A SUPERSINGULAR K3 SURFACE IN CHARACTERISTIC 2 AND THE LEECH
LATTICE

I. DOLGACHEV AND S. KONDO

ABSTRACT. We constructa K3 surfaceover analgebraicallyclosedfield of characteristi@ which
containstwo setsof 21 disjoint smoothrationalcurvessuchthateachcurve from onesetintersects
exactly 5 curvesfrom the otherset. This configurationis isomorphicto the configurationof points
and lines on the projective planeover the finite field of 4 elements. The surfaceadmitsa finite
automorphismgroupisomorphicto PGL(3,F,) - 2 suchthata subgroupPGL(3,F,) actson the
configurationof eachsetof 21 smoothrationalcurves,andthe additionalelementof order2 inter-
changeshetwo sets.ThePicardlattice of thesurfaceis areflective sublatticeof anevenunimodular
lattice 111 25 of signatuire(1, 25) andthe classe®f the 42 curvescorrespondo somelLeechroots
in 111,25

1. INTRODUCTION

Let & be analgebraicallyclosedfield of characteristi@. ConsiderF, C k andP?(F,) C P?(k).
Let P bethe setof pointsandlet P bethe setof linesin P?(F,). Eachsetcontains21 elements,
eachpoint is containedin exactly 5 lines and eachline containsexactly 5 points. It is known
that the group of automorphism®f the configuration(P, 73) is isomorphicto My, - D15 where
My (=2 PSL(3,F,)) is asimplesubgroupf the Mathieugroup M,, andD;, is adihedralgroupof
orderl2.

In this paperwe prove thefollowing maintheorem:

1.1. Theorem. Theee existsa unique(up to isomorphism)K'3 surfaceover k satisfyingthe fol-
lowing equivalentproperties:

() ThePicard lattice of X isisomorphicto U L Dy ; 5
(i) X hasajacobianquasi-ellipticfibration with onefiber of type Doy ;
(i) X hasa quasi-ellipticfibration with the Weierstrassequation

y2 =2+ 2+ tn;

(iv) X hasa quasi-ellipticfibrationwith 5 fibers of type D, andthe groupof sectiondsomorphic
to (Z/2)*;
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2(v) X containsa set.A of 21 dig)eIACHE)MANEEsEPIPnother set B of 21 disjoint (—2)-
curvessud that eadh curvefromonesetintersectsexactly 5 curvesfromthe other setwith
multiplicity 1;

(vi) X is birationallyisomorphicto theinsepaabledoublecover of P? with brandc divisor

3.3, .3
zor1x2 (2] + 7 + x3y) = 0;

(vii) X isisomorphico a minimalnonsingularmodelof thequartic surfacewith 7 rationaldouble
pointsof type A; which is definedby the equation

Ty + o7 + 25 + 25 + 2322 + 322 + 2322 + 27120 (To + T1 + To) = 0;
(viii) X isisomorphicto thesurfacein P? x P? givenby theequations
xoy§ + 361?1% + xzyé =0, x%yo + x%yl + x%yg =0.

TheautomorphisngroupAut(X') containsa normalinfinite subgoupgeneatedby 168 involutions
andthequotientis a finite groupisomorphicto PGL(3,F,) - 2.

Sincethe groupPSL(3, F,) is not a subgroupof the Mathieugroup M,3, our theoremshaws that
Mukai’s classificationof finite groupsactingsymplecticallyon a complex K3 surface(see[Mul])
doesnot extendto positive characteristic.

Theauthorswish to thankJ. KeumandsS. Mukai for usefulcorversationsaswell asT. Shiodaand
therefereefor pointingout somemistalesin anearlierversionof the paper

2. SUPERSINGULAR K3 SURFACES IN CHARACTERISTIC 2

2.1. Known facts. Recallthat a supesingular K3 surface(in the senseof Shioda[Sh2]) is a

K3 surfacewith the Picardgroupof rank22. This occursonly if the characteristiof the ground
field k is a positive prime p. By aresultof M. Artin [Ar], the Picardlattice Sx = Pic(X) of

a supersingulak3 surfaceis a p-elementarylattice (i.e. the discriminantgroup S% /Sx is a p-

elementaryabeliangroup). The dimensionr of the discriminantgroup over F, is even andthe
numbero = r/2 is calledthe Artin invariant We shall assumethatp = 2. A fundamental
theoremof Rudalov andShahrevich [RS1],[RS2] tells thatany supersingulaK3 surfaceadmits
a quasi-ellipticfibration,i.e. a morphismf : X — P! whosegeneralfiber is a regular but not

smoothgeometricallyirreduciblecurve of genusl. Over anopensubsetU of the base gachfiber

is isomorphicto anirreduciblecuspidalcubic, the reduciblefibersare Kodairagenusl curvesof

additive type. Theclosureof the setof cuspsof irreduciblefibersis a smoothirreduciblecurve C,

thecuspcurve Therestrictionof f to C is apurelyinseparableoverof degree2. It followsthatC

isisomorphicto P!, andhenceby adjunctionis a (—2)-curve on X . A surfacewith aquasi-elliptic
fibrationis unirational. Thusary supersingulaK3 surfacein characteristi@ is unirational. This

is oneof themainresultsof [RS1],[RS2].

In this paperwe studya supersingulaK3 surfacewith the Artin invarianto = 1. It follows from
the classificationof 2-elementaryatticesof signature(1, 21) thatthe Picardlattice of sucha K3
surfaceis uniqueup to isometries(see[RS2], §1). Thereforeit is isomorphicto U L Dsyy. As
usual,U denotesheuniqueevenunimodularindefinitelatticeof rank2 andA,,, D,, or E,, denotes



the negative definite efePHERRYRHIHEHE P HASEAMRM AR BESCY PR HCED,, or E,, respectiely?
Moreoverit is known thatany supersingulaK3 surfacewith Artin invarianto = 1 is uniqueupto
isomorphismg[RSZ], §11).

2.2. The Welerstrass model.

2.3. Proposition. Let X bea supesingular K3 surfacewhosePicard lattice Sx is isometricto
U L D,y. ThenX hasa quasi-ellipticfibration with onesingularfiber of type D,, anda section.
Its affine Weierstrassequationis

y? + 28+ 2z 4+ 1 = 0.

