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Abstract. Two 10-dimensional familes of holomorphically symplectic
fourfolds are associated to Fano models of Enriques surfaces in P5. The
first one parametrizes the varieties of lines on smooth cubic hypersur-
faces containing 10 mutually intersecting planes. The second one is a
family of double EPW sextics introduced by K. O’Grady. The EPW
sextics are associated to Lagrangian subspaces of the Plücker space of
the Grassmannian G2(P5) spanned by 10 mutually intersecting planes
in P5. Also some results are obtained on the variety of general tens of
mutually intersecting planes, not necessarily associated to Fano models
of Enriques surfaces.
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1. Introduction

In this paper we study several constructions of holomorphic symplectic
fourfolds arising naturally from complex Enriques surfaces. One of these
constructions is of course straightforward: one considers the K3 cover Y of
an Enriques surface S and then takes the Hilbert square Y [2] known to have
a natural structure of a holomorphic symplectic fourfold. The following two
new constructions are more geometric and interesting. Both of them use a
Fano model of an Enriques surface, a smooth surface of degree 10 in P5. A
Fano model of a general Enriques surface comes equipped with ten elliptic
pencils |Fi| of curves of degree 6 with Fi · Fj = 4 for i 6= j. It is known that
each elliptic pencil on an Enriques surface contains 2 double fibers, each is
a plane cubic curve on the Fano model. A choice of one such fiber in each
pencil defines 10 planes Λ1, . . . ,Λ10, the planes spanned by the cubics. Each
pair of planes intersects at a point. This is our starting datum for the new
constructions.

We show that, generically (in the sense of moduli of Enriques surfaces
which we will make more precise in the paper), there exists a unique smooth
cubic hypersurface C in P5 which contains these planes. The variety of lines
on a smooth cubic fourfold is a known example of a holomorphic symplectic
fourfold. This is our first holomorphically symplectic fourfold associated to
the Fano model of an Enriques surface.

The second new construction is more elaborate. First, we view the 10
planes as a set of 10 points in the Grassmann variety Gr(2,P5) of planes in

P5. In the Plücker embedding Gr(2,P5) ↪→ P
(∧3 C6

)
∼= P19, we consider

ten vectors vi ∈
∧3 C6 representing these ten planes. The natural symplectic

form on
∧3 C6 defined by the wedge product (plus a choice of a volume form
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on C6) allows one to interpret the condition that the ten planes intersect
pairwise as the condition that the vectors v1, . . . , v10 span an isotropic sub-
space A. Generically, dimA = 10, that is, A is a Lagrangian subspace. Now
we invoke a recent construction of K. O’Grady of a holomorphic symplectic
fourfold arising from a Lagrangian subspace of

∧3 C6. He considers the lo-

cus of vectors v ∈ C6 such that
(
v ∧

∧2 C6
)
∩ A 6= {0}. The image of this

set in P5 is a hypersurface of degree 6, the so-called EPW sextic introduced
by D. Eisenbud, S. Popescu and C. Walter in

EPW
[24]. O’Grady shows that the

hypersurface admits a double cover ramified along its singular locus, a sur-
face of degree 40, and this double cover has a structure of a holomorphically
symplectic fourfold. All of this is true under certain assumption of generic-
ity of a choice of A. In our case, the Lagrangian subspace is certainly very
special. In particular, the associated EPW sextic hypersurface is singular at
additional 10 planes, the ten planes Λi. O’Grady’s double cover X of this
EPW sextic is a singular symplectic variety, and we provide a description

of its minimal resolution X̃, which is a holomorphically symplectic fourfold.
The degree 40 surface part of the singular locus of the EPW sextic is conjec-
turally birational to an Enriques surface S (not isomorphic to the original

one, in general). The ten planes give rise to 10 divisors on X̃, which are P1-
bundles over some K3-surfaces (in general not isomorphic to the K3 double
cover of the Enriques surface S). We show that the generic holomorphically

symplectic fourfold X̃ obtained in this way is not birationally isomorphic to
the variety of lines on the cubic fourfold C, though the starting data are the
same.

Some of the proofs rely, in part, on theoretical considerations involving
theory of Enriques surfaces and the work of O’Grady on EPW sextics, but
also on computer algebra computations, used to show that the dimension,
Hilbert polynomial and certain conditions on the singularities or configura-
tion of relevant varieties are as expected. Those conditions are verified by a
Macaulay2 computation

M2
[28] for a special choice of initial data, which implies

that they are valid generically. Another construction of a 10-dimensional
family of holomorphically symplectic manifolds as resolutions of singulari-
ties of EPW sextics along 10 pairwise incident planes is due to A. Ferretti
F3
[26]. He obtains his family via deformation of the degenerate double EPW
sextic associated to the Cayley quartic symmetroid surface. As it is known
that the Cayley quartic symmetroid surface is birationally isomorphic to the
K3-cover of a non-generic Enriques surface, containing a smooth rational
curve, Ferretti’s construction is also somehow related to Enriques surfaces.
Though we were unable to find a geometric way of identification of the two
10-dimensional families, we checked that they are isomorphic by using the
Global Torelli Theorem.

In the course of our study we came upon the following interesting problem
in projective geometry first considered by Ugo Morin in 1932

Morin1
[44],

Morin2
[45]. A

median is a linear subspace in P2n+1 of dimension n. What are maximal sets
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of medians in which each two medians intersect? Morin was able to classify
such infinite families and he writes in the introduction to his paper

Morin1
[44] that

he did not undertake the classification of finite maximal sets of pairwise
intersecting planes in P5 because of encountering considerable difficulties.1 A
count of constants suggests that the number of planes in such a family should
be 10 and the expected dimension of the variety parametrizing such families
should be 45. We show that the expected situation is the one happening
in reality for the tens of planes arising from Enriques surfaces as above.
But there are examples showing that in general such estimates are wrong.
The preprint version of this paper that was circulated in 2010 contained
descriptions of Morin infinite complete families and other examples, among
which one example of a maximal family of 13 mutually incident planes in
P5 (Example

Exa5Exa5
6.15). We also reported on this work in several conferences,

see e. g.
DM-OW
[18]. Since then there has been a substantial progress about the

Morin Problem, see
OG5
[55],

F3
[26],

KapustkaVerra
[36],

vanGeemen
[25]. (Igor:added a reference)

We are grateful to K. O’Grady and A. Ferretti for fruitful discussions
about EPW-sextics. D. M. thanks the Department of Mathematics of the
University of Michigan for hospitality and acknowledges the support from
the Labex CEMPI (ANR-11-LABX-0007-01). We thank the anonymous
referee for his tremendous work that allowed us to substantially improve the
exposition of our paper.

2. Fano models of Enriques surfaces

We take for the ground field the filed of complex numbers although many
geometric constructions in the paper are valid for any algebraically closed
field of characteristic 6= 2 or even characteristic free.

2.1. Markings and supermarkings. We refer for many general facts about
Enriques surfaces to

CD
[13] or

DolgachevBrief
[21]. Let S be an Enriques surface and Pic(S)

its Picard group. It is known that Pic(S) coincides with the Néron-Severi
group and its torsion subgroup is generated by the canonical class KS .

The group of divisor classes modulo the numerical equivalence

Num(S) = Pic(S)/(KS)

is equipped with the symmetric bilinear form defined by the intersection
pairing on the surface. It is a unimodular even quadratic lattice of rank 10
and signature (1, 9). As such it must be isomorphic to the orthogonal sum

E = E8 ⊕ U,

where E8 is the unique negative definite unimodular even lattice of rank
8 and U is a hyperbolic plane over Z. One can realize E as a primitive

1La classificatione dei sistemi completi formati con un numero finito di piano non è
stato effettuato, poichè presentava notevoli complicazioni.
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sublattice of the standard odd unimodular hyperbolic lattice

1.11.1 (2.1) I1,10 = Ze0 + Ze1 + · · ·+ Ze10

where e2
0 = 1, e2

i = −1, i > 0, ei · ej = 0, i 6= j. The vector

k10 = −3e0 + e1 + · · ·+ e10

satisfies k2
10 = −1 and

E = k⊥10 ⊂ I1,10.

The vectors

fifi (2.2) fi = ei − k10 = 3e0 −
10∑

j=1,j 6=i
ej , i = 1, . . . , 10,

form an isotropic 10-sequence in k⊥10, i.e. an ordered set of 10 isotropic
vectors satisfying fi · fj = 1, i 6= j.

Adding up the vectors fi, we obtain

defDeltadefDelta (2.3) f1 + · · ·+ f10 = 3∆,

where
∆ = 10e0 − 3e1 − · · · − 3e10 ∈ E.

Note that one can reconstruct the standard basis in I1,10 from the isotropic
10-sequence using that

e0 = ∆ + 3k10, ei = fi + k10, i = 1, . . . , 10.

A basis in E can be defined by the vectors

stbasisstbasis (2.4) α0 = e0 − e1 − e2 − e3, αi = ei − ei+1, i = 1, . . . , 9,

with the intersection matrix (αi · αj) described by the following Dynkin
diagram

• • • • • • • • •

•

α1 α2 α3 α4 α5 α6 α7 α8 α9

α0

Figure 1. Enriques lattice enriqueslattice

Let W be the group of orthogonal transformations of I1,10 which fixes k10

and leaves the connected components of the cone {x ∈ I1,10 ⊗ R : x2 > 0}
invariant. Restricting isometries from W to isometries of k⊥10 defines a ho-
momorphism from W to a subgroup O(E)′ of index 2 of the orthogonal
group O(E) of the lattice E that consists of isometries that leave the con-
nected components of the cone {x ∈ E ⊗ R : x2 > 0} invariant. Since E
is a unimodular sublattice of a unimodular lattice, this homomorphism is
surjective. We have

(2.5) O(E) = O(E)′ × {±idE},
where idE is the identity isometry of E.
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The orthogonal summand U of E is spanned by α9 = e9 − e10 and

f = 3α0 + 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + 2α7 + α8.

Each vector αi defines a reflection isometry

sαi : x 7→ x+ (x,αi)αi

of I1,10 which leaves k10 invariant.
The group W is isomorphic to the Coxeter group W2,3,7 with the set of

generators sαi . This follows from the general facts about reflection groups
(see, for example,

DolgachevBAMS
[17, 4.3]). The Dynkin diagram from above becomes the

Coxeter graph of the reflection group W2,3,7.
Let us consider D = E/2E as a vector space over F2 of dimension 10. We

equip D with a quadratic form defined by

q(v + 2E) =
1

2
v2 mod 2.

The quadratic form is even in the sense that its Arf invariant is equal to
0, or, equivalently, #q−1(0) = 24(25 + 1) = 528, the other possibility being
#q−1(0) = 24(25 − 1) = 496. In an appropriate basis the quadratic form is
given by the standard quadratic form q = x1x2 + · · ·+x9x10. We denote its
orthogonal group by O+(10,F2).

We have a natural surjective homomorphism of orthogonal groups

hom1hom1 (2.6) W → O(E)→ O(D, q) ∼= O+(10,F2).

Its kernel is denoted by W (2).
Let

W = D o O(D, q) ∼= F10
2 o O+(10,F2) := AO+(10,F2),

where the group O(D, q) acts naturally on D. An easy lemma from the
theory of abelian groups tells us that

display1display1 (2.7) Aut(E⊕ F2) ∼= Hom(E,F2) o Aut(E) ∼= D o Aut(E),

where we identify D with Hom(E,F2) by using the symmetric bilinear form
induced by the intersection form on E.

The following lemma follows from (
display1display1
2.7).

Lemma 2.1. Let O(Pic(S)) be the group of automorphisms of Pic(S) pre-
serving the intersection form. Then a choice of an isomorphism φ : Num(S) ∼=
E and a splitting s : Num(S)→ Pic(S) defines an isomorphism of groups

O(Pic(S)) ∼= D o O(E),

where O(E) acts on D via its natural action on E/2E.

Let R be a smooth rational curve on X. We will often call it a (−2)-curve
(since, by the adjunction formula, R2 = −2). Obviously the linear system
|R| consists only of R, so we can identify R with its divisor class. Also
observe that |R+KS | = ∅ because the linear system |2R| = |2(R+KS)| =
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{2R}. Thus we can also identify R with its numerical class. Each (−2)-curve
defines a “reflection” automorphism of Pic(S)

sR : x 7→ x+ (x ·R)R.

The group generated by such reflections is a subgroup of O(Pic(S)) and,
under natural homomorphism O(Pic(S)) → O(Num(S)) ∼= O(E), can be
identified with a reflection subgroup of O(E). We denote this subgroup by
W nod
S .
Let Aut(S) be the group of automorphisms of S and

r : Aut(S)→ O(Pic(S)), g → g∗,

its natural representation in the orthogonal group of O(Pic(S)). Its kernel
is a finite group (see

DolgachevBrief
[21, p.20]). We denote by

Aut(S)∗ ⊂ O(Pic(S))

the image of the homomorphism r and by

Aut(S)∗∗ ⊂ O(Num(S))

its image in O(Num(S)). The following facts are well-known (see, for exam-
ple,

DolgachevBAMS
[17, Theorem 5.12]).

• Aut(S)∗∗ is contained in O(Num(S))′ ∼= O(E)′;
• Aut(S)∗∗ ∩W nod

S = {1};
• Aut(S)∗∗ ·W nod

S = W nod
S o Aut(S)∗∗, where Aut(S)∗∗ acts on W nod

S

by conjugation sR 7→ g ◦ sR ◦ g−1 = sg(R);

• W nod
S o Aut(S)∗∗ is a subgroup of finite index in O(Num(S)).

It is known that, for an unnodal Enriques surface (i.e. not containing
(−2)-curves), the groups Ker(r) and W nod

S are trivial, so the natural ho-
momorphisms Aut(S) → Aut(S)∗∗ and Aut(S) → Aut(S)∗ are bijective.
Moreover, the group Aut(S)∗∗ contains the 2-congruence subgroup

O(Num(S))′(2) := Ker(O(Num(S))′ → O(Num(S)/2Num(S))

(see
BP
[2],

DolgachevBrief
[21]).

defmsm Definition 2.2. An isomorphism of lattices φ : E → Num(S) is called a
marking of S. Two markings φ : E → Num(S) and φ′ : E → Num(S) are
called equivalent if there exists σ ∈ O(E) such that φ′ = φ◦σ and φ◦σ◦φ−1 ∈
(W nod

S oAut(S)∗∗)×{±idNum(S)}. A supermarking of S is an isomorphism

φ̃ : E⊕F2 → Pic(S) such that its composition with the projection Pic(S)→
Num(S) is a marking E → Num(S). Two supermarkings φ̃ and φ̃′ are

equivalent if there exists σ̃ ∈ O(E⊕F2) such that φ̃′ = φ̃◦ σ̃ and φ̃◦ σ̃◦ φ̃−1 ∈
(W nod

S o Aut(S)∗∗)× {±idPic(S)}.

If S is an unnodal Enriques surface, then W nod
S = {1} and, for any g ∈

Aut(S)∗∗ we have φ−1 ◦ g ◦ φ ∈ W (2). This shows that elements of W (2)
act identically on equivalence classes of markings and the set of equivalence
classes of markings is a torsor under the group W/W (2) ∼= O+(10,F2). The
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set of equivalence classes of supermarkings on S is a torsor under the group
AO+(10,F2).

2.2. Isotropic sequences. Let Nef(S) denote the nef cone of S. It is the
subset of NumR(S) = Num(S) ⊗ R of numerical classes of R-divisors D
such that D · C ≥ 0 for any effective divisor C. Since any class of an
irreducible divisor with negative self-intersection is the class of a smooth
rational curve R, the nef cone can also be defined as the set of effective
R-divisors D that have non-negative intersection with any smooth rational
curve. It is known that Nef(S) is a fundamental domain for the action of
W nod
S on NumR(S)+ = {x ∈ NumR(S) : x2 ≥ 0, x is effective}

CD
[13, Chapter

4, §2]. This means that, for any effective numerical class x ∈ NumR(S) with
non-negative self-intersection, there exists a unique w ∈ W nod

S such that
w(x) ∈ Nef(S).

Definition 2.3. A nef isotropic c-sequence in Num(S) is an ordered set of
c > 1 isotropic vectors f1, . . . , fc ∈ Nef(S) ∩ Num(S) such that fi · fj =
1, i 6= j. A nef isotropic c-sequence in Pic(S) is an ordered set of effective
divisor classes F1, . . . , Fc such that their numerical classes fi = [Fi] form a
nef isotropic c-sequence in Num(S).

The proof of the following proposition can be found in
CD
[13], Lemma 3.3.1.

P5.1.5 Proposition 2.4. Let (f1, . . . , fk) be an isotropic k-sequence in Num(S) of
effective isotropic classes. There exists a unique w ∈ W nod

S such that, after
reindexing, the sequence (f ′1, . . . , f

′
k) := (w(f1), . . . , w(fk)) contains a nef

isotropic subsequence f ′i1 , f
′
i2
, . . . , f ′ic with 1 = i1 < i2 < . . . < ic < ic+1 =

k + 1 such that, for any is < i < is+1,

f ′i = f ′is +Ris,1 + · · ·+Ris,i−is ∈W nod
S · fis ,

where Ris,1 + · · ·+Ris,i−is is a nodal cycle of type Ai−is (i.e. the exceptional
curve of a minimal resolution of a double rational point of type Ai−is).

Since f ′i1 , . . . , f
′
ic

are nef, we have f ′is ·Rij ≥ 0. Since f ′is · f
′
is′

= 1, s 6= s′,

this implies that

f ′is ·Ris′ ,a = 0, Ris,a ·Ris′ ,b = 0, s 6= s′, f ′is ·Ris,1 = 1, f ′is ·Ris,a = 0, a 6= 1.

An isotropic k-sequence satisfying the properties of the isotropic sequence
(f ′1, . . . , f

′
k) from the proposition is called canonical. It follows from the proof

of the Proposition that the W nod
S -orbit of any isotropic sequence contains

a unique canonical isotropic sequence. The number c of nef members in a
canonical isotropic k-sequence is called the non-degeneracy invariant of the
sequence. A canonical isotropic k-sequence with non-degeneracy invariant k
is called non-degenerate. Obviously, the length k of any isotropic k-sequence
is bounded by 10. Of course, if S is unnodal, then any canonical isotropic
10-sequence is non-degenerate.

C:2.5 Corollary 2.5. There is a bijective correspondence between the following
sets
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• equivalence classes of markings of S;
• Aut(S)∗∗-orbits of canonical isotropic 10-sequences.

Also there is a bijective correspondence between the following sets

• equivalence classes of supermarkings of S;
• Aut(S)∗-orbits of ordered sets (F1, . . . , F10) of effective divisor classes

such that their numerical classes define a canonical isotropic 10-
sequence.

Proof. A marking φ : E → Num(S) defines an isotropic 10-sequence, the
image of vectors (f1, . . . , f10) defined in (

fifi
2.2). Applying some w ∈W nod

S , we
replace this sequence by a canonical isotropic 10-sequence. Then the mark-
ing w ◦φ : E→ Num(S) is an equivalent marking. Since −idNum(S) destroys

effectiveness and elements w ∈W nod
S destroy nefness, the only equivalences

of markings which preserve the canonical isotropic sequence originate from
elements of Aut(S)∗∗. This gives an injective map from the set of equivalence
classes of markings to the set of Aut(S)∗∗-orbits of canonical isotropic 10-
sequences. Conversely, given a canonical isotropic 10-sequence (f1, . . . , f10)
we choose any marking φ : E → Num(S) and consider an isotropic 10-
sequence (φ−1(f1), . . . , φ−1(f10)) in E. It follows from section 2.1 that there
is a bijection between isotropic 10-sequences (f1, . . . , f10) in E and root bases
(α1, . . . ,α10) with Dynkin diagram (

enriqueslatticeenriqueslattice
1). Since the group W = O(E)′ coin-

cides with the reflection group W2,3,7 generated by reflections in α0, . . . ,α9,
it acts simply transitively on the root bases and hence acts simply transi-
tively on the set of isotropic 10-sequences. Hence we can find σ ∈ O(E)′

such that φ′ = φ ◦ σ defines another marking that sends (f1, . . . , f10) to
(f1, . . . , f10). So the map from the set of equivalence classes of markings to
the set of Aut(S)∗∗-orbits of canonical isotropic 10-sequences is surjective.

The sublattice of E spanned by (f1, . . . , f10) is of finite index in E, equal to
3. Fix a set of effective representatives (F1, . . . , F10) of a canonical isotropic
10-sequence (f1, . . . , f10) in Num(S). Write the numerical class [D] of a
divisor as a linear combination of the isotropic 10-sequence (f1, . . . , f10)
with rational coefficients from 1

3 · Z. Then the choice of (F1, . . . , F10) gives
a splitting of the canonical surjection Pic(X) → Num(X). This is our
supermarking. The proof of the bijectivity of this correspondence is similar
to the previous one. �

2.3. Fano polarization. Let (f1, . . . , f10) be a canonical isotropic 10-
sequence and φ : E → Num(S) the corresponding marking. Replacing φ
by an equivalent marking, we may assume that φ(fi) = fi, i = 1, . . . , 10.
It follows from the proof of Proposition

P5.1.5P5.1.5
2.4 in

CD
[13] that f1 + · · · + f10 is a

nef numerical divisor class (in fact, this how one finds a canonical isotropic
sequence: apply W nod

S to make the sum nef and then prove that it satisfies
the properties of a canonical sequence). Let δ = φ(∆). Then

3δ = f1 + · · ·+ f10.
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T1 Theorem 2.6. For any canonical isotropic 10-sequence (f1, . . . , f10) in
Num(S), there exists a unique δ ∈ Nef(S) ∩Num(S) such that

1313 (2.8) 3δ = f1 + · · ·+ f10.

It satisfies

δ2 = 10, δ · f ≥ 3 for any nef isotropic class f.

Conversely, any nef δ satisfying this property can be written as in (
1313
2.8) for

some canonical isotropic 10-sequence defined uniquely up to permutation.

Proof. We have already shown that there exists some δ for which equality
(
1313
2.8) holds. Let fi1 , . . . , fic be the nef elements of (f1, . . . , f10). In notation

of Proposition
P5.1.5P5.1.5
2.4, we see that

fik + fik+1 + · · ·+ fik+1−1 = sRik + (s− 1)Rik,1 + · · ·+Rik,s−1,

where s = ik+1 − ik. Intersecting both sides with Rik,j , we obtain

(fik + fik+1 + · · ·+ fik+1−1) ·Rik,j = −2(s− j) + (s− j+ 1) + (s− j− 1) = 0.

We also see that Rik,j does not intersect any fi with i 6∈
{ik, iik+1, . . . , iik+1−1}. Thus

intersection1intersection1 (2.9) δ ·Rik,j = 0

for all k, j. For any effective divisor D, we have δ · [D] ≥ 0. Indeed, by
the above, we may assume that D does not contain Rik,j as irreducible
components, so [D] intersects all fi1 , . . . , fic non-negatively because they
are nef. Thus δ is a nef numerical class satisfying δ · fik = 3, k = 1, . . . , c.
Since fik ·fit = 1 for t 6= k, each fik is a primitive isotropic vector in Num(S)
(i.e. it is not an integer multiple of any other vector). By Hodge’s Index
Theorem, for any other primitive isotropic f , we have f · fik > 0. Hence

δ · f = 1
3

∑10
i=1 f · fi ≥

10
3 > 3.

Conversely, suppose δ is a nef numerical class such that δ2 = 10 and
δ · f ≥ 3 for any nef isotropic vector f . By

CD
[13, Corollary 2.5.7], there

are three O(E)-orbits of vectors of norm 10. Only one of them satisfies the
property that |∆ · f | ≥ 3 for all isotropic vectors f in E. Thus, if we fix
a marking of S, we may assume that δ corresponds to ∆, and hence we
can write 3δ = f1 + · · · + f10 for some isotropic 10-sequence (f1, . . . , f10).
Applying w ∈W nod

S we may assume that it is a canonical sequence. Since δ
is nef and the sum f1 + . . .+f10 is nef, we see that w = 1. Thus (f1, . . . , f10)
is already a canonical sequence. �

Let f be a nef primitive isotropic numerical class. Then f = [F ] =
[F +KS ], where F is a nef effective divisor with F 2 = 0. By

CD
[13, Propistion

3.1.2], |2F | is an elliptic pencil, and F + KS ∼ F ′ for some other effective
divisor with 2F ′ ∈ |2F |. The two divisors F, F ′ are the two half-fibers of an
elliptic fibration. Since |F | consists of the single divisor F , we will identify
F with its divisor class.
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Let ∆ ∈ Pic(S) with δ = [∆] be as in Theorem
T1T1
2.6. Then ∆ is a nef

effective divisor with ∆2 = 10 and ∆ · F ≥ 3 for any nef effective divisor
F of arithmetic genus 1 on S. In fact, ∆ · F = 3 if the numerical class
[F ] coincides with one of the classes fi and ∆ · F > 3 otherwise. By

CD
[13,

Theorem 4.6.1], the linear system |∆| defines a birational morphism onto a
normal surface of degree ∆2 = 10

mapFanomapFano (2.10) φ∆ : S → S ⊂ |∆|∗ ∼= P5.

