILINSON CONJECTURES 

Spencer Bloch1 

The purpose of this note is to explain a sort of generalization of the notion 
of algebraic cycle, and to relate these generalized cycles to higher K-theory and 
to various conjectures (Bei 1 in son [2] , [3], Bei 1 i nson-Li chtenbaum [41 , [16] and 
Soule [20]) connecting K-groups to L-functions and other objects of number-theoretic 
interest. I want to thank the organizers of the conference for providing a stimu-
lating mathematical atmosphere. 

The discussion here differs slightly from my talk at the conference for 
selfish reasons relating to my own publication record. Detailed verifications of 
the foundational properties of the groups CH*(X,n) will appear in Advances in Math. 
[26]. Since most of these pr~rties are eminently believable and their proofs are 
modifications of classical arguments for cycles and for K-groups, I have simply 
listed them here with only the vaguest hints of proofs. On the other hand, the 
simple but powerful construction of cycle classes occurred to me more recently. 
Since it gives considerable information on the torsion theory, as well as a refor-
mulation of Beilinson's conjectures relating K-groups to values of L-functions, I 
have chosen to treat it in more detail. 

~1. THE BASIC CONSTRUCTION. Let X be a scheme of finite type over a field k. We 
assume X is equidimensional, and we fix an integer r ~ 0. The cycle group zr(X) 
is defined to be the free abelian group with generators the irreducible closed 
subvarieties vex of codimension r. We will say that subvarieties vic X of 
codimension ri' i = 1,2 me.e;t p!LOpe/tly if every irreducible component of v1nv2 
has codimension ~ r1 + r2 on X. 

Let ~n =A~ , n = 0,1,2, ... with coordinates (t0 , ... ,tn) satisfying Eti=1. 
For I c{0,1, ... ,n}, a set of n-m elements, we have a 6ace. map 

a I: X x ~m c.. X x ~n 

defined by setting ti = 0, i e I. We define zr(X,n) to be the free abelian group 
generated by irreducible codimension r subvarieties of X x ~n meeting all 
faces X x ~m for all m < n properly. 
1980 Mathematics Subject Classification. 14 C 35, 14 F 15 
1 Supported by NSF 
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66 ALGEBRAIC CYCLES 

Thus 

With notation as above, we define 

ai:zr(X,n) ~ zr(X,m) 

to be the pullback map. Note that the faces are complete intersections and cycles 
are assumed to meet faces properly, so for vex x fln irreducible of cod. r repre-
senting an element of zr(X,n) we have 

ai(V) = jvnai(Xxflm)]. 

Here [scheme] means associated cycle (18], Chap.l). 
There are also defined flat maps (degeneracies) 

o. :Xxfln+l ~ Xx6n 
1 

oi(x,to·····tn+l) = (x,to·····ti-l'ti+ti+l'ti+2'"""'tn+l) 

and pullback along the o. (defined for all cycles since the o. are flat) defines 
r r 1 r 1 

maps o.: z (X,n) ~ z (X,n+l). The groups z (X,n) n = 0,1,2 ••.. together with the 
1 r 

a1 and ~ form a simplicial complex of abelian groups, denoted z (X •. ) 

~ ~ 

; zr(X,2) ~ zr(X,l) + zr(X,o) 
~ ~ ~ 

The homotopy (or homology, the two coincide by 126.1) of this complex is 
denoted by 

H (zr(X,.)) = rr (zr(X,.)) = CHr(X,n). 
n n def 

This is our basic object of study. 

~2. PROPERTIES. Here is a list of the properties of the groups CHr(X,n) 
established in 1261. 
(i) Functo~y: Covariant (with shift of codimension index r) for proper maps, 
and contravariant for flat maps. Contravariant for all maps when the target is 
smooth. 
(ii) Homo~py: CHr(X,n) = CHr(V(E),n) forE~ X a vector bundle. 
(iii) Localization: Let Vc X be closed of pure codimension d. Then there is a long 
exact sequence 

••• ~ CH*(X-V,n+l) ~ CH*-d(V,n) ~ CH*(X,n) ~ CH*(X-V,n) ~ ••• ~ CH*(X-V,l) ~ 

~ CH*-d(V,O) ~ CH*(X,O) ~ CH*(X-V,O) ~ 0. 
(iv) Veg4ee ze4o: CHr(X,O) = CHr(X), the Chow group as defined in [8]. 

r -n r r ) . ( v) Loca..t :to globa..t .&pect4a..t .&equence: CH ( X,n) = lH (X,~x (.)). where ~x (. 1 s 
the complex of Zariski sheaves concentrated in negative degrees given by U ~ zr(U •. ). 
In particular, given r ~ 0 there is a spectral sequence E~.q =HP(X.~r(-q))=>CHr(X,-p-q) 
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where CHr(q) is the Zariski sheaf associated to the presheaf U ~ CHr(U,q). 
(vi) Muitipticatlvity: There is an exterior product 

CHP(X,q)8 CHr(Y,s) ~ CHp+r(XxY,q+s). 

Pulling back along the diagonal yields a product structure 

CHP(X,q) 8 CHr(X,s) ~ CHp+r(X,q+s) 

for X smooth. 

67 

(vii) Ch~n cla6~eA: For E on X a rank n vector bundle, there are well defi-
. a a+i ned operators ~;(E): CH (X,b) ~ CH (X,b), 1 ~ i ~ n having the functoriality 

properties detailed in (Fulton [81 chap. 3). In particular, writing ~ for the first 
Chern class of 0(1) on IP(E) :a. X, one has the pMjecU.ve bundle the.o~em 

[ ~; 1 ~i )o IT*:CH*(X,m): CH*(IP(E),m) 
1=0 -

as well as the usual Chern class identity 

~n + c ~n-1 + ••• + c = 0. 
- :1 - :n 

We can define ci(E) : ~i(E)(X) e CHi(X,O). When X is non-singular, ~i = multiplica-
tion by ci. 
(viii) Rei.a.lionMu.p with a.f.g~ K-the.o11.y: Let G*(X) denote the algebraic K-
groups defined using the category of coherent sheaves on X,[17]. Soule f19l has 
defined a y- filtration on the G*(X). We have 

CHP(X,q) 8 Q ~ grP G (X) 8 Q. y q 

(ix) Codimen6ion 1: For X regular, 

!Pic(X) q = 0 
CH1(X,q) : r(X,OX) Q = 1 

0 q ~ 2. 

(x) G~ten'~ conjectul!.e: For X smooth over k there are flasque resolutions 
0 ~ ~rX(q) ~ i 0 i CHr(Sp k(x),q) ~ i 1 ixCHr-1(Sp k(x),q-1) ~ 

xeX x xeX 
••• ~ i i CHr-q(Sp k(x),O) ~ 0. 

xexq x 

Here Xq denotes the set of points x on the scheme X whose Zariski closure {x} 
has codimension q, i A for an abelian group A denotes the constant sheaf with 

X-
stalk A supported on {x}, and ,Q:I~(q) is the Zariski sheaf as in (v). In parti-
cular, 

CHr(X) = Hr(X,~r(r)). 

(xi) Finite coe66icie~ and the ttale topology: Let zX,et(.) be the complex of 
sheaves on X for the etale topology, given by U ~ z*(U,.). Let n be an integer 
prime to the characteristic of k and let n: X ~ Sp k be the structure map. Then 
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68 ALGEBRAIC CYCLES 

the pull back 

rr*(z$p k,et(.) 8 ~nil~ zX,et(.) 8 ~ni 

is a quasi-isomorphism. 

~3. COMMENTS ON PROOFS. The proofs of (i) - (v) use two elementary moving lemmas. 
A preliminary version of [26] contained some inaccuracies at this point, so I will 
give details here. (cf. 1~15],[25]) 

LEMMA. Let X be an algebraic k-scheme and G a connected algebraic k-group acting 
on X. Let A,B c X be closed subsets. Assume the map GxA ~ X, (g,a) ~ g.a is 
dominant and all fibres have the same dimension. Then there exists an open non-empty 
UcG such that for g e U the intersection g(A)nB is proper. 

PROOF. Consider the diagram 

G GxA -X 

c -s 
where C is the indicated fibre product. Our hypothesis implies dim C = dim G + 
dim A + dim B - dim X. We may take for U the open set in G where the fibres 
of C ~ G have smallest dimension. Q.E.D. 

LEM~~. Let hypotheses be as in the previous lemma. Assume moreover we are given 
an overfield K::::Jk and a K-morphism ljJ : X ~ G. Define <jl:X~x by <P(x) = ljJ(x) .x. 
We suppose that <P is an isomorphism, and that there is a non-empty V c X open 
and defined over k such that for any x e V a scheme point, we have for n:XK~xk' 

tr. deg.k k(ljJ(x),rr(x)) ~dim. G. 

Then (Anv)nB is proper. 

PROOF. We have the diagram 

(VnA)K ( ljJ 'rr) GxA ·- X - K 
u u u 

(VnA)Knc - c -B 

As in the previous lemma, dim C = dim G + dim A+ dim B - dim X. Also (VnA)Knc 
is identified under <P with <P(VnA)nB. It therefore suffices to show the inter-
section C n(VnA) is proper on GxA. We can also replace A by VnA and ignore V. 

We regard this as an intersection problem on GxA for C arbitrary. Replacing 
C by a hyperplane section, we may assume cnA is zero dimensional. For the 
intersection to be improper we must have dim C < dim G. Let z e A be a scheme point 
such that (ljJ(a),rr(a)) e C. We must have tr. deg.k k(ljJ(a), rr(a)) < dim G, contradic-
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ting the hypotheses. Q.E.D. 

EXAMPLE 1.Suppose X= X' x A1, with G acting trivially on A1. We are given 
1jJ0 : A~ + GK and an open Wk c A~ such that for a 11 scheme points w e 1-/K, tr. 
deg.k(1jJ0 (x) ~ dim G -1 and tr. deg.k 1jJ0 (w) = dim G if w is algebraic over k. Then 
the map 1jJ = 1jJ0 • pr: X+ G satisfies the hypotheses of (1.2). Indeed the map 
~: X= X'xA1 +X is ~(x,a) = (1jJ0 (a)x,a) and is therefore an isomorphism. 

As an application, we suppose given a connected algebraic k-group G acting 
on X and a morphism 1jJ0 : A1 + G defined over K.Write 1/J(x,y) = (1jJ0 (y)x,y) as above. 
Let vex be locally closed and defined over k, and assume GxY +X is dominant with 
constant fibre dimension. Let zy(X,n)cz*(X,n) be generated by irreducible subvari~ 

ties meeting all faces Yx~m properly. We define a homotopy h.:z*(X,.) + z*(XK,.+l) 
by composing 

z*(Xk,.) + zK(XK,.) + z*(XxA~ •• ) ~ z*(XxA~,.)T: z*(XK,.+1) 

HereT is induced by a "triangulation" A1 x ~n = ~n+l coming from affine maps 
~n+ 1 ~ A1 x ~n. Although Tnofa cycle does not generally meet all faces properly, 
the composite h. is defined. Assuming 1jJ0 (0) = id. e G and 1jJ0 (x) is k-generic for 
all x e A1 (k), x ~ 0, we find that h.(zy(Xk,.))czy(XK,.+l) and 
1/J(l)*(z*(Xk,.))czy(XK,.). Moreover h. gives a homotopy between 1/J(O)* = id. and 
1/J(l)*. When K is purely transcendental over k, a specialization argument enables 
us to eliminate K and deduce the inclusion zy(X,.)cz*(X,.) is a quasi-isomorphism. 

EXAMPLE 2. Take X= ZxA1 , Y = Zx{O,l}, G = Ga acting on A1• We see that 

z~x{O,l} (ZxA1 ,.) = z*(ZxA1 ,.). 

This is the key point in the proof of the homotopy theorem (ii). 
EXAMPLE 3. Take X = PN, YcPN quasi-projective. Then 

zy(PN,.) = z*(PN,.). 

Given WcY locally closed, one can define a complex zY,W(PN,.)czy(PN,.) fitting 
into an exact sequence 

a 
0 + zv.w<PN •. ) + Zy(PN,.) t zw<v •• ) + z*(Y,.). 

One shows as above that the inclusions 

zy ,w<PN ,. }czy(PN ,.)c z*(PN,.) 

are quasi-isomorphisms, and that an is surjective for a range of n which goes 
to infinity with N. This is the key point in the proof of the localization sequence 
(iii) as well as the general contravariant functoriality (i). 

The relation between the CHr(X,n) and K-theory explained in (viii) is 
established in several steps. 

STEP 0. By a localization argument, one reduces to the case X smooth and affine. 
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STEP 1. Let v1,v2, ... ,Ysc X be smooth Cartier divisors such that the intersection 
v1 = i~I Y; is transversal for any Ic{l,2, .. ,s}. Let zcx be a closed subscheme 
meeting all the v1 properly. We define relative K-groups with supports in Z 

z K*(X;Y1, ... Ys) 

and cycle groups 

* z CH' (X;Y 1, .. ,\;m). 

There is defined a chern character 

ch: Kz(X;Y 1, ... ,Y) _,. ffi CHi'Z(X;Y1, ... ,Y ;m) 8 Q. 
m s i s 

The group on the right is a module for CH*(X,O), so one can define the action of 
multiplication by the Todd class Td(X), and a map 

T = (Td(X)· )•ch 

STEP 2. Using work of Kratzer [13], and Soule [19], one defines Adams operations 
on the K~(X;Y 1 , •. ,Ys). Assuming X equi-dimensional and Z of pure codimension d 
with irreducible components Zi' one shows 

grdK~(X;Y 1 , .. ,Ys) = {[ nizi = zl z•Yj = 0, 1 ~ j ~ s} ={cod. d ~eiative 
cyci.u. .6Upp. on Z}. 

Thus, by dropping supports, one gets a cycle class map 

{cod. d rel. cycles supp.on Z} _,. gr~ K0(X;Y 1, .. ,Ys). 

STEP 3. We apply the above with X replaced by Xx~m and Y; Xx~~- 1 the i-th 
codimension 1 face. The cycle map now factors through 

d{ m m ) cycle d { m m-1 ) CH Xx~ ; Xx~ 0 •... ;0 ~ gry K0 Xx~; Xx~ 0 , ... 8 Q 
T 

and T o cycle = id. 

STEP 4. "cycle" is surjective. To see this, we rewrite 

K 0 {x~n; Xx~~- 1 , ... ) = K0{XxSn)/K0(X), 

where sn denotes the "algebraic sphere" 

5n = ~n II . ~n 
+ u~n-1 

One has K0{XxSn) = lim K0{Ya)' the limit being taken over the category of 
morphisms XxSn _,. Ya _,.with Ya smooth. Classes in K0{Ya) can be interpreted in 
terms of cycles in the usual way, and these cycles moved t~ general position and 
then pulled back to XxSn. Such a pulled back cycle z has traces z+ on Xx~+. 
Clearly, z+ -z_ is a relative cycle on Xx~n and so represents a class in -
CH*(Xx~n; Xx~~- 1 , ... ;0). One checks that this cycle maps to the desired class in 
K0(xxsny K0(x) s Q. 

~4. THE CYCLE CLASS. The next step is to study cycle classes associated 
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to elements in CHr(X,n). For simplicity, we work in the category of smoooth 
quasi-projective varieties over a field, and our cycle classes take values in 
suitable cohomology theories. The extension to arbitrary quasi-projective varieties 
over a field is easily done, using cohomology with supports, and yields cycle 
classes in homology theories, as one would expect. 

The two "cohomology theories" we have in mind are the Deligne-Beilinson 
theory H~(X,b) and the etale theory H~t(X,b) = H~t(X,Z 1 (b)). Note that these 
theories are bigraded and are finer than the usual Weil cohomologies. For example, 
in the etale theory, we do not extend scalars to the separable closure of the 
ground field as one does to define the etale Betti groups. The Deligne-Beilinson 
theory is defined in the first instance for varieties over t, and fits in a long 
exact sequence 

•••+ H~R 1 (X/l) + H~(X,b) + Ha(X,Z(b)) i FbHa(X,l) + H~R(X/t) +••• 

One can define the theory for varieties over R by taking invariants (in a suitable 
derived sense) under the real conjugation. 

We assume given such a bigraded theory Ha(X,b) satisfying certain reasonable 
properties (listed below), and we define a cycle map 

CHb(X,n) + H2b-n(X,b). 

The integer b will be fixed throughout the discussion. We assume H*(X,b) is 
hypercohomology (for the Zariski topology, the etale topology, or some other 
Grothendieck topology having enough points so Godement style resolutions are availa-
ble) of a complex Kx(b)" which is contravariant functorial in the sense that 
given f:Y +X, there is a well-defined map f*Kx(b) + Ky(b) satisfying the usual 
compatibilities for more elaborate diagrams. Replacing Kx(b) by its Godement reso-
lution, we may assume the sheaves Kx(b)n are acyclic, so 

Ha(X,b) = Ha(r(Kx(b)")). 

Because the Hodge filtration on an open variety is usually defined using the complex 
of logarithmic differentials on the compactification, it is not obvious that the 
Deligne-Beilinson cohomology can be calculated from such a complex. For a proof 
that it can, cf. [2], 1.6. 

Given Y a (not necessarily smooth) closed subscheme of X, we assume there 
are defined cohomology groups with supports, and a localization sequence 

•••+ H~(X,b) + Ha(X,b) + Ha(X-Y,b) + H~+l(X,b) + ••• 

which is contravariant for cartesian squares 

Y' '"- X' 

~ l 
y .c.. X 
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72 ALGEBRAIC CYCLES 

and covariant for v1cv2 c X. Note we do not assume Kx_y(b) = Kx(b)\x-Y but 
only that there is a map. )oncerning these groups, we suppose 
(homotopy): H*(X,b) = H*(XxA ,b). 

(cycle):Assume Y c X has pure codimension b. Then there is a well defined cycle 
class 

[Y] e H~b(X,b). 
This class is contravariant functorial in the sense that given f:X' -+ X such that 
r 1(Y) is pure codimension b in X', we have f*[Y] = J f*Yj (pullback of cycles). 
(weak purity): If VeX has pure codimension r, then H~(X,b) = (0) for a< 2r. 

To construct the cycle classes, we associate to our diagram 

X : Xx111 t Xx112 

a spectral sequence (from the double complex r(KXxl1-p(b)q) 

E~'q = Hq(Xx6-P,b) => ?. 

Note there is a convergence problem, but using the homotopy axiom we find 

p = 0 

p # o. 
Since the d1 boundary maps are either 0 or isomorphisms, we get the same result 
if we truncate at Xxi1N(i.e. terminate our diagram at ! Xx~N) for N even. Thus 
taking N large and even we may write 

Ei'q => H*(X,b). 

Let Ha(Xxi1P,b) = lim HJ~l(Xx11P,b), where Z runs through zb(X,p) and 
jZj = Supp (Z). Assuming we have truncated at some large even N to avoid conver-
gence problems, we get another spectral sequence 

.Ei'q = H9(Xxi1-P,b),(-p~N.) 

and there is a map of spectral sequences .Ei'q -+ Ei'q Also, the cycle class 
gives us a map of complexes(tN means truncate in degree N) 

tNzb(X,.)-+ (.El.,2b,dl). 

Note for r > 1, d :.EPr• 2b-+ .Ep+r, 2b-r+l = 0 (weak purity), so we get 
r 2 r 

CHb(X,n) -+ .E2-n, 2b-+ .E-n' b . Again by weak purity, .Ex,y = 0 for y < 2b, so we 
00 00 

get 

CHb(X,n) -+ .E:n, 2b-+ {limit of .E1 spectral sequence in deg. 2b-n} 

-+ {limit of E1 spectral sequence in deg. 2b-n} = H2b-n(X,b). 

This is the desired cycle map. Further conditions on the cohomology theory 
(satisfied in cases of interest) guarantee compatibility with the product structure. 
EXAMPLE. We define 
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CHr(X,Z/Nl;n) = Hn(l{X,.)87l/NZ) 

An easy variant on the above construction gives cycle maps 

CHr{X,Z/NZ;n) ~ H~~-n{X,Z/NZ(r)) 
for N prime to the characteristic. Using the codimensional 1 structure from 
n. (ix) we get 

r(X,~N) Br = CH1(X,Z/NZ;2)8r ~ CHr(X,Z/NZ;2r) ~ r(X,~~r). 

73 

The composition is the natural map so for example if the N-th roots of unity are 
k, we see 

CHr(X,Z/NZ;2r) = ~~r t? 

~5. BEILINSON CONJECTURES. Consider now the cycle class in Deligne-Beilinson 
cohomology. More precisely, we suppose X smooth and projective over a number field 
k, and we consider map (~egulato~ map). 

CHr(Xk,n) ~ CHr(X x lt,n) ~ H~r-n (X x a:,r).+ 
Q Q 

(The+ means invariant under real conjugation.) 

For example if X = Sp k and r = n = 1 we get the standard map 
r1+r2 

k* ~ (k81:)*+ = (k8~* ~ IR 
log I I 

This example suggests some relation with Zeta and L-functions, as in the classical 
regulator of a number field. We would like for the image of the regulator map to 
be discrete, so we must replace k* by Ok' the units, and more generally X by X, a 
global regular model (assumed to exist) for X over SpOk. Note that the groups 
CHr(X,n) can be defined (although in the absence of appropriate moving lemmas, not 
much can be said about them) and we can hope the regulator maps 

have discrete images. 
right, we get 

r R 2r-n + CH (X,n) ~ HD (X x l:,r) 
Q. 

If we factor out by the maximal compact subgroup on the 

R:CHr{X,n)- H2r-n-1(x x a:, :R(r-1))+/FrH 20 ~-n- 1 (x x IR/R) 
Q. . Q. 

H~r-n(X x R, R(r)). 
Q. def. 

Beilinson notes that the R- vector space on the right has a natural "Q.-volume", 
i.e. a Q.-structure on Amax coming from the evident Q-structures on 
H 2.~n-1( ( )) r 2r-n-1( ) X x lt,IR r-1 and F HDR X ~ R/R . He observes that the rank of 

.... 
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H~r-n(X x t, m(r)) equals the conjectural order of zero of the L-function 

2-r-1Q . (- ) . 2r-n-1 ( ) L(H ,s) assoc1ated to the Gal k/k -representat1on on Het Xk,Ql , at the 
point s=r. Define Br(X) = cod. r cycles on X defined over k modulo homological 
equivalence, and write ICHr(X,n) n > 2 

M = CHr(X,l) lD B~ 1 (X), n=l 

Note when n=l, the target of R is Hr-l,r-l(X x R, R(r-1) so in all cases there 
is a map R:M..,. H~r-n(X Q :R,R(r)). 
CONJECTURE (Beilinson). R embeds M,modulo torsion,as a lattice of maximal rank 
in H~r-n (X X m, m( r)) . tiJOreover 

max 
R( 1\ M G Q)=t•{Q-volume structure} 

where .Q,is the first non-vanishing term in the Taylor expansion for L(H2r-n- 1,s) 
at s=r-n. 

~6. LICHTENBAUM CONJECTURES. Lichtenbaum [161 has conjectured the existence of 
complexes r(r), r = 0,1,2, ... in the derived category of etale sheaves on a 
scheme X. These complexes should satisfy a number of properties: 

(0) r(O) = 71.., r(1) = Oimf-1j. 

(1) For r ~ 1, r(r) is acyclic outside of [l,rJ. 

(2) (Hilbert theorem 90) Let a* be the functor which assigns to every etale 
sheaf of X the associated Zariski sheaf. Then the Zariski sheaf Rq+la*r(q) = 0. 
(3) Let n be a positive integer prime to all residue field characteristics of X. 
Then there exists a triangle in the derived category of the form 

Z/nZ(r) 

I "'" r(r)-r(r), 

where Z/nZ(r) denotes the r-fold Tate twist of Z/nZ. 

(4) There are product mappings r(r) x r(s)..,. r{r+s), which induce maps on 
cohomology: 

HP(x,r(r)) G Hq(X,r(s)) .... HP + q(X, r (r + s)). 

(5) The cohomology sheaves Hi(r(r)) are isomorphic to the etale sheafification 
of the functors X~ grrK2 .(X) upto torsion involving primes less than or equal 

y r-1 
to r -1. Here gry is the gradation corresponding to the Kratzer, Soule 
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y-filtration on higher K-theory. This isomorphism should come from an Atiyah-
Hirzebruch spectral sequence which degenerates upto torsion involving primes ~r-1. 

(6) For F a field, Hr(F,r(r)) is canonically isomorphic to the Milnor K-groups 

K~(F). 

Write z~t(X,.) for the complex of cycles sheafified for the etale topology, 
and define 

r r(r) = zet(X,2r-.). 

CONJECTURE. Assume X is regular. Then the complex r(r) satisfies (0)-(6) above. 

At the moment, (0) is known, as is (4). The first part of (5) is true after 
tensoring with Q, but I have no Atiyah-Hirzebruch spectral sequence. (3) is true 
upto a possible exotic direct factor, as sketched above. Conjectures (1) and (2) 
seem difficult, but (6) is probably more accessible. 

Let me isolate a more elementary question which remains open for the r(r) 
defined as above. 
CONJECTURE. For f:X ~ Y proper of relative dimension n, there exists a trace 
morphism 

tr : Rf *r(n+m) ~ r(m) [-2nl 

satisfying the usual properties of a trace. 

It is straightforward to define a mapping 

f *r(n+m) ~ r(m) [-2n]. 

The problem, as 0. Gabber pointed out to me, is to show this map factors through 
Rf*. One can show that 

so tensoring r(m) with the sequence 0 ~z ~ Q ~ Qf.l ~ 0 it would suffice to 
exhibit a trace for the torsion complexes r(n) 9 Qf.l. 

PROPOSITION A. Assume the complexes r(m) have traces. Let p : P1 xX ~ X be 
projection. Then 
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PROPOSITION B. Let X be smooth over k and assume (n,char.k) = 1. Then, if a trace 
exists, we have 

r(r)8Z/nl = \.IQr 
n 

PROOF of A. Let i: X+ IP1 xX be the inclusion at oo. We have 

i* p* 
rx(r-1)1.:.21 + Rp*r1P1xx(r) + rx(r-1)[_-2j 

p* i* 
r x(r) + Rp*r IP1xx(r) + r x(r) 

and p*i* = id. i*p*. It follows that 

the projections being give by p* and i* . To show ?=0, consider the diagonal 
t:.c P1 xP1. We have 

From the diagram 

we compute the composite 

with A= t:., oo xP1, and P1xoo, respectively. For A= t:., we get the identity. For 
A= ooxP1, we get p* i*, and for A= P1 we find i*p*. Thus id= p*i*+i*p*' xoo 
proving the proposition. Q.E.D. 
PROOF of B. Let p:P1 xX->- X. By Prop. A we have 
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: Rp*(r Fl xX(r)9Z/nZ) : Rp*(p*(r X(r)9Z/nZ)) 

L 
= Rp*(Z/nZlPlxx) I (rx(r)9Z/nZ) 

l/~ 

- [(Z/nZ)x IB ~~!x [-2]] 9 (r x(r) 9 Z/nZ). 

L L 
rx(r) 9Z/nZ = rx(r-1) 9Z/nZ 9 ~ • 

71/nZ n 

Since r(O) = l, we conclude by induction on n. Q.E.D. 

77 

REMARK. Assuming the complexes r(m) have traces, one could use Prop. A. to define 
r(m) for m < 0. 

•7. SOULE'S CONJECTURE. Finally and very briefly, I want to mention a conjecture 
of c. Soule [20].. Let X be a scheme of finite type over l. Let z;;X(s) denote the 
Zeta function of X, i.e. 

z;;X(s) = IT(1-Nx-s)-1 
X 

where the product is taken over all closed points of X. 

CONJECTURE. Suppose dim X = d. Then z;;X(s) is meromorphic on '· and 

-ords=d-rz;;X(s) =? (-1)i rk[CHr(X,i)]. , 
Of course, we do not know whether CHr(X,i) has finite rank, or whether 
CHr(X,i) 9 Q = 0 for i >>0. Soule originally formulated the conjecture with 
gr~Ki(X) in place of CHr(X,i). These two groups have the same rank by •2 (viii). 
The interesting point is that the right side looks like an Euler-Poincare 
characteristic for the complex zr(X,.). Is there lurking here some sort of 
arithmetic index theory? 
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THE INFINIT£SI~~L ABEL-JACOBI MAPPING FOR HYPERSURFACES 

Herbert Clemens 

ABSTRACT. The derivative of the Abel-Jacobi mapping for a smooth 
hypersurface in w4 is computed in terms of the obstruction to 
splitting the normal bundle sequence for the triple(curve, threefold, 
IP4). Applications to the cubic case are given. 

1. ABEL-JACOBI MAPPING. Let 

be a smooth hypersurface of degree n. If 

c-->SxV 

is a versal family of curves on V, with fibre Cover some base point s0 £5, then 
the Zariski tangent space to S at s0 can be identified with 

0 
H (C;NC,V) , 

at least when i: C --> V is immersive, C non-singular, and 

Nc,v = i*Tv/Tc. 

The Abel-Jacobi mapping associated to 0 is the morphism 

where 

t: S ------> J(V) = (H3•0(V) + H2•1(V))*/H3(V,Z) 

s t---> /s 
c 

c 
J s = J c r , ar = cs - c. 

The derivative of t at s0 is therefore given by a pairing 

H0(c; Nc,v) 8 (H0 (n3v) + H1(n2y)) ------>c. 

Up to scalar, this pairing is just the obvious one induced by the contraction 

Nc,v 8 n\ --> ni(/ 
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82 HERBERT CLEMENS 

So, for example, 

The derivative of ~ at s0 is what we mean by the in6initeb~al Abel-Jaeobi 
mapp.&tg. 

" 2. THE CASE OF HYPERSURFACES. Following Griffiths r21 we denote by n (mV) the 
- p4 

sheaf of closed r-forMS on (DA- V) with no worse than m-th order poles along V, 
and we use these sheaves to produce 3-forms on V. Consider, now, the following 
commutative diagram 

0 
d 4 __ _, n P4 (2V) ---->0 

l 
0 

contractioo 

where f = 0 is a local defining equation for V. This gives a commutative 
diagram 

v 1: v 
o( I 3 c 1 3 H Nv, p4 c a n v) ---> H ( Nc, v e n ) 
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THE INFINITESIMAL ABEL-JACOBI MAPPING FOR HYPERSURFACES 83 

Now a is just the natural restriction map 

n\,4(2V) = op4( 2n-5) -> Nv,P4 1c 8 n3v = op4 (2n-S)Ic· 

Since contraction with tangent vectors pointing along V commutes with residue, 
the mapping B fits into a commutative diagram 

H1(n\p4 (V)) --;> Hl(n2y) 

~ B ~ ~· 
1 3 0 * H (NC V 9 0 y) = H (NC y) 

' Serre • 
duality 

This says that the infinitesimal Abel-Jacobi mappping is "given" by the mapping 
Tc· This last mapping is just cup-product with the extension class 

1 ~ . 1 * 
{aij} 6 Ext (Nv,p4lc • Nc,v) = H (Nv,JP41c 9 Nc,v) 

for the exact sequence 

o -i> Nc,v ~ Nc,P4 -~> Ny,p4lc ----+ o. 
This computation was first given by Welters in [3, pp. 28-29]. 

3. COMPUTING THE OBSTRUCTION. We can make everything even more explicit as 
follows. Elements of H1(n2y) are given by 

Res ~ , A 6 H0(oiP4 (2n-5)), 
F 

where V is given (globally) by F = 0 and 

4 
n = < L x. axa. • dXo ... dx4 > • 

i=O 1 1 

{~v,..aij} 

is a Cech one-cochain on C with coefficients in 

( 2 3 2 
OC n-5) 9 A NC,V = 0 vic 9 A NC,V 

= 1 n c· 
contraction 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



84 HERBERT CLEMENS 

Thus 

An) ¢* ( v, Res :2 = {AvAcrij}. 
F 

In special situations, the right-hand side of this formula is easy to compute. 
For example, suppose the image of C in rp4 happens to be in a surface X so 
that 

is an isomorphism off a finite set ESC. (X must be smooth at points of C.) 
If 

p E E , 

then X is tangent to V at p , so that its tangent space is given t~ere by 

dh = df = 0 p ' 

where f = 0 is a local defining equation for V • Let 

uP 

be a small neighborhood of p in P4 with local coordinates 

xp , yp , hp , kp 

where k = h = 0 gives X locally, p p 
y = h = f = 0 p p 

gives C locally, and 

so there is a vector field ~P on UP such that 

We can also write 

~P~p = atp j and on up , <~P.df> _ 1. 
p 

This means that, in a punctured neighborhood of p in C , 

< +-- ~ ' df > - 1 . 
"'p oy p 
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THE INFINITESIMAL ABEL-JACOBI MAPPING FOR HYPERSURFACES 85 

Next cover C by the following list of open sets 

i) V p such that Vp S Up , p 6 E ; 

ii) U'p=(Up--.{p}),peE; 

iii) UeU suchthat U0VP=!IJ, peE. 

The obstruction cochain {a .. } in the formula for the infinitesimal Abel-Jacobi 
lJ 

map can then be evaluated for this cover 

with all other oU,U' = 0 . 

This says that if we pick a fixed section 

B e H0(IP4; op4 (2n-5)) 

such that B is never zero on any Up , then , for each p , there is an 
inverti b 1 e function 

depending only on the choice of B and the local coordinates on UP and the 
choice of local defining equation f for V , such that 

~.(v, Res ~ ) = 
F 

When C is the normalization of 

c0 = X • V 

where c0 has only ordinary nodes, the above formula is more striking. In this 
case we may dhoose our local coordiantes around a node q to be such that near q 

Let q' and q" be the preimages of q in C. Then the above formula becomes 

~.(v, ¥) = 211'i L gq(q) :~~~ <"q' - "q"' dhq>. 
F q _,_ 

= c ~0 q 
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86 HERBERT CLEMENS 

4. THE CUBIC THREEFOLD. Consider the case in which n = 3 , that is , V is a 
cubic hypersurface, and 

c___,. s x v 

is the family of rational cubic curves on V • Notice that a curve Cs is either 
a smooth rational cubic spanning a p3 or Cs maps to a plane section of V. In 
this case, 

If Cs embeds in V , then it spans a hyperplane section of V a cubic surface, 

in which C moves in a two-dimensional linear system. Every hyperplane section s 
of V contains such linear system. Thus: 

S is an irreducible projective variety of dimension 6. 

Also every immersive Cs which lies in a smooth hyperplane section of V has 
normal bundle sitting in a sequence 

o ..-...;:. oc(l) ~ Nc,v ~ oc(3) -»O 

where Cs "' C x JP 1 and the integers refer to degrees on 1P1 . Thus 

or 

Since dim H0(NC,V) = 6 in both cases, the family S is versal and smooth at s. 
The same thing is true, by a similar analysis, if an immersive C lies in a s 
hyperplane section of V with one ordinary node. 

Let K be a plane section of V. We define the Abel-Jacobi mapping 

~ : S --> J(V) 

c 
s f----> J s 

K 

(Since all plane sections K form a rational family, the choice of a particular 
K does not matter in definition of ~.) 
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If C = Cs is smooth and the hyperplane section Y of V spanned by C 
is also smooth, then C is linearly equivalent to a sum of three lines on Y: 

where L1 and L3 span the hyperplane and L2 meets L1 and L3 . Let M be 
the line on Y such that 

give a plane section of Y . So 

C - (plane section) = L1 -M . 

We can use this ~quivalence to compute the rank of ~ at s 

~ has fibre dimension ~ 2 at Cs 

since C = Cs moves in a two-dimensional linear equivalence class in Y. So 

ranks ~ 2_ 4 . 

To see that we have equality, it suffices to work with the lines L1 and M 
given above. Let X be the union of two planes which contain L1uM but which 
do not intersect at points of L1 u M • X determines four points 

where the residual 
§3, 

ql' q2 E Ll q3' q4 EM 

components of (X· V) meet L1 and M. Then by the formula in 

Res An 4 A(q. ) 
( ~) " c --1- < \) ' dh.> ~* v ' -Fe. = L • B ( ) q . 1 

i=l 1 qi 1 

where hi defines X locally at qi . Since X and v can be chosen so that, 
for a 11 i , 

< \) ' dh1. > ~ 0 qi 

and since q1, ... ,q4 span a hyperplane in w4 , the kernel of the codifferen-
tial of ~ is generated by the linear form A vanishing on q1, ••• q4 and so on 
the hyperplane they span. Thus 

ranks ~ = 4 . 

In fact, ~(S) turns out to be the theta-divisor of the principally polar-
ized abelian variety J(V) • To see this, specialize V to a cubic v0 with 
a node. Projection from the node maps v0 birationally onto P3 and s0 
onto the family of twisted cubics in P3 meeting a smooth canonical curve 

D = quadric n cubic c :JP3 
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88 HERBERT CLEMENS 

sic times. Since there is a unique twisted cubic through 6 generic points on a 
generic D, we have a commutative diagram 

so 
<l>o 

> J(Vo) 
1\ 
I 

I 
birat. .:\ 

I v v 
0(6) 'I' 

J(D) > 

(See [1] for further information about this construction.) 

Since the fibres of 'I' are two dimensional and irreducible, the generic fibre of 
<l> 0 must consist of the cubics of a single linear equivalence class of a single 
hyperplane section of v0. So the same must be true at a general fibre of 

<l> : X > J(V) 

for a general cubic V. Also, the map .:\ in the above diagram must map t 0(s0) 

birationally to J(D) so that t 0.(s0) must be the theta divisor of the gener-
alized abelian variety J(V0). This in turn, with some elementary observations 
about local properties of the mappings involved as V varies, leads to the 
conclusion, for general cubic V , 

<l>(S) = theta divisor of J(V). 

Finally, we want to compute the tangent cone to <l>(S) at 

OeJ(V). 

It is to this point that all rational plane cubics in V go under the Abel-Jacobi 
mapping <l> . The applicable formula is the one at the end of §3. 

Res M) _ M_qJ 
<I>*( \) • -r -c BTciJ < \)q' - \)q" ,dhq> • 

where q is the node of an immersed rational plane cubic. Thus, if v is a 
normal vector field which separates the local components of C at q , then 

Res ~ E H2•1(V) 
F 

pairs to zero with v if and only if 

A(q) 0 . 
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But that says that under the identification 

A <--~> Res An 
? 

the point of q in P4 corresponds to the point 

Since, for any q e V , the generic plane section of V by a plane which is 
tangent to V at q gives a curve C with many 

0 -
v e H (C; NC,V) 

of the above type, we conclude: 

V is (a component of) the tangent 
cone to ~(S) at J(V) . 

(The possibility of other components of the tangent cone for generic V can be 
eliminated.) So classical facts about the singular locus of the theta divisor of 
the Jacobian of a curve imply that J(V) is not a Jacobian of a curve, and so, by 
the criterion of [1], V is not rational. 
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INFINITE COXETER GROUPS AND AUTOMORPHISHS OF ALGEBRAIC SURFACES 

t.Oolgachev' 

ABSTRACT. The group of automorphlsms of an algebraic surface Is 
represented naturally In the orthogonal group of the lattice of algebraic cycles. 
We study certain Infinite Coxeter subgroups of the orthogonal group which play 
role In the description or the Image or ftle representation or the automorphism 
group. 

INTRODUCTION. The occurence or finite Coxeter groups In the theory of algebraic 
surfaces Is notorious. The most striking example of this Is the existence or 27 
Hnes on a nonslngular projective cubic surface. The Incidence preserving 
permutattons of the set of these tines form a group Isomorphic to the Weyl group 
W(E6) or a root system _of type E6. In their fundamental work [PS), I.Piatetsky-
Shaplro and I.Shafarevlch showed the Importance of Infinite Coxeter groups for the 
description of the automorphism group of a surface of type K3. In this talk we 
discuss their result In a sllghtly·more general context and also present some new 
results on the computation o·f the automorphism group of Enrlques and rational 
surfaces. 

1. HOMOLOGY REPRESENT AT IONS OF AUTOMORPHISMS. Let X be a nonslngular 
protective complex algebraic surface. The group Aut(X) of complex analytic (• 
regular algebraic ) automorphlsms or X Is a topological group whose connected 
component of the Identity Aut(X)0 Is a complex Lie group. Its dimension Is equal to 
the dimension of the space or holomorphlc vector fields on X. Let 

A(X) • Aut(X)/ Aut(X)0 • 

We are interested In the structure of this discrete group. In particular, we want to 
find when this group Is finite and when it is infinite. As we wm see , the first 
case occurs very often On contrast to the case of algebraic curves, where It never 
occurs). Note that 

1980 Mathematics Subject Classification 14J, 20F 
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92 I. DOLGACHEV 

A(X) • AutCX) 

except In the following cases: 
a) X Is an elliptic surface with smooth reduced fibres; 
b) X is an abelian surface; 
c> X Is a ruled surface. 

To study A(X) we consider Its natural representation on 2-cycles on X. Let 

Hx • Hz(X,Z)Itorslon 

be the group of 2-dlmenslonal homology of X modulo torsion eQuipped with the 
structure of a lattice (= bilinear symmetric form on a free abelian group) with 
respect to the Intersection form. We denote by O(L) the orthogonal group ( = the 

0 
group of lsometrles) of a lattice L Since Aut(X) acts Identically on Hx. we have a 

natural representation 

A(X)-+ O(Hx) • g ...... g* I 

of A(X) in the orthogonal group of Hx. 
By restriction, 1t defines a representation 

r: A(X)-+ OCSx). g ,..... g*, 

In the sub lattice Sx of Hx spanned by algebraic cycles. Recall that a 2-cycle Is 

called algebraic if it is homologous to a 2-cycle of the form Imi[Ci] , where mi£Z 
and [Ci] is the homology class of an Irreducible algebraic curve on X. Note that by 
the Hodge Index Theorem, Sx is a nondegenerate hyperbo11c lattice ,te. the 
signature <t..L,t0) of the corresponding real Quadratic form Is < 1 ,p-1,0), where 
p = p(X) = rk<Sx> is the Picard number of X. 