Proof. First we shall seethatthe above Weierstrasequationdefinesa K3 surfacewhosePicard
lattice is isomorphicto U 1 D,y. Recall(see[RSZ, §12,[CD], Chapter5) thatthe Weierstrass
model of a quasi-ellipticfibration f : S — P! on a nonsingularprojective surface S over an
algebraicallyclosedfield of characteristi@ with x (.S, Os) = n is a closedsubschemef thetotal
spaceof thevectorbundle Op1(2n) & Op1(4n) over P! givenby the equation

y? +2* + alto, t1)x + b(to, t1) = 0,
wherea € HY(P', Op1(4n)),b € H°(P', Op:(6n)). Dividing the equationby t§* andmakingthe
substitutionz — z/t2™ andy — y/t3" we getthe affine Weierstrasgquation
v’ +2° + A(t)r + B(t) = 0,

where A(t) (resp. B(t)) is aninhomogeneougpolynomial of degree4n (resp. 6n). Corversely
given an affine Weierstrasssquation,we can homogenizet (with respectto ¢) by substituting
t = t1/ty, multiplying the equationby 5" andmakingthe substitutiong) — yt3", x — xtg". The
discriminantof the Weierstrassnodelis a sectionof Op:1(12n) ® wS? = Op1(12n — 4) definedoy

A = a(da)* + (db)>.
In ourcasen = 2 and
a(to, t1) = t5t2,  b(to, 1) = tot;", A =1,

It is known ([CD], Corollary5.5.8)thattheorderof vanishingof thediscriminantatapoints € P!
is equalto e(Fy) — 2, whereFj is thefiber overthepoint s ande(Fy) is its EulerPoincag charac-
teristic. Applying this to our situationwe obtainthatthefibration hasonedegeneratdiber F' over
the point (1, 0) with EulerPoinca@ characteristicequalto 22. It follows from the classification
of degeneratdibersof a quasi-ellipticfibrationthat F is of type D,. Obviously its Picardlattice
containsU 1 D,y which is generatedy the classof component®f fibersanda section. Since
o > 1, thePicardlatticeisomorphicto U L Dy. Now the assertiorfollows from the uniqueness
of supersingulaK3 surfacewith the Artin invariantl. O

3. LEECH ROOTS

In this sectionwe denoteby X theK3 surfacewhosePicardlatticeis isomorphicto U 1 Dsy.



3.1. TheLeech lattice. We followtReret&titNatiIfeR@ARMteasfrom [Bo], [Col],[Co2], [KO].

Firstwe embedthe Picardlattice Sx = U L Dy in thelattice L = A 1L U = I, 55, WhereA is

the Leed lattice andU is the hyperbolicplane.We denoteeachvectorz € L by (A, m,n) where
X € A,andz = )\ + mf + ng, with f, g beingthestandardyeneratoref U, i.e. f? = ¢> = 0, and
(f,g9) = 1. Notethatr = (\,1,—-1 — @) satisfiesr? = —2. Suchvectorswill becalledLeedh

roots We denoteby A(L) the setof all Leechroots. Recallthat A is an even negative definite
unimodularattice of rank 24 realizedasa certainsubgrougn R?* = R (") equippedwith inner
product(z, y) = —% (in grouptheoryoneoftenchangeshesignto the opposite).For ary subset
A of Q = P!(Fy3) let vy denotethevectord . , e, where e ,eg,...,exn isthestandardasis
in R?*. A SteinersystentS( , 8, 24) is a setconsistingof eight-elemensubset®f 2 suchthatary

5-elemensubsebelongsto a uniqueelemenof S( , 8,24). An 8-elemensubsein S( ,8,24) is

calledanoctad ThenA is definedasa latticegeneratedby thevectorsy — 4v  and2v , where
K belongsto the SteinersystemS( ,8,24). Let (L) bethesubgroupgeneratedy reflections
in theorthogonalgroup (L) of L. Let (L) beaconnectedcomponenbf

(L)= z€P(L®R) : (z,z) 0.

Then (L) actsnaturallyon (L). A fundamentatiomainof thisactionof (L) is givenby
= ze€ (L):{(z,r) 0,7r€A(L) .

It is knownthat (L) is asplitextensionof (L) by Aut( ) ([Co2]).

3.2. Lemma. Let X bethe K3 surfacewhosePicard lattice Sx isisomorphicto U L Dy. Then
there is a primitive embeddingf Sx in L sud that the orthogonalcomplement 'y is geneiated
by somel.eet rootsandisomorphicto therootlattice D,.

Proof. Considerthefollowing vectorsin A:

(3.1) X=4v +v, =4y + v, =0,

(3.2) = (T ,Z0,T1,% 5, T ) =(3,3,3,—-1,—-1,-1,—-1,-1,1, ..., 1)
whereK = ,0,1,ky, ..., kg isanoctad.Thecorrespondind.eechroots

(3.3) r=(X,1,2), y=(,1,2), =(0,1,-1), t=( ,1,2)

generatarootlattice isomorphicto D,. Obviously is primitivein L.

Let S betheorthogonatomplemenof in L. Thenit is anevenlatticeof signaturg(1, 21) andthe
discriminantgroupisomorphicto (Z/27)? (the discriminantgroupsof S and  areisomorphic).
Sincesucha latticeis unique,up to isometry we obtainthatS = U L Dy. O

3.3. (42 + 168) Leech roots. We fix anembeddingf Sy into L asin Lemma3.2. Let (X) be
the positive coneof X, i.e. aconnectedomponenbdf
z€P(Sx ®R) : (x,z) 0

which containsthe classof anampledivisor. Let (X) betheintersectiorof and (X). Itis
knownthatAut( (X)) = M, - D1, WhereMs,, = PSL(3,F,) andD;, is adihedralgroupof order
12 ([Bo], §8, Example5). Eachhyperplanébounding (X) is theoneperpendiculato a negative



normvectorin Sy @ AVYBRTS therdfee RN el A Aot EFREILHrEBRo possibilitiesfor such

Leechrootsr:

(i) rand (= D,) generatarootlatticeisomorphicto D, L Aj;

(i) »and generataroot latticeisomorphicto Ds.

