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ABSTRACT. We constructa K3 surfaceover analgebraicallyclosedfield of characteristic2 which
containstwo setsof 21 disjoint smoothrationalcurvessuchthateachcurve from onesetintersects
exactly 5 curvesfrom theotherset. This configurationis isomorphicto theconfigurationof points
and lines on the projective planeover the finite field of 4 elements.The surfaceadmitsa finite
automorphismgroup isomorphicto PGL��������	�

��� suchthat a subgroupPGL��������	�
 actson the
configurationof eachsetof 21 smoothrationalcurves,andtheadditionalelementof order2 inter-
changesthetwo sets.ThePicardlatticeof thesurfaceis areflectivesublatticeof anevenunimodular
lattice ������� ��� of signatuire����������
 andtheclassesof the42 curvescorrespondto someLeechroots
in ������� ���

1. INTRODUCTION

Let  beanalgebraicallyclosedfield of characteristic2. Consider!#"%$& and ')(+*,!-"+./$0'1(2*� 3. .
Let 4 bethesetof pointsandlet 54 bethesetof lines in ' ( *6!#"+. . Eachsetcontains21 elements,
eachpoint is containedin exactly 5 lines and eachline containsexactly 5 points. It is known
that the groupof automorphismsof the configuration *6487 549. is isomorphicto : (�;=<?>@;�( where
: (�; *BA C PSL*�D37�!#"+.�. is asimplesubgroupof theMathieugroup : ( " and >8;�( is adihedralgroupof
order12.

In this paperweprove thefollowing maintheorem:

1.1. Theorem. There existsa unique(up to isomorphism)EFD surfaceover  satisfyingthe fol-
lowingequivalentpropertiesG

(i) ThePicard latticeof H is isomorphicto IKJ >9(MLON
(ii) H hasa jacobianquasi-ellipticfibrationwith onefiberof type P>9(MLQN

(iii) H hasa quasi-ellipticfibrationwith theWeierstrassequation
R (SCUT-VXWZY[(�T9WZY\;M; N

(iv) H hasa quasi-ellipticfibrationwith 5 fibersof type P> " andthegroupof sectionsisomorphic
to *�]=^`_`. " N
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2 I. DOLGACHEV AND S. KOND ab(v) H containsa set c of _?d disjoint *feg_`. -curvesand anotherset h of _?d disjoint *feg_`. -
curvessuch that each curvefromonesetintersectsexactly5 curvesfromtheothersetwith
multiplicity d N

(vi) H is birationally isomorphicto theinseparabledoublecoverof ' ( with branch divisor

T L T ; T ( * T VL WiT V ; WiT V( . CKj N
(vii) H is isomorphicto a minimalnonsingularmodelof thequarticsurfacewith k rationaldouble

pointsof type l V which is definedby theequation

T " L WZT
"
; WZT

"
( WZT

"
V WZT-(L T-( ; WZT-(L T-(( WZT-( ; T-(( WZT L T ; T ( * T L WiT ; WiT ( . CKj N

(viii) H is isomorphicto thesurfacein ' (gm ' ( givenby theequations

T L R (L WZT ;
R (; WZT (

R (( CUj 7 T-(L
R L WZT-( ;

R ; WZT-((
R ( Cnj3o

TheautomorphismgroupAut *�Hp. containsanormalinfinitesubgroupgeneratedby d�q`r involutions
andthequotientis a finitegroupisomorphicto PGL*BD?7�!#"+. < _ .

SincethegroupPSL*�D37�!#"2. is not a subgroupof theMathieugroup : (MV , our theoremshows that
Mukai’s classificationof finite groupsactingsymplecticallyon a complex K3 surface(see[Mu])
doesnotextendto positivecharacteristic.

Theauthorswish to thankJ.KeumandS.Mukai for usefulconversationsaswell asT. Shiodaand
therefereefor pointingoutsomemistakesin anearlierversionof thepaper.

2. SUPERSINGULAR K3 SURFACES IN CHARACTERISTIC 2

2.1. Known facts. Recall that a supersingular EFD surface(in the senseof Shioda[Sh2]) is a
K3 surfacewith thePicardgroupof rank22. This occursonly if thecharacteristicof theground
field  is a positive prime s . By a result of M. Artin [Ar], the Picardlattice tvu C Pic*�Hw. of
a supersingularK3 surfaceis a s -elementarylattice (i.e. the discriminantgroup tyxu ^`tvu is a s -
elementaryabeliangroup). The dimensionz of the discriminantgroupover !|{ is even andthe
number } C z`^`_ is called the Artin invariant. We shall assumethat s C _ . A fundamental
theoremof Rudakov andShafarevich [RS1],[RS2] tells thatany supersingularK3 surfaceadmits
a quasi-ellipticfibration, i.e. a morphism ~�G�H � ' ; whosegeneralfiber is a regular but not
smoothgeometricallyirreduciblecurve of genus1. Over anopensubsetI of thebase,eachfiber
is isomorphicto anirreduciblecuspidalcubic, the reduciblefibersareKodairagenus1 curvesof
additive type.Theclosureof thesetof cuspsof irreduciblefibersis asmoothirreduciblecurve � ,
thecuspcurve. Therestrictionof ~ to � is apurelyinseparablecoverof degree2. It followsthat �
is isomorphicto ' ; , andhenceby adjunctionis a *feg_`. -curveon H . A surfacewith aquasi-elliptic
fibration is unirational.Thusany supersingularK3 surfacein characteristic2 is unirational.This
is oneof themainresultsof [RS1],[RS2].

In this paperwe studya supersingularK3 surfacewith theArtin invariant } C d . It follows from
theclassificationof 2-elementarylatticesof signature*fd`7�_|d�. that thePicardlatticeof sucha K3
surfaceis uniqueup to isometries(see[RS2], � 1). Thereforeit is isomorphicto I�J >9(ML . As
usual,I denotestheuniqueevenunimodularindefinitelatticeof rank2 and l��?7 > � or �O� denotes



A SUPERSINGULARK3 SURFACE AND THE LEECH LATTICE 3thenegativedefiniteevenlatticedefinedby theCartanmatrix of type l��37 > � or �=� respectively.
Moreover it is known thatany supersingularK3 surfacewith Artin invariant } C d is uniqueup to
isomorphisms([RS2], � 11).

2.2. The Weierstrass model.

2.3. Proposition. Let H bea supersingular EFD surfacewhosePicard lattice tvu is isometricto
I�J >9(ML . ThenH hasa quasi-ellipticfibration with onesingularfiber of type P>9(ML anda section.
Its affineWeierstrassequationis

R (�WZT-VXWZY[(\T�WZY\;M;�Cnj3o

Proof. First we shall seethat the above Weierstrassequationdefinesa K3 surfacewhosePicard
lattice is isomorphicto I�J >9(ML . Recall(see[RS2], � 12, [CD], Chapter5) that theWeierstrass
model of a quasi-ellipticfibration ~�G�t�� ' ; on a nonsingularprojective surface t over an
algebraicallyclosedfield of characteristic_ with �S*�tX7����|. Cn� is a closedsubschemeof thetotal
spaceof thevectorbundle �g�|��*�_ � .1���g�|��*�� � . over ' ; givenby theequation

R (
WiT-V�W�� * Y L 7 Y ; . T�W�� * Y L 7 Y ; . Cnj 7
where �% i¡ L�*�'X;�7�� � � *�� � .�.�7 �/ i¡ L�*�'X;�7�� � � *Bq � .�. . Dividing theequationby Y[¢ �L andmakingthe
substitutionT � T ^ Y ( �L and R � R ^ Y V �L wegettheaffineWeierstrassequation

R ( WZT V W l�* Y . T9W¤£ * Y . Cnj 7
where l9* Y . (resp. £ * Y . ) is an inhomogeneouspolynomialof degree � � (resp. q � ). Conversely,
given an affine Weierstrassequation,we can homogenizeit (with respectto Y ) by substituting
YSC�Y ; ^ Y L , multiplying theequationby Y[¢ �L andmakingthesubstitutionsR � R Y V �L 7 T � T#Y "M�L . The
discriminantof theWeierstrassmodelis asectionof � � �f*fd�_ � .v¥§¦S¨ (�?� A C�� � ��*fd�_ � e©�ª. definedby

« Cn� *B¬ � . (�W *�¬ � . (�o
In our case�­C _ and

� * Y L 7 Y ; . CUY ¢L Y[( ; 7 � * Y L 7 Y ; . CUY L Y\;M;; 7
« C�Y[(ML; o

It is known ([CD], Corollary5.5.8)thattheorderof vanishingof thediscriminantatapoint ®   ' ;
is equalto ¯ª*B°�±�.Xei_ , where °�± is thefiber over thepoint ® and ¯ª*B°�±�. is its Euler-Poincar̃e charac-
teristic.Applying this to our situationwe obtainthatthefibrationhasonedegeneratefiber ° over
the point *fd`7 j . with Euler-Poincar̃e characteristicequalto _`_ . It follows from the classification
of degeneratefibersof a quasi-ellipticfibrationthat ° is of type P>9(ML . Obviously its Picardlattice
containsI²J >9(ML which is generatedby the classof componentsof fibersanda section.Since
}Z³´d , thePicardlattice isomorphicto IµJ >9(ML . Now theassertionfollows from theuniqueness
of supersingularK3 surfacewith theArtin invariant1.