Note also that there is a natural isomorphism between Sx and the 

Neron-Severl lattice 

Num(X) = Plc(X)/Pict(X), 

where Plc(X) Is the Picard group of Isomorphism classes of divisors <or Invertible 
sheaves, or complex line bundles on X) and Pict(X) its subgroup of numerically 
trivial classes. 

There is a very distinguished vector in Sx which is preserved under g* for 
any g£A(X). This is the Image cx of the first Chern class c1(X)£Hz(X,Z) of X in Sx. Let 

Sx' .. (Zcx>.l c Sx , 

the orthogonal complement of Cx In Sx. This Is an even lattice of signature eQual to 
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( 1 ,p-2,0) If cx2 < 0 or ex • 0, 

(O,p-2, 1) If Cx2 • 0, Cx • 0, 

(O,p-1 ,0) If cx2 > 0 . 

r': A(X)- 0(5x') 

be the restrict ton of r to Sx'- This Is the main object of our study . 

First , the following result Is true for the kernel of r': 

PROPOSITION 1. Ker(r') • Ker(r) Is a finite group. 

93 

PROOF. Clearly Ker(r) • Ker(r'). Assume f1rst that X Is a regular surface (t.e. 
q(X) =dim H1(X,t9x> • 0). Then the kernel of the canonical map Plc(X)- NS(X)!! Sx Is 

finite. Let H be a very ample divisor on X. Replacing H by nH, where n » 0 , we may 
assume that 

g(H) - H , V g£ Ker(r)', 

where Ker(r)' Is the pre Image of Ker(r) In Aut<X). This Implies that Ker(r)' is 
contained In the group of projective automorphtsms of X, where the pro)ectlve 
embedding Is defined bY the complete linear system IHI. The latter group Is a 
projective Hnear group and, as such, has only finitely many connected components. 
This implies that Ker(r) Is finite. 

Assume now that Q(X) > 0. Then, we consider different cases corresponding 
to the classification of algebraic surfaces. 

Case 1: X is of general type. 
Then, the assertion Is obvious. As Is well-known, the group Aut(X) ts finite in this 
case. 

case 2. X Is or Kodalra dimension 1. 
Then, X has a unique structure of an e11tptlc surface f:X- B (see [BPV]). The group 
Aut(X) is naturally mapped to Aut(B) with the kernel Aut(X;f) isomorphic to the 
subgroup of automorphisms of the general fibre ~ over the field of functtons 

K =((B). Since Aut<B> has only finitely many connected components. It suffices to 
show that the kernel or the natural map Aut<X;f) - O<Sx> has only finitely many 
connected components. Clearly, Aut(X,O is a subgroup of Aut(X',f'), where f':X'- B' 
is an e11tptic surface obtained from f by a base chang~ B' - 8. The latter can be 
chosen in such a way that f' has a section, i.e. X''l' has a structure of an abelian 

variety of dimension 1. The group Aut(X',f') consists or translations and a finite 
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94 I. DOLGACHEV 

group of automorphlsms preserving a fixed zero section. Let Aut(X',f'>t be the 
subgroup of translations. For every section C off', we have C2 = -X(X',(9x·> ~ 0 and 

the eQuality takes place If and only If f' Is smooth (this easily follows from the 
standard facts on e lllpt lc flbrat Ions, see [BPV],Ch. V). 

Assume f' Is not smooth. This Implies that the group of sections Is mapped 
lnjectively into 5x- and Aut(X';f')t acts by translations on SX' modulo the sublattlce 
spanned by components of fibres. Hence, any non-trivial g£ Ker(Aut(X;O - O(Sx>> 
cannot belong to Aut(X';f'>t· Thus, the l<erne11s finite. 

Assume that f' 1s smooth. Then, after a suitable base change, we may 
assume that X' = E x B' , where E Is an elliptic curve and B' Is a curve of positive 
genus ([AS],Ch.VII,Thm.6 ). Since A(X') Is finite, A(X) Is finite 1n this case. 

Case 3: X Is an abelian surface. 
Let L be a very ample line bundle on X. For every g£ Ker<Aut<x>~o<Sx>>. 

g*(L)®L-1 £Pic0(X), 

where Pic0(X) is the subgroup of Isomorphism classes of line bundles algebraically 
eQuivalent to 0. It follows from [M],Ch.II,S8,Thm.1, that 

g*(L)®L"1 = t1 *(L)®L"\ 

where-t1 is a translation automorphism of X corresponding to a point a£X 
Thus,(g.t 1 )*(L)':i l, that shows that g belongs to a subgroup of Aut(X) which 

is generated by translations and automorphisms which leave the isomorphism 
class of L invariant. This is an algebraic subgroup of Aut(X) which has finitely 
many connected components. 

Case 4: X is a hypere111ptlc surface. 
In this case c1(X) is a torsion element in H2(X,Z) and the corresponding unramified 
cyclic cover n:X'- X is an abelian surface. Every automorphism of X leaves c1(X) 
invariant and, hence, can be lifted to an automorphism of X'. Let L be a very ample 
line bundle on X. Then Ker(Aut(X) ~ O(Sx>> can be identified with a subgroup of 
automorphlsms of X' which leave Invariant the class of n*(L) In SX'. The argument 

from the previous case shows that this subgroup is algebraic. Thus, it has flnltely 
many connected components. 

Case 5: X is a ruled surface. 
Let n:X - X' be a birational morphism onto a minimal model of X. Then, every g 
£Aut(X) which acts identica11y on Sx preserves the classes of exceptional divisors 
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of n, and hence defines an automorphism of X'. Thus Ker(Aut<X) - O<Sx» Is 

Isomorphic to a subgroup of Aut<X') which Is a linear algebraic group. 

2.THE WEYL GROUP OF AN ALGEBRAIC SURFACE. We denote by A(X)if the Image 
r'(A(X)) of A(X) in OCSx'>. Its elements are called e{fecttye tsometrtes of Sx'. 

Now, we exhibit some lsometrles which (If they are defined) are obviously 
not effective. Let RCX> be the set or nodal curves on X, I.e. Irreducible curves Eon X 
such that 

E' = -2 , E • C1(X) = 0 . 

It follows Immediately from the adjunction formula that such E Is Isomorphic to 
P1. It ts easy to show that a curve E Is nodal If and only If there exists a 
bimeromorphtc map f:X - X' which blows down E to an ordinary double point 
(a node ) of X'. Every E£R(X) defines an Isometry of Hx 

rE: X ,... X + (X • (E))[E] 

which obviously leaves the sub lattices Sx and Sx' invariant. We call It a ruHiaL 
reflect jon. Since rE((E]) = - (E], rE Is obviously not effective. 

Let Wx denote the subgroup of OCSx')(or O<Sx>. or O<Hx>> generated by all 
nodal reflections. We call It the Weyl group of X. 

Recall [B) that a Coxeter group(or system> Is a pair CW,S) • where W Is a 
group and SIs a set of lts generators with the defining relations 

s' = 1 (ss'Y"•u • = 1 for any s s'€5 I I I I 

where m(s,s') • ord(ss') If It is finite or • otherwise. 
The numbers m<s.s') can be expressed geometrically by the Coxeter graph: 

Its vertices correspond to elements s of Sand two vertices s and s' are joined by 
an edge only If mcs.s') > 2. the edge Is labelled by mCs,s')-2 If It Is greater than 1. 

PROPOSITION 2. The pafr CWx,(Sf:}uRtx>> Is a Coxeter group. Moreover, 
m(S£,5£·) = 1 , if E = E', 

= 2, If E • E' = 0, 
= 3 I if E. E' = 1 
= • • otherwise. 

PROOF. This follows from a general result of E.Vinberg [V1 1. 
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96 I. DOLGACHEV 

PROPOSITION 3. Let G be the subgroup of O<Sx') generated by the subgroups 
A(X)* and Wx. Then Wx Is a normal subgroup of G and WxnA(X)* • {1 ). In particular, 

G • A(X)*~Wx. 

PROOF. For every E£R(X) and g£A(X), we have 
.., 

g*.sE.g* = Sg<E) . 

This shows that Wx is normal In G. To prove that WxnA(X)* = { 1), we introduce the 
fundamental chamber In the vector space Vx• Sx®lt 

Cx • {x£Vx: X· [E) ~ 0 , VE€R(X)). 

Let l:Wx\{1)--+ M be the length function in the Weyl group Wx ( l(w) ·the minimal 
number of generators se whose product Is equal tow). If w = spw', l(w') < l(w), then 

[E] • y ~ 0 , 'V YEW(Cx>-

This follows from general properties of geometric representations of Coxeter groups 
(see [B].[L]). Assume that g* = weWx\{1) for some geA(X). Write w = Sf•W' as above. 

Take v = [H] , where H is an ample divisor on X. Then 

[E)· g*(v) • E • g(H) ~ 0 . 

However, g(H) is an ample divisor, hence E·g(H) > 0. This contradiction proves the 
assertion. 

2. AUTOMORPHlSMS OF NON-RULED SURFACES. Here we restrict our attention to 
surfaces or non-negative Kodaira dimension (or, non-ruled surfaces). Moreover, 
since the automorphism group of such a surface Is Isomorphic to a subgroup of the 
automorphism group of its minimal model, we will consider only minimal surfaces. 
For such surfaces 

Aut(X) : Aut(t(X)/(). 

THEOREM 1. Assume that X Is a minimal non-ruled surface. Then 
G = A(X)*~Wx Is a subgroup of finite Index In 0(5x'). 

PROOF. We consider the different cases corresponding to the Enriques 
classification of algebraic surfaces. Let le(X) denote the Kodaira dimension or X. 

Case 1: x(X) = 2 (X Is of general type). 
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INFINITE COXETER GROUPS 97 

In this case c,<X>2 > 0, hence Sx' Is negative definite. Hence, O<Sx'> Is f1nlte and the 

assertion Is obvious. 
Case II: X(X) • 1 . 

In this case, X has a unique elliptic fibration TT: X ...... B Induced by the map X ...... pn , 
given by some multiple of the canonical ltnear system tm~l . In particular, 
Kx2 • c,(X)2 • cx2 • 0 and Sx' Is negative-semidefinite wtth the radical Zcx. Let 
Sx' • Sx'/radlcal and p:Sx' ~· the corresponding protectlon.Let Sx'*• Homz<Sx.,Z>. 
For every lfE5x'*, 

cs.,: x ... x + ~f(p(x»cx 

Is an Isometry of Sx'. The map' ... cs, dertnes an Isomorphism of Sx'* onto a 
normal subgroup of 0(5x') with the factor group lsomorphtc to the finite group 
O(Sx'>. Thus, we have an exact sequence of groups 

1 --+ Sx'* ...... 0(5x') ...... 0(5x') ...... t . 

let Sx'(TT) be the sub lattice of Sx' spamed by components of f1bres of TT. Then 
Sx'(TT) Is spanned by R(X) and cx. The lattice Sx'<n> • Sx'(TT)/Zcx Is Isomorphic to 

the direct sum of the root lattices of type An.Dn or En . This follows either from 
Kodalra's classification of degenerate fibres of elliptic flbrattons or from the fact 
that Sx'(TT) ts negative-definite and spanned by vectors v wlth.v2 • -2 Similarly 
to the above, we define an exact sequence 

1-+5x'(TT)*-t0(5x'(TT))-t0{5x'(TT))-+1. 

It follows from the theory or affine Weyl groups <lB]) that Wx Is a subgroup or 
finite Index In 0(5x'(TT)) which contains Sx'CTT)*. In particular, Wx contains a free 
abelian group of rank equal to rk(Sx'(n))-1. 

Let J 11 be the j~cobtan variety of the general fibre x11 of n , then x1f ts a 
principal homogeneous space over J11 , hence, the group or rational points of J 11 
over the rteld lt(B) or rational runctton on B acts on x11 and hence on X <stnce X Is a 
minimal model). It Is known that J 11 (1t(B)) is an abelian group of finite rank equal 

to rk(Sx')-rt<(Sx'(n)), unless J11 • J®c((B) for some el1iptic curve J. overt. In the 
latter case, rk(Sx'> = 1 and O(Sx'> Is finite. In the former case, 

A(X)* :::> r'(lm(J11 (1t(B)) ...... A(X)). 

It Is not hard to see that J'I(G:(B)) maps in)ect1vely Into A(X)* (compare the proof 
or Proposition 1 , case 2). Thus, G = A(X).~Wx contains an extension of a free 
abelian group of rank rk(Sx')-rk(Sx'(n)) with help of a free abelian group of rank 
rk(Sx'(n))-1. It follows from the structure of OCSx') that G is of finite 1ndex In it. 
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98 I. DOLGACHEV 

Case Ill: k(X) a 0. Here X belongs to one of the following classes of surfaces: 
a)abellan surfaces; b)K3-surfaces;c)Enr1Ques surfaces; d) hyperelllptlc surfaces. 

Case lila): In this case R(X) • e , Sx • Sx'- We have to show that A(X)* Is of 
finite Index In O{Sx>· Let A be the subgroup of O(Sx> of tsometrles which act 
Identically on the finite discriminant group Sx*/Sx . Clearly, A Is a subgroup or 
finite index In O<Sx> and every <nA can be extended to an isometry a of Hx by 
checking that a€91£0(SxEBTx>. where Tx • <Sx>1, extends to 1-fx. The Isometry a, 
extended to Hz<x.a:>. preserves the Hodge decomposition . By the Global Torelli 
Theorem for 2-tort ([BPV], Chap.V,Thm.{3.2)) a ol"' -a£A(X)., This checks the 

assertion in this case. 
Case Ill b): This Is the most non-trivial case. The assert ton Is proven In [PS] 

as a corollary or the Global Torelli Theorem for polarized algebraic K3-surfaces. 
Case Ill c): It was shown by V.NII<ulln (unpublished) and Y.Namlkawa [Na] that 

case Ill b) imp! les case Ill c). By other method It Is proven In [03]. 
Case II I d): This Is the easiest case. In this case Sx' =Sx = Hx Is an 

Indefinite lattice of rank 2 which represents zero. This Implies that 0{5x') Is 

finite. 

COROLLARY. Let X be a minimal non-ruled surface. Then A(X) Is finite if and 
only if Wx is of finite Index in O(Sx'). 

One can interpret geometrically the condition [O<Sx'):Wxl < oo as follows. Let 
Vx = Sx'®R. We associate to Vx a Riemannian {resp. Euclidean, resp. Lobachevsky) 
space of constant curvature M" <n • rk(Sx')-1) in the usual way depending on the 
signature of Sx'. Then O<Sx'> ts a discrete group of motions or this space with a 
fundamental domain of finite volume. Thus, Wx Is or finite index in O<Sx'> if and 

only if it is a discrete subgroup of the group of motions generated by reflections 
Into hyperplanes. Such groups are called crvstallograohlc rertectlon groups. A 
fundamental domain of such group in M" is a crystallographic polyhedron, a 
connected component of the complement of the union of the reflection hyperplanes 
in M" <see [02]). 
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4. K3-SURFACES. Recall that a K3-surface Is a surface satisfying b1(X) • 0 and 
c1(X) • o. The homology lattice Hx ~ H1(X,Z) Is an even unimodular lattice or 
signature (3, 19,). As such, It Is Isomorphic to the lattice Lk3 • E1E9E1EBUEBUEBU, 
where U Is a hyperbolic plane (• Ze1+Ze1 with e,1 • e11 • 0, e1·e1 • 0) and E1 Is 
Isomorphic to the root lattice of a simple root system of type E1 (with the values 
or the quadratic form multiplied by -1 ). 

The lattice Sx may be any hyperbolic lattice which can be primitively 
embedded Into Ltc:3 . The crlterlons ror the existence or such an embedding were 
given In works of M.Kneser and V.Nikul1n (see [02]). 

The Weyl group Wx Is equal to the reflection group W<Sx> of the lattice 
Sx • Sx'. the subgroup of O(Sx> generated by the reflections 

sa: x ~ x + <x·a)a 

for all a£5x with a2 • -2. This easily follows from the Rlemann-Roch theorem on X 
<see [PS]). we obtain that Aut(X) • A(X) Is rtnlte If and only If [OCSx>:W<Sx>J Is 

finite. 
An even hyperbolic lattice is ca11ed a Nikulln lattice If Its reflection group 

Is of finite Index In Its orthogonal group. Thus, we have 

THEOREM 2. let X be a K3-surface. Then Aut(X) is finite If and only If Sx Is a 

Nil<ulin lattice. 

All Nikulin lattices were classified by V.Nikulln (the case rank = 4 was 
considered by E.Vinberg) in [N1] ,[N2] . It turns out that every N1kul1n lattice Is 
isomorphic to a lattice Sx for some K3-surface X (see an account of Nlkul1n's work 

in [021>. 
Note that, contecturally, Theorem 2 holds over fields of arbitrary 

charactertst ic. 
Finally, we refer to [N 1 J and [V2] for some more concrete results, where the 

description of the automorphism groups or K3-surraces Is given In terms or some 
infinite Coxeter groups. 

5. ENRIOUES SURFACES. Recall that an Enriques surface Is characterized by the 
conditions b2(X) = 10. 2c1(X) = 0 . This Implies, In particular, that c1(X) • o and It 
generates the torsion subgroup of H2(X,Z). The universal cover or X Is the double 
cover corresponding to c1(X) and is isomorphic to a K3-surface. Conversely, If t is 
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100 I. DOLGACHEV 

a fixed-point-free Involution of a K3-surface X', then the quotient X'/(t) Is an 
Enrlques surface. 

The lattice Hx • Sx • Sx' and Is a unimodular even hyperbolic lattice of rank 
1 o. As such, It Is Isomorphic to the lattIce Le • E8£BU. The latter can be also 

defined by the graph T 2,1, 7: 

I . 
O.o 

• • • • • • 

Here to each vertex or this graph Is associated an element ai (1=0, ... ,9) of a 
rree base or Le , a12 = -2 and ai • a1 = 1 or 0 dependent on whether the corresponding 
vert ices are joined by an edge. 

The orthogonal group O(LE) ! W(Le)x{:t 1 ). Also W • W(Le) Is the Coxeter group 
with respect to the set or generators (si •sa1}p.0, ... ,9 with the Coxeter graph equal 

to the above diagram. 
The Weyl group Wx of an Enrlques surface Is "generally• trivial. The 

generality is understood in terms of the period space F for Enriques surfaces, a 
10-dlmenslonal variety parametrizing the Isomorphism classes or Enrlques 
surfaces (see [BPV]). There exists an Irreducible hypersurface F" in F such that 
PtF" if and only if R(Xp) = 0 (see [Na]). 

We w111 call an Enriques surface unnodal (resp. ~) if R(X) = e (resp. •0). 
As follows from Theorem 2, ror an unnodal surface Aut(X) = A(X) Is ~ 

subgroup of finite index In O<Sx> = O(le).ln particular, A(X) Is Infinite. More 

precisely, the following result holds([BP],[NJ): 

THEOREM 3. Let X be an unnodal Enrlques surface. Then A(X)* c W<Hx> and 
contains the 2-level congruence subgroup W<Hx><2> ( = Ker CW<Hx>--. GL<Hx12Hx». 
Moreover, there exists a countable number of hypersurraces in P such that 

Aut(X) = A(X) ! A(X)* = W(Hx)(2) ; W(2), 

if X defines a point in P not lying on any of these hypersurfaces. 
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The proof reltes heavtly on the Global Tore111 Theorem for Kl-5\l'faces. 
However, one can give a proof or the first statement which works over any ground 
field of characteristic • 2. It uses the following purely algebraic result: 

LEt11A 1. Let cs0 be the Involution of 4 defined by 

o0 • -1e1EB1u. 

Then W(2) Is the minimal normal subgroup or W containing cs0. 

This result Is attributed to ACoble [Co] , though his proof Is false. A 
correct proof was given by E.Lool)enga (unpubltshed). 

For every embedding· J or the lattice U Into Hx one constructs a 

representation of X as a double cover or the proJective plane. If g Is the 
corresponding Involution or X , then Qw = 1J<u>EB-1jcu>l (see [Dol}). Applytng the 
previous lemma one sees that A(X)* contains W(Hx)(2). The fact that A(X)w c W<Hx> 

Is obvious ( -1 f A(X)w ). 

All explicit description of the automorphism group of a nodal Enrtques 
surface Is known only In a few cases. One of them Is the case where X Is a general 
nodal surface. This means that X • X,, where p belongs to a Zarlskf open subset or 
P". Let LR be the sub lattice of Le given by 

~ = {xeLe: x·a9 = 0 mod 2). 

One can easily see that ~ Is Isomorphic to the lattice given by the graph T 2, 4,6 : 

• • • I • • • • • 

Let {a0, ... ,e91 be a free base of ~ corresponding to the vertices of this 
diagram . We assume that It Is ordered similarly to the case of T z,J, 7. Let W be the 
subgroup of OCLR> generated bY the reflections si = s111 • The pair (W,(si)) Is a 
Coxeter group. Let W(2) • Ker(W - GL(LRI2LR)) be the corresponding 2-level 
congruence subgroup. The quotient group W/W(2) : Sp(8,F1)K(Z/2)10 (Gr). Let W<2> 
be the unique subgroup of W which contains W(2) and W/W(2) : Sp(8,Fz). 
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THEOREM 4 ([CD 1 ]). The automorphism group of a general unnodal Enrlques 
surface X Is Isomorphic to the group WC2). 

The proof relies on a representation of general nodal Enrlques surfaces(resp. 
Its unversal K3-cover) as a Reye congruence In P' (resp.as a quartic symmetrold 
surface In P3)(see [C)) and the following analog of Lemma 1: 

LEt11A 2. Let Li (I = 1,2,3) be the sublattlces of LR spanned by the vectors 
ao ..... a6 (1= 1>.ao.az, ... ,a, (1 = 2), ao,az, ... ,a7 (1 = 3). Then <.>1 = -1 L1EO(Li) = WCL1) C W 

and W(2) is the minimal normal subgroup containing the elements <.>1,<.>1 and wJ·s9. 

We refer to [CD1] for the sketch of the proof and to .[CD3] for complete 
details. 

As follows from Theorem 2, Aut(X) is finite if and only if Wx Is of finite 
Index In O(Sx>. The first example of such a surface was suggested by G.Fano [F). 
However, I still have difficulty in computing Wx in his example (his argument for 

the proof of the finiteness or Aut(X) is incomplete). Another example was given by 
the author ( who was not aware of Fano·s example at that time> [031. In this 
example Aut(X) = 04, the dihedral group of order 8. The group Wx Is a Coxeter group 

with the following Coxeter diagram 

As was recently shown by V.Nikulin [N3), there are 6 classes of Enriques 
surfaces with finite number of automorphisms. No explicit examples,except the 
cited above are known.t 

t All Enrtques surfaces with finite number of automorphlsms were recently 
constructed by S.KondO. Contrary to the statement of Ntkulln, there are 7 classes 
of such surfaces. 
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6. RATIONAL SURFACES. In this case the assertion of Theorem 2 does not hold In 
general. Namely, let X • X(I) be a surface obtained by blowing up a finite set 
I • (p1, •..• Prl (nS> of points In P2• We have 

Hx • Sx • Ze0+Ze1+ .. Zer. 

where e0 Is the class of the proper transform of a line In P2 and e1 Is the class of 
the exceptional curve blown up from the point p1 0•1, ... ,r). As Is well-known 

ex • 3e0-e1- ... -er. 

It Is verified directly that 

Sx' • Za0+Za1+ ... Zar_1, 

where a0 = e0-e1-ece3,a1=e1-ei+,, tal,;,.,r-1, a12 • -2, a1• a1 ts gtven by the graph 
T ur-s similarly to the above . In particular, we easily check that Sx' Is negative 

definite <resp.seml-deflnlte, resp. hyperbo11c) If and only If r ~ 8 (resp. r = 9 • resp. 
r > 9). If I ts general enough <see [01]), then Wx • {1}. If r 2 9 , then o<Sx'> Is 

Infinite, however Aut(X) Is trivial (see [G],[Co 1 ]). 
In sp1te of the negative result above, there exist certain classes of rational 

surfaces X(I) with r • 9 and 10 for which Theorem 2 holds. They correspond to 
special sets I. 

r = 9: We let I be the set of base points of an Halphen penct1 of plane 
elliptic curves of degree 3m with m-multlple points at I. Then, generically, 
Wx • (1) (nodal curves on X correspond to Irreducible components of reducible 

degenerate fibres of the e111ptic penct1 on X defined by the Halphen penctl). We 
have 

and [G] 

Aut{X) !!! { 1 }~(mZ) 1 c 0(5x') , m > 2 

;; {t 1 J~(mZ> 1 c O<Sx'> , m{2 

Note that, O<Sx'> .. W, the Coxeter group with respect to the set of the reflections 
sar If W(m) Is the corresponding m-level congruence subgroup, then 

W/W(2):: 0(E1)1h 1 }~(Z/2) 1 , W/W(m):: 0(E1)t<(Z/m)1(m 2 2) 

and we have 
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Aut(X) ~ W(m) I m l 21 

~ W<2> I m • 11 

I. DOLGACHEV 

where W(2) Is the unique subgroup of W which contains W(2) and W/W(2) ~ (Z/2)1. 

r • 10: We let I to be a set of 10 points which can be realized as the nodes 
or an Irreducible rational sextlc curve . The proJective Isomorphism classes of 
such sets I depend on 9 parameters ( Instead of 12 for all sets I with •I = 1 0). 
The corresponding surface X(I) Is called a Coble surface. It follows from above 
that 

Sx' ~ LE. 

We say that a Coble surface X· X(I) Is general. If all the following properties are 
satisfied: 
a)none of the three points of I are co linear; 
b)none of 6 points In I lie on a conic; 
c)none of 8 points of I lie on a cubic with a double point at one of them; 
d) I does not lie on a quartic with a triple point at one or the points or I. 

The projective Isomorphism classes of such sets I form a quasi-projective 
variety C of dimension 9. 

PROPOSITION 4. If X Is a general Coble surrace, then R(X) =e. 

The proof of this result can be given by the methods of [CO 2]. 

THEOREM 5. Let X be a general Coble surface. Then 

W(LE) :!W(Sx')(2) C A(X)* c W(Sx') !! W(LE). 

Moreover, there exists an open Zarlskl subset U of C such that for IEU 

Aut(X(I)) ! W(LE)(2). 

This result can be proven by transcendental methods <with a weaker notion 
of a general surface) by methods of [N1]. One can also give a purely algebraic proof 
valid for any sufficiently large characteristic p by the methods of [COl]. In an 
equivalent rorm, this result Is already contained In [Co2]. 
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INFINITE COXETER GROUPS 105 

Notice the similarity between Theorems 3 and 5. A partial explanatton of 
this Is the fact that Coble surfaces are degenerations of Enrlques S\rfacts. 
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A PROBLEM ABOUT POLYNOMIAL IDEALS 

Shalom Eliahou 

In this paper we propose an elementary problem about polynomial ideals. 
It is connected to set-theoretic complete intersection problems via a 
lemma of Cowsik, which we recall, and which we slightly improve in the 
case of monomial curves. 

1. The problem 

Consider the polynomial algebra A = k [ x1, ..• ,xn] over a field k. 
Let us fix a total order < on the set of monomials x1a ... xnan 

(a; E lN, all i) of A, compatible with the product, i.e. satisfying 

m < n ~ mp < np 

for all monomials m, n, p. 
Given a polynomial f in A, we denote by max f its maximal monomial (for 

the given order < ) • 

Given an ideal in A, we denote by max(I) the ideal generated by the 
monomials max f, for all f in I. 

If I,J are two ideals, it is easily verified that 

max(I)max(J) C max(IJ) 

(while the reverse inclusion may not be true). In particular, 

for all r,s in IN. 
Therefore the direct sum I max(Ir) has a natural structure of graded 

r 
algebra over A. We denote this algebra by MAX(I). 

We may now formulate the problem: 

Problem 1.1. When is the algebra MAX( I) finitely generated over A? 
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108 A PROBLEM ABOUT POLYNOMIAL IDEALS 

In other words, if r is large enough, can we always decompose max(Ir) as 
max(Is)max(It) for a suitable non-trivial decomposition r = s+t? 

In section 3 we give a condition on max(I) to ensure that MAX(I) be 

finitely generated, and give also an example where MAX(I) is not finitely 

generated. We show that the answer depends on the order chosen. 

In section 6 we prove the following result (Corollary 6.8) which we hope 

motivates problem 1.1 above. 

Consider positive integers a1, ... ,an. Let C be the affine monomial curve 

with parametric equations X; = tai (all i) over k. Denote by J the ideal 

(ta 1-x1 , ... ,tan_xn) of A [t] . Order the monomials of A[t] lexicographically, 
with t > x1 > ••• > xn. Then we have the lemma: 

LelTIT1a. If MAX(J) is finitely generated, then the curve C is a set-theoretic 
complete intersection in An. 

This result is similar to and uses a beautiful leJTIT1a of R.C. Cowsik, which 
we recall in section 4. The author first learnt of the unpublished lemma of 

Cowsik from T, Vust who in turn came to know of it from M. Hochster at a meeting 

in Oberwolfach in June 1979. 

2. Gr6bner bases 

Most things in this section are well-known, so almost no proofs are given. 

For further details, the reader may consult [1], [2], [7]. I am indebted to Gail 

Zacharias for the statement of proposition 2.7, and for showing me [5]. 

Consider the polynomial algebra A= k[x1, ... ,xnJ over a field k. 
Fix a total order on the set of monomials {0} U{x1a ... xnan I a; lN, all i} 

of A, satisfying the following properties: 

i ) m < n 9 mp < np 

ii) 1 < m 

iii) 0 < m 

for all monomials m, n, p. 
Then we have the easy but crucial remark: 

Remark 2.1. Any decreasing sequence of monomials eventually stops. 

Given an f in A, we denote by max f its maximal monomial. Given an ideal 
in A, we denote by max(I) the ideal generated by the monomials max f for 

all f in I. 
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SHALOM ELIAHOU 109 

Definition 2.2. A Gr6bner basis for I is a set of elements {f1, ... ,fr} in 
such that max f 1, ... , max f r generate max (I). 

Using remark 2.1 above, one proves easily the following lemma: 

Lemma 2.3. A Gr6bner basis for I actually generates I. 

The notion of Gr6bner bases is very useful for various constructions on 
polynomial ideals. The reader may consult the references given at the beginning 
of this section. 

Here, for convenience, we briefly recall how to detect or construct Gr6bner 
bases for an ideal I. First some terminology. 

Let f,g and f1, ... ,fr be in A. We say that f reduces properly to g 
mod{f1, ... ,f} if we can write - r 

(where fij E {f1, ... ,fr} and aij is a monomial with some k-coefficient, all 
j) with the property that the maximal monomial drops at each new term subtracted, 
i.e. 

max f > max(f-ai 1fi 1) > •.. >max g. 

Again we have an easy remark: 

Remark 2.4. A set {f1, ..• ,f} is a Gr6bner basis for the ideal ----- r 
if and only if every f in (f1, ... ,fr) may be reduced properly to 
mod {f1, ... ,fr}. 

Now, given two polynomials f,g with maximal monomials m,n respectively 
(and maximal coefficient 1 to simplify), we denote by s(f,g) the polynomial 

s(f,g) := gcd(~,n) f - gcd0n,n) g 

where gcd means greatest common divisor. 
The effect of this combination is to kill "minimally" the maximal monomials 

of f and g. Indeed max s(f,g) < max f, max g. 

The next proposition allows to decide whether a given set of polynomials is a 
Gr6bner basis. 

Proposition 2.5. A set {f1, ... ,fr} is a Gr6bner basis for (f1, ... ,fr) if 
and only if for all i 1 j, s(fi,fj) reduces properly to 0 mod{f1, ... ,fr}. 
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110 A PROBLEM ABOUT POLYNOMIAL IDEALS 

Note: In fact it is not necessary to check all s(fi,fj). See [2] for 

details. 

Let us see now how to transfonn a given set {f1, ... ,fr} into a Grtlbner 
basis for (f1, ... ,fr). Well, if {f1, ... ,fr} is not a Grtlbner basis, then some 

s(fi,fj) cannot be reduced properly to zero mod{f1, ... ,fr}· But then, reducing 
properly as far as possible, there will be a g in I such that 

max g does not belong to (max f1, ... ,max fr). 

In that case one should replace {f1, ... ,fr} by {f1, ... ,fr,g}. 
After a finite number of such transfonnations, the process ends up with a 

Grtlbner basis {f1, ... ,fr,g1, ... ,gs} for (f1, ... ,fr). 

We give now two examples of application of Grtlbner bases, which will be used 
in section 6. Namely, computing the homogenization of a given ideal and, 

respectively, its intersection with the polynomial algebra in one less variable. 

Let t bG a new variable. Given an f in A, we define its homogenization 

f* as usual, as 

f* := tdeg f f [xtl , ... , xt") E A[t]. 

Given an ideal in A, we define its homogenization I* as I* := ideal in 
A[t] generated by all f*' with f in I. 

Proposition 2.6. Let {f1, ... ,fr} be a Grtlbner basis for I with respect to 
any ordering of monomials satisfying i), ii}, iii) and 

iv) deg m < deg n * m < n (all monomials m,n). 

The proof consists in considering max(!*) and using lemma 2.3. See e.g. [~. 

Proposition 2.7. Let J be an ideal in A[t], and let {gl' .. .,gr} be a 
Gr6bner basis for J with respect to the lexicographic order induced by 

t > x1 > ••• > xn. Then J 1'\ A is generated by {g1, ... ,gr} " A. 

Again, the proof consists in considering max(J,.. A} and using lemma 2.3. 
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SHALOM ELIAHOU 111 

We close this section with an observation that will be used in section 3. 

Lemma 2.8. Let f,g in A be such that max f, max g have no common factor 
(equivalently form a regular sequence). Then s(f,g) reduces properly to 
0 mod{f ,g}. 

r s 
Proof. Write f = L m., g = .L nJ., where mi' nJ. are monomials with some 

i=l 1 J=l 
k-coefficient, ordered decreasingly. By hypothesis, 

From gf - fg = 0 we obtain 

s ( f ,g) + [ ~ ni f - ~ mig J = 0. 
2 2 

But now it is easy to see that the terms in the square bracket may be permuted so 
as to produce a proper reduction of s(f,g) to 0 mod{f,g} •• 

Corollary 2.9. Let f1, ... ,fr in A be such that max f1, ... ,max fr form 
a regular sequence. Then {f1, ... ,fr} is a Gr6bner basis for (f1, .• ,fr). 

Proof. The hypothesis amounts to say that for all ~ j, max fi and 
max fj have no common factor. Now apply lemma 2.8 and proposition 2.5 •• 

3. Examples 

Consider the polynomial algebra A= k[x1, ... ,xn] over a field k. Fix a 
total order on the set of monomials of A satisfying the same properties as in 
section 2. 

Let I be an ideal in A. Define MAX(I) = e max(Ir). Our problem is: when 
r 

is MAX(I) finitely generated as an A-algebra? 
We first give a condition on max(I) implying finite generation of MAX(I). 

Then we give an example where MAX(I) is not finitely generated. Finally we show 
that the answer depends on the order chosen. 

Pt~position 3.1. If max(I) is generated by a regular sequence then 
max(Ir) = max(I)r, all r. In other words MAX(I) is finitely generated over A, 
by max( I). 
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112 A PROBLEM ABOUT POLYNOMIAL IDEALS 

Proof. Let f1, ... ,fs in I be such that their maximal monomials form a 
regular sequence and generate max(!). 

We will show by induction on r that the set {f1, ... ,fs}r (notation self-
explanatory) is a Gr6bner basis for Ir, using proposition 2.5. 

By construction it is true for r = 1. Assume now it is true for r-1. Let 
a· b· r f =IT f. 1, g =IT f. 1 (Ea. = Eb. = r) be any pair of elements in {f1, ... ,fs} . 

i 1 i 1 1 1 

i) If f and g have some factor f. in common, write f 1 = ff~ 1 and 
1 1 

1 - f-1 Th f 1 1 b 1 t Ir-1 d · {f f }r-1 · g -g . . en ,g e ong o , an s1nce 1, ... , 1s a 
1 r 1 s 

Gr6bner basis for I-, s(f 1 ,g 1 ) reduces properly to 
0 mod{f1, ... ,fs}r-1. Therefore s(f,g) = f.s(f 1 ,g 1 ) reduces properly to 

r 1 
0 mod { f 1, ... , f s} . 

ii) If f and g have no factor fi in common, then max f and max g 
have no common factor either, since the max fi 1 s have no common factor 
pairwise. By lemma 2.8, s(f,g) reduces properly to 0 mod{f1, ... ,fs}r. 

The desired result follows from i), ii) and proposition 2.5.• 

Now we give an example of an ideal I in k[x,y] such that MAX(!) is not 
finitely generated. 

Example 3.2. Let 
X > y. 

(x2+y2,xy). We consider the lexicographic order with 

For convenience, let us introduce a new variable t and write MAX(!) as 
i max(Ir)tr. We will prove that MAX(!) is not finitely generated. 
r 

Observation. A Gr6bner basis for I is {x2+y2,xy,y3} (notice that 
y3 = s(x2+y2,xy)). This is immediate using proposition 2.5. 

Claim 1. y2r+1tr belongs to MAX(!), all r > 1. Actually y2r+l belongs 
to Ir itself (hence also to max(Ir)) as we see by induction on r: 

For r = 0, yEI0 =A. For r = 1, y3 E. I. 

Now suppose r ~ 2, y2r-3 E. Ir-2 and y2r-1 E. Ir-1. 
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SHALOM ELIAHOU 113 

Claim 2. y2rtr does not belong to MAX(I}, all r > 1. 

We must show that no f in Ir has y2r as maximal monomial. Among the 
. r 2 2 }r canon1cal generators of I , namely the elements of {x +y ,xy , the only one 

having y2r as monomial (not necessarily maximal) is (x2+y2)r, which turns out 
to be also the only one having x2r as monomial; and x2r is bigger than y2r. 
Therefore if y2r arises as monomial of a given f in Ir, then x2r does too. 
Hence y2r cannot be max f. 

As a consequence of claim 2, y2r+ltr cannot be a polynomial expression in 
elements of lower degree of MAX(I). Therefore MAX(I) is not finitely generated . 

• 
Now it is easy to derive an example of an ideal I for which MAX(I) is or 

is not finitely generated according to the order chosen. 

Example 3.3. Let I= (i+/,xy+z) in k[x,y,z]. 

Then for the lexicographic order induced by x > y > z, MAX(I) is not 
finitely generated. This follows easily from example 3.2. 

Now take the lexicographic order induced by z > x > y. Then a Gr6bner basis 
for I is {x2+y2,z+xy} since x2,z is a regular sequence (corollary 2.9}, and 
hence MAX(I) is finitely generated by proposition 3.1 .• 

Slightly modifying this example one gets a more "natural" example. 

Example 3.4. Let P c k[x,y,z] be the ideal of the monomial curve (t2,t3,t5) 
in A3. Then P = (x3-y2,xy-z), and the assertions are the same as before: 

MAX(P) is not finitely generated for the lexicographic order induced by 
x > y > z, while MAX(P) is finitely generated for the one induced by z > x > y . 

• 

4. Cowsik's lemma 

Consider a commutative noetherian ring A, and P a prime ideal in A. 
Let us denote by P(r) the r-th symbolic power of P, i.e. the P-primary 

component of Pr, or more concretely the ideal {x E Alsx E. Pr, some s in A'-P}. 
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114 A PROBLE~I ABOUT POLYNOMIAL I DEALS 

The formula p(r)p(s) C p(r+s) is easily verified, so the direct sum 

i P(r) has a natural structure of graded A-algebra. We denote this algebra by 
r 
S(P). 

Now suppose furthermore that A= (A,M) is local, of dimension n, with 
residue field infinite, and that P is distinct from M. 

Lemma 4.1 (Cowsik). If S(P) is finitely generated as an A-algebra, then 
there exist n-1 elements b1, ... ,bn_1 in P such that 

Note. The lemma is still valid in case P is not prime and does not have M 
as minimal prime. In the non-prime case p(r) is defined as (pr.s-1A) ~A, where 

S is the intersection of the complements of the minimal primes of P. 

Let us quote first a standard lemma. 

Lemma 4.2. Let B = i Br be a finitely generated graded algebra over a 
noetherian ring B . Thenrthere exists an integer N such that the subalgebra 

B(N):= ~ BrN is g~nerated over B0 by BN' i.e. BrN = (BN)r, all r. 

Proof of 4.1. Let N be such that p(rN) = p(N)r, all r. (lemma 4.2) 

Call Q := p(N). 