3.4. Lemma. Thee are exactly42 Leedt rootswhich are orthogonalto

Proof. Let  be the sublatticeof L generatedoy vectorsz,y, from (3.3). Obviously s
isomorphicto theroot lattice A;. By Conway [Co1], theLeechrootsorthogonato are

v 44y, v —4v, 2v |

whereK contains ,0 andk e 1,2,...,22 .

Amongtheseleechroots,thefollowingsareorthogonalto vectort €
v 44y, v —4v, 2v

whereK € S( ,8,24), K K = ,0 or K K = ,0,1, andk € K ,0,1 .
Obviously, the numberof theserootsis equalto 42. O

3.5. Remark. In [[To], Table1, page219], Todd listed the 7 octadsof the Steinersystem
S( ,8,24). Theoctadsn theproofof Lemma3.4 correspondo thefollowing E ;L in Todd’s
table.Herewe assume

K= 01,23, ,14,17 .
Then

E, = ,0,1,2,4,13,16,22 , FEy = ,0,1,2,6,7,1 ,21 |
Ey; = ,0,1,2,8,11,12,18 , E, = ,0,1,2, ,10,1 ,20 ,
Es = ,0,1,3,411,1 ,20 , Eg = ,0,1,3,6,8,10,13 ,
E = ,0,1,3,7, ,16,18 , Es = ,0,1,3,12,1 ,21,22 ,
E = 01,4, ,7,81 , Ew= ,0,1,4,6, ,12,17 ,
FE = ,0,1,4,10,14,18,21 , FEp = ,0,1, ,6,18,20,22 |
FEy= ,0,1, , ,11,13,21 , Eyu= ,0,1, ,10,12,16,1
Eis= ,0,1,6,11,14,1 ,16 , Ei= ,0,1,7,10,11,17,22 ,
E, = ,0,1,7,12,13,14,20 , Es= ,0,1,8, ,14,1 ,22 ,

El = 50a158116, 17,20:21 ) E?OZ a051a13:1 a17a 18,1 )



6 L, = ,0,4,6,8,16; BOUGACHEV AND S.KOND® 4. 6,13,1 , 20,21 ,

Ly = ,0,4,7, ,10,13,1 , L, = ,0,4,7,11,12,16,21 ,
Ly = ,0,4,810,12,20,22 , L¢ = ,0,4, ,11,1 ,18,22 ,
L = ,0,6,7,8, ,11,20 , Ly = ,0,6,7,10,12,1 ,18 ,
L = ,0,6, ,10,16,21,22 , L= ,0,11,12,13,16,1 ,22 ,
Lyu= ,0,7,813,18,21,22 , L= ,0,7,1 ,16,1 ,20,22 ,
L= ,0,8, ,12,13,1 ,16 , L= ,0,8,10,11,1 ,1 ,21 ,
Lis= .0, ,12,18,1,20,21 , L= ,0,10,11,13,16,18,20 .

Theremaining6 Leechrootscorrespondo
v 44y, v —A4v
wherek € 2,3, ,14,17 .

3.6. Lemma. Theek are exactly168 Leed rootsr sudithatr and genemltea rootlattice Ds.

Proof. We countthe numberof suchLeechrootsr with (r,t) = 1. Suchr correspondso oneof
thefollowing vectorsin A (seethe proofof Lemma3.4):

v —4dv (k¢ K), v (Ke€S(,824), K K =4,1¢K).
Obviouslythenumberof vectorsof thefirst typeis 16. Sincethenumberof octadscontainingfixed

4 pointsis 5, the numberof vectorsof the secondtypeis 40. Thuswe have the desirednumber
6 X 3 =168. 0]

3.7. The 42 smooth rational curves. Let
=(0,0,1)

betheWeyl vectorin L (characterizedby the propertythat( , A\) = 1 for eachLeechroot). Since
the Leechlattice doesnot contain(—2)-vectors,( ,r) = 0 for ary (—2)-vectorrin L =A L U.
Considerits orthogonabprojection to  ® . Easycomputatiorgives

= + +3x+3y+3te |
and
(3.4) (, )=14.

Fix anisometryfrom Sy to andlet bethe divisor classcorrespondingo . The above

propertyof impliesthat( ,r) = 0 for ary (—2)-vectorsr in Sx. Composingthe embedding
with reflectionsn (—2)-vectorsin Sx, we mayassumehat is anampledivisorclass.Eachof the
42 Leechvectorsfrom Lemma3.4definesavector from Pic(X') with self-intersection-2. Since
( , ) =1, by Riemann-Rochwe obtainthat is thedivisor classof acurve  with ? = —2.

Since isample,each isanirreduciblecurve,andhenceisomorphicto P!.

Thusthe42 Leechrootsin Lemma3.4 define42 smoothrationalcurvesin X.



3.8. Lemma. LetX Hea4lBRRINAEEOVE? &' ARG B At st AThEBllowing propertiesaré

equaivalent:

(i) ThePicard lattice Sx of X isisomorphicto U L Dyy;
(i) X hasa quasi-ellipticfibration with 5 singularfibers of type D, and 16 disjoint sections;
(i) Theewe are two families.4 and B eadt consistingof 21 disjoint smoothrational curves.Ead
membein onefamily meetsexactlyfive membes in anotherfamily. ThesetA B geneites
Sx.

Proof. (i) (i) Fix anisometryfrom Sx to . Considerthe five disjoint (—2)-curves K
correspondingo

v —4v, (ke 2,3, ,14,17 ).

Then 2K, + 1+ .+ 3+ 4 givesagenusl fibrationwith five singularfibersof type D,,
where  correspondo thevectorsE' in Remark3.5. Moreover the curvescorrespondingo the
vectorsL arel6disjointsectionf thisfibration. Thefibrationsatisfiegshe Rudalov-Shatrevich
criterionof quasi-ellipticfibration[RS2), §4.

@i) (i) It followsfrom the Shioda-Rteformula([Sh1]) thatthediscriminantof Sx is equalto 4.

@i) (i) Wetake for A thesetof sectionsandmultiple component®f fibers. We take for B the
setof non-multiplecomponent®f reduciblefibersandthe cuspcurve. The curvesfrom the setA
correspondo thelLeechroots E ,4v + 4vy , andthe curvesfrom B correspondo the Leech
roots L ,»v —4v . Thecuspcurve C correspondo theLeechrootdr + 4y, (seethefollowing
Remark3.10). It follows from the Shioda-Rteformulathattheset A B generates'x.

