PREFACE

The following material comprises a set of class notes in Introduction to Physics taken
by math graduate students in Ann Arbor in 1995/96. The goal of this course was to
introduce some basic concepts from theoretical physics which play so fundamental role in
a recent intermarriage between physics and pure mathematics. No physical background
was assumed since the instructor had none. I am thankful to all my students for their
patience and willingness to learn the subject together with me.

There is no pretense to the originality of the exposition. I have listed all the books
which I used for the preparation of my lectures.

I am aware of possible misunderstanding of some of the material of these lectures and
numerous inaccuracies. However I tried my best to avoid it. I am grateful to several of
my colleagues who helped me to correct some of my mistakes. The responsibility for ones
which are still there is all mine.

I sincerely hope that the set of people who will find these notes somewhat useful is
not empty. Any critical comments will be appreciated.
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Classical Mechanics 1

Lecture 1. CLASSICAL MECHANICS
1.1 We shall begin with Newton’s law in Classical Mechanics:

d?x
moy = F(x,t). (1.1)
It describes the motion of a single particle of mass m in the Euclidean space R3. Here
X : [t1,t2] — R3 is a smooth parametrized path in R3, and F : [t;,#5] x R® — R is a map
smooth at each point of the graph of x. It is interpreted as a force applied to the particle.
We shall assume that the force F is conservative, i.e., it does not depend on ¢ and there
exists a function V : R® — R such that

P(x) = —grad V() = (=5 (), — ().~ 5 (x)

The function V is called the potential energy. We rewrite (1.1) as

2

mo +grad V(x) =0. (1.2)

Let us see that this equation is equivalent to the statement that the quantity

S(x) = / (Gl =V (o), (1.3)

1

called the action, is stationary with respect to variations in the path x(¢). The latter
means that the derivative of S considered as a function on the set of paths with fixed
ends x(t1) = x1,%x(t3) = x5 is equal to zero. To make this precise we have to define the
derivative of a functional on the space of paths.

1.2 Let V be a normed linear space and X be an affine space whose associated linear space
is V. This means that V acts transitively and freely on X. A choice of a point a € X
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allows us to identify V' with X via the map x = x +a. Let F': X — Y be a map of X to
another normed linear space Y. We say that I is differentiable at a point x € X if there
exists a linear map L, : V — Y such that the function a, : X — Y defined by

az(h) =F(z+ h) — F(z) — L. (h)

satisfies

lim {|ag (h)[|/[|A]] = 0. (1.4)

[|h]|—0
In our situation, the space V is the space of all smooth paths x : [t1,ts] — R® with
X(t1) = x(t2) = 0 with the usual norm ||x|| = maxyc[, +,1|/%(t)||, the space X is the set of
smooth paths with fixed ends, and Y = R. If F is differentiable at a point xz, the linear
functional L, is denoted by F'(z) and is called the derivative at 2. We shall consider any
linear space as an affine space with respect to the translation action on itself. Obviously,
the derivative of an affine linear function coincides with its linear part. Also one easily
proves the chain rule: (F o G)'(z) = F'(G(z)) o G'(z).
Let us compute the derivative of the action functional

S(x) = / " L(x(t), %(t))d. (1.5)

t1

where

L:R"xR" =R
is a smooth function (called a Lagrangian). We shall use coordinates q = (q1, ..., ¢y,) in the
first factor and coordinates q = (g1, - .-, g,) in the second one. Here the dots do not mean

derivatives. The functional S is the composition of the linear functional I : C*°(t1,t2) - R
given by integration and the functional

£ x(t) = L(x(t),x(t).

Since
L(x + h(t),x + h(t)) = L(x, %) + Z g—i(x, %)hi(t) + g—;(x, x)hi(t) + o(||h]|)
= L(x,%) + gradg L(x, %) - h(t) + grad, L(x, %) - h(t) + o(| |h|]),
we have

S'(x)(h) = I'(L(x)) o £'(x) (h) = / (grad L (x, %) - h(t) + grad, L(x, %) - h(t))de. (1.6)

t1

Using the integration by parts we have

/ ’ grad, L(x, X) - h(t)dt = [grad,L(x,%) - h]

t1

N " d de L h(t)d
— | Zgrad, %) - h(t)dt.
N /t1 dtgra q (x,%) - h(t)
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This allows us to rewrite (1.6) as
ta d 2
S'(x)(h) = /t 1 (graqu(x, %) — Zgrady L(x, k)) h(t)di +[gradg L(x, %) -h]| . (L7)
Now we recall that h(¢;) = h(¢2) = 0. This gives
b2 d
S'(x)(h) = /t | (vadq L, %) — S mad, L(x, %)) - b0
Since we want this to be identically zero, we get

OL 4,5 — 2Ok
dq; dt 0g;

(x,x) =0,i=1,...,n. (1.8)

This are the so called Euler-Lagrange equations.
In our situation of Newton’s law, we have n = 3,q = (q1, g2, q3) = x = (%1, 2, x3),

) 1 ) ) )
L(q,q) = =V (q1,92,93) + §m(Qf + 45 +¢3) (1.9)

and the Euler-Lagrange equations read

ov d?x
_8qi(x)_mW =0,.
or )
d X0
m-ra = —gradV (x) = F(x).

We can rewrite the previous equation as follows. Notice that it follows from (1.9) that

. oL
mg; = .
B
Hence if we set p; = g_qLi and introduce the Hamiltonian function
H(p,q) =Y pidi — L(q, @), (1.10)
then, using (1.8), we get
dpi OH OH
T L NP W 1.11
P dt qu 1 (9pi ( )

They are called Hamilton’s equations for Newton’s law.

1.3 Let us generalize equations (1.11) to an arbitrary Lagrangian function L(q, ¢) on R?".
We view R2" as the tangent bundle T'(R"*) to R*. A path v : [t1,t2] — R” extends to a
path 4 : [t1,t2] — T(R™) by the formula

V() = (x(t), %(t))-
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We use q = (¢1,---,qn) as coordinates in the base R* and q = (¢1,---,dn) as coordinates
in the fibres of T'(R™). The function L becomes a function on the tangent bundle. Let us
see that L (under certain assumptions) can be transformed to a function on the cotangent
space T'(R™)*. This will be taken as the analog of the Hamiltonian function (1.10). The
corresponding transformation from L to H is called the Legendre transformation.

We start with a simple example. Let

Q= Zamsv + 2 Z i T;T;

1<i<3<n
be a quadratic form on R™. Then % = 22 _q @452 is a linear form on R™. The form
Q is non-degenerate if and only if the set of 1ts partials forms a basis in the space (R™)*
of linear functions on R™. In this case we can express each x; as a linear expression in

pj = BQ ,J=1,...,n. Plugging in, we get a function on (R™)*:

Q*(pla .. -:pn) = Q(xl(pla .. '7p'n)7 . -axn(pla . 7pn))

For example, if n = 1 and Q = 22 we get p = 2z, 7 = p/2 and Q*(p) = p*/4. In coordinate-
free terms, let b: V' x V' — K be the polar bilinear form b(z,y) = Q(z+y) — Q(z) — Q(y)
associated to a quadratic form () : V — K on a vector space over a field K of characteristic
0. We can identify it with the canonical linear map b : V — V* which is bijective if @) is
non-degenerate. Let b~! : V* — V be the inverse map. It is the bilinear form associated
to the quadratic form Q* on V*.

Since 2Q(x1,. .., Tn) = Y1y gg z;, we have Q(x) = >, gg z; — Q(x). Hence
Q*(p1,---,pn) = ¥ _piti — Q(x(p)) = p e x — Q(x(p)).
i=1

Now let f(z1,...,x,) be any smooth function on R" whose second differential is a positive
definite quadratic form. Let F(p,x) = pex— f(x). The Legendre transform of f is defined
by the formula:

f*(p) = max F(p, x).

To find the value of f*(p) we take the partial derivatives of F'(p,x) in x and eliminate x;
from the equation
oF Of
8.71'1' — b 8:131

This is possible because the assumption on f allows one to apply the Implicit Function
Theorem. Then we plug in z;(p) in F(p,x) to get the value for f*(p). It is clear that
applying this to the case when f is a non-degenerate quadratic form @, we get the dual
quadratic form Q*.

Now let L(q,q) : T(R™) — R be a Lagrangian function. Assume that the second dif-
ferential of its restriction L(qo, q) to each fibre T'(R™)q, = R" is positive-definite. Then we
can define its Legenedre transform H(qo,p) : T(R")5, — R, where we use the coordinate

= 0.
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p = (p1,---,pn) in the fibre of the cotangent bundle. Varying qo we get the Hamiltonian
function
H(q,p): T(R)* - R

By definition,
H(q,p) =peq— L(q,q), (1.12)

where q is expressed via p and q from the equations p; = g—g. We have

OH ~ 0¢; OLO¢; OL oL
0¢; B Z

8pz op;

04 oL 0q; .
—%+Z LT ST
J:
Thus, the Euler-Lagrange equations

oL .. doL, . ,
a—qi(q,Q)—aa—qi(q,q)—0,2—1,...,n.

are equivalent to Hamilton’s equations

dp; d oL 0L  0H(q,p)

pi =

dt ~ dtd¢  0q  Oq
dg; 0H(q,p)
. % _ 02, P) 1.1
% dt Op; (1.13)

1.4 The difference between the Euler-Lagrange equations (1.8) and Hamilton’s equations
(1.13) is the following. The first equation is a second order ordinary differential equation on
T(R™) and the second one is a first order ODE on T (R™)* which has a nice interpretation
in terms of vector fields. Recall that a (smooth) vector field on a smooth manifold M is
a (smooth) section & of its tangent bundle T'(M). For each smooth function ¢ € C*°(M)
one can differentiate ¢ along £ by the formula

Dg(¢)(m) = =—&,
— ozx;
where m € M, (z1,...,Z,) are local coordinates in a neighborhood of m, and &; are the

coordinates of {(m) € T(M ), with respect to the basis (ax ey 6a: ) of T(M) Given
a smooth map 7 : [t1,ts] — M, and a vector field £ we say that y satisfies the differential
equation defined by ¢ (or is an integral curve of §) if

Z_Z = (d’Y)a(%) =¢(y(a)) for all « € (tq,12).
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The vector field on the right-hand-side of Hamilton’s equations (1.13) has a nice
interpretation in terms of the canonical symplectic structure on the manifold M = T'(R™)*.

Recall that a symplectic form on a manifold M (as always, smooth) is a smooth closed
2-form w € Q?(M) which is a non-degenerate bilinear form on each T'(M),,. Using w one
can define, for each m € M, a linear isomorphism from the cotangent space T (M), to
the tangent space T'(M),,. Given a smooth function F' : M — R, its differential dF is
a 1-form on M, i.e., a section of the cotangent bundle T'(M). Thus, applying w we can
define a section 1, (dF') of the tangent bundle, i.e., a vector field. We apply this to the
situation when M = T(R™)* with coordinates (q,p) and F is the Hamiltonian function
H(q,p)- We use the symplectic form

w= idqi A dp;.

i=1
If we consider (dq1,...,dgn,dp1,...,dp,) as the dual basis to the basis (aiql,...,%,
8%1, e, ap ) of the tangent space T(M),, at some point m, then, for any v,w € T(M),,

quz )dpi(w quz(w dpi(v).

In particular,

0 0 0o 0

m(=—,=—) =wm(=—,=—) =0 foralls,j,
(3% 3%‘) (31%' 3pj) g

g 0 0o 0

m(—,a —) = _wm(—y —) = ‘si,j-

0q; 8py Op; 8%

The form w sends the tangent vector % to the covector dp; and the tangent vector
dg;. We have
dH = dq, + Z
=1

hence

OH
3 5ot S

dq; = Op;

So we see that the ODE corresponding to this vector field defines Hamilton’s equations
(1.13).

1.5 Finally let us generalize the previous Lagrangian and Hamiltonian formalism replacing
the standard Euclidean space R” with any smooth manifold M. Let L : T(M) — R be
a Lagrangian, i.e., a smooth function such that its restriction to any fibre T'(M),, has
positive definite second differential.
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Definition. A motion (or critical path) in the Lagrange dynamical system with config-
uration space M and Lagrange function L is a smooth map + : [t1,t3] — M which is a
stationary point of the action functional

S(y) = / " Liy(t), A1) dt.

t1

Let us choose local coordinates (q1,--.,q,) in the base M, and fibre coordinates
(G1,---,Gn). Then we obtain Lagrange’s second order equations

oL . d OL
5 00.5(0) = 3.5

(v(t),4(1) =0, i=1,...,n. (1.14)

To get Hamilton’s ODE equation, we need to equip T (M)* with a canonical symplectic
form w. It is defined as follows. First there is a natural 1-form o on T'(M)*. It is
constructed as follows. Let 7 : T(M)* — M be the bundle projection. Let (m,n,,),m €
M, 0y € T(M)*, = (T'(M).,)* be a point of T(M)*. The differential map

dr : T(T(M)) ) = T(M)m

sends a tangent vector v to a tangent vector &,, at m. If we evaluate n,, at &, we get a
scalar which we take as the value of our 1-form « at the vector v. In local coordinates
(15 --yqn,P1,- -, Pn) on T(M)* the expression for the form « is equal to

n
a=Y pidg.
=1

Thus
w=—da = Zd%‘ A dp;

=1

is a symplectic form on T(M)*. Now if H : T(M)* — R is the Legendre transform of
L, then 1, (dH) is a vector field on T (M)*. This defines Hamilton’s equations on T'(M)*.
Recall that the motion v can be considered as a path in T'(M),t — (y(t), dzl—gt)), and the
Lagrange function L allows us to transform it to a path on T'(M)* (by expressing the fibre
coordinates ¢; of T (M) in terms of the fibre coordinates p; of T'(M)*).

1.6 A natural choice of the Lagrangian function is a metric on the manifold M. Recall
that a Riemannian metric on M is a positive definite quadratic form g(m) : T(M),, - R

which depends smoothly on m. In a basis (6%1, cvyg=) on T(M),, it is written as

g = Z gijd.’ll'id.’ﬂj

,j=1
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where (g;;) is a symmetric matrix whose entries are smooth functions on M. Chang-

ing local coordinates (1,..-,%,) to (y1,...,Yn) replaces the basis (8%1, .. ,6$ ) with
(6%1,.. 78y )- We have
ox; O " 0z,
Z dy; 0 =Ly By, ¥
Yj 371 =

This gives a new local description of g:

g= Z gi;(m)dy;dy;

1,5=1
where
g i g 0x, 0Ty g 0x, 0Ty
b = Jab .
N @ oy; oy; 7 Oy Oy;

a,b=1

The latter expression is the “physicist’s expression for summation”.
One can view the Riemannian metric g as a function on the tangent bundle T'(M).
For physicists the function T' = %g is the kinetic energy on M. A potential energy is a
smooth function U : M — R. An example of a Lagrangian on M is the function
1
L= Eg—Uoﬂ', (1.15)
where m : T(M) — M is the bundle projection. What is its Hamiltonian function?
If we change the notation for the coordinates (z1,...,%,),(5>,...,50) on T(M) to

'\ By !
(QIa R Q’n)a (qlla RS q.n)a then g= sz‘zl gZJQZQJa and

OL 19y - .
=G = s = Yo

Thus

1 1
H = ZPZQZ g U)_g—(2g—U)=§g+U:T+U.

The expression on the right-hand-side is called the total energy. Of course we view this
function as a function on T(M)* by replacing the coordinates ¢; with p; = Y ., 9*4;,

where
(9%) = (9i5) "

A Riemannian manifold is a pair (M, g) where M is a smooth manifold and g is a
metric on M. The Lagrangian of the form (1.15) is called the natural Lagrangian with
potential function U. The simplest example of a Riemannian manifold is the Euclidean
space R™ with the constant metric

= m(z dx;dx;).



Classical Mechanics 9

As a function on T'(M) = R*" it is the function g = 3~ ¢7. Thus the corresponding natural
Lagrangian is the same one as we used for Newton’s law.

The critical paths for the natural Lagrangian with zero potential on a Riemannian
manifold (M, g) are usually called geodesics. Of course, in the previous example of the
Fuclidean space, geodesics are straight lines.

1.7 Example. The advantage of using arbitrary manifolds instead of ordinary Euclidean
space is that we can treat the cases when a particle is moving under certain constraints. For
example, consider two particles in R? with masses m; and msy connected by a (massless)
rod of length /. Then the configuration space for this problem is the 3-fold

M = {(z1,22,y1,72) € R* : (21 — 1) + (22 — y2)% = 1%},

By projecting to the first two coordinates, we see that M is a smooth circle fibration with
base R%. We can use local coordinates (z1,T2) on the base and the angular coordinate 6
in the fibre to represent any point on (x,y) € M in the form

(z,y) = (x1,22,21 + Lcos O, z2 + I sin ).

We can equip M with the Riemannian metric obtained from restriction of the Riemannian
metric
m1(dzidzy + dradzs) + ma(dyrdy: + dyadys)

on the Euclidean space R* to M. Then its local expression is given by
g = my(dzidzy + dradzs) + mo(dyidyr + dyadys) = mi(dzidey + drodzs) + 12°madfds.
The natural Lagrangian has the form
1 . . :
L(z1(t),z2(t),0(t)) = E(mlx% + myd3 4+ mal?6?) — Uz, x2,0).

The Euler-Lagrange equations are

d2$i oUu
o2 i=1,2
ma dt2 a.’lfi’ ? ) &y
o0 ou
Zat 90

Exercises.

1. Let g be a Riemannian metric on a manifold M given in some local coordinates
(®1,...,zyn) by a matrix (g;;(z)). Let

n il
g 3913 g Ogjik
Jk - Z axk 0x; 0x; )
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Show the Lagrangian equation for a path x; = y;(¢) can be written in the form:

d2yi - i . .
D DR
J,k=1

2. Let M be the upper half-plane {z = z + iy € C : y > 0}. Consider the metric
g = y~%(dzdzx + dydy). Find the solutions of the Euler-Lagrange equation for the natural
Lagrangian function with zero potential. What is the corresponding Hamiltonian function?

3. Let M be the unit sphere {(z,y,2) € R3 : 22 + 4% + 22 = 1}. Write the Lagrangian
function such that the corresponding action functional expresses the length of a path on
M. Find the solutions of the Euler-Lagrange equation.

4. In the case n = 1, show that the Legendre transform g(p) of a function y = f(z) is
equal to the maximal distance from the graph of y = f(x) to the line y = pz.

5. Show that the Legendre transformation of functions on R” is involutive (i.e., it is the
identity if repeated twice).

6. Give an example of a compact symplectic manifold.

7. A rigid rectangular triangle is rotated about its vertex at the right angle. Show that
its motion is described by a motion in the configuration space M of dimension 3 which is
naturally diffeomorphic to the orthogonal group SO(3).
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Lecture 2. CONSERVATION LAWS

2.1 Let G be a Lie group acting on a smooth manifold M. This means that there is given
a smooth map p: Gx M — M, (g,z) — g-z,such that (¢-¢')zx=¢g-(¢'-z)and 1-z ==z
for all g € G,x € M. For any x € M we have the map p, : G — X given by the formula
pz(g) = g - x. Its differential (dpz)1 : T(G); — T(M), at the identity element 1 € G
defines, for any element ¢ of the Lie algebra g = T(G)1, the tangent vector &5 € T(M),.
Varying z but fixing £, we get a vector field ¢7 € ©(M). The map

po 1§ = O(M), £ €

is a Lie algebra anti-homomorphism (that is, u.([§,1]) = [p«(n), p«(§)] for any &, n € g).
For any ¢ € g the induced action of the subgroup exp(R¢) defines the action

pe R x M — M, pe(t, x) = exp(t€) - x.

This is called the flow associated to &.
Given any vector field n € ©(M) one may consider the differential equation

F(t) = n(y(2)- (2.1)

Here v : R — M is a smooth path, and ¥(t) = (dv)+(Z) € T(M). ). Let v : [-c,c] = M
be an integral curve of  with initial condition v,(0) = z. It exists and is unique for some
¢ > 0. This follows from the standard theorems on existence and uniqueness of solutions of
ordinary differential equations. We shall assume that this integral curve can be extended
to the whole real line, i.e., ¢ = co. This is always true if M is compact. For any ¢t € R, we
can consider the point y(¢t) € M and define the map p, : R x M — M by the formula

p (b, ) = 75 (1)

For any t € R we get a map g/ : M — M,z — pp(t,z). The fact that this map is a
diffeomorphism follows again from ODE (a theorem on dependence of solutions on initial
conditions). It is easy to check that

gt =ghogn, gy =(g5)""



12 Lecture 2

So we see that a vector field generates a one-parameter group of diffeomorphisms of
M (called the phase flow of ). Of course if p = £ for some element ¢ of the Lie algebra
of a Lie group acting on M, we have

gl = exp(t6). (2.2)

2.2. When a Lie group G acts on a manifold, it naturally acts on various geometric objects
associated to M. For example, it acts on the space of functions C*° (M) by composition:
9f(xz) = f(g~'-z). More generally it acts on the space of tensor fields TP4(M) of arbitrary
type (p,q) (p-covariant and g-contravariant) on M. In fact, by using the differential of
g € G we get the map dg : T(M) — T(M) and, by transpose, the map (dg)* : T(M)* —
T(M)*. Now it is clear how to define the image g*(Q) of any section @ of T(M)®? ®
T(M)*®4. Let 1 be a vector field on M and let {g! }:cr be the associated phase flow. We
define the Lie derivative L, : TP9(M) — T?9(M) by the formula:

.1 N
(£,@)(2) = lim + (65" (Q)x) ~ Q)), = € M. (2.3
Explicitly, if n = >, aia%i is a local expression for the vector field n and Q;izj‘; are the
coordinate functions for (), we have

21...2 - anl ij 11 g dd 1...2
(ETIQ)jl...jI; :Z = ZZ 31 Jq T

=1 a=1 3=1

7,1 Zp
+ZZ 63;]5 31 3piiss1---da’ (24)

B=1j=1

Note some special cases. If p=¢ =0, i.e., Q = Q(x) is a function on M, we have

L,(Q) =< n,dQ >=n(Q), (2.5)

where we consider 7 as a derivation of C*°(M). If p=1,¢g=0, ie, Q=> 1, Qia%i is a
vector field, we have

(2.6)

63:1 ) 83:]

- ;0 8j 0
£(@ = Q= YT a2
1=1 1

=

Ifp=0,g=1,1e,Q =31, Qidz; is a 1-form, we have

= Z Z + QZ%)dxj. (2.7)

We list without proof the following properties of the Lie derivative:
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(1) Lagrue(Q) = ALy(Q) + pLe(Q), A peR
(i) Lpe@Q) = [En,ﬁg]::[:no[,g—ﬁgoﬁn;
(ii 1; 5n(Q®Q) Ly(Q)@Q +Q®Ly,y(Q);

(iv) (Cartan’s formula)

q

Lyw)=d<nw>+<ndw> weAY(M)=T(M,/\(T(M)"));

(v) Lyod(w) = doLy(w), we AI(M);
(Vi) Lfp(w) = fLy(w) +dfA < nyw >, feC®(M),we AI(M).