The Krull dimension of i Qr/Qr+1 is n. Since all powers of Q are 
r 

P-primary, and P ~ M, any element of M/Q - P/Q is a non zero-divisor. Therefore 
the Krull dimension of 1 Qr/MQr is at most n-1. But then one can apply 

r 
Noether's normalization lemma: there exist n-1 elements 61, ... ,6n_1 in Q/MQ 
such that the ring extension 

A/M (61, ... ,bn_1] C 8l Qr /M{ 
r 

is integral. 
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SHALOM ELIAHOU 115 

Now let b1, ... ,bn_1 E Q be lifts of 61, ... ,6n-l respectively. The fact 
that the ring extension above is integral implies that 

for some large number s. 
By Nakayama's lemma, 

hence P = rad Q = rad(b1, ... ,bn_1) .• 

Now in case A is the polynomial algebra k~ 1 •.•. ,xnJ over an algebrai-
cally closed field k, and P is a height n-1 prime ideal, i.e. P defines a 
curve C in A", Cowsik's lemma translates as follows: 

Lemma 4.3 (Cowsik). If S(P) is finitely generated, then C is locally a 
set-theoretic complete intersection in A", i.e. is locally the intersection of 
n-1 hypersurfaces. 

To determine when S(P) is finitely generated seems to be a rather difficult 
problem. Very recently, Cowsik constructed an example of a polynomial prime ideal 
P in 3 variables where S(P) is not finitely generated (private communication). 

On the other hand, S(P) was proved to be finitely generated in certain 
cases (see [3], [4], [6]). 

5. The case of monomial curves 

Let a1, ... ,an be positive integers, and C the affine monomial curve of 
parametric equations X; = ta; (all i ) over an algebraically closed field k. 

Let PC A= k[x1, ... ,xnJ be the ideal of C. Then we have the following 
refinement of Cowsik's lemma 4.3 in this case. 

Lemma 5.1. If S(P) is finitely generated, then C is globally a set-
theoretic complete intersection in A". 

The proof reproduces the one in the general case, except that here we take 
into account the homogeneity of P and its symbolic powers for a suitable 
graduation on A. 
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116 A PROBLEM ABOUT POLYNOMIAL IDEALS 

Indeed, let us give to A the graduation induced by deg x. := ai' all i. 
Then P clearly becomes homogeneous. Also all P(r) are homoge~eous; this 

follows from primary decomposition in the homogeneous case. 

Proof of 5.1. As before let N be such that P(rN) = P(N )r, all r (lemma 

4. 2). 

Ca 11 Q : = P ( N ) • 

Let M be the maximal ideal (x1, ... ,xn)' which of course contains P. 
Again, since all powers of Q are P-primary, the Krull dimension of the 

algebra i Qr/MQr is at most n-1. 
r 

Let q1, ... ,qs be homogeneous generators of Q, of degree d1, ... ,ds 

respectively, and let qi denote the image of qi in Q/MQ. Then 

i Qr /MQr = k [q1' ... ,q ] . 
r s 

N 1 t d ~d d d f" - as - -- d-di all ,·.Then ow e = ~ i' an e 1ne pi pi- qi , 
are homogeneous of the same degree d, and the ring extension 

is integral. Therefore both rings have the same dimension, which is at most n-1. 

By Noether's normalization lemma, there exist n-1 elements 61, ... ,6n-l' 
linear in the pi's, such that the ring extension 

is integral, hence ·also the ring extension 

Now, by construction of the 6i's, we can find b1, ... ,bn-l in Q, 
homogeneous of degree d, which lift 61, ... ,6n-l respectively. 

The fact that the extension (*) is integral implies that 

(*) 
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SHALOM ELIAHOU 117 

for some large number t. Iterating, we get 

for m arbitrarily large. Since Qt, Mf and, most importantly, (b1, ... ,bn_1) 

are homogeneous ideals, we deduce that 

Hence P = rad Q = rad(b1, ... ,bn_1).a 

Remark 5.2. In [4], the monomial curve (t4,t6,t7,t9) is proved to be a set-
theoretic complete intersection in A4, via lemma 5.1. 

6. Maximal monomials and symbolic powers 

Here we exhibit a connection between problem 1.1 and the problem of finite 
generation of S(P), when P defines a monomial curve in affine n-space. Similar 
and more direct connections probably exist for any polynomial (prime) ideal P. 

Consider the polynomial algebra A= k[x1 , ... ,xn] over a field k. Let 
a1, ... ,an be positive integers and C c. A" the monomial curve of parametric 
equations x1 = tai, all i. Let PC A be the ideal of C. Consider the ideal 

Order the monomials of A[t] lexicographically, with t > x1 > ••• > xn. 

The claimed connection is given by the following 1emma. 

Lemma 6.1. If MAX(J) is finitely generated then S(P) is finitely 
generated. 

The proof is in two steps, the second one being the equality p(r) = Jr " A. 
The first step is the following general preposition. 
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118 A PROBLEM ABOUT POLYNOMIAL IDEALS 

Proposition 6.2. Let G be an ideal in A[t]. If MAX(G) in finitely 
generated (order: lexicographic with t > x1 > .•. > xn)' then the graded algebra 

is finitely generated. 

Proof. By lemma 4.2, there is a positive integer N such that 

This means the following. If {g1, ... ,gs} is a Gr6bner basis for GN , then 
{g1, ... ,gs}r is a Gr6bner basis for GrN. 

Now by proposition 2.7, GrN ~A is generated by {g1, ... ,gs}r A A, which 
clearly is the same set as ({g1, ... ,gs} ~ A)r. Therefore 

Now the algebra t (Gr A A) is module-finite over the subalgebra t (GrNAA) 
r r 

which is finitely generated by GN AA as we just saw. Therefore i (Gr" A) is 
finitely generated.• r 

Let us return to P = the ideal of the monomial curve C and J = the ideal 
(ta 1-x1, ...• tan_xn). We will show that p(r) = Jr ~A. First some preliminaries. 

Consider A= k[x1, ... ,xn] with the graduation induced by deg X; := a;• 
all i. Then P is homogeneous in A. 

Now let M c A be the ideal (x1-1, •.. ,xn-1). Of course PC M since the 
point (1, •.. ,1) lies on C. We will relate p(r) with Mr. 

Notation 6.3. For any ideal I in A, denote by h(I) the largest 
homogeneous subideal of I. 

Lemma 6.4. P(r) = h(Mr), all r. 

Proof. See [4] ·• 

So we must understand better what is h(I) for a given ideal in A. 
Let us denote by I* the homogenization of I in A[t] (see section 2). 
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Lenma 6.5. h(l) = I*l"'\ A. 

Proof. Clearly h(I) is contained in I*~ A. For the converse, first 
recall (or observe) that if f(t,x1, ... ,xn) belongs to I*' then 

119 

belongs to I. Now I*~ A is homogeneous, therefore contained in h(I) if 
contained in I. But tlfis is the case: if g belongs to I* I"\ A, then g = g(t=1) 
and hence g belongs to I.• 

Let us return to M = (x1-1, ... ,xn-1). 

Proof. By proposition 2.6, one obtains generators for M* by simply homo-
genizing a Gr6bner basis for M with respect to a suitable ordering of the 
monomials. But {x1-1, .•• ,xn-1} is a Gr6bner basis with respect to any ordering 
since x1, ... ,xn is a regular sequence (by corollary 2.9; recall also that 
monomials are > 1). The lemma is proved, remembering that the x.'s are of 

- 1 

degree a;. • 

Now recall (or observe) that the homogenization * commutes with product. 
So let's denote by M~ the ideal (M*)r = (Mr)*. 

Proof. By lemmas 6.4 and 6.5.• 

Proof of 6.1. Observe that "J" is another name for M*. Apply proposition 
6.2 and lemma 6.7.a 

Corollary 6.8. If MAX(J) is finitely generated then C is a set-theoretic 
complete intersection in A". 

Proof. By lemma 6.1 and lemma 5.1.• 
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LOCAL TORELLI THEOREM FOR CERTAIN EXTREMAL VARIETIES. 

Carlos G6mez-Mont Avalos 

In this note we announce the result that the local Torelli theorem holds for 
certain extremal varieties in complex projective space. Details will appear in [3]. 
I would like tothank my advisor Phillip Griffiths. 

Let wn be the complex projective space of dimension n. Let V denote a 
smooth nondegenerate subvariety of dimension k and degree d in Pn. Let Pg{V) 
denote the geometric genus of V. Then we have the following theorem of Harris 
{reference [2]). 
Theorem {J.Harris): The greatest possible value of Pg{V) is 

where M =[~:~ and { ) represents binomial coefficient. 

A variety V for which pg{V) has the maximum value given by the above theorem 
is called an e~emal v~ety. The degree of V is assumed to be~ k(n-k)+2 

If {n-k) ~ 2 and d ~ 2n-2k+3, then it follows from theorem (3.17) of P. 
Griffiths and J. Harris {reference [1]) that an extremal V can be realized as a 
hypersurface in a variety of dimension {k+1) of minimal degree {n-k). 

Construction and classification of extremal varieties in Pn is carried out in [2]. 
Consider the Chow scheme of cycles of dimension k and degree din Pn. Let E deno-
te the open subset comprising the extremal varieties. 
Let 

M = [{ d-1 )/ {n-k)] 

A1 = d-{M+1){n-k) 

A2 = {{k-2){d-{M+1){n-k))+{n-k-2))-1 

A3 = {k-2){M+1)-{M+1) 

A4 = {-k{d-{M+1){n-k)) 

A5 = 2 + k{M+1)-n-k 

121 

@ 1986 American Mathematical Society 
0271-4132/86 Sl.OO + $.25 per page 

http://dx.doi.org/10.1090/conm/058.1/860408

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



122 CARLOS GOMEZ-MONT AVALOS 

A6 = (k-2)(d-{M+l)(n-k))-n+k 

A7 = (2-k){M+l)+k-1 

As= (k-l){d-{M+l){n-k))-2(n-k)+4 

A9 = -(k-l){M+l) 

A10= -n+k-(K+l)(d-M(n-k)-2) 

A11= (k+l)(M-k)-(k+l) 

A12= -2(n-k-2)-k(d-M{n-k)-2)-2 

A13= k(M-k)-2{k+l) 

Then we have the following; 

Theo~em: For k ~ 1,2,3, n - 4, n - 2, n -1 
and d ~ 3. k. (n-k) + 3, 

If A1 ~ -~I; A2 < A3, A 4 < As, 

A6 > A7' As > A9' AlO < All and Al2 < Al3 

then for the class E the local Torelli 
theorem holds. 

Remarks: The condition on k is necessary to avoid certain 
exceptional extremals. The condition A1 ~- ~1 is 
necessary for considering an extremal variety as an 
ample dtvisor in the minimal variety. The conditions 
A2 < A3, A4 < As, A6 > A7, As > A9 are necessary for 

annihilating some of the groups appearing in the spectral 
sequence for calculating the cohomology of extremal 
varieties. The conditions A10 < A11 , A12 < A13 are needed 
for certain calculations. 

We have checked by computer that the various conditions mentioned in the theorem 
are satisfied in p"9 for k = 4 and 63 .::_d.::_ 77, in P10 for k = 4 and 
7S .::_d.::_ S9, and for k = S and 7S < d < 91 
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LOCAL TORELLI THEOREM FOR CERTAIN EXTREMAL VARIETIES 123 

N = 9 

9 4 63 12 -5 3 13 -2 8 1 -2 >=?-12 YES 
0 <? 21 YES 8 <? 49 YES -9 >?-23 YES 

-12 >?-39 YES -10 <? 35 YES -12 <? 22 YES 

9 4 64 12 -5 3 13 -1 8 2 -1 >=?-12 YES 
-2 <? 21 YES 4 <? 49 YES -7 >?-23 YES 
-9 >?-39 YES -15 <? 35 YES -16 <? 22 YES 

9 4 65 12 -5 3 13 0 8 3 0 >=?-12 YES 
-4 <? 21 YES 0 <? 49 YES -5 >?-23 YES 
-6 >?-39 YES -20 <? 35 YES -20 <? 22 YES 

9 4 66 13 -5 3 14 -4 9 -1 -4 >=?-13 YES 
4 <? 23 YES 16 <? 53 YES -13 >?-25 YES 

-18 >?-42 YES 0 <? 40 YES -4 <? 26 YES 

9 4 67 13 -5 3 14 -3 9 0 -3 >=?-13 YES 
2 <? 23 YES 12 <? 53 YES -11 >?-25 YES 

-15 >?-42 YES -5 <? 40 YES -8 <? 26 YES 

9 4 68 13 -5 3 14 -2 9 1 -2 >=?-13 YES 
0 <? 23 YES 8 <? 53 YES -9 >?-25 YES 

-12 >?-42 YES -10 <? 40 YES -12 <? 26 YES 

9 4 69 13 -5 3 14 -1 9 2 -1 >=?-13 YES 
-2 <? 23 YES 4 <? 53 YES -7 >?-25 YES 
-9 >?-42 YES -15 <? 40 YES -16 <? 26 YES 

9 4 70 13 -5 3 14 0 9 3 0 >=?-13 YES 
-4 <? 23 YES 0 <? 53 YES -5 >?-25 YES 
-6 >?-42 YES -20 <? 40 YES -20 <? 26 YES 

9 4 71 14 -5 3 15 -4 10 -1 -4 >=?-14 YES 
4 <? 25 YES 16 <? 57 YES -13 >?-27 YES 

-18 >?-45 YES 0 <? 45 YES -4 <? 30 YES 

9 4 72 14 -5 3 15 -3 10 0 -3 >=?-14 YES 
2 <? 25 YES 12 <? 57 YES -11 >?-27 YES 

-15 >?-45 YES -5 <? 45 YES -8 <? 30 YES 

9 4 73 14 -5 3 15 -2 10 1 -2 >=?-14 YES 
0 <? 25 YES 8 <? 57 YES -9 >?-27 YES 

-12 >?-45 YES -10 <? 45 YES -12 <? 30 YES 

9 4 74 14 -5 3 15 -1 10 2 -1 >=?-14 YES 
-2 <? 25 YES 4 <? 57 YES -7 >?-27 YES 
-9 >?-45 YES -15 <? 45 YES -16 <? 30 YES 

9 4 75 14 -5 3 15 0 10 3 0 >=?-14 YES 
-4 <? 25 YES 0 <? 57 YES -5 >?-27 YES 
-6 >?-45 YES -20 <? 45 YES -20 <? 30 YES 
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124 CARLOS GOMEZ-MONT AVALOS 

9 4 76 15 -5 3 16 -4 11 -1 -4 >=?-15 YES 
4 <? 27 YES 16 <? 61 YES -13 >?-29 YES 

-18 >?-48 YES 0 <? 50 YES -4 <? 34 YES 

9 4 77 15 -5 3 16 -3 11 0 -3 >=?-15 YES 
2 <? 27 YES 12 <? 61 YES -11 >?-29 YES 

-15 >?-48 YES -5 <? 50 YES -8 <? 34 YES 

N 10 

10 4 75 12 -5 4 13 -3 8 1 -3 >=?-12 YES 
1 <? 21 YES 12 <? 48 YES -12 >?-23 YES 

-17 >?-39 YES -11 <? 35 YES -14 <? 22 YES 

10 4 76 12 -5 4 13 -2 8 2 -2 >=?-12 YES 
-1 <? 21 YES 8 <? 48 YES -10 >?-23 YES 
-14 >?-39 YES -16 <? 35 YES -18 <? 22 YES 

10 4 77 12 -5 4 13 -1 8 3 -1 >=?-12 YES 
-3 <? 21 YES 4 <? 48 YES -8 >?-23 YES 
-11 >?-39 YES -21 <? 35 YES -22 <? 22 YES 

10 4 78 12 -5 4 13 0 8 4 0 >=?-12 YES 
-5 <? 21 YES 0 <? 48 YES -6 >?-23 YES 
-8 >?-39 YES -26 <? 35 YES -26 <? 22 YES 

10 4 79 13 -5 4 14 -5 9 -1 -5 >=?-13 YES 
5 <? 23 YES 20 <? 52 YES -16 >?-25 YES 

-23 >?-42 YES -1 <? 40 YES -6 <? 26 YES 

10 4 80 13 -5 4 14 -4 9 0 -4 >=?-13 YES 
3 <? 23 YES 16 <? 52 YES -14 >?-25 YES 

-20 >?-42 YES -6 <? 40 YES -10 <? 26 YES 

10 4 81 13 -5 4 14 -3 9 1 -3 >=?-13 YES 
1 <? 23 YES 12 <? 52 YES -12 >?-25 YES 

-17 >?-42 YES -11 <? 40 YES -14 <? 26 YES 

10 4 82 13 -5 4 14 -2 9 2 -2 >=?-13 YES 
-1 <? 23 YES 8 <? 52 YES -10 >?-25 YES 
-14 >?-42 YES -16 <? 40 YES -18 <? 26 YES 

10 4 83 13 -5 4 14 -1 9 3 -1 >=?-13 YES 
-3 <? 23 YES 4 <? 52 YES -8 >?-25 YES 
-11 >?-42 YES -21 <? 40 YES -22 <? 26 YES 

10 4 84 13 -5 4 14 0 9 4 0 >=?-13 YES 
-5 <? 23 YES 0 <? 52 YES -6 >?-25 YES 
-8 >?-42 YES -26 <? 40 YES -26 <? 26 YES 
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LOCAL TORELLI THEOREM FOR CERTAIN EXTREMAL VARIETIES 125 

10 4 85 14 -5 4 15 -5 10 -1 -5 >=?-14 YES 
5 <? 25 YES 20 <? 56 YES -16 >?-27 YES 

-23 >?-45 YES -1 <? 45 YES -6 <? 30 YES 

10 4 86 14 -5 4 15 -4 10 0 -4 >=?-14 YES 
3 <? 25 YES 16 <? 56 YES -14 >?-27 YES 

-20 >?-45 YES -6 <? 45 YES -10 <? 30 YES 

10 4 87 14 -5 4 15 -3 10 1 -3 >=?-14 YES 
1 <? 25 YES 12 <? 56 YES -12 >?-27 YES 

-17 >?-45 YES -11 <? 45 YES -14 <? 30 YES 

10 4 88 14 -5 4 15 -2 10 2 -2 >=?-14 YES 
-1 <? 25 YES 8 <? 56 YES -10 >?-27 YES 
-14 >?-45 YES -16 <? 45 YES -18 <? 30 YES 

10 4 89 14 -5 4 15 -1 10 3 -1 >=?-14 YES 
-3 <? 25 YES 4 <? 56 YES -8 >?-27 YES 
-11 >?-45 YES -21 <? 45 YES -22 <? 30 YES 

10 5 78 15 -6 3 16 -2 10 1 -2 >=?-15 YES 
2 <? 42 YES 10 <? 77 YES -11 >?-44 YES 

-14 >?-64 YES -11 <? 54 YES -13 <? 38 YES 

10 5 79 15 -6 3 16 -1 10 2 -1 >=?-15 YES 
-1 <? 42 YES 5 <? 77 YES -8 >?-44 YES 
-10 >?-64 YES -17 <? 54 YES -18 <? 38 YES 

10 5 80 15 -6 3 16 0 10 3 0 >=?-15 YES 
-4 <? 42 YES 0 <'? 77 YES -5 >?-44 YES 
-6 >?-64 YES -23 <? 54 YES -23 <? 38 YES 

10 5 81 16 -6 3 17 -4 11 -1 -4 >=?-16 YES 
8 <? 45 YES 20 <? 82 YES -17 >?-47 YES 

-22 >?-68 YES 1 <? 60 YES -3 <? 43 YES 

10 5 82 16 -6 3 17 -3 11 0 -3 >=?-16 YES 
5 <? 45 YES 15 <? 82 YES -14 >1-47 YES 

-18 >?-68 YES -5 <? 60 YES -8 <? 43 YES 

10 5 83 16 -6 3 17 -2 11 1 -2 >=?-16 YES 
2 <? 45 YES 10 <? 82 YES -11 >?-47 YES 

-14 >?-68 YES -11 <? 60 YES -13 <? 43 YES 

10 5 84 16 -6 3 17 -1 11 2 -1 >=?-16 YES 
-1 <? 45 YES 5 <? 82 YES -8 >?-47 YES 
-10 >?-68 YES -17 <? 60 YES -18 <? 43 YES 

10 5 85 16 -6 3 17 0 11 3 0 >=?-16 YES 
-4 <? 45 YES 0 <? 82 YES -5 >?-47 YES 
-6 >?-68 YES -23 <? 60 YES -23 <? 43 YES 
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126 CARLOS GOMEZ-MONT AVALOS 

10 5 86 17 -6 3 18 -4 12 -1 
8 <? 48 YES 20 <? 87 YES 

-22 >?-72 YES 1 <? 66 YES 

10 5 87 17 -6 3 18 -3 12 0 
5 <? 48 YES 15 <? 87 YES 

-18 >?-72 YES -5 <? 66 YES 

10 5 88 17 -6 3 18 -2 12 1 
2 <? 48 YES 10 <? 87 YES 

-14 >?-72 YES -11 <? 66 YES 

10 5 89 17 -6 3 18 -1 12 2 
-1 <? 48 YES 5 <? 87 YES 
-10 >?-72 YES -17 <? 66 YES 

10 5 90 17 -6 3 18 0 12 3 
-4 <? 48 YES 0 <? 87 YES 
-6 >?-72 YES -23 <? 66 YES 

10 5 91 18 -6 3 19 -4 13 -1 
8 <? 51 YES 20 <? 92 YES 

-22 >?-76 YES 1 <? 72 YES 
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-4 >=?-17 YES 
-17 >?-50 YES 
-3 <? 48 YES 

-3 >=?-17 YES 
-14>?-50 YES 
-8 <? 48 YES 

-2 >=?-17 YES 
-11 >?-50 YES 

-13 <? 48 YES 

-1 >=?-17 YES 
-8 >?-50 YES 
-18 <? 48 YES 

0 >=?-17 YES 
-5 >?-50 YES 
-23 <? 48 YES 

-4 >=?-18 YES 
-17 >?-53 YES 
-3 <? 53 YES 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



Contemporary Mathematics 
Volume 58, Part I, 1986 

TRANSVERSE DEFORMATIONS OF HOLOMORPHIC FOLIATIONS 

XAVIER G6MEZ-MoNT 

ABSTRACT. We analyze the problem of determining how many complex struc 
turescan we put on the leaves of a holomorphic foliation compatible with 
its transversal structure. The method we present uses the Kuranishi 
space of local moduli and we concentrate in computing an infinitesimal 
version. We show that the answer does not depend on the integrals of 
the foliation, but just on the cohomology of the tangent bundle to the 
foliation, and hence computable using methods from algebraic geometry. 

A holomorphic foliation F in a complex manifold M is a decomposition of M 
into a disjoint union of leaves M:ULa locally modelled on the canonical folia-
tion of t" of codimension q, tn = a~[Q cn-qxa. Given such a holomorphic foli-
ation F we obtain a transversely holomorphic foliation Ftr obtained by forget-
ting the complex structure of the leaves, but remembering the halomorphic manner 
in which the leaves are attached. In this paper we analyze the problem of haw 
many different holomorphic structures can we put on the leaves of Ftr so as to 
produce holomarphic foliations on the compact differentiable manifold M. 

Our line of approach to this problem. is that each structure F and Ftr has a 
local moduli space, that is, there are two complex spaces shol and str each 
parametrizing a family of foliations on M with the property that any other fanrt-
ly of holomorphic or transversely holomorphic foliations can be obtained from 
these families by means of pull backs. Using these properties, we obtain a forget-
ful map 

The main interest will be centered in calculating the derivative of this map at 
the point represented by F 

(I»)F: TF(Shol)-+ TF(Str) 

We will recognize these tangent spaces from the differential geometry of F, and 
we will fit this map into a long exact sequence: 

••• --+ Hl{M,-r)--+ TF(Shol) ..Qt TF(Str) -+H2{M,'")--+ ..• (1) 
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128 XAVIER GOMEZ-MONT 

where T is the holomorphic vector bundle of vectors tangent to the foliation F. 

This sequence will allow us to calculate the kernel and the cokernel of D~. in-
formation which is relevant for the problems: 

1) Given a transversely holomorphic foliation, can it be completed to a holomor-
phic foliation? 

2) If you can, in how many different ways? 

Note that the terms Hq(M,T) in sequence (1) depend only of the holomorphic class 
of th.e tangent bundle and not in terms of the geometrical integrals la. of the 
foliation. Anoth.er relevant feature is that they may be computed using methods 
of algebraic geometry in some particular cases. 

The simplest interesting cases are foliations by analytic curves in complex sur-
faces. For a general such foliation F, it will have a finite number of singular 
points P1 , ••• ,Pn all of which are locally linearizable and its analytic class 
completely determined ~Y the quotient of the eigenvalues of the linear part 
DX(Pi) of a holomorphic vector field X defining F near Pi ,>.. 1 •••• ,>..n. If 
we consider a flat family Ft of foliations, t E T we obtain a Residue map 

Res: T -+ e t 
i 

which assigns to Ft the local invariants at the distinct singular points 

Pi,t' Res(t) = ~t····•An,t}. We may then divide the problem of understanding 
the family Ft into two problems: 

1) Understand the image Res(_T}. In particular, determine its codimension in 
~ [? 
1 

21 Understand foliations with fixed analytic type at the singular points. 

In the present article we restrict ourselves to the case of non-singular folia-
tions, hence dealing exclusevely with question 2. In a forthcoming work we 
will analyse foliations by curves with attracting singularities, and we have 
thought it convinient to present a proof of the non-singular case since it illustra-
tes our general answer for question 2, where we will obtain a similar long exact 
sequence (ll. The transparency of the argument in the non-singular case, helps 
to understand the role that the singularities play in deformation theory of folia-
tions with singularities. 

1. HOLOMORPHIC AND TRANSVERSELY HOLOMORPHIC FOLIATIONS 

A foliation on a differentiable manifold is defined by means of an open covering 
by coordinate charts (Ua..~a) of M such that the changes of coordinates 

-l 
~i3a = ~ 13 ~a : ~a(Ua nu 13) -+ ~ 13 (uanu 13 ) can be written in the form 
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TRANSVERSE DEFORMATIONS OF HOLOMORPHIC FOLIATION 129 

(2) 

2 
is the projection to the first (n-q)coordinates and ~ to the last 

q. 

The condition (2} expresses the fact that the coordinate charts are leaving 
invariant the decomposition y=k. The condition (2) can also be determined by the 
infinitesimal condition 

a./ 
~=0 ax 

We may introduce a finer structure into the foliation by controlling more care-
fully the transition functions. For example we may decompose the complex vector 
space l:n as 

[n = U [n-q X {a} 
aea:q 

If we want to introduce a holomorphic foliation into a manifold by charts we 
require the ~ 6 a to be holomorphic in its variables and besides, to satisfy 
condition (2} where (x,y} E tn-qxtq. 

We could also consider the decomposition 

nflxtq = u Rmx{a} 
aetq 

To introduce this structure on M we require condition (2} where (i,y} eJR'D xJR 2q 

and besides the function ~ 2 should be a holomorphic function as a function from 
R2q to R2q. We will call such a structure a transversely holomorphic foliation. 
For more details, see [I 1 or [21. 

2. INFINITESIMAL AUTOMORPHISMS. 

Let F be a foliation in the manifold M. We want to consider those vector fields 
defined on open subsets of M such that the local !-parameter group that they 
generate by integration preserves F; i.e. sends leaves to leaves and if we are 
considering a G-foliation, then it should also preserve this additional G-struc-
ture, where G is holomorphic or transversely holomorpbic. 

Let us analize the local model first. Consider in IRn coordinates (x,y) = 
-( ) n-q q 1 - x10 ••• ,xn-q'y 1 ,. •• ,yq elR xlR and the fo iation defined byy=constant. 

A vector field X on an open set of U may be written as 

n-q " n " X= 1: f( }-a-+ 1: f( } a i=1 i x,y ax. i=n-q+1 i _x,y ay:-
1 1 

(3) 

Let ~t be the local !-parameter group generated by X. Fix t 0 and y0 , and 
view 
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130 XAVIER GOMEZ-MONT 

x ... .Pt (x,yo} 
0 

a function mn-q to mn' which tells us where in :Rn the leaf ~n-qxyo lies 
after flowing along X a time t 0 . 

If we want that the leaf be mapped to another leaf then the last coordinates 
2 

.Pt (x,y0 } should be a constant, so 
0 

d 2 
Ox .p t (X ,y 0) = O 

0 
So if the flow preserves the foliation, this identity is true for every x,y and 
t. So we also have 

d d 2 

dt dx .P = 0 

If X is of class C2 , this is equivalent to 

0 = .i_ .i_ 2= d £ f a 
dx dt .P dx i=n-q+1 ;ay:-

-- 1 

so we obtain the necessary conditions 

af. n-q+l, ..• ,n _, = 0 
axj j 1, ... ,n-q 

The converse is also true as can be checked by integration. We have proved: 

LEMMA 1: A .to cat vectoJt 6-i-e.td X plte..6ei!.VU .the 6o.ua.ti..on on :Rn given btj 

y=colU.tan.t -<-6 and on.tlj -<-6 U can be w!U;t:ten M 

a a 
X= ~fi(x,y)axi + Ui(y)ayi (4)o 

Now we want to give an intrinsic characterization of the infinitesimal automorphisms 
as in (4) that will lift to manifolds. 

If F is a foliation on M, then every point p of M lies on a leaf Lp, and 
the tangent space to this leaf is an (n-q}-dimensional vector subspace 
TP(F) c TP(M). With the help of the local coordinates we see that T(F) forms 
a vector sub-bundle of the tangent bundle of M called the tangent bundle to the 
leaves. Define the normal bundle as the quotient bundle on M 

0-+ T(F) -+ T(M) -+ N(F} -+ 0 

It is a q-dimensional vector bundle. 

In local trivializing coordinates (x,y}, T(F) is generated by 
~ •...• ~ and N(F) is obtained by projecting the vector field (3) to the 
aX 1 aXn-o 

components ~a_. Hence, the infinitesimal automorphisms are characterized as those 
ay· 

vector fields ~uch that when projected to the normal bundle are constant along 
the leaves. A closer analysis of the meaning of the infinitesimal automorphisms 
of F is best understood in the language of sheaves. 
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TRANSVERSE DEFORMATIONS OF HOLOMORPHIC FOLIATION 

Let F be a holomorphic foliation of the compact complex manifold M, let 
e~ol be the sheaf of holomorphic vector fields on M, T~ol the sheaf of 

holomorphic tangent vector fields to the foliation; the normal sheaf NF is 
defined by the exact sequence 

0-+ ~o 1 -+ e~o 1 -+ N F -+ 0 

131 

Let 9~ 01 be the sheaf of holomorphic infinitesimal automorphisms of F, the 

sheaf of sections of the normal bundle constant along the leaves is denoted by 
efr and defined by the exact sequence 

o -+ ~ol -+ e~ol -+ e~r -+ o (5) 

Now let G be a transversely holomorphic foliation on M, 9~ the sheaf o! 
coo vector fields, T~ the sheaf of tangent vectors to the foliation and e~r 

the sheaf of infinitesimal automorphisms of G. Denote by e~r those sections 
of the normal bundle to G that are constant along the leaves and holomorphic 
in the transversal variables. Projecting to the normal bundle we obtain a similar 
sequence to (5) 

(6) 

THEOREM 2: La F be. a hof.omo~tphic. 6oli.aUon on M, and Ftr the. :tlu:tn.t.ve.JL6e.ly 
hof.omOJtphic. 6o.Ua.t<.on a&looci.a.te.d to F by 6oJtge.tt.i.ng the. c.omple.x lotltuctu.tr.e. o 6 
the. le.avu. The. -i.nc.lu.lo.lon i: (1~. F) -+ (M, Ftr) -i.nduc.u a c.ommuta.t<.ve. d.lagJr.am o6 
l>he.avu on M: 

0--+ '1-ol--+ ehol --+ etr--+ 0 

i ·J "!' '!'' 
0 ---+ Too ---+ etr ---+ atr ---+ 0 

Ftr Ftr Ftr 

and 1) i 3 is an isomorphism 

2) The following long sequence is exact 

0 - Ho(M, ~ol) - Ho(M,~ol) - Ho(M,e~r) -

- Hl(M,T~ol)- Hl(M,~ol) .:4 Hl(M,e;[~-

- Hk(M, ~ol) - Hk(M,9~ol) .!!, Hk(M~i;) -

where i* are the maps induced in cohomology by i~. 

3) The cohomology groups Hq(M,~ 01 ), Hq(M,e~r} for q ~ 0 and 

Hq(M,e~r) for q >O are finite dimensional vector spaces. 

(7) 

(.8) 
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132 XAVIER GOMEZ-MONT 

PMa6: The map i is defined in local charts by i: ltn-q x a:q -+R 2 (n-q) x a:q, 
i(x,y) = (x,y) where x is thought of as a complex variable in a:n-q in the 
domain, and a real variable in m2 (n-q) in the codomain. By Lemma 1 the elements 

of 9~ 01 and e;~r may be written as 

ui(x,y)a;. + ~gi(y)a;. 
1 hol 1 

where fi and gi are holomorphic for eF and fi is Coo and gi 
phic for e~~r . The elements of e;r and e~~r consists only of the 
that are holomorphic for both. This proves that i 3 is an isomorphism. 

Since rFtr is a fine sheaf, we obtain for q > 0 the isomorphisms 

Hq(M etr ) ""Hq(M atr ) "" Hq(M etr) 
' Ftr • Ftr • F 

holomor-
g. IS 

1 

Incorporating these isomorphisms into the long exact sequence of the top of (7) 

gives (8}. 

A proof that Hq(M,et;') = Hq(M,e~~r} is finite dimensional may be found in [1] 

or [3]. 

Hq(M,r} is finite dimensional since M is compact and r coherent. The long 
exact sequence in (7) gives then that Hq(M,9~ 01 ) is finite dimensional for 
q ;>0 and using again (7) and the fact that rF is a finite sheaf we conclude 
that Hq(M.e';01 ) is finite dimensional for q > 0. 0 

REMARK: Deformation theory will tell us to look carefully at the map 
i 2 *: H 1 (M,e~ 01 )-+ H 1 (M,~~r) obtained from the inclusion of the infinitesimal 
automorphisms of each structure. Sequence (7) is then saying that since rftr 
is fine and i 3 is an isomorphism, we may compute it from the cohomology of 
the top row, but then the Kernel and coKernel may be estimated using the cohomo-
logy of the coherent sheaf 1: 

I 1 ho 1 i? * 1 ::rtr 2 • ... --+ H (M,T}--+ H (M,9F ) --=-+ H (M,9Ftr) --+ H lM,r) --+ . . . (9) 

The interpretation of i 2* in terms of deformation theory, together with the 
computability of the cohomology of r, is what makes the sequence (9) fruitful. 

3. DEFORMATION THEORY FOR FOLIATIONS 

A de6o~on o6 the 6o~n F in the compact manifold M is given by the 
following data: 

1) A differentiable fibre bundle w: D -+S with fiber diffeomorphic to M. D 
is the deformation space and S is the parameter space of the deformation. 

2) A coordinate cover { U;} of D with coordinate charts '~'i: Ui-+ mPxmn-q xRq, 
~;(P) = (x, y 1,y 2 ) such that the transiti0n functions have the form 
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TRANSVERSE DEFORMATIONS OF HOLOMORPHIC FOLIATION 

l 2 ( 3 
'Pji(x,yl'y2} = (.; ji(x}, 'P ji x,yl,y2}, 'P ji(x,yz)) 

The projection into the first factor defines local coordinates for the bundle 
structure w, and the other conditions mean that for each x fixed we obtain 

-1 } a foliation on w (x , which we denote by Fx. 

3) F = F0 for some point 0 E S. 

133 

If F is to be ho.tomOJtpfU.c. otr. ttr.a.~Uve.tr.6el.!J ho.tomotr.pfU.c., then we require that 
the transition functions .p2 and .p 3 be holomorphic in (y ,y ) or .p3 in y2 

l 2 

respectively. This means that each foliation Ft is holomorphic or transversely 
ho 1 amorphi c. 

In any one of this two cases we will say that the de.0otr.mation ~ ho.tomotr.pfU.c. if 

a) For the holomorphic case: x,y ,y are complex variables and all transition 
l 2 

functions are holomorphic in all its variables. 

b) For the transversely holomorphic case: x,y are complex variables and .p1 

and .p 3 are holomorphic on its variables. For holomorphic foliations, the param-
eter spaces may be complex analytic spaces, and the deformation are flat. 

We are interested in analyzing all deformations parametrized by neighborhoods of 
0 with F0 = F. When we are interested only in the deformation restricted to a 
neighborhood of 0, arbitrarily small, we then call it a gerom on a defiotr.mation. 

Two deformations (D,S.O) and (D',S',O') of F are isomorphic if there exists 
a diffeomorphism w: D ~ D' preserving the fibre bundle structure 

D~D' 

w! 1 w 
S _%__.. S' 

such that for every point s E S, the restriction of F to an arbitrary fiber 

.p: w- 1(s) ~ w- 1(,P(s)) 

is an automorphism of the foliated manifolds; i.e. Fs and F.p(s) are isomorphic 
as foliations by .p. 

In case that the foliations are holomorphic or the deformations are holomorphic 
then the corresponding maps should be holomorphic. 

Is one natural construction technique to obtain deformations from known defor-
mations. Let w: D ~ S be a deformation and f: S' ~ S be a smooth map. From 
the theory of fiber bundles we may construct over S' a bundle D' = f*(D) and 
maps 

o•Lo 
w'l I w 

f + s·-s 
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134 XAVIER GOMEZ-MONT 

0' = {(s,p) E S' x 0/f(s) = w(p)} c S' x 0 

where the first and second projections are the maps rr' and f'. 

With the coordinate charts on 0 its is ver'Y simple to give coordinate charts on 
0' so that it becomes a deformation. Of course, now we have that the foliations 
F' and F' in 0' will be isomorphic if f(s 1) = f(s 2 ), since the'Y are 

S1 s~ 

both isomorphic to Ff(s1). 

Let rr: 0 ... S be a deformation of a holomorphic foliation F in the compact mani-
fold M. Let e 0 denote the sheaf of vector fields on 0 such that the local 
1-parameter group that it generates sends fibers of w into fibers of w, and 
when restricted to one of the above fibers, is an automorphism of the underl'Ying 
holomorphic foliation. If (x,'Y1 ,y2 ) are local coordinates where x is the 
parameter at s and the foliation on the fiber x = x0 is given by y2 =constant, 
then these vector fields have the form 

d d d X= f 1(x)ax + f 2 (x,y 1,y2 )-av + f 3 (x,y 2 )-ay 
J 1 2 

with f2 and f 3 holomorphic functions of y1 and y2 for every fixed value 
of x. 

Let w- 1(es) be the sheaf on 0 obtained ~Y pulling back to 0 the sheaf of 
tangent vectors to S. A section Y of w (e5) on an open set U gives, for 
every point p E U, a vector at w(p) E S in such a way that it is the same vec-
tor if p and q lie on the same fiber, i.e. 

Y(p) = Y(q) if rr(p) = w(q) 

In the local expresion above, it is expressed as 

fl (x) a~ 
Hence we have a natural sheaf mapping 

eo ... w-1(es) 

which arise by projecting into the tangent space of S. We may complete to an 
exact sequence of sheaves 

( 10) 

where in the kernel we have the sheaf of infinitesimal automorphisms of each fiber, 
in local coordinates 

f 2 (X ,y 1 ,y 2) d; 1 + f 3 (X ,y 2) d; 3 

We may also consider the families of sequences (5) to give 
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0 

~ 
hol 

T DIS 
.j. 

0 __,. erol __,. erol - 71'-l(es)- 0 
DIS D 

.j. 

0 tr 
""DIS 
.j. 

0 

In case 1r': D' ~ S' is a deformation of transversely holomorphic foliations, 
we obtain from (6) and (10} the similar sequence 

0 

.j. 

•"" 
TD'IS' 
.j. 

o--(\'IS' --eo, __,.71',-1(9s,) -.o 
.j. 

tr 
E>D·Is' 
.j. 

0 

135 

( 11) 

( 12) 

The basic obstruction that one measures in deformation theory is to lifting sec-
tions of 71'- 1(9S) in (11) and (12). Formally, one considers the exact sequence 
of direct image sheaves of the rows to give 

..... 9hol ~ol 8 .e. Rl Ahol 
O 11' *"DIS ~ 11' * D ..... "s 11' *""'DIS ..... • •• 

-hol -tr .P.. 1 -tr 
0 ~ 71'*9D'IS' ..... 71'*90, ..... 9S R 71'~D'IS' ........ 

( 13) 

~1here p and 
more details). 
de6oJtmett.ioYII.l 

I 

p are the Kodaika-Spence~ map of the family (see [4] p. 360 for 
Evaluating at some point c0 we obtain the map o6 in6i~ecimal 

p: T s __,. H 1 (M 9ho 1 ) 
co ' F 

' T S'--. H1 (M 9tr) 
P. co ' F 

A ve~al de6o~ation of a foliation F on the compact manifold M is deformation 
1r: D ..... S with F0 = F such that for any other deformation 1r': D' ..... S' with 
F0 = F there exists a map f: S' ..... S such that D' is isomorphic to f*(D) 
as germs of deformations on (S',O) and the tangent map 

df:T,S'-+TS 
0 0 
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136 XAVIER GOMEZ-MONT 

is unique. The main point of the theory of deformations is the construction of a 
versal deformation and analyzing its properties. We will rely heavily on the fol-
lowing existence 

THEOREMP([2],[5]): Let F be. a .tluW.ve.Jt6el.y fw.eomoJr.ph-i.c (OJr. ho.eomoJr.ph-i.c) 6oUa-

.ti.on on a compact YTJa.YLi6o.e..d M, then the.Jr.e. .£!; a ge.Jr.m o6 an anai.y.Uc .&pace. (S,O) 
paJtametJU.U:.ng a ge.Jr.m o6 a de.6oJr.ma.ti.on Fs .&u.ch that 6oJr. any ge.Jr.m Fs 1 o0 ho.to-

moJr.ph-i.c de.6o.l!.metti.on.6 o 6 F paJtametlti..ze.d by (S 1 ,0), the.Jr.e. .£/; a ho.eomOJr.ph-i.c map 

!fJ: (S 1 ,0) -+ (S,O) .&u.ch that the. .induced de.6o.l!.metti.on F!fJ(SI) iA iAomoJr.ph-i.c to 

F S 1 • MoJr.e.ove.Jr. the. d.i.6 6e.Jr.e.n.ti.ai. d01{J o 6 !fJ at 0 iA u.n..iqu.e., and the. Koc:UWr.a.-

-Spe.nce.Jr. map p : T 0S -+ H1 (M,9;r) (Jr.e..6pe.cti..ve1.y p : T 0S -+ H1 (M,9~ 0 l)) iA an iAo-

moJr.ph.£/;m. 