3. LEECH ROOTS

In this section,wedenoteby H theK3 surfacewhosePicardlatticeis isomorphicto IUJ >�(ML .



4 I. DOLGACHEV AND S. KOND ab3.1. The Leech lattice. Wefollow thenotationandthemainideasfrom [Bo], [Co1], [Co2], [Ko].
First we embedthePicardlattice tvu AC&I0J >9(ML in the lattice ¶ Cµ· J¸I AC0¹ª¹ ;Mº (M» , where · is
theLeech lattice and I is thehyperbolicplane.We denoteeachvector Tw  ¶ by *�¼17\½F7 � . where
¼  ¾· , and T¿C ¼ W ½À~ Wi�vÁ 7 with ~-7 Á beingthestandardgeneratorsof I , i.e. ~ ( C�Á ( Cnj , andÂ ~-7 Á3Ã�C d . Note that z C *�¼17�d`7�e�d�e&ÄÆÅ º Å�Ç( . satisfiesz ( C e�_ . Suchvectorswill becalledLeech
roots. We denoteby

« *�¶È. the setof all Leechroots. Recall that · is an even negative definite
unimodularlatticeof rank _2� realizedasacertainsubgroupin É ( " C É � �MÊÌË\Í,Î�Ï equippedwith inner
product

Â T 7 R Ã�C eÑÐ�Ò ÓÔ (in grouptheoryoneoftenchangesthesignto theopposite).For any subset
l of Õ C ' ; *6! (MV . let Ö�× denotethevector ØKÙ�Ú × ¯ Ù , where ÛÜ¯�Ý�7Þ¯ L 7 o�o�o 7Þ¯ (M(

ß
is thestandardbasis

in ÉÈ( " . A Steinersystemt=*�à?7Þr?7�_2�ª. is a setconsistingof eight-elementsubsetsof Õ suchthatany
5-elementsubsetbelongsto a uniqueelementof t=*Bà?7Þr37�_Ü�ª. . An 8-elementsubsetin t=*�à|7Þr37�_2�á. is
calledanoctad. Then · is definedasa latticegeneratedby thevectorsÖÜâ@ei�áÖ2Ý and _`ÖÜã , where
E belongsto theSteinersystemt=*�à|7Þr37�_2�á. . Let ä&*�¶S. be thesubgroupgeneratedby reflections
in theorthogonalgroup å8*B¶È. of ¶ . Let æç*B¶È. beaconnectedcomponentof

æ8*�¶S. C Û T¾  'È*�¶w¥�Éè.éG Â T 7 TvÃOêëj ß o
Then ä&*B¶È. actsnaturallyon æ8*�¶È. . A fundamentaldomainof this actionof ä¸*�¶È. is givenbyì C Û T¾  æç*B¶È.èG Â T 7�z ÃQêíj 7�z   « *B¶È. ß o
It is known that å@*�¶È. is asplit extensionof ä&*B¶È. by Aut * ì . ([Co2]).

3.2. Lemma. Let H bethe EFD surfacewhosePicard lattice tvu is isomorphicto InJ >9(ML . Then
there is a primitive embeddingof tvu in ¶ such that theorthogonalcomplementt�îu is generated
bysomeLeech rootsandisomorphicto theroot lattice > " .

Proof. Considerthefollowing vectorsin · :

H C �ªÖ2Ý W ÖÜâï7 ð C �ªÖ L W ÖÜâ17 ñ CKj 7(3.1)

ò C * T Ý�7 T L 7 T ; 7 T-ó Í 7 o�o�o 7 T-ó Í6Í . C *BD37\D37ÞD37�e�d`7�e�d`7�e�d`7�e�d`7�e�d`7�d+7 o�o�o 7�d�.(3.2)

where E C Û2ôn7 j 7�d`7� ( 7 o�o�o 7Þ ¢
ß

is anoctad.ThecorrespondingLeechroots

T¿C *6H¾7�d+7�_`.�7 R C *�ðÈ7�d`7�_`.�7 õ C * j 7�d`7�e�d�.�7 Y�C * ò 7�d`7Þ_`.(3.3)

generatea root lattice ö isomorphicto > " o Obviously ö is primitive in ¶ .

Let t betheorthogonalcomplementof ö in ¶ . Thenit is anevenlatticeof signature*[d`7�_?d�. andthe
discriminantgroupisomorphicto *�]=^`_2]O. ( (thediscriminantgroupsof t and ö areisomorphic).
Sincesucha latticeis unique,up to isometry, weobtainthat t A C÷IKJ >9(ML .

3.3. (42 + 168) Leech roots. We fix anembeddingof tvu into ¶ asin Lemma3.2. Let æç*�Hp. be
thepositiveconeof H , i.e. aconnectedcomponentof

Û T¾  'È*�tvu§¥�Éè.éG Â T 7 TvÃQêíj ß
which containstheclassof anampledivisor. Let

ì *�Hw. bethe intersectionof
ì

and æ8*6Hw. . It is
known thatAut * ì *6Hw.�.yAC�: (�;|<�>8;�( where: (�; A C PSL*BD37f!#"+. and >@;�( is adihedralgroupof order
12 ([Bo], � 8, Example5). Eachhyperplanebounding

ì *�Hw. is theoneperpendicularto anegative



A SUPERSINGULARK3 SURFACE AND THE LEECH LATTICE 5normvectorin tvu@¥­ø whichis theprojectionof aLeechroot. Therearetwo possibilitiesfor such
Leechroots z :

(i) z and ö ( A C > "�. generatea root latticeisomorphicto > "QJnl ; ;
(ii) z and ö generatea root latticeisomorphicto >9» .

3.4. Lemma. There areexactly42 Leech rootswhich areorthogonalto ö .

Proof. Let ögù be the sublatticeof ¶ generatedby vectors T 7 R 7Þõ from (3.3). Obviously ögù is
isomorphicto theroot lattice l V . By Conway [Co1], theLeechrootsorthogonalto ö ù are

�áÖ2Ý W �ªÖ L 7 Ö�â8e§�ªÖ ó 7 _`Ö2ãXú�7
where E­ù containsÛ2ôn7 j ß and    Ûªd`7�_|7 o�o�o 7�_`_ ß .
AmongtheseLeechroots,thefollowingsareorthogonalto vector Yè  ö :

�áÖ2Ý W �ªÖ L 7 Ö�â8e§�ªÖ ó 7 _`Ö2ãXú�7
where E­ù   t=*�à|7Þr37�_2�á. , E­ù|ûwE C Û2ôn7 j ß or E­ùªû©E C Û2ôn7 j 7�d+7�ü ß and    E�ýþÛ2ôn7 j 7�d ß .
Obviously, thenumberof theserootsis equalto 42.