We call S a Fano model of S and the divisor class ∆ a Fano polarization.

ample Proposition 2.7. A Fano polarization is ample if and only if the corre-
sponding canonical isotropic 10-sequence is non-degenerate.

Proof. It follows from (
intersection1intersection1
2.9) that (f1, . . . , f10) is non-degenerate if δ is ample.

Conversely, if (f1, . . . , f10) is non-degenerate, then for any smooth rational
curve R, we have R · fi ≥ 0, hence ∆ is ample unless fi · R = 0 for all i.
However, f1, . . . , f10 generate Num(S) over Q, so this is impossible. �

Suppose an irreducible curve R is blown down under φ∆. Then R ·∆ = 0
implies, by Hodge Index Theorem that R2 < 0. By the adjunction formula,
R2 = −2. If R 6= Rik,j for any k, j, then R ·∆ = 0 implies that R · fi = 0
for all i. As we remarked in the proof of the previous proposition this is
impossible. So, we see that, if ∆ is not ample, the singular points of the Fano
model S are double rational points of types Aik+1−ik−1, where ik+1− ik > 1.

The following theorem follows from the previous discussion.

supmark Theorem 2.8. Any non-degenerate supermarking on S defines an ample
Fano polarization ∆ and 10 half-fibers Fi of elliptic fibrations such that

1212 (2.11) 3∆ ∼ F1 + . . .+ F10.

The sequence (F1, . . . , F10) is uniquely determined by the equivalence class
of the supermarking.

Assume that ∆ is an ample Fano polarization. Under the map (
mapFanomapFano
2.10) the

curves Fi and F−i ∼ Fi + KS are mapped to plane cubics lying in planes
which we will denote Λi and Λ−i respectively. In this way we get 20 planes
Λ±i. Since fi · fj = 1, i 6= j, we see that Λi ∩ Λj 6= ∅ if i+ j 6= 0.

twentyplanes1 Proposition 2.9. Let Λ±i be the 20 planes in P5 defined by an ample Fano
polarization of an Enriques surface S.

(i) For any i 6= j, the planes Λi,Λj , i + j 6= 0, span a hyperplane, or,
equivalently, Λi and Λj intersect at one point.

Assume additionally that S is an unnodal Enriques surface.

(ii) If 3∆ ∼ F1+· · ·+F10, then the intersection points pij = Fj∩Fi, j 6= i,
are all distinct and their sum taken with multiplicity two forms the
base locus of a pencil of curves of arithmetic genus 1 and degree 6 in
the plane Λi (an Halphen pencil of index 2, see

Cantat
[7]). For any fixed

i, no six points among the points pij lie on a conic, no three of them
lie on a line.
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(iii) If 3(∆ +KS) ∼ F1 + · · ·+F10, the intersection points Fj ∩Fi, j 6= i,
form the base locus of a pencil of cubic curves in the plane Λi (an
Halphen pencil of index 1).

Proof. (i) If dim Λi∩Λj 6= 0, then the only possibility is that Λi∩Λj is a line
`. Since S is unnodal, ` 6⊂ φ∆(Fi) ∪ φ∆(Fj). Since φ∆(Fi) and φ∆(Fj) are

cubic curves in Λi and Λj , the line ` intersects the Fano model S = φ∆(S) at

finitely many points. Obviously B = φ−1(`∩S) is the base locus of the linear
system |∆− Fi − Fj |. But this contradicts the equality (∆− Fi − Fj)2 = 0.

(ii) Suppose Λi ∩ Λj ∩ Λk 6= ∅. Then Fi and Fj intersect Fk at the same
point. Consider the natural exact sequence coming from restriction of the
sheaf OS(Fi − Fj) to Fk:

0→ OS(Fi − Fj − Fk)→ OS(Fi − Fj)→ OFk(Fi − Fj)→ 0.

Suppose Fi ∩ Fj ∩ Fk 6= ∅. Then h0(OFk(Fi − Fj) = h0(OFk) = 1. Since S
is unnodal and (Fi + Fj − Fk)2 = −2, we have h0(D) = 0 for any divisor
D numerically equivalent to Fi + Fj − Fk or Fk − Fi − Fj . For the same
reason h0(OS(Fi − Fj)) = 0. Applying Riemann-Roch and Serre’s Duality,
we find that h1(OS(Fi − Fj − Fk))0, and the exact sequence of cohomology
gives OFk(Fi − Fj) = 0, a contradiction.

Thus, the 9 points pij = Fi ∩ Fj on Fi are indeed all distinct. Since
Fi · Fj = 1, they are nonsingular points of Fi and their sum is an effective
Cartier divisor η such that

OFi(η) ∼= OFi(F1 + · · ·+ F10 − Fi) ∼= OFi(3∆− Fi).

Sine 2Fi moves in a pencil, OFi(2Fi) ∼= OFi . On the other hand, the exact
sequence

0→ OS → OS(Fi)→ OFi(Fi)→ 0

together with the fact the h0(OS(Fi)) = 1 implies that h0(OFi(Fi)) = 0,
hence, in the plane embedding Fi ⊂ Λi, OFi(η) is not isomorphic to OFi(3)
but OFi(2η) ∼= OFi(6). A standard argument shows that in the linear system
of sextics cutting out 2η there exists a sextic curve with 9 double points at
the points pij . Together with the cubic Fi, taken with multiplicity 2, they
form an Halphen pencil of index 2. We leave to the reader to prove the other
assertions by considering the exact sequences

0→ OS(D6 − 2∆− Fi)→ OS(D6 − 2∆)→ OFi(D6 − 2∆)→ 0

and

0→ OS(D3 −∆− Fi)→ OS(D3 −∆)→ OFi(D3 −∆)→ 0,

where D6 (resp. D3) is the sum of 6 (resp. 3) curves Fj , j 6= i.
(iii) Apply the same argument with the only change that this time we

have

OFi(η) ∼= OFi(F1 + · · ·+ F10 +KS − Fi) ∼= OFi(3∆− Fi +KS)
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and we get that OFi(η) ∼= OFi(3) in the plane embedding. This shows that
there exists a cubic curve cutting out the divisor η on Fi. Together with Fi
they form a pencil of cubic curves intersecting at nine points pij . �

3. The moduli spaces of marked and supermarked Enriques
surfaces

3.1. Periods of Enriques surfaces. The construction of the coarse moduli
space of marked Enriques surfaces via periods is well-known. It is a special
case of the construction of the moduli space of lattice polarized K3 surfaces
DolgachevMirrors
[15].2 Recall that, given an even lattice M of signature (1, ρ − 1), a M -
polarization of a K3 surface Y is a primitive embedding j : M ↪→ Pic(Y )
such that the image has non-empty intersection with the closure of the ample
cone on Y . If the image contains an ample divisor class, the polarization is
called ample (see more precise definitions in loc. cit.).

Let π : Y → S be the canonical K3-cover of an Enriques surface. We
denote by τ the covering involution so that π can be identified with the
quotient map Y → Y/(τ) ∼= S. Let π∗ : Pic(S) → Pic(Y ) be the in-
verse image homomorphism. The standard argument using the Hochshild-
Serre exact sequence in étale cohomology (see, for example,

Jensen
[35]) shows that

Ker(π∗) = ZKS and π∗(Pic(S) = Pic(Y )(τ), the subgroup of τ -invariant
divisor classes. Thus the homomorphism π∗ : Pic(S) → Pic(Y ) factors
through the injective homomorphism Num(S) → Pic(Y ) for which we will
keep the same notation π∗. Since, for any divisor classes D,D′ on S, we
have π∗(D) ·π∗(D′) = 2D ·D′, the homomorphism π∗ is a lattice embedding
homomorphism of lattices

π∗ : Num(S)(2) ↪→ Pic(Y ).

Here, for any lattice M and an integer k, M(k) denotes the lattice M with

the quadratic form multiplied by k. Since the sublattice Pic(Y )(τ) is primi-
tive, in Pic(Y ), the lattice embedding π∗ is primitive.

P:3.2 Proposition 3.1. Composing an ample marking j : E → Num(S) with π∗

defines a bijection between the sets of ample markings of S and ample lattice
E(2)-markings of Y .

Proof. Since the pre-image of an ample divisor is ample, we obtain that π∗◦j
defines an ample lattice polarization on Y .

Conversely, let (Y, j) be an ample E(2) lattice polarization of a K3 surface.
It is known that H2(Y,Z) considered as a lattice via the cup-product is
isomorphic to the K3-lattice

LK3 = E⊕2
8 ⊕ U⊕3,

where U is an integral hyperbolic plane and E8 is an even negative defi-
nite unimodular lattice of rank 8. It is known that the orthogonal group

2There is some additional technical requirement to the embedding, for which we refer
to loc. cit. and which can be ignored in our case.
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of LK3 acts transitively on primitive sublattices isomorphic to E(2)
Namikawa
[46,

Theorem (1.4)], so we may choose φ in such a way that the embedding
E(2) = E8(2) ⊕ U(2) → LK3 is defined by (x, y) 7→ (x, x, y, y, 0). Let ı be
the involution of LK3 defined by switching the two factors of E8 and the
first two factors of U. Then E(2) is identified with the sublattice of invariant
elements LıK3. Let σ = φ◦ ı◦φ be the corresponding involution of H2(Y,Z).
The restriction of σ to Pic(Y ) acts identically on the sublattice j(E(2)) of
Pic(Y ) that contains an ample class. By the Global Torelli Theorem of
Pyatetsky-Shapiro and Shafarevich, there exists an involution g of Y such
that σ = g∗. The involution g∗ of H2(Y,Z) has trace equal to 10−12 = −2,
hence, applying the Lefschetz fixed-point formula,

lefschetzlefschetz (3.1) Lef(g) :=
∑

(−1)iTr(g∗|H i(Y,Z)) = χ(Xg)

we obtain that the Euler-Poincaré characteristic of the locus of fixed points
Y g of g is equal to zero. The involution ı acts as the minus identity on

latticeTlatticeT (3.2) T = j(E(2))⊥ ∼= E(2)⊕ U

embedded into LK3 by (x, y, z) 7→ (−x, x, y,−y, z). Since TC contains
H2,0(Y ), we obtain that g has no isolated fixed points. Applying (

lefschetzlefschetz
3.1),

we obtain that the set Y g of fixed points of g is either empty, and hence
X = Y/(g) is an Enriques surface, or Y g is equal to the union F of disjoint
elliptic curves. It is easy to see from the classification of algebraic surfaces
that X must be a non-minimal rational surface, hence it contains a (−1)-
curve. Its pre-image on Y is g-invariant (−2)-curve. Since E(2) = H2(Y,Z)g

has no vectors of square norm −2, we get a contradiction. Now, we identify
E(2) with Num(S)(2) and hence obtain a marking φ : E→ Num(S) inducing
the original E(2)-lattice polarization of Y . �

Next we invoke the theory of periods for lattice polarized K3 surfaces from
DolgachevMirrors
[15]. For any even lattice M of signature (1, r − 1) primitively embeddable
into the K3-lattice LK3, one can construct the coarse moduli spaceMK3,M

(resp.Ma
K3,M ) of isomorphism classes of lattice M -polarized (resp. amply

polarized) K3 surfaces X, i.e. isomorphism classes of pairs (Y, j), where
j : M ↪→ Pic(Y ) is a primitive lattice embedding such that the image
contains a nef and big (resp. ample) divisor class.

Let N be the orthogonal complement of M in LK3. Let

period1period1 (3.3) DN = {[ω] ∈ P(N ⊗ C) : ω · ω = 0, ω · ω > 0},

which is the disjoint union of two copies of the (20−r)-dimensional bounded
symmetric domains of orthogonal type. Let (Y, j) be a pair consisting of a
K3 surface Y and an ample M -lattice polarization j : M → Pic(Y ). We
choose a marking φ : LK3 → H2(Y,Z) such that its restriction to M ⊂ LK3

coincides with the composition M
j→ Pic(Y ) ⊂ H2(Y,Z). We assign to a

triple (Y, j, φ) the point p(Y,j,φ) in DN corresponding to the line φ−1
C (H2,0),

where φC is the extension of φ to a map H2(Y,C) → NC. We use here the
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fact that j(M) consists of algebraic cycles, hence H2,0 ⊂ j(M)⊥. The point
p(Y,j,φ) is called the period of a marked lattice M -polarized K3 surface Y .

Let AM = M∨/M be the discriminant group of an even lattice M
equipped with the quadratic map

qAM : AM → Q/2Z, x∗ 7→ x∗2 mod 2Z,

where we extend the quadratic form of M to MQ and then restrict it to the
dual lattice M∨ ⊂ MQ. Let O(AM ) be the group of automorphisms of AM
preserving the quadratic form qAM . We have a natural homomorphism

rNrN (3.4) rN : O(N)→ O(AN )

As explained, for example in
Nikulin
[49, §1], an isometry of M from the kernel of

this map can be lifted to an isometry of a unimodular lattice L that contains
N as a primitive sublattice and the lifted isometry acts identically on the
orthogonal complement N⊥ of N in L. The discriminant groups of N and
its orthogonal complement N⊥ in L are isomorphic but qA

N⊥
= −qAN (see

loc. cit.).
Let

monodromymonodromy (3.5) ΓN = Ker(rN : O(N)→ O(AN )).

It follows from the Global Torelli Theorem of Pyatetsky-Shapiro and Sha-
farevich that an element σ of ΓN applied to the period point p(Y,j,φ) by
composing φ with σ lifted to LK3 can be represented in the form p(Y,j,g∗◦φ)

for some automorphism g of Y . In this way we can assign to an isomorphism
class of lattice polarized K3 surfaces Y a well-defined point ΓN · p(Y,j,φ) in
the orbit space ΓN\D. We can also extend this correspondence to families
of marked lattice polarized surfaces to show that

MK3,M := ΓN\DN
is the coarse moduli space of M -polarized K3 surfaces.

For any vector δ ∈ N let HN (δ) denote the intersection of D ⊂ P(NC)
with the hyperplane P(δ⊥). Let

HN (−2) =
⋃

δ∈T−2

HN (δ),

where for any lattice M and any integer k we denote by Mk the set of vectors
of square k. Let

DoN = DN \ HN (−2).

Then

Ma
K3,M := ΓN\DoN

becomes the coarse moduli space of ample lattice M -polarized K3 surfaces.
We apply this to the case when M is the lattice E(2) primitively embedded

in LK3. We have an isomorphism

AE(2) = E(2)∨/E ∼= D = E/2E, x 7→ 1

2
x mod 2E
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and the transfer of the quadratic form qE(2) to a quadratic form on D is a
nondegenerate quadratic form of even type. In particular,

O(AE(2)) ∼= O+(10,F2).

By
Nikulin
[49, Proposition 1.14.2] the homomorphism rT is surjective and we denote

its kernel by ΓEnr.
Let f : X → T be a smooth, projective family of Enriques surfaces.

Let PX/T = R1f∗Gm be the relative Picard sheaf for the faithfully flat
topology represented by the relative Picard scheme PicX/T . Let PτX/T be

the quotient of PX/T by the numerical equivalence. It is equipped with the
induced symmetric bilinear form defined by the intersection form of divisor
classes.

We define a family of marked Enriques surfaces as a flat smooth family
f : X → T of Enriques surfaces together with an isomorphism of abelian
sheaves ET → PτX/T preserving the intersection product

PτX/T × P
τ
X/T → ZT .

Here for any abelian group A, we denote by AT the constant sheaf with fiber
A. Two families of marked surfaces are said to be isomorphic if they differ
by a composition with an isomorphism of the families. let FmEnr : Sch/T →
(Sets) be the functor defined by these families.

The following proposition follows from the definition and the construction
of the coarse moduli space of lattice polarized K3 surfaces.

P3.2 Proposition 3.2. The functor FmEnr admits a coarse moduli space Mm
Enr in

the category of analytic spaces isomorphic to the orbit space Ma
K3,E(2) =

ΓEnr\DoE(2)⊥
.

The group ΓEnr ⊂ O(E(2)⊥) = O(E(2) ⊕ U) contains the isometry of
−idU ⊕ idE(2) that interchanges the two connected components of DE(2)⊥DolgachevMirrors
[15, Proposition 5.6]. This shows that the moduli spaceMm

Enr is irreducible.
Since ΓEnr is an arithmetic subgroup, the quotient is an irreducible quasi-
projective variety.

Let
HE(2)⊥(−4) =

⋃
δ∈(E(2)⊥)−4,ev

Hδ,

where (E(2)⊥)−4,ev is the set of vectors in E(2)⊥ of square norm −4 and of
even type (see

GritsenkoHulek
[29],

DolgachevKondo2
[20]). Let

DooE(2)⊥ := DE(2)⊥ \ (HE(2)⊥(−2) ∪HE(2)⊥(−4)).

The quotient
Mm,un

Enr := ΓEnr\DooE(2)⊥

is the coarse moduli space for marked unnodal Enriques surfaces (see
loc.cit.). Its complement in Mm

Enr is the nodal divisor

Mm,nod
Enr := ΓEnr\(DE(2)⊥)o ∩HE(2)⊥(−4)
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equal to the coarse moduli space of marked nodal Enriques surfaces.
The group O(E(2)⊥) acts on Do

E(2)⊥
and defines an action on Mm

Enr by

changing the markings. The quotient

MEnr := O(E(2)⊥)\DoE(2)⊥

is an irreducible quasi-projective variety. By a well-know result of S. Kondo
KondoRationality
[39], it is a rational variety.

Since the homomorphisms ρE(2)⊥ and ρE(2) are surjective, for any isome-

try of E(2) there exists an isometry σ of E(2)⊥ such that the pair (α, σ) can
be lifted to an isometry of LK3. This shows that there is a natural bijec-
tion between the points of MEnr and the isomorphism classes of Enriques
surfaces. Only for this reason,MEnr is called moduli space of Enriques sur-
faces. Since any marked nodal Enriques surface (S, j) contains Ker(ρE(2))

in j−1 ◦ Aut(S)∗∗ ◦ j, we see that the action of O(E(2)⊥) on Doo
E(2)⊥

factors

through the action of the finite group

O+(10,F2) = O(E(2))′/O(E(2))′(2) = W2,3,7/W2,3,7(2).

Thus

Mun
Enr := O+(10,F2)\Mm,un

Enr

should be considered as the moduli space of unnodal Enriques surfaces. The
complement

Mnod
Enr :=MEnr \Mun

Enr

is an irreducible codimension one subvariety parameterizing nodal Enriques
surfaces. According to

DolgachevKondo2
[20], it is a rational variety.

Recall from
DZ
[16] that a Coble surface (of K3 type) is a rational surface

obtained as the quotient of a K3 surface by an involution whose set of fixed
points is the disjoint union of k smooth rational curves. We can interpret
the boundary

MK3,E(2) \Ma
K3,E(2) = ΓEnr\HE(2)⊥(−2)

as the coarse moduli space Mm
Coble of marked Coble surfaces (see

DolgachevKondo2
[20]). In

fact, it is proven in Proposition 3.2 of loc. cit. that

Mm
Coble

∼=MK3,M

for M = E(2)⊕ 〈−2〉, where for any integer m we denote by 〈m〉 the lattice
Ze with e2 = m.

3.2. The Hilbert scheme of Fano models. Let Hilb2n be the Hilbert
scheme of Enriques surfaces embedded in Pn by a complete linear system
|D| with D2 = 2n. For any such surface S ⊂ Pn, the Hilbert polynomial
PS(t) = χ(S,OS(t)) = 2nt2 + 1. Let NS be the normal bundle of S in Pn.

We have a natural exact sequence

normalnormal (3.6) 0→ ΘS → ΘPn ⊗OS → NS → 0,

where ΘS ,ΘPn denote the tangent sheaves of S,Pn.
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It is known that

hi(ΘS) = hi(Ω1
Y )− hi(S,Ω1

S) =

{
10 if i = 1 ,

0 otherwise.
CD
[13, Chapter 1,§4]. Applying the exact sequence (

normalnormal
3.6) and the exact sequence

0→ OS → OS(1)⊕(n+1) → ΘPn ⊗OS → 0

obtained from the known resolution of the tangent sheaf of a projective
space, we obtain

dimnormaldimnormal (3.7) dimH i(S,NS) =

{
10 + n2 + 2n if i = 1 ,

0 otherwise.

Thus we see that the Hilbert scheme is smooth at the point [S] and of
dimension 10 + n2 + n. Taking n = 5, we obtain

hilbert Proposition 3.3. The Hilbert scheme HilbFano of Fano models of Enriques
surfaces is a smooth variety. The dimension of each its connected (=irre-
ducible) component is equal to 45.

Let FEnr,2n be the moduli functor of equivalence classes of families f :
X → T of Enriques surfaces together with a relatively ample invertible
sheaf L on X such that L ⊗ OXt is a very ample of degree 2n on each
fiber Xt of f . We can also consider L as a section of the relative Picard
sheaf PX/T . Locally, we can trivialize this sheaf by considering a family of
supermarked Enriques surface given by an isomorphism of sheaves of abelian
group φ : (E⊕Z/2Z)T → PX/T . We say that φ−1(L) is the type of the family.
For any connected T , different trivializations define the types belonging to
the same orbit of the group D × O(E)′ acting on E ⊕ Z/2Z. Since there is
only a finite set of orbits of O(E) on vectors of positive norm square, we see
that the Hilbert scheme has only finitely many connected components.

The group PGL(n + 1) acts on HilbFano via its action on Pn. According
to a result of Matsusaka and Mumford

MatsusakaMumford
[43], the action is proper (i.e. the

orbits are closed). It also has finite stabilizer groups. It follows that the
geometric quotient H2n/PGL(n + 1) exists as a separated algebraic space
KeelMori
[37, Theorem 1.1]. We will consider it as an analytic space.

Proposition 3.4. The quotientMEnr,2n := HilbFano /PGL(n+1) is a coarse
moduli space for the functor FEnr,2n.

This is analogous to the similar result for the moduli functor of polarized
K3 surfaces and we refer for the proof to

Huybrechts
[32, Chapter 5, Theorem 2.4].

Similarly we define the moduli functor FτEnr,2n of families of numerically

polarized Enriques surfaces by replacing L by its class [L] in Num(X ), con-
sidered as a section of the sheaf PτX/T . A local trivialization φ : ET → PτX/T
defines a type of a numerically polarized family which is an O(E)-orbit of a
vector h ∈ E.
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The functor FEnr,2n admits a natural involution that sends a family (X →
T,L) to (X → T,L ⊗ ωX/T ). The quotient by this involution is the functor
FτEnr,2n. The coarse moduli space MEnr,2n is an étale double cover

doublecoverdoublecover (3.8) MEnr,2n →Mτ
Enr,2n

of the coarse moduli space Mτ
Enr,2n of FτEnr,2n

Fixing a type h of a numerical polarization we decompose the functor
and its coarse moduli space into the connected sum of components FEnr,h,
where h denotes the orbit of O(E) of vectors v with v2 = 2n such that there
exists an Enriques surface for which the image of h under some marking
E→ Num(S) is a very ample polarization.

The double cover (
doublecoverdoublecover
3.8)

gritsenkogritsenko (3.9) MEnr,h →Mτ
Enr,h

is discussed in
GritsenkoHulek
[29], where Mτ

Enr,h is constructed as a quotient of an appro-

priate open subset Mm,a
Enr,h of Mm

Enr by the finite group

Γh = r−1
E(2)⊥

(rE(2)(O(E)′h)) ⊂ ΓEnr.

Since the varieties Mm,a
Enr,h are arithmetic quotients of open subsets in a ho-

mogeneous domain,Mτ
Enr,2n consists of finitely many connected components

parameterized by types of numerical polarizations.
Now we specialize by taking h to be the orbit of the vector ∆ ∈ E, i.e.

we consider families of Fano polarized Enriques surface. It is known that
there is only one orbit of vectors of square norm 10 in E that can realize
a very ample polarization. So, we obtain that there is only one connected
component of Mτ

Enr,10 which we denote by Mτ
Enr,Fano.

verra Proposition 3.5. The Hilbert scheme H10 of Fano polarized Enriques sur-
faces in P5 is a smooth irreducible quasi-projective variety of dimension 45.
The orbit space H10/PGL(6) exists as a separated algebraic space and ad-
mits an étale double cover map onto the coarse moduli space of Mτ

Enr,Fano

of Enriques surfaces with numerical Fano polarization.