4. TRANSVERSE DEFORMATIONS OF HOLOMORPHIC FOLIATIONS 

Let 11': D-+ S be a holomorphic deformation of the holomorphic foliation F on M, 
and denote by 11'tr: Dtr-+ S the family of transversely holomorphic foliations ob-
tained by forgetting the complex structure of the leaves, as in Theorem 2. 

From sequence (11), ( 12) and (13) we obtain 

and 

Rl11'j3tr 
otr;s 

where a is an isomorphism since T"" is a fine sheaf. 

By theorem 2 we have an isomorphism 9~/s ~a~~r/S so we obtain a commutative 

diagram: 
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TRANSVERSE DEFORMATIONS OF HOLOMORPHIC FOLIATION 

1 hol 
R 'tr*T DIS 
+ 

9S ~ Rl7r*~n 
~· l~ R11r etr 

* DtriS 
+ 
z hol 

R 7r *T DIS 

where p and Ptr are the Kodaira-Spencer maps of the family. 

Denote by 
hol 

1r: D- S = S 1r': D' - Str = S' 

137 

(14) 

The two versal families associated to the holomorphic foliation F by theorem A, 
viewed as families of holomorphic and transversely holomorphic foliations. From 
the versal properties of str, and viewing the family 1r as a family of trans-
versely holomorphic foliations, we obtain a holomorphic map f such that 

Dtr _L f*(D') D' 

7r=7r~s/ f 

where f is a transversely holomorphic isomorphism, that identifies Dtr and 
f*(D'). The derivative of f and (13) give 

tr -t 
9 __!!__. R11r 9 r Is l * otriS 

df :!! f 

f* a ____, f*Rl •atr ""s 7r *""o• IS • 

substituting (15) in (14) and evaluating at t = 0 we obtain by flatness 

Hl(M,T~ol) 
p + 

T S ____:_jL, H 1 {M eho l) 
o ' F 

df0 ! p' + 
T S'____:_jL, H1 {M E)1:r) o • F 

+ 
Hz(M,T~ol) 

( 15) 

where the two horizontal maps are isomorphisms by the versality of the families and 
the vertical sequence is the sequence in (9). We have proved. 

THEOREM 3: Let F be a holomo~phic 6oli~n ~ the compact mani6old M, Shol 
and Str the veMa! 6am.i.Ue.6 o6 de6oJuna-ti.on, <1>: Shol -+ Str the 6o~r.get6ul map. 
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138 XAVIER GOMEZ-MONT 

Then .the exact .&equ.enc.e (\1 J give.& !Li.6e .to .the exa.ct .&equ.enc.e 

... --> Hl(M}ol)--> T (Shol) __j T (Str)--> H2(M,Thol)-+ ... (1) 
0 0 

COROLLARY 4: 16 H1 (M,T) = 0 a.nd S .<..& loc.ally -i.M.edu.c..ible a..t 0 .then <I> .<..& 

.inj ec.Uve a..& a. geJun o 6 a. ma.p. 

5. RULED SURFACES. 

We exemplify tneorem 3 in foliations of ruled surfaces. 

Let 71' 1 (S) be the fundamental group of the compact orientable surface S and 

P: 7T 1 (S)-+ PSL(2,1:) 

a representation of 1rJS) into the group of conformal automorphisms of the 
Riemann sphere a:. If we suspend the representation 

M = Sxpt 

where S is the universal cover of S and the suspension construction is the 
quotient of Sx t by the diagonal action of 1r (S). The transversely holomorphic 

I 

foliation 
-z~[ S x {z} = S x [ 

descends to M to give a transversely holomorphic foliation Ftr. Its leaves 
are transverse to the ruling. 

Choose also a conformal structure in S so that M is a complex surface and the 
foliation Fhol is holomorphic. 

We have a map P: M-+ S which expresses M as a holomorphic ruled surface over 
S, the tangent bundle to the leaves T is clearly P*(9s) where es is the 
tangent sheaf of S. We may then compute the cohomology of T with the help 
of the spectral sequence associated to P. A simple calculation gives 
Hq(M,T) = Hq(s,e5), hence is 3g - 3 if q = 1 and o if q = 2, so (1) 

becomes 

H1(s,e5) -+ H 1 (M,~ 01 ) -+ H 1 (M,e~r) -+ o 

With the help of [21 it has the following interpretation: H 1 (M,~r) represent 
the deformation of the representation and H1(s,e5) is the deformation of the 
conformal structure of S. Actually we have a decomposition 

Hl{_M,e~ol) = Hl(S,9S) e Hl(M,e}r) 

since we may vary completely independently the conformal structure on S and the 
representation, the map 
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TRANSVERSE DEFORMATIONS OF HOLOMORPHIC FOLIATION 139 

is locally at 0 a product bundle with fiber a ball of dimension 3g- 3 if the 
genus of S is greater than .::;ne. 

[1] 

[2] 

[3] 

[4] 

BIBLIOGRAPHY 

Duchamp, T., Kalka, M. Ve6oromation theo~y 6o~ holomo~phic 6o~n4. J. 
Diff. Geometry, 14(1979), 317-337. 

Girbau, J., Haefliger, A., Sundararaman, D. On de6oromation& o6 ~ve~ely 
holomonphic 6otiation&. Crelle Journal, (345), 1983, 122-147. 

Gomez-Mont, X. TJr.an&v~al ffolomMphic S:tJr.u.ctuJr.e&. J. Diff. Geometry, 
15(1980). 161-186. 

Kodaira, L., Spencer, D. On de6o~mation& o6 complex analytic 4~ctuJr.eA. 
I, II Ann. Math. 67{1958), 328-466. 

[5] Kuranishi, M. Ve6o~on4 o6 compact complex man£6old4. Universite de 
Montreal, Canada, 1971. 

INSTITUTO DE MATH"iATICAS 
Universidad Nacional Aut6noma de Mexico 
Mexico, 04510, D.F. 
I~EXICO 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



This page intentionally left blank 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



Contemporary Mathematics 
Volume 58, Part I. 1986 

SINGULARITIES OF ALGEBRAIC SURFACES 

AND CHARACTERISTIC NUMBERS 

F. Hirzebruch 

2 
ABSTRACT. The Chern numbers c 1 and c 2 of an algebraic 
surface of general type satisfy the Miyaoka-Yau inequality 
ct ~ 3c2 . If the ~urface contains rational or elliptic cur-
ves, tfien 3c 2 - ct is positive and one can give an esti-
mate from below using the rational and elliptic curves. 
This has many geometric applications. I report on work of 
R. Kobayashi and Y. Miyaoka and use the Bonn dissertation 
of Th. Hofer and the Bonn Diplomarbeit of K. Ivinskis. 

1. For every compact smooth algebraic surface X the Chern numbers 

c 2 and c~ are defined. The Chern number c 2 equals the Euler 
2 number e of X , whereas c 1 is the selfintersection number of a 

canonical divisor of X . If X is a surface of general type, then 

c 2 > 0 and 

2 < 3 c 1 - c2 

The famous inequality c~ ~ 3c 2 has a long history. It was proved 

by Y. Miyaoka [15] using ideas due to F.A. Bogomolov (compare A. Van 

de Ven [20]). It was proved independently by differential-geometric 

methods for the case that the canonical bundle of X is ample: 

According to T. Aubin and S.T. Yau there exists a unique Einstein-

Kahler metric on X and by a result of H. Guggenheimer (1952) the 
2 difference 3c2 -c 1 is then given in terms of this metric by an in-

tegral over X with non-negative integrand which measures the de-

viation from constant holomorphic sectional curvature. Therefore 

c~ ~ 3c 2 (Yau [22]). Furthermore (Yau [22]) the equation c~ = 3c 2 
implies that the universal cover of X is the ball 

141 
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142 F. HIRZEBRUCH 

B = {z E a: 2 : I z 1 1 2 + I z 2 12 < 1} . This important conclusion was 

proved by Yau and Miyaoka also in the case that the canonical 

bundle is not necessarily ample (see [16]). 

We refer to the Bourbaki lecture of J.-P. Bourguignon [1) for 

further references to the literature. 

2 < 3 2. As explained above, c 1 = c 2 for a surface X of general 
2 

type, and c 1 = 3c 2 if and only if the universal cover of X is 

the ball B • (The "if" part is the "proportionality" of [7].) If 

X contains rational or elliptic curves, then, clearly, the univer-

sal cover of X cannot be the ball and hence c~ < 3c2 Therefore, 

to a configuration E of rational or elliptic curves a positive 

number m(E) should be assigned such that 

( 1 ) 

If E is a disjoint union of finitely many smooth elliptic curves 

C. on X , then according to F. Sakai [19] 
J 

(2) 

The selfintersection numbers C~ are negative, since X is a sur-
J 

face of general type. Y. Miyaoka [17] has studied numbers m(E) 

for configurations of rational curves. I discussed such questions 

with him during one of his visits in Bonn. 

Let us consider an example. Suppose s 1 , .•• ,sr 

smooth rational curves, where s. intersects S. 1 J J+ 
in exactly one point (j=1, .•• ,r-1) and S.S. = 0 

~ J 
We assume - sjsj = bj <= 2 • The dual graph of this 

(3) 
-b 1 

For the continued fractions 

-b r 

n 

q' 

is a chain of 

transversally 

for lj-il>1 

chain is 
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we have 

O<q<n 0 < q' < n qq' • 1 (mod n) 

In fact, this chain of rational curves is the resolution of the 

quotient singularity ~ 2 /un where the group 

un = {a € ~ : an = 1} 

143 

acts by a(z 1 ,z 2 ) = (az 1 ,aqz2 ) • Compare (6]. For the chain (3) of 

rational curves we can define the local Euler number eloc which 

equals r+ 1 • It is the Euler number of r twodimensional spheres 

s 1 , ••• ,sr where a point on Sj is identified with a point of 

Sj+ 1 for j = 1, ••• , r- 1 • We also have a local canonical divisor 

K1 = I c.S. where the rational numbers ci are defined by the 
oc i=1 l. l. 

linear equations 

r 
L c.S.S. 

i=1 l. l. J 
= b.- 2 

J 

corresponding to the adjunction formula. 

The intersection matrix sisj is negative-definite of deter-

minant (-1) rn • 

Let E be the chain (3) . We define 

3 
n 

and expect an inequality (1). Why? Let X' be the surface obtained 

by collapsing E to a point. It has one singular point. 

Suppose (as a "Gedankenexperiment") that there is a smooth sur-

face Y with an action of ~n which is free outside one point p 

such that Y/u = X' . Then n 

and (1) follows for X because Y is smooth of general type and 

satisfies the Miyaoka-Yau inequality. This is no proof at all, but 

motivates the definition of m(E) and indicates how to look for a 

proof. 
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144 F. HIRZEBRUCH 

In his recent Bonn Diplomarbeit K. Ivinskis [11] has given a 

nice formula for m(E) for a chain (3) • We have 

(4) m(E) r ' 1 1 + I (b.+1> + q+q-
i=1 1 n 

Simiiar formulas can be written down for all quotient singularities, 

i.e. for all configurations of rational curves arising from the re-

solution of quotient singularities (compare [2]). This becomes 

especially simple for the rational double points (see 8. below), 

i.e. for the configurations Ar,Dr,E6 ,E7 ,E8 . Here all curves have 

selfintersection number -2 which implies Kloc = 0 and 

m(E) = 3 eloc - ~ where G is the finite group acting on a: 2 

(and freely on a:2 - {0}) such that a:2 /G gives the quotient singu-

larity. For example, Ar is the configuration (3) with bi = 2 

and 

(5) m(Ar) = 3 (r + 1) - 3 
r+1 

which agrees with (4) since n = r+1, q q' r . For Ea we 

have eloc = 9 and 

m(E8 ) 3 27 - _]_ 27 - 120 40 

3. THEOREM. Let X be a smooth surface of general type and 

E1, ••• ,~ configurations (disjoint to each other) of rational cur-

ves (arising from quotient singularities) and c1, ••• ,Cp smooth 

elliptic curves (disjoint to each other and disjoint to the Ei ). 
2 Let c 1,c2 be the Chern numbers of X • Then 

(6) 
2 k ~ 2 

3c2 -c1 C: i m(E.) + l (-C.) 
i=1 1 j=1 J 

This is a part of a theorem of Miyaoka [17]. It includes the older 

result of F. Sakai on elliptic curves. The inequality (6) is 

already true if the Kodaira dimension of X is non-negative . 

4. R. Kobayashi ([13],[14]) has developed a theory of Einstein-

Kahler metrics for V-manifolds (surfaces with quotient singula-

rities) which are not necessarily complete (they are surfaces with 
elliptic curves removed). S.T. Yau told me that he also studied 
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these problems. R. Kobayashi was able to prove the inequality (6) 

and to prove a theorem for the case that equality holds in (6). He 

had to introduce some additional assumptions concerning (-1)-curves 

and (-2)-curves, i.e., smooth rational curves with selfintersection 

number -1 or -2 respectively. We simplify by making these 

assumptions unnecessarily strong. 

THEOREM. Let X,Ei,cj be as in the above theorem. Suppose that 

X is minimal, i.e. does not contain (-1)-curves and that each 

(-2)-curve is contained in one configuration Ei . If equality 

holds in (6), then there exists a discrete subgroup r of the 

group of automorphisms of the ball, such that X' -ucj = f\B • Here 

X' is the singular surface obtained from X by blowing down the 

Ei . The group r has only isolated points in B with non-trivial 

isotropy group. They give the quotient singularities of X' • The 

group r has p "cusps" • If one compactifies r\B to f\B ~ 

adding p points at infinity for the p cusps, one gets p singu-

lar points which are resolved by the p elliptic curves C. Thus 
_] 

X is the smooth model (minimal desingularization) of f\B . 

J.C. Hemperly [5] was the first to study the singularities at 

the cusps of surfaces f\B . An extensive.study of the surfaces 

f\B if r is a Picard modular group was carried out in many 
papers by R.-P. Holzapfel. 

5. AN EXAMPLE. Consider the following surface Y in P 4 (~) with 

homogeneous coordinates xO,x1, •.• ,x4 

4 
l X~ 

i=O ~ 
0 

4 15 l x. 
i=O ~ 

It covers the cubic surface S 

4 
l u. 

i=O ~ 
0 

4 3 l u. 
i=O ~ 

0 

0 

which is the Clebsch diagonal surface (Clebsch 1871). It was studied 

in [8] in relation to Hilbert modular surfaces. The covering map 
Y S .. b 5 dh d 4 --> ~s g~ven y ui = xi an as egree 5 • The cubic sur-
face S is smooth. The hyperplane section ui = 0 is a cubic curve 

consisting of 3 lines intersecting each other in 3 points. This 

determines 15 distinguished points of S (the point 0:1:-1:1:-1 
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3 and all permutations) over which we have 15 • 5 = 1875 points of 

Y which are singular, in fact they are A4-singularities • The 

three hyperplane sections u 1 = 0, u 2 = 0, u3 = 0 intersect in 

exactly one point. We get 10 distinguished points ((0:0:0:1:-1) 

and permutations). They are the 10 Eckardt points (points of inter-

section of three lines on the surface). Over each Eckardt point we 

have 5 points of Y . They are singular. Each of these 50 singula-

rities is a cone over a Fermat curve of degree 5 (genus 6). We now 

pass to the smooth model X of Y by resolving all singularities 

in the minimal way and want to calculate the Chern numbers of X • 

For a complete intersection x0 of two hypersurfaces of degrees 5 

and 15 in P 4 (~) in general position the total Chern class is 
given by 

(1+5g+10g2) (1+5g)- 1 (1+15g)-1 

where is the cohomology class of a hyperplane section. 

This gives 

1 + c 1 (XO) + c 2 (X0) = (1+10g2) (1+15g)-1 

c 1 (x0) -15g, c 2 (x0 ) = 235g2 

2 c 1 (X0 l = 75 • 225 , c 2 (x0) = 75 • 235 

The A4-singularities when resolved do not influence these values 

(cf. Brieskorn's theory on rational double points). Each of the 

remaining 50 singularities is resolved in a Fermat curve C of 

degree 5 with Euler number -10 and selfintersection number -5 
The Milnor fibre of such a singularity has Euler number 

1 + 4 • 4 • 4 = 65. Therefore, each singularity reduces the Euler num-

ber by 65 + 10 = 75 • Each singularity reduces c~ (X0) by -a2 c2 

where a is determined by the adjunction formula 

a C C + c2 = -e (C) = 10 

Thus a = -3 and 2 2 -a c = 45 • Hence, 

c~(X) = 16875 - 50 • 45 = 14625 

c 2 (X) = 17625 - 50 • 75 = 13875 
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There are 1875 A4-configurations of (-2)-curves on X . We 

have (5) 

and 

3 
15- 5 

3c 2 (X) - c~ (X) 27000 = 1875 • 14£ 
5 

147 

Hence, the equality sign holds in (6). It follows from Kobaya-

shi's theorem in 4. that Y with the 50 Fermat curve singularities 

resolved equals f/B where r acts on the ball with isolated 

fixed points with isotropy groups of order 5. 

The surface Y was originally constructed in a different 

way - in relation to the icosahedral line arrangement - by Th. 

Hofer in his Bonn dissertation [10]. 

6. LINE ARRANGEMENTS. We consider the complex proje=tive plane 

P 2 (~) with homogeneous coordinates z 0 ,z 1 ,z 2 . An arrangement of 

k lines is a set of k distinct lines in P 2 (~) . They can be 

given by linear forms t 1 , ..• ,R,k in z 0 ,z 1 ,z 2 . Let tr(ri:2) be 

the number of r-fold points, i.e., the number of points lying on 

exactly r lines of the arrangement. Then we have 

k(k-1) 
-2- I t 

r 

For an arrangement t 1 = O, .•. ,R.k 

consider the function field 

r ( r-1) 
2 

0) of lines we 

which is an abelian extension (Kummer extension) of the function 

field ~(z 1 /z 0 ,z 2 /z 0 ) of P 2 (~) of degree 2k- 1 and Galois group 

(Z/2Z)k- 1 . It determines an algebraic surface X with normal sin-

gularities which ramifies over the plane with the arrangement as 

locus of ramification. If the point p E P2 (~) lies on r lines of 

the arrangement ( r ;;; 0) , then there are 2k- 1-r points of X over 

p which are an orbit of the Galois group. For r ;: 3 these points 

are singular. The minimal resolution of such a point replaces the 

point by a smooth curve C of Euler number 2r- 2 (4-r) and 
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selfintersection number r-2 -2 . We obtain a smooth surface Y 

associated to the arrangement. 

Line arrangements and related algebraic surfaces were studied 

in [9]. Many more investigations were carried out in Th. Hofer's 

thesis [10] where he emphasized the relation to the work of P. 

Deligne and G.D. Mostow [3]. In this lecture we consider only some 

examples whose discussion we continue now. 

(7) 

As shown in [9] p. 132 we have 

2 3c 2 (Y) -c 1 (Y) 

The surface Y contains t 3 • 2k-4 rational curves Ei of self-

intersection number -2 • They lie over the 3-fold points of the 

arrangement. The surface Y contains t 4 · 2k-5 elliptic curves 

C .• They lie over the 4-fold points of the arrangement. We have 
J 9 2 

m(Ei) 2 (see (5)) and Cj = -4 • Therefore, 

(8) 2 ~ ~ 2 3c2 (Y) -c 1 (Y) - L m(Ei) - L (-Cj) 

= 2k- 3 (t2+-it3-k- r (2r-9)t) 
r~5 r 

It was shown in [ 9] that Y is of general type if k ~ 7 and 

tk = tk_ 1 = tk_ 2 = tk_3 = 0 , it is of non-negative Kodaira dimen-

sion if k;:: 6 and tk = tk_ 1 = tk_2 = 0 • In this talk, for sim-
plicity, we always assumed general type. However, Miyaoka's inequa-

lity (6) is true if the surface has non-negative Kodaira dimension. 

From (6) and (8) we get 

THEOREM. For an arran9:ement of k lines in the com12lex 12rojective 

Elane we have 

(9) t2 + l t ~ k + i ( 2r - 9) t 
4 3 >5 r r-

12rovided tk = tk-1 tk-2 0 . 

The inequality (9) is an improvement of an inequality mentioned in 

[9] p. 140. It does not seem to be known to experts in the theory 

of arrangements (see the literature quoted in [9]). There is an 

arrangement of 8 lines with t 2 = 10, t 3 = 1, t 6 = for which (9) 

is wrong. 

We mention some arrangements for which (9) is sharp and for 
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which the surface Y is related to the ball by the theorem in 4. 

a) the nine inflection points of a smooth cubic surface deter-

mine the 12 lines of the Hesse arrangement with k = 12, t 2 = 12, 

t 4 = 9, tr = 0 otherwise 

b) the nine inflection points define 9 lines in the dual projec-

tive plane. This gives an arrangement with k = 9, t 3 = 12, tr = 0 

otherwise. 

c) the simple group of order 168 operates on the complex projec-

tive plane (F. Klein [12]p. 101). It has 21 involutions. Each invo-

lution leaves a line pointwise fixed. We get an arrangement with 

k = 21, t 3 = 24, t 4 = 21 and tr 0 otherwise. 

m m m m m m 
d) (z0 - z 1 ) (z 1 - z~) (z2 - z 0 ) = 0 

with t 2 = 0, t 3 = m , tm = 3 and 

equality sign in (9) if and only if 

m~4 

tr 0 
m = 4 

, defines 3 m lines 

otherwise. We have the 

or m = 6 • 

7. DOUBLE POINTS ON HYPERSURFACES. Let F d be a smooth hyper sur-

face of degree d in P 3 (~) • It is easy to calculate 

( 1 0) 

Now we admit that Fd has ordinary nodes (double points) and is 

otherwise smooth.These nodes are points in whose neighborhood Fd 
2 2 2 

can be given by u + v + w 0 with respect to a local analytic 

coordinate system of P 3 (~) • If we pass to the minimal resolution 

Fd of Fd , then each node is replaced by a smooth rational curve 

of selfintersection number -2 • By Brieskorn's theory Fd belongs 

to the same "family" as Fd and (10) holds for Fd • The surface 

F d is of general type for d ~ 5 (it is a K3-surface, Kodaira di-

mension 0, for d = 4). Let ~(d) be the maximum number of nodes 

on a hypersurface of degree d • For d ~ 4 we get by (5), (6) and 

( 1 0) 

( 11 ) ~(d) ::1 ~ d (d - 1) 2 

Miyqoka [17] discusses this inequality in relation to many classi-

cal and more recent results. (For example ~(5) = 31 by A. 

Beauville. ) 

V.I. Arnold drew my attention to other results which are not 
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v 
mentioned by Miyaoka. See A. Varchenko [21}. S.V. Cmutov (cf.[21]) 

used the ~eby~ev polynomials to define surfaces Fd with many 

nodes: The ~eby~ev polynomial Td(x) is defined by 

Td (cos a) = cos (da) 

We have 

The derivative Td,(x) has only simple zeros, they give the d-1 

maxima and minima of Td(x) . The maxima all have the value 1 1 the 

minima the value -1 . We use affine coordinates x 1 ,x2 ,x3 for 

p 3 (a:) and consider the Cmutov surface 

which has no singularities on the infinite plane of P 3 (a:) • A node 
v 

of the Cmutov surface has coordinates x 1 ,x2 ,x3 with Td,(xi) = 0 , 

where among x 1 ,x2 ,x3 we must have two numbers for which Td has 

a minimum. If c(d) is the number of nodes, then 

c(d) = (d-1y 3. -2- for d odd 

( 12) 

3. (~) 2 (~-1) c(d) = for d even 

By ( 11 ) and ( 12) 

( 13) j :> lim ~~o(d)/d 3 :;; 4 
9 d-+oo 

This seems to be all what is know about lim 1J,(d)/d3 . 

8. SINGULARITIES ON 

even degree 2k in 

plane branched along 

( 14) 

PLANAR CURVES. 

P2 (a:) • Let xc 
C • Then 

d-~00 

Let C be a smooth curve of 

be the 2-fold cover of the 

k(10k-6). 

Now we admit that C has simple singularities. A singular point is 
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simple if, with respect to a local analytic coordinate system, the 

curve can be given as follows 

~ (k ~ 1) 
2 k+1 

X + y = 0 

Dk (k ~ 4) 
2 k-2 

Y (x + Y ) = 0 

E6 x3 + Y 4 = 0 

E7 x(x2 + y3) = 0 

Ea x3 + Y 5 = 0 

Then XC has singularities (rational double points) which blow 

up to configurationsof (-2)-curves, namely to the configurations 

~'Dk,E 6 ,E 7 ,E 8 , on the smooth model XC • For each simple singu-

larity we define m(p) = m(E) if p is blown up to the configu-

ration E • We can apply (6) using that XC belongs to the same 

family as XC by Brieskorn's theory and also satisfies (14). 

THEOREM. Let C be a curve of degree 2k having only simple 

singularities (k~3). Then 

(15) I m(p)::ik(10k-6). 
p E sing (C) 

If d is the number of ordinary double points (A1 ) and s the 

number of ordinary cusps (A2 ) then by (15) and (5) 

( 16) ~ d + 8 s ~ k ( 1 Ok- 6) 

The paper of Ivinski's [11] contains many examples and references 

to the literature, in particular one finds a result of Varchenko 

[21]p. 164, related to (16). If s(n) is the maximal number of 

cusps on a curve of degree n (with simple singularities only), 

then by (16) 

Varchenko (lee. cit.) obtains 

lim~ S ll 
~ 72 n+co n 

Examples show that this limes superior is not less than 1 
4" 
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The estimate 

1 - s (n) 5 4 ::; lim -2- ::; 16 
n+co n 

seems to be all what is known about it. Since a cusp reduces the 

class n (n- 1) of a smooth curve of degree n by 3, it is known 

classically that 

lim s (n) ::; ..!. 
-n2 3 n+co 

9. ARRANGEMENTS OF CONICS. Let c1 , ••• ,Ck be distinct smooth 

conics in the complex projective plane (kG: 4) • We assume that the 

curve C = c1u ••• u Ck of degree 2k has only singularities of type 

A1 or A3 , which means that a point p E C lies on one or two 

conics, in the latter case p is a transversal intersection of the 

two conics or the two conics touch each other in p with intersec-

tion multiplicity 2 (tacnode). Let d be the number of transversal 

intersections and t the number of tacnodes. Then obviously, 

d + 2t = 2k (k -1 ) 

whereas by (15) and (5) 

2 d + 45 t ::; k (1 Ok- 6) 
2 4 

Eliminating d gives 

For k = 4,5,6 we get t:S 12,17,24 • As u. Persson remarked there 

are 4 conics with t = 12 (and d = 0), there is a (projectively 

unique) arrangement of 5 conics with t = 17 given by I. Naruki 

[18]p. 1144, but the maximal t for kG: 6 is not known. There is 

a beautiful arrangement of 12 conics (Gerbaldi 1882; see Fricke-

Klein [4]p. 648-649). The alternating group A6 operates on the 

complex projective plane (Valentiner and Wiman) . There are six 

canonical subgroups of A6 isomorphic to As . They are icosahedral 

groups. Each leaves a conic fixed. Under an outer automorphism of 
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A6 we get another system of six groups isomorphic to A5 and 

again six conics. Each conic of the first system of six conics 

touches each conic of the second system in two points. We have 

k = 12 and t = 72 , the above estimate gives t::;; 80 

153 

A similar (classical) example with k = 14 and t = 98 can 

be obtained from the action of the simple group G168 on P 2 (~) , 

see F. Klein [12] p. 106. There are two systems of seven subgroups 

of G168 isomorphic to the octahedral group s 4 • Each subgroup 

leaves a conic invariant. Each conic of one system touches each 

concic of the other system in 2 points. Of the 98 tacnodes, 56 lie 

on the invariant curve f of degree 4, they are the 56 touching 

points of the 28 double tangents of f , and 42 lie on the invari-

ant curve of degree 6 • 

For k = 14, the above estimate gives t::£105. I do not 

know whether lim t(k) is positive (t(k) = maximal number of 
k+oo k 2 

tacnodes for an arrangement of k conics). 
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1. 

METRICS ON MODULI SPACES 

N.J. Hitchin 

ABSTRACT. A hyperkahler metric is shown to exist on an 
open set of the moduli space of all flat bundles on a 
Riemann surface. The moduli space of irreducible unitary 
connections together with its natural metric is the 
fixed point set of a circle action in this space. A 
close analogy with the moduli space of vortices is 
described, in the context of hyperkahlerian moment maps. 

INTRODUCTION. The notion · of moduli space runs through 

a large part of mathecatics, from algebraic geometry to math-

ematical physics and even, with the work of Donaldson, in 

differential topology. A moduli space is the set of equiva-

lence classes of certain geometrical objects modulo the 

action of a large group of natural transformations, for 

example the original moduli space: the space of all complex 

structures on a Riemann surface modulo the group of diffeo-

morphisms. These spaces have been studied in the past from 

the point of view of their topology or complex structure but 

in many cases they have, as a consequence of their geometrical 

origin, a natural Riemannian metric which has been largely 

ignored. The purpose of this lecture is to consider two 

such moduli spaces, one from algebraic geometry and one from 

mathematical physics, from a metrical point of view. Both 
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are well understood from a topological point of view, and 

both are equipped with natural metrics. He shall see that 

these metrics are derived from a very specia1 branch of 

differential geometry - hyperkahler geometry - and that this 

fact raises the possibility of finding the metrics explicitly. 

2. BUNDLES ON RIEMANN SURFACES. Let X be a compact 

Riemann surface of genus g > 1. The first moduli space we 

shall consider is the space of equivalence classes of stable 

holomorphic vector bundles of rank n and degree k over X. 

This generalizes the Jacobian of X, which is the moduli 

space of line bundles of degree zero. The Jacobian has a 

flat metric obtained from the natural hermitian form on 

1 H (X,~): using Hodge theory we can represent any element by 

a unique closed (and hence harmonic) (0,1) form a, and 

then define 

(a, 8) !.J aA S 
i X 

For bundles of higher rank, we need to use the theorem of 

Narasimhan and Seshadri [9]: a bundle is stable if and only 

if it arises from an irreducible projective unitary represent-

ation of the fundamental group of X. In other words, a 

holomorphic bundle is stable if and only if it admits a 

unitary connection A whose curvature is central. In the 

case of degree 0, this is simply a flat unitary connection. 

In either case, the covariant derivative defines an elliptic 

complex: 

d d 
n° (End E) 1- n1 (End E) -_;.. n2 (End E) . 
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Now the tangent space to the moduli space is identified with 

the sheaf cohomology group H1 (X,Q(End E)) and as before, we 

can represent this by a unique dA-closed (0,1) form 

and define 

(a,a> -! f Trace(a A 8*) • - i X 

The connection A is uniquely determined modulo unitary 

autornorphisms of the bundle (gauge transformations) which 

leave the metric unchanged, so this gives a well-defined 

metric on the moduli space. 

The metric (introduced by Narasimhan) gives an obvious 

generalization of the flat metric which defines the polar-

ization of the Jacobian of a curve, and hence would be 

expected to carry information about the structure of the 

curve, but it is unknown in even the simplest case. This 

contrasts with the extensive information available concerning 

the topological and analytical structure (1]. For example, 

the moduli space of stable rank 2 bundles of fixed determinant 

and degree 1 on a curve of genus 2 is the complete intersection 

of two quadrics in 1 5 . 

Let us turn now to an example from mathematical physics. 

3. VORTICES. Let 

a unitary connection 

L be a complex line bundle on 

A, and a section ~ of L2 • 

consider the functional 

~ J.2 
IFAI2 + IDA~I2 + ~(1 - 1~12>2 

where FA is the curvature of the connection and DA 

the covariant derivative of ~- This two-dimensional 

We 

is 

gauge 
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160 METRICS ON MODULI SPACES 

theory is called the Abelian Higgs model, and was introduced 

by Ginzburg and Landau in 1950 in the study of superconductivity. 

In order to make the action v4 converge we need (A, <I>) to 

have the following behaviour: 

as lxl -+ oo • 

The first condition implies the existence of a map from a 

large circle in • 2 to the unit circle which has a degree, 

k. If the limits above are sufficiently uniform, then an 

integration by parts gives a lower bound to the action: 

and furthermore this absolute minimum is achieved when (A,<l>) 

satisfy the coupled equations: 

a<~> = o A 

} (3.1) 

Here a denotes the (0,1) part of the covariant derivative. 

The first equation in (3.1) therefore says that <I> is hole-

morphic with respect to the holomorphic structure on L 

defined by the connection A. Solutions to these equations 

are called vortices [6]. 

Any unitary automorphism of L (gauge transformation) 

clearly takes one solution to another, and the moduli space 

consists of the space of all solutions modulo gauge equiva-

lence. The basic result on the structure of this is the 

existence theorem of Jaffe and Taubes [6], that given k 

points xi in R2 (or points with total multiplicity k) , 
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there exists a solution to the vortex equations, unique 

modulo gauge equivalence, with ~(xi) = 0 and v4 = 2nlkl. 

This means that the moduli space is R2k = ~k: the 

coefficients of the complex polynomial whose roots are 

Thus the topological structure of the moduli 

space is very simple. An explicit form for the solutions to 

(3.1) is, however, unknown. 

To produce a metric on the moduli space we linearize the 

equations (3.1) to produce linear equations for (A,~) 

and then impose the condition Setting up a 

suitable elliptic boundary value problem for this set of 

equations will lead to uniqueness of this representative and 

the metric is then defined as 

There are analytical difficulites in carrying out this pro-

gramme for vortices, so we shall concentrate on the first 

example of stable bundles on Riemann surfaces. However, it 

will become evident that the special properties of the metrics 

are consequences of the equations which define the moduli 

spaces, and these are cammon to both examples given here. 

It should be mentioned that one of the goals in studying the 

metric for vortices is in the "scattering• behaviour, as 

described for magnetic monopoles in [3]. 

4. MOMENT MAPS. The setting for the special metrics we 

shall investigate is that of a symplectic manifold with a 

group action. We recall the geometry of this situation 

next. 
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162 METRICS ON MODULI SPACES 

Let M2n be a manifold with a symplectic form w and 

suppose the Lie group G acts on M, preserving w. If 

X is a vector field generated by this action, then the Lie 

derivative 't.xw vanishes. Now for any differential form 

l.xw i (X)du + d (i (X) w) 

hence 

0 d(i(X)w} 

and so (if 1 
H (M ,ll) = 0} there exists a function 

~X : M + ll such that 

d~x i(X}w . 

As X ranges over the Lie algebra of G, we can put all 

these functions together to obtain a map 

(4.1) 

to the dual of the Lie algebra defined by 

<~ (x) ,X> = ~X (x) • 

There is a natural action of G on both sides of (4.1) and 

a constant ambiguity in the choice of ~x· If these can 

be adjusted to make ~ commute with the action of G, then 

~ is called a moment map. The remaining ambiguity in the 

definition of ~ is the addition of a constant abelian 

chara:::ter in ~ * . 

then 

Suppose G acts freely and discontinuously, 
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is a symplectic manifold of dimension 2n -2 dim G. This 

is the Marsden-~'Jeinstein quotient of a symplectic manifold 

by a group. More generally, if a. e: ~ * and G denotes 
a. 

the stabilizer of a., then 

-1 
lJ (a.)/Ga. 

is also a symplectic manifold (see [7], for example). 

Suppose now that M is a K~hler manifold i.e. a mani-

fold endowed with a metric g and a compatible complex 

structure I which is covariant constant with respect to 

the Levi-Civita connection. Then 

defines a symplectic form, the Kahler form, on M. If the 

group G now acts as isometries as well as preserving the 

symplectic form, then the quotient l.l-1 (0)/G has both a 

symplectic structure and a metric. These are related by the 

following 

( 4. 2) PROPOSITION: The induced metric on ]J-l(O)/G is 

Kahler ian. 

PROOF: The metric we want is produced by first taking the 

induced metric on the submanifold lJ-1 (0) c M and then taking 

the quotient metric on lJ-l(O)/G. The quotient metric is the 

inner product induced on the vectors perpendicular to the 

-1 
orbits of G in lJ (0) , which is identified via the pro-

jection with the tangent bundle of ]J-1 (0)/G. 

Now the Levi-Civita connection of the submanifold lJ-l(O) 

is obtained by orthogonal projection from the tangent space 
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164 METRICS ON MODULI SPACES 

of M to the tangent space of -1 
].l ( 0) • Furthermore, the 

Levi-Civita connection of 

the horizontal tangents in 

J.l-l (0) /G 

].l-1(0). 

induces a connection on 

This is in fact again 

obtained by projection. This is seen to be so if we take 

two commuting vector fields X, Y on J.l-1 (0)/G and lift 

- -.; -1 them horizontally to X, Y on J.l (0). They no longer 

commute, because ].l-1 (0) is a principal G-bundle over 

J.l-l(O) with a connection defined by the horizontal tangent 

vectors. However, 

[X,YJ F(X,Y) 

where F is the curvature of this connection. Since this 

is vertical, 

[X,Y] F(X,Y) 

and this projects to zero in the horizontal direction, so 

the projected connection is torsion-free. It clearly pre-

serves the metric and so coincides with the Levi-Civita con-

nection. 

Consider next the orthogonal complement of the horizontal 

space in TM restricted to 
-1 

].l ( 0) • This is spanned by 

vector fields x 1 , ••• ,Xm arising from a basis of ~ and 

th 1 t t 11-l(O) I d d B t e norma vee ors o ~ gra J.lx , .•• ,gra J.lx u 
1 m 

g (grad J.lx, Y) w(X,Y) g(IX,Y) 

so 

grad J.lx = IX. (4.3) 

Thus this space, and hence the horizontal space itself, is 

complex. 
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Now, since the metric on M was Kahlerian, I commutes 

with the covariant derivative, and since the projection onto 

the horizontal space commutes with I, so does the Levi-

Civita connection on ~-l(O)/G which is therefore Kahlerian 

as required. 

The Kahler form is in fact the symplectic form of the 

Marsden-Weinstein quotient. 

This infinitesimal result disguises a more geometrical 

interpretation: since the tang~bundle of ~-l(O)/G is 

the quotient of the tangent bundle of M by the complexifi-

cation of the vectors generated by ~ , we might expect that, 

as a complex manifold, 

( 4.4) 

where Gc denotes the complexificaiton of the Lie group G. 

In many cases, this turns out to be so, provided one restricts 

attention to the open set of stable points in M (see [7]). 

This point of view led Atiyah & Batt [1] to consider an 

infinite dimensional version, which leads to the natural 

metric on the moduli space of stable bundles on a Riemann 

surface X. 

Let a.. be the space of a-operators on a C00 hermitian 

vector bundle E over X. This may be thoughtof as either 

the space of all complex structures on E, which is what a 

a-operator is, or the space of all unitary connections. It 

is an infinite dimensional complex affine space with a 

K~hler metric: 

(a, S) ~ J Tr (a " S *) 
~ X 

(a I s E n ° I 1 (End E) ) • 
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166 METRICS ON MODULI SPACES 

The group fJ of unitary gauge transformations acts on 0... 
preserving the metric and Kahler form. The moment map for 

this action is 

J.l :a.+~ 2 (EndE) 

J.l(A) =FA= curvature of the connection A. 

Thus J.l- 1 (0)/~ is the space of equivalence classes of 

flat unitary connections. The space &l lfJ c is the space 

of equivalence classes of complex structures on E. The 

analogue of (4.4) is the theorem of Narasimhan and Seshadri, 

and the natural Kahler metric on J.l-l(O)/G coming from the 

quotient construction described above is the one constructed 

in § 2. This is because if and only if is 

orthogonal to the orbits 

A proof of the theoran of Narasimhan and Seshadri along 

these lines was given by Donaldson [4]. 

He see then that the natural metric on the moduli space 

of stable bundles is obtained by a quotient construction from 

a flat Kahler manifold. ~Je shall see later that it sits 

inside a more special type of metric space produced by an 

analogous construction -a hyperkahler manifold. 

5. HYPERKAHLER METRICS. A hyperkahler manifold is a 

manifold M4n with a Riemannian metric g compatible with 

three complex structures I,J,K which are covariant constant 

with respect to the Levi-Civita connection and satisfy the 

quaternionic identities: 

IJ -JI K etc. 
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Equivalently, a hyperkahler metric is a metric with holonomy 

contained in Sp(n). 