Here we denote by <, > the bilinear map T19(M) x T%4(M) — T%971(M) induced
by the map T'(M) x T(M)* — C*°(M).

Note that properties (i)-(iii) imply that the map n — £, is a homomorphism from
the Lie algebra of vector fields on M to the Lie algebra of derivations of the tensor algebra
T**(M).

Definition. Let 7 € TP9(M) be a smooth tensor field on M. We say that a vector field
n € O(M) is an infinitesimal symmetry of T if

Ly(r) =0.

It follows from property (ii) of the Lie derivative that the set of infinitesimal symmetries
of a tensor field 7 form a Lie subalgebra of ©(M).

The following proposition easily follows from the definitions.

Proposition. Let n be a vector field and {gf’} be the associated phase flow. Then 7 is an
infinitesimal symmetry of T if and only if (g})*(7) = 7 for all t € R,

Example 1. Let (M,w) be a symplectic manifold of dimension n and H : M — R be a
smooth function. Consider the vector field n = 1, (dH). Then, applying Cartan’s formula,
we obtain

Lylw)=d<nw>+<ndv>=d<nw>=d<1,(dH),w>=d(dH) = 0.

This shows that the field 5 (called the Hamiltonian vector field corresponding to the func-
tion H) is an infinitesimal symmetry of the symplectic form. By the previous proposition,
the associated flow of n preserves the symplectic form, i.e., is a one-parameter group of
symplectic diffeomorphisms of M. It follows from property (iii) of £,  that the volume
form w™ = wA...Aw (n times) is also preserved by this flow. This fact is usually referred
to as Liouwville’s Theorem.

2.3 Let f : M — M be a diffeomorphism of M. As we have already observed, it can be
canonically lifted to a diffeomorphism of the tangent bundle T'(M). Now if 7 is a vector
field on M, then there exists a unique lifting of 1 to a vector field 7 on T (M) such that its
flow is the lift of the flow of 7. Choose a coordinate chart U with coordinates (qi, ..., ¢n)
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such that the vector field 7 is written in the form )", ai(q)a%i. Let (g1, -3 Gn, 1, -5 0n)
be the local coordinates in the open subset of T(M) lying over U. Then local coordinates

in T(T(M)) are (aiql, Ce %, 6%1, . aq ). Then the lift 7 of 7 is given by the formula
= 0 "\ da; O
- Qi — + Gim— —). 2.8

Later on we will give a better, more invariant, definition of 7 in terms of connections on
M.

Now we can define infinitesimal symmetry of any tensor field on T (M), in particular
of any function F' : T(M) — R. This is the infinitesimal symmetry with respect to a vector
field 77, where n € ©(M). For example, we may take F' to be a Lagrangian function.

Recall that the canonical symplectic form w on T'(M)* was defined as the differential
of the 1-form o = — )  pidg;. Let L : T(M) — R be a Lagrangian function. The
corresponding Legendre transformation is a smooth mapping: ir, : T(M) — T(M)*. Let

The next theorem is attributed to Emmy Noether:
Theorem. If7 is an infinitesimal symmetry of the Lagrangian L, then the function (), wr,)
is constant on 4 : [a,b] — T (M) for any L-critical path ~y : [a,b] — M.
Proof. Choose a local system of coordinates (q, ¢) such that n =Y., ai(q)a%i. Then
= az(Q) 8q; + QJ aaz

—, (using physicist’s notation) and

wL, ZazaL.

We want to check that the pre-image of this function under the map + is constant. Let
(t) = (a(t),q(t)). Using the Euler-Lagrange equations, we have

d 4(t) da; 8L(q ()) d OL(q(t), q(t)
dth())— Z( e el ) =

Oa; p 8L (q(t),q(t)) dL(q(t),4(t))
= D 4 oa(g(t) Y,
=300 G, P g )
i=1 j
Since 7 is an infinitesimal symmetry of L, we have
L . Oa; OL
0= {(dL a;i(q
S 71) Z Z dj 3% 3%)

1=1 j=1
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Together with the previous equality, this proves the assertion.

Noether’s Theorem establishes a very important principle:
Infinitesimal symmetry — Conservation Law.

By conservation law we mean a function which is constant on critical paths of a Lagrangian.
Not every conservation law is obtained in this way. For example, we have for any critical

path () = (q(t), 4(t))

dt T dt g, | dt 8q;  di Mg
This shows that the function

8{/ I
0qi

(total energy) is always a conservation law. However, if we replace our configuration space
M with the space-time space M xR, and postulate that L is independent of time, we obtain
the previous conservation law as a corollary of existence of the infinitesimal symmetry of

L corresponding to the vector field %.

E =g

Example 2. Let M = R". Let G be the Lie group of Galilean transformations of
M. 1t is the subgroup of the affine group Aff(n) generated by the orthogonal group
O(n) and the group of parallel translations q — q + v. Assume that G is the group of
symmetries of L. This means that L(q,q) is a function of ||q|| only. Write L = F(X)
where X =|[|q[|?/2 = (1/2) )_, ¢?. Lagrange’s equation becomes

_doL _ i(-.ﬂ)
T dtog  dt \Tax”

This implies that ¢;F'(X) = ¢ does not depend on ¢. Thus either ¢; = 0 which means
that there is no motion, or F'(X) = ¢/¢; is independent of ¢;, j # i. The latter obviously
implies that ¢ = F/(X) = 0. Thus L =m ) ., ¢? is the Lagrangian for Newton’s law in
absence of force. So we find that it can be obtained as a corollary of invariance of motion
with respect to Galilean transformations.

Example 3. Assume that the Lagrangian L(qi,...,qn,q1,--.,d4n) of a system of N
particles in R” is invariant with respect to the translation group of R™. This implies that
the function

F(a) :L(ql+a7"'an+a7q17"'7qN)
is independent of a. Taking its derivative, we obtain

N
Z grad,,L = 0.

=1

The Fuler-Lagrange equations imply that

d & d &
i d. =2 . =0,
dt;gra ai dt;p
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where p; = gradg, L is the linear momentum vector of the i-th particle. This shows that
the total linear momentum of the system is conserved.

Example 4. Assume that L is given by a Riemannian metric g = (g;;). Let n = aia%i
be an infinitesimal symmetry of L. According to Noether’s theorem and Conservation
of Energy, the functions Er, = g and wr (1) = 2}, ; gijaig; are constants on geodesics.
For example, take M to be the upper half plane with metric y~2(dz? + dy?), and let
n € g = Lie(G) where G = PSL(2,R) is the group of Moebius transformations z —

‘cfis,z = x + 1y. The Lie algebra of G is isomorphic to the Lie algebra of 2 x 2 real

d
on G. Let C*°(M) — C*°(G) be the map f — f(g-x) (x is a fixed point of M). Then the
composition with the derivation 7 gives a derivation of C°°(M). This is the value 5 of

the vector field n at . Choose % — %, %, % as a basis of g. Then simple computations
give

. b . . N .
matrices (Ccl ) with trace zero. View 7 as a derivation of the space C*°(G) of functions

0 az+b of
(% h(f( )) = _f(cz+ d)‘(a,b,c,d):(l,0,0,l) = 8—$ﬂ3a
0 az+b af
—)h(f(z)) = f(cz n d)‘(a,b,c,d):(l,0,0,l) = %;

az+b
cz+d

az + b)| —x% oy g
cz +d (a,b,c,d)=(1,0,0,1) = Oz yay

(5 D) = gl D me=00m = (0~ )50 ~ 2005,

0
M) = o

Thus we obtain that the image of g in ©(M) is the Lie subalgebra generated by the
following three vector fields:

—a:2+ 9 —(2—%2)2—231:2 _9
m = O yaya 2 =\Yy O yaya N3 = O

They are lifted to the following vector fields on T'(M):

0

B 0 0 .0 .
m=T—+yYy=— += +Y==,
dy

ox oy oz

0 0 0 0
No — 2— 2 ——2 —_ 2 ._2 3 - 2 I 2 y
o=y —z )(% &y + (2yy m)aa.: (2ys + :vy)ay,

)
773—8x-

If we take for the Lagrangian the metric function L = y=2(22 + 5?) we get
(L) = (in,dL) = =2y~ *y(&* + %) + 2y~ "2 + 2y~ %)* = 0,

No(L) = 4z L + (2yy — 2xi)y~22& — (2yx + 2x7)y~ 22y = 0,
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fi3(L) = 0.

Thus each n = any + bns + cns is an infinitesimal symmetry of L. We have

oL OL
e e — 2 —27/ s . .
WL = 5 dr + a5 dy = 2y~ *(zdz + ydy)

This gives us the following 3-parameter family of conservation laws:

Mwr (1) + Aowr (M2) + Aswr (713) = 2y_2[)\1(azdf +yy) + Az(y%' L 2xyy) + A3z

2.4 Let ¥ : T(M) — R be any conservation law with respect to a Lagrangian func-
tion L. Recall that this means that for any L-critical path v : [a,b] — M we have
d¥(v(t),¥(t))/dt = 0. Using the Legendre transformation iy : T(M) — T(M)* we can
view v as a path q = q(t),p = p(t) in T(M)*. If iy, is a diffeomorphism (in this case
the Lagrangian is called regular) we can view ¥ as a function ¥(q,p) on T'(M)*. Then,
applying Hamilton’s equations we have

d¥(q(t),p(t)) < 6_\1! Z OVOH 0VOoH
dt P 9g; " 9q; Op;  Opi 9q;’
where H is the Hamiltonian function.
For any two functions F, G on T'(M)* we define the Poisson bracket

oF 0G OF 0G
F, —_— .
{ G} Z 0g; 8pz 8]771 Jq;

It satisfies the following properties:
(i) {A\F +pG, H} = MF,H} + p{G,H}, M\peR
(i) {F,G} = —{G, F};
(iii) (Jacobi’s identity) {E,{F,G}} + {F,{G,E}} +{G,{E,F}} =0;
(iv) (Leibniz’s rule) {F,GH} = G{F,H} + {F,G}H.

In particular, we see that the Poisson bracket defines the structure of a Lie algebra
on the space C°(T'(M)*) of functions on T'(M)*. Also property (iv) shows that it defines
derivations of the algebra C*°(T'(M)*). An associative algebra with additional structure
of a Lie algebra for which the Lie bracket acts on the product by the Leibniz rule is called
a Poisson algebra. Thus C*°(T(M)*) has a natural structure of a Poisson algebra.

For the functions ¢;, p; we obviously have

{ai,4;} = {pi,pi} = 0,{4¢i, pj} = dij- (2.10)
Using the Poisson bracket we can rewrite the equation for a conservation law in the form:

(U, H} = 0. (2.11)
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In other words, the set of conservation laws forms the centralizer Cent(H ), the subset of
functions commuting with H with respect to Poisson bracket. Note that properties (iii)
and (iv) of the Poisson bracket show that Cent(H) is a Poisson subalgebra of C*°(T'(M)*).

We obviously have {H, H} = 0 so that the function ), q'ig—(’;l_ — L(q,q) (from which
H is obtained via the Legendre transformation) is a conservation law. Recall that when
L is a natural Lagrangian on a Riemannian manifold M, we interpreted this function as
the total energy. So the total energy is a conservation law; we have seen this already in
section 2.3.

Recall that T'(M)* is a symplectic manifold with respect to the canonical 2-form
w =Y .dp; Ndg;. Let (X,w) be any symplectic manifold. Then we can define the Poisson
bracket on C'*°(X) by the formula:

{F,G} = w(1,(dF),1,(dQ)).

It is easy to see that it coincides with the previous one in the case X = T'(M)*.

If the Lagrangian L is not regular, we should consider the Hamiltonian functions as
not necessary coming from the Lagrangian. Then we can define its conservation laws
as functions F' : T(M)* — R commuting with H. We shall clarify this in the next
Lecture. One can prove an analog of Noether’s Theorem to derive conservation laws from
infinitesimal symmetries of the Hamiltonian functions.

Exercises.

1. Consider the motion of a particle with mass m in a central force field, i.e., the force is
given by the potential function V depending only on r = ||q||. Show that the functions
m(q;G; — gig;) (called angular momenta) are conservation laws. Prove that this implies
Kepler’s Law that “equal areas are swept out over equal time intervals”.

2. Consider the two-body problem: the motion v : R — R” x R” with Lagrangian function

L 1 . .
L(a1, a2, 41, G2) = 5 (llan|* + [162]* = V(lla1 - aa|1*).

Show that the Galilean group is the group of symmetries of L. Find the corresponding
conservation laws.

3. Let x = cost,y = sint,z = ct describe the motion of a particle in R®. Find the
conservation law corresponding to the radial symmetry.

4. Verify the properties of Lie derivatives and Lie brackets listed in this Lecture.

5. Let {gf’}teR be the phase flow on a symplectic manifold (M,w) corresponding to a
Hamiltonian vector field n = 1, (dH) for some function H : M — R (see Example 1).
Let D be a bounded (in the sense of volume on M defined by w) domain in M which is
preserved under g = g%. Show that for any x € D and any neighborhood U of = there
exists a point y € U such that gy (y) € U for some natural number n > 0.

6. State and prove an analog of Noether’s theorem for the Hamiltonian function.
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Lecture 3. POISSON STRUCTURES

3.1 Recall that we have already defined a Poisson structure on a associative algebra A as
a Lie structure {a, b} which satisfies the property

{a,bc} ={a,b}c+ {a,c}b. (3.1)

An associative algebra together with a Poisson structure is called a Poisson algebra. An
example of a Poisson algebra is the algebra O(M) (note the change in notation for the ring
of functions) of smooth functions on a symplectic manifold (M, w). The Poisson structure
is defined by the formula

{f, 9} = w(r(df), 2. (dg)). (3.2)

By a theorem of Darboux, one can choose local coordinates (q1,...,qn,P1,---,Pn) in M
such that w can be written in the form

w =zn:dq1'/\dpi

=1

(canonical coordinates). In these coordinates
— Of — Of —~df 9 of 0
w df) = w ——d 7 a_ a_
ldh) =10 G da+ D g dp) =D Gy, Zapzaqz

This expression is sometimes called the skew gradient. From this we obtain the expression
for the Poisson bracket in canonical coordinates:

- af o 0f 9 \~9g 9 9% 0
{f,9}=w Z Op; 0¢; Z 0q; 8p ZZ Op; 0q; Z dq; apz

of 3g 3f dg
Jq; apz 8pz 0q;

= Z( —). (3.3)
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Definition. A Poisson manifold is a smooth manifold M together with a Poisson structure
on its ring of smooth functions O(M).

An example of a Poisson manifold is a symplectic manifold with the Poisson structure
defined by formula (3.2).

Let {, } define a Poisson structure on M. For any f € O(M) the formula g — {f, g}
defines a derivation of O(M), hence a vector field on M. We know that a vector field on
a manifold M can be defined locally, i.e., it can be defined in local charts (or in other
words it is a derivation of the sheaf Ops of germs of smooth functions on M). This
implies that the Poisson structure on M can also be defined locally. More precisely, for
any open subset U it defines a Poisson structure on O(U) such that the restriction maps
puyv : OU) —- O(V),V C U, are homomorphisms of the Poisson structures. In other
words, the structure sheaf Ops of M is a sheaf of Poisson algebras.

Let i : O(M) — ©(M) be the map defined by the formula i(f)(g9) = {f,g}. Since
constant functions lie in the kernel of this map, we can extend it to exact differentials
by setting W (df) = i(f). We can also extend it to all differentials by setting W (adf) =
aW (df). In this way we obtain a map of vector bundles W : T*(M) — T'(M ) which we shall
identify with a section of T'(M) ® T(M). Such a map is sometimes called a cosymplectic
structure. In a local chart with coordinates z1,...,z, we have

{£,9} = W(df, dg) = Z dxz,z %9 z) =

= o0x;
=~ Of Og “~ Of 99
— le o 8$]W(dxz,dasj le o axj : (3.4)

Conversely, given W as above, we can define {f, g} by the formula

{f, g} = W(df,dg).

The Leibniz rule holds automatically. The anti-commutativity condition is satisfied if we
require that W is anti-symmetric, i.e., a section of A?(T(M). Locally this means that

Wik = —wki,

The Jacobi identity is a more serious requirement. Locally it means that

n

L OW'im owm™i owit
2 : 117‘711: erk Ivmk —
k:l( a.%'k orx T + a.’L‘k ) 0- (3'5)

Examples 1. Let (M,w) be a symplectic manifold. Then w € A>(T(M)*) can be thought
as a bundle map T (M) — T(M)*. Since w is non-degenerate at any point z € M, we
can invert this map to obtain the map w=! : T(M)* — T(M). This can be taken as the
cosymplectic structure W.
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2. Assume the functions W7*(z) do not depend on z. Then after a linear change of local
parameters we obtain
O —Ix Op_ok
Wiy =1 I Ok Op—2k |,
Opn—2k Opn—2r Opn_2g

where I is the identity matrix of order k£ and 0,,, is the zero matrix of order m. If n = 2k,
we get a symplectic structure on M and the associated Poisson structure.

3. Assume M = R" and .
=Y Cluwi
=1

are given by linear functions. Then the properties of W7* imply that the scalars C;k are
structure constants of a Lie algebra structure on (R™)* (the Jacobi identity is equivalent
to (3.5)). Its Lie bracket is defined by the formula

[z, xK] = Z ka:i.

For this reason, this Poisson structure is called the Lie-Poisson structure. Let g be a Lie
algebra and g* be the dual vector space. By choosing a basis of g, the corresponding
structure constants will define the Poisson bracket on O(g*). In more invariant terms we
can describe the Poisson bracket on O(g*) as follows. Let us identify the tangent space of
g* at 0 with g*. For any f : g* — R from O(g*), its differential dfy at 0 is a linear function
on g*, and hence an element of g. It is easy to verify now that for linear functions f, g,

{f, 9} = [dfo, dgo]-

Observe that the subspace of O(g*) which consists of linear functions can be identified
with the dual space (g*)* and hence with g. Restricting the Poisson structure to this
subspace we get the Lie structure on g. Thus the Lie-Poisson structure on M = g* extends
the Lie structure on g to the algebra of all smooth functions on g*. Also note that the
subalgebra of polynomial functions on g* is a Poisson subalgebra of O(g*). We can identify
it with the symmetric algebra Sym(g) of g.

3.2 One can prove an analog of Darboux’s theorem for Poisson manifolds. It says that
locally in a neighborhood of a point m € M one can find a coordinate system ¢, ..., gk,
D1, .-y Pks T2k+1, - - - » Tn Such that the Poisson bracket can be given in the form:

(9f dg of 0g
Uhgh= Z Op; 0q;  Oqi 3171')'

This means that the submanifolds of M given locally by the equations zox+1 = c1,...,2, =
¢, are symplectic manifolds with the associated Poisson structure equal to the restriction
of the Poisson structure of M to the submanifold. The number 2k is called the rank of the
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Poisson manifold at the point P. Thus any Poisson manifold is equal to the union of its
symplectic submanifolds (called symplectic leaves). If the Poisson structure is given by a
cosymplectic structure W : T(M)* — T (M), then it is easy to check that the rank 2k at
m € M coincides with the rank of the linear map W,,, : T(M)* — T(M),. Note that the
rank of a skew-symmetric matrix is always even.

Example 4. Let G be a Lie group and g be its Lie algebra. Consider the Poisson-Lie
structure on g* from Example 3. Then the symplectic leaves of g* are coadjoint orbits.
Recall that G acts on itself by conjugation Cy(g’) = g-¢' - g~!. By taking the differential
we get the adjoint action of G on g:

Ady(n) = (dCy-1)1(n), ne€g=T(G)-

By transposing the linear maps Ad, : g — g we get the coadjoint action

Ady(9)(n) = ¢(Adg(n)), #€g",n€g.

Let Oy be the coadjoint orbit of a linear function ¢ on g. We define the symplectic form
wg on it as follows. First of all let Gg = {g € G : Ad,(¢) = ¢} be the stabilizer of ¢ and
let g4 be its Lie algebra. If we identify T'(g*)y with g* then T'(Og)4 can be canonically
identified with Lie(G4)t C g*. For any v € g let v" € g* be defined by v*(w) = ¢([v, w]).
Then the map v — v" is an isomorphism from g/g, onto g$ =T(0¢)g. The value wy(p)
of wy on T(Oy), is computed by the formula

de('Uh’ wh) = ¢([U7 w])

This is a well-defined non-degenerate skew-symmetric bilinear form on T'(Oy)y. Now for
any 1) = Adj(¢) in the orbit Oy, the value wg (1) of w+¢ at 9 is a skew-symmetric bilinear
form on T'(O4)y obtained from wg(¢p) via the differential of the translation isomorphism
Ady(v) : g* — g*. We leave to the reader to verify that the form wy on Oy obtained in this
way is closed, and that the Poisson structure on the coadjoint orbit is the restriction of
the Poisson structure on g*. It is now clear that symplectic leaves of g* are the coadjoint
orbits.

3.3 Fix a smooth function H : M — R on a Poisson manifold M. It defines the vector
field f — {f, H} (called the Hamiltonian vector field with respect to the function H) and
hence the corresponding differential equation (=dynamical system, flow)

df

— ={f,H}. :

= = m) (36)
A solution of this equation is a function f such that for any path v : [a,b] — M we have

df(;rt(t)) = {f,H}Y(v(¢)).

This is called the Hamiltonian dynamical system on M (with respect to the Hamiltonian
function H). If we take f to be coordinate functions on M, we obtain Hamilton’s equations
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for the critical path v : [a,b] =& M in M. As before, the conservation laws here are the
functions f satisfying {f, H} = 0.

The flow g* of the vector field f — {f, H} is a one-parameter group of operators U,
on O(M) defined by the formula

U(f) = fe = (9")"(f) = fog™

If () is an integral curve of the Hamiltonian vector field f — {f, H} with v(0) = z, then

Ue(f) = filz) = fF(2 (1))
and the equation for the Hamiltonian dynamical system defined by H is

dft
% - {ftaH}

Here we use the Poisson bracket defined by the symplectic form of M.

Theorem 1. The operators U; are automorphisms of the Poisson algebra O(M).

Proof. We have to verify only that U, preserves the Poisson bracket. The rest of the
properties are obvious. We have

Db =A% 0y + 0 B0y = (U Y00} + e Lo HY) = (U0}, H) =

d
= %{ftagt}-

Here we have used property (iv) of the Poisson bracket from Lecture 2. This shows that
the functions {f,g}: and {f:, g:} differ by a constant. Taking ¢ = 0, we obtain that this
constant must be zero.