(i) (i) Take o€ Aand4curves i, 5, 3, 4fromBwhichintersect ;. Then
(3.5) F=2 o+ 1+ 2+ 3+ 4

definesa quasi-ellipticfibrationwith afiber F of type D,. Let  bethefifth curve from B which
intersects . It is easyto seethatthecurvesfrom A B which do notintersecthe curves

1, 2, 3, 4form fourmorereduciblefibersof type D,. Theremainingcurvesgive 16 disjoint
sections. O

3.9. Lemma. Let X bethe K3 surfacewhosePicard lattice is isomorphicto U | Dy, and A, B
are thesetsdescribedn Lemma3.5. Let bethedivisor classcorrespondingo the projectionof
theWeyl vector = (0,0,1) ¢ A LUto ® . Then

(3.6) - E/3.

Proof. Obsere thatthe right-handside of (3.6) intersectseachcurve  with multiplicity 1.
Sincethecurves generateSy, — isorthogonako Sy andhences equalto zero. O



8.10. Remark. Note thatthe curve ePfABHREMIBGT BPNeMmMa3.8 is the cuspcurve C of the

guasi-ellipticfibration. In fact, sinceit intersectshe doublecomponent®f the reduciblefibers,

it is a 2-section.Sincethe componentd’ of fibersandC' generatea sublatticeof finite index in

Sx,wemusthaveC  C + ) n F for somerationalcoeficientsn . Intersectinghebothsides
with eachF weget)_ n (F - F') = 0. Sincetheintersectiomrmatrix of irreduciblecomponents
is semi-definitethisimpliesthat) S n F' = mF, whereF is theclassof afiberandm € . But

now (C—C)?=-4-2(C-C) = (mF)? = 0givesC ~ C . Sinceasmoothrationalcurve does
notmove,wegetC =C'.

3.11. Remark. A quasi-ellipticfibration with 5 fibersof type D, has16 sectionsif andonly if
the Picardlattice hasdiscriminantequalto 4, andhenceis isomorphicto U L Dyqy. This follows
immediatelyfrom the Shioda-Rteformula. Also, if X hasa quasi-ellipticfibrationwith 5 fibers
of type D, and 16 sections thenthe 16 sectionsare automaticallydisjoint (note that m-torsion
sectionson an elliptic or a quasi-ellipticsurfaceover a field of characteristidividing m are not
necessarilglisjoint). Hencethesurfacecontains42 smoothrationalcurveswith intersectiormatrix
asdescribedn Lemma3.8. Let usshaw this. Let C' bethe cuspidalcurve of thefibrationandlet
F =2Ey( )+ Ei()+ ...+ Es), =1,..., , bethereduciblefibersof the fibration. The
divisor D = 2C + Ey(1) +. . .+ Ey(4) is nefandsatisfiesD? = 0. Thusit definesagenusl pencil
D . No sectiongntersectD, sothey arecontainedn fibersof thefibration. Also the components
Ei( ),Ey( ),Es( ), E4 ) donotintersectD andhencearecontainedn fibersof D . We have
16 sectionssothereexists E ( ), sayE;( ), suchthatit intersectstleastfour of the sections By
inspectionof thelist of possiblereduciblefibersof agenusl fibrationwe find that £ ( ) together
with 4 disjointsectiongorm afiberof type D,.. Now we have 12 remainingsectionsvhichintersect
oneof thecomponent& ( ), = 2,3,4. Againwe mayassumehat F,»( ) intersectsatleastfour
of theremaining12 sectionsandhencewe find anotherfiber of type D,. Continuingin this way
we obtainthatthe 16 sectiongogethemith thecurvesE;( ), E5( ), E3( ), E4( ) form 4 fibersof
type D,. In particular they aredisjoint.

3.12. Thel168divisors. Letr bealLeechrootasin Lemma3.6. Theprojectionr of r into Sx ®
isa(—1)-vector We candirectly seethateachr meetsexactly 6 membersn eachfamily 4 and3
statedn Lemma3.8. For example,if we usethenotationasin Remark3.5andtake (v —4vy,1,1)
asr, thenr meetsexactly twelve Leechrootscorrespondingo

E15E55E :E105E11a41/ +4V01L15L25L3,L4aL55L6'

We remarkthatthesetwelve curvesaremutually disjoint. We set

1
(3.7) =-(2 + )-
7
Then € Sx, 2=2, - =0forary €A, - =1forary € Band
27':2—( 1++ 6),
where 4,..., ¢are(—2)-curvesin . A whichmeetr . Eachr definesanisometry

s tx—=z+2r -x)r

of Sx whichis nothingbut thereflectionwith respecto the hyperplangerpendiculato r .



Considera quasi-ellipficiiirafrof SHARHAYRBrEAMNOBIERLEFSSF HPETD, with 16 sectionsLet
C bethe cuspcurve andlet F' be the classof a fiber. We now take as A the setof 21 curves
consistingof C' and simple component®f fibers,andas B the setconsistingof 16 sectionsand
multiple component®f fibers. Thenwe caneasilyseethat = C' + F and

(3.8) s () = -2( 144+ 6),
s () =2-(1++ ¢+

4. EXPLICIT CONSTRUCTIONS

4.1. Inseparable double covers. Let bealine bundleon anonsingularsurface over afield
of characteristi@, ands € H°( , ?). Thepair ( ,s) definesa doublecover : —
which is givenby local equations 2 = f(z,y), where(z, y) is a systemof local parametersind
f(z,y) = 0 is thelocal equationof the divisor of zeroesf the sections. Replacings with s + 2,
wheret € H°( , ), we getanisomorphicdoublecover. Thesingularlocusof is equalto the
zerolocusof thesectionds € H°( ,Q' @ ?). It is locally givenby the commonzeroesof the
partialsof f(z,y). Thecanonicalsheafof isisomorphicto *(w ® ). All of thesefactsare
well-known (seefor example,[CD], Chap.0).

We shall considerthe specialcasewhen = P? and = Op:(3). The sections is identified
with a homogeneouform F'(z, z1, z5) of degree6. We assumehat Fy; = 0 is a reducedplane
curve of degree6. The expectednumber of zeroesof the sectiondFi is equalto the second
Chernnumber ,(£2;.(6)). The standarccomputationgives » = 21. So,if = 21, the partial
derivativesof ary local equationof Fg atazeroz of ds generatehemaximalideal . Thiseasily
impliesthatthe cover has21 ordinarydoublepoints. Soa minimal resolutionX of has21
disjoint smoothrationalcurves.