3.5. Remark. In [[To], Table 1, page219], Todd listed the k`à+ÿ octadsof the Steinersystem
t=*�à?7\r37�_2�ª. . Theoctadsin theproofof Lemma3.4correspondto thefollowing ÛÜ��� 7Þ¶�� ß in Todd’s
table.Hereweassume

E C Û2ôn7 j 7�d`7�_?7ÞD?7�à?7�d��37�d�k ß o
Then

� ; C Û2ôn7 j 7�d`7Þ_?7\� 7�d�D37�d�q37Þ_`_ ß 7 � ( C Û2ôn7 j 7�d`7�_?7\q37�k?7�d�ÿ37�_?d ß 7
� V C Û2ôn7 j 7�d`7Þ_?7Þr37�d+d`7�d�_?7�d�r ß 7 �=" C Û2ôn7 j 7�d`7�_?7\ÿ37�d j 7�d�à?7�_ j ß 7
� » C Û2ôn7 j 7�d`7\D37\� 7�d+d`7�d�ÿ37Þ_ j ß 7 � ¢ C Û2ôn7 j 7�d`7ÞD37\q37Þr37�d j 7�d�D ß 7
��� C Û2ôn7 j 7�d`7\D37�k?7Þÿ?7�d�q37�d�r ß 7 � Ô C Û2ôn7 j 7�d`7ÞD37�d�_?7�d�à|7�_?d`7�_+_ ß 7
��� C Û2ôn7 j 7�d`7�� 7�à?7�k|7Þr37�d�à ß 7 � ;�L C Û2ôn7 j 7�d`7\� 7\q37Þÿ37�d�_?7�d�k ß 7
� ;M; C Û2ôn7 j 7�d`7�� 7�d j 7�d�� 7�d�r?7�_?d ß 7�� ;�( C Û2ôn7 j 7�d`7�à?7\q37�d�r37Þ_ j 7�_`_ ß 7
� ;�V C Û2ôn7 j 7�d`7Þà?7Þÿ37�d+d`7�d�D37Þ_?d ß 7 � ; " C Û2ôn7 j 7�d`7�à?7�d j 7�d�_|7�d�q37�d�ÿ ß 7
� ;�» C Û2ôn7 j 7�d`7\q37�d`d`7�d�� 7�d�à|7�d�q ß 7�� ; ¢ C Û2ôn7 j 7�d`7�k?7�d j 7�d`d+7�d�k?7�_+_ ß 7
� ; � C Û2ôn7 j 7�d`7Þk?7�d�_?7�d�D37�d��37�_ j ß 7�� ; Ô C Û2ôn7 j 7�d`7Þr37\ÿ37�d�� 7�d�ÿ37�_`_ ß 7
� ; � C Û2ôn7 j 7�d`7\r37�d�q37�d�k?7�_ j 7�_?d ß 7�� (ML C Û2ôn7 j 7�d`7�d�D?7�d�à?7�d�k?7�d�r37�d�ÿ ß 7



6 I. DOLGACHEV AND S. KOND ab¶ ; C Û2ôn7 j 7�� 7Þq37Þr?7�d�q37�d�r37�d�ÿ ß 7 ¶ ( C Û2ôn7 j 7\� 7Þq37�d�D37�d�à|7�_ j 7�_|d ß 7
¶ V C Û2ôn7 j 7�� 7�k?7Þÿ?7�d j 7�d�D37�d�ÿ ß 7 ¶�" C Û2ôn7 j 7\� 7�k?7�d`d`7�d�_|7�d�q37�_|d ß 7
¶ » C Û2ôn7 j 7�� 7Þr37�d j 7�d�_?7Þ_ j 7�_`_ ß 7 ¶ ¢ C Û2ôn7 j 7\� 7Þÿ37�d`d`7�d�à|7�d�r37�_+_ ß 7
¶�� C Û2ôn7 j 7\q37�k?7Þr?7Þÿ37�d`d+7�_ j ß 7 ¶ Ô C Û2ôn7 j 7Þq37�k?7�d j 7�d�_|7�d�à?7�d�r ß 7
¶�� C Û2ôn7 j 7\q37Þÿ37�d j 7�d�q37Þ_?d`7�_`_ ß 7 ¶ ;�L C Û2ôn7 j 7�d`d`7�d�_?7�d�D37�d�q37�d�ÿ?7�_`_ ß 7
¶ ;M; C Û2ôn7 j 7Þk?7Þr37�d�D37�d�r37Þ_?d`7�_`_ ß 7 ¶ ;�( C Û2ôn7 j 7�k?7�d�à|7�d�q37�d�ÿ37�_ j 7Þ_`_ ß 7
¶ ;�V C Û2ôn7 j 7\r37Þÿ37�d�_?7�d�D37�d�à?7�d�q ß 7 ¶ ; " C Û2ôn7 j 7Þr37�d j 7�d`d`7�d�à?7�d�ÿ37Þ_?d ß 7
¶ ;�» C Û2ôn7 j 7\ÿ37�d�_?7�d�r37�d�ÿ?7�_ j 7�_|d ß 7�¶ ; ¢ C Û2ôn7 j 7�d j 7�d+d`7�d�D37�d�q37�d�r?7�_ j ß o

Theremaining6 Leechrootscorrespondto

�áÖ2Ý W �ªÖ L 7 ÖÜâÑei�ªÖ ó 7
where    Û2_?7\D37�à?7�d�� 7�d�k ß .

3.6. Lemma. There areexactly d�q`r Leech roots z such that z and ö generatea root lattice >9» .

Proof. We countthenumberof suchLeechroots z with
Â z�7 Y�Ã�C d . Such z correspondsto oneof

thefollowing vectorsin · (seetheproofof Lemma3.4):

ÖÜâçe§�ªÖ ó *� ©^  Ep.�7 Ö2ãXú *�E ùv  t�*Bà?7Þr37Þ_2�ª.�7�	ÜE�û­E ù 	 C �37Qd ^  E ù . o
Obviouslythenumberof vectorsof thefirst typeis 16. Sincethenumberof octadscontainingfixed
4 pointsis 5, the numberof vectorsof the secondtype is 40. Thuswe have the desirednumber
à+q m D C d�q+r .

3.7. The 42 smooth rational curves. Let

C * j 7 j 7�d�.

betheWeyl vectorin ¶ (characterizedby thepropertythat
Â 
 7�¼ Ã�C d for eachLeechroot). Since

theLeechlatticedoesnot contain *[e�_`. -vectors,
Â 
 7\z Ã��C�j for any *feg_`. -vector z in ¶ C�· J´I .

Considerits orthogonalprojection



ù to ö î ¥ ø . Easycomputationgives


ù C


W à+õ W D T�W D R W D Yè  ö î 7

and Â 
 ù 7 
 ù Ã�C d�� o(3.4)

Fix an isometryfrom tvu to ö î and let 
 be the divisor classcorrespondingto



ù . The above

propertyof



implies that

Â 
)7\z Ã��C j for any *feg_`. -vectors z in tvu . Composingthe embedding
with reflectionsin *[e�_+. -vectorsin tvu , wemayassumethat 
 is anampledivisorclass.Eachof the
42Leechvectorsfrom Lemma3.4definesavector � from Pic*�Hw. with self-intersectione�_ . SinceÂ 
)7�� Ã�C d , by Riemann-Roch,we obtainthat � is thedivisor classof a curve ö�� with ö (� C eg_ .
Since 
 is ample,eachö�� is anirreduciblecurve,andhenceisomorphicto ' ; .
Thusthe42Leechrootsin Lemma3.4define42 smoothrationalcurvesin H .



A SUPERSINGULARK3 SURFACE AND THE LEECH LATTICE 73.8. Lemma. Let H bea K3 surfaceovera fieldof characteristic2. Thefollowingpropertiesare
equaivalent:

(i) ThePicard lattice tvu of H is isomorphicto IKJ >9(ML ;
(ii) H hasa quasi-ellipticfibrationwith 5 singularfibers of type P> " and16disjoint sections;

(iii) There are two families c and h each consistingof _?d disjoint smoothrational curves.Each
memberin onefamilymeetsexactlyfivemembers in anotherfamily. Theset c��çh generates
tvu .

Proof. (i) � (ii) Fix an isometryfrom tvu to ö î . Considerthe five disjoint *feg_`. -curves E ó
correspondingto

Ö�âçei�ªÖ ó 7 *�   Û2_?7ÞD?7�à?7�d��37�d�k ß . o
Then 	`_+E ( W ö ; W ö ( W ö V W ö�"�	 givesa genus1 fibrationwith fivesingularfibersof type P> " ,
where ö Ù correspondto thevectors� Ù in Remark3.5. Moreover thecurvescorrespondingto the
vectors¶ Ù are16disjointsectionsof thisfibration.ThefibrationsatisfiestheRudakov-Shafarevich
criterionof quasi-ellipticfibration[RS2], � 4.