Proof. The only not proven assertion here is the irreducibility of the Hilbert
scheme H10. This non-trivial result follows from

Verra
[58]. Since it is not stated

explicitly there, we have to briefly sketch the proof (see the details in
Ciliberto
[8]).(Igor:Added a reference) It is known that the moduli space MEnr is
rationally dominated by a 10-dimensional affine space A10 parameterizing
Enriques sextics, i.e. surfaces Vq in P3 given by equation

Fq =
∑

1≤i<j<k≤4

x2
ix

2
jx

2
k + x1x2x3x4q(x1, x2, x3, x4) = 0,

where q is a nondegenerate quadratic form. The normalization Sq of Vq
is an an Enriques surface. The pre-image of each edge `ij = V (xi, xj) of
the coordinate tetrahedron x1x2x3x4 = 0, is a half-fiber Fij of an elliptic
pencil on Sq. Verra chooses the edges `12 and `34 and considers the family
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F of quintic elliptic curves E in P3 that do not pass through the vertices of
the coordinate tetrahedron x1x2x3x4 = 0, intersect exactly in one point the
edges `12, `34 and intersect exactly at two points the remaining edges. He
shows that the linear system |C| = |F12 + F34 + E| is a Fano polarization
on Sq

Verra
[58, Proposition 3.1]. In Proposition 1.1. he shows that F is an

irreducible rational variety of dimension 10 that dominates MEnr,Fano. �

If we write 3h as a sum of a nondegenerate canonical isotropic sequence
(f1, . . . , f10), then we see that the group O(E)h is isomorphic to the image
of the permutation group S10 ⊂ O(E)′ in O(10,F2). Since S10 is almost
simple group it is easy to see that it embeds in O+(10,F2) (in fact the 2-
level subgroup O(E)′(2) has no elements of finite order larger than 2

DolgachevBrief
[21,

Theorem 8]). Thus

s10quotients10quotient (3.10) Mτ
Enr,Fano

∼= S10\Mm,a
Enr,∆.

It is a finite cover of MEnr of degree equal to [O+(10,F2) : S10] = 213 · 3 ·
17 · 31.

3.3. Moduli space of supermarked Enriques surfaces. Following
Beauville

Beauville
[4] we define the moduli stack KK3,M,h of lattice M -polarized

K3 surfaces such that KK3,M,h is the groupoid of families of K3 surfaces as
above together with a primitive embedding jT : MT ↪→ PX/T that sends a
vector h ∈ M to a section of PX/T that defines an ample polarization of
each fiber.

The following proposition is proven in
Beauville
[4, Proposition 2.6].

beauville Proposition 3.6. The stack KK3,M,h is smooth and irreducible of dimen-
sion 20− rankM .

For any h ∈ E with h2 > 0 a family (X → T, φ : E → PτX/T ) of marked

Enriques surfaces defines a family of Enriques surfaces with numerical po-
larization of type h, by taking a section of PτX/T equal to φ(h).

We take h to be the vector ∆ ∈ E and consider it as a vector in E(2) with
square norm equal to 20. It follows from our discussion of the moduli spaces
of Enriques surfaces via the moduli spaces of lattice polarized K3 surfaces,
that the stack KK3,E(2),∆ is equivalent to the stack Em

Enr defined by families
of marked Enriques surfaces with numerical Fano polarization.

Applying Corollary
C:2.5C:2.5
2.5, we see that the groupoid EmEnr(T ) can be consid-

ered as a section s of the Cartesian product (PτX/T )10. The pre-image s̃ of

s under the map (PX/T )10 → (PτX/T )10, possibly after a finite étale base

change, splits into 210 sections (F1, . . . , F10), each defining a supermarking.
We define the stack Esm,a

Enr of supermarked Enriques surfaces by considering
families X → T of Enriques surfaces with a section of (PX/T )10 defining an
ample supermarking. It comes endowed with forgetful morphism

σ : Esm,a
Enr → E

m,a
Enr ,
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which is a Galois étale cover of stacks with Galois group G = (Z/2Z)10. We
refer to

Noohi
[48] for the definitions where it is also proved (Theorem 1.1) that the

fundamental group of the stack is naturally isomorphic to the fundamental
group of its coarse moduli space. This implies that there exists an étale
Galois analytic map

Φ :Msm
Enr →Mm

Enr.

with the Galois group isomorphic to (Z/2Z)10. We take the cover Msm
Enr as

our definition of the coarse moduli space of supermarked Enriques surfaces.
We leave to the experts in the theory of stacks to prove that it coincides
with the coarse moduli space of the stack Esm

Enr.

irreducibility Theorem 3.7. The moduli space Msm
Enr is irreducible.

Proof. Recall from the previous section that we have defined the moduli
spaces MEnr,Fano,Mτ

Enr,Fano and the open set Mm,a
Enr := Mm,a

Enr,∆ of Mm
Enr.

Let Msm,a
Enr = Φ−1

(
Mm,a

Enr

)
, then we have the following triangular commuta-

tive diagram

Msm,a
Enr

yy %%
MEnr,Fano

2:1 //Mτ
Enr,Fano ,

in which the downward arrows are étale covers. The r. h. s. one is the
quotient under the group of the supermarking changes G of order 10! · 210

that acts by permutations of the elliptic half-fibers Fi and by switching
Fi ↔ F−i ∈ |Fi +KS |; the covering group G̃ of the l. h. s. cover is of order
10! · 29 and is generated by the permutations of the Fi and by switching an
even number of them.

We want to prove that Msm
Enr is irreducible. To this end, let us choose

one of its irreducible components M and prove that M =Msm,a
Enr . We know

that Mm
Enr is an arithmetic quotient of a Hermitian symmetric domain,

and hence is irreducible. Also, according to Proposition
verraverra
3.5, MEnr,Fano is

irreducible. Hence the restrictions to M of the cover maps from the above
diagram provide a similar triangular diagram

M
/G̃

zz

/G

$$
MEnr,Fano

2:1 //Mτ
Enr,Fano ,

in which the downward maps are irreducible étale covers with monodromy
groups G̃ ⊂ G̃, G ⊂ G.

The factorization

factorfactor (3.11) Msm,a
Enr →M

m,a
Enr →MEnr,Fano
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of the quotient map over G in the last diagram provides the exact triple of
covering groups

(3.12) 0→ K → G
κ−→ S10 → 1,

where K ⊂ D ∼= (Z/2Z)10. The irreducibility of Msm,a
Enr is equivalent to the

equality K = D, which we are now going to prove.

We observe that G̃ is a subgroup of index 2 in G and that the restriction
κ̃ of κ to G̃ is surjective by the covering homotopy argument. Hence we
have the exact triple

0→ K ′ → G̃
κ̃−→ S10 → 1,

where K ′ = K ∩D′, D′ = {(m1, . . . ,m10) ∈ (Z/2Z)10 |
∑

imi = 0}.
The fact that K ′ $ K means that K, identified with its image in (Z/2Z)10,
contains an element m = (m1, . . . ,m10) with odd number of nonzero com-
ponents. Let supp(m) denote the set of subscripts i for which mi 6= 0.
Assume we have chosen a m with smallest possible support. For any permu-
tation σ ∈ S10 and any g ∈ κ−1(σ), we have supp(gmg−1) = σ(supp(m)).
Thus conjugating m with an appropriate element of G, we can assume that
supp(m) = {1, . . . , k}, where k ∈ {1, 3, 5, 7, 9}. We will now see that k = 1.
Indeed, if 3 ≤ k ≤ 9, then conjugating m with some lifts of the transpo-
sitions (k − 1, k + 1), (k, k + 1), we obtain two elements m′,m′′ of K with
respective supports {1, . . . , k − 2, k, k + 1}, {1, . . . , k − 2, k − 1, k + 1}, so
that supp(m + m′ + m′′) = {1, . . . , k − 2} is smaller than supp(m), which
is a contradiction. Hence k = 1 and K contains the monodromy transfor-
mation switching just one pair of divisor classes F1 ↔ F−1. But then K
contains the transformations Fi ↔ F−i for all i = 1, . . . , 10, which implies
that K = D. �

Remark 3.8. It is natural to expect that the complex analytic space Msm,a
Enr

is isomorphic to the quotient of an open subset of the period domain for a
normal subgroup of the monodromy group ΓEnr with quotient group isomor-
phic to D ∼= F10

2 . According to R. Borcherds, ΓEnr contains such a subgroup.
Let us explain his construction.

Let N = E(2)⊥. We have

N/2N∨ ∼= (E8(2)⊕ U(2)⊕ U)/(2E8(2)∨ ⊕ 2U(2)∨ ⊕ 2U∨) ∼= U/2U ∼= F2
2.

Let f, g be the standard isotropic generators of U and f, g be their cosets
in U/2U. The subgroup ΓEnr of O(N) in its natural action on (N/2N)∨

leaves the vector η = f + g invariant (since it is the only vector of square
2 mod 4 in F2

2 with quadratic form inherited from U). Let A be the quotient
F2

2/F2η ∼= F2. Define a map from

α : ΓEnr → Hom(N∨/N,A) ∼= F10
2

as follows. The image of g ∈ ΓEnr is equal to the linear function l(w+N) =
g(w) − w mod F2η. One can show that the images of reflections in vectors
of square 2 are nonzero, and generate Hom(N∨/N,A) ∼= F10

2 . One can hope
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that the quotient space of an open subset of DN by the group Ker(α) is the
moduli space of the stack Esm

Enr.

4. Reye congruences

4.1. General nodal Enriques surfaces. An Enriques surface is called
general nodal if the numerical classes of smooth rational curves on it are
congruent modulo 2Num(S) (see

DolgachevBrief
[21]). One can show that the isomorphism

classes of general nodal surfaces are parameterized by a constructive subset

of MEnr which is a dense subset of Mnod
Enr. We denote it by Mgnod

Enr . Its pre-
image under the map Mm

Enr → MEnr is the locus of points whose periods
in DT do not belong to the intersection of any two irreducible components
of the divisor H−4. One has the following characterization of general nodal
surfaces (the proof can be found in a forthcoming new two-volumes edition
of

CD
[13]).

gennodal Theorem 4.1. Let S be a nodal Enriques surface. The following conditions
are equivalent.

(a) S is general nodal.
(b) Any genus one fibration on S has irreducible double fibers and has at

most one reducible non-multiple fiber that consists of two irreducible
components.

(c) Let RS be the set of smooth rational curves on S. For any Fano polar-
ization h, the set Πh = {R ∈ RS : R · h ≤ 4} consists of one element.

(d) For any d ≤ 4, S admits a Fano polarization h such that Πh = {R},
where R · h = d.

(e) A genus one pencil that admits a smooth rational curve as a 2-section
does not contain reducible fibres.

(f) The Nikulin R-invariant is isomorphic to the root lattice A1 and
Nikulin’s r-invariant consists of one element (see the definitions in

DolgachevBrief
[21,

§5]).

It follows from property (c) that any canonical isotropic 10-sequence on a
general nodal surface has non-degeneracy invariant equal to 9 or 10. Thus a
Fano model of a general nodal surface is either smooth or has one ordinary
double point. The moduli space of marked general nodal surfaces consists
of 5 irreducible components distinguished by the minimal possible degree
h ·R ∈ {0, 1, 2, 3, 4} of a (−2)-curve R on it (the proof uses the computation
of the group of automorphisms of a general nodal surface

DolgachevBrief
[21, Theorem 7]

and can be found in volume 2 of the new edition of
CD
[13]).

4.2. Reye polarizations. A Fano polarization is called a Reye polarization
if the image of the map φ∆ : S → P5 lies in a nonsingular quadric. A
nonsingular quadric Q in P5 can be identified with the Plücker embedded
Grassmannian variety Gr(2, 4) of planes in C4 or, equivalently, lines in P3. It
is known that Q has two irreducible 3-dimensional families of planes and the
cohomology classes of members of these families freely generate H4(Q,Z).
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In the Grassmannian interpretation, one family consists of planes σx of lines
through a fixed point x, and another family consists of planes σπ of lines
contained in a fixed plane π. It follows from this that two different planes
belong to the same family if and only if they intersect at one point, or
equivalently, span a hyperplane in P5.

An irreducible surface X in Gr(2, 4) is called a congruence of lines. Its
cohomology class [X] in H4(Gr(2, 4),Z) is equal to m[σx] + n[σπ], where m
is called the order of X and n is called the class of X. The degree of X in
P5 is equal to m+ n.

Proposition 4.2. An Enriques surface S admitting a Reye polarization ∆
is nodal.

Proof. We may assume that the Reye polarization is ample (otherwise S is
nodal). Let Q be the nonsingular quadric containing the image of S under
a map given by the Reye polarization. If we write 3∆ ∼ F1 + . . . + F10,
then it follows from Proposition

twentyplanes1twentyplanes1
2.9 that the images of twenty curves Fi

and F−i ∈ |Fi + KS | under the map given by the Reye polarization span
planes Λi ⊂ Q and the planes Λi and Λj intersect at one point if i+ j 6= 0.
Since Λi and Λ−i intersects Λj , j 6= i,−i, at one point, we see that they
belong to the same family and hence intersect at one point. So, all twenty
planes intersect each other at one point (the images of the curves Fi and
F−i still do not intersect but the planes which they span do intersect). Since
Λi,Λ−i span a hyperplane, |∆ − Fi − F−i| = |∆ − 2Fi + KS | 6= ∅. Since
(∆− Fi − F−i)2 = −2, we see that S must be a nodal surface. �

The converse is also true
DR
[14, Theorem 1]:

Theorem 4.3. Let ∆ be a Fano polarization on an Enriques surface S.
Suppose there exists a half-fiber F of an elliptic fibration such that |∆ −
2F + KS | 6= ∅. Then there exists a rank 2 vector bundle E on S with
c1(E) = [∆], c2 = 10 and h0(E) = 4 such that the evaluation map S →
Ker(evx : H0(S,E) → Ex) defines an embedding of S into the Grassmann
quadric Gr(2, H0(E)) ⊂ P5. The image is a smooth congruence of lines of
order 7 and class 3.

Corollary 4.4. A general nodal Enriques surface S admits an ample Reye
polarization.

Proof. We have already noticed in Theorem
gennodalgennodal
4.1 that smooth rational curves

on S form one class modulo 2Num(S). It follows from Theorem
gennodalgennodal
4.1 that S

contains a degree 4 curve with respect to a numerical Fano polarization h
defined by a non-degenerate isotropic sequence (f1, . . . , f10). Its numerical
class is equal to δ−2f1

CossecDolgachev
[12, Remark 4.7]. Thus, we can find a representative

∆ of h in Pic(S) such that |∆ − 2F1 + KS | 6= ∅, and we can apply the
previous theorem.

�
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A smooth congruence with (m,n) = (7, 3) is called a Reye congruence.
It is constructed as follows (see

CR
[11] or

CAG
[19, 1.1.7]). Let W = P(L) be a

3-dimensional linear system (a web) of quadrics in P3 = P(V4). Via polar-
ization, it defines a 3-dimensional linear system W p of symmetric divisors
of type (1, 1) on P3 × P3. We say that W is a regular web of quadrics if the
base locus PB(W ) of W p is smooth. By the adjunction formula, PB(W )
is a K3 surface. The Reye congruence of lines Rey(W ) associated with W
is the variety of lines in P3 that are contained in a pencil of quadrics from
W . One can show that the regularity assumption implies the following good
properties of W :

(i) The base locus of W is empty.
(ii) The involution automorphism τ ∈ Aut(P3 × P3) that switches the

factors has no fixed points on PB(W ), the orbits of τ span Reye lines
and hence the quotient space PB(W )/(τ) is isomorphic to Rey(W ).

(iii) The image St(W ) of PB(W ) under the projection to any factor is a
quartic surface with at most nodes as singularities. It is the Steine-
rian surface (or the Jacobian surface) of W , the locus of singular
points of singular quadrics in W .

(iv) The discriminant surface DW of W parametrizing singular quadrics
in W is an irreducible quartic surface with 10 nodes corresponding
to rank 2 quadrics in W .

(v) The surface D̃W = {(Q, x) ∈ W × P3 : x ∈ Sing (Q)} is smooth and
the two projections πi are minimal resolution of singularities of the
surfaces DW and St(W )).

We summarize these constructions by the following diagram

incidenceincidence (4.1) D̃W
π1

}}

π2

""

PB(W )

p1=p2

zz

/(τ)

%%
DW St(W ) Rey(W ).

Considered PB(W ) as a surface in P15 via the Segre embedding of P3 × P3,
the quotient map

mapreyemapreye (4.2) π : PB(W )→ Rey(W ) ⊂ G(2, V4) ⊂ P5 = P(

2∧
V4)

is the projection from the image of the diagonal of P3 × P3 equal to the
second Veronese variety of P3 spanning P9.

It follows from property (ii) that Rey(W ) is an Enriques surface and

PB(W ) is its K3 cover. Let W p = P(L̃), where L̃ is the image of L ⊂ S2V ∨4
under the polarization map S2V ∨4 → V ∨4 ⊗V ∨4 . It is a 4-dimensional subspace
in V ∨4 ⊗ V ∨4 = H0(P3 × P3,OP3(1, 1)). Let

decomdecom (4.3) V ∨4 ⊗ V ∨4 = S2V ∨4 ⊕
∧2

V ∨4 .
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The linear system |
∧2 V ∨4 | restricted to PB(W ) defines morphism (

mapreyemapreye
4.2).

In fact, Rey(W ) is a Fano model of the Enriques surface PB(W )/(τ). Let
us see geometrically the corresponding Fano polarization ∆ and a sequence
of 10 half-fibers (F1, . . . , F10) satisfying (

1313
2.8).

One can consider D̃W as the graph of the rational map

stst (4.4) DW 99K St(W ), Q 7→ Sing (Q),

(classically known as the Steinerian map). The projection π2 is not an
isomorphism in general. Its fiber over a point x is isomorphic, under the
first projection π1, to the pencil of quadrics in W with singular point at x.
The projection is an isomorphism if and only if the determinantal surface
DW does not contain lines. A regular web with this property is called an
excellent web. The assumption that S is a general nodal surface implies that
the web W is an excellent web. For an excellent web W , the projections

π2 and p1 = p2 are isomorphisms and all three surfaces D̃W ,St(W ),PB(W )
can be identified with the K3-cover Y of Rey(W ). The surface Y contains
two natural divisor classes

ηH = c1(π∗1ODW (1)), ηS = c1(p∗2OSt(W )(1)).

Let Θi, i = 1, . . . , 10, be the divisor classes of fibers of p1 over the ten nodes.
These are (−2)-curves on PB(W ). We have a fundamental relation

frfr (4.5) |2ηS | = |3ηH −Θ1 − · · · −Θ10|

expressing the fact that DW is given by the symmetric determinant (see
CAG
[19],

Proposition 4.2.5). Here the linear system on the right-hand side can be nat-
urally identified with the linear system of polar cubics of the determinantal
surface DW . It defines the Steinerian rational map (

stst
4.4). The linear system

on the left-hand side can be identified with the linear system of quadrics in
P3 = P(V4). Under the identification of these linear systems via (

frfr
4.5), the

intersection of a polar hypersurface with DW is mapped under the Steinerian
map (

stst
4.4) to the intersection of the corresponding quadric with St(W ).

Let

Ei = ηS −Θi, i = 1, . . . , 10

They define the elliptic pencils |Ei| on PB(W ) cut out by the pre-images on
PB(W ) of plane sections of St(W ) through the line π2(Θi). The pencils |Ei|
are τ -invariant. In fact, if we let η = ηS + τ∗(ηS), we find that η is equal to
π∗ORey(W )(1) and hence η2 = 20 and ηS · τ∗(ηS) = 6. This gives

Ei · τ∗(Ei) = (ηS −Θi) · (ηS −Θj) = 0,
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hence |Ei| and |τ∗(Ei)| define the same elliptic pencil. We have (see
CR
[11,

2.4]):

η2
H = η2

S = 4,4.4 (4.6)

ηH · ηS = 6,

ηH ·Θi = 0, ηS ·Θi = 1,

Θi ·Θj = 0, i 6= j, Θ2
i = −2,

ηS · Ei = 3, ηH · Ei = 6,

Ei · Ej = 2, i 6= j, E2
i = 0,

Ei ·Θj = 1, i 6= j, Ei ·Θi = 3.

We leave to the reader to use the previous relations to check the assertions
of the following theorem.

T4.1 Theorem 4.5. Assume W is an excellent web and denote by Y a minimal

nonsingular model of DW isomorphic to D̃W , or PB(W ), or St(W ). Let η =
ηS+τ∗(ηS). Then η = π∗(∆), where ∆ is a hyperplane section of Rey(W ) in
its Plücker embedding. The divisors Ei are nef divisor classes on Y and |Ei|
is an elliptic pencil on Y with |Ei| = |τ∗(Ei)|. We have Ei+τ(Ei) = π∗(2Fi)
for some elliptic pencil |2Fi| on Rey(W ) and fi = [Fi], i = 1, . . . , 10, form a
non-degenerate canonical isotropic 10-sequence such that

3[∆] = f1 + . . .+ f10.

The pre-images of the half-fibers of |2Fi| are the cubic curves on St(W ) that
are residual to the line Θi in the plane components of the quadrics from W
with the singular line Θi. The curves Ri = π(Θi) on Rey(W ) are curves of
degree 4 such that

Ri · Fj = 1, j 6= i, Ri · Fi = 3.

Consider the discriminant quartic surface DW . It is classically called
a quartic symmetroid. Among all normal quartic surfaces with 10 nodes,
quartic symmetroids are distinguished by the following Cayley property (see
CR
[11, Corollary 2.4.6]):

• The projection from any node defines a double cover of P2 branched
along the union of two cubic curves everywhere tangent to the same
conic.

Recall that for any point x lying on a reduced irreducible hypersurface V
in Pn, the enveloping cone ECx(V ) of V at the point x is the closure of the
union of lines passing through the point x that are tangent to V at some
other point. The closure of the locus of such points is the branch divisor of
the projection of V to Pn−1 with center at x. It is cut out in V by the first
polar Px(V ) of V with pole at x (see

CAG
[19, 1.1]). We can rephrase the Cayley

property by saying that the enveloping cone of the quartic at its node splits
into the union of two cubic cones. If we choose coordinates such that the
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node is (1, 0, 0, 0), then we can write the equation of the quartic in the form

F = x2
0F2(x1, x2, x3) + 2x0F3(x1, x2, x3) + F4(x1, x2, x3) = 0.

The enveloping cone has the equation

envelopenvelop (4.7) F3(x1, x2, x3)2 − F2(x1, x2, x3)F4(x1, x2, x3) = 0.

The quadric V (F2) is the tangent cone of V and its projection is a conic in
P2 which is everywhere tangent to the branch divisor, the tangency locus
being the intersection V (F2) ∩ V (F3). The additional singular points are
projected to singular points of the branch divisor.

Remark 4.6. The Cayley property satisfied by the surfaces DW shows that
quartic surfaces used by M. Artin and D. Mumford in their celebrated pa-
per

ArtinMumford
[1] are exactly quartic symmetroids, often called Cayley quartic sym-

metroids. Note also that a choice of an irreducible component in each en-
veloping cone is equivalent to a supermarking of Rey(W ). According to

IngallsKuznetsov
[34,

Theorem 4.3], this choice is equivalent to a choice of a small resolution of
the double cover of P3 branched along the quartic symmetroid.

4.3. The bitangent surface. Let X be a normal quartic surface in P3.
The closure of lines that are tangent to X at two points is a congruence of
lines in Gr(2, 4) which we denote by Bit(X). A general plane section of X
is a smooth plane quartic curve, so it admits 28 bitangent lines. This shows
that the class of Bit(X) is equal to 28. A less obvious fact is that the order
of Bit(X) is equal to 12

Salmon
[57, p. 281]. Thus its bidegree is equal to (12, 28)

and it is a surface of degree 40 in the Grassmannian Gr1(P3).
We take X to be the discriminant surface DW ⊂ W ⊂ P(S2V ∨4 ). We

assume that W is an excellent web of quadrics. Any line in P(L) is a pencil
of quadrics contained in W . Since no line is contained in DW , any pencil in
W contains a nonsingular quadric. Also it has no quadrics of rank 1.

The known classification of pencils of quadrics in P3
HodgePedoe
[33, pp. 305-307]

gives the following.

wall Lemma 4.7. Let P be a pencil of quadrics in P3. Assume that it contains a
nonsingular quadric, it does not contain quadrics of rank 1 and the number
r of its singular members is at most 2. Let DP = P ∩ DW considered as
an effective divisor on P and m be the number of reducible quadrics in P.
Then one of the following cases occurs (we use the numbering of cases given
in loc. cit.).

(iii) r = 2,m = 2, DP = 2a + 2b and Bs(P) consists of four different
lines;

(vii) r = 2,m = 1, DP = 3a+b and Bs(P) consists of two tangent conics;
(viii) r = 2,m = 1, DP = 2a+ 2b and Bs(P) is a smooth conic and a pair

of lines intersecting at a point not lying on the conic;
(x) r = 2,m = 0, DP = 2a + 2b and Bs(P) is the union of a rational

normal cubic and a line intersecting it at two different points;
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(xi) r = 1,m = 1, DP = 4a and Bs(P) is the union of 3 lines, one is
taken with multiplicity 2;

(xii) r = 2,m = 0, DP = 3a + b and Bs(P) is an irreducible cuspidal
quartic curve;

(xiii) r = 1,m = 1, DP = 4a and Bs(P) is the union of a smooth conic
and a pair of lines intersecting at a point on the conic;

(xiv) r = 1,m = 0, DP = 4a and Bs(P) is the union of a rational normal
cubic and its tangent line.

A Reye line ` is contained in the base locus of a pencil P` of quadrics in
W . The remaining part of the base locus is a curve γ of degree 3 lying on a
nonsingular member of the pencil as a curve of bidegree (1, 2). For a general
Reye line, the curve γ is a rational normal cubic intersecting the line at two
different points. Thus it defines a pencil of type (x) whose closure is equal
to the bitangent surface. This defines a map

reyemapreyemap (4.8) ν : Rey(W )→ Bit(DW ) ⊂ Gr(2, L), ` 7→ P`.