4.2. Thedouble plane model. To constructour surface X asin the Main Theoreml.1, (vi), we
take theinseparableover correspondingo the planesextic Fz = 0 with dFg vanishingatthe 21
pointsof P? definedoverF,. Considerthesextic definedby the equation

(4.2) Fs = xéxlm + x%xoxg + x%xoxl =0.
Its partialderivativesare
(4.2) x‘fo + x%xl, $§$2 + x%xo, :13‘11900 + xéxl

Sincea! = a fora € F,, weseethatall partialsvanishatary pointin P?(F, ). Thustheexceptional
divisor of a minimal resolutionX of the correspondingloublecover X — P? is aset.A of 21
disjoint smoothrationalcurves. Let (P) betheblow up of thesetP. ThenX is isomorphicto
the normalizatiorof thebasechangeX xp> (P). Now let P bethesetof 21 linesonP? defined
overF,. Theirequationsareaozy + a1x1 + aszs = 0, where(ag, a1, a2) € P. The2llinesare
divided into threetypes: threelines which are component®f the sextic Fg = 0; 9 lines which
intersectthe sextic at threeof its doublepoints;9 lineswhich intersectthe sextic at two pointsof
its doublepoints.In thelastcase gachline is acuspidatangentine of thecubicz} + 23 + 23 = 0.
Theproperinversetransform of ary linein  (P) is asmoothrationalcurve with self-intersection
—4 which is eitherdisjoint from the properinversetransformof the sextic, or is tangentto it, or



i® containedn it. In eachcasethe pROUGARBY ANP X KNP0 2)-curve takenwith multiplicity 2.
Let B bethe setof suchcurves. Sinceeachline p € P containsexactly 5 pointsfrom P, andeach
pointp € P is containedn exactly 5 linesfrom P, thesetsA andB satisfyproperty(v) from the
Main Theorem.Finally noticethatthemap X — P2 is givenby thelinearsystem , where is
definedby (3.7).

4.3. A switch. A switdh is anautomorphisnof X which interchangeshe sets.4 andB. Let us
show thatit exists. Considerthe pencil of cubic curvesgeneratedy the cubicszyz;zo, = 0 and
T3 + 23 + 73 = 0. Its basepointsare

(4'3) (1’1’0)’ (1,0/,0), (15(1’210)’ (1’0’1)’ (1’0’(]/)’
(1,0,a), (0,1,1), (0,1,a), (0,1,a?).

After blowing up the basepoints, we obtaina rationalelliptic surface  with 4 reduciblefibers
of type A,. The 12 singularpoints of the four fibers are the pre-imageof the pointsin P not
appearingn (4.3). The surface X is theinseparableover of the blow-up of  at thesepoints.
It hasan elliptic fibration with 4 fibers of type A;. The baseof this fibration is an inseparable
doublecover of thebaseof theelliptic fibrationon . Now we find thatthe Mordell-Weil groupis
isomorphicto Z/2Z & (Z/3Z)*. Nine of thesesectionsarecurvesfrom the set.A of (—2)-curves
correspondindo pointsin P?(F,). They correspondo the basepoints(4.3). Another9 sections
arefrom the setB of (—2)-curvescorrespondindo linesin P?(FF,). They correspondo thelines
dualto the points(4.3),i.e. thelinesaxy + bz; + 25 = 0, where(a,b, ) is oneof (4.3). Fix
a zerosections, representedy saya A-curve. Let FF = - (E (), = 1,2,3,4, bethe
reduciblefiberssuchthatE () - E () = 1 ands, intersectsE,( ). It is easyto seethatthe
9 sectiondrom A intersectthe componentsy( ), Ex( ), E4( ), eachcomponents intersectedy
threesectionsThe B-sectiondntersecthecomponent®; ( ), Es( ), E5( ), againeachcomponent
is intersectedoy threesections. Also, the componentsFy( ), Es( ), F4( ) are B-curvesandthe
components;( ), E3( ), E5( ) are A-curves. Thuswe obtainthat.4 B consistf 18 sections
and 24 componentsf fibers. Now considerthe automorphism of the surface X definedby
the translationby the 2-torsionsections;. Obviously, s; intersectghe componentsis( ). We
seethat interchangeshe sets.4 and B. Also, notethatif s, correspondso (ay, a1, az), then
s1 Is a B-curve correspondingo theline agzy + a1x1 + asxe = 0. To be more specific,let s
correspondo thepointp = (1, 1,0). Thens; correspondso theline : z; + z; = 0. Indeed is
the cuspidaltangentof F' : a3 + 23 + 23 = 0 atthe pointp. After we blow-up p, thetwo sections
so ands; intersectat onepoint of the fiber representetby F'. But this could happeronly for the
2-sectiorsincethe 3-torsionsectiongdo notintersectwe arein characteristi). Similarly we see
that sendsa sectionrepresentedby a point (a, b, ) to the sectionrepresentedby the dual line
axg + bry + x5 = 0. Also, it is easyto seethat transformsafiber componentorrespondingo
apointto thecomponentorrespondingo thedualline. Thus is aswitch.

We remarkthatwe candirectly find a configurationof four fibersof type A5 and 18 sectionson
42 smoothrationalcurves A  B. Thisimpliesthe existenceof suchelliptic fibration (andhencea
switch)without usingthe above doubleplaneconstruction.



4.4. Mukai’s model. ArrdpRaetbRtRRIBRONRE SBL6REANIIS. Mukai suggestedhb

thesurfaceX is isomorphicto asurfacein P? x P? definedby the equations:
(4.4) Toyo + Ty + Thye = 0, Toyg + T1y; + Tay; = 0.

To prove this we considerthelinearsystem , where is thedivisor classrepresentinghe pro-
jection of theWeyl vector € L. Recallthat isanampledivisorsatisfying - =1 forary

€ A B. Considetthequasi-ellipticfibration F' asin Lemma3.8. We mayassumehattheset
A consistsof non-multiplecomponent®f fibersandthe cuspcurve C, andthe set3 consistsof
16 sectionsand5 multiple componentsf fibers.