Example 5. Many classical dynamical systems can be given on the space M = g* as in
Example 3. For example, take g = s0(3), the Lie algebra of the orthogonal group SO(3).
One can identify g with the algebra of skew-symmetric 3 x 3 matrices, with the Lie bracket
defined by [A, B] = AB — BA. If we write

0 —I3 9
A(x) = 3 0 -z |, x=(v1,22,73), (3.7)
—T2 1 0

we obtain
[A(x),A(V)]=xx Vv, AX)-v=xXV,

where x denotes the cross-product in R3. Take

0 0 O 0 0 1 0 -1 0
e1r=(10 0 -1],ea= 0 0 O0),es=1|1 0 0
01 O -1 0 0 0 0 0
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as a basis in g and x1, 22, 3 as the dual basis in g*. Computing the structure constants
we find

n
{zj, 21} =) €jrimi,
i=1

where ¢;1; is totally skew-symmetric with respect to its indices and €123 = 1. This implies
that for any f,g € O(M) we have, in view of (3.4),

T Z2 T3
{£,9} (@1, 22, 33) = (01,32, m5) o (VF x Vo) =det | 5 50, o, | (38)
9g 99 99
Oz Oxo Ox3
By definition, a rigid body is a subset B of R3 such that the distance between any two of
its points does not change with time. The motion of any point is given by a path Q(t)
in SO(3). If b € B is fixed, its image at time ¢ is v = Q(t) - b. Suppose the rigid body
is moving with one point fixed at the origin. At each moment of time ¢ there exists a
direction x = (1, z2, z3) such that the point v rotates in the plane perpendicular to this
direction and we have

v=xxv=AX)v=Q(t)-b=Q1t)Q v, (3.9)

where A(x) is a skew-symmetric matrix as in (3.7). The vector x is called the spatial
angular velocity. The body angular velocity is the vector X = Q(t)~'x. Observe that the
vectors x and X do not depend on b. The kinetic energy of the point v is defined by the
usual function

1 -
K (b) = Sml[V]|* = mlx x v[[* = m||Q " (x x v)|| = m[[X x b||* = XTI(b)X,

for some positive definite matrix II(b) depending on b. Here m denotes the mass of the
point b. The total kinetic energy of the rigid body is defined by integrating this function

over B:
K- / p(b)|[¥]*d®b = XIIX,

B

1
2

where p(b) is the density function of B and II is a positive definite symmetric matrix. We
define the spatial angular momentum (of the point v(t) = Q(t)b) by the formula

m=mvXV=mvXx(XXV).
We have
M) =Q 'm=mQ 'vx (Q 'xx Q 'v) =mb x (X x b) =TII(b)X.

After integrating M(b) over B we obtain the vector M, called the body angular momentum.
We have
M = IIX.
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If we consider the Euler-Lagrange equations for the motion v(¢) = Q(¢)b, and take the
Lagrangian function defined by the kinetic energy K, then Noether’s theorem will give us

that the angular momentum vector m does not depend on ¢ (see Problem 1 from Lecture
1). Therefore

m = =Q-M(b)+Q-M(b) = Q-M(b)+QQ'-m = Q-M(b)+ A(x)-m =

=Q -M(b)+x xm=Q M(b)+ QX x QM(b) = Q(M(b) + X x M(b)) = 0.

After integrating over B we obtain the Euler equation for the motion of a rigid body about
a fixed point: _
M=M x X. (3.10)

Let us view M as a point of R? identified with so(3)*. Consider the Hamiltonian function

H(M) = %M (I 'M).

Choose an orthogonal change of coordinates in R? such that II is diagonalized, i.e.,
M=1X = (I X1, [ X5, I3X3)

for some positive scalars Iy, I, I3 (the moments of inertia of the rigid body B). In this
case the Euler equation looks like

LXy = (I, — I;) X5 X3,

Xy = (Is — I;) X1 X3,
IsXs5 = (I; — 1) X1 Xo.

We have MEoME A
R h 2 3
H(M)_2(I1 +t Ig)
and, by formula (3.8),
M, My M.
(F(MD), H(M)} = M- (VS x VH) = MA(VF % (T 2, T72) = MV % (X1, X, X)),

If we take for f the coordinate functions f(M) = M;, we obtain that Euler’s equation
(3.10) is equivalent to Hamilton’s equation

M; ={M;,H},i=1,2,3.

Also, if we take for f the function f(M) = ||M]||?, we obtain {f,H} = M- (M x X) = 0.
This shows that the integral curves of the motion of the rigid body B are contained in the
level sets of the function ||M]||2. These sets are of course coadjoint orbits of SO(3) in R3.



26 Lecture 3

Also observe that the Hamiltonian function H is constant on integral curves. Hence each
integral curve is contained in the intersection of two quadrics (an ellipsoid and a sphere)
1 M2 M2 n M2

— 3 —
AR A A

1
5(Ml2 + M3 + M3) = cy.

Notice that this is also the set of real points of the quartic elliptic curve in P3(C) given by
the equations

1 1 1
— T2 4+ —T24+ T2 _92¢,T?>=0
Il 1 + _[2 2 + I3 3 C1 0 I

T? + Ty + T3 — 2coTg = 0.

The structure of this set depends on Iy, I, Is. For example, if I; > Iy > I3, and ¢; < co/I3
or ¢; > ca/I3, then the intersection is empty.

3.4 Let G be a Lie group and i : GXG — G its group law. This defines the comultiplication
map

A:O(G) = OG x G).

Any Poisson structure on a manifold M defines a natural Poisson structure on the product
M x M by the formula

{f(z,y),9(z,9)} = {f(z,9),9(x,9)}e + {f(z,9),9(z,y)}y,

where the subscript indicates that we apply the Poisson bracket with the variable in the
subscript being fixed.

Definition. A Poisson-Lie group is a Lie group together with a Poisson structure such
that the comultiplication map is a homomorphism of Poisson algebras.

Of course any abelian Lie group is a Poisson-Lie group with respect to the trivial
Poisson structure. In the work of Drinfeld quantum groups arose in the attempt to classify
Poisson-Lie groups.

Given a Poisson-Lie group G, let g = Lie(G) be its Lie algebra. By taking the
differentials of the Poisson bracket on O(G) at 1 we obtain a Lie bracket on g*. Let
¢ : g — g®g be the linear map which is the transpose of the linear map g*® g* — g* given
by the Lie bracket. Then the condition that A : O(G) — O(G x G) is a homomorphism
of Poisson algebras is equivalent to the condition that ¢ is a 1-cocycle with respect to the
action of g on g ® g defined by the adjoint action. Recall that this means that

¢([v, w]) = ad(v)(d(w)) — ad(w)($(v)),
where ad(v)(z ®@ y) = [v, 2] ® [v, y].

Definition. A Lie algebra g is called a Lie bialgebra if it is additionally equipped with a
linear map g — g ® g which defines a 1-cocycle of g with coefficients in g ® g with respect
to the adjoint action and whose transpose g* ® g* — g* is a Lie bracket on g*.
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Theorem 2. (V. Drinfeld). The category of connected and simply-connected Poisson-Lie
groups is equivalent to the category of finite-dimensional Lie bialgebras.

To define a structure of a Lie bialgebra on a Lie algebra g one may take a cohomolog-
ically trivial cocycle. This is an element € g ® g defined by the formula

¢(v) = ad(v)(r) for any v € g.

The element r must satisfy the following conditions:
(i) 7€ N g, i.e., 7 is a skew-symmetric tensor;
(ii)
[7"12, 7,13] + [7"12, ,,,23] + [7,13’ 7_23] = 0. (CYBE)

Here we view r as a bilinear function on g* x g* and denote by 72 the function on
g* x g* x g* defined by the formula r'2(x,y, z) = r(x,y). Similarly we define % for any
pair 1 <1< j<3.

The equation (CYBE) is called the classical Yang-Baxter equation. The Poisson
bracket on the Poisson-Lie group G corresponding to the element r € g ® g is defined
by extending r to a G-invariant cosymplectic structure W (r) € T(G)* — T'(G).

The classical Yang-Baxter equation arises by taking the classical limit of QYBE (quan-
tum Yang-Bazter equation):

R12R13R23 — R23R13R12

where R € U,(g) ® Uy(g) and Uy(g) is a deformation of the enveloping algebra of g over
R[[¢]] (quantum group). If we set
R—-1

= lim(=——=
r= lm(——),

then QYBE translates into CYBE.

3.5 Finally, let us discuss completely integrable systems.

We know that the integral curves of a Hamiltonian system on a Poisson manifold are
contained in the level sets of conservation laws, i.e., functions F' which Poisson commute
with the Hamiltonian function. If there were many such functions, we could hope to
determine the curves as the intersection of their level sets. This is too optimistic and one
gets as the intersection of all level sets something bigger than the integral curve. In the
following special case this “something bigger” looks very simple and allows one to find a
simple description of the integral curves.

Definition. A completely integrable system is a Hamiltonian dynamical system on a
symplectic manifold M of dimension 2n such that there exist n conservation laws F; :
M — R,i =1,...,n which satisfy the following conditions:
(l) {Fi,Fj}ZO, Z,j - 1,...,’)’1,;
(ii) the map 7= : M — R",z — (Fi(z),...,F,(z)) has no critical points (i.e., dm, :
T(M), — R" is surjective for all z € M).

The following theorem is a generalization of a classical theorem of Liouville:
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Theorem 3. Let Fi,..., F, define a completely integrable system on M. For any ¢ € R"
denote by M, the fibre n=1(c) of the map m : M — R™ given by the functions F;. Then
(i) if M, is non-empty and compact, then each of its connected components is diffeomor-
phic to a n-dimensional torus T" = R" /Z";
(ii) one can choose a diffecomorphism R" /Z™ — M. such that the integral curves of the
Hamiltonian flow defined by H = Fy in M, are the images of straight lines in R";
(iii) the restriction of the symplectic form w of M to each M, is trivial.

Proof. We give only a sketch, referring to [Arnold] for the details. First of all we
observe that by (ii) the non-empty fibres M. = 7=1(c) of m are n-dimensional submanifolds
of M. For every point z € M, its tangent space is the n-dimensional subspace of T'(M),
equal to the set of common zeroes of the differentials dF; at the point x.

Let 71,...,m, be the vector fields on M defined by the functions Fi,..., F, (with
respect to the symplectic Poisson structure on M). Since {F;, F;} = 0 we get [n;,n;] = 0.
Let gfh, be the flow corresponding to 7;. Since each integral curve is contained in some
level set M., and the latter is compact, the flow gfh, is complete (i.e., defined for all t).

For each ¢, € R and 7,7 = 1,...,n, the diffeomorphisms gfh, and g;';; commute (because
[mi,m;] = 0). These diffeomorphisms generate the group G = R" acting on M. Obviously
it leaves M, invariant. Take a point g € M, and consider the map f : R® — M, defined
by the formula

.f(tlaatn) :gf]r:, Oog:ﬁl(‘xO)

Let G, be the isotropy subgroup of zy, i.e., the fibre of this map over zy;. One can
show that the map f is a local diffeomorphism onto a neighborhood of zy in M,. This
implies easily that the subgroup G, is discrete in R® and hence G, = I' where I' =
Zv1+ ...+ Zv, for some linearly independent vectors v, . .., v,. Thus R"/T" is a compact
n-dimensional torus. The map f defines an injective proper map f : T — M, which
is a local diffeomorphism. Since both spaces are n-dimensional, its image is a connected
component of M.. This proves (i).

Let v : R — M, be an integral curve of 7; contained in M,. Then v(t) = g (v(0)).
Let (a1,...,a,) = f~(v(0)) € R*. Then

f(a'l +1t,a,..., a’n) = g;tll (f(al, ) an)) = gf;l (7(0)) = ’7(t)'

Now the assertion (ii) is clear. The integral curve is the image of the line in R™ through
the point (a,...,a,) and (1,0,...,0).

Finally, (iii) is obvious. For any x € M, the vectors 7, (), ..., n,(z) form a basis in
T(M.), and are orthogonal with respect to w(c). Thus, the restriction of w(c) to T(M,),
is identically zero.

Definition. A submanifold N of a symplectic manifold (M, w) is called Lagrangian if the
restriction of w to N is trivial and dimN = 1dim(M).

Recall that the dimension of a maximal isotropic subspace of a non-degenerate skew-
symmetric bilinear form on a vector space of dimension 2n is equal to n. Thus the tangent
space of a Lagrangian submanifold at each of its points is equal to a maximal isotropic
subspace of the symplectic form at this point.
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So we see that a completely integrable system on a symplectic manifold defines a
fibration of M with Lagrangian fibres.
One can choose a special coordinate system (action-angular coordinates)

(Ila"'7In7¢17"'7¢n)

in a neighborhood of the level set M. such that the equations of integral curves look like

jjzoa q-sj:Ej(clﬁ"-acn)’jzl""’n

for some linear functions £; on R™. The coordinates ¢; are called angular coordinates.
Their restriction to M, corresponds to the angular coordinates of the torus. The functions
I; are functionally dependent on Fi,..., F,. The symplectic form w can be locally written
in these coordinates in the form

W = idfj /\dgbj.

=1

There is an explicit algorithm for finding these coordinates and hence writing explicitly
the solutions. We refer for the details to [Arnold].

3.6 Definition. An algebraically completely integrable system (Fy,..., F,) is a completely
integrable system on (M, w) such that
(i) M = X(R) for some algebraic variety X,

(ii) the functions F; define a smooth morphism II : X — C"® whose non-empty fibres are
abelian varieties (=complex tori embeddable in a projective space),

(iii) the fibres of m : M — R™ are the real parts of the fibres of II;

(iv) the integral curves of the Hamiltonian system defined by the function F; are given by
meromorphic functions of time.

Example 6. Let (M,w) be (R?,dxz A dy) and H : M — R be a polynomial of degree d
whose level sets are all nonsingular. It is obviously completely integrable with Fy; = H. Its
integral curves are connected components of the level sets H(z,y) = c¢. The Hamiltonian
equation is y = —%,j: = %—ZI. It is algebraically integrable only if d = 3. In fact in
all other cases the generic fibre of the complexification is a complex affine curve of genus
g=(d—-1)(d—-2)/2 #1.

Example 7. Let E be an ellipsoid

.’L'2

{(1,...,2n) € R? :Z—é:l}CR".
i=1

a;
Consider M = T'(E)* with the standard symplectic structure and take for H the Legendre
transform of the Riemannian metric function. It turns out that the corresponding Hamil-
tonian system on T'(E)* is always algebraically completely integrable. We shall see it in
the simplest possible case when n = 2.
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Let 1 = aycost,z9 = agsint be a parametrization of the ellipse £. Then the arc
length is given by the function

t ¢
s(t) = / (a?sin® T + a2 cos® 7')1/2d7' = / (a? — (a? — a3) cos® 7')1/2d7' =
0 0

t
=a / (1 —e2cos? 7)Y 2%dr
0

)1/2

where ¢ = (al% is the eccentricity of the ellipse. If we set £ = cos7 then we can

transform the last integral to

cost

s(t) = /

1—e2g2

dx
\/(1 —z2)(1 — 222)

The corresponding indefinite integral is called an incomplete Legendre elliptic integral of
the second kind. After extending this integral to complex domain, we can interpret the
definite integral

1-¢ )du

o= | i e

as the integral of the meromorphic differential form (1 —e2z2)dx/y on the Riemann surface
X of genus 1 defined by the equation

y? = (1 —2%)(1 - *2?).

It is a double sheeted cover of C U {occ} branched over the points = £1,2 = +e~ 1. The
function F(z) is a multi-valued function on the Riemann surface X. It is obtained from
a single-valued meromorphic doubly periodic function on the universal covering X =C.
The fundamental group of X is isomorphic to Z? and X is isomorphic to the complex torus
C/Z?. This shows that the function s(t) is obtained from a periodic meromorphic function
on C.

It turns out that if we consider s(¢) as a natural parameter on the ellipse, i.e., invert
so that ¢ = t(s) and plug this into the parametrization z; = aycost,zy = assint, we
obtain a solution of the Hamiltonian vector field defined by the metric. Let us check
this. We first identify T'(R?) with R* via (z1, 22, y1,¥2) = (q1, g2, ¢1,d2). Use the original
parametrization ¢ : [0, 27] — R? to consider ¢ as a local parameter on E. Then (t,) is a
local parameter on T'(F) and the inclusion T'(E) C T(R?) is given by the formula

(t, t) — (q1 = a1 co8t,qa = az sint, q'1 = —ial sint, q.z = IEGQ COS t)

The metric function on T'(R?) is

L(q,q) = (Q1 + 92)
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Its pre-image on T'(E) is the function
N Lo Lo 2 .2
I(t,t) = it (aysin®t + a3 cos”t).

The Legendre transformation p = % gives £ = p/(a?sin®t + a2 cos?t). Hence the Hamil-
tonian function H on T(E)* is equal to

H(t,p) =tp— L(t,t) = §p2/(a% sin®t 4 a2 cos? t).

A path ¢ = 9(7) extends to a path in T(E)* by the formula p = (a?sint + a3 cos® t) 4t If
7 is the arc length parameter s and ¢ = 9(7) = ¢(s), we have (%)% = a?sin”t + a3 cos®¢.

Therefore
H(t(s),p(s)) =1/2.

This shows that the natural parametrization 1 = a; cost(s),z2 = agsint(s) is a solution
of Hamilton’s equation.

Let us see the other attributes of algebraically completely integrable systems. The
Cartesian equation of T(E) in T'(R?) is

T1y1 T2Y2

2 2 L, 2 2 0.
a a a a

1 2 1 2

If we use (£1,&2) as the dual coordinates of (y1,%2), then T'(E)* has the equation in R*

2 x2 x x
S +2=1, —2§1 - —1§2 = 0. (3.11)
a1 a3 a7 a3

For each fixed x1, T2, the second equation is the equation of the dual of the line #13* %232 —
1 2
0 in (R?)*.
The Hamiltonian function is

H(z,&) = & +&.

Its level sets M, are
£ +&—c=0. (3.12)

Now we have an obvious complexification of M = T(E)*. It is the subvariety of C*
given by equations (3.11). The level sets are given by the additional quadric equation
(3.12). Let us compactify C* by considering it as a standard open subset of P*. Then
by homogenizing the equation (3.11) we get that M = V(R) where V is a Del Pezzo
surface of degree 4 (a complete intersection of two quadrics in P*). Since the complete
intersection of three quadrics in P* is a curve of genus 5, the intersection of M with
the quadric (3.12) must be a curve of genus 5. We now see that something is wrong,
as our complexified level sets must be elliptic curves. The solution to this contradiction
is simple. The surface V is singular along the line 7 = x5 = tg = 0 where z( is the



32 Lecture 3

added homogeneous variable. Its intersection with the quadric (3.12) has 2 singular points
(%1, 9,&1,E&2,10) = (0,0,£4/—1,1,0). Also the points (1, a1, *asy/—1,0,0,0) are singular
points for all ¢ from (3.12). Thus the genus of the complexified level sets is equal to
5 —4 = 1. To construct the right complexification of V' we must first replace it with its
normalization V. Then the rational function
RS ELs

2
Lo

defines a rational map V — P!. After resolving its indeterminacy points we find a regular
map 7 : X — P!. For all but finitely many points z € P!, the fibre of this map is an
elliptic curve. For real z # oo it is a complexification of the level set M. If we throw away
all singular fibres from X (this will include the fibre over oo) we finally obtain the right
algebraization of our completely integrable system.

Exercises

1. Let 0, ¢ be polar coordinates on a sphere S of radius R in R3. Show that the Poisson
structure on S (considered as a coadjoint orbit of so3) is given by the formula

(F(6,9),G(60,9)} = - (2F0G 9F0G,

~ Rsinf" 00 9¢  0¢ 06
2. Check that the symplectic form defined on a coadjoint orbit is closed.
3. Find the Poisson structure and coadjoint orbits for the Lie algebra of the Galilean
group.
4. Let (a;;) be a skew-symmetric n X n matrix with coefficients in a field k. Show that the
formula

n
oP 0Q
P,Q} = XX
{ aQ} ijZZIaJ .76)(18)(Z
defines a Poisson structure on the ring of polynomials k[ X1, ..., X,].

5. Describe all possible cases for the intersection of a sphere and an ellipsoid. Compare it
with the topological classification of the sets E(R) where E is an elliptic curve.

6. Let g be the Lie algebra of real n x n lower triangular matrices with zero trace. It
is the Lie algebra of the group of real n x n lower triangular matrices with determinant
equal to 1. Identify g* with the set of upper triangular matrices with zero trace by means
of the pairing < A, B >= Trace(AB). Choose ¢ € g* with all entries zero except a;;+1 =
1, =1,...,n — 1. Compute the coadjoint orbit of ¢ and its symplectic form induced by
the Poisson-Lie structure on g*.

7. Find all Lie bialgebra structures on a two-dimensional Lie algebra.

8. Describe the normalization of the surface V C P* given by equations (3.11). Find all
fibres of the elliptic fibration X — P!.
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Lecture 4. OBSERVABLES AND STATES

4.1 Let M be a Poisson manifold and H : M — R be a Hamiltonian function. A smooth
function on f € O(M) on M will be called an observable. For example, H is an observable.
The idea behind this definition is clear. The value of f at a point x € M measures some
feature of a particle which happens to be at this point. Any point x of the configuration
space M can be viewed as a linear function f +— f(z) on the algebra of observables O(M).
However, in practice, it is impossible to make an experiment which gives the precise value
of f. This for example happens when we consider M = T(R3Y)* describing the motion of
a large number N of particles in R3.

So we should assume that f takes the value A at a point x only with a certain proba-
bility. Thus for each subset £ of R and an observable f there will be a certain probability
attached that the value of f at = belongs to E.

Definition. A state is a function f — py on the algebra of observables with values in the
set of probability measures on the set of real numbers. For any Borel subset £ of R and
an observable f € O(M) we denote by ps(E) the measure of E with respect to py. The
set of states is denoted by S(M).

Recall the definition of a probability measure. We consider the set of Borel subsets
in R. This is the minimal subset of the Boolean P(R) which is closed under countable
intersections and complements and contains all closed intervals. A probability measure is
a function £ — p(FE) on the set of Borel subsets satisfying

0<u(E) <1, p®)=0.p® =1, u(]] Ea) = u(En).

An example of a probability measure is the function:

w(A) = Lb(ANT)/Lb(I), (4.1)
where Lb is the Lebesgue measure on R and I is any closed segment. Another example is
the Dirac probability measure:

1 ifcekFlE
5C(E):{0 ifc g E. (42)
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It is clear that each point z in M defines a state which assigns to an observable f the
probability measure equal to df(,). Such states are called pure states.

We shall assume additionally that states behave naturally with respect to compositions
of observables with functions on R. That is, for any smooth function ¢ : R — R, we have

pgof(E) = ps(671(E)). (4.3)

Here we have to assume that ¢ is B-measurable, i.e., the pre-image of a Borel set is a Borel
set. Also we have to extend O(M) by admitting compositions of smooth functions with
B-measurable functions on R.