Note that, since W has no base points, each line in P3 is contained in the
linear system in W of dimension ≤ 1, so the map is a regular map. Since ν
is bijective on the set of lines of type (x) and Rey(W ) is smooth, the map ν
is the normalization map.

Remark 4.8. The lines of type (xi) intersect DW with multiplicity 4 at one
point but do not belong to Bit(DW ). In fact one of the lines in the base
locus of such a pencil is the singular line of a reducible quadric in W and
it is known that it cannot be a Reye line if W is excellent (this property is
taken in

CR
[11] as one of the properties defining a regular web of quadrics and

it is shown that the definition coincides with our definition of an excellent
web). The lines of types (vii), (xii) define pencils of quadrics with no lines in
their base locus. They belong to the surface of flex lines. Lines of all other
types belong to the bitangent surface. Lines of type (viii) passes through a
node of DW , it is a general line of the enveloping cone. Lines of type (xiii)
are common lines of the enveloping cone and the tangent cone.

The following theorem follows from the description of Reye lines based
on Lemma

wallwall
4.7.

bit Theorem 4.9. Assume that W is an excellent web of quadrics in P3. The
bi-degree of the congruence Bit(DW ) is equal to (12, 28), in particular, it is
a surface of degree 40 in the Plücker space P5. Its singular locus consists
of 10 pairs of smooth plane cubic curves Bi, B

′
i representing the genera-

tors of the enveloping cone of DW at the 10 nodes. The union Bi ∪ B′i
is equal to the intersection of Bit(DW ) with the plane of lines through the
node qi. Two cubics Bi and B′i intersect at 9 points corresponding to the
lines `ij = 〈qi, qj〉 ∈ Bit(DW ). Two cubics from different pairs (Bi, B

′
i) and

(Bj , B
′
j) intersect at one point `ij. The normalization of Bit(DW ) is natu-

rally isomorphic to the Reye congruence Rey(W ) and the restriction of the
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normalization map ν : Rey(W ) → Bit(DW ) to ν−1(Bi) is an unramified
double cover ν−1(Bi)→ Bi (the same is true for B′i). The pre-image of `ij
consists of 4 points.

Remark 4.10. One can see the normalization map (
reyemapreyemap
4.8) also as follows (see

F3
[26]). Let D

[2]
W be the Hilbert square of DW . Consider a birational involution

τ of D
[2]
W that assigns to a pair of points the residual pair of points on the

line joining the pair. The involution τ lifts to a biregular involution τ̃ of the
Hilbert square Y [2] of a minimal nonsingular model Y of DW . Its set of fixed
points is isomorphic to the Reye congruence Rey(W ). The restriction of the

map Y [2] → D
[2]
W is the normalization of the image of the map isomorphic to

Bit(DW ).

Let us add that the normalization map (
reyemapreyemap
4.8) is given by a linear subsystem

of |ORey(W )(2)|. To see this, we may assume that W = P(L) is spanned by
four quadrics Qi which we represent by symmetric matrices Ai. Take a Reye
line ` represented by 2 points ([v], [w]) ∈ PB(W ) ⊂ P3 × P3. The map ν
assigns to ` the pencil of quadrics in W containing `, i.e. the projectivized
kernel Ker(r) of the restriction map r : L → H0(`,O`(2)). It is clear that
Ker(r) is equal to the kernel of the evaluation map

L ∼= C4 → C3, A 7→ (vAv,wAw, vAw).

The Plücker coordinates of the pencil are equal to the maximal minors of
the matrix (

vA1v vA2v vA3v vA4v
wA1w wA2w wA3w wA4w

)
It is easy to see that they are expressed by quadratic polynomials in Plücker
coordinates of `. It shows that Bit(DW ) is isomorphic to the projection
of Rey(W ) embedded in |OP5(2)|∗ ∼= P20 by the complete linear system
|OP5(2)|.

Cayley
4.4. Cayley models. Consider the decomposition (

decomdecom
4.3). The linear system

|S2V ∨4 | of quadrics in P(V4) defines a morphism

φ : P(V4)× P(V4)→ P(S2V4)

which factors through a closed embedding

P(V4)× P(V4)/(τ) ↪→ P(S2V4).

We know that PB(W ) is the base locus of a 3-dimensional linear system of
sections of P(V4)×P(V4) defined by the bilinear forms associated to quadratic
forms from L. This implies that PB(W ) is equal to the pre-image under φ
of P(L⊥), where L⊥ is the annihilator of L in S2V4 = (S2V ∨4 )∨. Thus we
obtain a closed embedding

ιc : Rey(W ) ↪→ P(L⊥) ∼= P5.

The image Cay(W ) is called the Cayley model of the Enriques surface
Rey(W ). It is contained in the 5-dimensional subspace P(L⊥) ⊂ P(S2V4),
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the space of quadrics in the dual projective space P(V ∨4 ) which are apolar
to quadrics from W . We can view Cay(W ) as the intersection

Cay(W ) = φ(P(V4)× P(V4)) ∩ P(L⊥).

Since φ(P(V4)× P(V4)) is the locus of reducible quadrics in P(S2V4), we see
that the Cayley model Cay(W ) is equal to the locus of reducible quadrics
in P(L⊥).

Proposition 4.11. Let |∆r| be the linear system defining the Reye model of
Rey(W ). Then the Cayley model of Rey(W ) is defined by the adjoint linear
system |∆c| := |∆r +KRey(W )|.

Proof. Recall that the two embeddings of Rey(W ) into P
(∧2 V4

)
and into

P(L⊥) are defined by the projections of the image of PB(W ) in P(V4 ⊗
V4) under the Segre map P(V4) × P(V4) → P(V4 ⊗ V4). The center of the
projection for the former map is the Segre image of the diagonal, the center
of the projection of the latter map is the subspace P(

∧2 V4). Thus the pre-
images of the linear system |∆r| defining the Reye embedding and the linear
system |∆c| defining the Cayley embedding are different linear subsystems
of the same linear system on the K3-cover PB(W ). This shows that they are
defined by invertible sheaves L and L′ such that π∗(L) ∼= π∗(L′) and hence
L ∼= L′ or L ∼= L′ ⊗ ωS . The linear systems that define the two embedding
are complete, and we will see in section 4.5 that the homogeneous ideals of
the embedded surfaces are different. Thus L 6∼= L′ and L ∼= L′ ⊗ ωS , i.e.
∆c = ∆r +KRey(W ). �

Since ∆r is an ample Fano polarization of the Enriques surface Rey(W ),
and ∆c is numerically equivalent to ∆r, we see that ∆c is also an ample
Fano polarization. Thus the Cayley model Cay(W ) must contain 20 plane
cubics that span 20 planes Λc±i, the same cubics which we find for the Reye
model Rey(W ).

One more property distinguishing the surfaces Cay(W ) and Rey(W ) is
stated in the following theorem (see

CR
[11, Theorem 4] and

ConteVerra
[10, Theorem (2.12)

and Proposition 3.14].

T4.11 Theorem 4.12. Let Tri(X) be the variety of trisecant lines of a surface in
P5. If X = Cay(W ), then Tri(X) is a 3-dimensional variety isomorphic
to the blow-up of 20 points in P(L∨) corresponding to plane components of
reducible quadrics in W . If X = Rey(W ), then Tri(X) consists of 20 planes
(Λc±i)

∗. The union of trisecants of Cay(W ) is equal to the determinantal
quartic hypersurface DP(L⊥).

Let us summarize what we have found about the differences between the
Cayley and Reye models of a nodal Enriques surface.

• Rey(W ) is contained in a quadric, and Cay(W ) is not.
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• The variety of trisecant lines of Rey(W ) consists of 20 planes, the
lines in the planes spanned by the images of the curves F±i. The
variety of trisecant lines of Cay(W ) is of dimension 3.
• The 20 planes Λri , i = ±1, . . . ,±10, containing the 20 plane cubic

curves on the Reye model pairwise intersect. On the Cayley model
the planes Λci and Λcj intersect only if i+ j 6= 0.

• Write 3∆c = F1 + . . . + F10 as in (
1313
2.8). Then |∆r − 2Fi| = ∅ and

|∆c − 2Fi| = |∆r − Fi − F−i| 6= ∅.
• Rey(W ) bears a unique stable rank 2 bundle E with c1(E) = ∆r and
c2(E) = 3, and any rank 2 bundle E ′ on Cay(W ) with c1(E ′) = ∆c

and c2(E ′) = 3 is unstable and fits into an extension of the form
0→ O(∆c − Fi)→ E ′ → O(Fi)→ 0.

The proof of the last property can be found in
DR
[14].

4.5. The equations of a Fano model.

P4.6 Proposition 4.13. Let W = P(L) be a regular web of quadrics in P(V4).

Let Rey(W ) ⊂ P
(∧2 V

)
and Cay(W ) ⊂ P(L⊥) be the Reye model and the

Cayley model of a nodal Enriques surface. Then the linear system of cubics

in P
(∧2 V

)
(resp. P(L⊥)) with base locus Rey(W ) (resp. Cay(W )) is 9-

dimensional. Moreover, the homogeneous ideal defining Cay(W ) is generated
by 10 cubics, whilst the homogeneous ideal of Rey(W ) is generated by one
quadric and four cubics.

cayley-reye Proof. Let S ⊂ P5 be a Fano model of an Enriques surface defined by an
ample divisor D with D2 = 10. Since 3D + KS is ample, by Kodaira’s
Vanishing Theorem, h1(3D) = h1(2KS + 3D) = 0. By Riemann-Roch, we
get h0(3D) = 46. Since h0(OP5(3)) = 56, the usual exact sequence for
the ideal sheaf of a subvariety of P5 shows that the dimension of the linear
system of cubics containing S is greater or equal than 9. It is exactly 9 if
S is 3-normal, that is h1(IS,P5(3)) = 0. The 3-normality of Fano models
follows from Theorem (1.1) of

GLM
[27]. We can give a more explicit description

of the cubics containing S for Cayley and Reye models.
Consider the variety of singular quadrics in P3. It is a discriminant quartic

hypersurface D in P9. The variety D(2) of quadrics of corank 2 is known
to be its singular locus and hence is equal to the intersection of 10 cubic
hypersurfaces defined by the partials of the discriminant quartic. The Cayley
model is the intersection of D(2) with a 5-dimensional plane in P9. So it is
contained in the base locus of a linear system of cubics of dimension ≤ 9.
Taking the minimal resolution of the ideal of D(2) (see

Weyman
[62, Theorem 6.3.1])

and restricting it to a transversal P5, we obtain the resolution of the Cayley
model S = Cay(W ):

resolutionresolution (4.9) 0→ OP5(−5)⊕6 → OP5(−4)⊕15 → OP5(−3)⊕10 → IS → 0.

It shows that S is projectively normal and that the ten partials of the dis-
criminant cubic generate the sheaf of ideals IS of S in P5.
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On the other hand, if S ⊂ Gr(2, V4)) is a Reye model, we have the follow-
ing resolution of the ideal sheaf of S in Gr(2, L):

0→ S2U(−3)→ L∨ ⊗OGr(2,V4)(−3)→ OGr(2,V4) → OS → 0,

where U is the tautological subbundle over the Grassmannian
IngallsKuznetsov
[34, Lemma

5.1]. It shows that the homogeneous ideal of S is generated by a quadric
and four cubics. �

C4.7 Corollary 4.14. (F. Cossec) Let X be a Fano model of a general Enriques
surface. Then its homogenous ideal is generated by 10 cubics.

Proof. By
CR
[11], a Fano model of a general Enriques surface is not contained

in a quadric, so the result follows by the argument from the first paragraph
of the proof of Proposition

P4.6P4.6
4.13. �

Remark 4.15. The Cayley model is scheme-theoretically defined by 6 cu-
bics, the partials of the quartic symmetroid in P5. The 6 cubics generate a
non-saturated ideal of S•(L⊥)∨, whose saturatation is generated by the 10
partials of D ⊂ P9 restricted to P5; see Appendix, Fact

betti_numbersbetti_numbers
9.1.1.

5. Coble surfaces
Coble_surfaces

5.1. Degree 10 polarizations. A Coble surface is a smooth projective
rational surface S such that | −KS | = ∅ but | − 2KS | 6= ∅. We refer to

DZ
[16]

for a classification of such surfaces. A Coble surface is said to be terminal
of K3 type(Igor:added terminal, i.e. cannot blow-up anymore) if | − 2KS |
contains a smooth divisor C0, which is necessarily isolated and consists of
the disjoint union of k smooth rational curves with self-intersection −4.
The number k is equal to −K2

S . The double cover of S defined by the line
bundle OS(−KS) is a K3 surface X and the locus of fixed points of the
covering involution is the union of k smooth rational curves, the pre-images
of the irreducible components of C0. As we observed in section 3.1, the
isomorphism classes of Coble surfaces are parameterized by the boundary of
the moduli space of Enriques surfaces.

One proves that a Coble surface (of K3 type) always admits a birational
morphism π : S → P2. The image of the anti-bicanonical divisor C0 is a
divisor in | − 2KP2 |, i.e. a plane curve of degree 6.

From now on we assume that k = 1, that implies that K2
S = −1 and the

surface is obtained by blowing up the set Σ = {p1, . . . , p10} of ten points
in P2. Since, for any irreducible curve C which is not a component of C0,
we have C · KS = −1

2C · C0 ≤ 0, the adjunction formula implies that any

smooth rational curve C on S has C2 ∈ {−1,−2,−4}. This easily implies
that any connected curve E blown down to a point in P2 is an exceptional
configuration, i.e. E = E1 + · · ·+Ek, where Ei ∼= P1, E2

1 = −1, E2
i = −2, i 6=

1 and Ei · Ei+1 = 1, and all other intersection numbers are zero. Thus the
pre-images of the points pi are exceptional configurations Ei and we can
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order points p1, . . . , p10 in such a way that

exconfexconf (5.1) Ei := π−1(xi) = Ei +R
(i)
1 + · · ·+R

(i)
ki
, E2

i = −1,

and Ei+1 − Ei > 0 if and only if pi+1 is infinitely near to pi.
Since C0 ∈ |−2KS |, the image of C0 in the plane is an irreducible rational

curve B of degree 6, the points pi are its ordinary double points (recall that
some of them may be infinitely near points), thus B has simple singulari-
ties of types Aki , where ki is the number of irreducible components in the

exceptional configuration Ei over xi and
∑10

i=1 ki = 10.
Let e0 = c1(π∗OP2(1)) and ei = [Ei]. The ordered set (e0, . . . , e10) de-

fines a basis of Pic(S) which we call a geometric basis. It defines a lattice
isomorphism φ : I1,10 → H2(S,Z) such that φ(ei) = ei, i = 0, . . . , 10, and
φ(k10) = KS . This shows that the restriction of φ to k⊥10 defines a lattice
isomorphism

markcoblemarkcoble (5.2) φ : E→ K⊥S .

This is the first property shared by Coble and Enriques surfaces.
We extend the notion of a marked Enriques surface to Coble surfaces

continuing to assume that K2
S = −1. A marking is an isomorphism (

markcoblemarkcoble
5.2).

Two markings φ, φ′ are equivalent if there exist g ∈ Aut(S) and w ∈ W nod
S

such that φ′ = w ◦ g∗ ◦ φ (note that we require that φ(k10) = KS and since
−2KS is effective, we cannot compose a marking with −idPic(S)). Here, as in

the case of Enriques surfaces, W nod
S denotes the subgroup of the orthogonal

group of Pic(S) generated by the reflections in the classes of (−2)-curves.
By the adjunction formula, the classes of such curves belong to K⊥S .

A marking is called a geometric marking if it is defined by a geometric
basis of Pic(S).

We say that a Coble surface S is unnodal if it does not contain (−2)-curves
and nodal otherwise.

Proposition 5.1. Assume that S is an unnodal Coble surface. Any mark-
ing is isomorphic to a marking given by a geometric basis. Two geometric
markings are isomorphic if and only if they differ by a composition with g∗

for some g ∈ Aut(S).

Proof. (Igor:Changed the proof, it were the gaps in the previous proof.
Please check!) By the assumption, any smooth rational curve on S different
form C0 is a (−1)-curve. By Riemann-Roch, any ei or −ei is an effective
divisor class. However, since ei · C0 = −2ei ·KS = 2, we may assume that
ei is the class of an effective divisor Ei with Ei ·KS = −1. Since C0 ·C ≥ 0
for any irreducible curve C 6= C0, we have C · (−KS) ≥ 0, hence writing Ei
as the sum of irreducible components, we obtain that Ei has a unique irre-

ducible component R
(i)
0 with R

(i)
0 ·KS = −1 and all other components R

(i)
j

satisfy R
(i)
j · KS = 0. Since S has no (−2)-curves, by adjunction formula,
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R
(i)
0

2 ≥ −1, R
(i)
j

2 ≥ 0, i 6= 0. This gives

−1 = E2
i = (R

(i)
0 +

∑
R

(i)
j )2 ≥ −1 +

∑
j 6=0

R
(i)
0 ·R

(i)
j +

∑
j 6=0

R
(i)
j

2 ≥ −1.

It follows thatR
(i)
0 is a (−1)-curve, andR

(i)
j

2 = 0 = R
(i)
0 ·R

(i)
j = 0. By Hodge-

Index Theorem, all R
(i)
j for a fixed i are linearly equivalent, so we can write

Ei = R
(i)
0 + miR

(i), where R
(i)
0 is a (−1)-curve and R(i)2 = R(i) · R(i)

0 = 0.

After we blow down R
(i)
0 , we obtain a rational elliptic surface Si with one

multiple fiber of multiplicity 2 (see
DZ
[16, Theorem 2.5]). It follows that the

image of R(i) is an irreducible curve of arithmetic genus 1 that either moves
in a pencil or taken with multiplicity 2 moves in a pencil. Since R(i) does

not intersect R
(i)
0 , we obtain that |R(i)| or |2R(i)| is a pencil. One of its fibers

is 2R
(i)
0 +B

(i)
0 , where B

(i)
0 is the proper transform of an irreducible singular

fiber of the elliptic fibration on Si.

Since the image of R
(j)
0 on Si is not contained in a fiber of the elliptic

fibration on Si, we obtain R
(j)
0 · R(i) > 0 for i 6= j, and we get Ei · Ej > 0

contradicting the definition of the Ei’s. Thus all mi = 0 and we obtain that
each Ei is the class of a (−1)-curve. This defines a geometric marking of S.
The pre-image of a line in P2 is linearly equivalent to e0.

�

Remark 5.2. The assertion is still true without assumption that S is unnodal.
But the proof is more involved.

It is shown in
DZ
[16] that blowing down any (−1)-curve on a S, we obtain a

rational elliptic surface with one double fiber (an Halphen elliptic surface of
index 2). Conversely, any unnodal S is obtained by blowing up the singular
point of a non-multiple irreducible fiber of an Halphen elliptic surface. The
surface S is unnodal if and only if all fibers of the Halphen surface are
irreducible. We refer to

Cantat
[7, Theorem 3.2] for 496 explicit conditions for ten

nodes of a rational plane sextic that are necessary and sufficient for S to be
unnodal.

Remark 5.3. As in the case of Enriques surfaces, the group of automorphisms
of an unnodal Coble surface contains a subgroup isomorphic to W2,3,7(2)
and it coincides with it when S is general enough

Cantat
[7, Theorem 3.5, Remark

3.11]. This shows that the set of isomorphisms of markings of a general
Coble surface is a torsor under the group O+(10,F2).

Fix a geometric marking φ defined by a geometric basis (e0, . . . , e10) and
let (f1, . . . , f10) = (φ(f1), . . . , φ(f10)) be the isotropic 10-sequence defined as
in (

fifi
2.2). We have

fi = 3e0 − (e1 + · · ·+ e10) + ei = −KS + ei, i = 1, . . . , 10.
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Suppose ei1 , . . . , eic are represented by some (−1)-curves Eik . Then

eik+j , 0 < j < ik+1 − ik are represented by the part Eik +
∑ik+j

j=ik+1R
j
ik

of the exceptional configuration Eik from (
exconfexconf
5.1).

We can also define a Fano polarization. It is given by the divisor class ∆
such that

fanopolfanopol (5.3) ∆ =
1

3
(f1 + · · ·+ f10) = 10e0 − 3e1 − · · · − 3e10,

where (f1, . . . , f10) is a canonical isotropic sequence. Arguing as in the proof
of

CD
[13, Theorem 4.6.1], one proves that ∆ ·f ≥ 3, for any nef isotropic divisor

class, and the linear system |∆| defines a birational morphism

Φ∆ : S → S ⊂ P5

onto a normal surface of degree 10 in P5. We call this surface a Fano model
of a Coble surface. The morphism Φ∆ is an isomorphism outside the proper
transform of the sextic if and only the isotropic sequence is nondegenerate,
or equivalently, S is obtained by blowing up ten nodes of a rational sextic
none of which is infinitely near. Note that there is also the adjoint Fano
polarization ∆ +KS . The adjoint linear system

|∆ +KS | = |7e0 − 2e1 − . . .− 2e10|
maps S onto a surface S of degree 9 in P5. It maps the divisor C0 ∈ |−2KS |
to a conic spanning a plane Π. The union S ∪ Π should be considered as a
degeneration of a Fano model of an Enriques surface.

twenty
5.2. The twenty planes. Let ∆ be a Fano polarization defined by a non-
degenerate isotropic sequence (f1, . . . , f10) in Pic(S). As in the case of En-
riques surfaces, we see that the image of each curve Fi representing the
divisor class fi under the map Φ∆ is a plane cubic curve in P5 that spans a
plane Λi. Since fi · fj = 1, the planes pairwise intersect.

Since ∆·C0 = 0, φ∆ blows down C0 to a singular point. Since C2
0 = −4, it

is locally isomorphic to the singular point of the affine cone over a Veronese
curve of degree 4. It is also the quotient singularity of type 1

4(1, 1).
Since ∆·ei = 3 and C0 ·ei = 2, the image of the (−1)-curve Ei representing

ei is a rational curve of degree 3 with a singular point at Φ∆(C0). Thus we
have another set of ten planes Λ−i intersecting each other at the same point.
Since Fi · Fj = fi · ej = 1 if i 6= j, we see that Λi ∩ Λ−j 6= ∅.

In the polarization ∆+KS , we have again the ten planes corresponding to
the curves Fi’s and the ten planes spanned by the images of the exceptional
curves (they are mapped to conics in P5). The peculiarity of this set of 20
planes is that the plane spanned by the image of the sextic B intersects all
the planes from the second set of 10 planes.

The proof of the following proposition follows almost word by word the
proof of Proposition

twentyplanes1twentyplanes1
2.9 and will be omitted.

twenty1 Proposition 5.4. Let S be a Fano model of a Coble surface defined by a
Fano polarization satisfying 3∆ ∼ F1 + · · ·+F10. Let Λi, i = 1, . . . , 10, be the
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planes spanned by the plane cubic curves Fi and Λ−i be the planes spanned
by the curves Ei.

(i) For any i 6= j, the planes Λi and Λj intersect at one point. All
planes Λ−i intersect at a common point, and Λi ∩ Λj 6= ∅ if and
only if i+ j 6= 0.

Assume additionally that S is an unnodal Coble surface. Then

(ii) The intersection points Fj ∩ Fi = Λi ∩ Λj , j 6= i are all distinct and
form the base locus of an Halphen pencil of index 2.

(iii) If we replace one of the planes Λj with Λ−j, then the 9 intersection
points with Λi are the base points of a pencil of cubic curves in Λi.

6. Lagrangian 10-tuples of planes in P5

6.1. The Enriques-Fano cubic fourfold. Let S ⊂ P5 be a Fano model
of an Enriques surface. A choice of an ordered set of representatives
(F1, . . . , F10) of a canonical isotropic sequence (f1, . . . , f10) such that

tenplanestenplanes (6.1) OS(3) ∼= OS(F1 + · · ·+ F10)

defines an ordered set (Λ1, . . . ,Λ10) of ten planes such that Λi ∩ S = Fi.
We call this set a Fano set of planes. The curves F−i ∈ |Fi + KS | define
another ordered set of planes (Λ−1, . . . ,Λ−10) which we call the adjoint set.
We know that a choice of the isomorphism (

tenplanestenplanes
6.1) is equivalent to a choice of

a supermarking of S.

P6.2 Proposition 6.1. Let Λ = (Λ1, . . . ,Λ10) be a Fano 10-tuple of planes and
(Λ−1, . . . ,Λ−10) its adjoint set of planes. Assume S is general in moduli
sense.Then

(i) There exists a unique cubic hypersurface containing all 10 planes Λi.
(ii) The linear system of cubic hypersurfaces passing through the 45

points pij is of dimension 10 and the generic hypersurface in it does
not contain S.

(iii) For any i there exists a pencil of cubic hypersurfaces containing the
planes Λj , j 6= i. It contains a unique cubic hypersurface Ci van-
ishing on the Enriques surface S. The hypersurfaces Ci span the
9-dimensional linear system of cubic hypersurfaces containing S.