Corresponding to the three complex structures, there are 

three Kahler forms w1 , and These three symplectic 

forms are themselves sufficient to determine the metric, so 

we might equally call M hypersymplectic. 

Suppose G is a Lie group of isometries acting on M 

and preserving the three symplectic forms, then we obtain 

three moment maps ~ 1 , ~ 2 and ~ 3 , or a single vector-

valued moment map 

The main result we shall use (due to the author, Rotek, 

Karlhede & Lindstrom [5]) is: 

(5.1) THEOREM: Let G be a Lie group acting freely on a 

hyperkahler manifold M and preserving the hyperkahler 

structure. Then the induced metric on ~-l(O)/G is 

hyperkahlerian. 

PROOF: Fix first one complex structure I, and consider 

the complex function 

For each vector field X generated by ~ , we have 

g(JX,Y) + ig(KX,Y) 

and 
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168 METRICS ON MODULI SPACES 

g(JX,IY) + ig(KX,IY) 

-g(KX,Y) + ig(JX,Y) • 

Hence 

0 • 

Thus v is holomorphic, with respect to I. It follows 

that v-1 (0) is a complex submanifold of a Kahler manifold 

and hence its induced metric is Kahlerian. The group G 

acts on v-1 (0) preserving the Kabler form and its moment 

map is clearly ~ 1 • Hence by (4.2) the quotient metric on 

-1 -1 v ( 0) n ~ 1 ( 0) /G 

is Kahlerian with respect to the complex structure I. 

To complete the proof, repeat with the complex structures 

J and K. 

Note that the function v is the moment map for the 

complexification of G with respect to the holamorphic sym-

plectic form w2 + iw 3 • Holomorphic, that is, with respect 

to I. Thus, in the spirit of (4.4), each complex structure 

on ~- 1 (0)/G is the holomorphic Marsden-~Jeinstein quotient 

of M by Gc. The manifold ~- 1 (0)/G clearly has 

dimension 4n -4 dim G. 

The aspect of hyperkahler geometry which makes this con-

struction interesting is the special nature of such metrics. 

In particular, the Ricci tensor of a hyperkahler metric 

vanishes and so we obtain solutions to Einstein's vacuum 

equations. Indeed in four dimensions, a hyperkahler metric 
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N.J. HITCHIN 169 

is the same thing as a self-dual Einstein metric with zero 

scalar curvature. Theorem (5.1) in fact generates non-trivial 

solutions from trivial ones, as the following example shows. 

EXAMPLE: Let V be a hermitian vector space and set 

M v X V* • 

This is a flat hyperkahler manifold. 

Let G be U{1) acting via 

iS e (v,a.) is -is (e v,e a.), 

then G preserves the metric, the hermitian form and the 

hyperkahler structure. Since G is abelian we. have a choice 

of moment map and we take 

(5.2) 

<v,a.> 

Now Gc- ~* acts on {(v,a.) l<v,a.> = 0} by 

;\.•(v,a.) -1 (;\.v,;\. a.) and we can choose A to make 

by setting IAI 2 = 1+h+4llvll2 11a.ll2 

2llvll2 
and this is unique modulo 

u ( 1) • Clearly if v = 0, there is no solution for any A. 

Thus in each ~*-orbit with v 'I 0 there is a point in 
-1 

~ 1 (0), unique modulo U(1). Hence: 

<a.,v> 0 & v 'I 0}/~* 

T*P (V) • 
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That is, the standard complex structure on V x V* induces 

the complex structure of the cotangent bundle of complex 

projective space on -1 
~ (0) /G. The hyperkahler metric one 

obtains on the quotient is the one discovered by Calabi. 

When dim V = 2, it is the Eguchi-Hanson metric. 

5. MODULI OF FLAT CONNECTIONS. We consider now the 

infinite-dimensional version of this example, modelled on the 

Atiyah-Bott approach to stable bundles in §4. Again, let 

X be a compact Riemann surface, E a C00 hermitian vector 

bundle and Clthe space of a-operators. tve set 

M=a..xa.., 

where ~ is the space of all a-operators. The infinite-

dimensional affine space M may be considered as the space 

of all (not necessarily unitary) connections on E, by 

setting a + a = dA, the covariant derivative. The group 

of unitary gauge transformations 'j acts on M preserving 

the hyperkahler structure, and so we have three moment maps: 

(5.3) 

curvature of dA~ 

Here F1 is the curvature of the unique unitary connection 

compatible with a and F2 is the curvature of the unique 

unitary connection compatible with a. 

The zero set of the complex moment map ~ 2 + i~ 3 is 

the space of all flat GL(n,~) connections, and following 

(4.4) we expect to obtain a hyperkahler metric on the space 

of flat connections modulo complex gauge equivalence, which 

is Hom(TI 1 (X), GL(n,~) )/GL(n,~). We must of course restrict 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



N.J. HITCHIN 

to those connections in whose orbit there is a zero of the 

moment map ~ 1 , which is the analogue of the condition 

v # 0 in the above example of T*P(V). 

We shall treat elsewhere the question of which flat 

connections are stable in the above sense. It is enough 

for our purposes to find an open set for which the equations 

(5.3) have a solution. 

First note that if a + a is a flat unitary connection, 

then F1 = F 2 = 0 and we have a solution. 

Next consider the linearization of (5.3) at a flat 

unitary connection. If we set 

then we obtain 

d~l (A,B) *Im((a + 3)*(A,B)) e n 2 (End E) 

A unitary gauge transformation ~ gives 

(A, B) 

hence 
3 1 
n ker d~.cn (End E)&~ 

i=l ~-

is isomorphic to the harmonic !-forms in the elliptic complex: 

for the flat connection a + 3 dA. 
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If the flat unitary connection at which we are linear-

izing is irreducible, then standard deformation arguments 

[2, 8] show that (5.3} can be solved for nearby flat con-

nections. We then obtain a hyperkahler metric on the 

2 n (4g - 4} dimensional space of equivalence classes of flat 

connections, in a neighbourhood of the flat unitary ones. 

Note that we have described only one of the complex 

structures of the hyperkahler metric, arising from the product 

complex structure on M = CLx QG If we 

the unitary connection corresponding to 

denote by a1 + a1 

~1 € ~and a2 + a2 

the unitary connection compatible with a2 Ed[, then the 

isomorphism 

from a. x tl. to Q.. x n 1 ' 0 ('J: defines another constant com-

plex structure on M = ClxC{. This time it is a product of 

a complex affine space with a complex vector space, so the 

group of complex gauge transformations act differently. 

respect to this complex structure, the moment maps are: 

) (5.4} 

In this form the equations clearly admit a U(1} action: 

iS 
cp + e cjJ. 

It is an action which only fixes this complex structure (and 

its conjugate) and so is not an obvious action on the space 
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of flat connections - it is detercined by the netric there 

rather than the complex structure. Let us consider the 

fixed points of this action on the moduli space of solutions 

to (5.4). 

A fixed point will be given by a pair 

ca ,cp > Ea._x n 1 ' 0 (c~p for which there exist unitary gauge 

transformations u(S) such that 

-1 = eiecp 

} 
u(S) cf>u(S) 

(5 .5) 

au (6) 0 

The second of these equations implies that, if u(S) 

is not a constant scalar, the connection is reducible. In 

a neighbourhood of the irreducible flat connection on which 

our hyperkahler metric is defined, this is impossible, hence 

the only fixed points there are where cp = ei6cp i.e. cp = 0. 

Then F = 0 and we have the moduli space of flat irreducible 

unitary connections. 

Consequently the moduli space of flat unitary connect-

ions (the moduli space of stable bundles) is, with its 

canonical metric, the fixed point set of a group of 

isometries and is thus a totally geodesic submanifold of a 

hyperkabler manifold. 

6. MODULI OF VORTICES. We shall consider next the same 

set-up for SU(2) connections on a2 . tle set 

where (a,cp) differ from some standard pair by suitably 

decaying forms. 
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The equations (5.4) in this setting appear to have no 

non-trivial solutions. (\Je may point out that they are in 

fact the self-duality equations in 1 4 which are invariant 

under an 1 2 translation group) . 

formalisr.l )l-1 (0) may be empty. 

Thus in the moment map 

Fo -- (oh Consider however 2 
€ n <Ojl • 

The subgroup of su (2) gauge transformations which preserve 

Fa consists of u (1) gauge transformations, 5o· From 

the quotient construction we expect then to obtain a hyper-

kahler metric on 

This is the moduli space of solutions to the equations 

} (6.1) 

If we again look at the circle action iS 
<jl-+e <P, then at 

a fixed point in the moduli space the SU(2) connection 

defined by a will reduce to a U(1) connection A with 

curvature 

FA 0 

F 

0 -F 
A 

and, relative to this decomposition, we must have 

(0 <Pdz 

<P 

[, 
0 

according to the first equation of (5 .5). 
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The equations (6.1) then become 

a$ = o 
A 

FA= !o.i(l$12- 1) 
} 

which are the vortex equations (3.1). Here, from the work 

of Jaffe and Taubes, we have non-trivial solutions but as 

yet the appropriate elliptic estimates which will give a 

good deformation theory to produce solutions of the general 

equations (6.1) for non-abelian vortices have not been 

worked out. 

Nevertheless, formally speaking, we expect that the 

moduli space of vortices should be the fixed point set of 

an isometric circle action and hence a totally geodesic 

submanifold of a hyperkanler manifold. 

7. TWISTOR THEORY. Why, one might ask,. are hyperkab.ler 

metrics so interesting? In the examples we have qiven the 

hyperkahler metric exists on a manifold twice the dimension 

of the original manifold we were considering and there may 

well be a theorem that any analytic Kahler manifold can be 

embedded as the fixed point set of a circle in a hyperkahler 

manifold. This would not say anything special about the 

Kahler metric itself. The answer is not so much that the 

local metric structure of moduli spaces is special, but that 

the hyperkahler metrics in which they sit arise in a natural 

way and moreover, thanks to twister theory, have a holo-

morphic description. This raises the hope that it may be 

possible to go directly from holomorphic data - stable 

bundles on a Riemann surface - to the hyperkihler metric. 
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We shall here describe briefly the twister approach. It is 

a direct generalization of Penrose's non-linear graviton 

construction [10] in a context developed by Salamon [11]. 

Details may be found in [5]. 

If M4n is a hyperk~hler manifold, then it has by 

definition three covariant constant complex structures 

I, J, K. In fact any linear combination ai + bJ + cK 

where a 2 + b 2 + c 2 = 1 is also a complex structure, so 

there is a family of complex structures parametrized by s 2 • 

Using the standard complex structure on s 2 , these define 

a complex structure on the twister space Z = M x s 2 which 

is moreover integrable, and fibres holomorphically over 

s2 = 1 1 • The three Kahler forms combine to give a holo-

morphic 2-form (w 2 + iw 3 ) + 2i~w 1 + (w 2 -iw 3 )~ 2 along the 

fibres of Z + 1 1 , but with values in the line bundle ~(2). 

The twister space has a real structure defined by the anti-

pedal map on s2 • The copy of P1 defined by a point 

X E M in the product M X s2 Z is holomorphic and real. 

The force of the twister construction is the converse 

theorem: 

THEOREM [5]: Let z 2n+l be a complex manifold with 

(i) 

(ii) 

(iii) 

a fibration 1 p : z + ! , 

a family of sections with normal bundle ¢ 2n(l), 

2 
a holomorphic section w E n z;pl (2) defining a 

symplectic form on each fibre, 

(iv) a real structure T compatible with (i), (ii) and 

(iii) and inducing the antipodal map --1 
~ + -s on 

Then, the family of real sections possesses a natural 

hyperkahler metric for which z is the twister space. 
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From an algebraic geometric point of view Z is a 

symplectic manifold defined over the field of rational 

functions in one variable and the sections of Z + J!1 are 

rational points. The quotient construction of §5 is then, 

on the twister space level, the Marsden-Weinstein quotient 

within this category. 

Twister methods have the advantage of making constructions 

look natural, but in actually finding the twister space a 

number of problems appear. One of these is that the twister 

space for flat connections on a Riemann surface is non-Kabler. 

This is a feature which is shared by the Calabi metric des-

cribed in §5. Depite that, it may still be algebraic and some 

sequence of algebraic processes from the starting point of 

holomorphic bundles to the end point of the twister space z 

may possibly succeed in producing the natural. metric on the 

moduli space of stable bundles. 
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VARIETIES WITH RATIONAL SINGULARITIES 

George R. Kempf* 

The theory of rational singularities of varieties of dimension greater 

than two has developed quite nicely since its beginnings in [2,4}. In this 

note we shall survey some of this terri tory. 

Let f : X + Y be a proper birational morphism between varieties where 

X is smooth. By duality theory we have a trace homomorphism f*~ + 111y where 

w* denotes the dualizing sheaf of *• The sheaf f*~ is independent of the 

resolution and it will be called the sheaf of absolutely regular differentials 

: Ky • Thus Ky consists of those dualizing differentials which acquire no 

poles when pulled by birational morphisms. 

In characteristic zero we can define rational singularities as follows. 

A variety Y has rational singularities if 

a) Y is Cohen-l<lacaulay and 

b) Ky = Wy ; i.e •• every dualizing differential is absolutely regular. 

A smooth variety has rational singularities. 

We will study when a hypersurface has rational singularities. Let H be 

an irreducible divisor on a smooth variety A. Using Hironaka's resolution 

theorem we may achieve the following situation. We have a proper birational 

morphism g : A' + A where A' is another smooth variety such that 

g- 1(H) = H' + I:.miEi where H' and the Ei's are smooth divisors meeting 

with transversal intersections and f = giH' : H' + H is birational. 

Thus the integer mi tells how many times a local equation for H 

pulled-back to A' vanishes on the exceptional divisors E. • Similarly we 
1 

can let ni be the number of times a local basic differential on A vanishes 

along Ei . Then we have a canonical isomorphism 

* g wA(I:niEi) = wA, . 

The pairs (mi, ni) are called by lgusa the numerical data of the resolution. 

The numerical data can be used to compute the pull-back of the dualizing 

differentials on H. We have 

*Partly supported by NSF grant MCS82-01159. 
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* Lemma. f wH 

Ei • = H' n Ei 

Proof - We will compute locally on A and A'. Let w be a basic 

differential on A. 

is free on the basis 

Let a = 0 
(I) 

ResH(0) . 

* 
ResH' (g* w) • Let 

g a. 
H' and Ei so that g w = a' • 

basic differential on A'. 

be a local equation of H in A. 

Thus 

a' = 0 and w. = 0 be the local equations of 
1 

mi * ni nw. and g w = nw. w' where w' is a 
1 1 

* w w' ni-mi 
Thus g ResH(0) = ResH, Car ITt\ ) 

= where 

the last residue is a basic differential of wH'' This equation proves the 

lemma. Q.E.D. 

Returning to rational singularities we have 

Proposition (Char. 0) The hypersurface H has rational singularities if and 

only if the numerical data satisfy mi ~ ni for all i. 

Proof - The hypersurface H is always Cohen-Macaulay. Thus to see when H 

has rational singularities we need to check when the dualizing differentials 

wH pull-back to regular differentials on H'. By the lemma this happens if and 

only if mi ~ ni for all i. Q.E.D. 

The simplest example of a singular hypersurface is a cone over a smooth 

base. Let H = (h=O) be the zeroes of a homogeneous polynomial h of degree d 

on ~n = A. Assume that the projective divisor h•O in Wn-l is smooth. If 

A' is the blowup of the origin 0 in /An, then g -l (H) = H' + dE where H' and 

E are smooth divisors meeting transversally. By an easy computation 
* g wA((n-l)E) = wA' • Thus our cone H has rational singularities if and only 

if the degree d < the number of variables n. 

There is an equivalent definition of rational singularities. The other 

definition is more the reason for being of the concept. 

Theorem (Char. O) Let f : X + Y be a proper birational morphism with X a 

smooth variety. Then Y has rational singularities if and only if Y is 

normal (i.e., f* ~X= ~y) and Rif* trX = 0 if i > o. 

This equivalence is proved in [4). The proof uses duality and the 

vanishing theorem (R1 f*wX = 0 for i > 0) of Granert-Riemannschneider. 

Recently J. Kollar [5] has proved better vanishing theorems and applied 

his ideas to rational singularities to get an improvement of this theorem. His 
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result is 

Theorem (Char. O) Let f : X + Y be a surjective morphism between projective 

varieties with X smooth. Let F be the geometric general fiber of f. 

Assume that F is connected. Then the following are equivalent 

i) Y is normal and Rif.lrx • 0 for.all i > 0, and 

ii) Z has rational singularities and H 1 (F.~p) • 0 for i > 0. 

This result implies a more general result where f is a proper surjective 

morphism and X has rational singularities. In this case the fiber F has 

rational singularities. 

Kollar result may be applied to improve my results on collapsing 

homogeneous bundles [3]. Let W be a representation of a connected algebraic 

group G. Let F be a closed subvariety of \V which is stabilized by a 

parabolic subgroup P of G. Then G • F is a closed subset of W which is 

in fact the image of the projective morphism f : G P F -w. My result now is 

Theorem (Char. 0) If the action of P on F is completely reducible and F 

has rational singularities. then G • F has rational singularities. 

The assumption implies the vanishing of the higher direct image of the structure 

sheaf of G ~ F by [3]. Thus the generalization of KOllar result proves this 

theorem. Previously I could only show that G • F was normal md Collen-

Macaulay. 

Another recent development is worth noting. These results are valid in 

any characteristic. In fact the proof uses the Forbeneous in characteristic p. 

Recall that if B is a Borel subgroup of a connected subgroup G, then the 

closure of a B-orbit in the homogeneous space G/B is called a Schubert 

variety. The main result is 

Theorem Schubert variety. have rational singulari.ties and also the cones over 

Schubert varieties which are induced from embeddings of G/B via complete 

linear systems. 

The last development about this are contained in [6] [7] [8] and [l]. Many 

special cases were of course well-known. 
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1. Introduction. 

Remarks on moduli spaces 

of complete intersections 

A. s. Libgober and J. w. Wood * 

In this paper we give an algorithm to compute the dimensions 

of the space of moduli of a complete intersection. This extends 

the treatment of hypersurfaces given by Kodaira and Spencer 

[8, §14]. One consequence, explained in §4, is that we can find 

diffeomorphic complete intersections of dimension three (and 

homeomorphic ones of dimension two) which lie in different 

dimensional components of the moduli space. 

Our starting point is the results of &. Sernesi who showed 

[14} that the family-v of complete intersections of fixed 

multidegree d whose defining polynomials have coefficients close 

to those of a given variety Vn, n ~ 2, is a complete complex 

analytic family of deformations of v except in the case of R-3 

surfaces: n • 2 and d = (4), (3,2), or (2,2,2). It follows that 

any sufficiently small deformation of V is again a global 

complete intersection of the same multidegree. We let 
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184 A.S. LIBGOBER AND J.W. WOOD 

Vn(dl•···•dr), or simply Vn, denote a complete intersection of 

codimension r in Pn+r with multidegree d = (dl•••••dr) and 

di ~ 2. 

Proposition 1 (Sernesi). H1 (Vn,TPn+rlvn> 

for the K-3 surfaces. 

0 for n ~ 2 except 

Sernesi used this in proving that the space of infinitesimal 

deformations of vis all of Hl(v,Tv>· It follows that the 

dimension, denoted m(V), of any effective, complete family of 

deformations is dim Hl(V,Tv), [8, §§6 and 11]. 

To compute Hl(V,Tv) we use the exact cohomology sequence 

corresponding to the exact sequence of sheaves [3, p.l82] 

(1) o --+ Tv --+ Tp IV --+ N --+ o n n+r 

where N is the normal sheaf of Vn in Pn+r• In §3 we prove 

Proposition 2. For any complete intersection except for the 

quadratic hypersurface 

d "' (2). 

In general if V is a compact complex analytic manifold and 

HO(V,Tv) = 0, the Kuranishi space is a local spac~ of moduli for 

v. In our case, by Sernesi's result, its dimension is m(V) = 

dim Hl(V,Tv), cf. [16, Chapter 2], [17, Theorem 1.1]. It also 

follows from HO(V,Tv) • 0 that V admits no continuous group of 

analytic automorphism&. Under the stronger assumption that v has 

ample canonical bundle, Kobayashi showed [9) that Aut V is finite 

and Narasimhan and Simha [12] showed the existence of a global 

moduli space. They show the set of isomorphism classes of 

complex structures on V with ample canonical bundle has a natural 
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structure as a Hausdorff complex space given in a neighborhood of 

a particular structure Vt by the Kuranishi space of Vt modulo 

Aut Vt• 

As a consequence of Proposition 2 we can extend Kobayashi's 

result in the case of complete intersections. 

Corollary. If V is a complete intersection of dimension ~ 2 and 

not a K-3 surface or a quadratic hypersurface, then Aut V is 

finite. 

Proof. Let G =Aut Pn+r = PGL(n+r+l). The stabilizer NG(V) • 

{ g E G I gV C V} is an algebraic group, cf. [1, p.97]. The 

proof of Theorem 8.2 in [10, I p.479] shows that except for K-3 

surfaces, Aut v = NG(V). But Proposition 2 implies that Aut vis 

zero dimensional for degree > 2. The Corollary follows. 

For a K-3 surface Aut v may be infinite: in [15, p.288] 

Severi gave an example of a surface of degree 4 with infinite 

automorphism group. In [11] Matsumura and Monsky give a more 

algebraic proof, which holds also in nonzero characteristic, that 

Aut Vis finite for hyperaurfaces (with the same exceptions.) 

They also prove that for a generic hypersurface v, Aut v = 0. 

In §2 we present a formula for m(V). The proof of 

Proposition 2 is given in §3. Finally §4 contains examples in 

dimensions 2 and 3 of complete intersections whose moduli spaces 

have components of different dimensions and a further survey of 

results on components. 
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2. Computing m(V). 

We will need the following facts about the cohomology of 

line bundles on v. Ford= (d1 , ••• ,dr) and for any s s r define 

q(/,n,s,d) =dim HO(vn(dl•···•ds),Ov(/)). 

Lemma 1. Let Vn be a complete intersection of multidegree d = 

(dl•···•dr) with di ~ 2. 

(a) Hi(V,O(/)) = 0 for i ~ O,n. 

(b) The function q is determined by the recurrence relation 

0 I < 0 

q(/,n,r,d) ·{ ( n i ') r = 0 

(c) 

q(/,n+l,r-l,d) - q(/-dr,n+l,r-l,d) 

~,:o q(/,n,r,d)tl = (1-t)-n-r-1 rrr.l(l-tdi) 

r > 0 

Proof. (a) is found for example as an exercise in [3, p.231}. 

(c) is proved in [13, p.l31]. (b) follows from (c) and 

conversely. Alternatively (a) and (b) follow by induction on r 

from the case of projective space [3, p.225] using the exact 

cohomology sequence coming from the sequence [,, 16.2.1} 

o ---+ Ox(l-dr) ---+ Ox(/) ---+ Oxnw<l> ---+0 

where X • Vn+l(dl•···•dr-1> and w • Vn+r-l<dr)• 

We have emphasized the recurrence relation (b) because it is 

useful for computation. There is another interpretation of the 

function q which may help to clarify its behavior. Writing the 

power series (c) as 

n+l r d·~l 
(l+t+t2+ ••• > rri=l(l+t+ ••• +t 1 >, 

we see that the coefficient of tl is equal to the number of 
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nonnegative integer solutions to the equation 

x1 + ••• + Xn+r+l • I with 0 ~Xi< di fori = l, ••• ,r. 

This of course equals the number of integer points inside an 

obviously defined polyhedron. 

The function q(l,n,r,d) is symmetric in (dl••••rdr) but it 

is not polynomial and hence does not depend only on the 

elementary symmetric polynomials. On the other hand if 

I > ~(di - 1) -n - 1, 

then by the Kodaira vanishing theorem [4, 18.2.2} 

q(l,n,r,d) • x(V,f!J(I)) 

which by the Riemann-Roch formula is a polynomial in t + ~ 1 (V) 

and the Pontryagin classes of V [,, p.l50} and hence is 

polynomial in /, the total degree, n dir and the first n 

elementary symmetric functions of (dlr•••rdr)• 

187 

Theorem. If v0 is a complete intersection of multideqree 

(dlr•••rdr) with di ~ 2 and with n ~ Z and not a K-3 surface or a 

quadratic hypersurface, then the number of moduli 

m(V) • 1 - (n + r + 1)2 + ~i~lq(di,n,r,d). 

Proof. We first find dim HO(v,~pn+rlv>· ~ensorinq the exact 

sequence [3, p.lBZJ 

0 _,. f!Jp _,. t'J.p (l)n+r+l --+ 'rp ----+ 0 
n+r n+r n+r 

with ev, since Tp is flat we obtain 

0 --+ f!Jv --+ f!Jv(l)n+r+l _,. Tp IV----+ 0 
n+r 

The corresponding cohomology sequence gives 

0--+ HO(V,~) --+ HO(V,Ov(l))n+r+l--+ 

HO(V,Tp IV) --+ 0 n+r 
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Because V is not contained in any proper linear subspace of Pn+r 

we have dim HO(v,Ov(l)) 

Hence dim HO(V,Tp 1v> n+r 

n + r + 1, in agreement with Lemma 1. 

(n+r+l)2 - l. 

In view of Propositions 1 and 2 the cohomology sequence 

corresponding to the sequence (1) becomes 

(2) 0 ---> HO(V,Tpn+riV) ---> HO(V,N) ---> Hl(V,Tv) ---> 0 

Since the normal sheaf N is isomorphic to 

the theorem follows from Lemma 1. 

A table of values of m(V) in cases of low degree is given at 

the end of §4. 

For a hypersurface of degree d we have 

q(d,n,l,d) = 1n+~+dl -1 

by Lemma 1 and so we obtain the formula 

m(V) = ln+s+1 1 - (n+2) 2 for d > 2 

of Kodaira and Spencer [8, (14.10)]. 

A quadratic hypersurface V is rigid, Hl(V,Tv) = 0 

[8, p.406], and our formula gives instead 

dim HO(V,Tv) = ~(n+l)(n+2) .• 

For the K-3 surfaces the formula gives 19, the dimension of 

the image of o* in (2). 

As the codimension r increases a closed form expression for 

m(V) becomes more complicated. For example if r = 2 

m(V) = -1 - (n+3)2 + ln+d2+dll + ln+d2+d21 - ln+d2+d2-dll - odl 
1 2 2-dl d2 

assuming d2 ~ d1. Here o is the Kronecker function. 
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3. A vanishing lemma. 

In this section we compute HO(V,Tv>· By Serre duality this 

group is isomorphic to Hn(v,ayl(~(di-1) - n- 1)). If V has 

ample canonical bundle, ~(di-1) -n -1 > 0 and this group 

vanishes by a criterion of Akizuki and Nakano [8, (11.12)]. We 

reduce all but one of the remaining cases to their result using a 

theorem of Bott and an idea of Kodaira and Spencer 

[8, Lemma 14.2]. 

Lemma 2. Let Vn be a complete intersection. Then 

HQ(v,fivP(k)) • 0 for p+q ~ n+l and k > p-q. 

Proof. For k > 0 this is the result of Akizuki and Nakano. The 

proof is by induction on the codimension r of v. For r • 0, V • 

Pn, and our lemma f.ollows from Bott's result [8, p.405]. Note 

that we may assume q ~ 1 since nn+l • 0. 

For the inductive step assume Vn is a hypersurface of degree 

j in the complete intersection Wn+l of codimension r-1. The pair 

of exact sequences 

0 --. oWP --. 0wP --. OvP --. 0 

o --.Ow"--. oWPCj) -. fivP-1--. o 
of Kodaira and Spencer [7, (3) and (4)) tensored with dW(k+j) and 

6w(k) yield a pair of exact sequences from whose cohomology 

sequences we take two short sections: 

~-lcv,nvP•lck+j)) --+ ~<w,n;p+lck+j)) --+ ~<w,OwP+lck+j)) 

~<w,n;P•lck+j>> --. Hq<v,nvP<k>> --. Hq+lcw,nwP+l<k>>. 

Since dim W = n+l and j ~ 2, the hypotheses are satisfied by the 

first and last groups in the first sequence and the last group in 
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the second sequence. Since w has lower codimension, the last 

groups are zero by induction. For large k (so k+j > 0) the first 

group in the first sequence is zero by the criterion of Akizuki 

and Nakano. The lemma follows by induction on -k. 

Our lemma implies Proposition 2 provided 

~(di-1) - n - 1 > 1 - n 

hence for all cases except d (2), (3) and, (2,2). The cased= 

(3) uses a more complete form of Bott's theorem with W = Pn+l• 

It is covered by [8, Lemma 14.2]. 

In the case of a complete intersection of two quadrics the 

vanishing results above are not sufficient. One can use the 

following alternative argument. We have a commutative diagram 

0 

HO(V,Ov(l))n+r+l 

.ul 
+ • • • + Ov(dr)) 

I 
HO(V,Tv) 

I 
--> HO(v,T I > I Pn+r V 

= H0 (V,N) 

--> 0 

The rightmost 0 comes from H&Sl.(V,Ov) • 0 for n ~ 2 and the map 

.u is given by 

where 
n+r 

Ri = ~i=O rijXj are linear forms and F1 = 0, ••• , Fr = 0 

are the defining equations of Vn(dlr•••rdr)• The kernel of .u is 

determined by the conditions 

For d = (2,2) we take 
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Fl = x6 + ••• + x~+2 

F2 = CQX~ + ••• + Cn+2X~+2 

with Ci ~ Cj for i ~ j. The equations imply qj = 0 for i ~ j 

and rii = ~all for i = 01 o o o 1 n+2 o Hence dim ker~ • 1. This 

implies HO(V1Tv) .. o. This completes the proof of Proposition 

In the case of a qua~ric hypersurface the computation of 

ker~ yields 

dim HO(V 1Tv) = ~(n+l)(n+2) 

in agreement with the remark in §2. 

4. Examples and remarks. 

191 

2. 

In [5 1 6] Horikawa gave examples which show that the moduli space 

of algebraic structures on a given smooth 4-manifold can have 

different components of different dimensions. In [10] the 

authors showed that in any complex dimension > 2 and for any 

positive integer k1 there are k distinct complete intersections 

which are all diffeomorphic. In fact they have equivalent 

underlying almost complex structures. However they lie in 

distinct irreducible components of the moduli space of complex 

structures on the underlying smooth manifold. We obtained the 

same result in dimension two for structures on a homeomorphism 

type. Recent work of Catanese [2] provides for any k a 

homeomorphism type of real dimension 4 supporting complex 

structures lying in components of the moduli space of k different 

dimensions. It is natural to expect similar behavior among 

complete intersections. 
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For surfaces, the homotopy type is determined by the middle 

Betti number and the signature and type of the intersection 

pairing which can be computed from the total degree and the first 

two symmetric functions of d. By the work of Mike Freedman the 

homeomorphism type of these manifolds is determined by the 

homotopy type. We find the varieties v2(6,6,6,2,2,2,2) and 

V2(8,4,4,3,3,3) are homeomorphic but have m(V) = 7509 and 9546 

respectively. 

There is a way to generate larger sets of homeomorphic 

surfaces from pairs. Supposed= (dlr•••rdr) and e = (el••••res> 

are two multidegrees with the same total degree and symmetric 

functions ul and u2• Let de • (dlr•••rdr,el••••res>• Then the 

three multidegrees dd, de, and ee also have the same invariants 

u1, u2, and total degree. Similarly for ddd,dde,dee, and eee, 

etc. It is reasonable to expect that the corresponding m(V)'s 

will all be different. Unfortunately we have no general way to 

prove this. 

In case d = (10,10,4,3,3) and e = (12,6,5,5,2) which give 

homeomorphic surfaces we find 

multi degree 

d 

e 

dd 

de 

ee 

m<v2 > 

23356 

27005 

1695364 

2234720 

2758226 

Computation of the four cases which come from juxtaposing three 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



REMARKS ON MODULI SPACES 

terms and of the five cases which come from juxtaposing four 

terms gives four and five distinct moduli dimensions 

respectively. 

193 

For 3-folds the total degree, u1, u2, u3 determine the 

diffeomorphism type [10, I p.480]. In this case the varieties 

V3(14,14,5,4,4,4) and v3(16,10,7,7,2,2,2) are diffeomorphic with 

moduli dimensions 1028748 and 1191130 respectively. As above 

larger sets of diffeomorphic varieties can be generated. We have 

checked that the moduli dimensions are all different through the 

case of five distinct but diffeomorphic complete intersections. 

These computations and the ones for the small table below 

were done with the aid of a computer using the recursive 

definition of the function q given in Lemma l(b). 

Table of m(V) for some complete intersections of low degree 

multidegree dim 2 dim 3 

3 4 10 

4 19 (K-3) 45 

2,2 2 3 

5 40 101 

6 68 185 

3,2 19 (K-3) 34 

4,2 44 89 

2,2,2 19 (K-3) 27 

3,2,2 46 73 
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THE SCHOTTKY GROUPS IN HIGHER DIMENSIONS 

Madhav V. Nori 

It seems likely that the analogues OfKleinian groups in dimension greater than 
one will provide a richer supply of compact complex manifolds. Here we shall gene-
ralise the classical Schottky groups to odd dimensions and thus provide compact 
complex manifolds of dimension ~ 3 with a free group for fundamental group. During 
this talk, it was pointed out by N. Hitchin that such manifolds were already known 
to exist by a use of the twistor construction. 

Let r be a finitely generated subgroup of PGLn+l(C) =Aut Pn(t) and let 
n be the (open) subset of those x e Pn(C) which possess a neighborhood U such 
that {y e r I yU nu ~ 0} is finite. What is the structure of the quotient of 
n by the action of r? 

When n = 1, it is a theorem of L. Ahlfors that f\ n is a finite disjoint 
union of Riemann surfaces, each of which is the complement of a finite set in a 
compact Riemann surface. 

When n ~ 2, however, f'\ n has an unfortunate tendency to be non-Hausdorff~ 

For example, let r be the cyclic group generated by the transformation y , where 

and assume that 0 < IAol < 1A11 < ••• < 1An1· It is then easy to see that n is 
precisely the complement in Pn(C) of the set of points with exactly one non-vani 
shing co-ordinate. If we let Lj and Mj be the linear subspaces of IPn(C) given 
by z0 = z1 = ... = zj = 0 and zj+l = ... = zn = 0 respectively, then the quotient 
of pn(c) - (LjUMj) by r is a compact complex manifold Mj which is also open in 
f\n. Since n is connected, r\n is also connected and therefore r'\n is not 

T2. 

QUESTION: With r finitely generated as above, consider the collection of 
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196 SCHOTTKY GROUPS 

r-stable open subsets on which r acts properly discontinuously. Let n• be 
a maximal open subset in this collection. Can r'n' be realized as the complement 
of a closed complex-analytic subset in a compact complex-analytic space M? 

We shall now show that the classical Schottky groups have a generalisation to 
odd dimensions. Assume for the moment we are given the following data, given a na-
tural number g: 

(1) 2g open sets R1, ... ,Rg, s1, ... ,Sg in JP2k+1(C) with the property that 

(a) each of these open sets is the interior of its closure and 

(2) 

(b) the closures of the 2g open sets are pairwise disjoint, and 

elements Y; e PGL2k+2(C) such that y. (R.) = P2k+ 1 (C) - 51 .• 1 1 

Let r denote the subgroup of PGL generated by {y1,y2, .•• ,yg} , let F be 
the complement of the union of all the R; and the S;, and finally put n' = UyF. 

yer 

In the Schottky situation, the R; and S; are o,pen discs in JP1(c). And 
exactly as in that situation one shows 

(A) r is free on its generators {y1,y2, ... ,yg}, 

(b) n' is open and f\.n' is precisely the quotient-space of F obtained by 
identifying the disjoint subsets aR; and as; of F by the transformation 
y. , for 1 < i < g. 

1 --

We shall now construct the Schottky data (1) and (2) in P2k+1(c). First 
choose 2g disjoint linear subspaces of dimension k in P 2 k+ 1 (~) to be denoted 
by L1,L2, .•. ,Lg and M1,M2, ... ,Mg. Now fix a natural number i such that 
1 2 i 2 g and choose a basis so that L; and M; are given by 

and z2k+1 = 0 

respectively. . 2k+1 Def1ne <P;: lP (C) + IR by 

k 2/2k+1 2 
= . L I zJ. I . L I zJ. I 

J=O J=O 
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Define Ri and Si by 

<Pi (v) < a.} and s . . , { v e P2k+1(c) :<Pi (v) > 1 - a.} 

where a. is some positive real number. Define yi by 

where A e C and IAI = a./1 - a.. Taking a. very small we see that the Ri and 
Si are contained in arbitrary neighborhoods of Li and Mi respectively and their 
closures are therefore pairwise disjoint. And the yi have been constructed so 
that (2) holds. 

Now assume k ~ 1. Thus the real codimension of Li is 2k + 2 ~ 4 and since 
Ri is a tubular neighborhood of Li' it follows that F is simply connected. From 
(B) above it follows that the fundamental group of the compact complex manifold 
f\ n' is free on g generators. 

We now include here the direct construction of compact complex manifolds with 
free fundamental group as pointed out to us by N. Hitchin. The point is that the 
collection of compact oriented manifolds possessing a conformally flat structure is 
closed under products and connected sums. In particular, if Ar denotes a compact 
oriented surface of genus r, then Ar x As carries a conformally flat structure, 
and so does S~ x s3. Taking connected sums, we get compact oriented 4-manifolds X 
with a conformally flat structure and rr1{X): G1 * G2 * ••• * Gm where each Gi 
is isomorphic to l or to rr1(Ar) x rr1(A5 ) for arbitrary r,s ~ 0. The structure 
group of the tangent-bundle of X is reduced to S0(4) once a Riemannian metric 
(compactible with the conformally flat structure) has been chosen and if M denotes 
the fibre-space on X associated to the principal homogeneous space S0{4)/U(2), then 
it is known that M is a complex manifolds. And since M + X is a P1(t)-fibration, 
rr1{M) + rr1{X) is an isomorphism. 
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COHOMOLOGY ON COMPLEX HOMOGENEOUS MANIFOLDS 
WITH COMPACT SUBVARIETIES 1 

by C. Patton and H. Rossi 2 

Abstract: Let CP+q be complex (p + q)-space endowed with a non-degenerate 
hermitian form h of signature (p, q). For r :$ p, s :$ q, let Mr,• represent the space of 
(r+s)-dimensional subspaces ofCP+q on which h has signature (r, s). Then SU(p, q) acts 
transitively on Mr,s· Let V--+ Mr,s be a homogeneous vector bundle, and Hd(Mr,a 1 V) 
the associated cohomology groups. There is then a representation p(d, V) of SU(p, q) on 
this cohomology. For appropriate choices of d, V, p(d, V) is realized as a subrepresen-
tation of a tensor product of holomorphic and antiholomorphic series representations. 

I. Introduction 

Let X be a complex manifold of dimension n. We suppose that X has these 
properties: 

(1.1) There is an integer d such that every compact subvariety of X has dimension at 
most d; 

(1.2) Every point of X lies on a compact subvariety of dimension d. 
The technique for studying analytic objects on such a manifold is to remove them 

to the space .Wd(X) of d-dimensional connected compact subvarieties of X. 

Example 1. Suppose X is holomorphically convex; that is, for every discrete 
sequence {xn} E X, there is a holomorphic function f such that lim I/ (xn) I = oo. 
Then there is an integer d such that, but for an exceptional compact subvariety of 
dimension greater than d, (1.1) and (1.2) are satisfied. In fact, let E be this equivalence 
relation on X: 

(1.3) x E y if and only if x andy lie on the same conected compact subvariety of X. 
Then X/ E is the space .Wd(X) as in the following theorem: 

1.4. Theorem. Suppose that X is holomorphically convex and E is the equivalence 
relation defined by (1.3}. Then X/ E is a Stein analytic space, and the quotient map 
q: X--+ X/ E is proper. If S --+X is a coherent analytic sheaf on X, we have 

1 1980 Mathematics Subject Classification 22E50. 
2 The second author was partially supported by the National Science 

Foundation under grant DMS 8401753. 
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200 C. PATTON AND H. ROSSI 

where Rdq. is the direct image map. 

Example 2. Suppose that X is a d-complete n-dimensional manifold. That is, 
there is a coo real-valued function f defined on X such that 

f: 

(a) for all k, {x EX; f(x) ::::; k} is compact, 
(b) at every point x E X , in local coordinates Zt, ... , Zn, the complex hessian of 

a2 
aziaz;f(x) 

has at least n - d positive eigenvalues. 
Then {1.1) holds, and further [1], if S -+X is any coherent analytic sheaf, Hd(X, S) 

is infinite dimensional. Furthermore , evaluation of a class w E Hd(X, 0) on a d-
dimensional compact subvariety K defines a function w(K) on Jld{X). Of course 
condition {1.2) may fail, but if it also holds, we have this theorem of Andreotti and 
Norguet {there is an additional technical assumption on the hessian of f): 

1.5. Theorem [1]. With these hypotheses, Jld{X) has a unique structure of a Stein 
complex analytic space making the functions w holomorphic. 

In the case of Theorem 1.4, X-+ Jld(X) is a fibration, but in the case of Theorem 
1.5 in general it is not. The following example illustrates this. 

Example 3. (The Penrose Correspondence). Let C 4 be endowed with the 
hermitian form h of signature (2,2): 

Let M 1 (M2 ) be the collection of complex lines (planes) in C 4 on which h is positive 
definite. Then M 1 satisfies the condition of theorem 1.5 with d = 1, and M2 is the 
Stein space J/1 (Mt). For P E M 2, its corresponding compact subvariety is the set of 
all complex lines in P. Since any positive definite line lies in many positive definite 
planes, this is not a fibration. (This was in fact the example motivating the theorem of 
Andreotti and Norguet). 