(ii) � (i) It followsfrom theShioda-Tateformula([Sh1]) thatthediscriminantof tvu is equalto � .
(ii) � (iii) We take for c thesetof sectionsandmultiplecomponentsof fibers.We take for h the
setof non-multiplecomponentsof reduciblefibersandthecuspcurve. Thecurvesfrom theset c
correspondto theLeechroots ÛÜ���#7\�ªÖÜÝ W �ªÖ L ß 7 andthecurvesfrom h correspondto theLeech
roots ÛÜ¶��#7�ÖÜâ�e@�ªÖ ó ß . Thecuspcurve � correspondto theLeechroot �ªÖÜÝ W �ªÖ L (seethefollowing
Remark3.10).It follows from theShioda-Tateformulathattheset c��Àh generatestvu .

(iii) � (ii) Take ö L   c and4 curves ö ; 7Þö ( 7Þö V 7Þö�" from h which intersectö L . Then

° C _+ö L W ö ; W ö ( W ö V W ö�"(3.5)

definesa quasi-ellipticfibrationwith a fiber ° of type P> " . Let � bethefifth curve from h which
intersectsö L . It is easyto seethatthecurvesfrom c��ÀhwýgÛ�� ß whichdo not intersectthecurves
ö ; 7Þö ( 7Þö V 7\ö�" form four morereduciblefibersof type P> " . Theremainingcurvesgive16 disjoint
sections.

3.9. Lemma. Let H bethe EFD surfacewhosePicard lattice is isomorphicto I�J >9(ML and c 7�h
are thesetsdescribedin Lemma3.5. Let 
 bethedivisor classcorrespondingto theprojectionof
theWeyl vector



C * j 7 j 7�d�.  ­· J÷I to ö î ¥ ø . Then


 C d
D

�� Ú�� �"! ��^2D o(3.6)

Proof. Observe that the right-handside 
 ù of (3.6) intersectseachcurve ö Ù with multiplicity 1.
Sincethecurves ö Ù generatetvu , 
Ñe#
3ù is orthogonalto tvu andhenceis equalto zero.



8 I. DOLGACHEV AND S. KOND ab3.10. Remark. Note that thecurve � from the proof of Lemma3.8 is the cuspcurve � ù of the
quasi-ellipticfibration. In fact, sinceit intersectsthe doublecomponentsof the reduciblefibers,
it is a 2-section.Sincethecomponents° Ù of fibersand � ù generatea sublatticeof finite index in
tvu , wemusthave �%$�� ù W ØKÙ � Ù ° Ù for somerationalcoefficients � Ù . Intersectingthebothsides
with each°'& we get Ø Ù � Ù *B° Ù < °'&�. Cµj . Sincetheintersectionmatrix of irreduciblecomponents
is semi-definite,this impliesthat ØnÙ � Ù ° Ù C ½¿° , where ° is theclassof a fiber and ½   ø . But
now *B�ie­� ù . ( C e��Qe­_ *�� < � ù . C *�½¿°/. ( Cnj gives � A � ù . Sinceasmoothrationalcurvedoes
notmove,weget � C � ù .

3.11. Remark. A quasi-ellipticfibration with 5 fibersof type P> " has16 sectionsif andonly if
thePicardlatticehasdiscriminantequalto 4, andhenceis isomorphicto I0J >�(ML . This follows
immediatelyfrom theShioda-Tateformula. Also, if H hasa quasi-ellipticfibrationwith 5 fibers
of type P> " and16 sections,then the 16 sectionsareautomaticallydisjoint (notethat ½ -torsion
sectionson an elliptic or a quasi-ellipticsurfaceover a field of characteristicdividing ½ arenot
necessarilydisjoint). Hencethesurfacecontains42smoothrationalcurveswith intersectionmatrix
asdescribedin Lemma3.8. Let usshow this. Let � bethecuspidalcurve of thefibrationandlet
° Ù C _+� L *)(�. W � ; **(M. W0o�o�o|W �O"2*)(�.�7�( C d`7 o�o�o 7�à|7 be the reduciblefibersof the fibration. The
divisor > C _+� W � L *fd�. W o�o�o[W � L *��ª. is nefandsatisfies> ( Cnj . Thusit definesagenus1 pencil	 > 	 . No sectionsintersect> , sothey arecontainedin fibersof thefibration. Also thecomponents
� ; *�à`.�7Þ� ( *�à`.�7Þ� V *�à`.�7Þ�="�*�à`. do not intersect> andhencearecontainedin fibersof 	 > 	 . We have
16sections,sothereexists � Ù *�à`. , say � ; *Bà`. , suchthatit intersectsat leastfour of thesections.By
inspectionof thelist of possiblereduciblefibersof a genus1 fibrationwe find that � ; *Bà`. together
with 4disjointsectionsformafiberof type P> " . Now wehave12remainingsectionswhichintersect
oneof thecomponents� Ù *Bà`.�7�( C _?7ÞD?7\� . Againwe mayassumethat � ( *�à`. intersectsat leastfour
of theremaining12 sections,andhencewe find anotherfiber of type P> " . Continuingin this way
weobtainthatthe16sectionstogetherwith thecurves � ; *�à`.�7Þ� ( *�à`.�7Þ� V *�à`.�7Þ�="�*�à`. form 4 fibersof
type P> " . In particular, they aredisjoint.

3.12. The 168 divisors. Let z beaLeechrootasin Lemma3.6.Theprojectionz ù of z into tvu�¥Ñø
is a *fe�d�. -vector. WecandirectlyseethateachzÜù meetsexactly6 membersin eachfamily c and h
statedin Lemma3.8.For example,if weusethenotationasin Remark3.5andtake *BÖÜâOe��ªÖ�"�7�d`7�d�.
as z , then z meetsexactly twelveLeechrootscorrespondingto

� ; 7Þ� » 7Þ����7Þ� ;�L 7\� ;M; 7\�áÖ2Ý W �ªÖ L 7Þ¶ ; 7Þ¶ ( 7Þ¶ V 7Þ¶�"�7Þ¶ » 7\¶ ¢ o
Weremarkthatthesetwelvecurvesaremutuallydisjoint. Weset+ C d

k *�_,
 W �- Ú.� öé. o(3.7)

Then
+   tvu ,

+ ( C _ , + < ö Cnj for any ö   c ,
+
< ö C d for any ö   h and

_2z ù3C _ + eU*Bö ; W <`<á< W ö ¢ .�7
where ö ; 7 o�o�o 7Þö ¢ are *feg_`. -curvesin c which meetz ù . Eachz ù definesanisometry

®0/�ú1G T � T9W _ *�z ù < T .fz ù
of tvu which is nothingbut thereflectionwith respectto thehyperplaneperpendicularto z ù .



A SUPERSINGULARK3 SURFACE AND THE LEECH LATTICE 9Consideraquasi-ellipticfibrationon H with fivereduciblefibersof type P> " with 16sections.Let
� be the cuspcurve and let ° be the classof a fiber. We now take as c the set of 21 curves
consistingof � andsimplecomponentsof fibers,andas h the setconsistingof 16 sectionsand
multiplecomponentsof fibers.Thenwecaneasilyseethat

+ C � W ° and

®0/�ú�* + . C à + e�_ *�ö ; W <á<á< W ö ¢ .�7(3.8)

®�/�ú�*Bö Ù . C _ + eU*�ö ; W <`<á< W ö ¢ . W ö Ù o
4. EXPLICIT CONSTRUCTIONS

4.1. Inseparable double covers. Let 1 bea line bundleon a nonsingularsurface ð over a field
of characteristic_ , and ®  ²¡ L�*Bð�7�1Q(Þ. . The pair **1�7�®�. definesa doublecover 2 G ñ � ð
which is givenby local equationsõ ( C ~X* T 7 R . , where * T 7 R . is a systemof local parametersand
~�* T 7 R . Cnj is thelocal equationof thedivisorof zeroesof thesection® . Replacing® with ® WZY ( ,
where Y  �¡ L�*Bð�7�1=. , we getan isomorphicdoublecover. Thesingularlocusof ñ is equalto the
zerolocusof thesection¬|®   ¡ L�*Bð�7ÞÕ�;3 ¥41Q(Þ. . It is locally givenby thecommonzeroesof the
partialsof ~X* T 7 R . . Thecanonicalsheafof ñ is isomorphicto 2 x *,¦ 3 ¥51=. . All of thesefactsare
well-known (see,for example,[CD], Chap.0).