Proof. (i) The linear system of cubic hypersurfaces in P5 is of dimension 55.
Thus the dimension of the linear system of cubics containing the 45 points
pij is of dimension ≥ 10. Using Proposition

twentyplanes1twentyplanes1
2.9 (ii) we see that there is a

unique cubic curve through any subset Pi of 45 points lying in a plane Λi.
Taking a general point in each plane we obtain that there exists a cubic
hypersurface that intersects each plane along a cubic curve and a point
outside it. Obviously, it must contain each plane. We will prove below in
Theorem

smoothnesssmoothness
6.3 that such a cubic hypersurface must be smooth for a general

Enriques surface. Since a pencil of hypersurfaces always contains a singular
member we find that the cubic is unique.
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(ii) This follows from (i). In fact, counting constants we see that the
dimension of the linear system is at least 10. Suppose it is greater than 10.
Then for a general point p on one of the planes Λi we can find a cubic curve
passing through Pi and p. This shows that cubic curves passing through Pi
form at least a pencil. By Proposition

twentyplanes1twentyplanes1
2.9 (iii) this implies that the cubic

contains the plane Λi. Thus there is at least a pencil of cubic hypersurfaces
containing all 10 planes. This contradicts (i).

(iii) Consider the 10-dimensional linear system of cubics from (ii). Take
a general point qi in each Λi, i 6= j. By Proposition

twentyplanes1twentyplanes1
2.9 (ii), a cubic hyper-

surface in the linear system which passes through the additional nine points
must contain the planes Λi. Thus the dimension of the linear system contain-
ing the planes Λi, i 6= j, is greater or equal than 1. If the dimension is greater
than 1, we can find a pencil containing all 10 planes contradicting property
(i). Since dim |3∆−F1− · · · −F9−F10 +Fj | = dim |Fj | = 0, the restriction
of the pencil of hypersurfaces from (ii) to Λj contains a unique hypersur-
face Ci vanishing on S. We know from Corollary

C4.7C4.7
4.14 that the dimension of

the linear system of cubics containing S is equal to 9. Suppose the cubics
Ci = V (Φi), i = 1, . . . , 10, generate a linear system of smaller dimension.
This means that there is a linear dependence a1Φ1 + · · ·+ a10Φ10 = 0 with
some ai 6= 0. Taking a general point qi in Λi, we obtain that Φi(qi) = 0,
hence Ci contains all 10 planes. This means that Ci coincides with the unique
cubic hypersurface containing S. In

factfact
9.1.6 from the Appendix we show an

example of a surface S for which there are no cubics containing S and the
10 planes. So the same must be true for a general S. �

Let C(S,Λ) be the cubic hypersurface containing a set Λ = (Λ1, . . . ,Λ10) ∈
G10 of 10 planes. We call it the Enriques-Fano cubic. We have already
proved its uniqueness (for a general S). We will later see that a general S
is not contained in C(S,Λ).

Below we will prove that C(S,Λ) is smooth for general S. But first we
need the following well-known lemma.

L6.2 Lemma 6.2. Let V be an irreducible cubic threefold in P4 that contains a
plane Λ. Then V is singular at some point of Λ, and the set-theoretical
intersection Sing (V ) ∩ Λ of the singular locus of V with Λ is one of the
following: either the whole plane, or a conic, or a line, or a line plus a
point, or k points in Λ with k ∈ {1, 2, 3, 4}.
Proof. Choose coordinates x0, . . . , x4 in such a way that the equation of the
plane is x0 = x1 = 0. Then we can write the equation of the cubic in the form
x0q0 + x1q1 = 0, where q0 and q1 are quadratic forms. Taking the partial
derivatives, we obtain that the singular points in the plane are common
solutions of equations x0 = x1 = q0 = q1 = 0. This shows that the singular
locus in Λ is either the whole plane, or the conic V (q0)∩Λ = V (q1)∩Λ, or else
the base locus of the pencil of conics generated by V (q0)∩Λ, V (q1)∩Λ. The
latter may be either four points counted with multiplicities, or a common
line of the conics V (qi) ∩ Λ, possibly plus one extra point. �
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smoothness Theorem 6.3. Let C(S,Λ) be a cubic hypersurface containing the ten planes
defined by a Fano model of a general Enriques surface. Then C(S,Λ) is
smooth.

Proof. For a general Fano model S this follows from Fact
nonsing-cubnonsing-cub
9.1.3 in the Ap-

pendix. We also give a proof below that does not rely on computer compu-
tations.

Step 1: C(S,Λ) is irreducible.

Suppose it is not, i.e. C(S,Λ) is the union of a hyperplane H and a
quadric Q, maybe reducible. Since the Fano polarization is not that of
Reye type, S is not contained in a quadric. Thus assuming Λ1, . . . ,Λk ⊂ H,

Λk+1, . . . ,Λ10 ⊂ Q, we see that there are effective divisors D ∈ |∆−
∑k

i=1 Fi|,
D′ ∈ |2∆ −

∑10
i=k+1 Fi|, where Fi = Λi ∩ S are as above. Since (∆ − F1 −

· · ·−Fm)2 = 10+ 2m(m−1)−6k = 2(m2−4m+ 5) 6= 0, the divisors D and
D′ are not the zero divisors and since D + D′ ∼ 3∆ − F1 + . . . + F10 ∼ 0,
they cannot be both effective.

Step 2: C(S,Λ) is a normal hypersurface.

Assume C(S,Λ) is not normal. Then its singular locus is a 3-dimensional
projective space H. Since Λi ∩ Λj is a single point xij , we can find two
planes, say Λ1 and Λ2 that are not contained in H and x12 6∈ H. Let Q be
the polar quadric of C(S,Λ) with pole at x12. By the properties of the polar
hypersurfaces

CAG
[19, Theorem 1.1.5], Q contains H and contains the planes

Λ1,Λ2. Thus Q = H ∪H ′ is reducible and Λ1,Λ2 are contained in H ′, hence
intersect along a line. This contradiction proves the assertion.

Step 3: C(S,Λ) is not a cubic cone.

Assume that it is a cone, so that the projection of C(S,Λ) from its triple
singular point p is a cubic threefold V3 in P4. Let pij = Λi ∩ Λj ; we will

denote by pij , Λi the projections of pij , resp. Λi in V3 whenever they are
defined.

By Proposition
P6.2P6.2
6.1, no three planes intersect at one point, hence p is

contained in at most two planes. Assume first that p lies on at most one
of the ten planes Λi. Without loss of generality, we may assume that it
does not lie on Λ1, . . . ,Λ9. The cubic V3 is irreducible and contains 9 planes
Λ1, . . . ,Λ9. If two planes Λi and Λj (i, j 6= 10) intersect at one point, this
point is pij , and by evaluating the dimension of the tangent space of V3 at pij
we see that pij is a singular point of V3. A non-normal cubic of dimension 4

has a P3 as its singular locus in codimension 1 (see
Lee
[42, Lemma 2.4]). Thus

we may assume that at most one of the planes Λi is contained in the singular
locus. So, we may assume that Λ1 is not contained in Sing (V3). Suppose
Λ1 has 1-point intersections with 6 other planes, say, Λ1 ∩ Λi = p1i for
i = 2, . . . , 7. Then these 6 points lie in Sing (V3) and applying the previous
Lemma, we obtain that the intersection points lie on a conic, or 5 of the
intersection points lie on a line. This implies that the points p1i, i = 1, . . . , 6,
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lie on a conic in the plane Λ1, or 5 points are collinear. By Proposition
twentyplanes1twentyplanes1
2.9,

this contradicts the assumption that S is general.
So, we may assume that Λ1 intersects three other planes, say Λ2,Λ3,Λ4

along the lines `12, `13, `14. This means that the 3-dimensional spaces 〈p,Λ1〉
and 〈p,Λi〉 intersect along a plane Π1i. But then the line 〈p, p23〉 intersects
the plane Π12 and hence the intersection point of `12 and `13 coincides with
p23. Similarly, p24 = `12 ∩ `14, so that the three points p12, p23, p24 in the
plane Λ1 are collinear, p12 ∈ `12 = 〈p23, p24〉. But this implies that the points
p12, p23, p24 in Λ2 are collinear as well. Indeed, if p12, p23, p24 generate Λ2,
then Λ2 = 〈p12, p23, p24〉 = `12 is a line, which means that p ∈ Λ2, but
we assumed p 6∈ Λi for i 6= 10. Thus p12, p23, p24 are collinear. But this
contradicts Proposition

P6.2P6.2
6.1: for a general S no three points pij in one plane

are collinear.
It remain to consider the case when the center of the projection p coincides

with one of the points pij , say p9,10. Then if Λ1 intersects Λ2 along a line,
then p belongs to P4 = 〈Λ1,Λ2〉. This implies that three curves F1, F2

and F12 ∈ |∆ − F1 − F2| intersect at one point p. The numerical classes
of the three curves form an isotropic 3-sequence that can be extended to
a nondegenerate canonical isotropic sequence. It will define another Fano
polarization that does not satisfy Proposition

P6.2P6.2
6.1. So, we find a contradiction

with the assumption that S is general enough.

Step 4: C(S,Λ) is smooth.

By the previous steps we may assume that C(S,Λ) is normal and not a
cone, hence it is either smooth or has only double points as singularities.
Assume that p is a double singular point. Without loss of generality, we
may assume that p = (1, 0, 0, 0, 0, 0) and hence the equation of the cubic is

eqconeeqcone (6.2) x0F2(x1, . . . , x5) + F3(x1, . . . , x5) = 0.

The projection of C(S,Λ) from p to the hyperplane H = {x0 = 0} de-
fines a regular birational map from the blowup of C(S,Λ) at p contract-
ing the exceptional divisor, isomorphic to a P1-bundle over the surface
X = VH(F2) ∩ VH(F3). In other words, C(S,Λ) is the image of H under
the rational map Φ given by cubics in H containing X. Let Λj be one of the
ten planes that does not contain the point p and Wj = 〈Λj , p〉 the span of
Λj and p. If Wj is contained in C(S,Λ), then it is contained in the tangent
cone V (F2). Thus we can always choose j in such a way that Wj intersects
C(S,Λ) along a cubic surface containing Λj and singular at p. The cubic
surface is the union of Λj and a quadric cone Qj with its singular point p.
The quadric Qj is a cone over a conic Rj in X lying in the plane Λj . If p is
contained in Λi, then the projection of Λi is a line in X.

It follows from the equation that if X is not normal then C(S,Λ) is not
normal. By Step 2, we may assume that X is normal. Since p is contained in
at most two planes Λi, the ten curves R1, . . . , R10 in X are either 10 conics,
or 9 conics and a line, or 8 conics and two lines.
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Let us see how the 10 curves R1, . . . , R10 intersect. Suppose p 6∈ Λi.
Without loss of generality we may assume that i = 1. Suppose R1 intersects
R2. Then the intersection point p12 = Λ1∩Λ2 lies on X and hence equation
(
eqconeeqcone
6.2) shows that C(S,Λ) contains the line 〈p, p12〉. Let pij = Λi ∩ Λj . Then
C(S,Λ) contains the lines 〈p, p12〉, and 〈p12, p13〉 ⊂ Λ1. Thus the plane
spanned by these lines intersects the cubic along these lines and the third
line 〈p, p13〉. Continuing in this way we see that the cubic contains all the
lines 〈p, p1t〉, t = 2, . . . , 10. This implies that the residual quadric cone Q1

of the plane Λ1 intersects Λ1 along a conic containing the nine points. But
we know that these points do not lie on a conic (for a general Enriques
surface). Since Ri does not intersect Rj if pij = p, we obtain that all curves
are disjoint.

Since X has no triple points, all its singularities are double points. It
follows from analysis of GIT-stability of cubic fourfolds from

Laza
[40] that the

projective equivalence classes of cubic fourfolds whose associated K3 surface
of degree 6 has non-rational double point have a smaller dimension than
10. Thus we may assume that our double points are rational double points.
Thus a minimal resolution of X is a K3 surface. The divisor classes of
the proper transforms of Ri are linearly independent. By the usual period
mapping argument, we obtain that the projective isomorphism class of X
depends on ≤ 9 parameters. So, for a general Enriques surface, this case
cannot happen.

�

6.2. Fano sets of 10-planes. Let G = Gr2(P5) be the Grassmannian of
planes in P5 and let HilbFano be the Hilbert scheme of Fano models of En-
riques surfaces. Let HilbFano → HilbFano //PGL(6) ∼= Ma

Enr,Fano be the
projection map. Let

Hilbsm
Fano := HilbFano×Ma

Enr,Fano
Msm,a

Enr →M
sm,a
Enr

be the base change map corresponding to the map (
factorfactor
3.11) Msm,a

Enr →M
m,a
Enr.

The projection Hilbsm
Fano → HilbFano is a Galois cover with the Galois group

(Z/2Z)9 × S10. Adding to the group the involution adj that changes the

polarization to the adjoint polarization we obtain the group G̃ = (Z/2Z)10o
S10 that acts on Hilbsm

Fano with quotient Mτ
Enr,Fano.

Any point of Hilbsm
Fano is a pair

(
S, (F1, . . . , F10)

)
, where OS(3) ∼= OS(F1 +

· · · + F10). Or equivalently, a pair (S,Λ), where Λ = (Λ1, . . . ,Λ10) is an
ordered set of planes λi with Λi ∩ S = Fi.

We denote by G10
Fano the image of the map

hilbertmaphilbertmap (6.3) Hilbsm
Fano → G10, (S,Λ)→ Λ.

T6.5 Theorem 6.4. G10
Fano is an irreducible variety of dimension 45 birationally

isomorphic to Hilbsm
Fano.

Proof. By Theorem
irreducibilityirreducibility
3.7, Msm,a

Enr is irreducible, since the base change pro-
jection is generically PGL(6)-bundle, we obtain that Hilbsm

Fano is irreducible
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variety. By Proposition
hilberthilbert
3.3, its dimension is equal to 45. It follows from

property (iii) of Proposition
P6.2P6.2
6.1 that Λ is uniquely determines S. This shows

that the map (
hilbertmaphilbertmap
6.3) is birational onto its image.

�
VarEnr10

6.3. The variety of Fano 10-tuples of planes. Let P5 = P(V ) for some
6-dimensional linear space V = V6. Consider a nondegenerate symplectic
form on

∧3 V defined by the wedge product

sympformsympform (6.4)
∧3

V ×
∧3

V →
∧6

V ∼= C

and a choice of a volume form on V . Each plane in P(V ) is defined by

a line in
∧3 V , so we can speak about a subspace of

∧3 V spanned by a
set of planes. The bilinear form (

sympformsympform
6.4) is a nondegenerate symplectic form

on a linear space of dimension 20. As is well known, its maximal isotropic
subspace, which will be called a Lagrangian subspace, is of dimension 10.

newlemma Lemma 6.5. Fano 10-tuple of planes (Λ1, . . . ,Λ10) and its adjoint set of
plane (Λ−1, . . . ,Λ−10) each define a basis of a Lagrangian subspace U (resp.

U ′) of
∧3 V . Moreover ∧3

V = U ⊕ U ′.

Proof. Since Λi ∩ Λj 6= ∅, the set {Λ1, . . . ,Λ10} spans an isotropic sub-
space, so to prove the first assertion it suffices to show that they are linearly
independent. Let v±1, . . . , v±10 represent Λ±i in

∧3 V . We scale them to
assume that vi ∧ v−i = 1. Suppose there exist scalars λ1, . . . , λ10 such that
v := λ1v1 + · · · + λ10v10 = 0. Since v ∧ v−i = λi, we see that all λi must
be equal to zero. This proves the first assertion. The second assertion
is obvious since we can identify the span of v−1, . . . , v−10 with the dual
space of U and obtain that the matrix of the symplectic form in the basis
(v1, . . . , v10, v−1, . . . , v−10) is the standard symplectic matrix. �

def_slg Definition 6.6. An ordered 10-tuple of planes (Λ1, . . . ,Λ10) is called semi-
Lagrangian if Λi ∩ Λj 6= ∅ for all i, j. A semi-Lagrangian set is called
Lagrangian if there exists a semi-Lagrangian set (Λ−1, . . . ,Λ−10) such that

lagrangesetlagrangeset (6.5) Λi ∩ Λj 6= ∅⇔ i+ j 6= 0.

holds.

It follows from the proof of Lemma
newlemmanewlemma
6.5 that its assertion holds for any

Lagrangian 10-tuple of planes.
Let G = Gr(2,P5) be the Grassmannian of planes in P5. Let

G10
Fano (resp. G10

lag, resp. G10
slag)

denote the ordered sets of Fano (resp. Lagrangian, resp. semi-Lagrangian)
10-tuples of planes. We have

G10
Fano ⊂ G10

lag ⊂ G10
slag,
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where G10
slag is a closed subvariety of G10 and G10

Fano and G10
lag are its con-

structible subsets.
Note that a naive count of parameters gives that the expected dimension

of G10
slag is equal to 45. In fact, all planes in P5 intersecting a fixed plane are

parameterized by a hyperplane section of G2(P5), hence they depend on 8
parameters. So we have 9 parameters for choosing Λ1, then 8 parameters to
choose Λ2, 7 parameters to choose Λ3, and so on. This gives 9+ · · ·+1 = 45
parameters.

Let us compute the tangent space of G10
slag at a given point Λ =

(Λ1, . . . ,Λ10). We view P5 as the projectivization of a 6-dimensional
space V = U ⊕ U∨ with the standard symplectic form 〈(u, ξ), (u′, ξ′)〉 =
ξ′(u)−ξ(u′). Let Λi = P(Vi) for some 3-dimensional subspace Vi of V . With-
out loss of generality we may assume that Vi∩U∨ = {0}, hence the projection
map to pi : Vi → U is an isomorphism. Let us fix a basis u = (u1, u2, u3) in

U and the dual basis u∗ = (u∗1, u
∗
2, u
∗
3) in U∨. Let v = (v

(i)
1 , v

(i)
2 , v

(i)
3 ) be a

basis in Vi such that pi(v
(i)
j ) = uj . Then Vi can be identified with the col-

umn space of a 6× 3-matrix
(
I3
Ai

)
, where Ai is the matrix of the projection

qi : Vi → U∨ with respect to the bases v and u∗. We identify V with V ∨

by means of the symplectic form. Let V ⊥i be the annihilator subspace of Vi
in V ∨ = V . We have V ⊥i ∩ U∨ = {0}, and the projection qi : V ⊥i → U is
an isomorphism. We choose a basis in V ⊥i to identify V ⊥i with the column

space of the matrix
(−tAi

I3

)
.

We know that Λi ∩ Λj 6= ∅. In the above matrix interpretation, this
means that det(Ai − Aj) = 0. Let adj(X) denote the adjugate matrix of a

matrix X (the cofactor matrix). We have adj(Ai−Aj) = tβ(ij) ·α(ij), where

Vi ∩ Vj = Cα(ij), V ⊥i ∩ V ⊥j = Cβ(ij), unless Λi,Λj intersect along a line in
which case the adjugate matrix is zero.

tangent Lemma 6.7. Denote Λ = P(U∨), a fixed plane in P5. With the above no-
tation we have the following:

(1) Let G10
slag,0 be the open subset of G10

slag parameterizing Λ =

(Λ1, . . . ,Λ10) such that Λi ∩ Λ = ∅ for all i. Then

G10
slag,0 = {(A1, . . . , A10) ∈ Mat10

3×3 : det(Ai −Aj) = 0, 1 ≤ i < j ≤ 10}.

(2) The tangent space of G10
slag at a point Λ ∈ G10

slag,0 is the linear space

tanspacetanspace (6.6) {(X1, . . . , X10) ∈ Mat10
3×3 : Tr

(
adj(Ai −Aj) · (Xi −Xj)

)
= 0,

1 ≤ i < j ≤ 10}
of dimension ≥ 45.

Proof. (1) The first assertion follows from the above discussion where we
take Λ = P(U).

(2) We choose the coordinates x1, . . . , x6 to assume that Λ is given by

x1 = x2 = x3 = 0. Then we choose a basis Λk spanned by vectors v
(k)
i , i =
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1, 2, 3, with coordinates

(1, 0, 0, a
(k)
11 , a

(k)
12 , a

(k)
13 ), (0, 1, 0, a

(k)
21 , a

(k)
22 , a

(k)
23 ), (0, 0, 1, a

(k)
31 , a

(k)
32 , a

(k)
33 ).

This defines 10 matrices Ak = (a
(k)
ij ). The tangent space of Gr2(P5)10 at

the point Λ is isomorphic to the set of 10-tuples (A1 + εB1, . . . , A10 + εB10),
where ε2 = 0. We have the additional condition that det(Ai − Aj + ε(Bi −
Bj)) = 0, 1 ≤ i, j ≤ 10 that expresses the condition that the planes pairwise
intersect. A well-known formula for computing the determinant of the sum
of two matrices proves the assertion. The system of linear equations has 90
variables given by the entries of matrices Xi and

(
10
2

)
= 55 equations. Thus

its null-space is of dimension ≥ 45. �

two-comps Theorem 6.8. The closure of G10
Fano in G10

lag is an irreducible component of

G10
lag of dimension 45. Any other irreducible component of G10

lag has dimen-
sion ≥ 45.

Proof. We already know that G10
Enr is an irreducible variety of dimension 45.

Its closure in G10
lag is an irreducible subvariety that contains a point with

the tangent space of dimension 45. By Lemma
tangenttangent
6.7, the tangent space of

G10
lag at this point coincides with the tangent space of G10

Enr at this point. Its
dimension is equal to 45. It follows from Lemma

tangenttangent
6.7 that the dimension of

the tangent space at a point in G10
Fano is of dimension ≥ 45. Thus the closure

of G10
Enr in G10

lag is an irreducible component. It follows from the previous
Lemma that any other irreducible component has dimension ≥ 45. �

Let

c : P(

3∧
V )→ P(

3∧
V )∨ = P(

3∧
V ∨)

be the correlation isomorphism defined by the symplectic form (
sympformsympform
6.4). It

defines bijections between the sets

clag : Gr(10,
3∧
V )10

lag ↔ Gr(10,
3∧
V ∨)10

lag,(6.7)

cslag : Gr(10,
3∧
V )10

slag ↔ Gr(10,
3∧
V ∨)10

slag(6.8)

For any Λ ∈ Gr(10,
∧3 V )10

lag the image clag(Λ) is linearly isomorphic to Λ.
Hence it satisfies all the properties from Proposition

twentyplanes1twentyplanes1
2.9,

twenty1twenty1
5.4 and

P6.2P6.2
6.1. This

shows that the correlation isomorphism defines a birational isomorphism

sFano : Gr(10,
3∧
V )10

Fano 99K Gr(10,
3∧
V ∨)10

Fano.

In particular, there exists a unique cubic hypersurface containing Λ⊥ and an
Enriques (or Coble) surface in the dual space defined by the linear system
of cubic hypersurfaces through 45 intersection points of the dual planes.
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dualconfig Proposition 6.9. Let ∆ be an ample Fano polarization of an Enriques or
Coble surface S and φ∆ : S → |∆∗| ∼= P5 be the corresponding embedding.
Let Λ be the corresponding Fano set of planes in |∆|∗ spanned by the images
of the curves F1, . . . , F10 such that F1 + · · · + F10 ∈ |3∆|. Then the linear
subsystem Fi + |∆ − Fi| in |∆| is a plane Λ⊥i in the dual space |∆|. The
intersection Λ⊥i ∩ Λ⊥j , i 6= j, consists of one point.

Proof. We leave to the reader to use the definition of the maps given by
linear system to check that Fi + |∆ − Fi| is indeed the dual plane to Λi.
The linear system |∆ − Fi| consists of hyperplane sections of φ∆(S) that
contain the image of Fi, ane hence contain the plane Λi. The dimension of
this linear system is equal to 2.

The intersection Λ⊥i ∩Λ⊥j consists of the linear system |∆−Fi−Fj |. Since

(∆ − Fi − Fj)2 = 0 and (∆ − Fi − Fj) · Fk = 1, k 6= i, j it consists of an
isolated curve of arithmetic genus one. �

6.4. Morin sets of planes. It is natural to ask whether a semi-Lagrangian
set of 10 planes can be extended to a larger set of n planes with simi-
lar property. It is obvious, that if Λ−n, . . . ,Λ−1,Λ1, . . . ,Λn is a config-
uration of planes in P5 = P(V ) satisfying (

lagrangesetlagrangeset
6.5) then n ≤ 10. Indeed,

the matrix of products of the Plücker 3-vectors v−i, vi representing Λ−i,Λi
with respect to the alternating bilinear form (

sympformsympform
6.4) is non-degenerate, hence

2n ≤ dim
∧3 V = 20. It is harder to answer the question about extensions

in the class of n-tuples of pairwise intersecting planes Λ1, . . . ,Λn. We will
call such a n-tuple an isotropic n-tuple of planes. We will call an isotropic
n-tuple of planes complete (or a Morin set, see

KapustkaVerra
[36]), if it does not extend

to an isotropic (n + 1)-tuple of planes. Note that a Morin configuration of
ten planes is a (unordered) semi-Lagrangian 10-tuple of planes.