Penrose went much further with this. Let L -+ M 1 be a line bundle whose re-
striction to every compact subvariety K is negative in the sense of Kodaira. Then 
H 1 (K, L) =j:. 0, and as K varies these groups define a vector bundle S(L) over M2, and 
every class wE H 1(Mt,L) defines a section w of 9(L). This is the Penrose correspon-
dence: 

{1.6) 

The point of the Penrose correspondence is that the context on the left is physically 
significant, while that on the right is mathematically well-understood. 

(1.6) can be made more precise by introducing the flag manifold 

F = {(V,W);V E Mt,W E M2;V c W}. 
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COMPLEX HOMOGENEOUS MANIFOLDS 201 

Denoting the two projections by J.1. and v, this gives us the diagram 

F 
(1.7) 

For L a line bundle over M 1 , its lift to F is denoted J.t.•(L). Then 9(L) is the direct 
image sheaf R 1v.(J.t.•(L)), and (1.6) is precisely the map R 1v.J.1.• defined on sections on 
M 1 . In [4] it is shown that (for SU(2,2)-homogeneous bundles) this correpsondence is 
injective and the image lies in the holomorphic series of representations of SU(2, 2). 

The results of example 3 have been generalized to appropriate homogeneous spaces 
for the groups SU(p, q) in [2,3,6,8]. In [9], Rawnsley, Schmid and Wolf succeeded in 
extending these results to a very general context, which we shall now describe. 

Let G be a semisimple Lie group with maximal compact subgroup K so that G I K 
is a hermitian symmetric space. Let H be another subgroup of G such that G I H also 
carries a complex structure. The case in which His compact (and thus H C K), was 
studied by Schmid in [10], and further developed by Wells and Wolf in [11]. In the 
paper of Rawnsley,Schmid and Wolf, a spectral sequence (which already occurs in [4] 
and [11]) is constructed which effectively computes Hd(GI H, L) for homogeneous line 
bundles L. However, the full strength of the Penrose correspondence generalizes only 
when an additional condition (of holomorphic compatability, (1.7) in [9]) is satisfied: it 
is required that G I H n K carries a complex structure so that the natural maps J.I.,V in 
this diagram 

GIHnK 
(1.7) 

GIH GIK 

are holomorphic. In this case, the Penrose correspondence is defined as P = Rdv.l'• 
and the spectral sequence tells us precisely when P is injective. The image of P always 
lies in the holomorphic discrete series. 

In this paper we shall show that the Penrose correspondence works as it does when 
(1.7} holds, becuase GIK is precisely the space Jld(GIH), and the ideas of Andreotti 
and Norguet apply. We shall show that when (1. 7) fails, we do not map into the 
holomorphic series, and this is because Jld(GIH) is much larger. This was made clear 
by Wells and Wolf for compact H. We shall make these results explicit for the special 
case G = SU(p, q). 

II. Kodaira-Namba Space 

First, let us give the precise definition of the space Jld(X). 

2.1. Definition. Let X be a complex manifold of dimension n. A family of compact 
connected submanifolds of X consists in (1) a fibration v : F - B of complex spaces, 
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202 C. PATTON AND H. ROSSI 

whose fibers are compact and connected manifolds, (2) a holomorphic map p.: F _...X 
such that p. is an injection on each fiber. 

2.2. Definition. Let 
F B 

vl 
X 

be a family of submanifolds of X and I : P _... B a holomorphic map. The induced 
family r (v) : r (F) _... Pis defined as follows: 

/*(F) = {(p, x) E P x F; I(P) = v(x)}. 

If '11'1 : r (F) _... P, '11'2 : r (F) _... F are the natural projections, we define 

A family £1 : F _... B is universal if every other family is induced by a unique 
holomorphic map to B. The main theorem of Kodaira and Namba [5,7]is that the set 
of compact connected submanifolds of X can be made into a universal family: 

2.3. Theorem. Let M be the set of compact connected submanifolds of X, and F the 
tautological bundle over M: 

F = {(m,x);m E M,x Em}. 

Then F, together with the projections v : F _... M, p. : F -+ X can be given complex 
structures so that they describe the universal family of submanifolds. If 

F 
al 
X 

fl 
B 

is another family, the inducing map I: B-+ M is defined by l(b) = a(,B- 1 (6)). 

H M is a compact conected submanifold of X, we define its normal bundle by the 
exact bundle sequence 

(2.4) 

where TM,Tx are the tangent bundles of M and X respectively. The following theorem 
comes out of the proof of Theorem 2.3. 

2.5. Theorem. The tangential dimension of M at K is H 0 (K, N). M is regular at K 
if and only if this number is constant under all small deformations of K; in particular 
this is assured if H 1 (K, N) = 0. 

The case where H 1 (K, N) = 0 was done by Kodaira in [5], where he introduced 
the necessary machinery. The theorem was completed by Namba in [7]. Now, if we are 
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COMPLEX HOMOGENEOUS MANIFOLDS 203 

given a particular M in X we shall be interested only in the component of M containing 
M; this we shall denote by KN and call it the Kodaira-Namba space of Min X. 

We shall apply these ideas in the context of [9] and compute the dimensions in 
theorem 2.5. 

Let G be a semisimple Lie group, and H a closed subgroup. If X = G I H carries 
the structure of a complex manifold, we have the Lie algebra decomposition 

g=hffiq 

where q is an ideal, and an adH-invariant splitting into Lie subalgebras 

defining the complex structure. That is, the H-module q defines a vector bundle on X 
which is its tangent bundle. Then q+ defines, by the same identification, the holomor-
phic tangent bundle to X giving the complex structure. We shall denote this bundle on 
X by T (q+). Now every element of gc (considered as a left-invariant vector field on G) 
defines a vector field on X which is holomorphic, since G acts by holomorphic trans-
formations. We denote this map~: gc--+ H 0 (X, T(q+)). We note that~ is injective, 
and that, if ev: H 0 (X, T(q+)) --+ q+ is the evaluation at eH, then ev o ~: gc --+ q+ is 
just the projection map. 

If K is a maximal compact subgroup of G we have the Cartan decomposition 

g = k ffi p. 

Let L = H n K. Then 

Defining k+ = kc n q+, k- = kc n q-, this splitting puts a complex structure on M = 
K I L, making it a compact complex subvariety of X = G I H. Now, the holomorphic 
normal bundle sequence (2.4) along Min X becomes 

(2.6) 

that is, pc n q+ induces the normal bundle along Kl Las £-module. We shall need this 
lemma: 

2.7. Lemma. Let V --+ KIL be a homogeneous vector bundle. Then VeH is an L-
module, and ev : H 0 (KI L, V) --+ VeH gives a correspondence between K-submodules of 
H 0 (KIL, V) and H-submodules ofVeH· 

2.8. Corollary. H 0 (KI L, N) is the image under 1r o ~ of the K-orbit of pc n q+. 

Proof. Since evo1ro~ is the identity on pc nq+, by the lemma, 1ro~ of its K-orbit 
must fill out all of H 0 (KIL,N). Now, in [9], they prove the following dichotomy: 
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204 C. PATTON AND H. ROSSI 

(a) If the K-orbit of pc n q+ is a proper subspace p+ of pc, then, (for p- the 
conjugate of p+), we have the decompositions 

gc = kc EB p+ EB p-

and 
gc = lc EB (p+ + q+) EB (p- + q-). 

These put complex structures on G I K, GIL respectively, so that the maps in 

GIHnK 
(1.7) 

GIH GIK 

are holomorphic (condition (1.7) holds). 
(b) If pc n q+ generate pc over K, no such choice of complex structure exists. 

From this we get the following theorem: 

2.9. Theorem. 
( a) In case (1. 7) holds, 

H 0 (KIL,N) ~ p+, H 0 (KIL,TK/L) ~ kc EB p-

and the G-orbit of K I L is open in K N space. 
( b) In case (1. 7) fails, 

H 0 (KIL,N) ~ pc, H 0 (KIL,TK/L) ~ kc 

and the Gc -orbit of K I L is open in K N space. 

Proof. First of all, from the corollary we conclude that H 0 (KI L, q+) ~ cl>(gc), 
i.e, that gc is precisely the set of sections of Tx on Kl L. Now, first we assume that we 
are in case (a). Again by the lemma, since p+,p- are adK-invariant, 

(2.10) 

and 11' o ct>(p-) = 0, so that cl>(p-) C H 0 (KIL,TK/L). Thus 1r o ~(kc EB p-) = 0. By 
(2.10), the kernel of 11' a ci> can be no larger, so 11' o ci> is an isomorphism on p+, and the 
dimension of the K N space is that of p+, which is the same as the complex dimension 
of G I K, so the latter is open. 

(b) This time, by the corollary, we have 

(2.11) 

Thus the kernel of 11' o ci> can be no larger than kc, so that it is an isomorphism on pc, 
and the theorem is proven. 

In case His compact, and thus H c K, this calculation shows that the deformation 
spaces introduced by Wells and Wolf in [11] coincide with the corresponding K N spaces. 
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COMPLEX HOMOGENEOUS MANIFOLDS 

2.12. Corollary. H H is compact, then 
(a) if (1.7) holds, GIK is the KN space of K/H in G/H, and 
(b) if (1.7) fails, KN space is 

(2.13) {gK0 E G0 IK0 ; g · K/H c GIH}. 

205 

Proof. (a). In this case, the projection map GIH -+ GIK is holomorphic, has 
compact fibers and G I K is a Stein domain. Then theorem 1.4 applies. (b). Let D be 
the domain in (2.13). Form= gH in D let Km = gKIH. Now suppose that m,. is a 
sequence in D converging to mo in K N. Then, in G I H, Km,. -+ Ko, so they all lie in 
a relatively compact subset of GIH. By lemma 2.5.1 of [11], we then also have mo in 
D. Thus Dis closed in KN, so by the theorem coincides with KN. 

Now, returning to the general case, let KN represent the Kodaira Namba space of 
K I L in G I H, v : F -+ K N the tautological bundle of theorem 2.3, and I' : F -+ G I H 
as in that theorem. Let V -+ G I H be a homogeneous vector bundle, and V its sheaf of 
sections. Then since vis a proper map, RPv.I'•(V) is a coherent analytic sheaf on KN. 
Since we are in the homogeneous case, this is also locally free, and therefore the sheaf 
of sections of a vector bundle we denote as 9(V). Let d be the dimension of Kl L (and 
therefore also the dimension of the fiber of v). We define the Penrose transform as 
the induced cohomology map 

(2.14) 

It is easy to see that G acts hololmorphically on K N, and that P is an intertwining 
operator for G: P commutes with the G-action. In case (1.7) holds, the G-orbit of 
K I H is G I K, and is open in K N, so the image of P is in a holomorphic representation 
of G (the space of section of a holomorphic vector bundle on GIK). However if (1.7) 
fails, GIK, the G-orbit of KIH, is a real form of KN, and the image of P does not 
lie in a holomorphic representation, but in the tensor product of a holomorphic and an 
antiholomorphic representation of G. 

m. SU(p,q) 

h(z, w) is the standard hermitian form of signature (p, q) on CP+9: 

p p+q 

(3.1) h(z, w) = L ZiWi - L ZiWi. 

n=l n=p+l 

By CP or C9 we shall mean the summands of the expression CP+9 = CP ED C9. G(d, n) is 
the grassmanian of d-dimensional subspaces of C'". Mr,• is the domain in G(r+s, p+q) of 
subspaces of signature (r, s). At the extremes we get M+, M_, the domains respectively 
of positive definite, negative definite lines in CP+9; and Mp, M 9 , the Seigel domains of 
positive definite p-planes, negative definite q-planes. We think of M 9 as being the same 
as Mp, but carrying the conjugate complex structure (except of course when p or q is 0, 
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206 C. PATTON AND H. ROSSI 

in which case one of them reduces to a point). By E(k) we mean the kth tensor power 
of the determinant of the tautological bundle on G(d, n). By U(p, q) we mean the group 
of linear transformations on CP+q leaving the form h invariant, and SU(p, q) are those 
of determinant one. 

In Patton-Rossi [8] and Rawnsley-Schmid-Wolf [9] unitary representations are con-
structed on the spaces Mr,o, in cohomology of degree r(p- r). The Penrose transform 
intertwines these with holomorphic representations on Seigel space. In Patton-Rossi 
[8], Mantini [6], and Blattner-Rawnsley [2] these are shown to be subrepresentations of 
tensor powers of the metaplectic representation of SU(p, q). In all of this, the condition 
(1. 7) of [9] holds, but fails as soon as both r and s are not zero. Here we shall now 
describe in detail in this case how the results of section 2 apply. 

Here G = SU(p, q), K = S(U(p) x U(q)), H = S(U(r, p- r) x U(s, q- s)), L = 
S(U(r) X U(p- r) X U(s) X U(q- s), and G/H = Mr,s· The dimension of Mr,s is 
(r + s)[p + q- (r + s}]. Let (P, Q) E Mp X Mq; this space is of dimension 2pq. For such 
P, Q, let 

M(P, Q) = G(r, P) x G(s, Q) = {L + L'; L E P and L' E Q}. 

This space is of dimension r(p- r) + s(q- s) and is embedded in Mr,s by the map 
VP,Q : (L, L') ---+ LmL'. As such it is of maximal dimension among compact subvarieties 
of Mr,s· The codimension , and thus the rank of the normal bundle to M(P, Q) is 
r(q- s) + s(p- r). Now, M0 = M(CP,Cq) is HjL, and the maps VP,Q clearly describe 
a holomorphic family of deformations of M0 in Mr,s, based on Mp X Mq. A quick check 
of dimensions verifies that Mp X Mq is a candidate for K N space by theorem 2.8; we 
now give a direct geometric proof, for which we acknowledge the help of Ron Donagi. 

Let V be the direct sum of subspaces V1 and V2 • Let 

G = G(d, V), Gi = G(di, Vi), i = 1, 2 

be the Grassmanians with d1 + d2 = d. A point in Gr( d, V) shall be denoted W, and by 
W we shall mean the tautological bundle (or its sheaf of sections) over Gr(d, V). Now 
the map G 1 x G 2 ---+ G, given by 

(Wl> W2) ---+ W1 + W2 

is an injection. Let M be the image. Let To be the tangent bundle to G. We have the 
exact sequence 

defining the normal bundle ).1. 

3.2. Proposition. H 0 (M, J.l) = Hom(V1 , V2} ffi Hom(V2 , Vt) unless di = dim Vi in 
which case the summand with Vi as target does not appear, or di = 0 in which case the 
summand with Vi as source does not appear. 

Proof. ForW=W1 xW2EM 
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COMPLEX HOMOGENEOUS MANIFOLDS 207 

Since TM consists of the matrices of the form 

(~ ~). 
Jl consists of those whose entries are on the off-diagonal. 

Let h be in H 0 (M,JI), h = h1 + h2. Then h1 is in H 0 (M,Hom(W1, "V2/W2). If 
d2 = dim V2, "V2/W2 = 0, so h1 = 0. Otherwise we consider the restriction of h1 
to a slice wl X G2. On this variety, we have hl E H 0 (G2,Hom(Wl, "V2/W2)), which 
is the same as Hom(W1>H0 (G2, "V2/W2)) = Hom(W1, V2), unless d2 = 0, in which 
case we get 0. Now, letting W1 vary, h1 defines, and is determined by an element in 
H 0 (G1,Hom(W1 , "\12)) = Hom(Vl> V2). Now the same arguments applies to h2 , putting 
it in Hom(V2, V1), unless d1 = dimV1. in which case h2 = 0. 

3.3 Theorem. 
( a) Let r < p. Let Fr,p be the flag manifold 

(3.4) Fr,p = {(V, W); V E Mr,o, W E M,, V c W}. 

Then we have the diagram 
Fr,f 
VrJ. 
M, 

l'r 
Mr,O 

where p., v are the natural projections. This diagram describes Mr as the K N family 
of deformations of Gr(r, CP) in Mr,O· 

( b) For 8 < q, we can similarly define F.,9 , and the corresponding projections p., v, 
describing M. as the K N space for Gr( 8, C9). 

( c) Let r < p, 8 < q. Define Fr+a,p,q as 

Fr+s,p,q = {(V, P, Q); V E Mr,•• P E M,, Q E M9 , V = (V n P) + (V n Q)}. 

Consider the diagram 
Fr+s,p,q 

Vr,al 
M,xM9 

where P.r,a = P.r + p.8 , and Vr,a = Vr X 1.18 • This diagram describes Mp X M9 as KN 
space for Mo = M(C", C9). 

Proof. In each of these cases the proposition tells us that the candidate has the 
right dimension (by theorem 2.3), and thus is open in KN space. We shall show that it 
is closed in case (c); the other cases are just the same. Let M(P,., Q,.) -t M. Then since 
the Grassmanians containing M, and M 9 are compact, we may assume that P,. -t P 
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208 C. PATION AND H. ROSSI 

in Mp, and Qn -+ Q in Mq. Then hiP is of signature (p', 0) with p' :5 p, and hiQ is of 
signature (0, q') with q1 :5 q. Now, by continuity, M = M(P, Q) is contained in Mr,s , 
so the sum of every r-dimensional subspace of P with an s-dimensional subspace of Q 
is sof signature (r, s). This can only be if p' = p, q1 = q, and thus (P, Q) E Mr X M8 • 

We now turn to the Penrose correspondence in the case rs :f:. 0. Let d = r(p- r) + 
s(q-s). LetT-+ Mr,s be the tautological bundleofthe GrassmanianGr(r+s,p+q) and 
E the associated determinant bundle. Let E(-k) be the kth tensor power of E- 1 • Let 
e(k) = Rdii•J'•(E(-k)) . We recall the Penrose correspondence as defined by (2.14): 

P : Hd(Mr, 8 , (E( -k)) -+ H 0 (Mp X Mq, 9(k)). 

We shall be comparing this to the case rs = 0, so we introduce this notation: a sub-
script '+' (as in E+(k)) refers to bundles or sheaves on Mr,o or Mp, and the subscript 
'-' refers to Mo,s or Mq. 

Now let 11 : F -+ Mp x Mq be the K N family; F is the bundle over Mp x Mq whose 
fiber (over (P, Q)) is 11- 1 (P, Q) = Gr(r, P) X Gr(s, Q), and J' : F -+ Mr,s is the map 
J'(L+,L-) = L+ E9L-. As before, we let M0 = ~~- 1 (CP,Cq), and M(CP,Cq) = J'(M0 ). 

At the typical point W of M0 , with W = L+ x £_, J'- 1 (T) assigns the vector space 
L+ E9 £_. Thus J'- 1(T) = T+ E9 T_ along M0 • Taking determinants, J'- 1(E(k)) = 
E+(k) x E_(k). In order to understand the map Pas defined by (2.14), we must, as in 
section 7 of [PRJ, consider the J.&-Vertical Dolbeault sequence of J'- 1(E(-k)) on F. It 
suffices to calculate these exact sequences along Gr(r, CP) x Gr(s, Cq); more precisely, 
these exact sequences are given by tensoring E+(k) x E_(k) with the #'-vertical exact 
sequence 

(3.5) 

We define the sheaves Q± by 

(3.6) 0-+ T± -+ CP or q -+ Q± -+ 0 

and, for E a vector bundle E' denotes its dual. 

3.7. Proposition. 0~ = 0~ E9 0~, where Ol are defined by the exact sequences (the 
first map comes out of (3.6): 

0-+ Q~ ® T_ -+ (Q+)q E9 (T-)P-+ 0~-+ 0 

(3.8) 

Proof. Let W be a point in M - 0 E Mr,a, W = L+ E9 £_, with L+ in CP, £_ in 
Cq. We now describe J'- 1(W) in coordinates. F is the set of 

(V,P,Q), V E Mr,a,P E Mp,Q E Mq, such that V = (V n P) E9 (V n Q). 
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COMPLEX HOMOGENEOUS MANIFOLDS 

{(A, B) E Hom(CP,Cq) ED Hom(Cq,CP)} coordinatizes a neighborhood of 

PoE v(#'- 1(W)) 

as {(PA, Qs)} where 
PA = {(z,Az)}, Ps = {(Aw,w)}. 

209 

(V,PA,Ps) is in #'- 1 (W) if and only if PAn W has dimension r, and Ps n W has 
dimensions. H (z,Az) is in PAn W, we must have z E L+ and Az E £_. For this 
space to have dimension r, we must have A: L+--. L_. Similarly forB, so 

(3.9). 

Since this is a linear space it parametrizes the space of vertical tangents, and thus 
describes the dual 0~. Thus we have the exact sequence defined by (3.9): 

0--.01 --. Hom(CP,Cq)EDHom(Cq,CP)--. Hom(T+,Cq/T-)EDHom(T_,CPfT+)--. 0. 

This really is two exact sequences, giving the splitting 0 1 = 0~ ED 0~, corresponding 
to the kernels of the maps 

Hom(CP,Cq)--. Hom(T+,Cq/T-)--. 0 

for 0~, and similarly for 0~. Otherwise put we have these sequences defining Ol:: 

(3.10) o --. n~ --. cpq --. T'- + ® Q_ --. o, 

(3.11) o --. n~ --. cpq --. Q+ ® T'_ --. o, 

Notice that if we tensor together the two sequences 

o--. Q~ --. CP --. T~ --. o, o--. T_ --. cq --. q_ --. o, 

we get 

0--. Q~ ® T_--. (Q~ ® Cq) ED (T- ® CP)--. Cpq--. T~ ® Q_--. 0. 

Comparing this with (3.10) gives us the exact sequence (3.8). 

3.U. Theorem. U k ~ min(p,q), the PenroBe correspondence is as foHws: 

(3.13) P : H 11(Mr,•• E( -k)) --. H0 (Mp, 9(k)) ® H0 (Mq, 9(k)). 

U k ~ maz(p, q), this map is injective. 

Proof. (a) As we have seen #'•(E(-k)) = E+(-k) ® E-(-k), soP maps into 
R 11v.(E+(-k) ® E-(-k)): the space of sections of the vector bundle (over Mp x Mq) 
whose fiber is H 11(M(P,Q),E+(-k) ®E-(-k)). But this is the same as 

H 11' (Gr(r, P), E+( -k)) ® H~ (Gr(s, Q), E-( -k)), 
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210 C. PATTON AND H. ROSSI 

since all other terms of the Kunneth formula will vanish. (b) From the preceding 
proposition, we have that ot is given by 

Using the identifications of proposition 3.7, the injectivity is proven by a calculation as 
that in theorem 7.14 of [8]. 

Now, to understand P as a mapping of SU(p, q)-modules, we have to turn to the 
nonholomorphic family 

GjHnK 

and define the restricted Penrose transform 

3.15 

where by rw we mean the space of real analytic sections. This Po is an intertwining 
operator. Now the map a : Mp -+ Mp x Mq given by P -+ (P,P.1.) is the map 
which induces the family above, so that Po = a*(P); Po is the restriction of P to 
{(P, Q); Q = p.l. }. Thus, we conclude: 

3.16. Theorem. Po: Hd(Mr,s,E(-k))-+ H 0 (Mp,S(k)) ® H 0 (Mq,E>(k)) is an in-
tertwining operator of the natural action of SU(p, q) on Mr,s with the natural action 
on the first factor and the adjoint action in the second factor. Thus, these represen-
tations of SU(p, q) lie in the tensor product of a holomorphic and an antiholomorphic 
representation. 
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SOME APPLICATIONS OF THE LEFSCHETZ FIXED 
POINT THEOREMS IN (COMPLEX) ALGEBRAIC GEOMETRY 

C.A.M. Peters 

ABSTRACT. Lefschetz fixed point theorems are applied to determine the singulari-
ties of the moduli space of curves (this simplifies existing methods) and to the 
fixed point set of involutions on K3-surfaces and Enriques surfaces. 

INTRODUCTION. 

There are various versions of Lefschetz' fixed point theorem in complex-ana-
lytic geometry and algebraic geometry. Applications are not new, the most 
striking being of course its use as a strategy to prove the Weil conjectures. 
shall restrict myself to the complex-analytic category however. 

After a short resume of what I need from the various Lefschetz fixed point 
theorems in §1, I give an application to the study of the singularities of the 
moduli space of curves. This yields a short proof of a result originally ob-
tained by Rauch in [RJ. In §3 I apply the holomorphic Lefschetz fixed point 
forn1ula to involutions of K3-surfaces and Enriques surfaces, 

For an application in the same spirit I refer to [B-P-V, Theorem VIII, 
(21.4)]. 

For this paper I have profitted very much from stimulating conversations 
with participants of the Conference. 

§1. THE FIXED POINT THEOREMS AND TWO APPLICATIONS. 

For any continuous self-map f of a compact oriented manifold X, the inter-

section number of the graph of f and the diagonal in X x X is equal to the 
topological Lefschetz-number 

Ltop(f) = r (-1)q Trace(f* Hq(X) + Hq(X)), 
q 
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214 C.A.M. PETERS 

where Hq(X) denotes the q-th cohomology group of X with coefficients in a 
field. 

If X in addition is a complex manifold and f a holomorphic map the 
aforementioned intersection number can be computed in an important special case, 
namely when the connected components Y of the fixed locus of f are non-
degenerate, i.e. Y is a manifold and at every point P E Y the linear map 
(1 - dfp) is invertible, when restricted to the co-normal space at P E Y. 

COROLLARY. If X is a compact complex manifold and f a holomorphic self-map 
of X with non-degenerate fixed locus, we have 

Ltop(f) = YE euler number(Y) 

This holds in particular in case fn = idx for some n ~ 1. 

For a proof we refer to [UeJ. The fact that any f with finite order has non-
degenerate fixed point locus follows e.g. from [CJ. 

In the complex-analytic category more refined theorems are valid such as 
the holomorphic Lefschetz fixed point formulas (cf. e.g. [A-BJ, [A-SJ, [A-SeJ, 
[T-TJ). We shall use only two very special cases of the following general 
situation. 

We have a compact complex manifold X , a holomorphic vectorbundle V on 
X , a holomorphic self map f of X and a holomorphic bundle map ~ : f*v + V 
Moreover we assume that the fixed locus of f is non-degenerate. We set 

L(f,~): = E (-l)p Trace f*o¢: Hp(X,V) + Hp(X,f*V). 
p 

In the special case where V = Ox , the trivial line bundle on X and 
~ = f* : Ox + OX , we set 

In this general setting it is possible to associate complex numbers vy to 
each component Y of the fixed locus of f such that L(f,~) = E vy, see 
[T-TJ for details. An explicit computation for the vy's can be fo~nd in [A-SJ. 
We only need the following 

F~CTS 

1) If E vy * u, f has at least one fixed point, 
y 

c) If all Y's are points P we have 
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L(f ,,p) = l: 
p 

([A-Se,p.543J,[A-B,p.459J) 

Trace <Pp 

det(l-(f*)P) 

3) If dim[X = 2 and f is an involution we have 

L (f) = !(number of fixed points)-! l: (Kx ·D), 
h~ D 

where D runs over the !-dimensional components of the fixed locus of f. 

([A-S, p.568J) 

215 

Let me close this section with a few applications to automorphisms inducing the 
identity in cohomology. 

APPLICATION 1. Let f be a holomorphic automorphism of a compact Kahler manifold 

X inducing the identity in co homo 1 ogy. If X has no ho 1 amorphi c fie 1 ds then its 
fixed point set has the same Euler number as X. 

Indeed, since X is Kahler it follows e.g. from [LJ that f has finite 
order, hence its fixed locus is non-degenerate, so that the above Corollary 
applies. 0 

For a more detailed investigation in case dim X s 2 we refer to [PlJ and 
[P2]. 

APPLICATION 2. (Atiyah-Bott, [A-8, II, Cor. 4.13]). If HO,q(X) = 0 V q > 0, every 
holomorphic self map of (the complex manifold) X has a fixed point. 

This follows frorol Fact 1 applied to Lhol (f) 

= L (-l)p Trace (f*IHP(OX) + Hp(OX)) = 1 . 
p 

§2. AN APPLICATION TO THE MODULI VARIETY OF CURVES OF GENUS g ~ 2. 

A well known procedure to determine the singularities of the coarse moduli 
Mg of curves of genus g is to investigate the action of automorphisms of a 
curve C on the tangent space of the Kuranishi space of G , identified with 
H1(ecl· Indeed, if c ~ Mg denotes the point corresponding to C , a neighbour-
hood of c in Mg is isomorphic to the quotient by G = Aut(C) of a neighbour-
hood of the origin in H1(ecl· Since g ~ 2, G is a finite group we may detect 
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whether c is singular by applying the following 
CRITERION. Suppose a group G acts properly discontinuously on a complex mani-
fold M and suppose that the fixed point set Fix(G) = {m E M; stabilizer in G 
of m * identity} has codimension ~ 2 in r·t. Then m " M maps to a singularity of 
M/G if and only if mE Fix(G). 

For a proof see e.g. [P-S, Lemma (9.11]. Observe that the condition implies that 
G should act effectively, so in applying the criterion, we should replace G by 
G/(hyperelliptic involution) in case g=2 (so we exclude the hyperelliptic invo-
lution in this case). Let us see when the condition in the above criterion is 
satisfied. 

THEOREM. Let C be a Riemann-surface of genus g ~ 2 and suppose that y E Aut C 
fixes a 1-codimensional subspace of H1(ec), then either g=3 , C is hyperelliptic 
and some power of y is the hyperelliptic involution or g=2, and some power of y 
is an involution such that C/{1,y} is elliptic. 

PROOF. We apply Fact 2 of §1 to the tangent bundle ec. We may assume, replacing 
y by some pov1er, that ord(y) is a prime number .t and we find 

i-1 k k .t-1 >..k 
E L(y ,y*) = (~fixed points) E ~ 

k=1 k=1 1->.. 

21Ti 
T 

, >.. = e 

since (yk) is multiplication by some .t-th root of unity, and for k=1, ... ,.t-1 
* p 

all of them occur. 
The left hand side equals 

Assuming that y fixes a hyperplane, we get 

- .t(dim H1(ec) - 1) +dim H1(ec) = (1 - .t)(3g - 3) + .t 

The right hand side equals -~(.t- 1) (tffixed points), hence we find for the 
number of fixed points 6(g-1) + }!1 . Since this must be a non-negative integer 
we find .t=2 or 3. In case .t=2 Hurwitz formula easily gives that either· g=3 
and X/y ~ P1 or g=2 and X/y is elliptic, whereas .t=3 is seen to contra-
dict Hurwitz formula. 0 

COROLLARY. Suppose we are in characteristic zero. If g ~ 4, Mg is singular at 
c if and only if the corresponding curve has non-trivial automorphisms. For 
g=3 this criterion holds on M3 ' (hyperelliptic locus) and for g=2 outside 
the divisor of hyperelliptic-elliptic curves. (If g=2 "non-trivial" means 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms
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"different from the identity or the hypere 11 i pti c i nvo 1 uti on). 

REMARKS. 1) For g=2 a much more precise theorem is known valid in all 
characteristics, see [1]. It follows from his results that M2 has a unique 
singular point corresponding to the hyperelliptic-elliptic curve with equation 
2 6 y=x-x. 

2) For g=3, the same proof gives that the hyperelliptic locus is singular at 
points whose corresponding curves have more than 2 automorphisms (the trivial 
one and the hyperelliptic involution). But in fact it is known that M3 itself 
is singular at these points (see [Rauch]). 

3) The results for g ~ 4 have been shown by [RJ in characteristic zero. Our 
proof is considerably shorter. 
For positive characteristics one should consult [PoJ, [OJ. 

§3. APPLICATIONS TO INVOLUTIONS OF K3-SURFACES AND ENRIQUES SURFACES. 

A K3-surface is a compact complex surface which is simply conneCted and 
whose canonical bundle is trivial. If a K3-surface admits a fixed point free 
involution the quotient by definition is an Enriques surface. For details we re-
fer to [8-P-V, Ch. VIIIJ, we only use the following 
FACTS: 

1) The Betti-numbers of a K3-surface are b0 = b4 = 1, b1 = b3 = 0, 
b2 = 22; for an Enr1ques surface one has b0 = b4 = 1 , b 1 = b3 = 0, 

b2 = 10. 

2) The canonical class is numerically trivial on both kinds of surfaces and 
therefore an application of the adjunctionformula gives: 

3) If D is a smooth curve on a K3-surface or an Enriques surface its genus 
~D equals !D2 + 1 . 

4) An Enriques surface has no non-zero holomorphic 1-forms or 2-forms. 

From 2) and §1 we find for an involution t of a K3-surface or Enriques surface 
X : 

Ltop(t) = v(t) - E D2 = v(t) - 2 E(~D- 1) 
(1) { D D 

Lh01 (t) = lv(t) , 
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where v{t) =number of fixed points of t and D runs over the fixed curves 

of t 

From 4) we find Lh 01 (t) = 1, hence (1) gives: 

PROPOSITION 1. An involution on an Enriques surface has 4 isolated fixed points 
(and possibly some fixed curves). 

If we let b1nv, resp. b~nti be the rank of the invariant, resp. anti-

invariant sublattice of H2{x, ~).we have: 

and Fact 1) gives 

PROPOSITION 2. If is an involution on an Enriques surface X and D are the 
fixed curves of t we have 

COROLLARY. If TID~ 1 for all D , there can be at most 4 rational D; if 
- on the contrary there exists a fixed curve with genus ~ 2 this curve is unique. 
If TI is its genus we have TI ~ 6 . 

inv PROOF. If TID ~ 1 for all D , 6 -b 2 ~ - 4, hence the formula of Proposition 2 
shows that there can be at most 4 rational D . 

Now, remark that N disjoint curves give N independent cohomology classes 
provided all self intersections are non-zero. Secondly, at most one among them 
can have positive self-intersection, because of the index-theorem [B-P-V,p.122]. 
By the last remark there can be at most one D with TID~ 2 .and if there are k 
further rational fixed curves, the first remark shows that b~nv ~ k+1, hence the 
formula of Proposition 2 shows that -k + TI - 1 ~ 5-k , hence TI ~ 6 . 0 

EXAMPLES 

1) If t has 4 rational fixed curves and no other fixed curve of genus ~ 2 one 
must have b1nv = 10, i.e. t acts trivially in cohomology. Surfaces with this 
property have been classified by Mukai and Namikawa [M-NJ. They show that 
there are two types of examples. Upon inspecting them one finds: 
- In the first example the four rational curves on S that are images of the 

curves Px , Qx are fixed under a (notation: see §4 of [M-NJ) and no other 
curves. 1 2 
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- In the second example the four rational curves on S that are the images of 
the curves X+,Y+,F+ + and the elliptic curve that is the image of E are fixed -- _,_ 
under a and no other curves (notation from §4 of [M-NJ). 

2) It is easy to give examples for each ~ with 2 ~ ~ ~ 5, namely: Every Enriques 
surface can be represented as a double cover of a 4-nodal quartic Del Pezza 
surface Q branched along y u Sing Q, where y E IOQ(2) l,y n Sing Q = Ill • 
Such a y has arithmetic genus 5, hence the imposition of k double points 
0 ~ k ~ 3 gives a branch curve of genus 5-k. (See [Co,§7J). 
If one takes for y a reducible curve one can produce 1,2,3 or 4 rational 
fixed curves {the case with 4 curves being identical with example 1). 

3) I don't know whether ~ can be 6. 

We next consider K3 surfaces. If X is a K3-surface and wX is any 
nowhere zero holomorphic 2-form (unique up to multiplication by a non-zero com-
plex number) an involution l of X either preserves wX or maps it to -wx . 

In the case one sees either directly or from the holomorphic Lefschetz fixed 
point formula (§1 Fact 3) that all fixed points of \ are isolated and that 
there are 8 of them. The quotient X/{1,l} is again a K3-surface. Such involu-
tions are known as "Nikulin-involutions". See [N, section 5], [M, section 5] . 

Now all fixed points are distributed over curves and one has 

PROPOSITION 3. An involution l on a K3-surface which does not leave invariant 
the holomorphic 2-forms has at most fixed curves D and r(~D- 1) = 10 - binv 

D 2 

PROOF. Immediate from (1),(2) and Fact (2). 

COROLLARY. If ~D ~ 1 for all D, there can be at most 10 rational curves. If 
some fixed curve of genus ~ 2 occurs among the D, this curve is unique and has 
genus ~ 10. 

PROOF: similar to the proof of the Corollary to Prop. 2. 
0 
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EXAMPLES. Let X be a double covering of F2 branched in a sextic having at 

most simple singularities. The minimal resolution X of X is a K3-surface 
[8-P-V, p. 184] and the covering involution fixes the proper transform of the 
sextic plus certain resolution curves. If the sextic is irreducible with k 
ordinary double points, its genus is 10-k and so for each possible value of rr0 
we can construct examples. If we use reducible sextics and more complicated 
singularities we can construct examples with k fixed rational curves for each 

value of k with 0 ~ k ~ 10. With k lines in general position we can realize 
every k up to 6, for k=7,8,9,10 we take 6 lines such that there are exactly 
k-6 points through which precisely 3 lines pass. The situations k=9,10 are 

sketched below 

(This has been pointed out to me by F. Hirzebruch). 
It is an interesting problem to classify all possible involutions according 
to their fixed point locus. 
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Remark (May 21, 1985) 
In regard to the point 3 on page 7, recently Ulf Persson and I have 
proved that w ~ 6 
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Contemporary Mathematics 
Volume 58, Part I, 1986 

STABILITY OF TWO-DIMENSIONAL LOCAL RINGS. II 

Jayant Shah1 

DEFINITION. If R is a local ring of dimension r and m is a positive inte-
ger, then em(R), the mth flat multiplicity of R is defined by 

-[ e(I) . eo(R) - sup r!col(I) · of finite colength in R I 

in which e(I) denotes the multiplicity of the ideal I. 

DEFINITION. A local ring R is called semistable if e1(R) = 1; R is called 
stable if, an addition, the defining sup is not attained. 

These definitions are due to Mumford. We refer to [1] and [2] for the moti-
vation behind these definitions and earlier results. In particular, stabilityof 
surface singularities for which multiplicity = embedding dimension and those 
for which multiplicity = embedding dimension -1 ~ 3 are fairly well understood. 
Here, we announce some preliminary results concerning surface singularities for 
which multiplicity = embedding dimension -1 = 4 • 

Let R be a Cohen-Macaulay local ring of dimension 2 over an algebraically 
closed field k. 

THEOREM. Suppose that R is semistable and that its multiplicity= 4 and the 
embedding dimension = 5. Then the projective tangent cone of R is isomorphic 
to either the projective tangent cone of a quotient singularity [2] or one of 
the following one-dimensional schemes in P4: 

(a) 4 lines meeting at a quadruple point of embedding dimension 4 , 
(b) a planar double line and two other lines meeting at a quadruple point 

of embedding dimension 4, 
(c) a double conic spanning P4 , 
(d) two planar double lines meeting transversally at a quadruple point of 

1Partially supported by a grant from the National Science Foundation. 
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224 JAYANT SHAH 

embeqding dimension 4. 

The method of proving the theorem is the same as in [3]. We first list all 
possible arithmetically Cohen-Macaulay, one dimensional schemes of degree 4 in F4 
and write down their defining equations. These give us the initial forms of the 
defining equations of R. For really bad singularities, these equations are 
enough to estimate e1{R) and show that R must be unstable. We then write 
down syzygies to analyze the remaining cases. 
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THE CONNECTION BETWEEN LINEAR SERIES ON CURVES AND GAUSS 
MAPS ON SUBVARIETIES OF THEIR JACOBIANS 

Roy Smith(*) 

Horacia Tapia-Recillas(**) 

It is classical that linear series on curves are linked to singularities on 
special subvarieties of Jacobians by the celebrated Riemann-Kempf "singularity 
theorem". In this paper we show there is also a close connection between the 
linear series on a curve and the geometry of the smooth points of these sub-
varieties, provided by the Gauss map. There is in fact more precise geometric 
information encoded in the Gauss maps than in the tangent cones to the singula-
rities, the tangent cones being (in the simplest cases) just the images of 
(certain restrictions of) the Gauss maps. Also the Gauss maps reflect more close-
ly the rational maps associated to linear series and thus detect the presence of 
base loci. Furthermore, whereas the singularities theorem applies only to linear 
series of degree ~ g-1, the Gauss map technique applies to all special linear 
series. The present methods allow one to obtain "refined Torelli theorems" as 
well, i.e. to reconstruct both the curve and the special linear series on the 
curve directly from the geometry of the theta-divisor. 

The discussion here is an extension of the proof of Torelli's theorem given 
by Andreotti, which from our point of view is a reconstruction of the pair 
(C,~K) consisting of the curve plus the rational map associated to its canonical 
series, from the Gauss map on the theta-divisor. 

The main result in this paper deals with the recovery of a curve and its 
special g~'s from the Gauss map on Wd_1, (notations are explained in section 
§0 and a more complete statement is in section §2): 

THEOREt~. If C has a g~ but no g~_ 1 and no g~+ 1 , for some d with 
d ~ g = genus(C), if ~:Wd_ 1 + mr(d-2,g-1) is the canonical map on wd_ 1, if 

(*) partially supported by NSF grant #DMS-8317078 
(**) partially supported by CONACyT grant #PCCBND-001373 
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R is the multiple locus of ~.and if B = ~(R), then the restriction ~:R ~ B 

is a "universal" ~gd for C. 