LetD; =2 o+ 1+ 2+ 3+ 4 beareduciblememberof F' andletS,,...,S, befour
sectiongntersecting ;. Considerthequasi-ellipticoencil FF = 2 {4+ S;+ 5,4+ S3+ S, . The
set(B o ) C isthesetofirreduciblecomponentsf reduciblememberf F' . Thecurve

C = ,isitscuspidalcurve. Now we checkthat,forary €A B,
( —C—-F)- =(C+F)-

Sincethecurves generatehePicardgroupof X, we seethat

(4.5) =(C+F)+(C +F).

Thelinearsystem C + F definesadegree2 map ; : X — P? which blows down the curves
from the set.4 andmapsthe curvesfrom thesetB to lines. ThelinearsystemC + F definesa
degree2 map , : X — P? which blowsdown the curvesfrom theset3 andmapsthe curvesfrom

Atolines. Let : X — P® bethe mapdefinedby thelinearsystem . Using(4.5) oneeasily
seeghat mapsX isomorphicallyontoa surfacecontainedn the Segre variety s(P? x P?). Let

usidentify X with a surfacein P? x P2. Therestrictionof the projectionsp,, p; : P? x P? — P?

arethemaps , , definedby thelinearsystemsC + F and C' + F . Let {, , bethestandard
generator®f Pic(P? x P?) and X =a?+b,- o+ 3 betheclassof X in the Chow ring of

P? x P2 Intersecting X with  and 2, wegeta = = 2. Since 2 = 14 weget

Thus
X:2%+ 12+2g:(21+2)(1+22)

This shows that X is a completeintersectionof two hypersuréces ;, , of bidegree(2,1) and
(1,2).

Theimageof eachcurve from the set A (resp. B) in P? x P? is aline containedn afiber of the
projectionp; (resp. p,). Thefibersof the projectionp, : | — P? definealinearsystem L of
conicsinP?. Let betheVeroneseurfaceparametrizingloublelines. Theintersection L is
eitherasubsebf aconic,or isthewhole L . Since L containsatleast21 fiberswhicharedouble
linesthatarenotonaconic,weseethat L c . Thusall fibersof p; : ; — P? aredoublelines.
Thisimpliesthattheequationof ; canbechoserin theform

Aoyg + A1yt + Agys =0,

wherethe coeficientsarelinear formsin zg, z1, zo. It is easyto seethat the linear forms must
be linearly independenfotherwise X is singular). Thus, after a linear changeof the variables
Zo, L1, T2, WEMayassumehatA =z, =0,1,2.



Mow considera switch € Aut(XDUGASHEY M SEOIH4.3. Obviously it interchangeshe
linearsystemsC + F' and C + F andhenceis inducedby the automorphisnms of P? x P?
which switchesthetwo factors.This shovsthats( ;) = 2, hencetheequationof  is

Yoy + Y127 + yoxs = 0.

We remarkthatthecurves
(%0, 1, T9) = (ag, a1, as), aoyS + Gly% + Gz@/; =0, (ag,a1,as) € ]P’Q(E)

and their imagesunderthe switch form 42 smoothrationalcurveson X = o Satisfying
Theoreml.1(v).

4.5. Thequartic model. Considerthequarticcurvein P? definedby theequation
(4.6) Fi(wo,21,22) = g + a1 + 23 + 2303 + w23 + 23z
+ 31Ty + ToT T2 + ToT125 = 0.

This is a uniquequartic curve definedover F, which is invariantwith respectto the projectve
lineargroupPGL(3,F,) = PSL(2,TF ) (see[Di]). Let bethe quarticsurfacein P? definedby
theequation

(47) $§+F4(.Z‘0,l‘1,$2) =0

Clearly the groupPGL(3,F,) actson by projective transformationdeaving the planexz; = 0
invariant.

By takingthederivatives,we find that has7 singularpoints
(48) (an Z1,T2, $3) = (1, 1) Oa 1)) (1a 0) 0: 1)7 (Oa 15 Oa 1))
(0,0,1,1),(0,1,1,1),(1,0,1,1),(1,1,1,1).

We denoteby 1 bethe setof thesesingularpoints. Eachsingularpointis locally isomor

phicto thesingularpoint * + zy = 0, i.e. arationaldoublepoint of type A;. Let X beaminimal

resolutionof . We claim that X is isomorphicto our surface. Note thatthe pointsin P? whose

coordinatesarethe first threecoordinatef singularpoints(4.8) arethe seven pointsof P?(IF,).

Letagzg + a1z1 + axzo = 0 beoneof thesevenlinesof P?(F, ). Theplaneayzy + a7 + asxs = 0

in P? intersects doublyalongaconicwhich passeshrough3 singularpointsof . For example,

theplanexy + x; + zo = 0 intersects alongtheconicgivenby theequations
x%-i—xf-l—x%—l—xg-l-xoxl+$0$2+x1x2 =x0+ 1+ 29 =0.

We denoteby C' the setof theseconicsandby I( ) thesetof indices with € C .

Let 5) + é) + g) betheexceptionaldivisor of asingularpoint . We assumehat g) is the
centralcomponentlt is easyto checkthatthe properinversetransformC' of eachconicC' in X

intersects g) with multiplicity 1,if € C', anddoesnotintersecbthercomponentsThis easily
gives

(4.9) =20 + (V42 P4+ Oy,



where is the pre-imagait ERYF eS8 RRASSENE HYlsd ptanésddtiohof  , andwe identify

the divisor classe®f (—2)-curveswith the curves.

Obsenre now that X containsa set.4 of 21 disjoint smoothrationalcurves: sevencurvesC' and

14 curves §>, :(,,). Eachof thesevencurves g) intersectsexactly 5 curvesfrom theset.A (with
multiplicity 1). We shallexhibit theadditionall4 smoothrationalcurveswhichtogethemwith these
7 curvesform asetB of 21 disjoint (—2) curvessuchthat A B satisfiesTheoreml.1(v).

To do this let ustake aline in P?(T, ), for example,r; = 0. Thenthereareexactly four pointson
P? (I, ) notlying onthisline:

(.’17(), Iy, 372) = (0, 1, 0), (1, 1, 0), (0, 1, 1), (1, 1, 1)
TheplaneH : z; + z3 = 0 in P? passeshroughthe 4 singularpointsof the quarticsurface

1:(01170:1)7 2 = (1317071)7 3= (0717151): 4:(171:171)
andintersects alongaquarticcurve  givenby theequations
x5 + x5 + 252? + 2202 + 2328 + xow1we (w0 + 11 + 1) = 21 + 23 = 0.