Let LG(
∧3 V6) be the closed subvariety of Gr(10,Λ3V ) that parameterizes

Lagrangian subspaces of Λ3V . It is a smooth homogeneous space G/P of
dimension 55 for the group Sp(20) and its maximal parabolic subgroup P .
We view points in Gr(10,Λ3V ) both as 10-dimensional linear spaces or 9-
dimensional projective spaces, hoping that no confusion arises. For any
A ∈ LG(

∧3 V6) we let

(6.9) ΘA := {Λ ∈ G = Gr(3, V ) : Λ ⊂ A}

We consider ΘA as the intersection scheme of P(A) ∩G.
We will use the following fact

OG5
[55, Claim 3.2].

ogradyclaim Lemma 6.10. A set of pairwise intersecting planes is a Morin set if and
only if it spans some A ∈ LG(

∧3 V6) and coincides with ΘA.

(Igor:added) It follows from the Lemma that the number of planes in a
Morin set is larger than or equal to 10. It is known that the largest possible
number is 20

OG5
[55, Proposition 4.8]. Examples with 20 planes are given in

KapustkaVerra
[36] and

vanGeemen
[25].
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Moringopen Theorem 6.11. Let Λ ∈ G10
Fano that corresponds to a Fano model of a gen-

eral Enriques surface. Then Λ is a Morin set of 10 planes.

Proof. Let Λ ∈ G10
Fano correspond to a general Enriques surface S ⊂ P5. It

spans A ∈ LG(
∧3 V6). Suppose ΘA contains another plane Λ. Count-

ing constants, we find a cubic hypersurface C1 that contains 10 planes
Λ,Λ2, . . . ,Λ10. By property (vi) of Proposition

P6.2P6.2
6.1, C1 belongs to the pen-

cil of cubic surfaces containing the planes Λi, i 6= 1, that contains a unique
cubic hypersurface passing through S. It follows from Corollary

C7.3C7.3
7.3 that

C1 6= C(S,Λ) (otherwise C(S,Λ) contains 11 mutually intersecting planes).
By the uniqueness of C(S,Λ), the cubic C1 does not contain Λ1. Its restric-
tion to Λ1 contains nine points p1j = Λ1 ∩ Λj and the intersection Λ ∩ Λ1.
It follows from Proposition

twentyplanes1twentyplanes1
2.9 that there is only one cubic curve F1 in Λ1

through the points p1j . This implies that Λ ∩ Λ1 ⊂ F1. Since F1 is irre-
ducible, we obtain that Λ∩Λ1 consists of a point p1 lying on F1. Replacing
Λ1 with another Λj , we obtain that Λ intersects other Fj at one point pj .

Let us now consider the intersection B = S∩Λ. Assume that B is a curve
passing through the points p1, . . . , p10. Then B∩Fi = Λ∩Λi intersects each
Fi with multiplicity 1. But then B ·∆ = 10

3 , a contradiction. Thus we may
assume that B is the set of points pi ∈ Fi, some of which may coincide.
Consider the linear system |D| ⊂ |∆| of hyperplane sections containing
the plane Λ. It has the points p1, . . . , p10 as the base points. We have
D · Fi = ∆ · Fi − 1 = 2, hence 10 = D2 = D ·∆ = 20

3 , a contradiction.
�

C6.10 Corollary 6.12. The map

mapPsimapPsi (6.10) Ψ : G10
Fano → LG(

3∧
V6)

that assigns to (Λ1, . . . ,Λ10) ∈ G10
Fano the span of the planes Λi in P(

∧3 V )
factors through the map

mapPsisymmapPsisym (6.11) Ψs : G(10)
Fano := G10

Fano/S10 → LG(
3∧
V6),

which is birational onto its image.

Corollary 6.13. There exists an irreducible component of G10
lag of dimension

45 that contains an open subset of Morin configurations of 10 planes.

morinlist Remark 6.14. If S is embedded in a smooth quadric Q by an ample Reye
polarization, then any Fano 10-tuple of planes is not complete. One can show
that any two 10-tuples of planed from the same family of planes in Q span
the same Lagrangian subspace A(Q) and ΘA consists of all planes from this
family. This is a 3-dimensional complete family from Morin’s classification
of complete continuous families of planes in P5. Under the map Ψ the 24-
dimensional locus of Lagrangian 10-tuples arising from Reye-Fano models
of Enriques surfaces lying on the same quadric Q (isomorphic to the Hilbert
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scheme of Reye congruences) is blown down to the point A(Q) ∈ LG(
∧3 V ).

Thus the codimension one divisor of Reye-Fano models is blown down to a
20-dimensional subvariety of Lagrangian subspaces of the form A(Q).

Another Morin’s continuous family is the 2-dimensional family of planes
tangent to a Veronese surface in P5. For any fixed Veronese surface the
tangent planes span the same Lagrangian subspace A. We will see later
in Appendix, that 10-tuples Λ from this family arise from a Cayley-Fano
model of a Coble surface surface. The cubic hypersurface C(S,Λ) is the
discriminant cubic hypersurface in P5 parameterizing singular quadrics with
a Veronese surface as its singular locus. Both of these cases exhibit divisors
in Hilbsm

Fano that are blown down to linear subspaces in LG(
∧3 V ).

Exa5 Example 6.15. (Igor:changed the wording) One can find examples of
Morin sets of k planes with any 11 ≤ k ≤ 20 in

KapustkaVerra
[36]. Here we provide a

different construction of a Morin 13-tuple. Let Π1, Π2, Π3 be 3-dimensional
subspaces of P5 which contain a plane Λ. Set Υij = 〈Πi,Πj〉, 1 ≤ i, j ≤ 3,
i 6= j. Choose three smooth quadric surfaces Qi ⊂ Πi, i = 1, 2, 3, meeting
Λ along three distinct smooth conics Ci such that Ci ∩ Cj consists of four

distinct points pij1 , p
ij
2 , p

ij
3 , p

ij
4 if i 6= j. We do not require that the twelve

points of intersection are distinct; it is even possible that pijk do not depend

on i, j, so that the Ci belong to one pencil. We define the plane Λ(p)ij to be

the tangent plane of the quadric Qi at one of the points p = pijk , k = 1, 2, 3, 4.

This gives twelve planes Λijk . Since Λijk ∩ Λ contains the tangent line of the

conic Ci at the point pijk , they pairwise intersect at a point in Λ. Together
with Λ, they form the desired configuration of 13 planes.

Let us now show that this configuration is maximal, that is: there is no
14th plane Σ meeting each one of the 13 planes. Assume that such Σ exists.

Then Σ meets the 4 planes Λijk (k = 1, 2, 3, 4) lying in the same 4-space
Υij . Choose i, j such that Σ is not contained in Υij . Then the intersection
Σ ∩ Υij is a line, say, `ij . The three lines `12, `23, `31 form a triangle with
vertices qj = `ij ∩ `jk ∈ Πj .

Let us fix (ij) for a while; write pk instead of pijk . As an element of
the Grassmannian Gr(2, 5) = Gr1(Υij), the line `ij is in the intersection W

of four Schubert varieties
⋂4
k=1 Ω(Υij

k ) of lines intersecting Υij . They are
special linear complexes, i.e. hyperplanes in the Plücker space which are
tangent to Gr(2, 5). Denote by Z the locus of the intersections ` ∩ Πi as `
runs over W . Then, qi ∈ Z.

Counting constants in our construction (we have 42 = 9 + 6 + 3 × 9 of

them), we may assume that the 4 planes Λijk , considered as points in the
Plücker space span a general 3-dimensional subspace. Then the variety W

is the intersection of Gr(2, 5) with four special linear complexes Ω(Λijk ) and
is an anti-canonical Del Pezzo surface of degree 5. This is a well-known
classical fact

CAG
[19, Proposition 8.5.3]. On the other hand, it is known that

the degree of the 4-dimensional Schubert variety Ω(line) of lines intersecting
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a line is equal to 3. Since W is the intersection of Gr(2, 5) with a linear
subspace of codimension 4, we see that the union of lines parametrized by
W in P4 is a cubic hypersurface S3 (in fact, a Segre cubic primal with 10
nodes, see

CAG
[19, Example 10.2.20]). The intersection of S3 with Πi is equal to

Z and it must be a cubic surface. Since W contains a ruling of lines on Qi,
we see that Z contains Qi. The residual component of Z must be the fifth
plane Σij . It is contained in Πi, and similarly, in Πj . Thus Σij does not
depend on (ij) and coincides with Λ = Πi∩Πj . This shows that all the three
points qi are in Λ, so `ij ⊂ Λ, and hence Σ = Λ. Hence the configuration of

13 planes Λ,Λijk is maximal.

7. Cubic fourfolds
sectcub

7.1. The Fano variety of lines. We refer for most of the facts found in this
section to

BD
[5]. Let X be a smooth cubic fourfold in P5 and let F = F (X) be

the variety of lines in X. Its dimension is equal to 4 and it admits a natural
structure of a holomorphic symplectic manifold. The holomorphic 2-form is
defined as follows. One considers the universal family of lines

U = {(x, `) ∈ X × F : x ∈ `}
which is equipped with two projections p : U → X, q : U → F . Then one
considers the Abel-Jacobi map (also called the cylinder map)

abeljacobiabeljacobi (7.1) Φ = q∗p
∗ : H4(X,Z)→ H2(F,Z)

which is compatible with the Hodge structures. Let h ∈ H2(X,Z) be the
class of a hyperplane section of X and σ = σ1|F the class of a hyperplane
section of F in its Plücker embedding. We denote by H4(X,Z)0 the orthog-
onal complement of h2 and by H2(F,Z)0 the orthogonal complement of σ3

in H2(F,Z). We have

polarizationpolarization (7.2) Φ(h2) = σ, Φ : H4(X,Z)0
∼=→ H2(F,Z))0.

We have (σ4)F = 108, the degree of F in its Plücker embedding. The
Beauville-Bogomolov form, or the BB-form for short is a symmetric bilinear
form on H2(F (X),Z) satisfying the following properties:

• (Φ(a),Φ(b))BB = −a · b, for any a, b ∈ H4(X,Z)0;
• 6(u, v)BB = σ2 · u · v, for any u, v ∈ H2(F (X),Z)0;
• (σ, σ)BB = 6.

It follows from loc. cit. that F is an irreducible holomorphic symplectic
manifold (IHS manifold for short) deformation equivalent to the Hilbert

square of a K3-surface K3[2], so the Beauville–Fujuki identity relating the
cup-product on H2(F (X),Z) and the BB-form

Beau83
[3, Sect. 9, Lemma 1] reads

as follows:
(a4)F = 3(a, a)2

BB.

By polarization of the fourth power, one obtains:

BeauFuBeauFu (7.3) (a · b · c · d)F = (a, b)BB(c, d)BB + (a, c)BB(b, d)BB + (a, d)BB(b, c)BB.
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The BB-form of an IHS is invariant under deformations of complex structure,
so to compute (H2(F,Z), (., .)BB), we can replace F by the Hilbert square

Y [2] of a K3 surface Y . Thus the BB lattice of F is isomorphic to the even
lattice of signature (3, 20)

k3squarelatticek3squarelattice (7.4) LK3[2] := E⊕ E⊕ U⊕ 〈−2〉
The cup-product quadratic form on H4(X,Z) is isomorphic to a unimodular
odd lattice I21,2 of rank 23 and signature (21, 2). Under this isomorphism, the
image of h2 is a characteristic vector h of I21,2 of square-norm 3 characterized
among all vectors of square-norm 3 by the property that its orthogonal
complement h⊥ is an even lattice of signature (20, 2). It is isomorphic to
the lattice

latticelattice (7.5) L := E(−1)⊕ E(−1)⊕ A2(−1),

the unique even lattice of signature (20, 2) and discriminant −3.
We have h3,1(X) = 1, h2,2(X) = 21 and Φ(H3,1(X)) = H2,0(F ) = Cα,

where α is a holomorphic symplectic 2-form. More explicitly, H3,1(X) is
generated by α = ResX

Ω
P 2 , where Ω is a section of ωP5(6) and X = V (P ).

Integrating α along 4-cycles on X, we get the period map

periodmapperiodmap (7.6) ℘ :Mns
cub → Γ\DL,

where Mns
cub is the moduli space of non-singular cubic hypersurfaces, DL is

the disjoint union of two Hermitian symmetric spaces of orthogonal type
corresponding to the quadratic space LR and Γ = O(L)∗ = Ker

(
O(L) →

O(L∨/L)
)

is the subgroup of index 3 of the orthogonal group of L (which

coincides with the stabilizer subgroup O(I21,2)h)
Hassett
[30, 2.2]. According to

Voisin
[60],

the period map is an isomorphism on its image equal to Γ\D0
L, where D0

L is
an open subset of DL.

7.2. Cubic fourfolds with a Lagrangian set of planes. Recall that a
general point Λ of G10

Fano defines a smooth cubic fourfold C(S,Λ) containing
Λ. We called it an Enriques-Fano cubic fourfold. Here we extend this
definition and reserve this name for any smooth cubic fourfold containing
a Lagrangian set of 10 planes. We will prove later that 10 is the maximal
number of pairwise intersecting planes a smooth cubic fourfold may contain.
An Enriques-Fano cubic fourfold with an ordered Lagrangian set of planes
is called a marked Enriques-Fano cubic fourfold.

Let XΛ denote an Enriques-Fano cubic fourfold containing a Lagrangian
set of planes Λ. Let Pi = [Λi] be the class of Λi ∈ Λ inH4(X,Z). Intersecting
X with a 3-dimensional subspace containing Λi we find that

latticeMlatticeM (7.7) h2 · Pi = 1, Pi · Pj = 1, P 2
i = (h2)2 = h4 = 3.

Let M be the primitive sublattice of H4(X,Z) spanned by h2, P1, . . . , P10.
The symmetric bilinear form of M in the basis (h2, P1, . . . , P10) is given by
the matrix 2I11 + 111, where I11 is the identity matrix and 111 a square
matrix of size 11 with all entries equal to 1.
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One immediately checks that this matrix is positive definite and its dis-
criminant is equal to 210 · 13. Its orthogonal complement T = M⊥ in
H4(X,Z) is an even lattice of signature (10, 2) and discriminant −210 · 13.

Choose an isomorphism φ : H4(X,Z) → I21,2. We know that the image
of h2 is a characteristic vector of I21,2. It is known that vectors of norm 3 in
I21,2 form two orbits with respect to O(I21,2)

Wall
[61, Theorem 6], one of them

consists of characteristic vectors. We fix such a vector h with orthogonal
complement L given in (

latticelattice
7.5). So, changing an isomorphism φ, we will assume

that φ(h2) = h, and hence φ(M) contains h.

L7.1 Lemma 7.1. Let T be the orthogonal complement of M in H4(X,Z). There
is an isomorphism of lattices

T ∼= E(−2)⊕
(

2 3
3 −2

)
.

Proof. We choose a basis in I21,2 by considering I21,2 as the orthogonal sum
I1,10(−1)⊕ I1,10(−1)⊕ 〈1〉. Here

〈m〉

denotes a lattice of rank 1 generated by a vector of square-norm equal
to m. In each direct summand I1,10(−1) we choose an orthogonal basis
(e0, e1, . . . , e10) and (e′0, e

′
1, . . . , e

′
10) as in (

1.11.1
2.1). We check that the vector

h = (k10,k
′
10, e)

is of square-norm 3 and its orthogonal complement is even. Thus we may
construct one such embedding ι : M ↪→ I21,2 by

ι(h2) = h, ι(Pi) = (ei, e
′
i,−e).

The orthogonal complement of this lattice contains a sublattice N ′ of rank
12 generated by vectors

(ei,−e′i, 0), i = 0, . . . , 10, (∆, e′0,−3e).

The first 11 vectors generate a sublattice isomorphic to I1,10(−2). It is easy
to see that

orthogcomplementorthogcomplement (7.8) N ′ = E(−2)⊕ Z(k10,−k′10, 0) + Z(∆, e′0,−3e),

where E(−2) ⊂ I1,10(−2) is equal to (k10,−k′−10, 0)⊥. Computing the Gram
matrix of the vectors (k10,−k′10, 0) and (∆, e′0,−3e) we find that it is equal
to the matrix from the assertion of the lemma. The discriminant of N ′ is
equal to 210 · 13. Since ι(M) has the discriminant equal to −210 · 13, and
ι(M) ⊕ N ′ is a sublattice of a unimodular lattice, we obtain that N ′ =
ι(M)⊥ ' T . The discriminant quadratic form on AM is the negative of the
discriminant quadratic form on AT . We easily find from (

orthogcomplementorthogcomplement
7.8) that there is

an isomorphism of discriminant quadratic forms

AT ∼= AE(2) ⊕A〈13〉.
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Applying
Nikulin
[49, Theorem 1.14.12] (we leave to the reader to check that its

assumptions are satisfied in our case), we obtain that such a lattice is de-
termined uniquely up to isomorphism by its signature and its discriminant
quadratic form. The lattice from the assertion certainly has the same signa-
ture and the same discriminant quadratic form as T , hence it is isomorphic
to M . �

unique_emb Lemma 7.2. Any two primitive embeddings φ : M ↪→ I21,2 and ψ : M ↪→
I21,2 such that φ(h) = ψ(h) = h are conjugate by an isometry of I21,2 fixing
h.

Proof. It is clear that a primitive embedding of M in I21,2 such that the
image contains h is equivalent to a primitive embedding of its orthogonal
complement T into the even lattice L from (

latticelattice
7.5). Its orthogonal complement

in L will be isomorphic to the orthogonal complement M ′ of h2 in M . Its
discriminant quadratic form is isomorphic to AM ⊕A〈3〉.

Next we apply Nikulin’s result
Nikulin
[49, Proposition 15.1] about primitive em-

beddings of an even lattice S into an even non-unimodular lattice L. We take
S = T and L = L. According to loc. cit., a primitive embedding of M ′ into
L is defined by the data (HM ′ , HL, γ,K, γK), where HM ′ is a subgroup of
AM ′ , Hq is a subgroup of AL, γ is an isomorphism HM ′ → Hq preserving the
restrictions of the discriminant quadratic forms to them, K is a lattice of sig-

nature (1, 10) with discriminant form δ ∼=
(

(AM ′ , qM ′)⊕ (AL,−qL)
∣∣
Γ⊥γ

)
/Γγ ,

where Γγ is the graph of γ in AM ′ ⊕ AL, and γK is an isomorphism

(AK , qK)→ (Γ⊥γ /Γγ ,−δ).
Two such data (HM ′ , HL, γ,K, γK), (H ′M ′ , H

′
L, γ,K

′, γ′K) define isomor-
phic primitive embeddings if and only if HM ′ = H ′M ′ and there exist an
element ξ ∈ O(M ′) and an isomorphism of lattices ψ : K → K ′ for which
γ′ = ξ ◦ γ and ξ ◦ γK = γ′K′ ◦ ψ, where ξ, ψ are the restrictions to the
discriminant forms.

To apply this proposition we take HM ′ to be the 3-torsion subgroup of
AM ′ isomorphic to Z/3Z and take γ to be an isomorphism HM ′ → AL.
We see that δ ∼= (AM ,−qAM ) and we take γK : (AM ,−qAM ) → (T, qT ), so
that we may take K = T . To prove the assertion, it remains to use that,
by the above, T is defined uniquely up to an isomorphism, and apply

Nikulin
[49,

Theorem 1.14.2] according to which the homomorphism rT : O(T )→ O(AT )
is surjective (since HM ′

∼= Z/3Z, we choose the above ξ to be the identity).
�

C7.3 Corollary 7.3. Let X be a smooth cubic fourfold. Then X has at most 10
planes with one point pairwise intersections.

Proof. Suppose we have 11 planes Pi as in the assertion. As in the proof
of Lemma

unique_embunique_emb
7.2, one shows that the discriminant of the lattice of rank 12

spanned by the cohomology classes [Pi], [h
2] is equal to 211.14. In fact,

one computes the discriminant group which turns out to be isomorphic to
(Z/2Z)10 ⊕ Z/28Z. In particular, the minimal number of its generators is
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equal to 11. The discriminant group of its orthogonal complement T ′ in I21,2

(Igor:misprint?) is of rank 11 and the same discriminant group. However, it
embeds into the lattice L of rank 22 and discriminant 3 with the orthogonal
complement N of rank 11. Since AN ∼= AT ′ ⊕ Z/3Z has 12 generators, we
get a contradiction. �

Remark 7.4. In
Laza1
[41] Radu Laza introduced the algebraic index of a smooth

cubic fourfold X as the rational number κ(X) = 2ρ(X)

dX
, where ρX , dX are the

rank and the discriminant of the lattice H4(X,Z)alg = H4(X,Z)∩H2,2(X).
He calls X potentially irrational if the orthogonal complement TX of
H4(X,Z)alg in H4(X,Z) is not embeddable into the K3-lattice LK3 and
proves that the algebraic index for such X is less than or equal to 1. In our
case T = M⊥ is of rank 12 and discriminant group with minimal number of
generators equal to 11. If it admits a primitive embedding into LK3, the or-
thogonal complement would be of rank 10 and the discriminant group with
minimal number of generators equal to 11. This contradiction shows that T
is not primitively embedded in LK3 and hence a general Enriques-Fano X is

potentially irrational. We also find κ(X) = 211

210·13
= 2

13 < 1. It follows from
Theorem 1.8 of loc.cit. that a general Enriques-Fano cubic fourfold has no
Eckardt point (i.e. points with a cubic tangent cone). Of course, we have
no idea how to prove that X is irrational.

7.3. Lattice polarization on F (XΛ). For any general Λ ∈ G10
Enr we denote

by XΛ the unique smooth cubic hypersurface containing the planes from Λ
and let F (XΛ) be the Fano scheme of lines in XΛ. We use the notation from
Section

sectcubsectcub
7. Besides the hyperplane class σ1, F (XΛ) has ten divisor classes

Dj = Φ(Pj) = Φ([Λj ]). Each of them is represented by the 3-dimensional
family of lines in F (XΛ) meeting Λj .

Lemma 7.5. Let M be the sublattice spanned by h2, P1, . . . , P10. Then the
sublattice M0 of M orthogonal to h2 is spanned by the classes

h2 − P1 − P2 − P3, P1 − P2, . . . , P9 − P10.

Its discriminant is equal to 210 · 3 · 13.

Proof. Obviously, all the listed classes are orthogonal to h2. We compute the
intersection matrix and find that its determinant is equal to 210 ·3 ·13. Since
(h2)2 = 3 and the discriminant of M is 210 · 13, the assertion follows. �

We see that the sublattice

N0 := 〈h2〉 ⊕M0 = 〈h2, h2 − P1 − P2 − P3, P1 − P2, . . . , P9 − P10〉

is of index 3 in M .

fanocub Theorem 7.6. In the above notation, F (XΛ) is an irreducible symplectic
fourfold, deformation equivalent to the Hilbert square of a K3 surface, and
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the BB form on the image N = Φ(M) of the sublattice M of H4(XΛ,Z) in
the basis Φ(h2),Φ(P1), . . . ,Φ(P10) is given by the matrix

A =


6 2 2 . . . 2
2 −2 0 . . . 0

...
. . .

...
2 0 0 . . . −2

 ,

The lattice N is of signature (1, 10) and its discriminant group is isomorphic
to AE(2) ⊕A〈26〉.

Proof. Using the properties of the BB-form, we find that the image of N0 =
〈h2〉 ⊕M0 in H2(F (XΛ),Z) is the lattice

σ, σ − Φ(P1 + P2 + P3), Φ(Pi − Pi+1), i = 1, . . . , 9.

Its discriminant is equal to 210 · 6 · 13. It is equal to the sublattice of Φ(M)
of index 3. This shows that Φ(M) is of discriminant 211 · 13.

For the brevity of notation we set X = XΛ. Let Di = Φ(Pi). It is
the cohomology class of the 3-dimensional subvariety of F (X) formed by
lines in X intersecting the plane Λi. By

Voisin
[60, lemma 3], we have, for any

x ∈ H4(X,Z)0,

voisinlemmavoisinlemma (7.9) 2(x2)X = −σ ·Dj · Φ(x) · Φ(x).

Applying this to x = Pi − Pi+1, and using the Fujiki identity (
BeauFuBeauFu
7.3), we find

8 = −(σ,Dk)BB(Di −Di+1, Di −Di+1)BB = 4(σ,Dk)BB.

This gives (σ,Dj)BB = 2. Now, h2 − 3Pk ∈ H4(X,Z)0, hence 24 =
(h2 − 3Pk)

2 = −(σ − 3Dk, σ − 3Dk)BB = 6 − 12 + 9(Dk, Dk)BB gives
(Dk, Dk)BB = −2. Since (Di−Dj , Di−Dj)BB = −4, we obtain (Di, Dj)BB =
0. Thus, we find that the intersection matrix of the cohomology classes
σ, [[D1], . . . , [D10] with respect to the BB-form is equal to the matrix from
the assertion theorem.

Computing the determinant of M , we find that it is equal to 211 · 3 · 13.
Since it coincides with the discriminant of M , we obtain the first assertion.