We shall considerthe specialcasewhen ð C '1( and 1 C � � Í *�Dá. . The section ® is identified
with a homogeneousform °ç* T L 7 T ; 7 T ( . of degree6. We assumethat ° ¢ C�j is a reducedplane
curve of degree6. The expectednumber � of zeroesof the section ¬|° ¢ is equalto the second
Chernnumber 6 ( *BÕ ;� Í *�qá.�. . The standardcomputationgives 6 ( C _?d . So, if � C _|d , thepartial
derivativesof any localequationof ° ¢ atazero T of ¬|® generatethemaximalideal 7 Ð . Thiseasily
implies that thecover ñ has21 ordinarydoublepoints. So a minimal resolutionH of ñ has21
disjoint smoothrationalcurves.

4.2. The double plane model. To constructour surface H asin theMain Theorem1.1, (vi), we
take the inseparablecover correspondingto theplanesextic ° ¢ C´j with ¬ª° ¢ vanishingat the21
pointsof '1( definedover !-" . Considerthesextic definedby theequation

° ¢ CíT
"
L T ; T ( WiT

"
; T L T ( WiT

"
( T L T ; CKj3o(4.1)

Its partialderivativesare

T " ; T ( WiT
"
( T ; 7 T " L T ( WZT

"
( T L 7 T " ; T L WZT

"
L T ;(4.2)

Since� "Ù=CK� Ù for �8  !-" , weseethatall partialsvanishatany point in ' ( *,!-"2. o Thustheexceptional
divisor of a minimal resolution H of the correspondingdoublecover H ù � ' ( is a set c of 21
disjoint smoothrationalcurves. Let 8 *�4�. betheblow up of theset 4 . Then H is isomorphicto
thenormalizationof thebasechangeH ù m � Í 8 *649. . Now let 54 bethesetof 21 lineson ' ( defined
over !-" . Their equationsare � L T L W�� ; T ; W�� ( T ( C�j , where * � L 7 � ; 7 � ( .   4 . The21 linesare
divided into threetypes: threelines which arecomponentsof the sextic ° ¢ C j ; 9 lines which
intersectthesextic at threeof its doublepoints;9 lineswhich intersectthesextic at two pointsof
its doublepoints.In thelastcase,eachline is acuspidaltangentline of thecubic T VL W%T V ; W%T V( CUj .
Theproperinversetransform9+ of any line in 8 *�4�. is asmoothrationalcurvewith self-intersection
e�� which is eitherdisjoint from theproperinversetransformof thesextic, or is tangentto it, or



10 I. DOLGACHEV AND S. KOND abis containedin it. In eachcasethepre-imageof 9+ in H is a *feg_`. -curve takenwith multiplicity 2.
Let h bethesetof suchcurves.Sinceeachline 5s   54 containsexactly 5 pointsfrom 4 , andeach
point s   4 is containedin exactly 5 linesfrom 54 , thesetsc and h satisfyproperty(v) from the
Main Theorem.Finally noticethat themap H � '1( is givenby the linearsystem 	 + 	 , where

+
is

definedby (3.7).

4.3. A switch. A switch is anautomorphismof H which interchangesthesetsc and h . Let us
show that it exists. Considerthepencilof cubiccurvesgeneratedby thecubics T L T ; T ( C&j and
T VL WZT V ; WZT V( CUj . Its basepointsare

*fd`7�d+7 j .�7 *fd+7 � 7 j .�7 *fd+7 �á( 7 j .�7 *fd+7 j 7�d�.�7 *[d`7 j 7 � .�7(4.3)

*fd`7 j 7 � ( .�7 * j 7�d+7�d�.�7 * j 7�d`7 � .�7 * j 7�d`7 � ( . o

After blowing up the basepoints,we obtaina rationalelliptic surface : with 4 reduciblefibers
of type Pl ( . The 12 singularpointsof the four fibersare the pre-imagesof the points in 4 not
appearingin (4.3). The surface H is the inseparablecover of the blow-up of : at thesepoints.
It hasan elliptic fibration with 4 fibersof type Pl » . The baseof this fibration is an inseparable
doublecoverof thebaseof theelliptic fibrationon : . Now wefind thattheMordell-Weil groupis
isomorphicto ]=^+_2]¾� *�]=^+D+]=. ( . Nine of thesesectionsarecurvesfrom theset c of *feg_`. -curves
correspondingto pointsin ' ( *,!#"+. . They correspondto thebasepoints(4.3). Another9 sections
arefrom theset h of *feg_`. -curvescorrespondingto lines in ' ( *,!-"2. . They correspondto the lines
dual to the points(4.3), i.e. the lines �áT L Wn�\T ; W 6 T ( C�j , where * � 7 � 7;6�. is oneof (4.3). Fix
a zero section ® L representedby saya c -curve. Let ° Ù C Ø ó Ú.<>= ¢ � ó *)(�.�7�( C d`7Þ_?7ÞD37\�37 be the
reduciblefiberssuchthat � ó *)(�. < � ó;? ; **(M. C d and ® L intersects� L *)(�. . It is easyto seethat the
9 sectionsfrom c intersectthecomponents� L *)(�.�7Þ� ( *)(�.�7Þ�O"Ü*)(�. , eachcomponentis intersectedby
threesections.The h -sectionsintersectthecomponents� ; *)(M.�7Þ� V *)(�.�7Þ� » *)(�. , againeachcomponent
is intersectedby threesections.Also, the components� L *)(�.�7Þ� ( *)(�.�7Þ�O"2*)(�. are h -curvesandthe
components� ; *)(M.�7Þ� V *)(�.�7Þ� » *)(�. are c -curves. Thuswe obtainthat c@�¾h consistsof 18 sections
and24 componentsof fibers. Now considerthe automorphism

ò
of the surface H definedby

the translationby the 2-torsionsection ® ; . Obviously, ® ; intersectsthe components� V **(M. . We
seethat

ò
interchangesthe sets c and £ . Also, notethat if ® L correspondsto * � L 7 � ; 7 � ( . , then

® ; is a h -curve correspondingto the line � L T L Wn� ; T ; Wn� ( T ( C j . To be morespecific,let ® L
correspondto thepoint s C *fd`7�d+7 j . . Then ® ; correspondsto theline

+ G T L W¤T ; C j . Indeed
+

is
thecuspidaltangentof °&G T VL W�T V ; WZT V( C�j at thepoint s . After we blow-up s , thetwo sections
® L and ® ; intersectat onepoint of thefiber representedby ° . But this couldhappenonly for the
2-sectionsincethe3-torsionsectionsdonot intersect(wearein characteristic2). Similarly wesee
that

ò
sendsa sectionrepresentedby a point * � 7 � 7;6�. to the sectionrepresentedby the dual line

�`T L W��\T ; W 6 T ( Cnj . Also, it is easyto seethat
ò

transformsafiber componentcorrespondingto
apoint to thecomponentcorrespondingto thedualline. Thus

ò
is aswitch.

We remarkthatwe candirectly find a configurationof four fibersof type Pl » and18 sectionson
42smoothrationalcurves cA� h . This impliestheexistenceof suchelliptic fibration(andhencea
switch)without usingtheabovedoubleplaneconstruction.



A SUPERSINGULARK3 SURFACE AND THE LEECH LATTICE 114.4. Mukai’s model. In a privatecommunicationto thesecondauthor, S. Mukai suggestedthat
thesurfaceH is isomorphicto asurfacein ' (�m ' ( definedby theequations:

T-(L
R L WiT-( ;

R ; WZT-((
R ( Cnj 7 T L R (L WZT ;

R (; WZT (
R (( Cnj3o(4.4)

To prove this we considerthelinearsystem 	B
�	 , where 
 is thedivisor classrepresentingthepro-
jection



ù of theWeyl vector



  ¶ . Recallthat 
 is anampledivisorsatisfying 
 < ö C d for any

ö   cC�Ñh . Considerthequasi-ellipticfibration 	 °�	 asin Lemma3.8.Wemayassumethattheset
c consistsof non-multiplecomponentsof fibersandthecuspcurve � , andtheset h consistsof
16 sections,and5 multiplecomponentsof fibers.