By taking ¢ equal to the constant function y = ¢, we obtain that for the constant
function f(z) = ¢ in O(M) we have
pe = Oc. (4.3)

For any two states u, ¢/ and a nonnegative real number a < 1 we can define the convex
combination ap + (1 — a)y’ by

(ap+ (L= a)p')(E) = apg(E) + (1 — a)uy(E).

Thus the set of states S(M) is a convex set.

If E = (—o00,A] then pf(E) is denoted by ps(X). It gives the probability that the
value of f in the state p is less than or equal than A. The function A — pg(A) on R is
called the distribution function of the observable f in the state u.

4.2 Now let us recall the definition of an integral with respect to a probability measure pu.
It is first defined for the characteristic functions xg of Borel subsets by setting

/xEdu = p(E).

R

Then it is extended to simple functions. A function ¢ : R — R is simple if it has a
countable set of values {y,¥s,...} and for any n the pre-image set ¢~1(y,,) is a Borel set.
Such a function is called integrable if the infinite series

/¢du = ynil(d " (yn))

R

converges. Finally we define an integrable function as a function ¢(z) such that there
exists a sequence {¢,} of simple integrable functions with

lim ¢,(z) = ¢(x)

n—00

for all x € R outside of a set of measure zero, and the series

/fdu = lim /gbndu
n—oo
R R
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converges. It is easy to prove that if ¢ is integrable and |4 (x)| < ¢(x) outside of a subset
of measure zero, then 1 (z) is integrable too. Since any continuous function on R is equal
to the limit of simple functions, we obtain that any bounded function which is continuous
outside a subset of measure zero is integrable. For example, if y is defined by Lebesgue
measure as in (4.1) where I = [a, b, then

[ o= /b b()dz
R a

is the usual Lebesgue integral. If p is the Dirac measure J., then for any continuous
function ¢,

R/ pds, = $(c).

The set of functions which are integrable with respect to u is a commutative algebra

over R. The integral
/ P — / odu
R

R

is a linear functional. It satisfies the positivity property

/ ¢*dp > 0.
R

One can define a probability measure with help of a density function. Fix a positive
valued function p(z) on R which is integrable with respect to a probability measure y and
satisfies

/p(a:)d,u =1.

R

Then define the new measure p, by

pu(E) = / xep(z)dp.

R

Obviously we have
/ ¢(z)dpp = / ppdp.
R R

For example, one takes for p the measure defined by (4.1) with I = [a,b] and obtains a
new measure u’

[ diu = /b b(2)p(w)d.
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Of course not every probability measure looks like this. For example, the Dirac measure
does not. However, by definition, we write

HZ $ds, = R/ $(z)ped,

where p.(z) is the Dirac “function”. It is zero outside {c} and equal to co at c.

The notion of a probability measure on R extends to the notion of a probability
measure on R”. In fact for any measures i, ..., 4, on R there exists a unique measure pu
on R™ such that

[ @) sutwin =11 [ @y
J

i=1R

After this it is easy to define a measure on any manifold.

4.3 Let u € S(M) be a state. We define

() = [ wdu.

R

We assume that this integral is defined for all f. This puts another condition on the state
p. For example, we may always restrict ourselves to probability measures of the form (4.1).
The number (f|u) is called the mathematical expectation of the observable f in the state
p. 1t should be thought as the mean value of f in the state pu. This function completely
determines the values pr(A) for all A € R. In fact, if we consider the Heaviside function

9@ =1 itz (10
then, by property (4.2), we have
0 if {0,1}NE=10
K (B) = paop) () = us({z e R:00 =) e B =4 T e g p

1—pus(\) if0€E,1¢E.

It is clear now that, for any simple function ¢, [ ¢(z)dp’; = 0 if $(0) = ¢(1) = 0. Now
R

writing the identity function y = x as a limit of simple functions, we easily get that

ns ) = [ duy = 0\~ Pl
R
Also observe that, knowing the function A — p(\), we can reconstruct py (defining it

first on intervals by p([a,b]) = ps(b) — py(a)). Thus the state p is completely determined
by the values (f|u) for all observable f.
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4.4 We shall assume some additional properties of states:

(af +bglp) = a{flp > +b < glu),a,b € R, (51)
(f?|m) > 0, (S2)
(L|p) = 1. (53)

In this way a state becomes a linear function on the space of observables satisfying the
positivity propertry (S2) and the normalization property (S3). We shall assume that each
such functional is defined by some probability measure T, on M. Thus

() = [ 5ax,.

Property (S1) gives
/dTu =T, (M)=1
M

as it should be for a probability measure. An example of such a measure is given by
choosing a volume form © on M and a positive valued integrable function p(z) on M such

that
/M@Q:L

M

We shall assume that the measure Y, is given in this way. If (M,w) is a symplectic
manifold, we can take for 2 the canonical volume form w”™.
Thus every state is completely determined by its density function p, and

(flu) = / £(@) ().

From now on we shall identify states p with density functions p satisfying

/M@Q:L

M

The expression (f|u) can be viewed as evaluating the function f at the state y. When
i is a pure state, this is the usual value of f. The idea of using non-pure states is one of
the basic ideas in quantum and statistical mechanics.

4.5 There are two ways to describe evolution of a mechanical system. We have used the
first one (see Lecture 3, 3.3); it says that observables evolve according to the equation

dft
E - {ftaH}
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and states do not change with time, i.e.

dpy

= 0.
dt

Here we define p; by the formula
pe(z) = plg~t-2), = €M,

Alternatively, we can describe a mechanical system by the equations

df,
dt

dpy

TR {ptaH}a

- = 0.
dt

Of course here we either assume that p is smooth or learn how to differentiate it in a
generalized sense (for example if p is a Dirac function). In the case of symplectic Poisson
structures the equivalence of these two approaches is based on the following

Proposition. Assume M is a symplectic Poisson manifold. Let Q = w", where w is a
symplectic form on M. Define y; as the state corresponding to the density function p;.
Then

(fel) = (f|pr)-
Proof. Applying Liouville’s Theorem (Example 1, Lecture 2), we have

(fil) = / f(gt - 2)pp(@)Q = / F@ou(g™ - 2)(g)* (@) =

/ F@)pulg - 2)0 = / £ (&) Py ()2 = (F|1e)-

The second description of a mechanical system described by evolution of the states
via the corresponding density function is called Liouwville’s picture. The standard approach
where we evolve observables and leave states unchanged is called Hamilton’s picture. In
statistical mechanics Liouville’s picture is used more often.

4.6 The introduction of quantum mechanics is based on Heisenberg’s Uncertainty Principle.
It tells us that in general one cannot measure simultaneously two observables. This makes
impossible in general to evaluate a composite function F'(f, g) for any two observables f, g.
Of course it is still possible to compute F'(f). Nevertheless, our definition of states allows
us to define the sum f + g by

(f +9lmw) = (flp) + (glp) for any state s,

considering f as a function on the set of states. To make this definition we of course
use that f = f' if (f|u) = (f'|u) for any state p. This is verified by taking pure states u.
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However the same property does not apply to states. So we have to identify two states u, p’
if they define the same function on observables, i.e., if {f|u) = (g|u’) for all observables f.
Of course this means that we replace S(M) with some quotient space S(M).

We have no similar definition of product of observables since we cannot expect that the
formula (fg|p) = (f|u)(g|p) is true for any definition of states p. However, the following

product
(f+9)?%—(f-9)?
4

makes sense. Note that f * f = f2. This new binary operation is commutative but not
associative. It satifies the following weaker axiom

fxg= (4.5)

2*(yz) = (v%y).

The addition and multiplication operations are related to each other by the distributivity
axiom. An algebraic structure of this sort is called a Jordan algebra. It was introduced in
1933 by P. Jordan in his works on the mathematical foundations of quantum mechanics.
Each associative algebra A defines a Jordan algebra if one changes the multiplication by
using formula (4.5).

We have to remember also the Poisson structure on O(M). It defines the Poisson
structure on the Jordan algebra of observables, i.e., for any fixed f, the formula g — {f, g}
is a derivation of the Jordan algebra O(M)

{frgxh}={f, gy xh+{f h}*g.

We leave the verification to the reader.
Here comes our main definition:

Definition. A Jordan Poisson algebra O over R is called an algebra of observables. A
linear map w : O — R is called a state on Q if it satisfies the following properties:
(1) (a?|w) > 0 for any a € O;
(2) (lw) =1,

The set S(O) of states on O is a convex non-empty subset of states in the space of
real valued linear functions on O.

Definition. A state w € §(O) is called pure if w = cw; + (1 — ¢)ws for some w,ws € S(O)
and some 0 < ¢ < 1 implies w = wy. In other words, w is an extreme point of the convex

set S(O).

4.7 In the previous sections we discussed one example of an algebra of observables and its
set of states. This was the Jordan algebra O(M) and the set of states S(M). Let us give
another example.

We take for O the set H(V) of self-adjoint (= Hermitian) operators on a finite-
dimensional complex vector space V' with unitary inner product (,). Recall that a linear
operator A : V — V is called self-adjoint if

(Az,y) = (z, Ay) for any z,y € V.
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If (a;7) is the matrix of A with respect to some orthonormal basis of V, then the property of
self-adjointness is equivalent to the property a;; = a;;, where the bar denotes the complex
conjugate.

We define the Jordan product on H (V') by the formula

(A+ B)? — (A - B)?
4

AxB=

:%(AOB—i—BoA).

Here, as usual, we denote by A o B the composition of operators. Notice that since

n n n

> (airbrj + bikar;) = Y (Gikbr; + binting) = > _(a;kbri + bjkars)
k=1 k=1 k=1

the operator Ao B + B o A is self-adjoint. Next we define the Poisson bracket by the
formula

{A, B} =~ [A B]= (AoB Bo A). (4.6)

Here i = \/—1 and h is any real constant. Note that neither the product nor the Lie
bracket of self-adjoint operators is a self-adjoint operator. We have

n n n n

> (airbr; — bikar;) = Y (Gikbrj — bikdrs) = Y _ (bjkars — Gjkbri) = — Y _(ajrbrs — bjnari)-

k=1 k=1 k=1 k=1

However, putting the imaginary scalar in, we get the self-adjointness. We leave to the
reader to verify that

{A,B*C}h = {A,B}h*C’—I—{A,C}h*B

The Jacobi property of {, } follows from the Jacobi property of the Lie bracket [A, B]. The
structure of the Poisson algebra depends on the constant h. Note that rescaling of the
Poisson bracket on a symplectic manifold leads to an isomorphic Poisson bracket!

We shall denote by Tr(A) the trace of an operator A : V — V. It is equal to the sum
of the diagonal elements in the matrix of A with respect to any basis of V. Also

T’I‘(A) = Z(Aei, 61')

where (e1,...,e,) is an orthonormal basis in V. We have, for any A, B,C € H(V),

Tr(AB) =Tr(BA), Tr(A+ B)=Tr(A) +Tr(B). (4.7)
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Lemma. Let £: H(V) — R be a state on the algebra of observables H(V'). Then there
exists a unique linear operator M : V. — V with £(A) = Tr(M A). The operator M satisfies
the following properties:
(i) (self-adjointness) M € H(V);
(ii) (non-negativity) (Mz,x) > 0 for any x € V;
(iii) (normalization) Tr(M) = 1.

Proof. Let us consider the linear map a : H(V) — H(V)* which associates to M the
linear functional A — T'r(M A). This map is injective. In fact, if M belongs to the kernel,

then by properties (4.6) we have Tr(MBA) = Tr(AMB) = 0 for all A,B € H(V). For
each v € V with ||v|| = 1, consider the orthogonal projection operator P, defined by

P,z = (z,v)v.

It is obviously self-adjoint since (P,z,y) = (z,v)(v,y) = (z, P,y). Fix an orthonormal
basis v = ey, es,...,e, in V. We have

0=Tr(MP,) = Z(MPvek,ek) = (Mw,v).
k=1

Since (M MAv, \v) = |A\|*(Mw,v), this implies that (Mx,z) = 0 for all z € V. Replacing =
with z+y and z+iy, we obtain that (Mz,y) = 0 for all z, y € V. This proves that M = 0.
Since dim H (V) = dimH (V)*, we obtain the surjectivity of the map «. This shows that
L(A) =Tr(MA) for any A € H(V) and proves the uniqueness of such M.

Now let us check the properties (i) - (iii) of M. Fix an orthonormal basis e1, ..., ey,.
Since £(A) = T'r(M A) must be real, we have

n n n

Tr(MA)=Tr(MA)=> (MA(e;),e;) = » (e, MA(e;)) = > ((MA)*e;,e;) =

i=1 i=1 i=1

D (A*M*ej,e;) = Tr(A*M*) = Tr(M*A*) = Tr(M*A).
i=1
Since this is true for all A, we get M* = M. This checks (i).

We have £(A?) = Tr(A%2M) > 0 for all A. Take A = P, to be a projection operator
as above. Changing the orthonormal basis we may assume that e; = v. Then

Tr(P?M) = Tr(P,M) = (Mv,v) > 0.

This checks (ii). Property (iii) is obvious.

The operator M satisfying the properties of the previous lemma is called the density
operator. We see that any state can be uniquely written in the form

0(A) = Tr(MA)
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where M is a density operator. So we can identify states with density operators.
All properties of a density operator are satisfied by the projection operator P,. In
fact

(i) (Poz,y) = (z,v)(v,y) = (y,v)(z,v) = (2, Py).
(ii) (Pyz,z) = (z,v)(v,z) = I(ﬂﬁ,y)|2 >0
(iti) Tr(P,) = (v,v) = 1.

Notice that the set of states M is a convex set.

Proposition. An operator M € H(V) is a pure state if and only if it is equal to a
projection operator P,.

Proof. Choose a self-adjoint operator M and a basis of eigenvectors &; (it exists
because M is self-adjoint). Then

n

=Y (v,&)&, MU—Z/\ i) = Z,\ Pe.v.

=1

Since this is true for all v, we have

M= i AP,
=1

All numbers here are real numbers (again because M is self-adjoint). Also by property (ii)
from the Lemma, the numbers ); are non-negative. Since Tr(M) = 1, we get that they
add up to 1. This shows that only projection operators can be pure. Now let us show that
P, is always pure.

Assume P, = ¢cM; + (1 — ¢)Ms for some 0 < ¢ < 1. For any density operator M the
new inner product (z,y)y = (Mz,y) has the property (z,z)" > 0. So we can apply the
Cauchy-Schwarz inequality

(Mz,y)|* < (M=, z)(My,y)
to obtain that Mz = 0 if (Mz,z) = 0. Since My, M, are density operators, we have
0 <c(Miz,z) < c(Myz,z)+ (1 — ¢)(Maz,x) = (Pyz,x) =0
for any x with (x,v) = 0. This implies that Mz = 0 for such z. Since M is self-adjoint,
0= (Myz,v) = (z, Myv) if (x,v) =0.
Thus M; and P, have the same kernel and the same image. Hence M; = cP, for some
constant c. By the normalization property Tr(M;) = 1, we obtain ¢ = 1; hence P, = M;.

Since P, = P.v where |¢c| = 1, we can identify pure states with the points of the
projective space P(V).
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4.8 Recall that (f, ) is interpreted as the mean value of the state y at an observable f.
The expression

Au(f) = = (1) 1my2 = ((F2m) = (Flm))7? (4.8)

can be interpreted as the mean of the deviation of the value of p at f from the mean value.
It is called the dispersion of the observable f € O with respect to the state pu. For example,
if € M is a pure state on the algebra of observables O(M), then A, (f) = 0.

We can introduce the inner product on the algebra of observables by setting

1
(9 = 5 (Bulf +9)° = (Bu(F)? — (2u(9))?)- (49)
It is not positive definite but satisfies

(faf)u :Au(f)Z > 0.
By the parallelogram rule,

1

= 2+ 01— (7 — )} — (F + 0.+ (F — gli)?)

= (i[(f +9)2 = (F — )%y = (Fluylglu) = (f * glw) — (fp){g]w)- (4.10)

This shows that
(f*glpw) = (fluglp) <= (f,9)u = 0.

As we have already observed, in general {f*g|u) # (f|u){(g|p). If this happens, the ob-
servables are called independent with respect to u. Thus, two observables are independent
if and only if they are orthogonal.

Let € be a positive real number. We say that an observable f is e-measurable at the
state p if A, (f) <e.

Applying the Cauchy-Schwarz inequality

(Fr0)ul < (£ D990 = Du(H)Au(9). (4.11)

and (4.8), we obtain that f + g is 2e-measurable if f, g are e-measurable.
The next theorem expresses one of the most important principles of quantum mecah-
nics:

Theorem (Heisenberg’s Uncertainty Principle). Let O = H(V) be the algebra of

observables formed by self-associated operators with Poisson structure defined by (4.6).
For any A,B € O and any p € S(V),

AL (A)AB) > L({A B, (4.12)
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Proof. For any v € V and A € R, we have
0 < ((A+iAB)v, (A +iAB)v) = (A%v,v) + A?(B%v,v) — iA((AB — BA)v,v).

Assume |[v]| = 1 and let p be state defined by the projection operator M = P,. Then we
can rewrite the previous inequality in the form

(A%[p) + A*(B?|u) — An({A, B}nlu) > 0.

Since this is true for all A\, we get

({4, B}u|m)™.

(A2 ) (B2 >

Replacing A with A — (A|u), and B with B — (B|u), and taking the square root on both
sides we obtain the inequality (4.11). To show that the same inequality is true for all states
we use the following convexity property of the dispersion

AL(N)AL(G) = cAu (f)Au, (9) + (1 — ) Ap, (F)Au, (9),

where g = cpu1 + (1 — ¢)pg,0 < ¢ <1 (see Exercise 1).

Corollary. Assume that {A, B}y is the identity operator and A, B are e-measurable in a
state . Then
€ > +/h/2.

The Indeterminacy Principle says that there exist observables which cannot be simu-
lateneously measured in any state with arbitrary small accuracy.

Exercises.

1. Let O be an algebra of observables and S(O) be a set of states of O. Prove that mixing
states increases dispersion, that is, if w = cw; + (1 — ¢)wy, 0 < ¢ < 1, then

(i) Apf >cAL f+ (1 —-c)A,,f.

(il) ApfALg > cA,, fAL,g+ (1 —c)A,, fAL,g. What is the physical meaning of this?

2. Suppose that f is e-measurable at a state . What can you say about f2?

3. Find all Jordan structures on algebras of dimension < 3 over real numbers. Verify that
they are all obtained from associative algebras.

4. Let g be the Lie algebra of real triangular 3 x 3-matrices. Consider the algebra of
polynomial functions on g as the Poisson-Lie algebra and equip it with the Jordan product
defined by the associative multiplication. Prove that this makes an algebra of observables
and describe its states.
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5. Let vy,...,v, be a basis of eigenvectors of a self-adjoint operator A and Ay,..., A, be
the corresponding eigenvalues. Assume that Ay < ... < A,. Define the spectral function
of A as the operator

Ps(A\) =) _ P,

A<

Let M be a density operator.
(i) Show that the function g4 () = Tr(M P4 (X)) defines a probability measure g4 on R.
(i) Show that (A|lw) = [ zdps where w is the state with the density operator M.
R
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Lecture 5. OPERATORS IN HILBERT SPACE

5.1 Let O = H(V) be the algebra of observables consisting of self-adjoint operators in
a unitary finite-dimensional space. The set of its states can be identified with the set of
density operators, i.e., the set of self-adjoint positive definite operators M normalized by
the condition Tr(M) = 1. Recall that the value (A|w) is defined by the formula

(A|M) = Tr(MA).

Now we want to introduce dynamics on 0. By analogy with classical mechanics, it can be

defined in two ways:
dA(t) dM

—JA(). H - = 5.1
A mn D=0 (5.1
(Heisenberg’s picture), or
dM () dA
=—{M(t),H — = 2
10— vy, M=o (5.2

(Schrddinger’s picture).
Let us discuss the first picture. Here A(t) is a smooth map R — O. If one chooses
a basis of V, this map is given by A(t) = (a;;(t)) where a;;(t) is a smooth function of ¢.
Consider equation (5.1) with initial conditions
A(0) = A.
We can solve it uniquely using the formula
At) = Ay = e 7Tt Aer Tt (5.3)

Here for any diagonalizable operator A and any analytic function f: C — C we define
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where A = S - diag[ds,...,d,] - S™!. Now we check
dA; oy _imt 4 iH: im0t Lt Ht ¢
— =—-H A A(-H = —(AiH—-HA;) ={A;,H
g7 P He™m ! Aen +en (heﬁ)H(t ¢t) = {Ay, H}p
and the initial condition is obviously satisfied.
The operators

Ut)=er e R
define a one-parameter group of unitary operators. In fact,

UR*=e #Ht =y@)~t=U(-t), Ult+t)=U@B)U®X).

This group plays the role of the flow g¢ of the Hamiltonian. Notice that (5.3) can be
rewritten in the form

Ay =U)"LAU(t).
There is an analog of Theorem 4.1 from Lecture 4:
Theorem 1. The map O — O defined by the formula
U :A— A =U(@) AU (t)
is an automorphism of the algebra of observables H(V).

Proof. Since conjugation is obviously a homomorphism of the associative algebra
structure on End(V'), we have

(A * B)t = AtBt + BtAt = At * Bt.
Also

1 1

({Aa B}h)t = h[A’ B]t = ﬁ

The unitary operators

1
(AtB: — BtAy) = ﬁ{Aty Bi}h.

U(t) = er ™t
are called the evolution operators with respect to the Hamiltonian H.

The Heisenberg and Schro&inger pictures are equivalent in the following sense:

Proposition 1. Let M be a density operator and let w(t) be the state with the density
operator M_;. Then

(At|lw) = (Alw(?)).
Proof. We have

(Agw) = Tr(MU#)AU(~t)) = Tr(U(—t) MU(t)A) = Tr(M_,A) = (Alw(t)).

5.2 Let us consider Schrodinger’s picture and take for A; the evolution of a pure state
(Py): = Uy P,. We have
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Lemma 1.
(Pv)t = PU(—t)v-

Proof. Let S be any unitary operator. For any x € V, we have
(SP,S Yz = SP,(S™'z) = S((v, S~ x)v) = (v,87'x)Sv = (Sv,2)Sv = Psyz. (5.4)

Now the assertion follows when we take S = U(—t).

The Lemma says that the evolution of the pure state P, is equivalent to the evolution
of the vector v defined by the formula

ve =U(—t)v = e~ wHty, (5.5)
Notice that, since U(t) is a unitary operator,
[lve]] = |Jol].

We have .
— . .
dv;,  de wHty i iy i
= — = ——¢ h V= —.

dt dt h h

Thus the evolution v(t) = v; satisfies the following equation (called the Schridinger equa-

tion)

du(t)
dt

Assume that v is an eigenvector of H, i.e., Hv = \v for some A € R. Then

ih = Hu(t), wv(0)=w. (5.6)

_i _i
v = e wHty = 7wy,

Although the vector changes with time, the corresponding state P, does not change. So

the problem of finding the spectrum of the operator H is equivalent to the problem of
finding stationary states.