Since under the isomorphism Φ the image of T = M⊥ is the lattice N
defined in (

orthogcomplementorthogcomplement
7.8), we obtain that the orthogonal complement of Φ(M) in

H2(F (X),Z) with respect to the BB-form is a lattice of signature (2, 10) iso-
morphic to the lattice T (−1), see Lemma

L7.1L7.1
7.1. It follows from (

k3squarelatticek3squarelattice
7.4) that the

lattice H2(F (X),Z)BB has discriminant group isomorphic to A〈−2〉 ∼= Z/2Z.
Since AT ∼= AE(2) ⊕ A〈13〉, the assertion follows from the comparison the
discriminant groups of a primitive sublattice and its orthogonal comple-
ment. �

Let us now invoke the theory of the moduli space of lattice polarized IHS
manifolds that is a generalization of theory of lattice polarized K3 surfaces
(see

Camere
[6]). Let N be an abstract lattice with a fixed basis e0, e1, . . . , e10 and

the quadratic form in this basis given by the matrix A from Theorem
fanocubfanocub
7.6.
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We fix a primitive embedding ι : N ↪→ LK3[2] with orthogonal complement
N⊥ = E(2)⊥. Let F be an IHS manifold isomorphic to F (X) for some
smooth cubic fourfold X. A choice of an order on the set of planes Λi ⊂ XΛ

defines a primitive lattice embedding

j : N ↪→ Pic(F ) ⊂ H2(F,Z)BB

such that j(e0) = σ, j(ei) = Φ([Λi]). A choice of a marking φ : LK3[2] →
H2(F,Z)BB such that is a j = φ ◦ ι defines the period point pF,j,φ ∈ DE(2)⊥ .

We fix a connected component K of NR \ {x ∈ NR : x · δ = 0, δ ∈ N−2}
that contains e0. By definition from loc. cit. this defines an ample lattice-N
polarization on F .

Theorem 7.7. There is an isomorphism of the moduli space of ample N-
polarized varieties F and the moduli space MEnr = ΓE(2)⊥\DoE(2)⊥

.

7.4. Moduli space of Enriques-Fano cubic fourfolds. Let us consider
the restriction of the period map (

periodmapperiodmap
7.6) to the locus of smooth Enriques-Fano

cubicsMns
cub,EF. Since H4(X,Z)alg contains the sublattice M spanned by h2

and the classes of planes Λi, consider the abstract lattice M isomorphic to M
with a fixed basis e0, e1, . . . , e10 which is mapped to a basis (h2, P1, . . . , P10)
under an isomorphism j : M → M . We fix also the primitive embedding
ι : M ↪→ I20,3 defined in the proof of Lemma

L7.1L7.1
7.1.

Let φ : H4(X,Z)→ I20,3 be a marking of the cohomology of X such that
φ ◦ j = ι. Then the period point pX,φ is contained in P(T), where T is the
orthogonal complement of M in I20,3. By Lemma

unique_embunique_emb
7.2, there exists a g ∈ Γ

that sends any marking φ of X to a marking with this property. Let

ΓT = {g ∈ Γ : g|M = idM}.

Then the period map defines an isomorphism

℘ :Mns,m
cub,EF

∼= ΓT\D0
T,

whereMns,m
cub,EF is the moduli space of smooth Enriques-Fano cubic fourfolds

with an ordering of the ten planes on it and DoT is an open subset of DT.
Recall that Γ = {g ∈ O(I20,3)′ : g(h) = h}. Since any g ∈ ΓT acts

identically on the orthogonal complement M of T, we see that group ΓT

coincides with the kernel of ρ : Γ→ O(AT). We have AT
∼= AE(2)⊕{±1} and

the image of ρ coincides with the subgroup of AE(2)
∼= O+(10,F2) isomorphic

to S10
∼= O(M)h.

Theorem 7.8. Let Mns
cub,EF be the moduli space of smooth Enriques-Fano

cubic fourfolds. Then

Mns
cub,EF

∼= Γ̃T\DoT,
where DoT = DoL ∩ DT and

Γ̃T = {g ∈ Γ : g(M) = M}.
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Proof. The only unproved result is the surjectivity of the period map. By
Global Torelli-Voisin theorem a point in the right-hand-side is the period
point of a smooth cubic fourfold X such that M primitively embeds in
H4(X,Z)alg. Let (h2, P1, . . . , p10) be the image of the standard basis of M.
The sublattice of rank 2 generated by Pi, h

2 − Pi has intersection matrix(
3 −2
−2 3

)
. It follows from

Voisin
[60, §3] that Pi is the cohomology class of a plane.

Since Pi · Pj = 1, the ten planes pairwise incident, hence X ′ is a smooth
Enriques-Fano fourfold. �

Corollary 7.9. There are birational isomorphisms

Mns,m
cub,EF

bir∼= Msm,a
Enr

bir∼= G10
Enr//PGL(6),

Mns
cub,EF

bir∼= S10\Msm,a
Enr

bir∼= G(10)
Enr //PGL(6).(Igor : misprint?)

This gives another proof of the irreducibility of Msm,a
Enr .

8. Double EPW sextics
sect_EPW

8.1. EPW sextic hypersurfaces. We have associated an irreducible holo-
morphic symplectic (IHS) manifold of dimension 4 to a generic Fano 10-tuple
Λ: this is the Fano variety F (XΛ) of lines on the unique Enriques-Fano cu-
bic fourfold XΛ that contains Λ. In this section we will associate another

4-dimensional IHS manifold to Λ, denoted X̃Λ, and will show that these two

families of IHS manifolds are distinct, or more exactly, F (XΛ), X̃Λ are not
even birationally equivalent.

Recall the construction of an EPW sextic surface in P5 from
OG1
[50]. Let

V6 = C6 and LG
(∧3 V6

)
be the variety of Lagrangian subspaces in

∧3 V6.

For any A ∈ LG
(∧3 V6

)
one defines the degeneracy loci:

(8.1) YA[k] :=
{

[v] ∈ P(V6) : dim
(
v ∧

∧2
V6 ∩A

)
≥ k > 0

}
,

If YA[1] 6= P(V6), then YA := YA[1] is a hypersurface of degree 6, first
introduced in

EPW
[24, Example 9.3]. Also, YA[k+ 1] is contained in the singular

locus Sing (YA[k]).
Let

LG
(∧3

V6

)0

= {A : ΘA = ∅, YA[3] = ∅}.

By
OGPeriods
[54, Proposition 3.3],

YA 6= P(V6) if dim ΘA ≤ 2.

Proposition 8.1.
OG1
[50, Theorem 1.1] Assume YA 6= P(V6). For any A ∈

LG
(∧3 V6

)
there exists a double cover ŶA → YA which is étale outside the

surface YA[2]. If A ∈ LG
(∧3 V6

)0
, then Sing(YA) = YA[2] and ŶA is smooth
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and admits a unique structure of an IHS manifold deformation equivalent
to the Hilbert square of a K3 surface.

It is also known that, for A ∈ LG
(∧3 V6

)0
, the surface YA[2] is a smooth

surface of general type with the Hilbert polynomial equal to 126P0−120P1+
40P2, where Pn stands for the Hilbert polynomial of Pn

OG2
[51, Theorem 1.1].

For any two A,A′ ∈ LG
(∧3 V6

)0
, we have YA ∼= YA′ if and only if A A′

are in the same PGL(V6)-orbit
OGPeriods
[54, Proposition 1.2.1]. Together with the

known fact that LG
(∧3 V6

)
is an irreducible variety of dimension 55, this

proves that the moduli space of irreducible holomorphic symplectic varieties
YA is 20-dimensional.

sextics Proposition 8.2. Suppose YA[3] = ∅ and ΘA is a finite set.

(i) The singular locus Sing(YA) consists of the union of the surface X[2]
and the planes Λ from ΘA

OG4
[52, Corollary 2.5].

(ii) The intersection CΛ,A = Λ ∩ YA[2] is a curve of degree 6
OGModuli
[56, Sub-

section 3.2 and Corollary 3.3.7].
(iii) The singular points of CΛ,A are the intersection points with CΛ′,A

for some other Λ′ ∈ ΘA

OGModuli
[56, Subsection 3.3].

(iv) CΛ,A has only ordinary double points if and only if no other Λ′,Λ′′ ∈
ΘA intersect at one point in Λ

OG4
[52, Proposition 4.6].

Let LG
(∧3 V6

)ADE
be the locus of A ∈ LG

(∧3 V6

)
such that YA[3] = ∅

and, for each plane Λ ∈ ΘA, the plane sextic curve CΛ,A has only simple

singularities. For each A ∈ LG
(∧3 V6

)ADE
, the pre-image KΛ of Λ in ŶA

is the double cover of Λ branched along CΛ,A. It is birationally isomorphic
to a K3 surface admitting a degree 2 polarization.

Let Σk be the Zariski closure of the locus of A ∈ LG
(∧3 V6

)
such that

#ΘA = k. By
F3
[26, Proposition 1.5], Σk is of codimension k (when non-

empty) and smooth outside Σk+1. It follows from Corollary
C6.10C6.10
6.12 that the

map Ψs : G(10)
Fano → LG(

∧3 V6) from (
mapPsisymmapPsisym
6.11) is a birational map onto its image

in Σ10.
It follows from

OG6
[53, Proposition 2.2] that the subset

LG
(∧3

V6

)
0

=
{
A ∈ LG

(∧3
V6

)
: YA[3] 6= ∅

}
is an irreducible divisor in LG

(∧3 V6

)
. The next proposition implies that

the image of Ψ is not contained in LG
(∧3 V6

)
0
.

P8.3 Proposition 8.3. Let Λ ∈ G10
Fano be generic and AΛ = Ψ(Λ) ∈ LG(

∧3 V6).
Then YΛ := YA(Λ) 6= P5 is a sextic hypersurface, YA(Λ)[3] = ∅ and the
singular locus of YA(Λ) is the union of the ten planes Λi from Λ and the
irreducible degree 40 surface YΛ[2].
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Proof. The fact that YΛ[2] and all the Λi are in SingYΛ follows from Propo-
sition

sexticssextics
8.2. In the Appendix (Fact

verify_conjverify_conj
9.1.7, see also Proposition

EPW-ten-planes-generalEPW-ten-planes-general
8.4 below) we

present a special Enriques surface for which we check that there is nothing
else in Sing YΛ and that YA(Λ)[3] = ∅. Hence the same properties hold for

an open subset of the 10-dimensional irreducible variety G10
Fano.

�

8.2. Description of YΛ. Using a Macaulay2 computation, we can construct
a Λ ∈ G10

Fano that defines an EPW-sextic satisfying the listed below proper-
ties. Each of these properties is open in the variety G10

Fano, hence a general
EPW-sextic obtained in this way satisfies all these properties.

EPW-ten-planes-general Proposition 8.4. Let Λ be a generic Fano 10-tuple of planes in P5, and let
A(Λ), YΛ be defined as above. Then the following properties hold:

(i) Sing YΛ decomposes into 11 irreducible components, of which 10 are
the planes Λ1, . . . ,Λ10, and the eleventh one is an irreducible surface YΛ[2]
of degree 40 with Hilbert polynomial 126P0− 120P1 + 40P2. The locus YΛ[3]
is empty. The singularity of YΛ along Λj \ YΛ[2] (j = 1, . . . , 10) and along

YΛ[2] \
(⋃10

i=1 Λi

)
is an ordinary double point in the transversal slices.

(ii) The surface YΛ[2] is non-normal. Its singular locus Sing YΛ[2] is the
union of 10 plane sextic curves Bi = YΛ[2] ∩ Λi (i = 1, . . . , 10) of genus 1
with 9 nodes at points pij = Λi ∩ Λj (j = 1, . . . , 10, j 6= i). One can obtain
Bi as the intersection of Λi with the EPW sextic YΛi, where Λi is obtained
from Λ by replacing Λi with Λ−i (we use the notation from Definition

def_slgdef_slg
6.6).

(iii) Off of the 45 points pij, the singularities of YΛ[2] are those of gener-
ically transversal intersection of two smooth branches, and the tangent cone
of YΛ[2] at any one of the points pij is linearly equivalent to the cone in C4

with vertex 0, formed by the four coordinate planes 〈e1, e2〉, 〈e2, e3〉, 〈e3, e4〉,
〈e4, e1〉. The two planes 〈e1, e3〉, 〈e2, e4〉 are the images of Λi, Λj respec-
tively, so that the lines 〈e1〉, 〈e3〉 correspond to the tangents of two branches
of Bi at pij, and the two lines 〈e2〉, 〈e4〉 correspond to the tangents of the
two branches of Bj at pij.

(iv) The canonical class of YΛ[2] is numerically OYΛ
(3), so that

OYΛ[2](2KYΛ[2]) ' OYΛ[2](6). The linear system |OYΛ[2](3)| contains the di-

visor XΛ ∩ YΛ[2], a double structure on the degree 60 curve
⋃10
i=1Bi, where

XΛ denotes, as above, the Fano–Enriques cubic associated to Λ. The nor-

malization ỸΛ[2] has numerically trivial canonical class.

(v) O’Grady’s double cover π : ŶΛ → YΛ provides a singular symplectic 4-

dimensional variety ŶΛ, whose singular locus is the union of 10 K3 surfaces
Kj = π−1(Λj) (j = 1, . . . , 10) with an ordinary double point at the intersec-

tions p̂ij = Bi ∩ Bj (thus each Kj has nine ordinary double points). The

map σ : ỸΛ → ŶΛ obtained by blowing up Sing ŶΛ is a symplectic resolution

of singularities, and ỸΛ is a symplectic fourfold with a generically 2-to-1

morphism π̃ = σ ◦ π : ỸΛ → YΛ onto the EPW sextic. The ten exceptional
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divisors Dj are P1-bundles over the K3 surfaces K̃j obtained by resolving
the 9 singular points of Kj, and Di meets Dj transversely along the quadric
σ−1(p̂ij) ' P1 × P1.

Proof. The evidence for all the assertions is the Macaulay2 computation
showing that the wanted properties are verified for a special (nodal) En-
riques surface X defined over a finite field, see Appendix (Fact

verify_conjverify_conj
9.1.7). The

linearized picture of the double cover π in (v) in the neighborhood of pij is
that of the double cover C4/H → C4/G, where G is the order-8 group of sign
changes of even number of coordinates in C4, and H ⊂ G is the index-2 sub-
group generated by the two involutions diag(−1, 1,−1, 1), diag(1,−1, 1,−1).
It is easy to check (via the toric geometry, for example) that the singulari-
ties of C4/H are resolved by a single blowup of the singular locus with its
reduced structure, which is the linearized version (near pij) of the blowup

of the 10 singular K3 surfaces in ŶΛ. Alternatively one can give the local
analytic model of YΛ at pij by one equation u2

5 = u1u2u3u4 in C5, and then

the double cover ŶΛ is obtained by adding two more local parameters v, w
and the additional equations v2 = u2u4, w2 = u1u3, u5 = vw. �

Conjecture 8.5. The assertions of Proposition
EPW-ten-planes-generalEPW-ten-planes-general
8.4 hold for any Fano 10-tuple

of planes in P5 and not only for a generic one.conj

R8.6 Remark 8.6. Presumably, ỸΛ[2] is birationally isomorphic to an Enriques

surface, and YΛ[2] is the projection of ỸΛ[2] defined by a linear subsystem
of quadrics on its Fano model. An evidence for these two assertions is given
by Theorem

bitbit
4.9, where we introduced the bitangent surface Bit(DW ) of the

discriminant surface of a general web of quadrics whose normalization is iso-
morphic to a general nodal Enriques surface realized as the Reye congruence
of W . The difference is that the sextic curves Bi forming the singular locus
of Bit(DW ) are reducible: they are unions of two plane cubics meeting at
nine points pij (j = 1, . . . , 10, j 6= i).

Even a stronger evidence is provided by the work of Ferretti
F3
[26]. Starting

from any irreducible quartic surface Y0 with k ordinary nodes, he shows that

the Hilbert square Y
[2]

0 admits a deformation π : X → U over a smooth

variety of dimension 20− k such that X0 is birationally isomorphic to Y
[2]

0 .
For generic t ∈ U , the fibre Xt is a singular double EPW-sextic XA(t) which
contains k planes in its singular locus and XA(t)[2] is birationally isomorphic
to the bitangent surface Bit(Y0). By taking Y0 to be a quartic symmetroid
associated to an excellent web W of quadrics in P3, he shows that the Hilbert
square of its minimal resolution admits a degree 6 map to the quadric Q in P5

that contains the Reye congruence Rey(W ) defined by W . The involution of

Y
[2]

0 defined by passing lines through a pair of points on Y0 has the fixed locus
isomorphic to the bitangent surface Bit(S) and the fixed locus of its lift to

Y
[2]

0 is isomorphic to S. This defines the normalization map ν : Rey(W )→
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Bit(DW ) which we discussed in Subsection 4.3. He finds an irreducible 10-
dimensional variety U ′ which parametrizes EPW sextics YA with the singular
locus equal to the union of 10 mutually intersecting planes Λi ∈ Λ generating
a Lagrangian subspace A with YA[2] birationally isomorphic to an Enriques

surface. There exists a symplectic resolution ỸA of the double cover of
YA which provides a holomorphic symplectic manifold which contains 10
divisors Di, each is isomorphic to a P1-bundle over a K3 surfaces Ki. Each
Ki is birationally isomorphic to the double cover of Λi along the sextic
curve Λi ∩ YΛ. The fixed locus of the deck involution of the double cover
is birationally isomorphic to an Enriques surface. All of this suggests that
the 10-dimensional irreducible family of double EPW sextics constructed by
Ferretti coincides with our 10-dimensional family coming from G10

Enr.
However, it is unlikely that the surface YΛ[2] is birationally isomorphic to

the original Enriques surface S, as follows from the computation in Fact
deg53deg53
9.3.

A degenerate case is described there, in which S is a union of three quadrics
and 4 planes, but YΛ[2] has a component of degree 16.

8.3. The lattice polarization on ỸΛ. In this subsection we work over
the open part of the 10-dimensional family of EPW sextics for which the
description given in Proposition

EPW-ten-planes-generalEPW-ten-planes-general
8.4 holds. If we assume Conjecture

conjconj
8.5, this

open part is the whole family of YΛ parametrized by the 10-tuples Λ ∈ G10
Fano.

The resolutions ỸΛ of the double EPW sextics ŶΛ form a 10-dimensional
family of irreducible holomorphic symplectic fourfolds over G10

Fano. They
possess the following properties: the underlying EPW sextic YΛ contains
exactly 10 planes (Proposition

P8.3P8.3
8.3), and the pre-images of the ten planes

in ỸΛ are ten exceptional divisors Dj which are P1-bundles over some K3
surfaces Kj with ODP p̂ij = Ki ∩Kj .

As we mentioned in Remark
R8.6R8.6
8.6, Ferretti constructed another 10-

dimensional family of irreducible symplectic varieties IHS manifolds ỸΛ,
where Λ are parameterized by some variety Σ10. They possess exactly the
same properties. By Theorem

T6.5T6.5
6.4 G10

Fano is an irreducible 45-dimensional
variety and the same is true for Σ10, thus giving ten moduli parameters
modulo PGL(6). We do not know whether G10

Fano is equal to Σ10, though
both families are polarized by the same diagonal lattice I1,10(2), in which
the first basis vector of the lattice, the one of square 2, is the pullback hEPW

of the hyperplane section of YΛ, and the remaining ten are the classes of the
Dj ’s.

latticeEPW Lemma 8.7. A variety ỸΛ constructed as in part (v) of Proposition
EPW-ten-planes-generalEPW-ten-planes-general
8.4 is

a deformation of the Hilbert square of a K3 surface, and the BB form on
the elements hEPW, D1, . . . , D10 coincides with I1,10(2).

Proof. The first assertion follows from
Nam
[47], Theorem (2.2). It implies that

the BB form of ỸΛ is even and satisfies the Beauville–Fujiki identity (
BeauFuBeauFu
7.3)

relating the BB form to the quadruple intersection products.
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The linear system of hEPW sends ỸΛ onto a sextic in P5 via a degree two
map. Each surface Di is a double cover of the plane P2, hence hEPW cuts
out on Di the class of the pre-image of a line. This gives (hEPW ·Di)

2 = −4.
The quadruple self-intersection is (h4

EPW) = 12, hence (hEPW, hEPW)2 = 4
and (hEPW, hEPW) = 2. Further, as π̃(Dj) is not a divisor, (h3

EPW ·Dj) = 0,
hence (hEPW, Dj) = 0. It follows from (

BeauFuBeauFu
7.3) that (Di, Di) = −2. �

Proposition 8.8. For generic Λ ∈ G10
Fano, F (XΛ) is not birationally iso-

morphic to ỸΛ.

Proof. Indeed, their BB forms on H2(F (XΛ,Z)alg and H2(ỸΛ,Z)alg are non-
equivalent as they have different discriminants: 211 for I1,10(2) and 13 · 211

for the matrix A from Theorem
fanocubfanocub
7.6. However, two birationally isomorphic

IHS manifolds have isomorphic second cohomology lattices equipped with
the BB-form and the Hodge structures

HuybrechtsInv
[31, Lemma 2.6]. This implies that

their sublattices of algebraic cycles are isomorphic, but it is not true in our
case. �

Remark 8.9. As follows from Appendix
coble-compcoble-comp
9.2, we can degenerate an Enriques

surface S to a Coble surface in such a way that F (CΛ), XΛ behave quite
differently. When S is the icosahedral Coble surface embedded by plane
decimics with 10 triple points, CΛ is the determinantal cubic ∆, that is the
union of secant lines of the Veronese surface V4 in P5, and XΛ is this cubic
doubled.

The Fano scheme of lines of the determinantal cubic ∆ is the union of two
components. The first one is isomorphic to the Hilbert square V

[2]
4 ' (P2)[2],

parametrizing the secant lines of V4. It is isomorphic to the blow-up of the
secant variety of V4 along V4. The second one is the family of lines contained
in the tangent planes to V4. It is isomorphic to the product P2×P2∗. Indeed,
if we interpret the projective space P5 as the linear system of conics in P2,
so that V4 parametrizes the double lines, then ∆ is the locus of reducible
conics. The lines of P5 contained in the tangent planes to V4 are the pencils
of reducible conics of the form `+σ(p), where ` is a fixed line in P2 and σ(p) is
the pencil of lines in P2 passing through a fixed point p. The pair (p, `) that
determines such a pencil runs over P2 × P2∗. The two components intersect
along a 3-dimensional variety which can be identified with the exceptional
divisor of the Chow map (P2)[2] → (P2)(2) in the first component and with
the projectivization of the tangent bundle of P2 in the second component.

The reducible Fano variety is an example of a “constructible” holomor-
phically symplectic variety; it is interesting to obtain more such examples
in the spirit of Kulikov-Morrison-Pinkham semistable degenerations of K3
surfaces.

Remark 8.10. Let A⊥ ∈ LGr(
∧3 V ∨6 ) be the dual Lagrangian subspace in∧3 V ∨6 . If ΘA = ∅, O’Grady shows that YA⊥ is the dual hypersurface Y ∗A of

YA
OG2
[51, Proposition 3.1]. He also remarks that for a general A, the EPW-

sextic YA is not self-dual. So this gives a non-trivial birational involution
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on the projective equivalence classes of EPW-sextics. We know that Λ ∈
Gr(3, V6)10

lag defines the dual configuration Λ⊥ ∈ Gr(
∧3 V ∨6 )10

lag and the dual
of a Fano-Enriques configuration is a Fano-Enriques configuration. What
one can say about YA(Λ) and YA(Λ⊥) = YA(Λ⊥) in this case?

9. Appendix: numerical experiments with tens of planes

All the computations described in this Appendix were realized in the
computer algebra system Macaulay2

M2
[28] over one of the base fields Fp, Q

or their finite extensions. None of the computations was approximate, only
exact arithmetic operations were used, so the properties verified by these
computations may serve as rigorous proofs of those properties for special
input data. When a property that we verify for special data is an open one,
we can conclude that it holds for generic data of the same type.

9.1. Cayley-Fano model of an Enriques surface. Here we show by
using computer computation the following.

Proposition 9.1. Let Hilbsm
Cay be the subvariety of Hilbsm

Fano of Cayley polar-
ized Enrique surface with a choice of a supermarking. Then Hilbsm

Cay contains
an open non-empty subset of pairs (S,Λ) such that the assertions of Propo-
sitions

twentyplanes1twentyplanes1
2.9,

P6.2P6.2
6.1

smoothnesssmoothness
6.3 are still true.

To show this it suffices to give one example of a Reye embedded Enriques
surface S and a set of planes Λ cutting out the curves Fi on it such that all
the assertions from the Propositions and the Theorem are valid.