Let >8; C _2ö L W ö ; W ö ( W ö V W ö�" be a reduciblememberof 	 °D	 andlet t ; 7 o�o�o 7�tv" be four
sectionsintersectingö ; . Considerthequasi-ellipticpencil 	 ° ù 	 C 	 _+ö ; W t ; W t ( W t V W tv"E	 . The
set *�h ýSÛÜö L

ß .F�8ÛÜ� ß is thesetof irreduciblecomponentsof reduciblemembersof 	 ° ùG	 . Thecurve
� ù C ö L is its cuspidalcurve. Now wecheckthat,for any ö   c��Àh ,

*G
�eZ�neZ°þ. < ö C *�� ù2W ° ù . < ö o
Sincethecurves ö generatethePicardgroupof H , weseethat
 C *B� W °þ. W *B� ù2W ° ù . o(4.5)

The linear system 	 � W °D	 definesa degree2 map 2 ; GïH � ' ( which blows down the curves
from theset c andmapsthecurvesfrom theset h to lines. Thelinearsystem 	 � ù W ° ù 	 definesa
degree2 map 2 ( G`H � '1( whichblowsdown thecurvesfrom theset h andmapsthecurvesfrom
c to lines. Let H¤GvH � ' Ô bethemapdefinedby the linearsystem 	I
J	 . Using (4.5) oneeasily
seesthat H mapsH isomorphicallyontoa surfacecontainedin theSegrevariety ®ª*�' (/m ' ( . . Let
us identify H with a surfacein ' (ém ' ( . Therestrictionof theprojectionss ; 7�s ( G3' (�m ' ( � ' (
arethemaps2 ; 7K2 ( definedby thelinearsystems	 � W °D	 and 	 � ù W ° ù 	 . Let

+
; 7
+
( bethestandard

generatorsof Pic*�'1( m ')(�. and L HNM C�� + ( ; W�� + ;S< + ( W 6 + (( be theclassof H in theChow ring of
' (gm ' ( . IntersectingL HOM with

+ ( ; and
+ (( , weget �9C 6 C _ . Since 
 ( C d�� weget

d�� C L HOM < * + ; W +
( . (èC *B_ + ( ; W�� + ;�< + ( W _ + (( . < * + ( ; W _ + ;�< + ( W + (( . C � W _ ��o

Thus L HOM C _ + ( ; W à + ;X< + ( W _ + (( C *�_ + ; W +
( . < *

+
; W _

+
( . o

This shows that H is a completeintersectionof two hypersurfaces: ; 7;: ( of bidegree *�_?7�d�. and
*fd+7�_`. .
The imageof eachcurve from theset c (resp. h ) in ' (/m ' ( is a line containedin a fiber of the
projections ; (resp. s ( ). The fibersof theprojections ; GP: ; � '1( definea linear system 	 ¶Q	 of
conicsin ' ( . Let : betheVeronesesurfaceparametrizingdoublelines.Theintersection	 ¶Q	Bû�: is
eitherasubsetof aconic,or is thewhole 	 ¶Q	 . Since 	 ¶Q	 containsat least21fiberswhicharedouble
linesthatarenotonaconic,weseethat 	 ¶R	ª$4: . Thusall fibersof s ; G>: ; � '1( aredoublelines.
This impliesthattheequationof : ; canbechosenin theform

l L R (L W l ;
R (; W l (

R (( Cnj 7
wherethe coefficientsare linear forms in T L 7 T ; 7 T ( . It is easyto seethat the linear forms must
be linearly independent(otherwiseH is singular). Thus,after a linear changeof the variables
T L 7 T ; 7 T ( , wemayassumethat l Ù C�T Ù 7K( CUj 7�d`7Þ_ .



12 I. DOLGACHEV AND S. KOND abNow considera switch
ò   Aut *6Hw. constructedin section4.3. Obviously it interchangesthe

linear systems	 � W °�	 and 	 � ù W ° ù 	 andhenceis inducedby the automorphism® of ' (�m ' (
whichswitchesthetwo factors.Thisshows that ®ª*G: ; . C : ( , hencetheequationof : ( is

R L T (L W
R ; T ( ; W

R ( T (( Cnj3o

Weremarkthatthecurves

* T L 7 T ; 7 T ( . C * � L 7 � ; 7 � ( .�7 � L R (L W�� ;
R (; W¤� (

R (( Cnj 7O* � L 7 � ; 7 � ( .   ' ( *6!#"+.
and their imagesunderthe switch form 42 smoothrational curveson H C : ; û#: ( satisfying
Theorem1.1(v).

4.5. The quartic model. Considerthequarticcurve in ' ( definedby theequation

(4.6) °ï"Ü* T L 7 T ; 7 T ( . CUT
"
L WiT

"
; WiT

"
( WiT-(L T-( ; WiT-(L T-(( WZT-( ; T-(( WiT (L T ; T ( WiT L T ( ; T ( WZT (L T ; T (( CUj3o

This is a uniquequarticcurve definedover ! ( which is invariantwith respectto the projective
lineargroupPGL*�D37�! ( . A C PSL*�_?7�! ��. (see[Di ]). Let ð be thequarticsurfacein ' V definedby
theequation

T " V W °
"2* T L 7 T ; 7 T ( . Cnj(4.7)

Clearly the groupPGL*BD37f! ( . actson ð by projective transformationsleaving the plane T V C j
invariant.

By takingthederivatives,wefind that ð has7 singularpoints

* T L 7 T ; 7 T ( 7 T V . C *fd`7�d`7 j 7�d�.�7�*[d`7 j 7 j 7�d�.�7�* j 7�d+7 j 7�d�.�7(4.8)

* j 7 j 7�d`7�d�.�7�* j 7�d`7�d+7�d�.�7�*fd`7 j 7�d`7�d�.�7�*[d`7�d+7�d`7�d�. o
We denoteby ÛÜæ Ù ß ;TS Ù S � bethesetof thesesingularpoints.Eachsingularpoint is locally isomor-
phic to thesingularpoint õ " W T R CKj , i.e. a rationaldoublepoint of type l V . Let H beaminimal
resolutionof ð . We claim that H is isomorphicto our surface.Note that thepointsin ' ( whose
coordinatesarethefirst threecoordinatesof singularpoints(4.8) arethesevenpointsof '1(2*,! ( . .
Let � L T L W­� ; T ; W­� ( T ( CUj beoneof thesevenlinesof ' ( *,! ( . . Theplane� L T L W%� ; T ; W­� ( T ( CUj
in '1V intersectsð doublyalongaconicwhichpassesthrough3 singularpointsof ð . For example,
theplaneT L WiT ; WiT ( CKj intersectsð alongtheconicgivenby theequations

T-(L WZT-( ; WZT-(( WZT-(V WZT L T ; WZT L T ( WZT ; T ( C�T L WZT ; WZT ( Cnj3o
Wedenoteby ÛÜ� ùÙ ß ;TS & S � thesetof theseconicsandby ¹v*VU|. thesetof indices( with æ Ù   � ù& .
Let ö Ê Ù Ï; W ö Ê Ù Ï( W ö Ê Ù ÏV betheexceptionaldivisorof a singularpoint æ Ù . We assumethat ö Ê Ù Ï( is the
centralcomponent.It is easyto checkthattheproperinversetransform��& of eachconic � ù& in H
intersectsö Ê & Ï( with multiplicity 1, if æ'&   �éùÙ , anddoesnot intersectothercomponents.Thiseasily
gives


 C _+��& W �
Ù�Ú0W Ê & Ï *Bö Ê

Ù Ï
; W _2ö

Ê Ù Ï
( W ö Ê Ù ÏV .�7(4.9)



A SUPERSINGULARK3 SURFACE AND THE LEECH LATTICE 13where 
 is thepre-imagein H of thedivisor classof a hyperplanesectionof ð , andwe identify
thedivisorclassesof *feg_`. -curveswith thecurves.

Observe now that H containsa set c of 21 disjoint smoothrationalcurves: sevencurves � Ù and
14curves ö Ê Ù Ï; 7Þö

Ê Ù Ï
V . Eachof thesevencurves ö Ê Ù Ï( intersectsexactly5 curvesfrom theset c (with

multiplicity d ). Weshallexhibit theadditional14smoothrationalcurveswhichtogetherwith these
7 curvesform aset h of 21disjoint *feg_`. curvessuchthat c��%h satisfiesTheorem1.1(v).