5.3 Now we shall move on and consider another model of the algebra of observables and the
corresponding set of states. It is much closer to the “real world”. Recall that in classical
mechanics, pure states are vectors (qi,...,¢,) € R*. The number n is the number of
degrees of freedom of the system. For example, if we consider N particles in R3 we have
n = 3N degrees of freedom. If we view our motion in T'(R™)* we have 2n degrees of
freedom. When the number of degrees of freedom is increasing, it is natural to consider
the space RY of infinite sequences a = (ay,...,an,,...). We can make the set RN a vector
space by using operations of addition and multiplication of functions. The subspace l2(R)
of RY which consists of sequences a satisfying

[ee)
2:2
Cli<OO
n=1
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can be made into a Hilbert space by defining the unitary inner product

o0

(a, b) = Z azbz

n=1

Recall that a Hilbert space is a unitary inner product space (not necessary finite-
dimensional) such that the norm makes it a complete metric space. In particular, we
can define the notion of limits of sequences and infinite sums. Also we can do the same
with linear operators by using pointwise (or better vectorwise) convergence. Every Cauchy
(fundamental) sequence will be convergent.

Now it is clear that we should define observables as self-adjoint operators in this space.
First, to do this we have to admit complex entries in the sequences. So we replace RY with
CN and consider its subspace V = [?(C) of sequences satisfying

n

Z\ai\Q < 00

=1

with inner product
n
(a, b) = Z azgl
i=1

More generally, we can replace RY with any manifold M and consider pure states as
complex-valued functions F' : M — C on the configuration space M such that the function
|f(z)|? is integrable with respect to some appropriate measure on M. These functions
form a linear space. Its quotient by the subspace of functions equal to zero on a set of
measure zero is denoted by L2(M, ). The unitary inner product

(f,9) = /M Fgdu

makes it a Hilbert space. In fact the two Hilbert spaces [2(C) and L?(M, i) are isomorphic.
This result is a fundamental result in the theory of Hilbert spaces due to Fischer and Riesz.
One can take one step further and consider, instead of functions f on M, sections of
some Hermitian vector bundle E — M. The latter means that each fibre F, is equiped
with a Hermitian inner product (,), such that for any two local sections s,s’ of E the
function
(s,8"Y : M — C,x — (s(x),5'(2))s

is smooth. Then we define the space L?(F) by considering sections of E such that

/M<s, s)ydp < 0o

and defining the inner product by

(5,8) = /M(s, 3)dy.
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We will use this model later when we study quantum field theory.

5.4 So from now on we shall consider an arbitrary Hilbert space V. We shall also assume
that V is separable (with respect to the topology of the corresponding metric space), i.e.,
it contains a countable everywhere dense subset. In all examples which we encounter, this
condition is satisfied. We understand the equality

oo
V= E VUn,
n=1

in the sense of convergence of infinite series in a metric space. A basis is a linearly inde-
pendent set {v,} such that each v € V' can be written in the form

o)
v = E QnpUp.
n=1

In other words, a basis is a linearly independent set in V' which spans a dense linear
subspace. In a separable Hilbert space V, one can construct a countable orthonormal
basis {e,}. To do this one starts with any countable dense subset, then goes to a smaller
linearly independent subset, and then orthonormalizes it.

If (e,) is an orthonormal basis, then we have

v=") (v,en)en (Fourier expansion),

M]3

n=1

and
o

[e9)
(> anen,
n=1

The latter explains why any two separable infinite-dimensional Hilbert spaces are isomor-
phic. We shall use that any closed linear subspace of a Hilbert space is a Hilbert (separable)
space with respect to the induced inner product.

We should point out that not everything which the reader has learned in a linear
algebra course is transferred easily to arbitrary Hilbert spaces. For example, in the finite
dimensional case, each subspace L has its orthogonal complement L+ such that V = LSL*.
If the same were true in any Hilbert space V', we get that any subspace L is a closed subset
(because the condition L = {x € V : (x,v) = 0} for any v € L' makes L closed). However,
not every linear subspace is closed. For example, take V = L?([—1,1],dz) and L to be the
subspace of continuous functions.

bpen) = Z U by (5.7)
1 n=1

n=

Let us turn to operators in a Hilbert space. A linear operator in V is a linear map
T :V — V of vector spaces. We shall denote its image on a vector v € V by Tv or T'(v).
Note that in physics, one uses the notation

T(v) = (T|v).
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In order to distinguish operators from vectors, they use notation (T'| for operators (bra)
and |v) for vectors (ket). The reason for the names is obvious : bracket = bra+c+ket. We
shall stick to the mathematical notation.
A linear operator T': V' — V is called continuous if for any convergent sequence {v,}

of vectors in V/,

lim Tv, = T( lim vy,).

n—00 n—0o0
A linear operator is continuous if and only if it is bounded. The latter means that there
exists a constant C' such that, for any v € V,

Tl < Cllv]].

Here is a proof of the equivalence of these definitions. Suppose that 7" is continuous but not
bounded. Then we can find a sequence of vectors v,, such that ||Tv,|| > n||lv,|[,n=1,....
Then w,, = v,/n||v,|| form a sequence convergent to 0. However, since ||Tw,|| > 1, the
sequence {T'wy,} is not convergent to T(0) = 0. The converse is obvious.

We can define the norm of a bounded operator by

T = sup{||T[|/||v][ : v € V\{0}} = sup{[|Tv]| : [Jo[| = 1}.

With this norm, the set of bounded linear operators £(V') on V becomes a normed algebra.
A linear functional on V is a continuous linear function ¢ : V' — C. Each such
functional can be written in the form

t(v) = (v, w)

for a unique vector w € V. In fact, if we choose an orthonormal basis (e,,) in V' and put
an = {(ey,), then

L(v) = E(Z Cnén) = chf(en) = chan = (v, w)

where w = )"°7 | Gne,. Note that we have used the assumption that £ is continuous. We

denote the linear space of linear functionals on V' by V*.

A linear operator T* is called adjoint to a bounded linear operator T if, for any
v,weV,
(Tv,w) = (v, T*w). (5.8)

Since T' is bounded, by the Cauchy-Schwarz inequality,
(T, w)| < [[Tw|[Jw]| < Cllo][||w]].
This shows that, for a fixed w, the function v — (Tv, w) is continuous, hence there exists

a unique vector x such that (Tv,w) = (v,z). The map w — z defines the adjoint operator
T*. Clearly, it is continuous.
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A bounded linear operator is called self-adjoint if T* = T. In other words, for any
v,weV,
(Tv,w) = (v, Tw). (5.8)

An example of a bounded self-adjoint operator is an orthoprojection operator Py onto a
closed subspace L of V. It is defined as follows. First of all we have V = L & L+. To
see this, we consider L as a Hilbert subspace (L is complete because it is closed). Then
for any fixed v € V, the function z — (v, z) is a linear functional on L. Thus there exists
vy € L such that (v,z) = (vy,z) for any & € L. This implies that v — v; € L. Now we
can define Pp, in the usual way by setting Pr(v) = z, where v =z +y,z € L,y € L. The
boundedness of this operator is obvious since ||Prv|| < ||v||. Clearly Py, is idempotent (i.e.
P? = Pp). Conversely each bounded idempotent operator is equal to some orthoprojection
operator P, (take L = Ker(P — Iy)).

Example 1. An example of an operator in L2(M, i) is a Hilbert-Schmidt operator:
75e) = [ 1K @in (5.9)

where K(z,y) € L*(M x M,u x p). In this formula we integrate keeping z fixed. By
Fubini’s theorem, for almost all z, the function y — K (z,y) is p-integrable. This implies
that T'(f) is well-defined (recall that we consider functions modulo functions equal to zero
on a set of measure zero). By the Cauchy-Schwarz inequality,

ITf? = ‘/Mf(y)K(x,y)du 2 < /M K (z,)|%dg /M f(y)|*dy = ||f\|2/M K (z,y)*dp.

This implies that

TS| = / Tf2du < |If]2 / / K (2, ) Pdud,
M MJM
||T||2§/ / |K (x,y)|*dudp.
MJM
We have

(Tf,9) = //f K(z,y)dp, g(z)dp) = //Kwy )§(z)dpdp.

This shows that the Hilbert-Schmidt operator (5.9) is self-adjoint if and only if

i.e., T' is bounded, and

K(z,y) = K(y,z)

outside a subset of measure zero in M x M.

In quantum mechanics we will often be dealing with operators which are defined only
on a dense subspace of V. So let us extend the notion of a linear operator by admitting
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linear maps D — V where D is a dense linear subspace of V' (note the analogy with rational
maps in algebraic geometry). For such operators T' we can define the adjoint operator as
follows. Let D(T) denote the domain of definition of 7. The adjoint operator T* will be
defined on the set

D(T*)={yeV: sup [{T(z), y)] < 00}. (5.10)
0#£z€D(T) |||

Take y € D(T*). Since D(T) is dense in V the linear functional x — (T'(z),y) extends
to a unique bounded linear functional on V. Thus there exists a unique vector z € V
such that (T'(z),y) = (z,z). We take z for the value of T* at z. Note that D(T™*) is not
necessary dense in V. We say that T is self-adjoint it T = T*. We shall always assume
that T' cannot be extended to a linear operator on a larger set than D(7). Notice that T
cannot be bounded on D(T') since otherwise we can extend it to the whole V' by continuity.
On the other hand, a self-adjoint operator 7' : V — V is always bounded. For this reason
linear operators T' with D(T') # V are called unbounded linear operators.

Example 2. Let us consider the space V = L?(R,dz) and define the operator

Tf =if' :i%.

Obviously it is defined only for differentiable functions with integrable derivative. The
functions z"e~® obviously belong to D(T'). We shall see later in Lecture 9 that the space
of such functions is dense in V. Let us show that the operator T is self-adjoint. Let
f € D(T). Since f’ € L?(R,dxz),

/0 F (@) F@)de = (1)~ 1£O) - / F (@) F@)da

is defined for all ¢. Letting ¢t go to too, we see that lim; 1 f(t) exists. Since |f(z)
is integrable over (—oo,400), this implies that this limit is equal to zero. Now, for any
f,g € D(T), we have

‘ 2

w19 = [ if @a@e =i 0a@| - [ g =

/ f(2)ig @)dz = (£, Tg).

This shows that D(T) C D(T*) and T* is equal to T on D(T). The proof that D(T) =
D(T*) is more subtle and we omit it (see [Jordan]).

5.5 Now we are almost ready to define the new algebra of observables. This will be the
algebra H (V') of self-adjoint operators on a Hilbert space V. Here the Jordan product is
defined by the formula A+ B = 1[(A+ B)? — (A — B)?] if A, B are bounded self-adjoint
operators. If A, B are unbounded, we use the same formula if the intersection of the
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domains of A and B is dense. Otherwise we set Ax B = 0. Similarly, we define the Poisson
bracket

(A, B} = %(AB _ BA).

Here we have to assume that the intersection of B(V') with the domain of A is dense, and
similarly for A(V'). Otherwise we set {4, B}, = 0.

We can define states in the same way as we defined them before: positive real-valued
linear functionals A — (A|w) on the algebra #(V') normalized with the condition (ly|w) =
1. To be more explicit we would like to have, as in the finite-dimensional case, that

(Alw)y =Tr(MA)

for a unique non-negative definite self-adjoint operator. Here comes the difficulty: the
trace of an arbitrary bounded operator is not defined.

We first try to generalize the notion of the trace of a bounded operator. By analogy
with the finite-dimensional case, we can do it as follows. Choose an orthonormal basis (e, )

and set
oo

Tr(T) =Y (Ten, en). (5.11)

n=1
We say that T is nuclear if this sum absolutely converges for some orthonormal basis.
By the Cauchy-Schwarz inequality

D (Tenen) <D NI Tenllllen]] = I Tenll.
n=1 n=1 n=1

So -
3 |ITen]| < oo. (5.12)
n=1

for some orthonormal basis (e,) implies that T is nuclear. But the converse is not true in
general.

Let us show that (5.11) is independent of the choice of a basis. Let (el,) be another
orthonormal basis. It follows from (5.7), by writing T'e,, = ), axe},, that

and hence the left-hand side does not depend on (e],). On the other hand,

oo oo o0 oo oo
Z Tey,en) = Z Z(Ten,e'm)(e;n,en) = Z Z (en, T*el )(eh  en) =
n=1

n=1m=1 n=1m=1

oo

Ten, e V(e en) = Z(Ten,en)

n=1

ﬁMg

Y (T*ehen)en €)=Y (T*e, el)

n=1m=1 n=1
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and hence does not depend on (e,) and is equal to Tr(T*). This obviously proves the

assertion. It also proves that T' is nuclear if and only if 7* is nuclear.
Now let us see that, for any bounded linear operators A, B,

Tr(AB) =Tr(BA), (5.13)

provided that both sides are defined. We have, for any two orthonormal bases (ey,), (el,),

o o0 o0 o0
Tr(AB) = Z(ABen, en) = Z(Ben,A*en) = Z Z(Ben,e;n)(e;n,A*en) =
n=1 n=1 n=1m=1

=" 3" (Ben, €),) (A€, ) = Tr(BA).

As in the Lemma from the previous lecture, we want to define a state w as a non-
negative linear real-valued function A — (A|w) on the algebra of observables H (V') nor-
malized by the condition (Iy|w) = 1. We have seen that in the finite-dimensional case,
such a function looks like (A|w) = Tr(M A) where M is a unique density operator, i.e. a
self-adjoint and non-negative (i.e., (Mwv,v) > 0) operator with Tr(M) = 1. In the general
case we have to take this as a definition. But first we need the following:

Lemma. Let M be a self-adjoint bounded non-negative nuclear operator. Then for any
bounded linear operator A both Tr(MA) and Tr(AM) are defined.

Proof. We only give a sketch of the proof, referring to Exercise 8 for the details.
The main fact is that V' admits an orthonormal basis (e, ) of eigenvectors of M. Also the
infinite sum of the eigenvalues A, of e, is absolutely convergent. From this we get that

Z (M Aen, en)| = Z [(Aen, Mey,)| = Z [(Aen, Anen)| = Z [Anll(Aen, en)| <
n=1 n=1 n=1 n=1
<Y Al Aen|| < C D) Al < oo
n=1 n=1
Similarly, we have

o0 o0 o0 o0

D l(AMen,en)| =Y [(Adnen, en)| = D [Anll(Aen, €n)| < C Y [An| < oo

n=1 n=1 n=1 n=1

Definition. A state is a linear real-valued non-negative function w on the space H(V )pq
of bounded self-adjoint operators on V' defined by the formula

(Alw) =Tr(MA)
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where M is a self-adjoint bounded non-negative nuclear operator with Tr(M) = 1. The
operator M is called the density operator of the state w. The state corresponding to the
orthoprojector M = Pg, to a one-dimensional subspace is called a pure state.

We can extend the function A — (A|w) to the whole of H (V) if we admit infinite
values. Note that for a pure state with density operator Pg, the value (A|w) is infinite if
and only if A is not defined at v.

Example 3. Any Hilbert-Schmidt operator from Example 1 is nuclear. We have

Tr(T) :/ K(z,z)dp.
M
It is non-negative if we assume that K (z,y) > 0 outside of a subset of measure zero.

5.6 Recall that a self-adjoint operator 7' in a finite-dimensional Hilbert space V' always
has eigenvalues. They are all real and V' admits an orthonormal basis of eigenvectors of 7.
This is called the Spectral Theorem for a self-adjoint operator. There is an analog of this
theorem in any Hilbert space V. Note that not every self-adjoint operator has eigenvalues.
For example, consider the bounded linear operator T'f = e~ f in L?(R,dz). Obviously
this operator is self-adjoint. Then T'f = Af implies (e_““2 —A)f = 0. Since ¢(z) = e — A
has only finitely many zeroes, f = 0 off a subset of measure zero. This is the zero element
in L2(M, p).

First we must be careful in defining the spectrum of an operator. In the finite- dimensional
case, the following are equivalent:
(i) Tv = Av has a non-trivial solution;
(ii) T — Ay is not invertible.
In the general case these two properties are different.

Example 4. Consider the space V = [3(C) and the (shift) operator T' defined by

T(a1,02,-..,0n,...) = (0,a1,as,...).

Clearly it has no inverse, in fact its image is a closed subspace of V. But Tv = Av has no
non-trivial solutions for any A.

Definition. Let T : V — V be a linear operator. We define

Discrete spectrum: the set {A € C : Ker(T — My) # {0}}. Its elements are called
etgenvalues of T.

Continuous spectrum: the set {\ € C: (T — Aly/)~! exists as an unbounded operator }.
Residual spectrum: all the remaining A for which T' — Ay is not invertible.

Spectrum: the union of the previous three sets.

Thus in Example 4, the discrete spectrum and the continuous spectrum are each the
empty set. The residual spectrum is {0}.

Example 5. Let T : L?([0,1],dz) — L?([0, 1], dz) be defined by the formula

Tf=xf.
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Let us show that the spectrum of this operator is continuous and equals the set [0, 1]. In
fact, for any A € [0, 1] the function 1 is not in the image of T' — AIy since otherwise the

improper integral
/1 dzx
o (z—A)?

converges. On the other hand, the functions f(z) which are equal to zero in a neighborhood
of X are divisible by  — A. The set of such functions is a dense subset in V' (recall that
we consider functions to be identical if they agree off a subset of measure zero). Since the
operator T'— Aly is obviously injective, we can invert it on a dense subset of V. For any
A ¢ [0,1] and any f € V, the function f(z)/(x — X) obviously belongs to V. Hence such \
does not belong to the spectrum.

For any eigenvalue A of T we define the eigensubspace E\ = Ker(T — Ay ). Its
non-zero vectors are called eigenvectors with eigenvalue A. Let F be the direct sum of
these subspaces. It is easy to see that F is a closed subspace of V. Then V = E @ E*.
The subspace E* is T-invariant. The spectrum of T'|E is the discrete spectrum of 7. The
spectrum of T|E~ is the union of the continuous and residual spectrum of T'. In particular,
if V.= E, the space V admits an orthonormal basis of eigenvectors of T'.

The operator from the previous example is self-adjoint but does not have eigenval-
ues. Nevertheless, it is possible to state an analog of the spectral theorem for self-adjoint
operators in the general case.

For any vector v of norm 1, we denote by P, the orthoprojector P, . Suppose V has
an orthonormal basis of eigenvectors e,, of a self-adjoint operator A with eigenvalues A,,.
For example, this would be the case when V is finite-dimensional. For any

v = E p€n = E U, €n)en,
n=1
we have

Av:ivenAen:i (v, en) i)\P
n=1 n=1 n=1

This shows that our operator can be written in the form

A= i AnP.. .
n=1

where the sum is convergent in the sense of the operator norm.

In the general case, we cannot expect that V' has a countable basis of eigenvectors
(see Example 5 where the operator T is obviously self-adjoint and bounded). So the sum
above should be replaced with some integral. First we extend the notion of a real-valued
measure on R to a measure with values in (V) (in fact one can consider measures with
values in any Banach algebra = complete normed ring). An example of such a measure is
the map E' — >, p Pe, € H(V) where we use the notation from above.

Now we can state the Spectral Theorem for self-adjoint operators.



58 Lecture 5

Theorem 2. Let A be a self-adjoint operator in V. There exists a function P4 : R —
H(V) satisfying the following properties:
(i) for each A € R, the operator P4 () is a projection operator;
(ii)) Pa(A\) < Pa()') (in the sense that Psy(A)Pa(XN') = Pa(N\) if A < X);
(iii) limyoy—oo PA(A) = 0, im0 Pa(A) = 1y;
(iv) P4(X) defines a unique H(V')-measure p14 on R with pa((—o0, X)) = Pa(A);

(v)
A= /xd;LA

R
(vi) for anyv eV,
(Av,v) :/xd,uA,v
R

where pia(E) = (pa(E)v,v).
(viii) X belongs to the spectrum of A if and only if P4(z) increases at A;

(vii) a real number A is an eigenvalue of A if and only if lim,_,y- Pa(z) < lim,_,x+ Pa(z);
(viii) the spectrum is a bounded subset of R if and only if A is bounded.

Definition. The function P4 () is called the spectral function of the operator A.

Example 6. Suppose V has an orthonormal basis (e,) of eigenvectors of a self-adjoint
operator A. Let A, be the eigenvalue of e,,. Then the spectral function is

PysAN) =) P.,.

An<A

Example 7. Let V = L%([0, 1], dz). Consider the operator Af = gf for some p-integrable
function g. Consider the #(V)-measure defined by u(E)f = érf, where ¢pg(x) = 1 if
g(z) € F and ¢g(x) =0if g(z) € E. Let |g(x)| < C outside a subset of measure zero. We
have

2n .

. —-n+1—1)C

lim Z ( ) ¢[(—n+7l;—1)c’(—n;:-i)0] = g(:v)
=1

n—>00 4 n
This gives
2n .
) —n+1i—1)C
a:d,u f = lim E ( ) qb (—n+i—1)C (—n+i)C f = gf.
n—0o0 4 1 n [ n ’ n ]
R =

This shows that the spectral function P4 () of A is defined by P4(A)f = pu((—o0, A|) f =
O(A — g)f, where 6 is the Heaviside function (4.4).

An important class of linear bounded operators is the class of compact operators.
Definition. A bounded linear operator T : V' — V is called compact (or completely

continuous) if the image of any bounded set is a relatively compact subset (equivalently,
if the image of any bounded sequence contains a convergent subsequence).
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For example any bounded operator whose image is a finite-dimensional is obviously
compact (since any bounded subset in a finite-dimensional space is relatively compact).

We refer to the Exercises for more information on compact operators. The most
important fact for us is that any density operator is a compact operator (see Exercise 9).

Theorem 3(Hilbert-Schmidt). Assume that T is a compact operator and let Sp(T') be

its spectrum. Then Sp(T') counsists of eigenvalues of T'. In particular, each v € H can be
written in the form -
v = Z Cnén
n=1

where e,, is a linearly independent set of eigenvectors of T'.

5.7 The spectral theorem allows one to define a function of a self-adjoint operator. We set
£ = [ f@)dua
R
The domain of this operator consists of vectors v such that

[ 17@)Pdias < .
R
Take f = 6(A — z) where 6 is the Heaviside function. Then

A
(A —2)(4) = [ 0A—2)dpa = [ dua= Pa().
/ J

Thus, if M is the density operator of a state w, we obtain
(O(A - )(A)|w) = Tr(MPA(N).
Comparing this with section 4.4 from Lecture 4, we see that the function
pa(A) = Tr(MPa(X))

is the distribution function of the observable A in the state w. If (e,) is a basis of V
consisting of eigenvectors of A with eigenvalues \,,, then we have

pa) = Y (Men,en).

nidn <A

This formula shows that the probability that A takes the value A at the state w is
equal to zero unless A is equal to one of the eigenvalues of A.
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Now let us consider the special case when M is a pure state P,. Then
(Alw) =Tr(P,A) =Tr(AP,) = (Av,v),

pa(A) = (Pa(A)v,v).
In particular, A takes the eigenvalue A, at the pure state P, with probability 1.