We consider the Cayley model of an Enriques surface S given by a sym-
metric 4 × 4-matrix A with linear forms in 6 variables x0, . . . , x5 as its
entries. We refer to section

CayleyCayley
4.4 for the description of the 20 planes Λck

(k ∈ {±1, . . . ,±10}) in P5 spanned by the twenty cubic curves on S. We
will omit the superscript c referring to the Cayley model in the rest of this
section. We computed several examples, in which A is defined over a prime
field Fp. Usually the twenty planes Λk are not defined over the same field.
We found most convenient the symmetric case when they split in two Galois
orbits of length 10 over Fp, that is when the Λk are defined over Fp10 . Here
is one such example, for which we realized the computations described in
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the sequel: p = 17 and A = (aij), where

a11 = −6x0 + 4x1 + 5x2 + 8x3 + 4x4

a12 = 2x0 + x1 + x2 + 8x3 − 6x4 − 5x5

a13 = 8x0 − 8x1 − x2 − 5x3 − 2x4

a14 = −5x0 − 2x1 − 7x2 − 3x3 − 8x4

a22 = x0 + 7x1 − 2x2 − 6x3 − x4 − 5x5

a23 = −6x0 + 3x1 − x2 + x3 − 2x4 − 6x5

a24 = 6x0 + 4x1 + 4x2 + 2x3 − x4 + 2x5

a33 = x0 + 2x1 − 7x2 − 2x3 − 4x4 − 7x5

a34 = −x0 + 3x1 − 6x2 + 8x3 + 6x5

a44 = 6x0 + 2x1 − 8x3 + 2x4 + x5

To determine the twenty planes Λk corresponding to these data, we use
the interpretation of the Fano model S as the locus in P(L⊥) of reducible
quadrics in P3 = P(V4), so that the union of trisecants to S is the quartic
hypersurface D4 in P(L⊥) parametrizing singular quadrics (see Theorem
T4.11T4.11
4.12). The variables xi above are the coordinates on P(L⊥). The planes Λk
are the spans of 20 cubic curves contained in S, hence they are swept by the
trisecants and are contained in D4. Passing to the incidence correspondence

D̃(L⊥) = {(x,Q) ∈ P(V ∨4 )× P(L⊥) : x ∈ Sing (Q)}

we see that the image P of the planes contained in D(L⊥) under the first
projection pr1 to P(V ∨4 ) is the locus of 20 points that are the images of the
planes Λ± under the duality correspondence. It can be determined by means
of linear algebra as follows: A defines a map L⊥ → S2((V ∨4 )∨) = S2(V4).
After polarization, we get a map V ∨4 → Hom(L⊥, V4), so we can consider
A as a web of linear maps L⊥ → V4 parametrized by P(V ∨4 ), and P is
the rank ≤ 3 degeneracy locus of this web. This is the departure point
of the computation. The ideal IP of P ⊂ P(L⊥) is computed as that of
order 4 minors of a 6×4 matrix of linear forms on P(V ∨4 ) constructed from
A. It turns out that IP is of colength 20, that it splits into two primes
P+, P− of degree 10 each over Fp, and that over Fp10 it defines 20 distinct

points: P+ = {q1, . . . , q10}, P− = {q−1, . . . , q−10}. A verification of the
incidence relations between the planes Λk corresponding to qk under the
first projection D(L⊥)→ P(V ∨4 ) shows that Λ1, . . . ,Λ10 is a Lagrangian ten
(and hence any ten obtained by switching the signs of a number of subscripts
Λi → Λ−i is also Lagrangian).

We verified the following properties:

betti_numbers Fact 9.1.1. Let D be the quartic polynomial in xi defining D(L⊥). Then
Cay(S) is defined, scheme theoretically, by the 6 cubic polynomials
∂D
∂x0

, . . . , ∂D∂x5
. The ideal generated by the 6 polar cubics is not saturated,
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and its saturatation IS is generated by 10 cubics. The ideal IS has a mini-
mal resolution (

resolutionresolution
4.9) of the same type as the minimal resolution of the ideal

of the singular locus of the universal quartic symmetroid in P9.

Lambda Fact 9.1.2. Let k = Fp, K = Fp10, V = k6, VK = K6, P5 = P(V ). Let

vk denote the 3-vectors in
∧3 VL representing the Plücker images of Λk in

Gr(3, 6) = Gr(3, VK) ⊂ P
(∧3 VK

)
. Then the 3-vectors v1, . . . , v10, defined

over K, are linearly independent and generate a Lagrangian 10-dimensional
subspace A of

∧3 V , defined over k.

nonsing-cubdim_1 Fact 9.1.3. There is a unique, up to proportionality, cubic C0 ∈ P(S3V ∨)
vanishing on Λ1, . . . ,Λ10. This cubic is nonsingular and the scheme-theoretic
intersection of C0∩S is the union of ten plane cubic curves Ci = Λi∩S, i =
1, . . . , 10.

dim10 Fact 9.1.4. There are 45 distinct intersection points pij = Λi∩Λj, and there
are 11 linearly independent cubics F0, . . . , F10 vanishing on the 45 points.
We can choose them in such a way that F0 is the cubic from the previous
fact. The common zero locus of the 11 cubics is the union of 10 plane cubic
curves Ci (i = 1, . . . , 10).

choiceF_i Fact 9.1.5. The scheme-theoretic base locus of a generic linear subsystem
P9 of cubics in the linear system P10 = 〈F0, . . . , F10〉 is

⋃10
i=1Ci. There

are exactly 11 subsystems P9
i (i = 0, . . . , 10) of cubics with base locus of

dimension 2. For ten of them, say, P9
i (i = 1, . . . , 10), the base locus is

Λi ∪
⋃
j 6=iCj. The eleventh, P9

0, is the degree 3 part IS,3 of IS, and its base
locus is S.

Next we picked up a random point pi ∈ Λi \ Ci for each i = 1, . . . , 10.
Since every cubic from IS,3 vanishes on the ten cubic curves Ci ⊂ Λi, a cubic
F ∈ IS,3 vanishes on Λi if an only if it vanishes at pi. We have additionally
verified the following.

fact Fact 9.1.6. The ten conditions F (pj) = 0 (j = 1, . . . , 10) for F ∈ IS,3
are linearly independent, which is equivalent to the non-existence of a cubic
vanishing on S ∪

⋃10
i=1 Λi.

We are using this observation to specify a choice of a particular basis
of 〈F0, . . . , F10〉 which will be used in the next facts: leave F0 unchanged,
and choose for Fi a cubic vanishing identically on S and on 9 planes Λj
(j = 1, . . . , 10, j 6= i), but not vanishing on Λi. With this choice, we have:

verify_conj Fact 9.1.7. The Eisenbud–Popescu–Walter sextic YA, where A ⊂
∧3 V is

introduced in Fact
LambdaLambda
9.1.2, satisfies all the properties listed in Proposition

EPW-ten-planes-generalEPW-ten-planes-general
8.4

Next we will verify that the variety of tens of Lagrangian planes is smooth
and is of expected dimension 45 near the ten Λ1, . . . ,Λ10 considered in this
section. We use the notation from Section

VarEnr10VarEnr10
6.3, where we represented each

Λi by a 3 × 3 matrix Ai of coordinates in the standard open cell of the
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Grassmannian Gr(3, 6), so that Λi is spanned by the columns of the matrix(
I3
Ai

)
.

dim-45 Fact 9.1.8. The elements of the matrices Ai representing the ten planes Λi
(i = 1, . . . , 10), associated to A define an open subset isomorphic to an affine
space of dimension 90 of the space of tens of planes. The subvariety of tens
of planes in this open set with nonempty pairwise intersections is given by
45 cubic equations det(Ai −Aj) = 0 (1 ≤ i < j ≤ 10). Let (Xi)i=1,...,10 be a
ten of 3 × 3 matrices considered as a tangent vector to the 90-dimensional
space of tens of planes at the point A = (Ai)i=1,...,10. Then the linear system
of 45 equations in (

tanspacetanspace
6.6) defining the tangent space TAΣ,

Tr
(
adj(Ai −Aj)(Xi −Xj)

)
= 0, 1 ≤ i < j ≤ 10,

is of rank 45. Thus A is a smooth point of Σ and the local dimension of Σ
at A is 90− 45 = 45.

The next interesting facts discovered from the computation are purely
experimental, we do not know their theoretical proofs.

Fact 9.1.9. There are 210 =
(

10
3

)
other Enriques surfaces constructed from

the cubics Fi as follows. For each triple i, j, k such that 1 ≤ i < j < k ≤ 10,
the intersection Xijk = {Fi = Fj = Fk = 0} is a surface of degree 27 which
decomposes as S ∪ Sijk ∪

⋃
m 6∈{i,j,k}

Λm. The component Sijk is an Enriques

surface, different from S. The incidences of components of Xijk can be
described as follows. Set (ijk) = (123), X = Xijk, S′ = Sijk to simplify the
notation.

(a) Double curves:

(1) B, a genus 4 curve of degree 9, the dimension 1 component of the
intersection S ∩ S′. The latter intersection is not pure and, besides
B, contains 21 isolated points pij (4 ≤ i < j ≤ 10).

(2) Ci = S ∩ Λi, 7 plane cubics (i = 4, . . . , 10).
(3) C ′i = S′ ∩ Λi, 7 plane cubics (i = 4, . . . , 10).

(b) The intersection points of double curves:

(1) 21 triple points Qi1, Qi2, Qi3 ∈ Ci ∩ C ′i ∩B (i = 4, . . . , 10);
(2) 21 quadruple points pij = Ci ∩ C ′i ∩ Cj ∩ C ′j (4 ≤ i < j ≤ 10).

For each i, Ci and C ′i are two plane cubics in one plane Λi, and their
nine intersection points are Qi1, Qi2, Qi3 and {pij}j∈{4,...,10}\{i}.

“Triple” and “quadruple” in (b) also refers to the number of surface com-
ponents meeting at these points: the three components meeting at Qik are
S, S′,Λi, and the four components meeting at pij are S, S′,Λi,Λj . The local
structure of X at a n-uple point (n = 3, 4) is the same as that of a n-gonal
pyramid spanning Ln near its vertex. The intersections are quasi-transversal
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in the following sense: the sequence of sheaves

0 −→ OX −→ OS ⊕OS′ ⊕
10⊕
i=4

OΛi
α−→ OB ⊕

10⊕
i=4

(OCi ⊕OC′i)
β−→

−→
10⊕
i=4

OQik ⊕
⊕

4≤i<j≤10

Opij −→ 0.

is exact, where, on each 1-dimensional stratum, α is the difference of restric-
tions from two two-dimensional components meeting along this stratum, and
on each n-uple point (n = 3, 4), β is the sum of restrictions from n curves
meeting at this point.

For the sake of completeness, we will also mention the intersections of S′

with Λ1,Λ2,Λ3: S′ meets Λi (i = 1, 2, 3) in two points of Ci, and the triple
intersections S′ ∩ Λi ∩ Λj (1 ≤ i ≤ 3, i < j ≤ 10) are empty.

coble-comp
9.2. Tens of planes related to Fano models of a nodal Coble surface.
Let C be a plane rational sextic with ten nodes Σ = {pi}i=1,...,10. The Coble

surface S is the blow-up P̃2
Σ of Σ in P2. It has two Fano models: the Reye

model is the image of the embedding by the 5-dimensional linear system
of septics with ten nodes on Σ, and the Cayley model is the image of the
embedding by the linear system of decimics with ten triple points on Σ (see
section 5.1). The septics singular at all the points of Σ form a 6-dimensional

linear system and embed the blowup P̃2 of P2 at Σ into P5. The image is a
surface of degree 9. In order to keep the idea that the Reye model should
have degree 10, we may say that the Reye model is reducible and contains,
besides the above surface S9 of degree 9, the plane P2 defined as the span of
the image of C, which is a conic in S9. The Cayley model of P̃2 is singular,
as the map by decimics with triple points on Σ blows down C to a singular
point.

First we have to produce a rational sextic with ten nodes. We find one in
the pencil of sextic invariants of the icosahedral group A5 in its irreducible
representation in SL(3,C) (see

DolgachevQuartics
[23, Section 7]. It is generated by an invariant

triple conic V (h2) and the orbit V (h6) of 6 lines and can be given by the
equation

µ(xy + z2)3 + λz(x5 + y5 + z5 + 5x2y2z − 5xyz3 + z5) = 0.

It contains exactly four singular members:

λ = 0: C0 has 6 nodes and is of genus 4.
λ = −1: C−1 = V (h6) is the union of 6 lines, polar to the 6 nodes of C0

w. r. t. h2.
λ = −32

27 : C = Cλ is Winger’s rational sextic with ten nodes
Win
[63].

λ =∞: C∞ is a triple conic.
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We will realize constructions of tens of planes related to Fano models of
a Coble surface starting from Winger’s sextic C = {f = 0}, where

f = 32h3
2 − 27h6 = 32x6 + 27xy5 − 120x4yz + 150x2y2z2 + 5y3z3 + 27xz5.

We denote by (e0, e1, . . . , e10) the geometric basis of the Picard group of
the Coble surface S corresponding to the set Σ of the nodes of the Winger
sextic. For brevity of notaion we let E = E1 + · · ·+ E10.

The following facts were verified through symbolic computations with
Macaulay2.

Fact 9.2.1. The vector space V of ternary septic forms f7(x, y, z) with
multpi f7 ≥ 2 for all i = 1, . . . , 10 is 6-dimensional.

p2s_septics Fact 9.2.2. For any i = 1, . . . , 10, we have h0(P2, IΣ−pi(3)) = 1 and
h0(P2, IΣ+pi(4)) = 3. Let Λi ⊂ P(V ) = P5 be the projectivized image of
H0(P2, IΣ−pi(3)) ⊗ H0(P2, IΣ+pi(4)) under the multiplication map. Then
the ten planes Λi ⊂ P5 satisfy the following conditions:

(a) Λi meets Λj at one point whenever i 6= j.
(b) The 3-vectors vi ∈ ∧3V associated to the planes Λi are linearly inde-

pendent and span a Lagrangian subspace A of ∧3V .

fixed_quadric Fact 9.2.3. The ten planes Λi all belong to one ruling of planes on a non-
singular quadric in P5. The EPW sextic YA is nothing else but this quadric
with multiplicity three.

The configuration of planes (Λ1, . . . ,Λ10) constructed in
p2s_septicsp2s_septics
9.2.2 lives in

|7e0 − 2Σ|, whilst the Reye model S9 is in |7e0 − 2E|∗. Thus we need the
dual configuration of planes, which one obtains by applying annihilators:
Λ⊥i ⊂ |7e0 − 2E|∗.

Geometrically, the planes Λ⊥i can be constructed as follows. Let φ : P̃2 →
P5 be the embedding of the Coble surface by the linear system |7e0 − 2E|,
so that P5 is naturally identified with |7e0−2E|∗. As (7e0−2

∑
j ej) · (3e0−∑

j 6=i ei) = 3, the images of the ten elliptic cubics qi ∈ |3e0−
∑

j 6=i ei| under

φ are of degree 3. Hence they are plane curves, and Λ⊥i = 〈φ(qi)〉.
The following two facts follow from the construction and do not need a

computer verification.

Fact 9.2.4. The planes Λ⊥i ⊂ |7e0 − 2E|∗ form a configuration of the same
type as the original planes Λi ⊂ |7e0 − 2E|. In particular:

(a) Λ⊥i meets Λ⊥j at one point whenever i 6= j.

(b) The 3-vectors ω∗i ∈ ∧3V ∨ associated to the planes Λ⊥i are linearly
independent and span a Lagrangian subspace A⊥ of ∧3V ∨.

fixed_quadric2 Fact 9.2.5. The ten planes Λ⊥i all belong to one ruling of planes on a non-
singular quadric. The EPW sextic XA⊥ is nothing else but this quadric with
multiplicity three.
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Fact 9.2.6. The vector space of cubics containing the 10 planes Λ⊥i is 6-
dimensional and consists of linear forms times the fixed quadric defined in
Fact

fixed_quadric2fixed_quadric2
9.2.5.

Now we turn to the Cayley model S10 of P̃2. We start with a configuration
of planes Λ′i ⊂ | 10e0−3E|, i = 1, . . . , 10, and the planes discussed in Section
twentytwenty
5.2 are defined as their annihilators: Λ′⊥i ⊂ | 10e0 − 3E|∗.

basis_decimics Fact 9.2.7. The vector space V ′ of ternary decimic forms f10(x, y, z) with
multpi f10 ≥ 3 for all i = 1, . . . , 10 is 6-dimensional.

Fact 9.2.8. The statement of Fact
p2s_septicsp2s_septics
9.2.2 holds upon replacement of IΣ+pi(4)

by I2Σ+pi(7). In the sequel, we will denote by Λ′i the projectivized image of
H0(P2, IΣ−pi(3))⊗H0(P2, I2Σ+pi(7)) in P(V ′) and by A′ the associated 10-
dimensional Lagrangian subspace in ∧3V ′.

cubic_10 Fact 9.2.9. The ten planes Λ′i lie on a unique cubic hypersurface in P5.
The EPW sextic XA′ is nothing else but this cubic with multiplicity two.

Fact 9.2.10. The cubic in Fact
cubic_10cubic_10
9.2.9 can be identified, via a linear change

of variables, with the symmetric determinantal cubic C, which is the secant
variety of the Veronese surface V4 ⊂ P5. Under this identification, the planes
Λ′i meet V4 along conics that are images of lines in P2 via the Veronese map
P2 → V4. Thus the 9 points of intersection of Λ′i with the remaining planes
Λ2′
k lie on the conic Λ′i∩V4, and the number of linearly independent cubics in

Λ′i passing through these 9 points is equal to 3. This implies, in particular,
that the 45 intersection points of the ten planes P2′

i fail to impose independent
conditions on the cubics in P5 passing through them.

The next two properties are stated for the dual configuration (Λ1, . . . ,Λ10)
in |10e0 − 3E|∗.

Fact 9.2.11. The planes Λ′i are contained in the determinantal cubic C of
the Veronese surface V4 and their annihilators Λi = Λ′⊥i are contained in
the dual cubic C∗, which is the chordal variety of the dual Veronese surface
V∗4. Moreover, as Λ′i meet V4 in conics that are images of lines `i in P2,
the Λi are tangent to V∗4 at the points `⊥i ∈ P2∗. The 3-vectors v∗i ∈ ∧3V ′∗

associated to the planes Λi are linearly independent and span the Lagrangian
subspace A′⊥ of ∧3V ′∗, and the EPW sextic XA′⊥ is the cubic C∗ squared.

11-independent Fact 9.2.12. The 45 intersection points Λi∩Λj (i 6= j) impose independent
linear conditions on cubics, so that there is an 11-dimensional linear system
of cubics in P5 through these points. The analogues of Facts

dim_1dim_1
9.1.3 and

dim10dim10
9.1.4

hold with the Enriques surface S replaced by the Cayley model S10 of the
Coble surface considered in this section.

deg53
9.3. Ten planes in three hyperplanes. Our objective in this section is
to construct some configuration of 10 planes in P5, such that any two planes
intersect and the associated 3-vectors are linearly independent, out of some
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set of data, easier than a Fano model of an Enriques surface. We construct
an explicit configuration of ten planes “of type 3-3-3-1”; as follows from
reducible_Enrreducible_Enr
9.3.5, this can be seen as the case of a degenerate Enriques surface which
decomposes into three quadrics and 4 planes.

We use the construction and the notation from Example
Exa5Exa5
6.15. We will

fix a basis (el) in the vector space V = k6 defining P5 = P(V ) so that Λ =
〈e0, e1, e2〉 and Υij = 〈e0, e1, e2, e3+i, e3+j〉. We have Πi = 〈e0, e1, e2, e3+i〉.

The construction goes as follows.

(a) Choose in each 4-point intersection Ci ∩ Cj a subset Eijm,m = 1, 2, 3
of three of the intersection points. This gives us the set of nine points in
Λ which will turn out to be the points of intersection of Λ10 with the other
nine planes Λi of our configuration.

(b) Choose three lines `ijm from one ruling of the quadric Qi passing

through the three points from Eijm. This is done in such a way that the

lines `ijm and `ikm belong to different rulings, so that they meet at a point
pim ∈ Qi.

(c) Get nine planes Λkm = 〈pim, pim, qim〉.
The configuration Λ that consists of none planes Λkm, k,m = 1, 2, 3 and

the plane Λ of ten planes possesses the desired properties. Indeed, any Λkm
meets Λjm at pim and meets Λ at qkm. Two planes Λkm, Λkm′ meet because
they are in the same P4 = Υij , where {i, j, k} = {1, 2, 3}.

To construct such a configuration, one has to solve some algebraic equa-
tions. So, if the conics Ci are defined over k, then the points qkm may be
defined over an extension of degree 2,3 or 6 of k, and the search of the lines
on the quadrics in (b) may again force us to introduce a quadratic extension
of the field. To reduce the volume of computation, we searched for the initial
data with the conics Ci and the points qkm both defined over a smallest pos-
sible field Fp. The smallest value of p for which we detected such solutions
is p = 29. Here is one of them:

C0 = x2
0 − 7x0x2 − 12x1x2

C1 = −4x0x1 + 9x2
1 − 5x0x2 − 10x1x2

C2 = 6x0x1 − 14x0x2 + 10x1x2 + x2
2

C1 ∩ C2 = {(1, 0, 0), (1, 10,−7), (1, 11,−1), (1, 5, 9)}
C2 ∩ C0 = {(0, 1, 0), (1, 5, 13), (1, 10, 8), (1,−1,−6)}
C0 ∩ C1 = {(0, 0, 1), (1, 6,−11), (1,−11,−13), (1,−4, 12)}

The computations reported below have been done for these three conics and

Eijk = Ci∩Cjr[ek]. The resulting planes Λkm are defined over the quadratic
extension Fp2 of Fp.

Fact 9.3.1. The 3-vectors v1, . . . , v10 ∈ ∧3V representing the 10 planes
from Λ are linearly independent. Hence they generate a Lagrangian 10-
dimensional subspace A of ∧3V .

Fact 9.3.2. There is a unique, up to proportionality, cubic C(Λ) vanishing
on the ten planes, and this cubic is the product of linear forms x3x4x5.
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Fact 9.3.3. The ideal of S•V ∨ defining the 45 intersection points of the 10
planes Λ is generated by forms of degrees ≥ 3 and contains 11 linearly inde-
pendent forms of degree 3. These forms, denoted in the sequel by F0, . . . , F10,
can be chosen in such a way that F0 = x3x4x5.

Fact 9.3.4. The scheme-theoretic zero locus of the 11 cubic forms
F0, . . . , F10 is the union of 10 cubic curves Bj = Bkm ⊂ Λkm.

reducible_Enr Fact 9.3.5. The scheme-theoretic base locus of a generic linear subsystem
P9 of cubics in the linear system P10 = 〈F0, . . . , F10〉 is

⋃10
l=1Bl. There

are subsystems P9 of cubics with 2-dimensional base locus. There is ex-
actly one such P9 not containing the cubic V (F0). The base locus of this
P9 is a “degenerate” Enriques surface S. It is reducible but its Hilbert poly-
nomial is that of the Fano model of an Enriques surface. The irreducible
components of S are four planes, one of them is Λ, and the three nonsingu-
lar quadric surfaces Q1, Q2, Q3. The remaining three components of S are
planes H1, H2, H3 which are not among the ten planes from Λ. The plane
Hi meets Λ at one point [ei] ∈ Cj ∩ Ck, meets each of the quadrics Qj, Qk
along a line passing through [ei], and does not meet Qi. The intersections
of the Hi between them are of length one.

Fact 9.3.6. Let AΛ be the Lagrangian subspace spanned by the 3-vectors
v1, . . . , v10 ∈ ∧3V representing the 10 planes from Λ. Then the EPW sextic
XAΛ

is irreducible and is not a linear combination of the products FaFb
(0 ≤ a ≤ b ≤ 10).

Fact 9.3.7. Let R be the singular locus of XAΛ
. Then the Hilbert polynomial

of R is 53P2 − 198P1 + 322P0, in particular, it is a surface of degree 53
(possibly with other lower-dimensional components and/or embedded points).
The following are some of the irreducible components of R:

(1) The 10 planes Λ with multiplicity 1.
(2) The three quadric surfaces Qi with multiplicity 1.
(3) An irreducible surface S of degree 16 not contained in any of coor-

dinate hyperplanes with Hilbert polynomial 16P2 − 24P1 − 9P0. The
ideal of S is generated by 15 quartics.

(4) Each hyperplane xi = 0 (i = 3, 4, 5) contains two-dimensional irre-
ducible components of R whose degrees sum up to 15. The compo-
nents enumerated above provide the degree only up to 8 (two quadrics
and 4 planes in each hyperplane xi = 0), so there are other compo-
nents of R in xi = 0 with the sum of degrees equal to 7.
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KondoRationality 39. S. Kondō, The rationality of the moduli space of Enriques surfaces. Compositio Math.
91 (1994), no. 2, 159–173.

Laza 40. R. Laza, The moduli space of cubic fourfolds via the period map. Ann. of Math. (2)
172 (2010), no. 1, 673–711.

Laza1 41. R. Laza, Maximally Algebraic potentially irrational Cubic Fourfolds, math.AG.
arXiv:1805.04063.

Lee 42. W. Lee, E. Park, P. Schenzel, On the classification of non-normal cubic hypersurfaces.
J. Pure Appl. Algebra 215 (2011), no. 8, 2034–2042.

MatsusakaMumford 43. T. Matsusaka, D. Mumford, Two fundamental theorems on deformations of polarized
varieties. Amer. J. Math. 86 (1964), 668–684.

Morin1 44. U. Morin, Sui sistemi di piani a due a due incidenti, Ist. Veneto Sci Lett. Arti, Atti
II 89 (1930), 907–926.

Morin2 45. U. Morin, Sur sistemi di Sk a due a due incidenti e sulla generalizione proijettiva di
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