It splitsinto theunionof 2 conics

L :v%-l—a:v%-i—xoxl-l—axlxg =z +23=0,

9 - xﬁ + a%% + 2021 + a’z129 = 21 + 23 = 0.
Let C' be oneof the 7 conic curves C'’s correspondingo the line z; = 0. It is givenby the
equations

l‘%+$%+l‘§+$01‘2 =T =0.

ThenH meetC' at ; = (1,0,a,0), » =(1,0,a? 0). Notethat , passeshrough 1,..., 4, 1
and , passeshrough 4,..., 4, o. Eachsingularpoint of thequarticis locally isomorphic

to *+zy = 0 andthelocalequationof thequartic ~ atthispointis = 0. Thiseasilyshowvsthat
the properinversetransformof  in X consistsof two smoothrationalcurves ; and , each
intersectsimply the exceptionaldivisor at onepointlying in differentcomponent®f §) g).
Thus ; (or ) intersectexactly 5 curvesfrom A: 4 curves O ( =1lor3, =1,...,4)and

the properinversetransformof C' in X. Also, it is clearthat 14 new quartic curvesobtainedin
this way neitherintersecteachotherafter we resolhe the singularitiesof the quarticnor intersect

thecurves g). This provestheclaim.

4.6. Remark. The configuration of 14 curvesC, g) is isomorphicto the configurationof
pointsandlinesin P?(F,). ThegroupPGL(3,T,) actsonthesurfaceX via its linearactionin P?
leaving the hyperplaners = 0 fixed. Its actionon the configuration is isomorphicto its natural
actionon linesandpoints.

5. AUTOMORPHISMS OF X

In this sectionwe describethe group of automorphism®f the surface X. First we exhibit some
automorphismsef X andthenprove thatthey generatehe groupAut(X).



1. Thegroup PGL (3,F,). Consi@etkédoaprianéaueelof X with thebranchcurve Fy = 0
asin (4.1). Thegroup = PSL(3,F,) actsnaturallyontheplaneP?(F,). Forary g € GL(3,F,),
let = Fy(g(x)). Let

9(xo, 1, x2) = (apTo + @121 + a2a, boTo + b1x1 + boa, oTo + 121+ 2T2).
After substitutingwe obtainthat
(z) = 01533311"2 + 115%330152 + 23335130331 + A%

whereA is acubicpolynomial,and

0o = aé(bl 2+b2 1) —i-bé(al 2+a2 1)+ é(albg-f—agbl)

1 = azll(bo 2 + b2 0) + b%(ao 2 + Q9 0) + %(agbo =+ aobg)
92 = CL%((M 0 + bo 1) + b%(al 0 + Qg 1) + 3(a1b0 + aobl)
Sincez* = z for all z € TF,, we seethat

0= 1= = (9).

2
Thusthemap :( ,z) = (  (9)*> + A (), g(z)) is anautomorphisnof the doubleplane. It
is easyto verify that

A (@)= (9)'A (@) +A (9(=)).

This easily implies thatthe mapg — definesan action of GL(3,F,) on the doubleplane.
Obviously, it factorsthroughanactionof PGL(3, F,). Since = PSL(3,F,) is simple,theaction
of isfaithful. We caneasilyseethatPGL(3,F,) is alsofaithful.

Notethattheinducedactionsof onthesetsA4 andB is isomorphicto theactionsof on points
andlinesin P?(FF,).

5.2. The 168 Cremonatransformations. Let i,..., ¢be6 pointsin P?(FF,) suchthatnothree
amongthemarecolinear SinceeachsmoothconicoverF, containsexactly 5 points(it is isomor
phicto Py ), we seethattheset? = ..., ¢ isnotonaconic. Thisallows oneto definea
uniqueinvolutive quintic Cremonaransformation givenby thelinearsystenof curvesof degree
5 definedoverF, with doublepointsatthe pointsof P (see[Coo], Book 1V, ChapteiVIl, §4). Let
C betheconiccontainingthe setP , =1,...,6. Thetransformation blowsdown each
conicC toapoint of P*(F,). Let B : F; = 0 bethebranchcurve (4.1) of the doublecover
X — P2. By addingto F; the squareof a cubic form, we may assumehateachpoint from P is
adoublepoint of thecurve B. Since !(aline) is a quintic with doublepointsat P, theimage
B = (B)of Bisacureofderee -6 —4-6 = 6. Eachpoint is adoublepointof B.
Let Fy(vo,y1,y2) = 0 betheequationof B andlet begivenby homogeneoupolynomialsof
degreeb:

(yOa Y, y2) = (fo(ﬂfo, Ty, 332), f1($0, Z1, fUQ), f2(330, 1, 332))

Then
6

FG(y07ylay2) = F6($0,331,$2) ($0,$1,$2)2,



where (g, 1, 20) =7 SrBHFCEGIHANGHOP URESE P INEIESRICSEA T Takingthe partialswe firld

2

ﬁ_f — 2&} =0,1,2,
o ¥ 7 T
where = °, .Let € P%F,) P.Weknow thatthepartialsof F vanishat . Sincethe

determinanbf thejacobianmatrix (—) of is invertibleoutsidethelocus = 0, we obtainthat

the partialsof Fy vanishat ( ). Thisshavsthatthe partialsof F vanishatall pointsof P?(F,).
Usingthesameargumentasin Section5.1wefind that F; = Fs + FZ. Sincewe chose sothat

2 istheidentity, weget 2 =1 andhence = 1. Now we candefinea birationaltransformation
of thedoubleplaneby theformula ( ,z) = ( +Fs, (x)). Thisbirationalautomorphisnextends
to aregularautomorphisn{sinceX is aminimal model).

Next let us shav that the numberof setsP is equalto 168. We saythat a subsetof P?(F,) is
independentf nothreepointsfrom it arecolinear Let  bethe numberof independensubsets
of P?(F,) of cardinalityk. We have

20 ¢ 16 »
= 21 = = = 4
1 ) 2 5 3 3 4= fra 34,
2 4 5 21-20-16- -2
— =, L = 168.
5 6 6 6

Finally we remarkthat the abose 168 automorphismsct on the Picardlattice Sx asreflections
with respecto 168 (—4)-vectorsstatedn subsectior8.12. This follows from equationg3.8).