5.9 Now we have everything to extend the Hamiltonian dynamics in (V') to any Hilbert
space word by word. We consider A(t) as a differentiable path in the normed algebra of
bounded self-adjoint operators. The solution of the Schrodinger picture

dA(t) _ _
7 - {A7 H}ﬁa A(O) =A

is given by
A(t) = Ay :=U(—t)AU(t), A(0) = A4,
where U(t) = enHt,
Let v(t) be a differential map to the metric space V. The Schrédinger equation is

., dvu(t)
ih i

= Hu(t), v(0)=rwv. (5.14)

It is solved by

v(t)=v:=U(t)v = ehHty = (/6%dﬂH)’U-

R

In particular, if V admits an orthonormal basis (e, ) consistsing of eigenvectors of H, then

oo

vy = Zem‘"/h(en,v)v. (5.15)

n=1

Exercises.

1. Show that the norm of a bounded operator A in a Hilbert space is equal to the norm
of its adjoint operator A*.

2. Let A be a bounded linear operator in a Hilbert space V with ||A|| < |a|™! for some
a € C. Show that the operator (A + aly)~! exists and is bounded.

3. Use the previous problem to prove the following assertions:
(i) the spectrum of any bounded linear operator is a closed subset of C;
(ii) if A belongs to the spectrum of a bounded linear operator A, then |A| < [|A]l.

4. Prove the following assertions about compact operators:
(i) assume A is compact, and B is bounded; then A*, BA, AB are compact.



Operators in Hilbert space 61

(ii) a compact operator has no bounded inverse if V is infinite-dimensional;

(iii) the limit (with respect to the norm metric) of compact operators is compact;

(iv) the image of a compact operator T is a closed subspace and its cokernel V/T'(V) is
finite-dimensional.

5.() Let V = [3(C) and A(z1,z2,...,Zpn,...) = (a121,02%2,...,0nTy,...). For which
(a1,...,0n,...) is the operator A compact?
(ii) Is the identity operator compact?

6. Show that a bounded linear operator T satisfying Y - ; ||Te;||> < oo for some ortho-
normal basis (e,) is compact. [Hint: Write T as the limit of operators T,, of the form
S opey P, T and use Exercise 4 (iii).]

7. Using the previous problem, show that the Hilbert-Schmidt integral operator is compact.

8.(i) Using Exercise 6, prove that any bounded non-negative nuclear operator 7" is compact.

[Hint: Use the Spectral theorem to represent T' in the form T = A2\

(ii) Show that the series of eigenvalues of a compact nuclear operator is absolutely con-
vergent.

(iii) Using the previous two assertions prove that M A is nuclear for any density operator
M and any bounded operator A.

9. Using the following steps prove the Hilbert-Schmidt Theorem:
(i) If v = limy, o0 Uy, then limy, o (Avy,, v,) = (Av, v);
(ii) If |(Av,v))| achieves maximum at a vector vp of norm 1, then vy is an eigenvector of
A;
(iii) Show that |(Av,v)| achieves its maximum on the unit sphere in V" and the correspond-
ing eigenvector v; belongs to the eigenvalue with maximal absolute value.

(iv) Show that the orthogonal space to v; is T-invariant, and contains an eigenvector of
T.

10. Consider the linear operator in L%([0, 1], dx) defined by the formula

Tf(z) = / f(t)dt.

Prove that this operator is bounded self-adjoint. Find its spectrum.
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Lecture 6. CANONICAL QUANTIZATION

6.1 Many quantum mechanical systems arise from classical mechanical systems by a process
called a quantization. We start with a classical mechanical system on a symplectic manifold
(M, w) with its algebra of observables O(M) and a Hamiltonian function H. We would
like to find a Hilbert space V' together with an injective map of algebras of observables

Q1:0M)—=H(V), f— Ay,
and an injective map of the corresponding sets of states
Qy:S(M) = S(V), pr— My.

The image of the Hamiltonian observable will define the Schrodinger operator H in terms
of which we can describe the quantum dynamics. The map Q7 should be a homomorphism
of Jordan algebras but not necessarily of Poisson algebras. But we would like to have the
following property:

lim Agygy = lim{Ag, Agkn, lim Tr(MpAs) = (f, pp)-

The main objects in quantum mechanics are some particles, for example, the electron.
They are not described by their exact position at a point (x,y,2) of R® but rather by
some numerical function v (z,y,z) (the wave function) such that [ (z,y,2)|*> gives the
distribution density for the probability to find the particle in a small neighborhood of the
point (z,y, z). It is reasonable to assume that

[ Wy o) Plsdydz =1, lim (o) =0
R3

I|(z,y,2)[| =00

This suggests that we look at 1 as a pure state in the space L?(R?). Thus we take this
space as the Hilbert space V. When we are interested in describing not one particle but
many, say IV of them, we are forced to replace R® by R3V . So, it is better to take now
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V = L?(R"). As is customary in classical mechanics we continue to employ the letters
g; to denote the coordinate functions on R™. Then classical observables become functions
on M = T(R")* where we use the canonical coordinates ¢;,p;. In this lecture we are
discussing only one possible approach to quantization (canonical quantization). There are
others which apply to an arbitrary symplectic manifold (M, w) (geometric quantizations).

6.2 Let us first define the operators corresponding to the coordinate functions ¢;,p;. We
know from (2.10) that

{¢i,9;} = {pi,pi} =0, {a,p;} = 0ij.

Let
Q'i :Aqi;Pi :Api’ ’L: 1,...,’/?,.
Then we must have
Qi,Q;] = [P, P;] =0, [P;, Q] = —ihd;;. (6.1)
So we have to look for such a set of 2n operators.
Define 9

The operators (Q; are defined on the dense subspace of functions which go to zero at infinity

faster than ||q||™2 (e.g., functions with compact support). The second group of operators

is defined on the dense subset of differentiable functions whose partial derivatives belong

to L2(R™). It is easy to show that these operators satisfy D(T) C D(T*) and T* = T on

D(T). For the operators @; this is obvious, and for operators P; the proof is similar to

that in Example 2 from Lecture 5. We skip the proof that D(T") = D(T*) (see [Jordan)]).
Now let us check (6.1). Obviously [Q;, Q;] = [P;, Pj] = 0. We have

dz; 9 9
%Z@ = —ih(6ij¢(x) + 7 gg)) — (—ifa; gg)

PQj¢(x) = —ih ) = —ihdijé(z).
The operators @; (resp. P;) are called the position (resp. momentum) operators.

6.3 So far, so good. But we still do not know what to associate to any function f(p,q).

Although we know the definition of a function of one operator, we do not know how to

define the function of several operators. To do this we use the following idea. Recall that
for a function f € L?(R) one can define the Fourier transform

n 1 —ixt
fla) = —= R/ F(t)e=iotdt. (6.3)

There is the inversion formula

1 £ izt
@)= <= R/ F(t)ertat. (6.4)
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Assume for a moment that we can give a meaning to this formula when x is replaced by
some operator X on L?(R). Then

F(X) = \/%_W / Ft)eiXtat. (6.5)

This agrees with the formula

we used in the previous Lecture. Indeed,

o= [ foe = —— [ Fa)( [ etdux)ar =

_ (% HZ F()etdt)) dux = I{ f(@)dpx = F(X).

To define (6.5) and also its generalization to functions in several variables requires more
tools. First we begin with reminding the reader of the properties of Fourier transforms.
We start with functions in one variable. The Fourier transform of a function absolutely
integrable over R is defined by formula (6.3). It satisfies the following properties:

(F1) f(z) is a bounded continuous function which goes to zero when |z| goes to infinity;
(F2) if f" exists and is absolutely integrable over R, then f is absolutely integrable over R
and

~

f(=z) = f(z) (Inversion Formula);

(F3) if f is absolutely continuous on each finite interval and f’ is absolutely integrable over
R, then

fi(x) = iz f(x);
(F4) if f,g € L?(R), then

(f, g9)=(f,9) (Plancherel Theorem);
(F5) If
g(x) = fi*x fa:= /fl(t)fz(a: —t)dt
R

then o
g=1r1-[a
Notice that property (F3) tells us that the Fourier transform F maps the domain of
definition of the operator P = f — —if’ onto the domain of definition of the operator
Q= f— xf. Also we have
FloQoF=P (6.6)
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6.4 Unfortunately the Fourier transformation is not defined for many functions (for exam-
ple, for constants). To extend it to a larger class of functions we shall define the notion of
a distribution (or a generalized function) and its Fourier transform.

Let K be the vector space of smooth complex-valued functions with compact support
on R. We make it into a topological vector space by defining a basis of open neighborhoods
of 0 by taking the sets of functions ¢(z) with support contained in the same compact subset
and satisfying [¢®) (z)| < e forallz € Rk =0,1,.. ..

Definition. A distribution (or a generalized function) on R is a continuous complex valued
linear function on K. A distribution is called real if

o) = £(9) for any ¢ € K.

Let K’ be the space of complex-valued functions which are absolutely integrable over
any finite interval (locally integrable functions). Obviously, K C K'. Any function f € K’
defines a distribution by the formula

4(0) = [ F)p@)ia = 6. 5o, 6.7)
R

Such distributions are called regular, the rest are singular distributions.

Since (@, f) = (¢, f), we obtain that a regular distribution is real if and only if f = f,
i.e., f is a real-valued function.

It is customary to denote the value of a distribution £ € K* as in (6.7) and view f(x)
(formally) as a generalized function. Of course, the value of a generalized function at a
point x is not defined in general. For simplicity we shall assume further, unless stated
otherwise, that all our distributions are real. This will let us forget about the conjugates
in all formulas. We leave it to the reader to extend everything to the complex-valued
distributions.

For any affine linear transformation z — az + b of R, and any f € K’, we have
/ F()d(at +ba)dt = a / Flaz + b)d(x)dz.
R R
This allows us to define an affine change of variables for a generalized function:

6 %E(q&(a_lx +ba-1)) = / Flaz + b)(z)da. (6.8)
R

Examples. 1. Let p be a measure on R, then

b(z) - / b(z)dp
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is a real-valued distribution (called positive distribution). It can be formally written in
the form
2) > [ pla)p(a)ds
R

where p is called the density distribution.
For example, we can introduce the distribution

It is called the Dirac §-function. It is clearly real. Its formal expression (6.7) is
b — / d(z)p(x)dz.

More generally, the functional ¢ — ¢(a) can be written in the form

L) = /(5(3: —a)p(x)dz = /6(a:)d>(a: —a)dz.

R R

The precise meaning for §(z — a) is explained by (6.8).
2. Let f(x) = 1/x. Obviously it is not integrable on any interval containing 0. So

= / igb(a:)dx

should mean a singular distribution. Let [a,b] contain the support of ¢. If 0 ¢ [a, b] the
right-hand side is well-defined. Assume 0 € [a, b]. Then, we write

/ a:)dx—/ —p(x da:—/ gb(a: d +/ ¢(0)

The function M has a removable discontinuity at 0, so the first integral exists. The
second integral exists in the sense of Cauchy’s principal value

/b @dm = lim (]eﬂdx—l— /b @dx)

Now our intergral makes sense for any ¢ € K. We take it as the definition of the generalized
function 1/z.

Obviously distributions form an R-linear subspace in K*. Let us denote it by D(R).
We can introduce the topology on D(R) by using pointwise convergence of linear functions.
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By considering regular distributions, we define a linear map K’ — D(R). Its kernel is
composed of functions which are equal to zero outside of a subset of measure zero. Also
notice that D(R) is a module over the ring K. In fact we can make it a module over the
larger ring K. . of smooth locally integrable functions. For any o € K., we set

(af)(¢) = L(ag).

Although we cannot define the value of a generalized function f at a point a, we can
say what it means that f vanishes in an open neighborhood of a. By definition, this means
that, for any function ¢ € K with support outside of this neighborhood, [ f¢dr = 0. The

R

support of a generalized function is the subset of points a such that f does not vanish in
any neighborhood of a. For example, the support of the Dirac delta function é(x — a) is
equal to the set {a}.

We define the derivative of a distribution £ by setting

e, dg
%(@ = —f(%)-

In notation (6.7) this reads

/ f(@)d(@)dz = — / f(@)¢!(z)dz. (6.9)

R

The reason for the minus sign is simple. If f is a regular differentiable distribution, we can
integrate by parts to get (6.9).
It is clear that a generalized function has derivatives of any order.

Examples. 3. Let us differentiate the Dirac function §(z). We have

/5'(x)¢(m)dm = —/5(m)¢'(m)dm = —¢'(0).

R R

Thus the derivative is the linear function ¢ — —¢'(0).
4. Let 0(z) be the Heaviside function. It defines a regular distribution

1) = [ o) = [ " () ds.

R

Obviously, #'(0) does not exist. But, considered as a distribution, we have

[#@otaia =~ [ " ¥ ()ds = $(0).

R

Thus
0'(z) = 6(x). (6.10)
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So we know the derivative and the anti-derivative of the Dirac function!

6.5 Let us go back to Fourier transformations and extend them to distributions.

Definition. Let £ € D(R) be a distribution. Its Fourier transform is defined by the
formula

0(¢) = £(¢), where Y(z) = ¢(z).

/f¢dx= \/%—W/f(x)(/qﬁ(t)emdt) dz.

It follows from the Plancherel formula that for regular distributions this definition coincides
with the usual one.

In other words,

Examples. 5. Take f = 1. Its usual Fourier transform is obviously not defined. Let us
view 1 as a regular distribution. Then, letting ¢ = 1, we have

/ () dz = / 1 (w)da = / D (@)e " dz = \/2rp(0).

R R
This shows that

1=v2ré(z).

One can view this equality as
—— | e "*dt = V27m0(x). 6.11
%E! Vars(z) (6.11)

In fact, let f(x) be any locally integrable function on R which has polynomial growth
at infinity. The latter means that there exists a natural number m such that f(z) =
(2 + 1)™ fo(t) for some integrable function fo(t). Let us check that

lim / ft)e =tat
£—o00
—£
exists. Since fo(t) admits a Fourier transform, we have
. +£
—— lim e ®tdt = fo(x ,
=l [ o) fole)
—£

where the convergence is uniform over any bounded interval. This shows that the cor-

responding distributions converge too. Now applying the operator (— dx2 + 1)™ to both
sides, we conclude that

—zwt d m f
Vﬁgg/f &t = (—y + )™ fola).
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We see that f(x) can be defined as the limit of distributions fe(z) = = [ f(t)e~=tdt.
Let us recompute 1. We have

+& . .
. : . eTimE _ etmk . 2sinz
lim [ et = lim ———— = lim 5
£—o00 E—o0 —1T E—o0 T

—£

One can show (see [ el and], Chapter 2, 2, n° 5, Example 3) that this limit is equal to
2m6(z). Thus we have justified the formula (6.11).
Let f = e'* be viewed as a regular distribution. By the above

+€ +¢
) 1 . . 1 )
eicr = — lim [ ee ®dt = —— lim [ e '@~ Vtdt = \/275(z — a). (6.12)

V2w E—o0 V2w £€—o0
—£ —£

6. Let us compute the Fourier transform of the Dirac function. We have
~ 1 .
6(¢) =d(y) = 0:—/ t)e'dt.
(#1250 =900) = = [ 400

This shows that

For any two distributions f, g € D(R), we can define their convolution by the formula

[ £rovtarae= [ 1( [ a6t +v)dc)ay. (6.13)
R R R

Since, in general, the function y — [ g¢(z + y)dz does not have compact support, we have
R
to make some assumption here. For example, we may assume that f or ¢ has compact

support. It is easy to see that our definition of convolution agrees with the usual definition
when f and g are regular distributions:

f o /f (z— t)d

The latter can be also rewritten in the form

f*g(x /f /5 (t+t —z)g(t')dt’) R/R/f d(t+t —x)dtdt’. (6.14)

R
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This we may take as an equivalent form of writing (8) for any distributions.
Using the inversion formula for the Fourier transforms, we can define the product of
generalized functions by the formula

frg(-e)=f+3. (6.15)

The property (F4) of Fourier transforms shows that the product of regular distributions
corresponds to the usual product of functions. Of course, the product of two distributions
is not always defined. In fact, this is one of the major problems in making rigorous some
computations used by physicists.

Example 7. Take f to be a regular distribution defined by an integrable function f(z),
and g equal to 1. Then

/f*1¢ da:—/f /qba:—l—ydx /f(a:da: /qs )dz).

This shows that
fxl= (/f(a;)d:c)-l
R

This suggests that we take f * 1 as the definition of [ f(z)dz for any distribution f with
R

compact support. For example,

[s@)( [ s+ wiv)a= [ swan

/(5(x)dx =0x1=1, (6.16)

Hence

where 1 is considered as a distribution.

6.6 Let T : K — K be a bounded linear operator. We can extend it to the space of
generalized functions D(R) by the formula

or, in other words,

The reason for putting the adjoint operator is clear. The previous formula agrees with the
formula

(T*(#), flrew) = (6, T(f)) 2 (w)
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for f,p € K.
Now we can define a generalized eigenvector of T as a distribution £ such that T'(£) = M\
for some scalar A € C.

Examples. 8. The operator ¢(x) — ¢(x — a) has eigenvectors e***,t € R. The corre-
sponding eigenvalue of e*** is €@t In fact

/ei”tgb(ac — a)dz = ' / e (x)da.

R R

9. The operator Ty : ¢(x) = g(x)¢p(x) has eigenvectors d(z —a), a € R, with corresponding
eigenvalues g(a). In fact,

/ 5(z — a)g(2)$(x)dz = g(a)$(a) = g(a) / 5z — a)b(x)d.

Let fx(x) be an eigenvector of an operator A in D(R). Then, for any ¢ € K, we can
try to write

d(z) = /a(A)fA(a:)dA, (6.16)
R
viewing this expression as a decomposition of ¢(z) as a linear combination of eigenvectors
of the operator A. Of course this is always possible when V has a countable basis ¢,, of
eigenvectors of A.

For instance, take the operator T, : ¢ — ¢(x — a),a # 0, from Example 8. Then we
want to have

Y(r) = / a(N)eTd.

But, takin
' ) ° n 1 1 — AT
o) = 52300 = = (E [ @ das),
R

we see that this is exactly the inversion formula for the Fourier transform. Note that it is
important here that a # 0, otherwise any function is an eignevector.

Assume that fy(x) are orthonormal in the following sense. For any ¢()\) € K, and
any X € R,

/ ( / Ir(@) e (@)dz) pA)dA = A — V),
R R

or in other words,

/ Fa@) (@) = 6(A — X).
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This integral is understood either in the sense of Example 7 or as the limit (in D(R)) of
integrals of locally integrable functions (as in Example 5). It is not always defined.
Using this we can compute the coefficients a(\) in the usual way. We have

/ P(2) fr(z)dz = ( / a(N) fa(z)dA) fa (z)dz = / a(N)6(A = X)dX = a(N).

R R

For example when fy = e*** we have, as we saw in Example 5,

/ e A2 dp — 26 (A — N).
R

Therefore,
1 .
fa(z) = —=e"*

V2r

form an orthonormal basis of eigenvectors, and the coefficients a()\) coincide with ()).

6.7 It is easy to extend the notions of distributions and Fourier transforms to functions in
several variables. The Fourier transform is defined by

~

1 ,
d(w1,. .. 2,) = 7/qS(tl,...,tn)e_’(tl‘"“"'“""t"”””)dtl...dtn. (6.16)
2 n
(vam)r J

In a coordinate-free way, we should consider ¢ to be a function on a vector space V with
some measure p invariant with respect to translation (a Haar measure), and define the
Fourier transform f as a function on the dual space V* by

b(&) = 1 z)e 8@ gy
4O = o V/ pla)e € dy

Here ¢ is an absolutely integrable function on R™.

For example, let us see what happens with our operators F; and @; when we apply
the Fourier transform to functions ¢(q) to obtain functions ¢(p) (note that the variables
p; are dual to the variables ¢;). We have

1 —i q _ 1 ans(q) —i(p1gri+...4+Pnan) _
(\/ﬂ)"R[ fiola)e Ha = (\/ﬂ)"/ i Oq dq =

R

Pig(p) =

1 h i q
= (\/2_7r)” <Z¢(Q)e

g1 =00
+ hps / d(q)e™ qdq) =
Rn

g1 =—00
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B ﬁ /P1¢(q)e—i 9dq = hp14(p).

Similarly we obtain

Piie) = g, 60) = g [ dlaen =
Rn

_h 1
Ty

(V2m)"

This shows that under the Fourier transformation the role of the operators P; and (Q; is
interchanged.

/M@@mnfi%q=—mm:—mmmm-
Rn

We define distributions as continuous linear functionals on the space K, of smooth
functions with compact support on R™. Let D(R™) be the vector space of distributions.
We use the formal expressions for such functions:

o) = / F(x)b(x)dx.

Example 1 . Let ¢(x,y) € Ks,. Consider the linear function

9) = [ o(x.x)dx.
R~
This functional defines a real distribution which we denote by §(x — y). By definition
/(5(x —y)o(x,y)dxdy = /QS(X, x)dx.
Rn

Rn

Note that we can also think of §(x —y) as a distribution in the variable x with parameter
y. Then we understand the previous integral as an iterated integral

[ (] stxmsx = yyax)ay.
R™  Rn
Here §(x — y) denotes the functional
¢(x) = o(y).

The following Lemma is known as the ernel Theorem:
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Lemma. Let B : K,, x K,, — C be a bicontinuous bilinear function. There exists a
distribution £ € D(R*") such that

B($(x), $(x)) = Ld()%(y)) = / / R (x, y)$(x)(y)dxdy.

Rn™ R™

This lemma shows that any continuous linear map T : K,, — D(R"™) from the space
K,, to the space of distributions on R can be represented as an “integral operator” whose
kernel is a distribution. In fact, we have that (¢,v) — (T'¢,%) is a bilinear function
satisfying the assumption of the lemma. So

(T, D) = / / R (%, y)$(x)(y)dxdy.

This means that T'¢ is a generalized function whose value on 1 is given by the right-hand
side. This allows us to write

To(y) = / R (%, y)$(x)dx.

Examples 11. Consider the operator T'¢p = g¢ where g € K,, is any locally integrable
function on R™. Then

Rn

Consider the function g(x)@(x)¥(x) as the restriction of the function g(x)¢(x)9(y) to the
diagonal x = y. Then, by Example 10, we find

/ F(x)$(x)p (x)dx = / / 5(x — ¥)7(x)b(x)(y)dxdy.

This shows that
K(x,y) =g(x)6(x —y).

Thus the operator ¢ — g¢ is an integral operator with kernel §(x — y)g(x). By continuity
we can extend this operator to the whole space L*(R™).

6.8 By Example 10, we can view the operator Q; : ¢(q) — ¢;¢(q) as the integral operator

Qid(a) = / 4:6(a— ¥)d(y)dy.