This work arose from our collaboration at the Centro de Investigaci6n y de 

Estudios Avanzados del I.P.N. in Mexico in 1980 and was outlined in a talk by 

the second named author in the Harvard algebraic geometry seminar in 1981. 

We are grateful to the organizers of the Lefschetz Centennial Conference 

for the opportunity to present it here in more detail. The "refined Torelli 

prob 1 em" posed to us by Phillip Griffiths was an important stimulus to this 
work, and we are grateful both to him and to David Mumford for enlightening 

conversations on these ideas. The present article is devoted primarily to the 

study of g~'s with r = 1. The general case will be the subject of a second 

article. 

§0. PRELIMINARIES 

We begin by recalling the general setting, primarily the structure of the 

Abel map and its derivative, the Gauss map. Andreotti's paper [1] is the 
reference for this section. 

Assume C is a smooth connected curve of genus g over the complex 
numbers, let C(d) denote the d-fold symmetric product of the curve, let J(C) 

be the Jacobian variety of C, and let a:C(d) ~ J(C) be the Abel map 

d pi d pi 
a(P1, ... ,Pd) = <)I w1 , ...•. I I w >, 

1=1 Po 1=1 Po g 

defined by a basis {w1, ..• ,w9} of the global holomorphic one-forms on C, and 
by a base point P0 e C. The image Wd = a(C(d)) is an algebraic subvariety of 

dimension d in J(C), for 1 ~ d ~g. As illustrated by the following diagram, 

the Gauss map y on w1, which assings to x e w1, the tanget space Tx(W1), is 
equivalent to the projectivized derivative a* of the Abel map, which in turn 
is just the canonical map ~K on the curve. 
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That is, if et(p) = < JP w1, ...• JP w9 > then the derivative et P is a 
Po Po *• 

linear map o.*•P:TP(C) +Tet(p}(J(C)); T0(J(C)) and the projectivized derivative 
et* is given by taking its image, 

- g-1 = p 

Then since the canonical map is given by 

the fundamental theorem of calculus implies that ~K(p) = et*(p). More generally, 
for 1 < d ~ g-1 the analogous diagram commutes, 

and et* is again equal to the canonical map ~K on C(d) [1,p.811]. In this 
case et* and y are only rational maps, y is defined on the locus of smooth 
points of Wd' Wd-sing·(Wd)' and et* is defined on the set et-1(wd-sing·(Wd)). 

More precisely, if D = (p1, ... ,pd} e C(d) is a point such that 
h0 (C;D) = 1, then ~K is defined at D, et(D) is a non-singular point of Wd' 
the images of the points {P1, ... ,Pd} on the canonical curve 

~K(C) = r c. P(T (J(C))) 
- 0 

are in general position ("geometric Riemann-Roch" [3,p.248], and ~K(D) =the 
(d-1}-dimensional subspace of F(T0(J(C))) represented by T et(D) (Wd), which is 
exactly the one spanned by the d points {~(P 1 }, ...• ~(Pd)}. We remark that 
the "span" of these points is defined as the base locus of the set of hyper-
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228 LINEAR SERIES ON CURVES 

planes H c Pg-1 such that as divisors on C, c~>j( 1 (H) H·C ~ f pi, and of 
course we say the points {P1, ... ,Pd} are in general position if this base 
locus has dimension d-1. Thus with these conventions, we may write 

[1,pp.810-812], where a bar written over a set (or a divisor) denotes its span. 

§1. THE FUNDAMENTAL EXAMPLE 

We will now describe in detail the simplest example, the Gauss map on w2 
for a curve of genus 4, which we assume at first to be non-hyperelliptic. Then 
C is the complete intersection of a quadric and a cubic surface in P3 and 
has either one or two g~'s according to whether the quadric has rank 3 or 4, 
~.p.55]. We will recover C and the g~'s from the Gauss map on w2. 

Consider the diagram: 

in which, if (p,q) e c( 2) then y(a{p,q)) = a*{p,q}) = pq = the secant line 
determined by p and q on the canonical model of C in P3• 

PROPOSITION. y is a finite map, birational onto its image, having a 
multiple locus in w2 consisting of either one or two components, each 
birational to the curve C, and on which y restricts to the rational maps 

cpL :C -+ p1 

defined by the one or two linear series L = g~ on C. 

PROOF. C has no g~ by hypothesis, so a is injective by the converse 
of Abel's theorem, and w2 is non-singular by the Riemann-Kempf singularity 

theorem. Consequently, oy Zariski's main theorem a is an isomorphism and we 
may use it to identify c( 2) with w2, and y with a*. 

Then for (p,q) e c( 2), y-1(y(p,q}} =all pairs of points (r,s) on C 
such that the secants rs and pq are equal. By geometric Riemann-Roch, n 
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points {p1, ... ,pn} of C are collinear in P3 if and only if 
n 

h0( L Pi)= n-1 so that n s 3 by Clifford's theorem. Thus at most 3 points of 
1 

C are collinear and hence y-l(y(p,q)) = {p,q) unless for some r e C, 
h0{p+q+r) = 2. 

Thus, since C has at most two gj•s, y is birational onto its image, and 
the multiple locus of y is an analytic set R c c< 2) consisting precisely of 
those pairs {p,q) such that for some r e C, lp+q+rl is a g~ on C. Let 
B = y(R) be the image of the multiple locus. Then B = the set of lines 
1 e 'r(l,3) such that #(1·C) = 3, where (1·C) is defined as the g.c.d. of 
the divisors {(H.C) where H is a plane in P3 containing 1}. 

Since C = Q2 n F3 is the complete intersection of a quadric and a cubic, 
Bezout's theorem implies 1 e B if and only if 1 lies on the quadric Q. 

Hence B c 'r(l,3) parametrizes the lines on an irreducible quadric 
surface, so ei ~her B ; P1 or B ;;; P1 JL P1, according to whether Q has 
rank 3 or 4. Assume for concreteness, that B ;;; Pa1 JL Pb1 . Then Q ;;; P! ~< P~ 
and the two projections to P1 restrict on C to the rational maps defined 
by the g~'s La and Lb on C. 

Hence as 1 runs through one copy of P1 the divisors {1·C) run 
through one of the linear systems g~ on C. Now denote y-1<P!) = Ca' and 
y- 1 (P~) = cb,so that R = Call cb. Now map C-+- Ca by p ..... Da{p)-p; where 
Da(p) e ILal is the unique divisor in La containing p. 

By choosing local sections of the map ~L :C ..... P1 , and using the extension 
a 

theorem for holomorphic maps on smooth curves; the map C ..... Ca is an analytic 
bijection, hence finite algebraic and birational and the diagram below commutes: 

The same holds for Cb' and the proposition is proved. We may state it as 
follows: 

COROLLARY. A non-hyperelliptic genus 4 curve C and its gj•s are 
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completely determined by restricting the canonical map ~ of the variety 
c( 2) = w2 to its multiple locus; i.e. the multiple locus itself is birational 
equivalent to as many copies of C as there are g~'s, and the restriction of 
¢ to these copies of C gives the corresponding rational maps ~ 1. 

g3 

Questions: 
1. Are the components of the multiple locus actually isomorphic to C, or 

only birational? 
2. ("Brill-Noether") Can one compute the multiple locus as a homology 

class on c( 2) and show directly it is always ; 0 , 

Now consider the hyperelliptic case. The g~ is unique, so w2 has one 
singular point, a triple double point x, the Abel map 

is an isomorphism except over that point, and a- 1(x) - P1. In the diagram 

y is undefined at x, and a* is undefined along a-1(x) = Jg~J. If 
<PK:C + P3 is the canonical map of C, then <PK(C) = r is a smooth rational 
twisted cubic, and ~K is the map of degree two defined by the unique g~ 
(followed by the cubic Veronese map). Thus a.(p,q) = ~K(P)<PK(q) is the secant 
of r determined by the canonical images of p and q. (a* actually extends 
to a morphism on c( 2)). We will identify c( 2) - Jg~J with w2 - {x} via a. 
Since <PK has degree two, y is no longer birational but a general secant line 

of r now has 4 preimages in w2 - {x}. A tangent line T~(p)(r) has only two 
preimages under y,(p,p) and (q,q) where Jp+ql = g~, p ~ q, ((p,q) is 
another preimage under the extended a.). If J2pJ =g~, the tangent line T~(pfr) 
has no preimages under y (and only one (p,p) under the extension). 

If w2 is the surface parametrizing secants to r, then w2 is birational 

to (P1)( 2) = P2, hence 
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ROY SMITH AND HORACIO TAPIA-RECILLAS 231 

is a rational map to a rational surface, generically four to one, and missing 
ten points (the tangents to the ten branch points of the map ~K:C ~ r). The 
family of tangent lines to r form a rational curve on w2, the unique curve in 
the branch locus of y (as defined by Andreotti) which passes through all ten 
of the omitted points. The preimage of this curve is birational to C and y 

restricts there to the map associated to the g~. 

Thus both the curve and the g~ are recovered by restricting the Gauss 
map on w2 to the preimage of a well-defined component of the branch locus. 

Now recall that in the non-hyperelliptic case it was the g~'s that 
influenced the Gauss map on w2. Here there is a one-parameter family of g~'s 
on the hyperelliptic C, all with a base point (by Castelnouvo's trick of 
computing the aritmethic genus of the image of ~ 1 ~< ~ 1 :C ~ P1 >< P1 ), and 

g2 g3 

these also affect the Gauss map. In the rational surface w2 there are, of 
course, many rational curves over which y is in general four to one with 
irreducible preimage, but for those ocurring as a pencil of secants of r 
through some fixed point, the preimage of y is in general reducible with two 
components both birational to C, and y restricts on both of them to the map 

1 
~L'L = g2. 

This family of copies of the map ~L parametrized by C corresponds to 
the family of rational maps ~L ,LP = p + g~, defined by the various g~'s on 

p c. 

Question: 
Are these last pencils of secants characterized as the unique linear 

pencils in w2 "' P2 which have reducible preimages under y? 

§2. GENERAL PENCILS: g~'s IN ARBITRARY GENUS. 

Assume for some d ~ g that C has a g~ but no g~_ 1 and no 
Then the Abel map 

a:C(d-1) ~ Wd-1 ~ J(C) 

is an isomorphism, and we will recover the "universal" ~ 1 on C from the 
gd 

Gauss map (i.e. canonical map) on Wd_1. Taking the derivative of a we have 
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232 LINEAR SERIES ON CURVES 

the basic diagram: 

c(d-1) ~> ~r(d-2,g-1) 

Ul Ul 

R B 

where R = the "multiple locus" of a* and B = a.(R) is its image. 

DEFINITION. If f:X .... Y is a morphism, we define the "multiple locus" 
R C. X as follows (as a set): R = closure of ( {x e X: for some z e X, z ;. x, 
and f(z) = f(x)}). 

LEMMA. With the hypotheses of this section, 

R = {De wd_1:#(D·r) ~ d} 

{De Wd_1:#(D·r) = d} 

{De wd_1: for some p e C, 

1 I D + PI = a gd } . 

PROOF. By definition, (D·r) = g.c.d. {(H·r):H is a hyperplane in pg-1 

and (H·f) ~ D}, so we always have D ~ (o·r). If De wd_ 1, then the geometric 
Riemann-Roch theorem implies that D is a (d-2)-plane since there are assumed 
to be no g~_ 1 •s. Thus if 

#(D·r) ~ d+1 

then I(D·f)l would contain a g~+ 1 ' again by geometric Riemann-Roch, contrary 
to hypothesis. Hence for any De wd_1,#(o·r) ~ d if and only if #(D·r) = d, 
which proves the equivalence of two of our conditions. Now let De Wd_1 be 
such that ID+PI = a g~. Then geometric Riemann-Roch implies 1D+p) is a (d-2)-
plane, and since D is always a (d-2)-plane, D = (D+p). Therefore, since 
D+p ~ (D·r), we get #(D·r) ~d. Now conversely, assume De Wd-l and 
#(D·r) = d. Then D < (D·r) implies (D·r) = D+p, and D = ( D+p ), so again 
geometric Riemann-Ro~h implies (D+p) = a g~. Thus the 3 conditions in the 
lemma are equivalent, and since the first condition is closed they define a 
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ROY SMITH AND HORACIO TAPIA-RECILLAS 233 

conmon closed set S :; Wd-l" We show next that S = R. Since S_, is closed, to 
show R c;_ S it suffices to check that if D,E e Wd-l, D 1 E and 0 = E, that 
then #(D· r) ~d. But D ~ CD· r) and E ~ (E. r), so if D = E and #(D· r) = d-1, 
then D = (D·r) = (E·r) = E, a contradiction. To show S ~ R, assume D e Wd-l 
and #(D·r) =d. Then !(D·r)l =a g~ with no fix points (there is no g~_ 1 , by 
assumption). Thus for the general divisor in !(D·r)l every subset of cardinal-
ity d-1 gives a point of R, and our divisor D is in the closure of these 
points of R. The lenma is proved. 

COROLLARY. 
1) B = a.*(R) = {the set of d-secant (d-2)-planes in Pg-l} 

= {linear spaces of form D for some D in some g~} 
2) If a. now denotes the Abel map on C(d),a:C~) + Wd' and if Wd ~W~ = 

{the set of g~'s on C}, then the projectivized derivative of a. gives 
a holomorphic bijection (and thus a homeomorphism in the complex 
topology) 

where a.*(D) = D. 

LEMMA. B is fibered in precisely one way by a family of disjoint analytic 
curves homeomorphic to P1; precisely, the only such curves on B are those of 
form: 

{(): for all D in some fixed g~ on C} . 

PROOF. It is sufficient by part 2) of the previous corollary to prove the 
same statement for the set 

a.-1(wJ) = {all divisors D on C such that IDI is a 

Let XC C(d) be any analytic curve homeomorphic to P1. Then Abel's map, 
restricted to X, factors through the universal covering space of J(C): 
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234 LINEAR SERIES ON CURVES 

Since X is compact, and a is analytic, the maximum modulus principle 
implies that a(X) is a single point, so that a(X) is also a single point. 
Then by the converse of Abel's theorem, X= IDI =the set of divisors belonging 

1 to some gd on C. 

Now we state a theorem describing the Gauss map on Wd_ 1 for a generic 
d-gonal curve. 

1 1 2 THEOREM. If C has a gd but no gd_1 ind no gd+1' for some d with 
d ~ g =genus (C), if ¢:Wd_1 ~ 'r(d-2,g-1) is the canonical map on Wd_ 1, if 
R is the multiple locus of ¢, B = ¢(R}, then the restriction ¢:R ~ B is a 
"universal" ¢ 1 for C. Precisely, B is uniquely a union of a family of 

gd 
disjoint algebraic curves homeomorphic to P1; these are precisely the curves 
of the form a*( lg~ I) where lg~ I c: C(d) is a pencil of 1 inearly equivalent 
divisors; for any one of these curves XL ~B. L = g~, the inverse image 
¢-1(XL) ~R is an algebraic curve bijectively birational to C; after 

normalizing, the Gauss map of Wd-l' restricted to ¢-1(XL)' induces the 
rational map ¢L determined by the linear series L = g~, i.e. the following 
diagram commutes: 

¢L 1 c _ _..:::;..__,. p 

in which v denotes normalization. 

PROOF. We have proved all but the last two statements. Since ¢:R ~ B is 
a proper map with finite fibers it is a finite ~p. ¢-1(XL) is a curve, and 
the map 

p ,~ (0\p)·C)-{p} 

is a holomorphic bijection, hence it is the normalization map, where 
D(p) e g~ = L is the unique divisor of L containing p. The normalization 
diagram 
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ROY SMITH AND HORACIO TAPIA-RECILLAS 235 

c q,L >ILl c C(d) 

''"l 1"·,' 
q,-1(XL) ~ XL c;, B 

is now seen to commute. 

Question: 
The geometric Riemann-Roch theorem implies that if the multiple locus of 

Q>:Wd_1 ~ ~r(d-2,g-1) is non-empty, then there exists a g~. Can one compute 
directly that when the Brill-Noether number p = g-2(g-d+1) is positive, that 
then this· multiple locus carries a non-zero homology class? 

§3. A NON-GENERIC EXAMPLE. 

We want to give one slightly more complicated example in which the 
hypotheses of the previous theorem are violated and the structure of the Gauss 
map becomes surprisingly richer and even more interesting. Let C now be a 

trigonal, non-hyperelliptic curve of genus 5; i.e. there is a 
Then K - gj = g~ so in fact both hypotheses fail to hold. 

1 1 g3 but no g2. 

The gj corresponds to a unique copy of P1 ;;; lg~ I in c( 3) and the 
canonical map 

q,:c( 3) -- -> ~r(2,4) 

is defined on the complement c( 3) - lg~l· Since we are looking for the multiple 
locus, we seek distinct triples of points on C that span the same 2-plane in F~ 

We may identify C with its canonical model r c P4, and so we want 2-planes in 
P4 which are at least 4-secant (with respec~ to r), and equivalently triples 
of points on C that belong to divisors of gl's. There are now two kinds of 
gl's on C, those of form p + g~, with a fixed point, and those of form 
K - (p + g~) = g~ - q, generically without a fixed point, according to Andreotti 
and Mayer L2,p.212]. Those are precisely the two types that were prohibited by 
the hypotheses of the previous theorem, so there are no "generic" gl's in the 
present example. A 2-plane cannot be 6-secant (or more) since it would then cut 
out a divisor of a g~ and C would be hyperelliptic, contrary to hypothesis. 
Thus B ~ ~r(2,4) consists of 4-secant and 5-secant 2-planes. The 5-secant 
2-planes are spanned by the divisors of the unique g~ = K - gj, hence are 
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parametrized by P2. The 4-secant 2-planes are spanned by divisors of the 
linear series (g~ + p) and are thus parametrized by a P 1-bundle over C. B 
is thus a reducible surface which is connected as follows: if we denote 

lg~- g~l = lg~l by u+v, then in B the three pencils of 2-planes correspond-
ing to the 3 sets of divisors lg~ + ul,lg~ + v!, {all those De jg~! such 
that D ~ u+v} , are all the same. To see this and to follow all the rest of 
this section, it is best to keep in mind the plane quintic model of C, a 
quintic 6 with one double point: 

the double point p arising from the identification of the points u and v. 
The divisors of the g~ are those cut by the lines in this plane, residually 
to the double point; the divisors of the g~ are those cut by arbitrary lines 
in the plane; the divisors of the fix-point-free gl's are cut residually by 
lines which pass through some base point on 6 (other than the double point p). 

Now what is the structure of ~ over B? Over the component of 4-secant 
2-planes ~ has degree three (since it is undefined at a divisor in the g~). 
As in our earlier examples, ~ restricts over this component to the union of 
the family of rational maps {~L = x + g~, x e 6- {p}}. Over the component of 
5-secant 2-planes, which is parametrized by (P2)* = jg~l = the dual of the 
ambient plane containing the g~- model 6 of C, ~ is a little more 
complicated. Each 2-plane in this component of B cuts five points of r, any 
three of which span the 2-plane (except the triples belonging to the g~, and 
which occur in only one pencil of 2-planes contained in (P2)*). Thus ~ has 
degree (~) = 10 over this component of B which reflects the existence of 
the g~'s of form jg~- xj. In fact ~ extends to a proper map over the whole 
component = (P2)* in B, by mapping any triple of points in a divisor 
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lg~ - xl first to the unique divisor of lg~l containing it and then to the 
2-plane that divisor spans. Then we see that the branch locus of ~ over this 
component is exactly ~*. the (irreducible) dual of the plane quintic model of 
C. Thus to each non-singular point x e ~ we can associate both a fix-point-free 
g~, namely jg~- xl and a tangent line ix to ~* at t~e "point" of ~* 
represented by Tx(~). Recall that a tangent line ix ~ (P )* to ~* at 
T (~) is given by the pencil of lines in P2 which contain the point x e ~-
x 

Let us restrict ~ to the locus over ix. Since we can distinguish triples of 
point which contain x from those which do not, the inverse image ~- 1 (tx) is 
reducible. The component of triples not containing x gives a birational copy 
of C on which ~ restricts to ~L'~= lg~- xl, in the same way as in the 
examples of the earlier sections. The choices of triples which contain x, on 
the other hand, are equivalent to choices of pairs of points in the divisors of 
the linear series g~ = lg~- xl. Hence ~ has degree 6 on this component. 
Moreover disjoint pairs in the same divisor can be exchanged, so this component 
of ~- 1 (tx) is a curve with an involution and a symmetric g~, and therefore 
the quotient curve under the involution has a g~. 

According to S. Recillas [5], this is in fact the double cover of a trigon& 
genus 6 curve associated to the pair (C,Ig~- x!), and whose Prym variety is 
the Jacobian variety J(C) of our original curve! For completeness, consider 
ip = pencil of lines in P2 passing through p, the double point of ~. (This 
is the tangent line to two points of ~*). Restricting ~ to it gives two gl's 

12 I. 12 1 12 I 1 of form g5 -x , 1.e. g5 - ul = g3 + v, and g5 -v = g 3 + u. (Recall that 
u+v = 19~ - g~l are the two points of C over the double point of ~. The 
preimage ~- 1 (tp) has four components: one copy of lg~l::: P1, by choosing 
triples residual to the double point, where ~ is essentially the identity; one 
copy of C from choosing triples containing u, where ~ equals ~ 1 = ~ 1 ; 

g3+v g3 
one copy of C from choosing triples contianing v, where ~ equals ~ 1 

g3+u 
~ 1 ; and one copy of C from choosing triples containing u+v, where ~ = ~ 1. 

g3 g3 
(We remark that as x ~ p, the degeneration ~- 1 (t ) ~ ~- 1 (t ) is quite pretty 

X p 
and illuminating: it exhibits the "Wirtinger" degeneration from Prym theory of 
an etale irreducible double cover into an etale reducible double cover, and also 
the degeneration of a degree four map of C ~ P1 into a map C v P1 ~ pl 
which has degree three on C and degree one on P1 , a basic phenomenon in 
understanding specialization of linear series on curves). 
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SUMMARY. If C is a plane quintic of genus five, (therefore trigonal and 
non-hyperelliptic), the canonical map of c{ 3) determines, in a direct geometric 
way, not only the rational maps arising from the g~, the g~, and all the g~'s, 
but also those associated to the symmetric g~'s on curves whose Prym variety 
is J(C)! 
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Some applications of algebraic geometry to systems of partial 
differential equations and to approximation theory 

Peter F. Stiller 

ABSTRACT. We shall discuss the application of some results in the 
theory of vector bundles/reflexive sheaves on complex projective spaces 
to systems of constant coefficient partial differential equations and 
to certain local problems in the theory of multivariate spline 
approximation. 

An introduction to the problems. 

At the time I was introduced to the problems discussed below, I was 

investigating the various ways that existed for constructing holomorphic 

vector bundles on ~~ (particularly low ranks < n). It quickly became 

apparent that several questions in approximation theory could be interpreted 

as questions about the cohomology of a suitably constructed vector bundle. 

This led to my subsequent interest in these problems. 

The ideas evolved as the result of a number of discussions with Dr. 

Charles Micchelli, IBM research, and to him must go the credit for 

introducing the author to these problems from the point of view of 

approximation theory. I have omitted some of the proofs (a few are 

straightforward and the others will appear in detail elsewhere). 

A special note of thanks must go to the organizers of the Lefschetz 

Centennial Conference for the work they did in making it such a memorable 

experience. 

We begin with some notation. 

Let pk,n (Pk'n) denote the space of homogeneous polynomials of 
IR 1: 

degree k in n variables with coefficients in the real numbers IR 

(complex numbers E). We have di Pk,n • (n+k-1 ) = (n+k-l) and 
miR IR n-1 k 

pk,n = (n+k-1) • (n+k-1). 
dimE 1: n-1 k 
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240 PETER F. STILLER 

Let p1 , ••• ,pm be homogeneous polynomials of degree d1 , ••• ,dm 

respectively in R[x1, ••• ,xn]' i.e. 

and let pi(a) denote the corresponding linear homogeneous partial 

differential operator with constant coefficients given by 

We denote by D the common null space of the operators pi(a) in 

the space of real-valued infinitely differentiable functions on ~n: 

D={fEC"': pi(a)f=O for i=l, ••• ,m}. 
IRn 

We then have the following results which were introduced to the author by 

Dr. Charles Micchelli, IBM Research Center: 

Proposition 1 (Micchelli): di~ D < "' if and only if 

{z E En-{(0, ••• ,0)} s.t. pi(z) • 0 i = l, ••• ,m} = ~. In other words, 

D is finite dimensional if and only if the hypersurfaces pi = 0 in ~~-l 
have empty intersection (requiring in par~icular at least as many equations 

as unknowns, i.e. m ~ n). 0 

The proof involves a straightforward application of the Nullstellensatz, and 

has two interesting facets. First, the proof shows in the finite 

dimensional case, di~ D < "'• that the null space D consists entirely 

of polynomials, and secondly in the infinite dimensional case, that there 

are polynomial solutions of every degree. 
N 

Proposition 2 (Micchelli): If f £ D and f = ~ fr' 
r-o 

each fr is homogeneous of degree r then fr E D. 

We define: 

Thus in the case when D is finite dimensional we have 

a 

where Dk • 0 for k sufficiently large, and in the infinite dimensional 

case we have 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



APPLICATIONS OF ALGEBRAIC GEOMETRY 

CD 

Efl 
k=O 

D = Dpoly c D 
k 

where Dpoly are the polynomial solutions to our system of partial 

differential equations 

pi(o)f = o i 1, ••• , m. 

We now arrive at a first problem: 

Problem 1: Find dim~ Dk. (Particularly useful in the case dimm D < • 
is to find the least integer k0 such that dim R Dk • 0 for k > k0.) 

To formulate a second problem, we again take P1o••••Pm with 
di,n 

pi e: PR homogeneous polynomials of degree di in n variables and 

consider the space vk of polynomial relations of total degree k: 

k-di,n m 
v = {(q1, ••• ,qm) qi e: PIR l qipi•O}. k i•1 

Here it is understood that 
k-di,n 

PR =-01£ 

The spaces Vk admit an interesting interpretation in approximation 

theory. They arise in the context of conformality conditions and in the 

construction of multivariate splines (see Chui and Wang [1] and Stiller 

[10]). To make this connection clear we consider a simple low dimensional 
2 local situation. In R , take a number of polynomial arcs A1 , ••• ,Aw 

emanating from the origin so that each Ai is a piece of the locus 

pi(x,y) = 0, pi(O,O) • 0, for some irreducible polynomial p1 (x,y) e: 

IR[x,y] of degree di ~ 1. We focus on a small. neighborhood about the 

origin--small enough so that the arcs do not intersect except at the origin 

and so that they are smooth except perhaps at the origin. 

Let s(x,y) denote a spline function of order ~ and degree k near 

the origin for this particular local triangulation. Assuming the arcs are 

numbered consecutively around the origin, denote by Ri the region between 

arcs Ai and Ai+1 for i "'I, ••• ,N where "N+l ,. Al. The 

spline function s(x,y) is given by a polynomial fi(x,y) on Ri of 

degree < k with fi and fi+l agreeing to order ~ on Ai+1" This 

means that fi+1 - fi must lie in the (~ + l)st power of the ideal in 

IR[x,y] defining the irreducible curve of which Ai+l is a part. In the 

case we are dealing with this means 
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242 PETER F. STILLER 

for some polynomial qi+ 1 E R[x,y] of degree ~ k- (~ + 1)di. If we add 

these equations we get the conformality relation 

0 = 

This is analogous to the space Vk. 

Problem 2: Find dim~ Vk. (Clearly dimm Vk increases with k, and an 

interesting question is to understand this growth as a function of k.) 

In answering these questions, we shall show below that 
0 n-1 interpreted cohomologically as H ( ~, ,E(k)) and Dk as 

n-1 

Vk can be 

H1( IP~- 1 ,E(k)) 

for a suitable reflexive sheaf E on ~E • This permits the use of 

vector bundle techniques in the analysis of these systems of partial 

differential equations and in the construction of multivariate splines. 

This will be discussed below. For now, we recall another result due to 

Micchelli which relates Dk to Vk. 

Consider the linear map 

k,n T 
PIR 

p 1-------+ 

m k-di,n 
Ef) p iR 

i=1 

given by our system of differential operators pi(o). The null space 

(kernel) of T is Dk. We make P~,n into a Hilbert space by defining 

<p,q> = p(o)q. We then have: 

Proposition 3 (Micchelli): The null space (kernel) of the adjoint T* can 

be identified with Vk. It follows that 

(where + means the value is 

We remark that the map T 

direct sum as 

(n+k-di-1) _ (n+k-1) 
n-1 + n-1 

0 if k - di < 0). 

decomposes Pk,n into an orthogonal 
t 

Pk, n ,: (D 68 a:) EB I 
t k-.t k 

a 

where I=~ Ik is the homogeneous ideal in a:[x1 , ••• ,xn] 
k 

generated by 

P1•••••Pm• 
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APPLICATIONS OF ALGEBRAIC GEOMETRY 

In the case when D 

have no common solution in 

sufficiently large. Thus 

is finite dimensional, that is when the 
n-1 

ft , we obviously have Dk • 0 for 

Corollary 4: for k sufficiently 

n-1 
large, when the pi have no common solution in ~E 

Stiller [10), Theorem 3.1). 

(see also 

On the other hand in the case D is infinite dimensional, let 

a 

X~ f~- 1 be the non-empty closed subscheme defined by the coherent sheaf 

of ideals 1x associated to the homogeneous ideal generated by the pi 

in E[x1 •• xnl· Let ~X be the structure sheaf of X, then we shall show, 

Corollary 5: dimm Dk =dimE H0(x,UX(k)) for k sufficiently large. 

(Of course this is also valid in the case where D is finite dimensional 

because X = 0 and dimE H0 (x,dx(k)) = 0.) P 

As a special case of Corollary 2.5, when X is supported on a finite 

set of points, we will have dim~ Dk independent of k for k 

sufficiently large, i.e. constant, because in that case OX(k) ; 8X. In 

the general case, we have: 

Proposition 6: di~ Dk for k large can be given by a polynomial in 

' with rational coefficients and degree equal to the dimension of X. 

Proof: We have di~ Dk ~ dim~ H0 (x, CX(k)) for k large, so the 

polynomial will be the Hilbert polynomial for X (see Hartshorne [4), 

Chap. 1, §7). 

The crucial step in determining di~ Dk, di~ Vk, and di~ D, 

243 

where D is the common null space for the system of partial differential 

operators under consideration, is to reinterpret the problem in the language 

of vector bundles. This we do below. 

Translation to Vector Bundles/Reflexive Sheaves. 

As before, let p1 , ••• ,pm be homogeneous polynomials in R[x1 ••• xn), 

n ~ 2, and say pi has degree di ~ 1 so that 

We identify 

d P i,n 
pi E IR • 

0 n-1 
with H ( ~E , d n-1(di)), the space of global 

ft 
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sections of the line bundle 

PETER F. STILLER 

(f n-1 (di) 
lPG: 

over complex projective n -1 

space 
n-1 

lPG: • Viewed in this way each pi gives rise to an injection 

We consider the direct sum 

The image of this map is a coherent sheaf of ideals !X for a closed 
n-1 

subscheme X c: IP a: which is supported on the intersection of the 
n-1 t hypersurfaces pi = 0 in ~a: • In fact, X is the coherent sheaf 

associated to the homogeneous ideal generated by the pi in G:[x1 •• xn1· 

-r "' {j '"X n-1 
lPG: 

when the n-1 pi have no common solution in 1Pt --Note that 

., .. 
that is when D, the space of ~ 

differential equations, pi(3)f = 0 

solutions f 

i =- l, ••• ,m, 
to our system of partial 

is finite dimensional. 

We consider the sequence 

where K is the kernel (a coherent sheaf on 

we get after tensoring with the line bundles 

pn-1) and all the sequences a: 

m 

b n-1(k) k E J: 
~~'a: 

0 + K(k) + $ f! n-1(k- di) + 'tx<k) + 0. 
i•1 PC 

Proposition 7: dime H0( ~~- 1 ,K(k)) ~dim~ Vk. 

Proposition 8: K is a reflexive sheaf on n-1 
PC and is in fact 

free (vector bundle) in the case n .. 2,3 or in the case n > 4 

the pi have no common solution in n-1 
I' c • 

0 

locally 

when 

Proof: To show K is reflexive it is enough to show it is torsion free and 

normal. Torsion free is obvious, and normality results from the fact that 

lx is torsion free (see Okonek, Schneider, Spindler [8], 1.1.12 Lemma p. 

150 and 1.1.6 Lemma P• 158). Now a reflexive sheaf has its singularity set 
1 2 in codimension 3, so that when n • 2, IPC' or n = 3, IPC, it must be 
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locally free. Finally if the pi have no common solution in ~~-l then K 

is the kernel of a surjective map of locally free sheaves (vector bundles) 

m 
0 + K + f) 0'(-di) + ~ + 0 

i•1 

and hence is locally free. 0 

Propostion 9: For k sufficiently large 

m 
~ 

i=1 

n+k-d -1 
( i ) - (n+k-1) +dim HO(ff. (k)) 

n-1 + n-1 a: X 

n+k-d -1 
where the + indicates that we take ( i ) = 0 if k -d < 0 and 

n-1 i ' 
ffX, the cokernel in 

is the structure sheaf of the closed subscheme n-1 
X in IP 1: • 

Combining this proposition with Proposition 3 and 7 gives Corollary 4 

and Corollary s. 
We come now to the main result that allows us to translate the two 

problems above--namely dim~ Vk z? and dimR Dk • ?, into 

problems about vector bundles/reflexive sheaves on ~~- 1 • 

Theorem 10: Let p1 , ••• ,pm £ R[x1 •• xn] be homogeneous polynomials in 

n-variables of degrees d1 , ••• ,dm respectively. Consider the 

corresponding partial differential operators pi(O) £ a[~ ••• ~ ] and 
1 n 

let D be the space of t CD solutions to this system of partial 
IRn 

differential equations and let ~ be the homogeneous polynomials of 

degree k in D: 

D "' D (\ pk,n 
k IR • 

If n ~ 3 and the pi have no common solution in IP~- 1 then we 

have for all k that 

245 
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246 PETER F. STILLER 

and 

where K(k) is the sheaf constructed above. (We should remark that 

$ H1( pn-1,K(k)) can be viewed as a finite-length graded E[x1 •• xn]-
k£J £ 
module and that this module appears in the vector bundle literature; see for 

example Hartshore [3).) 

Proof: On .,n-1 
I: 

k £ 71 we have 

and 

n > 3 H1 of any line bundle is zero. Thus for all 

0 1 m n+k-di-1 n+k-1 
dim. H (K(k)) - dim. H (K(k)) • t ( ) -( ) 

• • L n-1 + n-1 • i•1 

We have seen that dim£ H0(K(k)) ~dim~ Vk, and this coupled with 

Proposition 3 gives 

and the result follows. 

Notice that the case n • 2 is not covered in the theorem, but in 

that case the sheaf K ia locally free on ~ 1 and so by a result of E 
Grothendieck [2] isomorphic to a sum of line bundles ~ 1(ai). Hence 

IPa: 
dim~ Vk can be determined directly and from that dimm ~ and 

dim~ D. This is done using the results in Shatz [9]. We have only 

stated the conclusion below. The details will appear elsewhere. 

Systems of constant coefficient partial differential equations in two 

variables. 

Let p1, ••• ,pm £ m[x,y] be homogeneous polynomials of degree 

d1, ••• ,dm respectively, 

0 
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APPLICATIONS OF ALGEBRAIC GEOMETRY 

For convenience, we order the pi so that 1 ~ d1 ~ d2 ~ ••• ~ dm. 
d 2 

Note that if the pi have a greatest common factor p £ P ~ of degree 

d > 1 then 

dim IR D .. CD• 

dim R ~ • d for k sufficiently large, 

(because the scheme consists of d points if we count with 

multiplicity) and we can determine dim IR Vk by considering the analogous 
pi di-d,2 

problem for pi • p- E P IR • We will have 

where vk-d a {(ql, ••• ,qm) 

have in this case that 

k-d 
p i 

qi E IR In fact, we also 

dim~ Dk = dimiR Dk-d + d for k) d 

dim ~ Dk = k + 1 for 0 < k < d. 

Thus we can always reduce the case where the pi have a common factor to 

one where they don't, and so from now on we shall assume p1 , ••• ,pm have 

no common factor. In this case we have for every k the exact sequence of 

vector bundles (see above): 

m 
0 + K(k) + ~ ff 1(k- di) +8 1(k) + 0, 

i=l ~'t: jpl: 

where H0 ( ~>i,K(k)) can be identified with Vk ® iR a: so that 

In particular K is the kernel of the map from 

determined by the pi: 

m 
0 + K + ~ b(-di) + /J + 0. 

i'"l 

onto If 
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248 PETER F. STILLER 

By a theorem of Grothendieck [2] the vector bundle K is isomorphic to a 

direct sum of line bundles (unique up to the order of the factors) 

m-1 m 
Elementary considerations show that ~ aj • ~ di and aj ~ d1 ~ 1. 

j•1 i•1 
If we could determine the m -1 numbers aj we would then have 

and 

m-1 m 
dim~ Dk = ~ (k -a + 1) - ~ (k - di + 1)+ + k + 1. 

js1 j + i=1 

Note that for k + 1 >max {aj's,di's}, we have 

which provides a desirable bound on the degrees of the solutions (once aj 

are known). 

In order to give a satisfactory answer, we need only know which 

sequences of positive integers 

occur. This is answered by the following 

Definition: A sequence 1 i a1 i ... i am_1 of positive integers is 

said to be admissible for a given sequence 1 i d 1 i ... i dm if 

m-1 m 

1) ~ aj = ~ di 
j•1 i•1 

2) aj ~ dj j = l, ••• ,m-1 

3) If l is the least index for which 

then for j ~ 1 we should have 
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Finally, the generic admissible sequence for a given sequence 

1 ~ d1 ~ ••• ~ dm is that admissible sequence which is largest in the 

lexicographical ordering--i.e. (a1 ••• am_1) ~ (ai·•·a~ 1 ) if the first 

non-zero difference aj - aj is positive. 

Theorem 11: Given p1, ••• ,pm homogeneous polynomials in R[x,y] with 

no common factor above, we have 

and 

m-1 m 
dim~~=.~ (k- aj + 1)+- ~ (k- di + 1)+ + k + 1 

J•1 i•1 

for some admissible sequence 1 ~ a 1 ~ ••• ~ a.-1• Conversely, every 

admissible sequence arises in this way for some choice of p1, ••• ,pm 

m 

(possible some pi = 0). Moreover in the space 
I (di+1 > 

!Ri•l 

of possible choices of the pi there is an open dense set (complement has 

measure zero and is cut out by polynomial equations) of choices having no 

common factor for which the generic admissible sequence occurs. D 

The generic admissible sequence gives the 

for the space D given the orders (or degrees) 

diferential operators pi(a) (or polynomials 

smallest possible dimension 

di of the partial 

pi). 

One can compute many interesting examples. Some of which are of 

particular relevance in approximation theory and the theory of box splines 

(see Micchelli and Dahmen [5], [6], and [7] and Chui and Wang [1]). It is 

to be hoped that the "combinatorial linear algebra" and the examples 

obtained via the analysis of special configurations of subvarieties 

currently used in approximation theory to deal with these questions might 

lead to special and interesting bundles/reflexive sheaves on complex 

projective speces. 
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SMALL POINTS AND TORSION POINTS 

Lucien Szpiro 

Arakelov intersection theory for compactified divisors on an 

arithmetic surface allows one to "think geometrically" about num-

ber theoretic questions. His idea of putting ad-hoc metric on 

line bundles has been for example very fruitful in Faltings' proof 

of the conjectures of Tate, Shafarevich and Mordell. 

In particular by ~nalogy with the function field case one 

sees that to get an "effective Mordell" one needs: 

a) the Hodge index theorem 

b) small points 

I have conjectured these results five years ago. The part a) 

has been proved and is a trivial consequence of the comparison 

of Arakelov intersection with Neron-Tate height. (cf §1). This 

comparison has been recognized by many authors: Arakelov, Faltings, 

Hriljac, Gross ... ? 

Part b) is still open. I explain it in §2. 

The lack of proof for the existence of small points lends 

naturally to the question: when is the "difference" between two 

points small? The analysis of this question is done in §3 where 

we give application to the question of the existence of pairs of 

distinct points of a curve over W whose difference is torsion. 
We show that many curves in the "Kodaira fibration" do not have 

such a pair of points. We also give a lower bound for the Neron-
Tate height of an infinite sequence of points over W whose Neron-
Tate height is bounded. This result a9plies beautifully to give 

a simple proof of a theorem of Raynaud about the finiteness of the 
set of points over W whose difference from a given point is 

torsion (under the hypothesis w 2 > 0 or the stable model 
x;c 
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252 LUCIEN SZPIRO 

has some non irreducible fiber). 

I do not give a bibliography, but proof and references to the 

material here used can be found in my seminar: "Seminaire sur les 

pinceaux arithmetiques ... " in Asterisque spring 1985. 