We denoteby  thenormalsubgroupof Aut(X') generatedby 168involutions.

5.3. Theautomorphism group. It is known thatthenaturalmapfrom Aut(X) to O(S) isinjec-
tive (RS2, §8, Proposition3). Moreover, Aut(X) preserestheamplecone,andhenceAut(X) is
asubgroumf thefactorgroupO(Sx)/ (Sx)®,where (Sx)® isthegroupgeneratetby (—2)-
reflections.By the agumentin [Ko], Lemma7.3, we canseethat, for arny isometryg in O(Sx)
preservingan ampleclass,thereexists anautomorphism €  suchthatg € Aut( (X)).
ThisimpliesthatO(Sx)/ (Sx)® is asubgroupof asplit extensionof by Aut( (X)). Recall
thatAut( (X)) = My, - Dy, (seesubsectiorB.3). Here My, = PSL(3,F,). TheFrobeniusauto-
morphismof F, givesaninvolution on 21 linesand21 pointsin P?(F,). Thisinvolutioninduces
anisometry of Sy becausel2 smoothrationalcurvesgenerateSy (Lemma3.9). The dihedral
group D+, is generatedy , a switchandanautomorphisnof order3 inducedfrom a projectve
transformatiorof P?(F,) givenby

a 0 0

010

0 01
We will showv that cannot be representetby an automorphisnof X. To do this we considera
quasi-ellipticfibrationwith 5 fibersof type D, from Lemma3.8. Then fixes3 fibersof type D,
andswitchegheremaining? fibers. Thisdoesnothapperif isrealizedasanautomorphisnsince
otherwise will inducea non-trivial automorphismof P! with 3 fixed points.



Thuswe concludethat |. DOLGACHEV AND S. KONDO
Aut(X)= -PGL(3,F,) -2,
wheretheinvolution 2 is generatedby a switch.

5.4. Coroallary. ThefinitegroupPGL(3,T,)-2 is maximalin thefollowingsenselLet beafinite
groupof automorphismsf X, then is conjugateto a subgoupof PGL(3,F,) - 2.

Proof. Notethat fixesthevector

= g()

which is non-zerobecause is anampleclassand is anautomorphisngroup. Thevector  is
conjugateto avectorin - (X) under (seesubsectiorb.3). Thismeanghat is conjugateto a
subgroupof Aut( (X)). Now theassertiorfollows. O

5.5. Conjecture. Let X be a K3 surfaceover an algebraicallyclosedfield k£ of characteristigp
admittingthegroupPGL(3, F, ) - 2 asits groupof automorphismsThenp = 2 and X isisomorphic
to thesurfaceX from Theoreml.1.

6. PROOF OF THEOREM 1.1

By definition, X satisfiesproperty(i) (seesubsectior?.1). By Proposition2.3, X satisfiesprop-
erties(ii) and(ii). By Lemma3.8, X satisfiegpropertieqiv) and(v). Property(vi) follows from
Section4.2. Property(vii) wasprovenin 4.5 andproperty(viii) in 4.4. The group of automor
phismswascomputedn section5. Theuniquenes$ollows from thefactthatthe Artin invarianto
is equalto 1.

It remaingto prove the equivalenceof propertieq(i)-(viii).

(i) (i). Thecomponent®f fibersandthezerosectiondefinethe sublatticell' L Dy, C Pic(X)
of rank 22. If the assertions false,Pic(X) would be unimodular However, thereareno even
unimoduladatticesof rank22 of signature(1, 21).

(i) (i) Anisotropicvector f from U canbe transformedwith the help of (—2)-reflectionsinto
theclassof afiber of agenusl fibration.Letey, ... , exq beapositive root basisof Dy,. . Without
lossof generalitywe may assumehate; is effective. This will imply thatall e ’s are effective.
Sincef -e = 0forall 's,theirreduciblecomponent®f e 'sarecontainedn fibersof thegenusl
fibration. Sincetherankof the subgroupof Pic(X') generatedby irreduciblecomponentsf fibers
is atmost20, we seethatall e 's areirreducible(—2)-curves. They areall containedn onefiber
which mustbeof type Dy. If f is anisotropicvectorfrom U with (f,f)=1,theclassof f — f
givestheclassof asection.A theoremfrom §4 of [RSZ] impliesthatthefibrationis quasi-elliptic.

(i) (iv) Followsfrom Remark3.11.



(IV) (V) Follows frofm 3\ $1RRFAYCH LARK3 SURFACE AND THE LEECH LATTICE 17

(i) (iii) Followsfrom Proposition2.3.

(vi) (i) Followsfrom section4.2.

(vii) (i) Followsfrom section4.5.

(i)  (viii) Followsfrom section4.4andtheuniquenessf X.

This finishesthe proof of the Main Theorem.

6.1. Remark. If wetakeasublatticed, | A, inU L A, itsorthogonatomplementsisomorphic
toU | Eg | Fg | Eg. Thislatticeisisometricto thePicardlatticeof thesupersingulakK3 surface
in characteristi@ with the Artin invariantl. It is known thatthis K3 surfaceis isomorphicto the
Fermatquarticsurface([Sh2], Example5.2). By usingthe samemethodasin this paperwe can
seethatthe projectionof the Weyl vectoris the classof a hyperplanesectionof the Fermatquartic
surface, 112 lines on the Fermatquartic surface can be written in termsof Leechrootsandthe
projective automorphisngroupPGU(4, IF3 ) of the Fermatguarticsurfaceappearssa subgroupof
Aut( ).

6.2. Remark. A latticeis calledreflectivef its reflectionsubgroups of finite index in the orthog-
onalgroup.ThePicardlatticeU L Dy is reflectve. This wasfirst pointedout by Borcherd4Bo]
andit is the only known example(up to scaling)of anevenreflective lattice of signature(1, 21).

EsselmanrjEs| determinedthe rangeof possibleranksr of even reflectve latticesof signature
(1,r—1)asl r 20orr = 22. Thisis thesameasthe possibleranksof the Picardlatticesof
K3 surfaces.Of coursetherankr = 22 occursonly whenthe characteristiés positive.
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