Rn
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More generally, for any locally integrable function f on R™, we can define the operator
f(Q1,...,Qy) as the integral operator

FQu ., Qu)d(a) = / (@b - y)d(y)dy.

Using the Fourier transform of f, we can rewrite the kernel as follows
1 ~ .
f@sa-3)s)y = o [ [Fw)et 8a- y)idyv.

Let us introduce the operators
V(V) = V(’Ul, cey ’Un) — ei(’U1Q1+...+unQn).

Since all @; are self-adjoint, the operators V(v) are unitary. Let us find its integral
expression. By 6.7, we have

Qv)p(a) = e Vg = / & Vs(q - y)d(y)dy.

Comparing the kernels of f(Q1,...,Q,) and of Q(v) we see that

1
(vV2m)"

F@Q1ree s Q) = / FOW)dv.

Now it is clear how to define Ay for any f(p,q). We introduce the operators
U(u) = U(ul, .. .,un) — i1 1+t non)

Let ¢(u,q) = U(u)¢(q). Differentiating with respect to the parameter u, we have

op(u,q) . _ . 0¢(u,q)
B e iP;¢(u,q) = hi@qi .

This has a unique solution with initial condition ¢(0,q) = ¢(q), namely

¢(u,q) = ¢(q — hu).

Thus we see that

This implies .
[Uu),V(v)=e" . (6.18)
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Now it is clear how to define Ay. We set for any f € K5, (viewed as a regular
distribution),
1

(2m)"

Af =

/ / Flu, V)V () U (u)e= 2 dvdu. (6.19)

R™ R”™

The scalar exponential factor here helps to verify that the operator Ay is self-adjoint. We
have

x __ 1 £ * * th v _
A} = (27r)nR[R[f(u,v)U(u) V(v)*e dvdu =

_ ﬁ / / Fv, —0)U(—u)V(—v)e r dvdu =

= ﬁ//f(u,v)U(u)V(v)edevdu:
R" Rn
_ ﬁ / / Fa V)V U (u)e 7 dvdu = A;.

Here, at the very end, we have used the commutator relation (6.18).

6.9 Let us compute the Poisson bracket {Af, Ag}s and compare it with Afs.gy- Let
K! (q,y) = f(u,v)e! 96(q—hu—y)e " /2

K9, (a,y) = §(u,v)el " 96(q— hu' —y)e~it " /2,
Then, the kernel of A;A, is

Kl://///Kfv (q’ql)Kg', (d',y)dq'dudvdu’dv’ =

Rn R~ R? Rn R7

= / Flu,v)eit 9t " g(q - hu— q)§(u,v)o(q — hu' —y)e T dq'dudvdu’dv’
R n
= /f(ua v)§(u’,v')e’ U=l (ah )6(q — h(u+u) —y)efih; Idudvdu'dv'.
R »

Similarly, the kernel of AjAy is

K2://///K9,’ ,(q’ql)Kf7 (qI,Y)dqldUdvdu'dv’:

R7 R™ R™ R™ R”



Canonical quantization 77

/ /f u,v)ju,v')et e " 260 @ h Dg(q_h(u+u)—y)e ™ 2dudvdu’dv’.
We see that the integrands differ by the factor ¢ "= ) In particular we obtain
lim ArA, = hmA gAg.
h—0
Now let check that
%i_r)r%){Af, Agtr = %1_1% At} (6.20)

This will assure us that we are on the right track.
It follows from above that the operator {A¢, A4}y has the kernel

%/f(u,v)ﬁ(u',v')ei(”’”) =" )5(q—h(u+u’)—y)(e_ih“’ — e~ " dudvdu/ dv',

where we “unbolded” the variables for typographical reasons. Since

- ! - !
) e—zh _ e—zh , ,
lim - =v-u—u-v,
h—0 —ih

passing to the limit when 7 goes to 0, we obtain that the kernel of lims_,o{A¢, Ag}s is
equal to

/ F, v, vl '+ Dag(q—y)(v" -’ —u” - v)du'dv'du” dv" . (6.21)

Now let us compute Ags 5. We have

af dg Of Og
g = Z 9q; Op; O 8pi)'

Applying properties (F'3) and (F'5) of Fourier transforms, we get
{19}, v) = (ivif) * (iusg) — (iuif) * (ivis).
=1
By formula (6.14), we get
{f,9}(u,v) =

/ f, v)ga” v - —u” - v)(u +u” —u)d(v + v — v)du'dv'du”dv".
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Thus, comparing with (6.21), we find (identifying the operators with their kernels):

: — 1 i q . i —h /2 —
i Agyy = Jim [ [ {£.0}wv)et (-~ hu—y)e™ dudy
R» Rn

= lim / F,v)a(u”, v+ 95(q — h(u' +u”) — y)d(a —y)(v" - u —u” - v)x
—h J2 gt gt g g
xe du'dv'du"dv %l_I)I(l){Af, Agth.

6.1 We can also apply the quantization formula (14) to density functions p(q, p) to obtain
the density operators M,. Let us check the formula

lim Tr(MyAy) = / f(p, a)dpdq. (6.22)
Let us compute the trace of the operator Ay using the formula

(e
Tr(T) = Z Tey,,en)
n=1

By writing each e,, and Te,, in the form

1 , 1 ‘
en(q) = én(t)ed dt, Te = /é t)Te'd dt,
(a) (m)n/ n(t) ) = o [ enl®)
R R
and using the Plancherel formula, we easily get
Tr(T) = (Te' e Vdqdt (6.23)

R” R”™

Of course the integral (6.23) in general does not converge. Let us compute the trace of the
operator

V(v)U(u): ¢ — €' 9p(q — hu).
We have

Tr(V(v)U(u el deilah ) i jodt =

R” R”™

:ﬁg o) <R/ ) = i)
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Thus

Tr(Af) = —ih 27 (V(v)U(u))dudv =

R» R™

= hl_n//f(u,v)e_ih 25(v)é(u)dudv =

R Rn
h)"//f u, v)dudv.

1 .
=7 f(0,
Rn Rn

This formula suggests that we change the definition of the density operator M, = A, by
replacing it with
M, = (2rh)"A,.

://p(u,v)dudv: 1,

R™ R”»

Then

as it should be. Now, appplying (6.21), we obtain

1
%i_r)x%) Tr(My,As) = (2nh)"™ ,lll_I)I%) Tr(A,f) = (2nh)" Gnh) //p(u, v)f(u,v)dudv =
R” R"™

_ / / p(u,v) £ (u, v)dudv.

This proves formula (6.22).

Exercises.
1. Define the direct product of distributions f,g € D(R™) as the distribution f x g from

D(R*") with
| [t x 90t yyixdy) = /f (/ ¢(x,y)dy>dx.

Rn™ R™

(i) Show that §(x) x 6(y) = d(x,y).
(ii) Find the relationship of this operation with the operation of convolution.
(ii) Prove that the support of f x g is equal to the product of the supports of f and g.

2. Let ¢(x) be a function absolutely integrable over R. Show that ¢ — f f(@)o(x,y)dxdy

defines a generalized function £; in two variables x,y. Prove that the Fourler transform of
£ is equal to the generalized function 2w f(u) x 6(v).
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3. Define partial derivatives of distributions and prove that D(f xg) = Df * g = f %« Dg
where D is any differential operator.

4 Find the Fourier transform of a regular distribution defined by a polynomial function.

5. Let f(z) be a function in one variable with discontinuity of the first kind at a point z = a.
Assume that f(z)" is continuous at = # a and has discontinuity of the first kind at z = a.
Show that the derivative of the distribution f(z) is equal to f'(z)+(f(a+)—f(a—))d(z—a).

6. Prove the Poisson summation formula Y77%° d(n) =2 S é(n).

7. Find the generalized kernel of the operator ¢(z) — ¢'(z).

8. Verify that A,, = P;.

9. Verify that the density operators M, are non-negative operators as they should be.

10. Show that the pure density operator P, corresponding to a normalized wave function

¥(q) is equal to M, where p(p,q) = [¢(a)[*d(p)-
11. Show that the Uncertainty Principle implies A, PA,Q > h/2.
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Lecture 7. HARMONIC OSCILLATOR

7.1 A (one-dimensional) harmonic oscillator is a classical mechanical system with Hamil-

tonian function ) )
p mw- o

H(p.q) =5+ 4" (7.1)

The parameters m and w are called the mass and the frequency. The corresponding Newton
equation is

R

Mm— = —MWZI.
dt?

The Hamilton equations are

S S ) S,
p= 3(]_ qmw -, Q—ap = Dp/m.

After differentiating, we get
P+wip=0, §j+w?q¢=0.
This can be easily integrated. We find
p = cmw cos(wt + @), g = csin(wt + @)

for some constants ¢, ¢ determined by the initial conditions.
The Schrodinger operator
1 R d? mw?

2

mw
H=—p24 ™ g2 __ 20 ¢ .
om? T3 @ omdg 2 ¢

Let us find its eigenvectors. We shall assume for simplicity that m = 1. We now consider
the so-called annihilation operator and the creation operator

(WQ —iP), a* = L%(wQ +iP). (7.2)

8-
&
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They are obviously adjoint to each other. We shall see later the reason for these names.

Using the commutator relation [@Q), P] = —ih, we obtain
waa* (w2Q2 + P?) + ( QP+ PQ)=H + %“’
. 1, 5 5 9y W hw
wa azi(w Q“+P )+7(QP—PQ):H—7.
From this we deduce that
[a,a*] =h, [H,a]=—hwa, [H,a"]=hwa". (7.3)

This shows that the operators 1, H, a, a* form a Lie algebra H, called the extended Heisen-
berg algebra. The Heisenberg algebra is the subalgebra  C H generated by 1,a,a*. It is
isomorphic to the Lie algebra of matrices

jen R en il an)
o O *
O ¥ *

is also an ideal in H with one-dimensional quotient. The Lie algebra H is isomorphic
to the Lie algebra of matrices of the form

0 Y z

T
w 0 Y
0 —w -z}’
\0 0 O 0}

The isomorphism is defined by the map

Az, y, z,w) = z,y,z,w € R

i i
1 A(0,0,1,0), a— A(1,0,0,0), a* — A(0,1,0,0), H— %A(o,o,o, 1).

So we are interested in the representation of the Lie algebra # in L%(R).
Suppose we have an eigenvector 1 of H with eigenvalue A. Since a* is obviously
adjoint to a, we have

h h
B2 = (b, Ho) = (b, wa®ash) + (8, otp) = wllas|[2 + =2 |12

This implies that all eigenvalues A are real and satisfy the inequality

h
A> (7.4)
2
The equality holds if and only if aip = 0. Clearly any vector annihilated by a is an
eigenvector of H with minimal possible absolute value of its eigenvalue. A vector of norm
one with such a property is called a vacuum vector.
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Denote a vacuum vector by |0). Because of the relation [H,a] = —hwa, we have
Hayp = aHY — hwat) = (A — hw)ap. (7.5)

This shows that ai is a new eigenvector with eigenvalue A — hw. Since eigenvalues are
bounded from below, we get that a®*1¢y = 0 for some n > 0. Thus a(a™)) = 0 and a™
is a vacuum vector. Thus we see that the existence of one eigenvalue of H is equivalent to
the existence of a vacuum vector.

Now if we start applying (a*)™ to the vacuum vector |0), we get eigenvectors with
eigenvalue hw/2 + nhw. So we are getting a countable set of eigenvectors

n = a™"(0)
with eigenvalues A\, = %hw. We shall use the following commutation relation
[a, (a*)"] = nhi(a™)" "
which follows easily from (7.3). We have
[[%1]1* = lla*]0}||* = (|0}, aa*[0 >) = (|0}, a*al0) + 7|0 >) = (|0}, 5|0)) = P,
[1$nl] = [la™|0)]|* = (a*"|0),a™"|0 >) = (|0}, 0"~ (a(a™)")|0)) =

= (/0),a""*(a*"a)[0)) + nh(|0), a”~*(a*)""10)) = nhl|(a*)" |0},

By induction, this gives
[%all? = nth".

After renormalization we obtain a countable set of orthonormal eigenvectors

1
Vh"n!
The orthogonality follows from self-adjointness of the operator H. It is easy to see that

the subspace of L%(R) spanned by the vectors (7.6) is an ireducible representation of the
Lie algebra H. For any vacuum vector |0) we find an irreducible component of L?(R).

In) = (a*)*0), n=0,1,2,.... (7.6)

7.2 It remains to prove the existence of a vacuum vector, and to prove that L?(R) can be
decomposed into a direct sum of irreducible components corresponding to vacuum vectors.
So we have to solve the equation

V2warh = (wQ — iP)Y = wqip + h% =0.

It is easy to do by separating the variables. We get a unique solution

2

=10 = (52) e 7,

=
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where the constant (,fL"—w)l was computed by using the condition ||¢|| = 1. We have
1 w1 (2w)T e
— 10 = (— — B\ = __
) = = @)710) = (G2)* T g = h e
W (1 1 E %d n — -4
=G Ve T o) T
w 1 1 d —z? w1 —a2
= (—)" - )" =(=) H, .
(hﬂ') \/2"—’/7,‘(:[; d.’IJ) e (h) n(m)e 2 (77)
Here = = q%, H,(z) is a (normalized) Hermite polynomial of degree n. We have
W1 _.2 W _1 —z2
/|n)|m)dq:/(—)2e " H,, () Hyp (2) () 2da::/e “ H, () Hyp ()2 = Sy
hm hm
R R R
(7.8)

This agrees with the orthonormality of the functions |n) and the known orthonormality
$2 .
of the Hermite functions H,(z)e~ = . It is known also that the orthonormal system of
_m2 . . . . .
functions H,(z)e 2 is complete, i.e., forms an orthonormal basis in the Hilbert space

L?(R). Thus we constructed an irreducible representation of 4 with unique vacuum vector
|0). The vectors (7.7) are all orthonormal eigenvectors of H with eigenvalues (n + )hw.

7.3 Let us compare the classical and quantum pictures. The pure states P, corresponding
to the vectors |n) are stationary states. They do not change with time. Let us take the
observable @) (the quantum analog of the coordinate function ¢). Its spectral function is
the operator function

Po(N) : ¢ = 0(A - )¢,

where 0(z) is the Heaviside function (see Lecture 5, Example 6). Thus the probability that
the observable @) takes value < X in the state |n) is equal to

pe(A) = Tr(Po(A\) Pl ) = (0(A = g)[n), [n)) = /90\ ~ g)||n)|"dg =

— ] ||n>\2dq=/Hn(x)2e—w2dx. (7.9)

The density distribution function is ||n) |2. On the other hand, in the classical version, for
the observable ¢ and the pure state ¢; = Asin(wt + ¢), the density distribution function is
d(q — Asin(wt + ¢)) and

we(N) = /9()\ — )8(q — Asin(wt + ¢))dg = O(A — Asin(wt + ¢)),
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as expected. Since |g| < A we see that the classical observable takes values only between
—A and A. The quantum particle, however, can be found with a non-zero probability
in any point, although the probability goes to zero if the particle goes far away from the
equilibrium position 0.

The mathematical expectation of the observable () is equal to

THQP, ) = /Q|n>\n>dq _ /q|n>|n)dq _ /an(m)2(3:)e_’”2dx 0.  (7.10)
R

R R

Here we used that the function H,(x)? is even. Thus we expect that, as in the classical
case, the electron oscillates around the origin.

Let us compare the values of the observable H which expresses the total energy. The
spectral function of the Schrodinger operator H is

Pe(N)= > Pa.

hw(n+3)<X

Therefore,
0 if \<hw(2n+1)/2,
wg(A) = Tr(Pg(\)Py, ) = { 1 ifA> hwg% + 1%2-

(Hlw ) =Tr(HP,, ) = (H|n), |n)) = hw(2n +1)/2. (7.11)

This shows that H takes the value hw(2n 4 1)/2 at the pure state P, with probability 1
and the mean value of H at |n) is its eigenvalue hw(2n+1)/2. So P, is a pure stationary
state with total energy hw(2n+1)/2. The energy comes in quanta. In the classical picture,
the total energy at the pure state ¢ = Asin(wt + ¢) is equal to

2

1 mw
E = -m¢®
gMma T

1
2 2,2
= —Aw”.
q 9

There are pure states with arbitrary value of energy.
Using (7.8) and the formula

H,(z) = V2nH,_(z), (7.12)

we obtain

/ (wH, (2)2) e~ dy =

R

1
/$2Hn(a§)2e_‘”2da: =5

=

R— %
3y
4
™
—
5
—
8
~—
N,
[\V]
S8
8
+
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1 1 2 2 1
=3 + §2n/6_”c H,_1(z)*dz +n(n—-1) /e_” H,(x)H,_s(z)dx =n+ 3" (7.13)
R R

Consider the classical observable h(p,q) = 3 (p® +w?q?)(total energy) and the classical
density

p(p,q) = [n)*(¢)d(p — wa). (7.14)
Then, using (7.13), we obtain

/ / (0, 0)p(p. o)y = / ( / P+ w2250y — wa)dp ) )y =

h 1
=w’ /(q2ln)2(Q)dq = w? / ;x2Hn($)2€_w2d£C = hw(n + 3).
R R
Comparing the result with (7.13), we find that the classical analog of the quantum

pure state |n) is the state defined by the density function (7.14). Obviously this state is
not pure. The mean value of the observable ¢ at this state is

) = [ [ @[50 - wldpda = [ a[da = [ 2ta@ye=dz =0

This agrees with (7.10).
To explain the relationship between the pure classical states Asin(wt + ¢) and the
mixed classical states p,(p,q) = |n)%(¢)d(p — wq) we consider the function

F(q) = — /5(A sin(wt + ¢) — z)dé.

It should be thought as a convex combination of the pure states A sin(wt+ ¢) with random
phases ¢. We compute

1 0(A% - ¢%) 0(A? - ¢%)
Sy — d :—/5 _ e T gy = A )
/ a) A= ") (y—q) Y =

One can now show that

Since we keep the total energy E = A%w? /2 of classical pure states Asin(wt+ ¢) constant,
we should keep the value hiw(n + 1) of H at |n) constant. This is possible only if /i goes
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to 0. This explains why the stationary quantum pure states and the classical stationary
mixed states F'(q)d(p — wq) correspond to each other when % goes to 0.

7.4 Since we know the eigenvectors of the Schrédinger operator, we know everything. In
Heisenberg’s picture any observable A evolves according to the law:

A(t) — th/hA( —th/h Z e —itw(m— n)I)l A(O) —ztw(m—n)an )
m,n=0

Any pure state can be decomposed as a linear combination of the eigenevectors |n):

= ch|n), Cn :/w\mdm
n=0 R

It evolves by the formula (see (5.15)):

Y(gt) = e 9lg) = Y et e, n).

n=0

The mean value of the observable () in the pure state Py is equal to

Tr(QPy) = Z cenTr(Q|n) = 0.
The mean value of the total energy is equal to

Tr(HPy) = Z cnTr(Hn) = Z cnhw(n + %) = (Hy,v).

7.5 The Hamiltonian function of the harmonic oscillator is of course a very special case of
the following Hamiltonian function on T'(RY)*:

H:A(plu"'apn)+B(q15"'7QTL)7

where A(p1,...,pn) is a positive definite quadratic form, and B is any quadratic form.
By simultaneously reducing the pair of quadratic forms (A, B) to diagonal form, we may
assume

Zp
A(p17" 7pn - ’I’TZ
%

1 n
B(qu,.- qn) = 5 ) eimawia;,
i=1
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where 1/m1,...,1/m, are the eigenvalues of A, and ¢; € {—1,0,1}. Thus the problem is
divided into three parts. After reindexing the coordinates we may assume that

€i:1,i:1,...,N1, 6,':—1,’1::N1+1,...,N1+N2, 81':0,’1::N1+N2+1,...,N.

Assume that N = Nj. This can be treated as before. The normalized eigenfunctions of H
are

N
1, onn) =[] Ina)s,
=1

where
miw; | 1 MiWi\ _mi i 2
ni) = (=) Hp(a —p—)e” 7 0.
The eigenvalue of |nq,...,ny) is equal to

N n
1 1
th,(nz + 5) = thz(nz + 5)
=1 =1

So we see that the eigensubspaces of the operator H are no longer one-dimensional.
Now let us assume that N = N3. In this case we are describing a system of a free
particle in potential zero field. The Schrodinger operator H becomes a Laplace operator:
n n 2
gl B __1gh &

After scaling the coordinates we may assume that

n d2
H=- —.
Z dz?
i=1 1
If N = Ny, the eigenfunctions of the operator H with eigenvalue E are solutions of the

differential equation
d2
—+ FE)y =0.
(4 =0

The solutions are
'gb = 016' —EBx + 026_ Y —Ew.

It is clear that these solutions do not belong to L?(R). Thus we have to look for solutions
in the space of distributions in R. Clearly, when E < 0, the solutions do not belong to
this space either. Thus, we have to assume that E > 0. Write E = k2. Then the space of
eigenfunctions of H with eigenvalue FE is two-dimensional and is spanned by the functions
eikw’ e—ik:a:.

The orthonormal basis of generalized eigenfunctions of H is continuous and consists

of functions 1
)= ek® ke R
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(see Lecture 6, Example 9). However, this generalized state does not have any physical

interpretation as a state of a one-particle system. In fact, since [ etkro=ikz gy — [ dz has
R R
no meaning even in the theory of distributions, we cannot normalize the wave function

e’*®. Because of this we cannot define Tr(QP,,) which, if it would be defined, must be

equal to

1 ikx ,—ikx 1

— [ xe'™e dr = — [ xdx = o0.

2w 27

R R
Similarly we see that pg(A) is not defined.
One can reinterpret the wave function 9 (x) as a beam of particles. The failure of

normalization means simply that the beam contains infinitely many particles.

For any pure state 1 (z) we can write (see Example 9 of Lecture 6):
Y(z) = R/(b(k)iﬁkdk = R/gb(k)eikwdk = %R/@(k)eikmdk.

It evolves according to the law

Y(z;t) = [ P(k)e"—t* dk.
/

Now, if we take 9 (z) from L?(R) we will be able to normalize t(z,t) and obtain an
evolution of a pure state of a single particle. There are some special wave functions (wave
packets) which minimizes the product of the dispersions A, (Q)A,(P).

Finally, if N = N3, we can find the eigenfunctions of H by reducing to the case
N = N;. To do this we replace the unknown z by ix. The computations show that the
eigenfunctions look like P, (a:)e””Z/ 2 and do not belong to the space of distributions D(R).

Exercises.

1. Consider the quantum picture of a free one-dimensional particle with the Schrodinger
operator H = P2?/2m confined in an interval [0, L]. Solve the Schrodinger equation with
boundary conditions 9 (0) = ¢ (L) = 0.

2. Find the decomposition of the delta function d(g) in terms of orthonormal eigenfunctions
of the Schrédinger operator 1 (P? + hw?Q?).

3. Consider the one-dimensional harmonic oscillator. Find the density distribution for the
values of the momentum observable P at a pure state |n).