To do this let ustake a line in ' ( *,! ( . , for example,T ; C j . Thenthereareexactly four pointson
' ( *6! ( . not lying on this line:

* T L 7 T ; 7 T ( . C * j 7�d`7 j .�7�*fd`7�d`7 j .�7�* j 7�d`7�d�.�7�*fd`7�d`7�d�. o
Theplane ¡ G T ; WZT V Cnj in ' V passesthroughthe4 singularpointsof thequarticsurface ð :

æ ; C * j 7�d`7 j 7�d�.�7�æ ( C *[d`7�d`7 j 7�d�.�7
æ V C * j 7�d`7�d`7�d�.�7Xæï" C *fd`7�d+7�d`7�d�.
andintersectsð alonga quarticcurve X ù givenby theequations

T " L WZT
"
( WZT (L T ( ; WZT ( ; T (( WZT (( T (L WZT L T ; T ( * T L WiT ; WiT ( . CUT ; WZT V Cnj3o

It splitsinto theunionof 2 conicsX ù ; G T-(L W¤�`T-(( WiT L T ; W��`T ; T ( CUT ; WZT V Cnj 7X ù ( G T (L W¤� ( T (( WiT L T ; W�� ( T ; T ( CUT ; WZT V Cnj3o
Let � ù be oneof the 7 conic curves � ùÙ ’s correspondingto the line T ; C j . It is given by the
equations

T-(L WiT-(( WiT-(V WiT L T ( C�T ; CKj?o
Then ¡ meets� ù at Y ; C *fd+7 j 7 � 7 j .�7'Y ( C *[d`7 j 7 � ( 7 j . . Notethat X ù ; passesthroughæ ; 7 o�o�o 7\æ
"�7�Y ;
and X ù ( passesthrough æ ; 7 o�o�o 7Þæï"�7�Y ( . Eachsingularpoint æ Ù of thequarticis locally isomorphic
to õ " WÀT R CKj andthelocalequationof thequartic Xéù at thispoint is õ CKj . Thiseasilyshowsthat
the properinversetransformof Xéù in H consistsof two smoothrationalcurves X ; and X ( each
intersectssimply theexceptionaldivisorat onepoint lying in differentcomponentsof ö Ê Ù Ï; �%ö Ê Ù ÏV .
Thus X ; (or X ( ) intersectsexactly 5 curvesfrom c : 4 curves ö Ê Ù Ï& (U C d or D , ( C d+7 o�o�o 7�� ) and
the properinversetransformof � ù in H . Also, it is clearthat14 new quarticcurvesobtainedin
this way neitherintersecteachotherafterwe resolve thesingularitiesof thequarticnor intersect
thecurves ö Ê Ù Ï( . Thisprovestheclaim.

4.6. Remark. The configuration Z of 14 curves � Ù 7\ö Ê Ù Ï( is isomorphicto the configurationof
pointsandlinesin '1(2*,! ( . . ThegroupPGL*�D37�! ( . actson thesurface H via its linearactionin '1V
leaving thehyperplaneT V C÷j fixed. Its actionon theconfigurationZ is isomorphicto its natural
actionon linesandpoints.

5. AUTOMORPHISMS OF H

In this sectionwe describethegroupof automorphismsof thesurface H . First we exhibit some
automorphismsof H andthenprove thatthey generatethegroupAut *�Hp. .



14 I. DOLGACHEV AND S. KOND ab5.1. The group PGL *BD?7�!#"+. . Considerthedoubleplanemodelof H with thebranchcurve ° ¢ CUj
asin (4.1). Thegroup [ C PSL*BD?7�!#"2. actsnaturallyon theplane' ( *6!-"2. . For any Á@  GL *BD37f!-"2. ,
let æ]\ C ° ¢ * Á * T .�. . Let

Á * T L 7 T ; 7 T ( . C * � L T L W�� ; T ; W�� ( T ( 7 � L T L W�� ; T ; W¤� ( T ( 7;6 L T L W 6 ; T ; W 6 ( T ( . o
After substituting,weobtainthat

æ^\2* T . C�_ L T " L T ; T ( W`_ ; T " ; T L T ( Wa_ ( T " ( T L T ; W l (\ 7
wherel�\ is acubicpolynomial,and_ L C � " L * � ; 6 ( W�� ( 6 ; . W�� "L * � ; 6 ( W¤� ( 6 ; . W 6 " L * � ; � ( W¤� ( � ; ._ ; C � " ; * � L 6 ( W�� ( 6 L . W�� " ; * � L 6 ( W¤� ( 6 L . W 6 " ; * � ( � L W¤� L � ( ._ ( C � " ( * � ; 6 L W�� L 6 ; . W�� "( * � ; 6 L W¤� L 6 ; . W 6 " ( * � ; � L W¤� L � ; .
SinceT " CíT for all T­  !#" , weseethat_ L C�_ ; C�_ ( C�bdcfe * Á . o
Thusthemap

ò \/G1*�õ37 T .Q� * bgc.e * Á .f(Þõ W l�\2* T .�7 Á * T .�. is anautomorphismof thedoubleplane.It
is easyto verify that

l�\ ú \2* T . C5bdc.e * Áªù . ( l�\2* T . W l�\ ú * Á * T .�. o
This easily implies that the map Áih� ò \ definesan action of GL *BD37�! "`. on the doubleplane.
Obviously, it factorsthroughanactionof PGL*�D37�!#"2. . Since [ C PSL*�D37�!#"2. is simple,theaction
of [ is faithful. WecaneasilyseethatPGL*BD?7�!#"2. is alsofaithful.

Notethattheinducedactionsof [ on thesetsc and h is isomorphicto theactionsof [ onpoints
andlinesin ' ( *6! "`. .

5.2. The 168 Cremona transformations. Let æ ; 7 o�o�o 7Þæ ¢ be6 pointsin ' ( *6!-"2. suchthatnothree
amongthemarecolinear. Sinceeachsmoothconicover !-" containsexactly5 points(it is isomor-
phic to 'X;ËKj ), we seethat theset 4 C ÛÜæ ; 7 o�o�o 7Þæ ¢

ß
is not on a conic. This allows oneto definea

uniqueinvolutivequinticCremonatransformationk givenby thelinearsystemof curvesof degree
5 definedover !-" with doublepointsat thepointsof 4 (see[Coo], Book IV, ChapterVII, � 4). Let
� Ù betheconiccontainingtheset 4Ký ÛÜæ Ù ß 7�( C d`7 o�o�o 7Þq . Thetransformationk blowsdown each
conic � Ù to a point X Ù of '1(2*6!-"2. . Let £ G1° ¢ C¸j be thebranchcurve (4.1) of thedoublecover
H � ' ( . By addingto ° ¢ thesquareof a cubic form, we mayassumethateachpoint from 4 is
a doublepoint of thecurve £ . Since k�l#;�* a line. is a quintic with doublepointsat 4 , the image
£ ù C k * £ . of £ is a curve of degree à < q9eë� < q C q . Eachpoint X Ù is a doublepoint of £ ù .
Let °éù¢ *

R L 7 R ; 7 R ( . C¸j be theequationof £ ù andlet k begivenby homogeneouspolynomialsof
degree5:

* R L 7 R ; 7 R ( . C *B~ L * T L 7 T ; 7 T ( .�7Þ~ ; * T L 7 T ; 7 T ( .�7�~ ( * T L 7 T ; 7 T ( .�. o
Then

° ù¢ *
R L 7 R ; 7 R ( . C ° ¢ * T L 7 T ; 7 T ( .