§LA REVIEW OF ARAKELOV THEORY 

1.1 DEGREES AND HEIGHTS 

Arakelov theory is based on the following remark: Let L be 

a projective module of rank one (line bundle) over an order 0 of 

a number field, with hermitian positive metrics I ·1 0 on 

L0 L m ~ for every cr: K -+~. Then after picking an ele-
cr 

ment s non zero in L the real number: 

#L I s.Q. 
deg L = :log IT I s Ia 

a 

(1) 

is independent of the choice of s. Now if XK is a projective 

variety over K, LK a line bundle on XK, for every choice of an 

integral model (X,L) of (XK,LK) over QK the ring of integers 

of K, and every choice of a continuous hermitian positive metric 

on L0 over X0 one has a height function hL: XK(K)-+ m defined 

by 

1 
[K(P) :Ill] deg E:p L (11) 

where K(P) is the field of definition of P and 

E:p : Spec QK (P) --+- X the morphism extending SpecK (P} --.... XK 

(valuative criterion). 

LEMMA 1.1.1 If one changes the integral model of (~, LK) , or the 

continuous metrics on L0 , the function hL changes by a bounded 

function on XK(K). 

COROLLARY 1.1.1 Let LK 

over the number field 

exists a point P in 

be an ample line bundle on a 

K. Then for any real number 

CK(K) such that hL(P) ~ H. 

curve CK 

H there 

COROLLARY 1.1.2 Let C be a curve over a ring of algebraic inte-

gers 2K , L a iine bundle on C, I 10 continuous metrics on L0 

for each cr. Then there exists a real number a and an infinite 

sequence Pn of points of C(K) such that jhL(Pn) I ~ a. 
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Lemma 1.1 is a direct consequence of the definitions. Corollary 

1.1 and 1.2 came from the fact that there exists an integer n 

and a morphism h: CK---+11?~ such that h* .Q!Pl (1) = L~n. By 

lemma 1.1 it is enough to have the corollaries on lP1 where one 

takes the naive height of points: 

(l,N) for Corollary 1.1 

(l,~n) ~~ = 1 for Corollary 1.2 

1.2 INTERSECTION THEORY ON AN ARITHMETIC SURFACE 

Arakelov has developed such a theory which is as close as 

possible to the geometric case. We give here the most important 

properties of it. 

(1) If P1 and P2 are two rational points of the curve 

(generic fiber) and E1 ,E2 the sections of C---+- Spec_QK corre-

sponding, then one has "Green functions" g 0 (Q,R) on C0 for 

each cr such that 

the functions g 0 are characterised by 

a) ~ g 0 (P,Q) = 1- 6p 
J...lcr 

where dJ...l is the metric on C0 of total volume 1, pulled back 
cr 

of the flat metric on the Jacobian. 

b) J g 0 (P,Q) dJ...l (Q) = 0 
C0 cr 

(II) adjunction The choice of the metric in l)a) enables one to 

have a canonical metric on the relative dualizing sheaf wc 10 
-K that for every section E one has: 

(we; . Qc (E))= -E2 
OK 

(III) Arakelov intersection is symmetrical 

(IV) Comparison to Neron-Tate height 

such 

Let denote < , > the Neron-Tate pairing on the Jacobian. If 

o1 ,o2 are two Arakelov divisors of degree zero on each component 

of a fiber then (Dl·D2)Arakelov = -[K:W) <xl,x2> Neron-Tate 

where xi is the point of the Jacobian corresponding to the 
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divisor of degree zero Di. 

COROLLARY 1.2.1 (Hodge Index) The signature of Arakelov pairing 

is (+1,-l,-l. .. -1). 

The corollary is clear when one knows that Neron-Tate pairing is 

definite positive and the intersection pairing on fibers is 

negative semi definite. 

COROLLARY 1.2.2 If E is section then 

Apply Hodge index to the space generated by wC/O ,E, F 
-K 

F = one fiber at infinity. 

(E + A.F) 2 > 0 if A.» 0. 

There is a plus sign because 

I saw the next lemma for the first time in G. Faltings' 

Calculus on arithmetic surfaces. It seems to be classic of capa-

city theorem: 

LEl-ll•!A l. 2. 1 For any e > 0 

that if P1 ... pn, n ~ N(e) 

L: g 0 (P.,P.) ~ en 2 . 
i4j ~ J 

there exist an integer N(e) 

are distincts points of C0 

such 

then 

This lemma is essential in the proof of the following theorem. 

THEOREM (1.2.1) (G.Faltings) Let L be a line bundle on an 

arithmetic surface C + Spec QK. Suppose (L·L) > 0 and d 0 LK > 0 

then for n > > 0 L181 n has a positive Arakelov se::tion. 

By a positive Arakelov section for a line bundle one means 

s E H0 (C,L) such that J log!sl d ~ 0 for each cr. 
C a 1-la 

Mixing this theorem with my lemma about sections (Corollary 

1.2.2 above) one gets the following: 

COROLLARY 1.2.3 Suppose that the genus of CK is at least two. 

Then 

(I) w 2 ~ 0 c;o 
-K 

(II)(wC/o ·Qx(D)) ~ 0 for any positive Arakelov divisor. 

-K 
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§2. THE CONJECTURE OF SMALL POINTS 

Let C be a smooth, geometrically connected curve of genus 

g ~ 2 over a number field K. Parshin has remarked that an old 

construction of Kodaira gives alot of information about rational 

points of C. It goes like this: 

One builds a smooth non constant fibration X ~C' with 

a commutative diagram 

C X C 

C'------>- c 

such that ~ is etale, a is finite and ramified only along the 

diagonal. 

Following construction one sees that the fibers Xp , 

P E C' (K) , of f have good reduction outside S U { 2} where S 

is the set of bad reduction of c. Moreover there exists a con-

stant A1 such that: 

(III) W 2 do ( 2 3 E2 >I ~ A [K '"] X - a WC/0 - 4 11(P) "" 1 : 111 

PIQ,K -K 

2 
so one sees that to bound - E 11 (P) I [K:Ql] (i.e. the "canonical" 

height of a rational point of C over K - this height is closely 

related to the Neron-Tate height cf next- it is enough to 

bound w 2 
X 

P/.QK 

CONJECTURE Let X be a smooth curve, geometrically connected of 

genus g ~ 2 over a number field K and let S be its set of 

places of bad reduction. Then there exists a point Q E XK(K) 

such that: 

-E~ ~ (A2 (K) + A 3 (S)) [K(Q): Ql] 

where A2 and A3 are effectively computable. 

In the function field case I have proven the existence of 

point Q E XK(K) such that 

-E~ ~ (2 genus (K) -2 + #S) [K (Ql) :K] 

(semi-stable case). 
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Applying (III) and Corollary 1.2.2. one gets as a corollary 

of this conjecture a proof of the Mordell conjecture as effective 

as the constants A1 ,A2 ,A3 . 

To emphasize the importance of the self intersection of the 

relative dualizing one can keep in mind that one can prove the 

following statement. 

THEOREM 2 .1 Let Mg , g ~ 2, be the moduli space of curves of 

genus g. Let 

set of points 

n be an integer and H a real number. Then the 

P E Mg (K) for K a number field of degree at 
2 most n, such that the corresponding curve XP satisfies wx ~ H, 

is finite. P 

§3 SMALL DIFFERENCE 

3.1 THE MUMFORD CONSTANT 

Consider the map cp fran a curve C of g ~ 2 to its 

Jacobian J defined by 

P --+ (2g-2l P - rl c 

Let (Pi) be a collection of points of C with images xi 

under this map. Applying 1.2 (IV) to the divisors 

( 2g-2) E. -we + ~. (where ~. is a fibral divisor with rational 
l. to l. l. 

-K 

coefficients such that ((2g-2)Ei -wC/o + ~i·F) = 0 

-K 

component of a fiber of C + Spec _QK ) one gets 

(IV) <X.· X.> 
l. J 

2 2 <X.> +<X.> 
l. 

2g 

~~ +Ill~ 

for any com-

l. J 
2g 

+ (fll •• fll.)] 
l. J 

PROPOSITION 3.1.1. The quantity 

_l_[w 2 
K:(D CfO 

-K 

1 2 (--1)- (2g-2) (E •E)-g p Q 

is bounded for P ~ Q P and Q 

called the Mumford constant of C 

in C(K). 

M (C) • 

The supremum is 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



SMALL POINTS AND TORSION POINTS 257 

This number was introduced by Mumford in 1966,but he 

did not have a precise formula for it, for lack of Arakelov inter-

section theory. He showed that for points P. such that 
l. 

10 M(C) ~ <X1 >2 ~ <X2 >2 ~ 2<X1 >2 the angle for Neron Tate is at 

least 1T 
6" The first application of the precise formula above is 

to show that M(C) is often negative. 

PROPOSITION 3.1.2 For any real number a, there exists an infi-

nite number of fibers XP in the Kodaira fibration such that 

M(Xp) < a. 

PROOF: If 

a constant 

M(XP) ~ a the formula (IV) implies that there exists 
2 b E lR such that wX ~b[K(P) :Ql] so by the formula 

P/_2K 

(III) one would get a third constant c such that 

2 
- E1T(P) ~ c[K(P) :(ll]. 

was true for all but 

This would contradict corollary 1.1.1 if it 

finitely many points P E C' (K). 

COROLLARY 3.1.1 There exists an infinite number of fibers XP 

in the Kodaira fibration such that for any pair of distinct 

points Ql and Q2 of xP (K) , Ql-Q2 is not a torsion point in 

the Jacobian of xP. 

PROOF: If Ql-Q2 is torsion then xl = x2 and hence M(Xp) ;;, 0 

by formula (IV). 

3.2 INFINITELY MANY POINTS OF THE "SAME SIZE". 

3.2.1 The following theorem, together with Corollary 1.1.2 answers 

a question of Bogomulov. 

THEOREM 3.2.1 Let a be a real number and XK a smooth geometri-

cally connected curve of genus g ;;, 2 over a number field K. 

Suppose that XK has semi-stable reduction and that one has an 

infinite sequence of distinct points (Pi) in XK(K.) whose images 

xi by the morphism ~ of 3-1, have Neron Tate height smaller than 

2 ( .9__±_l_) 
WX/O ~a g- l + C(S) 

-K 
a. Then where C(S) depends only on the 

intersection matrix on the bad fibers S" of x over JK. 
(In particular C(S) = 0 if S = 0.) 
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258 LUCIEN SZPIRO 

2 
n -n Looking at the formula (IV) it is enough to prove (by adding 2 

terms like it) 

a) v E: > 0 -L: (E. ·E.) .:;; e:[K' :W]n2 
:ih .:;; n 1 J 

for n >> 0 

field of rationality of p • ·P 
1 n 

b) + (0.·11!.).:;; [K' :(D] C(S)n2 
l. J 

and K' a 

-For a) one sees that -(E.•E.) o:;;,E g (P.,P.) so one concludes 
J. J cr cr J. J 

by the lemma 1.2.1 (capacity theory). 

- For b) I have proved in loc•cit in the introduction that there 

exists C(S) such that 0~+ 0~ 
- l. J 

2 
+ (0.·0.).:;; [K':W] C(S). 

l. J 

One should notice that if an infinite subsequence of the (Pi) 

all pass by the same component of bad fibers than01=02=···=0n=··· 

0~ + 0~ Ill~ + 0~ 
so- 1 J + (0.·0.).:;; 1 J (1-!).:;; 0. A variation on this 2g l. J 2g g 

theme will be very useful for the next theorem (when a = 0) 

THEOREM 3.2.2 Let XK be a semi-stable curve like in theorem 
2 3.2.1. Suppose wX/O > 0. Then there is only a finite number of 
-K 

points in XK(K) whose difference with a given point is torsion 

in the Jacobian. 

This theorem without the hypothesis 
2 

WX/0 
-K 

> 0 has been 

proved, by quite a different method, by M. Raynaud. In fact one 

can see by analyizing the proof below that the only cases of the 

theorem of Raynaud that I do not get are: the bad (semi-stable) 

fibers have only one component which is not a rational curve of 

self intersection -2 and the possibly infinite sequence of points 

(Pi) such that their difference is torsion also satisfied: 

a) all the Pi pass by this non rational component 

c) w 2 
XK/0 

-K 

OX ( (2g-2)n.P.) 
-K l.l. 

-E~ 0 
l. 
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SMALL POINTS AND TORSION POINTS 259 

2 
By Theorem 2.1 one sees that wX/O = 0 can be satisfied only 

-K 

for a finite number of curves of a given genus order H. In fact 
2 

I would conjecture that wX/O > 0 if X has some bad reduction. 
-K 

2 
In the geometric case wX/O 0 implies that the family is 

-K 

constant. There is no such notion for an arithmetic pencil. I 

would be surprised if there exists smooth curves over QK with 
2 wx/o = 0. If they exist they deserve the name of "constant" 
-K 

curves. To be more philosophical, and because it is the case for 

function fields over finite fields, I expect a relation between 

wx7a and the focus of ordinary reduction. 
-K 

PROOF OF THEOREM 3.2 

ing the formula (IV). 

We start like in the proof of 3.2.1, apply-

The terms in -(Ei·Ej) are bound by en2 

but we have to do better than in 3.1 for the term in 0.,0 .. 
l. J 

If m is big enough and E1-E0 is of m torsion exactly (E0 
rational over K, E1 is rational over a bigger field) the all 

Gal (K/K) orbit of E1 also gives points whose difference E0 is 

m torsion. This orbit makes a ~/rna module of the form 

(a/mz>r r ~ 2g. For every place v E s of bad reduction, there 
rv 

will be an integer rv, 0 < rv ~ r such that m of the conju-

gates of E1-E0 will be in each possible component of the 

special fiber of the Neron-Model. 

Hence (0i-0j) 2 will be zero if Ei-EO 

the same component of the Neron-Model in v. 

0~ +0~ 
l. J 

2g 

is bounded by 

We have a constant a such that 

0~+~~ (L:- l. J 
2g 

+ (1/l •• ~.) 
l. Jv 

r-r 
m vi 

~ a( I: i:: j) mr 
i=l j=l 

and Ej-EO 

So like 

N (v) 

lie in 
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260 LUCIEN SZPIRO 

If \}0 is a place of K in s one has [K:Ql] ?mr L: N(v) 

~~ -~-~~ v I vo 

gets that, putting r .E l. J + (~ .. ~.) e[K':Ql]n 
2 

n = m 
' 2g ~ 
i#=j<n l. J 

applying formula (IV) 2 (n -n)/ 2 time one gets 

1 I 12 1 uix;o (1--> x (--1) 
-K g g 

+ e for each e > 0 where lxl 2 is the 

Neron Tate height of all 

equal). So if lx1 2 =F 0 
2 

the P. (corresponding points x. 
l. l. 

one gets a contradiction, and if 

one gets wX/O = 0. 
-K 
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GREEN'S THEORY OF CHERN CLASSES 
AND THE RIEMANN- ROCH FORMULA 

1 
DoMINGO ToLEDO AND 

VuE LIN L. ToNG1 

ABSTRACT. We explain a Theory of Chern classes in de Rham cohomology for 
coherent sheaves on complex manifolds developed in the unpublished thesis 
of H.I. Green. We then prove the Hirzebruch-Riemann-Roch formula for 
these classes, thus giving an affirmative answer to a question posed by 
Atiyah, Hirzebruch and Singer. 

The main purpose of this paper is to publicize the unpublished thesis of H.I. 
Green on Chern classes for coherent sheaves on complex manifolds [51. We do this 
in two ways. First, we give an exposition of the thesis. Then we show it can be 
combined with a natural extenssion of our proof of the Hirzebruch-Riemann-Roch 
formula (HRR) for vector bundles [121 to prove HRR for coherent sheaves, and Chern 
classes in de Rham cohomology. Thus we settle a long-standing question, passed 
implicitly by Atiyah and Hirzebruch in [3) and explicitly by Singer in [11). 

A major difficulty in the two subjects considered here is that they cannot 
be deduced from the known results on vector bundles because, in contrast with 
the algebraic category, the question of existence of global resolutions of a coher-
ent sheaf by locally free sheaves is wide open. We refer to a recent paper by 
Schuster [10] for the present status of this problem. 

It is then natural to consider substitutes for global resolutions by locally 
free holomorphic sheaves. This can be done in at least two directions. One is 
by working in the C~ or real analytic category, and global resolutions by vector 
bundles then exist, as prove by Atiyah and Hirzebruch in [2). This gives an 
immediate definition of Chern classes, but, since the holomorphic structure is lost, 
it seems quite difficult to prove HRR in this way. 

Another direction is to stay in the complex analytic category, but use local 
objects with a more complicated global structure than vector bundles. We proposed 

1 Partially supported by the National Science Foundation. 
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262 D. TOLEDO AND Y.L. TONG 

such an object, the twisting cochain, in [131, and were able to define Atiyah-Chern 
classes [7) and prove HRR for these classes [81. We remark that twisting cochains 
serve two different purposes. One is to resolve the sheaf of the diagonal in order 
to follow Lefschetz's original idea [6), and for this purpose seems to be optimal-
cf. §4. The other is to resolve the coefficient sheaf, and for this purpose other 
substitutes are desirable. 

Green develops another substitute in this second direction, one that is partic-
ularly useful from the point of view of extending additive functions from vector 
bundles to coherent slleaves. Its structure is close enough to vector l·undles that 
the formulas for Chern classes presented by Bott at the 1971 ELAM [4] can be ap-
plied to define Chern classes in de Rham cohomolgy, and to prove that they agree 
with those of Atiyah-Hirzebruch. Our proof of HRR [12) can also be applied in this 
context to prove our main theorem in §4. 

Green's ideas are intimately connected with K-theory, in a way that makes us 
believe that, with proper care and understanding, can be applied to answer any 
possible Riemann-Rocll question. In particular combined with the basic ideas of [9) 
just as the present paper is combined with [12), they should settle the Grothendieck-
Riemann-Roch problem in any cohomology theory. 

Since Green's work is unpublished, we devote most of the paper to its exposition. 
We present only those aspects that are relevant for our proof of HRR, and modify 
his presentation to bring out clearly the structure of his resolution that we find 
most relevant for applications. In §1 we state, without proof, his main theorem. 
In 2 we explain the Chern classes. In §3 we give, except for some computational 
details, tile proof of tile th.eorem in §1. The last section, §4, is the only non-
expository one, where we prove HRR. We remark that it could be proved in another 
way (comparing definitions of Chern classes) that we had already proved the theorem 
of §4 in [ 8], llut we llad no way of proving this without Green's thesis, and the 
approach in §4 is much. simpler. 

We are very grateful to H.I. Green for making his work available to us, and to 
N.R.O' Brian for many valuable comments. We also thank the audience at Lefschetz 
Centennial Conference for their reaction; particularly J. Eells for his 
encouragement to write this paper in its present form, and 0. Forster and P. 
Griffiths for informing us of the current status of the question of existence of 
global resolutions. 

§1. SIMPLICIAL VECTOR BUNDLES. 

In order to explain Green's construction we introduce a notion of "simplicial 
vector bundle" over the nerve of a covering. This term has beenused in the literature 
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CHERN CLASSES 263 

in several w~s, all different from the one here. 

The context is the following. We suppose we are given a manifold M (for our 
purpose mainly a complex manifold with structure sheaf ~M' but could also be real 
analytic or C~ manifold with ~M = sheaf of real analytic, respectively em 
functions), and an open covering 11 = {U }. We write N11 for the nerve of 11. It . a 
a =<a ... ap> is a simplex of Nll, we write Ua for Ua n ... n U . o 0 a p 

We assume given the following data: 

(SB 1) For each simplex a of Nll, a free ~Ua - module Ea with basis 

e = {e, , ... ,ek(a)}. 
a a a 

(SB 2) For each simplex a and each pair of vertices a,e of a, an isomorphism 

a aae: Ea + Ea 1 inear over ~Ua. 

(SB 3) The isomorphisms a aa6 satisfy the cocycle condition in the sense that for 
any simplex a and any three vertices a,f!,y of a, the identify 

holds. 

(SB 4) Whenever a < r there is an inclusion of the basis ea in e-r. Thus if 
we 1 et ea ,r denote the comp 1 ement of ea in e-r , and Ea ,-r denote th.e free 
~U - module with basis e , we have a short exact sequence a,-r 

T 

O+EJu +E +E +0. a a,T 
T 

(SB 5) For any pair of simplices a < -r and any two vertices a,8 of a, the 
matrix 'aa8 is of th.e form 

'a = [aaa8 *] 
ae 0 1 • 

We call such a collection {Ea,aaa8} a one-cocycte o6 compatible ~omo~p~ 
and denote it simply by (E,a). We can also think of it as a compatible collection 
of one-cocycles of isomorphisms, i.e., a one-cocycle aa a over each U , all 

a., a 
of these being compatible in the sense of (SB5 ). More looseley, we could think 
of it as a compatible collection of vector bundles. But this can only be made 
precise by specifying condition (SB 5) on the transition functions. 

By a ~implicial vecto~ bundle we mean simply a one-cocycle of compatible 
isomorphisms. (Strictly speaking modulo an obvious equivalence relation, which we 
will not use explicitly). 

Note th.at a vector bundle is a special case of a simplicial vector bundle. 
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264 D. TOLEDO AND Y.L. TONG 

Namely, given a one-cocycle {aaB} in the usual sense, let 0 aa(3 aaslu
0

• 

By a complex of simplicial vector bundles we mean a sequence 
E = {Ck, ...• C~E 0 } and differentials b1: E1 • El+l which are bundle mappings 

in the sense tnat b1 = {abl} where 0 b1: E1 ... El+l and 
a ' a a a 

ob1 aal = aal+l abl 
a aB aB B • 

We say that a complex of simplicial vector bundles ~~olv~ a coherent sheaf s 
on M if for each a and a E a there is ·exact sequence of sheaves 

ob ob 
-k a -k+l a. 0 _,.. E0 - E0 -+ ••• __,.. E0 + SS lu

0 
-+ 0 • 

(to simplify later notations, we will always assume that the length k of the 
resolutions is always n = dimE M). 

G~een'~ Theo~em 1: Every coherent sheaf S over M has a resolution by a complex 
of simplicial vector bundles. Moreover the resolution can be chosen so that for 
each a < T the complex E as in (SB 4) is a direct sum of elementary a,r: 
sequences. 

Recall that an elementary sequence is a complex of the form 
id 0 ....... 0 .... E _. E .... 0 .... . . . . Thus E0 lu and E, have the same simple homotopy 

T type. 

§2. CHERN CLASSES. 

The relevance of simplicial vector bundles is that they allow the extension 
of certain additive natural transformations from vector bundles to coherent sheaves. 
We illustrate this extension first for the simple example of the determinant line 
bundle (or first Chern class in Pic M), then for Chern classes in de Rham 
cohomology. The formulation of the most general theorem of this nature is left 
to the reader. 

Let (E,a) be a 

is a cocycle. Namely, for any simplex <a.B)> we have by SB 5 the identities 

det [ <aB> J I 
aaB IJ<a.By> 

det [ <a.By>aa.B] 

det [<ay> ]1 
aa.y u<a.Sy> 

det [ <a.By>aay J 

det [ <Sy> J I 
asy u<a.By> 

det [ <a.Sy> ] 
a6Y 
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CHERN CLASSES 265 

and by SB 3 we also have 

det [ <o.By> a o.B] det [ <a.By> a6J = det [ <o.By> aay] . 

Hence over U 6 we get the cocycle identity <a y> 
det [ <aB> a as] det [<By> a6y] = det [ <a:y> aa.y] 

as claimed. Thus a simplicial vector bundle (E,a) has a determinant bundle 
det(E,a). If s is a coherent sheaf and (E· ,a) is a simplicial resolution of 
s, by standard arguments (using, e.g., [ 7], Prop 1.10 and §3), the line bundle 

det($) = y det(E1,a)(-l) 
1 

is will defined (independent of (E· ,a)). 

The first Chern class of S in de Rhamm cohomology is simply c1(det S) 

and is explicitly represented by the cocycle 

( )1 <o.B> 1 1 1 
I: -1 d log det ao.B E C (u, "closed ) · 

Direct computation from Green's resolution shows that this is the same cocycle 
given by the general formulas of [7]. This cocycle has also appeared, from 
different points of view, in unpublished work of other authors. But Green's is 
the first construction of Cech- de Rham cocycles for higher Chern classes. 

Now to the general construction. This is based on the formal properties 
of the Cech- de Rham cocycles introduced by Bott in [41 to represent the Chem 
classes of (holomorphic} vector bundles in H*(M,t). Namely, we follow Batt's 
recipe applied to the followings situation. Start with a holomorphic vector 
bundle E over M, trivialized over each uc-. E u and with transition functions 

a = {aa.6}, aa6: U<o.B> ~ GL(m,t}, 

and a GL(m,t}-invariant polynomial <P of degree p on M x M complex matrices. 
Give EIUa the flat connection corresponding to the trivialization, i.e., va 
(section) = d (_corresponding vector function). Interpolate the connections and 
fibre integrate as described in [4]. The result is easily checked to give the 
following structure: 

For each invariant polynomial <P of degree p a sequence of Cech- de Rham 
cochains 

with. the properties: 

(B 1 ) For each 
in 

k( l k( 2p-k) -w<P a e c 11, n , k - 1, ••• , p, 

universal polynomial expresion 
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266 D. TOLEDO AND Y.L. TONG 

depending only on ~ and k. Thus we write 
k w (a) 
~ ·ao ..• ak 

k 
w.~(aN N , ••• ,a,. N "' ) for 

.,. "'o"'l "k~l'"'k 

to emphasize that this expresion is defined whenever we are 

given an open set U in a complex manifold and holomorphic functions 
a : U ~ GL(m,l:}. Moreover, w~ is natural under local biholomorphic 
aiaj 

maps V -+ U. 

(B 2) The sequence w~ is a universal Cech- de Rham cocycle in the sense that 

(B 3} 

(B 4} 

whenever we are given a : U ~ GL(m,l:} as in (.B 1} which satisfy the 
Cli Clj 

cocycle condition a a = a , the identity 
aiaj ajak aiak 

w~( a , ... , a ) = cp (a - 1 d a A .. ·A d a ) , 
aoa1 ap-1ap aoap aoa1 ap-1ap 

the universal representative for the Atiyah- Chern class of E [1] , cf [12]. 

Stab:;~:y: , ... ,a ) =~~!J(aaoai *) .... , (aak-1ak *1~) .,. aoa1 ak-1ak .,. ~ 0 1 0 . ) 

(here we think of ~ as defined on matrices of any size in the standard 
way}. 

It is proved in [ 4] that the cocycle w~ (a} + .•• + w~(a) in the total complex 
of C*(u,n*} represents the Chern class of E corresponding to ~ in H2P(M,I:}, 
and its "leading term in the Hodge filtration", the 5-cocycle w~(.a), referents 
the Atiyah- Chern class in HP(M,nP). 

The beauty of this construction is that it extends immediately to simplicial 
vector bundles. Let (E,a} be a simplicial vector bundle (and to avoid certain 
technicalities, assume the index set of u has a partial order that restricts to 
a total order in each simplex, and consider only increasing simplices). Define 
( cf B 1 } 

where a= <a0 ... ak>. 

Just as with th.e discussion of the determinant flundle, we have: 
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CHERN CLASSES 

THEOREM. The ·.u~(a}, k = 1, ... ,p, 6Mm a. Checb.- de Rham cocyci..e. 

PJr.Oo6. We have to check. 

(*) (owk(a) 1 
no·· .nk+ 1 

,.. 
Let -r = <n0 ••• nk+l> and a i = <n0 ••• ni ... o.k+l> 

By SB 5 and B 4 we get 

k '[ '[ '[ ) = w,,( a , ... , a , ... , a , 
~ o.oo.1 o.i-lo.i+1 nko.k+l 

(obvious modification for i = O,k+l), and from SB 3 and B 2: 

Combinining these two identities with the definition, (*) follows, and the 
theorem is proved. 

267 

We can now define the Chern classes of a simplicial vector bundle (E,a) to 
be the cohomology classes of the above cocycles. Thus the p'th Chern class cp 
is obtained by taking 'P = trace of p'th exterior power , the p'th component of 
the Chern character by taking the suitable multiple of ~p· = trace of p'th power, 
etc. The total Chern class (resp. Chern character) of a coherent sheaf S is 
then defined to be the alternating product (resp. alternating sum ) of those of 
the simplicial bundles in a simplicial resolution (E" ,a). Standard arguments 
show that th.e resulting cohomology class is independent of the resolution. 
Moreover, if we tensor (E" ,a) with the sheaf llan of real analytic functions 
on M we obtain a simplicial resolution of S & llan (flatness of llan over ll). 

Thus comparing this with a global resolution of S & llan as in Atiyah-Hirzebruch 
[2,31 we obtain that these classes agree with those defined via global real-ana-
lytic resolutions. 

We write 

c~(S) for the (cohomology class of the) Chech- de Rham cocycle just defined, 

c~(Si) for (the cohomology class of) its component of bidegree p- p, 

c~-H(Si) for the class of Atiyah-Hirzebruch. 

The discussion of Chern classes can be sumarized as follows: 

~een'4 Theo4em 2: The classes c~(Si) E H2P(M,t) have the properties: 

1) cp{ii} is. represented by a total cocycle in Ql ck{.u, n2P-kl, lc;;.kc;.p, 
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268 D. TOLEDO AND Y.L. TONG 

whose component of b'idegree p- p gives c~(i} E HPCM,nP}. Thus the c~(j} 
have the same Hodge filtration as the Chern classes of bolomorphic vector bundles. 

2) c~(~} = c~-H{$) in H2P(M,E}. 

We denote the common value of c~ and A-H . 1 .. {CI} cp s1mp y ~ cp 1 . 

A similar discussion holds for the Chern character ch{i}. 

§3. CONSTRUCTION OF THE RESOLUTION. 

We now present Green's: construction. He start!i w.i.tb. a twisting cochain for 
~ as in [13] and successively modifies it to obtain a complex of simplicial vector 

bundles. We recall that a twisting cochain for $ mean!i 

1} over each U E u a free resolution a. 
ao,1 ao,1 

-n a. a. o I a + E - ••• _.. E + s u + a, a. a. 
2) ove.r each 

of degree 1 - k, 

Ua' a = <cx0 ••• a.k>' a bundle map ak,l-k ; E" IU + E" IU 
a.o · · · ak a.k a a.o a 

3} the cochain a = a0 •1 + a1•0 + a2·-1 + 

oa + a · a = 0 a1•0 = 1. ' a.a 

satisfies the identities 

We refer to [7) ,§1 for details of the meaning of oa + a • a = a, and for the 

simple theorem that a coherent sheaf can be resolved by a twisting cochain. 

To be able to go from a twisting cochain to a complex of simplicial vector 
bundles we need a concept that interpolates between them, namely a 4implic~at 

tw<Ating cocluUn on NU . Th.i s means; 

(STC 1) For each vertex a. and each a :><a> a free resolution; E" of 
aao,l aao,l a,a. 

s 1 u : a + en ~ •.. ~ E 0 + s 1u + o a a,a a,a. a 

(STC2) F h t · t" ha" aa=crao,l+aal,o+ a2,-1+ ... or eac a = < cx0 ••• cxp> a w1s 1ng coc 1n 
acting on the resolutions E" 

0 ,a.; 

CSTC 31 
modules 

Whenever a < T and a. a vertex of a, 

0 + E" IU + E" + E" + 0 as in a,a. T T,a a,T,cx 

a short exact sequence of free 
lSB 4}, §1. 

{_STC 4) Whenever a < T and a.0 , ••• ,a.k any vertices of a (.repetitions 

allowed ! ) , th.e matrix Tak,l-k is of the form: 
a.o · · · a.k 

; ) for k = 0, Tao,l = aaO,l Ell elementary sequences, a. (l 

;i) for k = 1 Ta1,o = [ ua1,o ~] a.B a.B 0 
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iii) for k >I, 

Simplicial twisting cochains include both twisting cochains and complexes of 
simplicial vector bundles. Namely, a twisting cochain gives an STC by taking 

E~.a = E~IU 0 and 0 a = aiU0 • A complex of simplicial vector bundles is an STC 

such that 

I) E' is independent of a, denoted simply by E0' • a,a 

2) 0 ak,I-k = 0 for k > I. 

We can now present the inductive construction. 
temporarily drop the assumption that the ~ a in an 

• 
Thus we allow 

It will be convenient to 
STC are negatively graded. 

... 0 + 0 + E-n+r 
a,a + ••• + E0 + • • • Er + 0 + 0 + ••• o,a o,a 

We assume given an STC (E0° . 0 a) that also satisfies: ,a 

*I) For j ~ I, the modules E0j are independent of a, ,a 

*2) For j ~I, 0 aq,I-qiE~ = 0 for q > I 

To such an STC we apply a modification denoted (M(E)' 0 • 0 M(a)) defined as ,a 

follows. Fix a simplex o = <a0 ... ap> and to simplify the notation drop the 
suffix a (i.e .• write o = <o ... p>, E~.i for E~ a·. etc). Let M(E) be 

• 1 

defined by 

M(E)~.i=E~~~ for j< 0 or j>I, 

M(E) j - E0 e E0 e e Ej-I e e E0 f · 0 I o,i - o,o o,I ... a,i ... o,p or J = • • 

The new twisting cocnain M(a) is defined by M(a) 
In dimenston 0: 

a in dimensions j ~ O,I. 

I 

1 

0 M(a)3i0 has r- sentry (r =row. s column). given by 

Licensed to Univ of Michigan.  Prepared on Fri Jul  5 11:03:12 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



270 

if ; ~ j, 

In dimension 1: 

I 
<; 
I 

D. TOLEDO AND V.L. TONG 

6rs 
a o,1 
a; 

_a a~ ~o 

a 1,o 
aji 

aa~~-1 
JlS 

0rs 

1 

_aa~,o 
lS 

a 1,o 
aji 

a a~, 1 aa~~-1 
J JlS 

r ~ i,j 

r = i ' $ = 

r = i ' s ,. 
r = j' s = 

r = j, s ~ 

r ~ i ,j 

r = i' s = 

r = ; ' s ~ 

r = j' s = 

r = j, s ,. 

i 

i 

if i ~ j, and aM(a)~~o " 1 , aM(a)q· 1-q = 0 for q;;;. 2 . 
11 

LEMMA. (M(E)., M(a)) ..U a .6..impliciai. tw.U:tirr.g cac.ha.i.n. that 4a:ti-66-ie.& (*1} arr.d 

(*2). 

Pkea6. A quick look at the fonmulas shows that (*1} and (*2) are satisfied, 
as are STC 1, 3 ,4. Checking STC 2, namely the identity oaM(a} + aM(a)·aM(a) = 0 
is a six page matrix calculation that we do not reproduce. More specifically, 
Green checks [5) : 

1) aM(a) 1•0 is a chain map in dimensions 0,1; 

2) In dimension 1, aM(a)k 1 ~ 0 aM(a)~~o = aM(a}k 1 ~ 0 
J Jl 1 
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3) In dimension 0, 

4} In dimension 0, the component of o0 M(a} + 0 M(a) ·0 M(a) in bidegree 

(q,2-q) is zero for q > 2. 

Each of these is a straightforward but lengthy verification. Once these are 
verified, the rest of the twisting cochain identity is automatic, and STC 2 is 
proved. 

271 

Green's th.eorem now follows by induction, since the resolutions M(E)" have 
the form 

..,. M(Efn+r+1 ..,. ... ..,. M(E) 0
0 -+ ••• M(E)r+0 ~ -+ 0 -+ ••• , 

o, a. 'a. ''"' 
and *1, *2 hold, thus (M(E)", M(a)) is one step closer to a complex of simplicial 
bundles than (E,a) is. Namely, start with a twisting cochain for S, apply the 
process M n + 1 - times., and the result is a complex of simplicial bundles (n 
applications make aq·1-q = 0 for q > 1, one more application makes the 
E0 independent of a.}. o, a. 

Relabel the last modification so that it is negatively graded, and call it 
(E" ,a). This is Green's simplicial resolution. 

§ 4. THE RIEMANN - ROCH THEOREM. 

We now explain how Green's constructions can be combined with our proof of 
the Hirzebruch- Riemann- Roch formula for vector bundles [121 to extend this 
formula to coherent sheaf. Recall that the desired formula states that for a 
coherent sheaf s over a compact complex manifold M (or M open and S with 
compact support) 

(HRR) X(M,S) =~Todd (M) ch(S ), where X(M,S) = I:(-1)i dim Hi(M,S). 

We start, as in [8,12], with the natural extension to the sheaf -theoretic 
context of Lefschetz's computation of the homology class of the diagonal in 
M x M [6), namely the commutative diagram 

Extn-i(M,,s,n") & Hi(M,$) _!!; Hn(M,nn) £a: 
~ '"" j tr 

n. * * o,n ~* n n Ext CMxM, ·rr2.s, 1r1s&n } __..Ext (M,S,s&n) 

t * '"" Extn(M x M, ~~. '!1'1S & n°'n}---+ H0 (M, Hom(S,S)) 
lU 

l\ 

lU 

id 
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272 D. TOLEDO AND Y.L. TONG 

For more details see (8]. We just recall that the pre-image of the identity under 
the lower horizontal arrow, which we denote by A for Le64chetz cla.&-6, or dual 
class of the diagonal, can be obtained from a local computation. Comparison of 
the two ways of obtaining a number from A, corresponding to the two paths from 
the lower left hand corner to the upper right hand corner, gives HRR. Namely, 
the upper path gives quite formally X{M,S), and the local nature of the situation 
forces the lower path to give Todd (M) ch{S}. 

In order to carry out the local computations we need a suitable complex to 
compute Ext. First, to compute Ext(M,S,S), rather than using the twisted 
complexes as in [8] we need to use a complex that is naturally suggested by 
Green's contruction, which we now describe. 

Let (E' ,b} be a resolution of S by simplicial vector bundles. To avoid 
certain technicalities assume an ordering on U as at the end of §2. By a 
k-cochain c o6 compatible endomo~phi4m-6 of degree 1 we mean; 

{C 1) For each < a0 ••• ak>' a collection 

c ={ 0 c }o;;;o<a ... a> 
ao'''ak ao···<lk 0 k 

:J 
Denote the collection of all such cochains by Ck(U, Hom1(E,E)). Define a Cech 
coboundary o: Ck(U, Hom1{E,E)) + Ck+1(u, Hom1(E,E)) by letting (oc) 

ao · · .ak+ 1 
be the k + 1 - cochain 

Define a differential raising 1 degre by one by the usual formula for Hom 
of two complexes. The two differentials commute, and the resulting bicomplex 
C'(U, Hom'{E,E)) is called the complex o6 cochain-6 o6 compatible endomo~phi-6m-6. 

Standard arguments as in [7,13] show that the cohomology of the total complex is 
Ext{M,s.s). This complex has a naturally defined trace 

C'(U, Hom'{E,E)) + C'{U,~) 
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CHERN CLASSES 273 

where tr means Lefschetz number (alternating sum of trace) for endomorphisms of 

degree zero, and zero otherwise. This is easily verified to be a chain map (just 

as in the Chech- de Rham identity of §2). Thus we get 

Ext· (M,,S!,,S!) !!;. H" (M,~). 

Tensoring the construction with nn, we get 

C"(u, Hom"(E,E&nn)) ~ c·cu,nn) 

which induces the map 

in the top right hand part fo the diagram. 

The group Extn(MxM, 1r~,S!, wf,S!&n°'n) is computed by a similar complex of 

cochains of compatible homomorphisms. The group Extn(M x M, 6..,), 7rf.S!& n°•n), in 

which A lies, is computed by tensoring the dual twisted complex of the Koszul 

resolutions of ~a with Hom· (1r~E, 1riE& n°•n). The point is that the structure 

of the simplicial resolution (E" ,b) is sufficiently close to that of a vector 

bundle that the formula given in [12], §12 for tensoring the twisting cochain with 

Hom(1r~E, 7rfE)&n°'n (E a vector bundle) applies, with the obvious interpretation, 

to (E" ,b). We explain this only over the subcomplex of the nerve of 11 xU spanned 

by the vertices Ua x Ua' since the restriction of A to the diagonal factors 

through this. 

A k-cochain with values in K & Hom"(1r~E, 7rfE)&n°'n = Hom"(7rfE, 1r~E&K&n°'n). 

is a collection 

which satisfies the compatibility condition C2 with respect to the bases e ,e 
a < 

and ea,e, tensored with standard basis for 

for K acts by letting (~ 1 + 1 ·- 1 ·c) 
ao. · .ak+l 

K a n°•n. The twisting cochain l 

be + the collection 
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274 D. TOLEDO AND Y.L. TONG 

The general argument of [8],§2 can be refeated in this context to construct 
~. Examination of the formulas shows that the final expression for x(M,s) is 
the same as applying the process of [12], §12 to each constituent simplicial 
bundle (E',b) of (E" ,b) and taking alternating sum, hence by the invariance 
argument these (or the more direct analysis of [8], §4) the answer is 
Todd (M) chA(s). But by the Hodge filtration of chG(s) (§2), this has the same 
evaluation over M as Todd (M) ch (S) (cf [12],§1), and HRR is proved. 

We have ommitted many details since all that is really required is a careful 
reading of [12] and [8], §2, checking that everything goes though in this context. 
For the reader interested in following the details, we mention two facts that are 
needed: 

1) The "initial condition" for constructing A has a 1 in the lower 
right hand corner of C 2, rather than a zero, although all the other terms in 
the successive construction have a zero. It is easy to see that the complex 
obtained by putting an arbitrary entry in that corner is quasi-isomorphic to the 
one we defined. 

2) The expression for A obtained from [ 8], §2 looks quite complicated, 
since it also involves the resolution differential, but all these terms have 
positive endomorphism degree, hence zero trace. Thus only the transiton functions 
(i.e., the expressions in [12] ,§12) appear in the final answer. 

[ 11 M.F. Atiyah. 
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