4. Compute the dispersions of the observables P and @ (see Problem 1 from lecture 5) for
the harmonic oscillator. Find the pure states w for which A,QA,P = h (compare with
Problem 2 in Lecture 5).

5. Consider the quantum picture of a particle in a potential well, i.e., the quantization
of the mechanical system with the Hamiltonian h = p?/2m + U(q), where U(q) = 0 for
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€ (0,a) and U(q) = 1 otherwise. Solve the Schridinger equation, and describe the
stationary pure states.

6. Prove the following equality for the generating function of Hermite polynomials:

o0

42

(t,x) = Z mﬂm(ﬂf)tm — P2
m=1

7. The Hamiltonian of a three-dimensional isotropic harmonic oscillator is

3 2 2 3

H= %;pﬁ T

Solve the Schrédinger equation He(z) = E(z) in rectangular and spherical coordinates.
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Lecture 8. CENTRAL POTENTIAL

8.1 The Hamiltonian function of the harmonic oscillator (7.1) is a special case of the
Hamiltonian functions of the form

1 n n
H = o pr + V(ZQ?) (8.1)
i=1 i=1

After quantization we get the Hamiltonian operator

h2
where
r=||x]|
and
n 82
A= — .
502 (8.3)

is the Laplace operator.
An example of the function V(r) (called the radial potential) is the function ¢/r used
in the model of hydrogen atom, or the function

called the Yukawa potential.

The Hamiltonian of the form (8.1) describes the motion of a particle in a central
potential field. Also the same Hamiltonian can be used to describe the motion of two
particles with Hamiltonian

1 1
_ 2, - 2 - .
H 1||P1H +2m2\|P2H +V (H‘h Q2|D

2m
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Here we consider the configuration space T'(R?>™)*. Let us introduce new variables

mi1q; + maqo

!
Ch q1 —d2, Q- M1 + ma

miPp1 + MaP2

P1 =P1— P2, Por=

mi1 + mo
Then
H = [[p4]2 + oo lp412 + V([ ] (8.4)
2M, 2M, ’
where T
My =mq+ma, My= —2
mi + mao

The Hamiltonian (8.4) describes the motion of a free particle and a particle moving in
a central field. We can solve the corresponding Schrodinger equation by separation of
variables.

8.2 We shall assume from now on that n = 3. By quantizing the angular momentum
vector m = mq X p (see Lecture 3), we obtain the operators of angular momentums

L = (L1, Ly, L3) = (Q2P3 — Q3P»,Q3P, — Q1P3, Q1P — Q2Py). (8.5)

Let
L=L?+1L3+1L3.

In coordinates

0 0 0 0 0 0
1 ’l,h(a?;g 6.172 3 8.172)’ 2 Zh(ml (9.173 T3 8.171)7 3 Zh(l‘g 8.731 1 82132)7
2 _
L=nh [E z2)A — E z2 3 92 21<;<J<3:cz:c]a 8:1: 2 g Tig ) (8.6)

The operators L;, L satisfy the following commutator relations
[L1,Ls] =iLs, [Le,L3]=1iLy, |[Ls,L1]=1iLy, [L;;L]=0, i=1,2,3. (8.7)

Note that the Lie algebra so(3) of skew-symmetric 3 x 3 matrices is generated by matrices
e; satisfying the commutation relations

[617 62] = eg, [627 63] = e, [637 61] = €2

(see Example 5 from Lecture 3). If we assign iL; to e;, we obtain a linear representation
of the algebra s0(3) in the Hilbert space L?(R3). It has a very simple interpretation. First
observe that any element of the orthogonal group SO(3) can be written in the form

9(¢) = exp(pre1 + daez + P3e3)
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for some real numbers ¢1, @2, ¢3. For example,

0 O 0 1 0 0
exp(drer) =exp| 0 0 —¢1 | =0 cos¢y —singy
0 ¢ 0 0 sin¢; cos¢;

If we introduce the linear operators

T(¢) — ei(¢1L1+¢2L2+¢3L3)7

then g(¢) — T(¢) will define a linear unitary representation of the orthogonal group
p:SO(3) = GL(L*(R?))
in the Hilbert space L%(RR3).

Lemma. Let T = p(g). For any f € L?(R3?) and x € R3,

Tf(x) = flg~"x).

Proof. Obviously it is enough to verify the asssertion for elements g = exp(te;).
Without loss of generality, we may assume that i = 1. The function f(x,t) = e7#*L1 f(x)
satisfies the equation

of(x,¢) . _ . 0f(x,t) Of(x,t)
T_—lef(x,t)—ng@—szm-

One immediately checks that the function
Y(x,t) = f(g7'x) = f(x1, costxy + sintxs, —sintzy + costrs)

satisfies this equation. Also, both f(x,t) and f(g~'x) satisfy the same initial condition
f(x,0) =¥(x,0) = f(x). Now the assertion follows from the uniqueness of a solution of a
partial linear differential equation of order 1.

The previous lemma shows that the group SO(3) operates naturally in L?(R3) via its
action on the arguments. The angular moment operators L; are infinitesimal generators
of this action.

8.3 The Schrodinger differential equation for the Hamiltonian (8.2) is

Hy(x) = [~ A+ V() (x) = By(x). (8.9)

It is clear that the Hamiltonian is invariant with respect to the linear representation p of
SO(3) in L?(R3?). More precisely, for any g € SO(3), we have

p(g)oHop(g)~' = H.
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This shows that each eigensubspace of the operator H is an invariant subspace for all
operators T' € p(SO(3)). Using the fact that the group SO(3) is compact one can show
that any linear unitary representation of SO(3) decomposes into a direct sum of finite-
dimensional irreducible representations. This is called the Peter-Weyl Theorem (see, for
example, [Sternberg]). Thus the space Vg of solutions of equation (5.9) decomposes into
the diret sum of irreducible representations. The eigenvalue E is called non-degenerate if
Vg is an irreducible representation. It is caled degenerate otherwise.

Let us find all irreducible representations of SO(3) in L%(R3). First, let us use the
canonical homomorphism of groups

7:SU(2) — SO(3).

Here the group SU(2) consists of complex matrices

Z1 0z

U= < E _2), |Z1|2+|22|2=1.
—Z9 21

The homomorphism 7 is defined as follows. The group SU(2) acts by conjugation on the

space of skew-Hermitian matrices of the form

ia:l To + i$3

A(x) = (_(3;2 —iz3)  —im ) '

They form the Lie algebra of SU(2). We can identify such a matrix with the 3-vector
x = (x1,%2,23). The determinant of A(x) is equal to ||x||2. Since the determinant of
UA(x)U™1! is equal to the determinant of A(x), we can define the homomorphism 7 by
the property

TU)-x=U-A(x)-U L

It is easy to see that 7 is surjective and Ker(7) = {x>}. If p: SO(3) - GL(V) is a linear
representation of SO(3), then po 7 :SU(2) — GL(V) is a linear representation of SU(2).
Conversely, if p' : SU(2) — GL(V) is a linear representation of SU(2) satisfying

p(—I) = idy, (8.9)

then p' = p o7, where p is defined by p(g) = p'(U) with 7(U) = g. So, it is enough to
classify irreducible representations of SU(2) in L?(R?) which satisfy (8.9).

Being a subgroup of SL(2,C), the group SU(2) acts naturally on the space V(d) of
complex homogeneous polynomials P(z1, z2) of degree d. If d = 2k is even, then this rep-
resentation satisfies (8.9). The representation V' (2k) can be made unitary if we introduce
the inner product by

1 —_ 2 2
(P,Q) = P/ P(Z1,22)Q(Z1,Z2)e_|z1| —lz| dzi1dzs.
(CZ

We shall deal with this inner product in the next Lecture. One verifies that the functions

k+s _k—s
21 %

it —sz = Rkl koL

€g —
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form an orthonormal basis in V(2k). It is not difficult to check that the space V(2k) is
irreducible.

Let us use spherical coordinates (7, 6, ¢) in R3. For each fixed r, the function f(r,0, ¢)
is a function on the unit sphere S? which belongs to the space L2(S?,u), where p =
sin 0dfd$. Now let us identify V' (2k) with a subspace H* of L2%(S?) in such a way that the
action of SU(2) on V(2k) corresponds to the action of SO(3) on H* under the homomor-
phism 7. Let P* be the space of complex-valued polynomials on R? which are homogeneous
of degree k. Since each such a function is completely determined by its values on S2? we
can identify P* with a linear subspace of L2(S2). Its dimension is equal to (k+1)(k+2)/2.
We set

HF ={P e P*: A(P) = 0}.

Elements of H* are called harmonic polynomials of degree k. Obviously the Laplace
operator A sends P* to P¥~2. Looking at monomials, one can compute the matrix of
the map

A : Pk pk-2

and deduce that this map is surjective. Thus
dim#* = dimP* — dimP*=2 = 2k + 1. (8.10)

Obviously, H* is invariant with respect to the action of SO(3). We claim that H* is an
irreducible representation isomorphic to V' (2k). Since each polynomial from V' (2k) satisfies
F(—2z1,—29) = F(21, 22), we can write it uniquely as a polynomial of degree k in

2 _ 2 2 2
X1 =27 — 25, To=1i(2{+25), T3=—22z12.

This defines a surjective linear map
a: Pk = V(2Kk).

It is easy to see that it is compatible with the actions of SU(2) on P* and SO(3) on V (2k).
We claim that its restriction to Hy is an isomorphism. Notice that

P? =H?&CQ,
where Q = z% + 22 + 23. We can prove by induction on k that

[k/2] .
PF=nreoQP* 2= QH (8.11)

1=0

Since a(Q) = 0, we obtain a(QP*~2) = 0. This shows that a(H*) = a(P*) = V(2k).
Since dimH* = dimV (2k), we are done.

Using the spherical coordinates we can write any harmonic polynomial P € H* in the
form

P=r*Y(0,9),
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where Y € L?(S?). The functions Y (#,¢4) on S? obtained in this way from harmonic
polynomials of degree k are called spherical harmonics of degree k. Let H* denote the

space of such functions.
The expression for the Laplacian A in polar coordinates is

02 20 1

where 5 5 52
1 1

Ags = 9 gngZ 4 &

52 = in000 90 T 5?0 09

is the spherical Laplacian. We have

0=Ar*Y (0,¢) = (k(k +1) + Ag2)r*72Y (0, ¢).

This shows that Y (6, ¢) is an eigenvector of Ag2 with eigenvalue —k(k + 1).

In spherical coordinates the operators L; have the form
0

Ly = i(sin gb% + cotf cos ¢8¢

00

0

L3 = —Za—¢,

L=L*+L2+L2=—Age.

These operators act on L2(S?) leaving each subspace H* invariant. Let

9 0 0 0
Ly =1L +iLy =% (= +icotd—), L_ =Lj—iLy=e"(—= +icotd—

0
), Lo =i(cosp—- — cotfsin¢

(8.12)

(8.13)

(8.14)

).

00 ¢
Let Yir(0,¢) € H* be an eigenvector of Lz with eigenvalue k. Let us see how to find it.
We have OYin (6. 6)
. kk\Y,
—i—————= = kY1 (0, ¢).
? aa¢ k:k( 7¢)
This gives

Yir (0, ¢) = e Fr(6).

Now we use

L_0L+:L%+Z[L1,L2]+L%:L%—L3+L§:L_L;2),_L37

to get

(L— o Ly)Yir(0,¢) = (L — L3 — L3)Yii (0, ¢) = (k(k + 1) — k* — k) Yii (0, ¢) = 0.

So we can find F () by requiring that LYk (6, ¢) = 0. This gives the equation

OFy(0)
00

— kcotdF (0) = 0.
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Solving this equation we get
Fi.(9) = Csin” 4.

Thus ]
Yir (6, ¢) := e*? sin® 0

Now we use that
[L_,L3|=L_.

Thus, applying L_ to Yii, we get
L_ Yy =L_L3Yyx — L3L_Yyr = kL_Ygr — L3L_Yig,

hence
L3(L_Yyix) = (k—1)L_Yyg.

This shows that
Yek—1:=L_Yii

is an eigenvector of Ls with eigenvalue £ — 1. Continuing applying L_, we find a basis
of H* formed by the functions Y., (6, ¢) which are eigenvectors of the operator Ls with
eigenvalue m =k, k—1,...,—k+1, —k. After appropriate normalization, we find explictly
the formulas

Vi 0.9) = =™ PP (cos).
where
2k +1)(k+m)! 1 ogy_m dFTT (12 — 1)k
Pm(t) = 1— 5 . 1
e () \/ 2(k —m)! 2kk!( t) dtk—m (8.15)

They are the so-called normalized associated Legendre polynomials (see [Whitta er],
Chapter 15). The spherical harmonics Y, (0, ¢) from (8.12) with fixed £ form an or-
thonormal basis in the space H*.

We now claim that the direct sum @#* is dense in L?(S). We use that the set of
continuous functions on S? is dense in L2(S5?) and that we can approximate any continuous
function on S2 by a polynomial on R3. Now any polynomial can be written as a sum of its
homogeneous components. Finally, by (8.11), any homogeneous polynomial can be written
in the form f + Qf1 + Q2f2 + ..., where f; € H¥~2. This proves our claim.

As a corollary of our claim, we obtain that any function from L?(R*) has an expansion
in spherical harmonics

oo o0 k
f = Z Z Z anmfn(r)Ykm(ga ¢)a (816)
n=0k=0m=—k

where (fo(r), f1(r),...) is a basis in the space L2(R ).

8.4 Let us go back to the study of the motion of a particle in a central field. We are
looking for the space W (E) of solutions of the Schrédinger equation (8.8). It is invariant
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with respect to the natural representation of SO(3) in L?(R?). Assume that F is non-
degenerate, i.e., the space W (FE) is an irreducible representation of SO(3). Then we can
write each function from W (r) in the form

k
Fx)=F(r,0,0)=g(r) > cmYim(0,9), (8.17)

m=—k

where g(r) € L?(R o). Using the expression (8.12) for the Laplacian in spherical coordi-
nates, we get

h? h? 9, 5,0
0 =[5 A+V(r) = Elg(r)Yim = [-5—5--(r" 5

)—As2 +V(r) - E|f =

2 0

Wg(ﬁg) +k(k+1)+V(r)— E]g(r).

= Yien (6,9)]- o

If we set
h(r) = g(r)r,
we get the following equation for A(r):
[_h_2 02 N R2k(k + 1)
2m Or? 2mr?

+ V(r)]h(r) = Eh(r). (8.18)

It is called the radial Schrodinger equation. It is the Schrodinger equation for a particle
2
moving in one-dimensional space R with central potential V (r)" = % + V(r). One

can prove that for each E the space Wi (E) of solutions of (8.18) is of dimension < 1. This
shows that F is non-degenerate unless Wy (E) is not zero for different k. Notice that the
number F for which Wi (E) # {0} can be interpreted as the energy of the particle in the
pure state defined by the wave function

¢(7“a 05 ¢) = g(r)Ykm(ea ¢) = h(r)Ykm(ea ¢)/T
The set of such numbers is the union of the spectra of the operators

R Rk(k+1)
2m Or? 2mr?2

+ V(r)

for all £ =0,1.... The number m is the eigenvalue of the moment operator Ls. It is the
quantum number describing the moment of the particle with respect to the z-axis. The
number k(k + 1) is the eigenvalue of the operator L. It describes the norm of the moment
vector of the particle. The solutions of (8.15) depend very much on the property of the
potential function V(r). In the next section we shall consider one special case.

8.5 Let us consider the case of the hydrogen atom. In this case

Vir)=——, m=meM/(me+ M), (8.19)
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where e > 0 is the absolute value of the charge of the electron, is the atomic number, m,
is the mass of the electron and M is the mass of the nucleus. The atomic number is equal
to the number of positively charged protons in the nucleus. It determines the position of
the atom in the periodic table. Each proton is matched by a negatively charged electron
so that the total charge of the atom is zero. For example, the hydrogen has one electron
and one proton but the atom of helium has two protons and two electrons. The mass of
the nucleus M is equal to Am,,, where m,, is the mass of proton, and A is equal to + N,
where N is the number of neutrons. Under the high-energy condition one may remove or
add one or more electrons, creating ions of atoms. For example, there is the helium ion
Het with = 2 but with only one electron. There is also the lithium ion Li™ with one
electron and = 3. So our potential (8.19) describes the structure of one-electron ions
with atomic number

We shall be solving the problem in atomic units, i.e., we assume that h = 1,m =
1,e = 1. Then the radial Schrodinger equation has the form

k(k+1)—2 r—2r’F

h(r)" — ) h(r) = 0.
We make the substitution h(r) = e~ v(r), where a? = —2F, and transform the equation
to the form
r?u(r)" — 2ar?v(r) +[2 r—k(k+ 1)]u(r) = 0. (8.20)

It is a second order ordinary differential equation with regular singular point » = 0. Recall
that a linear ODE of order n

ao(z)v™ + aq () o™V + . 4 an(z) =0 (8.21)
has a regular singular point at x = c if for each i = 0,...,n, a;(x) = (z — ¢)~*b;(x) where
bi(z) is analytic in a neighborhood of c. We refer for the theory of such equations to

[Whitta er], Chapter 10. In our case n equals 2 and the regular singular point is the
origin. We are looking for a formal solution of the form

u(r) =r (14 ) ear™). (8.22)

After substituting this in (8.20), we get the equation

o® + (b1(0) — L)a + b2(0) = 0.
Here we assume that bp(0) = 1. In our case

b1(0) = 0,b02(0) = —k(k +1).

Thus
a=k+1,—k.
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This shows that v(r) ~ Cr**! or v(r) ~ Cr~* when r is close to 0. In the second case, the
solution f (7,0, ¢) = h(r)Yem (0, ¢)/r of the original Schrodinger equation is not continuous
at 0. So, we should exclude this case. Thus,

a=k+1.

Now if we plug v(r) from (8.22) in (8.20), we get

o0

D eili(i = 1)t 4+ 2(k + 1)ir® — 2iar® + (2 — 2ak — 2a)r*t] = 0.

i=0
This easily gives
a(i+k+1)—

Ci-

G+1)(i+2k+2)"
Applying the known criteria of convergence, we see that the series v(r) converges for all r.
When : is large enough, we have

(8.23)

Ci+1 =

2a

Ciy1 ™~ —C;.
1+ Z+1'L

This means that for large ¢ we have

9 k
C; ~ Cﬂ,
7!
i.e.,
v(r) ~ Crktle=a ¢20 = Orktlen |

Since we want our function to be in L?(R), we must have C = 0. This can be achieved
only if the coefficients ¢; are equal to zero starting from some number N. This can happen
only if

a(i+k+1)=

for some 3. Thus

t+k+1
for some i. In particular, —2F = a? > 0 and

2

E=FEy:=—F—#+—.
b 2(k + i+ 1)2
This determines the discrete spectrum of the Schrodinger operator. It consists of numbers

of the form )

E, =— (8.24)

n2

The corresponding eigenfunctions are linear combinations of the functions

T/’nkm(ﬁ 07 ¢) = Tke_ /nLnk(T)Ykm(ea ¢)7 0 S k< n, -k S m S ka (825)
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where L, (r) is the Laguerre polynomial of degree n — k — 1 whose coefficients are found
by formula (8.23). The coefficient ¢y is determined by the condition that ||¢nkm||L, = 1.
We see that the dimension of the space of solutions of (8.8) with given F = E,, is

equal to
n—1

q(n) = Z(2k +1) = n?.

k=0

Each E,,n # 1 is a degenerate eigenvalue. An explanation of this can be found in Exercise
8. If we restore the units, we get

me=9.11x 1072 g, m, = 1.67 x 10~ g,

e=16x10" C, h=4.14x10"! eV -5,

met 2
E,=——-5=-27.21—¢€V. 8.25
2n2h> 2" (8.25)
In particular,
E; = —13.6eV.

The absolute value of this number is called the ionization potential. 1t is equal to the work
that is required to pull out the electron from the atom.

The formula (8.25) was discovered by N. Bohr in 1913. In quantum mechanics it was
obtained first W. Pauli and, independently, by E. Schrodinger in 1926.

The number
E,—E, me* 1 1
Wmn — frd (

h o2h3

is equal to the frequency of spectral lines (the frequency of electromagnetic radiation
emitted by the hydrogen atom when the electron changes the possible energy levels). This
is known as Balmer’s formula, and was known a long time before the discovery of quantum
mechanics.

Recall that |¢nkm (7,6, ¢)| is interpreted as the density of the distribution function
for the coordinates of the electron. For example, if we consider the principal state of the
electron corresponding to £ = F1, we get

1 _
\¢100(X)|:ﬁ6 :

The integral of this function over the ball B(r) of radius r gives the probability to find the
electron in B(r). This shows that the density function for the distribution of the radius r
is equal to

p(r) = 4m[100(x)|*r? = 4e™2 12,

The maximum of this function is reached at » = 1. In the restored physical units this
translates to
r=h’/me? = .529 x 10~ cm. (8.26)
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This gives the approximate size of the hydrogen atom.

What we have described so far are the “bound states” of the hydrogen atom and of
hydrogen type ions. They correspond to the discrete spectrum of the Schrodinger operator.
There is also the continuous spectrum corresponding to E > 0. If we enlarge the Hilbert
space by admitting distributions, we obtain the solutions of (8.4) which behave like “plane
waves” at infinity. It represents a “scattering state” corresponding to the ionization of the
hydrogen atom.

Finally, let us say a few words about the case of atoms with NV > 1 electrons. In this
case the Hamiltonian operator is

ho N2 e?
D2 NA N S _°
2m; z ; o 2 ri — 75’

— L
1<i<j<N

where r; are the distances from the ¢-th electron to the nucleus. The problem of finding an
exact solution to the corresponding Schrodinger equation is too complicated. It is similar
to the corresponding n-body problem in celestial mechanics. A possible approach is to
replace the potential with the sum of potentials V(r;) for each electron with

Vr) = ——— + W(r).

T4

The Hilbert space here becomes the tensor product of N copies of L?(R3).

Exercises.
1. Show that the the polynomials (z + iy)* are harmonic.
2. Compute the mathematical expectation for the moment operators L; at the states

Qpnkm-
3. Find the pure states for the helium atom.

4. Compute Ypnrm for n =1, 2.

5. Find the probability distribution for the values of the impulse operators P; at the state
11,0,0-

6. Consider the vector operator
1 1
A:—Q—E(PXL—LXQ),
r

where Q = (Q1,Q2,Q3),P = (P, P5, P3s). Show that each component of A commutes
with the Hamiltonian H = %P P-1

7. Show that the operators L; together with operators U; = \/#—EnAi satisfy the commu-
tator relations [Lj, Ug] = ie;ksUs, [Uj, Ux] = iejrsLs, where ejis is skew-symmetric with
values 0,1, —1 and e193 = 1.

8. Using the previous exercise show that the space of states of the hydrogen atom with
energy E,, is an irreducible representation of the orthogonal group SO(4).