¢m
Ùon ; Y Ù * T L 7 T ; 7 T ( . ( 7



A SUPERSINGULARK3 SURFACE AND THE LEECH LATTICE 15whereY Ù * T L 7 T ; 7 T ( . CUj aretheequationsof theexceptionalconics� Ù . Takingthepartialswefind

(�
Ùon L

p ° ù¢p R Ù
p ~ Ùp T & C Y ( p ° ¢p T & 7 U Cnj 7�d`7�_?7

where Y Crq ¢Ùon ; Y Ù o Let æ   ' ( *,!-"2.Xý�4 . We know that thepartialsof ° ¢ vanishat æ . Sincethe
determinantof thejacobianmatrix *tsfuGvs Ðxw . of k is invertibleoutsidethelocus Y C j , we obtainthat

thepartialsof ° ù¢ vanishat k *�æþ. . This shows thatthepartialsof °éù¢ vanishat all pointsof '1(2*,!-"2. .
Usingthesameargumentasin Section5.1wefind that ° ù¢ C�_ ° ¢ W °�(V . Sincewechosek sothatk ( is theidentity, weget _ ( C d andhence_wC d . Now we candefineabirationaltransformation
of thedoubleplaneby theformula Pk *Bõ37 T . C *�õ W ° V 7yk * T .�. . Thisbirationalautomorphismextends
to a regularautomorphism(sinceH is aminimalmodel).

Next let us show that the numberof sets 4 is equalto 168. We saythat a subsetof ' ( *6!-"+. is
independentif no threepointsfrom it arecolinear. Let � ó bethenumberof independentsubsets
of ' ( *,!-"2. of cardinality  . Wehave

� ; C _?d+7 � ( C _ j � ;_ 7 � V C d�q,� (D 7 �é" C ~ z � 6�ÿ,� V �37
� » C _E�é"

à 7 � ¢ C � »q C _?d < _ j < d�q < ÿ < _qgz C d�q`r o

Finally we remarkthat the above 168 automorphismsact on the Picardlattice tvu asreflections
with respectto 168 *fe��ª. -vectorsstatedin subsection3.12.This follows from equations(3.8).

Wedenoteby � thenormalsubgroupof Aut *�Hw. generatedby 168involutions.

5.3. The automorphism group. It is known thatthenaturalmapfrom Aut *�Hp. to O *BtvuO. is injec-
tive([RS2], � 8, Proposition3). Moreover, Aut *�Hw. preservestheamplecone,andhenceAut *�Hp. is
asubgroupof thefactorgroupO *BtvuO.�^`ä&*�tvuQ. Ê ( Ï , whereä¸*BtvuO. Ê ( Ï is thegroupgeneratedby *feg_`. -
reflections.By theargumentin [Ko], Lemma7.3, we canseethat, for any isometry Á in O *�tvuQ.
preservingan ampleclass,thereexistsan automorphism{   � suchthat Á�| {   Aut * ì *6Hw.�. .
This impliesthatO *�tvuQ.�^+ä¸*BtvuO. Ê ( Ï is asubgroupof asplit extensionof � by Aut * ì *6Hw.�. . Recall
thatAut * ì *6Hw.�.SAC : (�;y<2>8;�( (seesubsection3.3). Here : (�; C PSL*BD?7�!#"2. . TheFrobeniusauto-
morphismof !-" givesaninvolution on 21 linesand21 pointsin ' ( *6!-"2. . This involution induces
an isometry } of tvu because42 smoothrationalcurvesgeneratetvu (Lemma3.9). The dihedral
group >8;�( is generatedby } , a switchandanautomorphismof order3 inducedfrom a projective
transformationof '1(+*6!-"2. givenby ~

� � j j
j d j
j j d

��
o

We will show that } cannot be representedby an automorphismof H . To do this we considera
quasi-ellipticfibrationwith 5 fibersof type P> " from Lemma3.8. Then } fixes3 fibersof type P> "
andswitchestheremaining2 fibers.Thisdoesnothappenif } is realizedasanautomorphismsince
otherwise} will induceanon-trivial automorphismof ' ; with 3 fixedpoints.
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Aut *6Hw. AC�� < PGL*BD?7�!#"2. < _?7
wheretheinvolution2 is generatedby aswitch.

5.4. Corollary. ThefinitegroupPGL*BD37�! "2. < _ is maximalin thefollowingsense. Let [ bea finite
groupof automorphismsof H , then [ is conjugateto a subgroupof PGL*�D37�!-"2. < _ .

Proof. Notethat [ fixesthevector
P
 C �

\ Ú"� Á x *�
-.
which is non-zerobecause
 is anampleclassand [ is anautomorphismgroup. Thevector P
 is
conjugateto a vectorin

ì *�Hw. under � (seesubsection5.3). This meansthat [ is conjugateto a
subgroupof Aut * ì *�Hw.�. . Now theassertionfollows.

5.5. Conjecture. Let H be a K3 surfaceover an algebraicallyclosedfield  of characteristics
admittingthegroupPGL*BD37�!-"2. < _ asits groupof automorphisms.Thens C _ andH is isomorphic
to thesurfaceH from Theorem1.1.

6. PROOF OF THEOREM 1.1

By definition, H satisfiesproperty(i) (seesubsection2.1). By Proposition2.3, H satisfiesprop-
erties(ii) and(iii). By Lemma3.8, H satisfiesproperties(iv) and(v). Property(vi) follows from
Section4.2. Property(vii) wasproven in 4.5 andproperty(viii) in 4.4. The groupof automor-
phismswascomputedin section5. Theuniquenessfollowsfrom thefactthattheArtin invariant }
is equalto 1.

It remainsto provetheequivalenceof properties(i)-(viii).

(ii) � (i). Thecomponentsof fibersandthezerosectiondefinethesublatticeInJ >9(ML $ Pic*�Hp.
of rank 22. If the assertionis false,Pic*�Hw. would be unimodular. However, thereareno even
unimodularlatticesof rank22 of signature*[d`7�_?d�. .
(i) � (ii) An isotropicvector ~ from I canbetransformedwith thehelpof *feg_`. -reflectionsinto
theclassof afiberof agenus1 fibration.Let ¯ ; 7 o�o�o 7Þ¯ (ML beapositiverootbasisof >9(ML . . Without
lossof generalitywe may assumethat ¯ ; is effective. This will imply that all ¯ Ù ’s areeffective.
Since~ < ¯ Ù Cnj for all ( ’s, theirreduciblecomponentsof ¯ Ù ’sarecontainedin fibersof thegenus1
fibration.Sincetherankof thesubgroupof Pic*6Hw. generatedby irreduciblecomponentsof fibers
is at most20, we seethatall ¯ Ù ’s areirreducible *[e�_`. -curves. They areall containedin onefiber
whichmustbeof type P>9(ML . If ~ ù is anisotropicvectorfrom I with

Â ~ 7�~ ù Ã�C d , theclassof ~ ù e©~
givestheclassof asection.A theoremfrom � 4 of [RS2] impliesthatthefibrationis quasi-elliptic.

(i) � (iv) Follows from Remark3.11.
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(ii) � (iii) Follows from Proposition2.3.

(vi) � (i) Follows from section4.2.

(vii) � (i) Follows from section4.5.

(i) � (viii) Follows from section4.4andtheuniquenessof H .

Thisfinishestheproof of theMain Theorem.

6.1. Remark. If wetakeasublatticel ( Jnl ( in IKJ · , itsorthogonalcomplementis isomorphic
to IKJ�� Ô J�� ¢ J�� ¢ . Thislatticeis isometricto thePicardlatticeof thesupersingularK3 surface
in characteristic3 with theArtin invariant1. It is known thatthis K3 surfaceis isomorphicto the
Fermatquarticsurface([Sh2], Example5.2). By usingthesamemethodasin this paperwe can
seethattheprojectionof theWeyl vectoris theclassof ahyperplanesectionof theFermatquartic
surface,112 lines on the Fermatquarticsurfacecanbe written in termsof Leechrootsandthe
projectiveautomorphismgroupPGU*��37�! V . of theFermatquarticsurfaceappearsasasubgroupof
Aut * ì . .

6.2. Remark. A latticeis calledreflectiveif its reflectionsubgroupis of finite index in theorthog-
onalgroup.ThePicardlattice InJ >9(ML is reflective. Thiswasfirst pointedoutby Borcherds[Bo]
andit is theonly known example(up to scaling)of anevenreflective latticeof signature*[d`7�_?d�. .
Esselmann[Es] determinedthe rangeof possibleranks z of even reflective latticesof signature
*fd+7\z�eíd�. as d���z��K_ j or z C _`_ . This is thesameasthepossibleranksof thePicardlatticesof
K3 surfaces.Of course,therank z C _`_ occursonly whenthecharacteristicis positive.
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